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PROBLEM
Consider a non linear system with input

u(t) ∈ Rm and a number of objectives y(t) ∈
Rl. The problem of optimizing the objectives
can be stated as:

max.
u

y(t) = [h1(x(t)), . . . hl(x(t))]

s. t. gi(x(t),u(t)) ≤ 0, j = 1, . . . p,

dxi(t)

dt
− fi(x(t),u(t)) = 0, i = 1, . . . , n,

x(0) = x0

where x ∈ Rn is a vector representing the
state variables. Also, f , h, and g are vector-
valued functions. Both f , h and g are as-
sumed to be sufficiently smooth.
Instead of the optimal solution (point), the
term Pareto front ,which represents the set of
points, is used in multi-objective optimiza-
tion problem. At such a point, no change in
any control variable can be made without de-
teriorating one of the objectives.

Our goal is to find a controller that drives
the system into a point within the Pareto
front. This controller will be termed the
Pareto Seeking Controller (PSC).

CONTRIBUTIONS
We have proposed a controller that can

drive a system with two objectives to the
Pareto front. Similar to Extremum Seeking
Control, detailed knowledge of the system
dynamics is not necessary. Only an estimate
of the gradient of the output is required.

RESULTS

For the case of two objectives, the system
is at the Pareto front if the gradient of the two
objectives are in opposite direction. Then, the
suitable direction is found by adding the nor-
malized gradients:

du0i
dt

= k

( ¯∂y1
∂ui

+
¯∂y2
∂ui

)
, i = 1, 2 (1)

In this way, the direction will be zero for all
the points on the Pareto front, and no further
changes are made. The figure below shows
the case of a plant with two inputs and two
objectives.
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It should be noted that, the point that the
system will converge is not unique, and will

depend on both the initial conditions and dis-
turbances.

SIMULATION

A plant with two inputs and two objective
outputs were considered. The plant is rep-
resented as a cascade combination of linear

dynamics and a static nonlinearity ,with the
following dynamics:
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 ,Ψ(θ) =

[
ψ1(θ)
ψ2(θ)

]
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 1
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SIMULATION RESULTS I

ψ1(θ) = (θ − θ∗1)T
[
3 0
0 3

]
(θ − θ∗1)

ψ2(θ) = (θ − θ∗2)T
[
1 0
0 1

]
(θ − θ∗2)

where θ∗1 = [−2,+2]T and θ∗2 = [+2,−2]T .

Left: Control Variable Space. Right: Objec-
tive variable space. Black: Pareto front, Blue:
Trajectories for different initial conditions.

SIMULATION RESULTS II

ψ1(θ) = θ(1)2 + θ(2)

ψ2(θ) = θ(1) + θ(2)2

Left: Control Variable Space. Right: Objec-
tive variable space. Black: Pareto front, Blue:
Trajectories for different initial conditions.

CONTACTS
Authors are with the Department of

Computer Science, Electrical and Space En-
gineering, Division of Signals and System,
Control Engineering Group, Luleå Univer-
sity of Technology, Luleå, Sweden.

FUTURE DIRECTIONS
We have started stability analysis of the

system using singular perturbation analysis
and averaging. The points on the Pareto
front are found to be equilibrium points.
Analysis of this is under investigation.

Finding a PSC for a system with higher
number of objectives is an interesting direc-
tion.

METHOD
The idea of the proposed PSC is to ad-

just u(t) in a direction that improves all the
objectives, and stops when reaching a point
such that any small change in u will cause
a reduction in one of the objectives. The al-
gorithm requires knowledge of the gradient
of all the objectives at the current operation
point. Gradient estimators are discussed in
the area of Extremum seeking control, and
one of the proposed estimators is used in our
scenario.

For the case of two objectives, the system
is at the Pareto front when the gradient of the
two objectives are in opposite direction (i.e.
when the sum of the normalized gradients
are equal zero).


