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Abstract. Life and work of Japanese mathematician Tosio
Aoki (1910–1989) is presented. Biography includes his scientific
achievements, the list of publications and the list of text-books.
He is mostly remembered in mathematics for the Aoki-Rolewicz
theorem and, surprisingly, unknown for the stability of additive
mappings between Banach spaces published already in 1950. He
was one of the first who introduced the notion of quasi-norm in
the form we are using today.

1 Aoki’s life and work

Photo 1. 1982: Tosio Aoki

Tosio Aoki was born on 14th August
1910 in Kasai (Hyogo Prefecture), in
the family of Rikichi Aoki and Kosaku
Aoki. His father was a farmer. He
had two younger brothers, Yoshio and
Shigeyoshi, and a younger sister Toshie.

In 1938 he got married to Tosiko
Aoki (25 October 1918 – 20 December
1994) and they had one son Toshiharu
Aoki (born on 21 March 1939)1. Tosio
Aoki had one grandson and two grand-
daughters.

2000 subject classification: 01A70, 01A27, 46A16, 46E30.
Key words and phrases: Aoki biography, quasi-norm, quasi-Banach space, Aoki-
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1Toshiharu Aoki was the president of NTT Data Corporation and he is now the

president of the Operations Research Society of Japan. Recently he has been awarded
the 2006 IEEE (Institute of Electrical and Electronics Engineers) Founders Medal.
This medal is a prestigious award to individuals and groups that have demonstrated
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Photo 2. Tosio Aoki with his wife Tosiko

Tosio Aoki began to work as a school teacher. In years 1930–1940 he
was a teacher in the following schools: from April 1930 to March 1934
in 2 primary schools in Hyogo Prefecture; period March 1934 – 1938
in 2 primary schools in Hoten, Manchuria (now Shenyang, Liaoning
Province in China), northeastern China and period Sept. 1938 – 1940
he was a teacher of “Kurayama Koutou Jogakko” (4 or 5 year school for
girls who finished a primary school). He began his academic life in April
1940, when he attended Tohoku Imperial University (TIU) in Sendai and
studied at the Mathematics Section of the Faculty of Physical Science.
In 1942 he graduated at TIU. From 30 Sepember 1942 he became a
“Fukushu” (a position before an Assistant) and from 30 April 1943 an
Assistant. On 31 August 1946 he started to be a Lecturer at TIU but
this was a short episode since from 30 September 1946 he moved to

world-leading excellence in the electrical and electronics industry arenas of technology
development and business management. Aoki is the sixth Japanese recipient. Aoki’s
achievements were: “outstanding leadership in global standardization and commer-
cialization of broadband multi-media networks”.
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Tobata2, where he became also Lecturer at the Meiji Technical College,
now Kyushu Institute of Technology (KIT)3 in Kitakyushu. From 14
February 1947 he became Associate Professor and on 31 August 1949 a
professor at the Faculty of Science, Kyushu University in Fukuoka.

On 16 September 1949 he became Doctor of Physical Science from
the Kyushu University. The title of his thesis was “On the diffraction
of electromagnetic waves by flat plates and flat holes of the perfect con-
ductor”. I should pointed out here the information from the National
Diet Library about the Doctor of Science in Japan (about which I was
asking):

“You asked us whether Doctor of Science is the same with
Ph. D. or not. They are never the same. Doctor of Science
is a higher degree than Ph. D. which has no equivalent degree
in Japanese system. In Japan a doctorate is given to such
people who have made new or considerable contributions to
the academic world, and it is difficult to obtain the doctorate
while you are young. Basically it will take ten to twenty years
of study after graduation from universities to get a doctorate.
In humanities it will take longer, perhaps thirty years”.

Between 1951 and 1976 Aoki was a professor at the Yokohama Na-
tional University in Yokohama and in years 1963–1966 the Dean of the
Faculty of Liberal Arts and Education.

In 1976 he became an Emeritus Professor of the Yokohama National
University and in 1977 he started working as a professor at the Tokyo
University of Electricity (now Tokyo Denki University) at the Depart-
ment of Science and Engineering. Precisely it was from 1 April 1977 to
31 March 1981. Tokyo Denki University is a private university in the
Tokyo area, which specializes in Electrical and Electronic Engineering
(“denki” is actually the Japanese word for electricity). From 1 April
1981 to 31 March 1984 he worked for the same department as a part-
time lecturer.

2Tobata city is now a part of the city Kitakyushu, which was founded in 1963 from
the amalgamation of five cities: Moji, Kokura, Tobata, Yahata and Wakamatsu.

3Kyushu Institute of Technology (often abbreviated to KIT and sometimes to
Kyutech) is a national university in Kitakyushu, Japan (for a short history – see
Appendix).



4 L. Maligranda

Photo 3. 11 October 1968: A shot of the wedding ceremony of Prof. Wataru
Takahashi and his wife. Prof. Tosio Aoki (on the right) was their matchmaker

Photo 4. 1985: New Year card of Prof. Tosio
Aoki to Prof. Wataru Takahashi
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Professor Aoki supervised about 150 students writing bachelor thesis.
One of his students, Prof. Wataru Takahashi, wrote to me on August
31, 2006:

Professor Aoki was the supervisor of me when I was a un-
dergraduate student at Yokohama National University. My
supervisor of Ph. D. thesis at Tokyo Institute of Technology
was Professor Hisaharu Umegaki who is Professor Aoki’s ju-
nior at Tohoku University. However, Professor Aoki gave
many suggestions and advise for my Ph. D. thesis. The title
of my Ph. D. thesis was “Fixed point theory for amenable
semigroups of various transformations”.

Let us say a few words about Aoki’s private life. This information
comes from his son Toshiharu Aoki who wrote in the letters to me on
August 24, 2006 and March 5, 2007:

He enjoyed living with my family.
His hobbies in his late years were trekking and watching wild birds,

wild grasses and flowers, and traveling around the world.
In seventies he became interested in botanical ecology primarily ini-

tiated by his hobbies. In his late years, beside his hobbies, he enjoyed to
contribute to make the reports and suggestions on environmental prob-
lems in accordance with the requests from many local governments.

We have never heard anything relevant to mathematics from him
at home. But he was full of curiosities. Once he became interested in
something, he was absorbed in it as well as in mathematics.

On 18 January 1989 Aoki died in Tokyo.

2 Aoki’s books and research

Tosio Aoki wrote 5 research papers, 2 in mathematics [A42], [A50] and
3 in physics [A49a], [A49b], [A49c]. He is also the author of 16 books.
All these books were written in Japanese language in the years 1975–
1987. They were text-books: Calculus (1975, 1978, 1986), Linear Al-
gebra (1976, 1983), Complex Functions (1976, 1982), Statistics (1978,
1985), Vector Analysis (1978, 1983), Applied Analysis (1981), A Mech-
anism of Mathematics (1987) and also the book Sets and Topological
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Spaces [jointly with Wataru Takahashi] (1979, 1985), which was popular
in Japan.

We will mainly concentrate on Aoki’s 2 papers in mathematics pub-
lished in 1942 and 1950. However, the contents of three papers in physics
are taken from the Mathematical Reviews, where reviews about his pa-
pers, [A49a] and [A49b], were written by C. J. Bouwkamp at MR0041695
(12,884b) and MR0041696 (12,884c):

This is an attempt to prove the rigorous Babinet’s principle of elec-
tromagnetic diffraction theory, based on Sommerfeld’s concept of double
space. The author is apparently unaware of the precise results of Copson
(1946) and Meixner (1948).

This paper presents an assembly of formulas relating to the Kirchhoff-
Kottler formulation of Huygens’ principle in electromagnetic diffraction
theory. The diffracted field at great distances behind the hole is evaluated
for circular, elliptical, and rectangular holes.

The review of his third paper [A49c] was written by A. E. Heins at
MR0036681 (12,145g):

The authors discuss the Babinet principle and makes several appli-
cations to electromagnetic and acoustic diffraction.

In mathematics Aoki is mainly known for the Aoki-Rolewicz theorem
(Aoki proved it in 1942 and Rolewicz independently in 1957), which
says that a locally bounded space is p-convex for some 0 < p ≤ 1. More
precisely:

Theorem 1 (Aoki–Rolewicz theorem, 1942). For every quasi-normed
space X = (X, ‖ · ‖) with the constant C ≥ 1 in the quasi-triangle in-
equality there is 0 < p ≤ 1 and an equivalent p-norm ‖| · ‖| satisfying

‖|x + y‖|p ≤ ‖|x‖|p + ‖|y‖|p for all x, y ∈ X

such that
‖|x‖| ≤ ‖x‖ ≤ 2C‖|x‖| for all x ∈ X,

with p satisfying 21/p−1 = C or p = ln 2/ ln(2C).
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As the above p-norm we can take

‖|x‖| = inf





(
n∑

k=1

‖xk‖p

)1/p

: x =
n∑

k=1

xk, xk ∈ X, n ∈ N


 .

This result is now classical and all the mathematicians working with
the quasi-Banach spaces must refer to this standard theorem. Early
references to this classical Aoki-Rolewicz theorem can be found, e.g.,
in the following books (we put them in the year of publication order):
in 1968 Przeworska-Rolewicz–Rolewicz [PRR68, p. 141], in 1972 and
1984 Rolewicz [Ro72; Ro84, p. 95], in 1976 Turpin [Tu76, p. 59],
in 1984 Kalton–Peck–Roberts [KPR84, p. 7] and in 2000 Benyamini–
Lindenstrauss [BL00, p. 445].

The books which refer to it but only with the name Rolewicz theorem
are: in 1960 Köthe [Kt60, p. 165], in 1986 König [Kn86, p. 47]; and the
books which do not refer to any name but do the proof like in the Köthe
book: in 1976 Bergh–Löfström [BL76, pp. 59-60] and in 1980 Pietsch
[Pi80, pp. 92-93].

Let us mention here also some early and important papers which
referred to the Aoki-Rolewicz theorem: in 1972 Peetre [Pe72, p. 5]
and Peetre–Sparr [PS72, p. 221], in 1974 Gustavsson [Gu74, p. 58], in
years 1978–2004 Kalton [Ka78, pp. 245, 247], [Ka80, p. 322], [Ka81, p.
250], [Ka84, p. 141], [Ka03, p. 1102], [Ka04, p. 108], in 2004 Maligranda
[Ma04, p. 86], in 2002 and 2005 Przeworska-Rolewicz–Rolewicz [PRR02,
p. 114], [PRR05, p. 91], where they wrote that “Unfortunately, since the
war, the result of Aoki was unknown outside Japan. It was rediscovered
in a little stronger form by Rolewicz in 1957”.

What did Rolewicz prove? For a quasi-normed space X = (X, ‖ · ‖)
the modulus of concavity of X is defined as

k(X) = inf{k(U) : U runs over open, bounded, balanced sets}

and k(U) = inf{s > 0 : U + U ⊂ sU}. Always k(X) ≥ 2 and if X is a
Banach space, then k(X) = 2. For X = lp or Lp(0, 1) with 0 < p ≤ 1
we have k(X) = 21/p.
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Theorem 2 (Rolewicz theorem, 1957). If 0 < p < p0 = logk(X) 2 =
ln 2/ ln k(X), then there exists in a quasi-normed space X = (X, ‖ · ‖) a
p-homogeneous norm ‖ · ‖? such that

‖x‖ ≤ ‖x‖? ≤ 2‖x‖ for all x ∈ X.

In the proof Rolewicz was using Kakutani construction from 1936
(cf. [PRR68, pp. 141-142] for the proof). There are also examples of A.
PeÃlczyński (cf. [Ro57, p. 472]) and Rolewicz (cf. [Ro72; Ro84, p. 115)
of locally bounded spaces X such that no p0-homogeneous norm exists
in X, where p0 = logk(X) 2. However, if there exists a set U such that
U + U ⊂ c(X)U , then there exists a p0-homogeneous norm in X.

Another important contribution of Aoki, from the paper [A42] pub-
lished in 1942, is that he gave the definition of the quasi-norm and
quasi-Banach space in the form which we are using today.

Definition 1 A quasi-norm on real or complex vector space X is a
function ‖ · ‖ : X → [0,∞) which satisfies three properties:

(i) ‖x‖ = 0 if and only if x = 0.
(ii) ‖λx‖ = |λ| ‖x‖ for every x ∈ X and every scalar λ.
(iii) There is a constant C ≥ 1 such that ‖x + y‖ ≤ C(‖x‖+ ‖y‖)

for every x, y ∈ X.
The smallest possible constant C = C(X) ≥ 1 is called the quasi-triangle
constant of X = (X, ‖ · ‖). If C = 1 we have a norm.

Remark 1 Hyers in 1938 and 1939 used an “absolute value” ‖ · ‖
function which satisfies (i), (ii) and the “weak” triangle inequality: for
every ε > 0 there is a δ > 0 such that

max(‖x‖, ‖y‖) < δ implies ‖x + y‖ < ε.

Bourgin in 1941 also used this notion. In 1940 Day [Da40] had condition
(iii) but only for the Lp-spaces (0 < p < 1). Independently, Aoki [A42]
in 1942 and Bourgin [Bo43] in 1943 (Bourgin’s paper was sent to the
journal in 1941) used condition (iii), in general, with C > 1. However,
Köthe in his book [Kt60] from 1960 referred to Hyers (1938) and Bourgin
(1943).

The balls with respect to ‖ · ‖ define a linear topology on X, and
it is possible to define an invariant metric d on X which determines
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the same topology. In fact, by the Aoki-Rolewicz theorem, the formula
d(x, y) = ‖|x− y‖|p gives such a metric on X.

Note that a quasi-norm induces a locally bounded topology on X
and conversely any locally bounded topology is given by a quasi-norm.

If the quasi-norm satisfies for some 0 < p ≤ 1 the condition
(iv) ‖x + y‖p ≤ ‖x‖p + ‖y‖p for every x, y ∈ X,

then it is called a p-norm.

Remark 2 Clearly, any p-norm is a quasi-norm with C = 21/p−1. Up
to equivalence, the converse is also true by the above Aoki-Rolewicz
theorem. Moreover, if we have p-norm ‖ · ‖, then ‖| · ‖| = ‖ · ‖p is a
p-homogeneous norm, that is, we have (i), (iii) with C = 1 and instead
of (ii) the following condition (ii′) holds:

(ii′) ‖|ax‖| = |a|p‖|x‖| for every scalar a ∈ R or C and x ∈ X.

Definition 2 A quasi-normed space X is called a quasi-Banach space
if every ‖ · ‖-Cauchy sequence in X converges, i.e., X is complete with
respect to the invariant metric d. Similarly, a complete p-normed space
is called a p-Banach space.

Example 1 Lebesgue spaces Lp(µ) given by functionals

‖f‖p = (
∫

Ω
|f(x)|pdµ(x))1/p

are Banach spaces for 1 ≤ p ≤ ∞. For 0 < p < 1 they are p-Banach
spaces and quasi-Banach spaces with the quasi-triangle constant C =
21/p−1. Also the Lorentz spaces Lp,q (0 < p, q ≤ ∞) and Orlicz spaces
Lϕ with not necessary convex Orlicz function ϕ are classical examples
of quasi-Banach spaces.

Example 2 The Lorentz spaces Lp,q(µ) for 0 < p, q < ∞ and Marcinkie-
wicz or weak Lp-spaces Lp,∞ for 0 < p ≤ ∞ are quasi-Banach spaces
determined by the quasi-norms

‖f‖p,q =
(∫ ∞

0
[t1/pf∗(t)]q

dt

t

)1/q

, when 0 < q < ∞,

and
‖f‖p,∞ = sup

t>0
t1/pf∗(t), when q = ∞,
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where f∗ is the decreasing rearrangement of |f | given by

f∗(t) = inf{λ > 0 : µ({x ∈ Ω : |f(x)| > λ}) ≤ t}.

The functional ‖ · ‖p,q is a norm if and only if either 1 ≤ q ≤ p or
p = q = ∞. Morover, for 0 < p < ∞, 0 < q ≤ ∞ the spaces Lp,q are
normable, that is there exists a norm equivalent to the original quasi-
norm, for all p and q except the following values of p and q:

(i) 0 < p < ∞ and 0 < q < 1.
(ii) 0 < p < 1 and 1 ≤ q ≤ ∞.
(iii) p = 1 and 1 < q ≤ ∞.

For example, Marcinkiewicz spaces Lp,∞ are Banach spaces for 1 < p <
∞ with the equivalent norm

‖f‖′p = sup
t>0

t1/pf∗∗(t), f∗∗(t) =
1
t

∫ x

0
f∗(s)ds.

For 0 < p ≤ 1 they are quasi-Banach spaces and not normable with the
quasi-traingle constant C = 21/p.

Several examples of quasi-norms can be produced already in R2 fol-
lowing the special two examples given already by Hyers [Hy39, p. 566]
in 1939 and by Aoki [A42, p. 591] in 1942.

Example 3 (Hyers 1939, for p = 2 and a = 1/2; Aoki 1942, for p = 2 and
either a = 1/2 or a = 2). Let X = R2 and for x = (x1, x2), 1 ≤ p ≤ ∞
and a 6= 1 consider functionals

‖x‖p =

{
(|x1|p + |x2|p)1/p if x2 6= 0,

a|x1| if x2 = 0.

‖x‖p =

{
(|x1|p + |x2|p)1/p if x2 6= 0,

a|x1| if x2 = 0.

Then
min(1, a)‖x‖p ≤ ‖x‖ ≤ max(1, a)‖x‖p

and so ‖ · ‖ is a quasi-norm with the quasi-triangle constant C = max(a,
1/a) > 1. This example shows that quasi-norm is not continuous. It is
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easy to see it by doing the unit spheres and the unit balls for p = 2 and
either a = 1/2 or a = 2.

Remark 3 (a) A quasi-norm is not necessary continuous function but
p-norm is continuous since |‖x‖p − ‖y‖p| ≤ ‖x− y‖p.
(b) If ‖ · ‖ is a norm, then the open unit ball B0

X = {x ∈ X : ‖x‖ < 1}
is an open set and the closed unit ball BX = {x ∈ X : ‖x‖ ≤ 1} is a
closed set.

Theorem 3 (Aoki theorem, 1942). A quasi-norm ‖ · ‖ is continuous if
and only if B0

X is an open set and BX is a closed set.

Photo 5. The unit spheres in two-dimensional Lorentz spaces lp,q
2 for different

values of p and q

Example 4 Two-dimensional Lorentz spaces lp,q
2 and Marcinkiewicz
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spaces lp,∞
2 are R2 given by the quasi-norms of x = (x1, x2):

‖x‖p,q =
(
(x∗1)

q + 2q/p−1(x∗2)
q
)1/q

, when 0 < q < ∞,

and
‖x‖p,∞ = max

{
x∗1, 2

1/px∗2
}

,

where (x∗1, x
∗
2) is a decreasing rearrangement of |x1| and |x2|. Look for

the unit spheres and balls of lp,q
2 for some p and q (for example, for

p ≥ q ≥ 2, p = 1 and q = ∞, p = 1/2 and q = 2 and p = 2, q = 1/2).

A linear operator T between quasi-Banach spaces X and Y is contin-
uous if and only if it is bounded, and we put, as usual, ‖T‖ = sup{‖Tx‖ :
‖x‖ ≤ 1}. The standard results depending on Baire category, like the
open mapping theorem, are valid also in the context of quasi-Banach
spaces (with the same proof). On the other hand, quasi-normed spaces
are not necessarily locally convex, and the Hahn-Banach theorem and
results depending on it are in general false in this context. For exam-
ple, the dual space to a quasi-Banach space can be trivial one, that is,
X∗ = {0}.

In Aoki’s second mathematical paper [A50] published in 1950 a gen-
eralized result of Hyers [Hy41] was proved. He allowed growth of the
form K(‖x‖p + ‖y‖p) for the norm of the Cauchy difference f(x + y)−
f(x)− f(y) with 0 ≤ p < 1, and still obtained the formula

A(x) = lim
n→∞

f(2nx)
2n

for the additive mapping A approximating f (this idea for the function
A is coming from the Hyers paper [Hy41]; Hyers did for p = 0). Let us
present the Aoki’s result and also sketch his proof.

Theorem 4 (Aoki stability theorem, 1950). Let X and Y be two Ba-
nach spaces, and let f : X → Y be an “approximately linear” transfor-
mation, that is, there exist K > 0 and 0 ≤ p < 1 such that

‖f(x + y)− f(x)− f(y)‖ ≤ K (‖x‖p + ‖y‖p) for all x, y ∈ X.
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Then there exists a unique additive function4 A : X → Y which is
“near” f , i. e.,

‖f(x)−A(x)‖ ≤ 2K

2− 2p
‖x‖p for each x ∈ X.

Proof (Aoki [A50], cf. also [Ma07]). Step 1. We can prove by induction
that

‖f(2nx)
2n

− f(x)‖ ≤ K
n−1∑

i=0

2i(p−1)‖x‖p ≤ K

2− 2p−1
‖x‖p

=
2K

2− 2p
‖x‖p = Kp‖x‖p.

Step 2. The sequence {f(2nx)
2n } is a Cauchy sequence in Y and by

completeness of Y the limit

A(x) = lim
n→∞

f(2nx)
2n

exists.
Step 3. Mapping A is additive and ‖A(x)− f(x)‖ ≤ Kp‖x‖p.
Step 4. Uniqueness, that is if B is near f , then there exist L > 0 and

0 ≤ q < 1 such that ‖B(x) − f(x)‖ ≤ L‖x‖q. Hence, ‖A(x) − B(x)‖ ≤
Kp‖x‖p + L‖x‖q, and, in view of the additivity of A and B,

‖A(x)−B(x)‖ =
‖A(nx)−B(nx)‖

n

≤ Kp‖nx‖p + L‖nx‖q

n

=
Kp‖x‖p

n1−p
+

L‖x‖q

n1−q
→∞ as n →∞.

We conclude that A(x) = B(x).

The stability problem was raised in 1940 by StanisÃlaw Marcin Ulam:
“When is it true that by slightly changing the hypotheses of a theorem

4At the Hyer’s and Aoki’s time the word “linear” had sometimes meaning additive
(see e.g. Hyers [Hy41, p. 222]). Therefore in the original papers of Hyers [Hy41] and
Aoki [A50] it stands word linear function instead of additive function.
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one can still assert that the thesis of the theorem remains true or approx-
imately true?” or in other words: Assume that a mathematical object
satisfies a certain property approximately according to some convention.
Is it then possible to find an object near this object satisfying the property
accurately?

In 1941 Donald H. Hyers solved this problem for additive mappings
with p = 0 in Theorem 2. This result means that the additive Cauchy
equation f(x + y) = f(x) + f(y) is said to have “Hyers-Ulam stability
on (X, Y )”, where X, Y are Banach spaces. In 1947 Tosio Aoki, using
the Hyers’ idea, generalized his result from 1941. The Aoki paper was
published in 1950 and it was received by the journal in December 29,
1947. This means that the result was proved by Aoki at KIT in 1947.
By analogy we should say that the additive Cauchy equation has the
“Hyers-Ulam-Aoki (HUA) stability on (X, Y)”.

Remark 4 Aoki was working at KIT in the years 1946-1949. His three
papers in physics were written in 1948 and one paper in mathematics in
1947. Therefore, Aoki was scientifically most active at KIT.

The paper of Aoki [A50] was overlooked and Themistocles M. Rassias
[Ra78] formulated and proved it in 1978, in the same way as Aoki, adding
also the continuity of the mapping t → f(tx) from R to Y for each fixed
x ∈ X, which in consequence allowed him to prove linearity of A, not
only additivity. This result is called the “Hyers-Ulam-Rassias (HUR)
stability on (X, Y )”.

Remark 5 The Hyers-Ulam-Aoki-Rassias stability result holds for any
p ∈ R \ {1}.

It is a big surprise that nobody referred to Aoki’s paper published in
1950 but everyone refers to the paper by Rassias from 1978. Thirty years
after Aoki’s paper, Themistocles M. Rassias formulated and proved it
in the same way as Aoki had done it (the part on existence of additive
function A).

The following survey papers, containing historical informations and
a lot of references, were published: in 1995 by Gian Luigi Forti [Fo95],
in 1997 by Soon-Mo Jung [Ju97], in 2000 by Themistocles M. Rassias
[Ra00], [Ras00] and in 2001 by Soon-Mo Jung [Ju01], but there is nothing
there about the Aoki result from 1950.
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There are also monographs on the stability theory of the Hyers-Ulam-
Rassias type with historical backgrounds and important results: Hyers-
Isac-Rassias book [HIR98, Chapter 2] published in 1998, Jung book
[Jun01, Section 1.3] published in 2001, Czerwik book [Cz02, Chapter 13]
published in 2002 also does not mention about the Aoki result. The book
[St03] is even dedicated to the 25th anniversary of the publication of
Rassias [Ra78], which has provided a lot of influence in the development
of the stability of functional equations.

This is the reason why I found it necessary to publish historical paper
[Ma06] entitled Hyers-Ulam-Aoki stability theorem rather than Hyers-
Ulam-Rassias stability theorem – a question of priority, not only mention
it at the conference [Mal06].

I sent the paper [Ma06] to the journal Aequationes Mathematicae in
August 2006 and in November 2006 I received the referee reports with
the Editors suggestion for the new title:

“A result of Tosio Aoki about a generalization of Hyers-Ulam
stability of additive functions – a question of priority”.

Moreover, one referee informed that only recently in the paper by
Cădariu-Radu [CR05] there is a stability result of Aoki-Rassias type,
that is, the Aoki paper [A50] is cited.

The change of the tittle is correct since Aoki proved the existence
of a unique additive mapping between Banach spaces and Rassias the
existence of a unique linear mapping (cf. footnote 4 and the explanation
from the Rassias letter written below).

On the 23rd January 2007 I received a letter from Themistocles M.
Rassias, who replayed on my abstract at the conference in Japan [Mal06]:

I read the paper of Aoki and I noticed the following:

1. Aoki in his paper has proved only the existence of a unique
additive mapping between Banach spaces and does not prove
the existence of a unique linear mapping between Banach
spaces that I have proved in my paper (. . . ). He has not put
any continuity assumption on the mapping.

2. I appreciate the fact that you have brought to my at-
tention through your Abstract [Mal06] that the concept of
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the “unbounded Cauchy difference” was independently intro-
duced by T. Aoki and Th. M. Rassias. Thus the problem
of stability of approximate homomorphisms was proved for
the unbounded Cauchy difference independently for the “ad-
ditive case” by T. Aoki in 1950 and for the “linear case” by
Th. M. Rassias in 1978. In my opinion one is talking here
of Hyers-Ulam-Aoki Theorem for the “additive case” and
Hyers-Ulam-Rassias Theorem for the linear case” or Hyers-
Ulam-Aoki-Rassias stability for the “linear case”.

3. The problem of the stability of approximate homomor-
phisms was given to me in 1976 by S. M. Ulam himself. Pro-
fessor Ulam mentioned to me of Hyers’s result only and he
advised me to work on that problem because he considered it
an essential open question. It is surprising that also Professor
D. H. Hyers, who had read my paper in 1977 before its publi-
cation, did not know of Aoki’s paper or of any other related
result in the literature. I addition, in my research survey
paper with D. H. Hyers, entitled: Approximate homomor-
phisms, Aequationes Mathematicae 44(1992), 125-153 which
was written on the development of stability of approximate
homomorphisms for the period 1940-1990 (as well as in our
book that we wrote with G. Isac) Aoki’s result was not men-
tioned by Hyers who new the development of the subject of
stability of mappings better than anybody else, I would say
at that period.

4. I hope that the above mentioned information will
help you with your paper that goes with your Abstract
[Mal06]. The information explains that the title of your pa-
per: “Hyers-Ulam-Aoki stability theorem rather than Hyers-
Ulam-Rassias stability theorem – a question of priority”
[Ma06] should be revised.

We can finally raise the following question:

Question Why Aoki’s paper published in 1950 was completely forgotten
or overlooked and all mathematicians refer only to the Rassias paper
from 1978?
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And also cite the interesting opinion about the publication of mathe-
matical results of Sleszyński5, which is today still actual (cf. [CP88], p.
16):

The point of civilization is the exchange of ideas. And where
is this exchange, if everybody writes and nobody reads.
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4 Books and text-books by Tosio Aoki (all in Japanese lan-
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with Ken’iti Yosihara).

[Ab2] A Summarized Introduction to Differential and Integral Calculus, Bai-
fukan 1975.

[Ab3] Calculus, Baifukan 1975, 294 pp. (jointly with Masasi Morikawa).

[Ab4] Linear Algebra, Baifukan 1976, 200 pp. (jointly with Katuhiro Oono).
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[Ab6] Statistics, Baifukan 1978, 185 pp. (jointly with Ken’iti Yosihara); Second
edition, Baifukan 1985, 185 pp. (jointly with Ken’iti Yosihara).

[Ab7] Vector Analysis, Baifukan 1978, 153 pp. (jointly with Syun’iti Kawa-
guti).

[Ab8] A Seminar on Calculus, Baifukan 1978, 312 pp. (jointly with Masasi
Morikawa, Katuhiro Oono, Masayuki Hiura and Teiiti Higuti).

[Ab9] Sets and Topological Spaces, Baifukan 1979, 188 pp. (jointly with Wataru
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[Ab10] Applied Analysis, Baifukan 1981, 184 pp. (jointly with Masuo Ikeda).

[Ab11] A Seminar on Complex Functions, Baifukan 1982, 201 pp. (jointly with
Teiiti Higuti, Mamoru Nunokawa, Tadayosi Kanemaru, Kunio Takizima
and Etuo Yosinaga).

[Ab12] A Seminar on Vector Analysis, Baifukan 1983, 252 pp. (jointly with
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[Ab15] A Seminar on Calculus, A revised edition of the book [Ab8], Baifukan
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[Ab16] A Mechanism of Mathematics, Baifukan 1987, 195 pp.

5 Cited books and papers

[BL00] Y. Benyamini and J. Lindenstrauss, Geometric Nonlinear Functional
Analysis, AMS, Providence 2000.
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Appendix. A short history of KIT

Kyushu Institute of Technology (shortly KIT or Kyutech) [Kyushu
Kougyou Daigaku] is one of the 87 national universities in Japan. It
is located in Fukuoka prefecture on the Kyushu island. KIT has three
campuses, two of which are in Kitakyushu (Tobata, Wakamatsu) and the
other is in Iizuka. It is dedicated to education and research in the fields
of science and technology. Dr Teruo Shimomura is the president and the
staff consists of 600 persons (including administration). There are 142
professors and around 6.500 students (undegraduate–4.465, graduate–
1.710 and foreign students–157). A short history of KIT is presented
below by pointing out the important years for the institution:

• 1907: Meiji College of Technology was founded in Tobata as a
private training school for engineers, called Meiji Senmon Gakkou
(Meiji Vocational School). The founder was baron Keiichiro Ya-
sukawa and the organization with administration was done by Ken-
jiro Yamakawa (1854-1931) who studied physics at the Yale Uni-
versity and was the president of Tokyo Imperial University (1913-
1920), and Kyoto Imperial University (1914-1915). He was one

Photos 6-7. Photos of Kenjiro Yamakawa

of the first doctor of science in Japan and a baron. He declared
that the aim of the school was to produce “gentlemen well versed
in technological skills”. Nowadays the university aims is to pro-
duce people with these skills, and enjoys a good reputation with
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employers. The founder’s day is on May 28th and it coincides, not
accidentally, with the naval battle of Tsushima a May 27-28, 1905
– the decisive battle in the Russo-Japanese War.

• 1909: Meiji College of Technology was opened and the first stu-
dents were admitted. It had three departments: Department of
Mining, Department of Metallurgy, and Department of Mechani-
cal Engineering. The campus was in Tobata.

• 1913: The first graduation ceremony was held with 44 students.

• 1921: Meiji College of Technology was changed to a national in-
stitution.

• 1949: Meiji College of Technology was changed to Kyushu Institute
of Technology (KIT) and became a national university on May 31,
1949.

• 1965: Graduate School (master’s program) of Engineering was es-
tablished and doctoral program started in 1988.

• 1986: Faculty of Computer Science and System Engineering was
established with master’s program in 1991 and doctoral program
in 1993.

• 2000: Graduate School of Life Science and System Engineering
(independent postgraduate school) was established.

• 2004: since April 1, 2004 KIT been incorporated as a national
university corporation under a new law which applies to all na-
tional universities. This led to increased financial independence
and autonomy but KIT is still strictly controlled by the Japanese
Ministry of Education.

The Department of Mathematics, Physics and Computer Aided Sci-
ence is a part of the Faculty of Engineering with 7 mathematicians.
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