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ABSTRACT

The Constant Modulus Algorithm (CMA) [11], [5] is a
popular blind equalization algorithm. A common device
used in demonstrating the convergence properties of CMA
is the assumption that the source sequence is iid (indepen-
dent, identically distributed). Recent results in the litera-
ture show that a finite length fractionally-spaced equalizer
allows for perfect equalization of moving average channels
(under certain channel conditions known as zero-forcing
criteria). CMA has been shown to converge to such per-
fectly equalizing settings under an independent, platykurtic
source [9],[4]. This paper investigates the effect of the distri-
bution from which an independent source sequence is drawn
on the CMA error surface and stationary points in the per-
fectly-equalizable fractionally-sampled equalizer case. Re-
sults include symbolic identification of all stationary points,
as well as the eigenvalues and eigenvectors associated with
their Hessian matrix. Results show quantitatively the loss of
error surface curvature (in both direction and magnitude)
at all stationary points. Simulations included demonstrate
the affect this has on convergence speed.

1. INTRODUCTION

This work utilizes the sub-channel (or multivariate) model
(Figure 1) of a fractionally sampled CMA blind equalizer in
which: sub-channel disparity exists, equalizer time support
at least meets that of the channel (as in [10]), and no chan-
nel noise. Under such conditions, the combined channel-
equalizer response H = [ h0 . . . hn ]t may achieve any
parameterization (i.e. all of H-space is achievable).

There is a known class of source distributions other than
the uniform distribution for which CMA properly behaves
(having stability of all perfectly-equalizable parametriza-
tions). This term, in general, for this class is sub-Gaussian
[1]. Herein we quantify how the source distribution changes
the CMA error surface.
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Figure 1. FSE CMA Equalization Block
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2. STATIONARY POINTS OF CMA

With, F (H) written as
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wherein R
i
j
k
`

= E {sm−ism−jsm−ksm−`} and Ri
j

=

E {sm−ism−j} represent the fourth and second source mo-
ments [8], and γ is the ratio of the 4th to 2nd moments of
the source, the stationary points of CMA are the values of
H for which F (H) = ~0. Given that all H-space is reachable,

the solution to F (H) = ~0 is independent of the channel.

2.1. Tap Constraints for IID Source

An important concept in the stability analysis of the CMA
stationary points is the dimensionless quantity known as
the kurtosis ∗ (see [3]). Denote the central moments of
the source by mn = E {(s − µ)n} where µ = E {s}. Then
kurtosis is defined to be the ratio, κs = m4/m2

2. The Gaus-
sian distribution has κs = 3 and is regarded as forming
the boundary between platykurtic (low kurtosis distribu-
tions, κs < 3) and leptokurtic (high kurtosis distributions,
κs > 3).

For iid sources, all the correlation coefficients of F (H)
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, then the n + 1 equations of F (H) are

rewritten as fm, 0 ≤ m ≤ n,
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The CMA stationary points are the values of H solving each
fm = 0. It is seen that any hm = 0 trivially solves fm = 0.
So, only fm for which hm 6= 0 need be further considered.
Now, for any hm 6= 0 we have the condition,

κsh
2
m + 3

∑
i6=m

h2
i − κs = 0. (3)

∗Some definitions of kurtosis use κ = m4
m2

2
− 3.



In the case that κs = 3, all the fm equations are the same.
That is, our system is degenerate and we truly have only
one equation to satisfy which has the solution

∑
i
h2

i = 1.
In this case, the stationary points in H are not a discrete
set but a dense set corresponding to a unit sphere. Thus,
for κs = 3 CMA adaptation will converge to this sphere and
then will wander about the sphere, a generalization of [2].

Alternatively, when κs 6= 3 each non-zero hm in a solution
set must solve each equation fm, we then have that the value
of h2

m for all non-zero hm in this solution must be the same
(i.e. all hm have the same magnitude), a generalization of
[6].

2.2. Classes of Solutions

For the iid source case, the value of each non-zero hm solving
F (H) = ~0 will depend on the total number of non-zero
elements of H . Divide the set of solutions of into classes,
defining the class,

CN =
{

H : F (H) = ~0 where H has exactly

N non-zero elements
}

. (4)

Furthermore, denote the size of the class (i.e. the number
of its members) by |CN |. Of the total n + 1 elements of H ,
since each of its N non-zero elements may have one of two
values and there are

(
n+1
N

)
ways to group N elements we

have,

|CN | = 2N

(
n + 1

N

)
. (5)

Thus, the total number of CMA stationary points under iid
source is 3n+1.

To see that class membership defines the magnitude of
the non-zero taps, note that for H ∈ CN (3) becomes

κsh
2
m + 3(N − 1)h2

i − κs = 0 (6)

yielding

hm =

{
0
±
√

κs
κs−3+3N

0 ≤ m ≤ n. (7)

2.3. Categorization of Solutions by Hessian

Determination of the Hessian of the CMA error surface for
the diagonal elements yields

M (m, m) =
∂fm

∂hm
= m2

2

(
3κsh

2
m + 3

∑
i6=m

h2
i − κs

)
.(8)

Similarly for the off-diagonal elements (m 6= n),

M (m, n) =
∂fm

∂hn
= 6m2

2hnhm. (9)

All the elements of M evaluated at a stationary point in
CN for N ≥ 1 contain a strictly positive common factor of

m2
2

(
κs

κs−3+3N

)
. Factor this out, introducing M̂ related by,

M = m2
2

(
κs

κs − 3 + 3N

)
M̂ . (10)

The diagonal elements M̂ may be described by,

M̂ (m,m) =
{

3 − κs, hm = 0,
2κs, hm 6= 0. (11)

Off-diagonal terms are,

M̂ (m, n) =

{
6, hm = hn 6= 0,

−6, hm = −hn 6= 0,
0, else.

(12)

The eigenvalues of M̂ are merely scaled versions of the eigen-
values of M . In this sense, we investigate the eigenvalues of

M̂ to ascertain categorization of a stationary point.

2.4. Stationary Point Categorization by Class
Membership

For H ∈ C0 (i.e. the origin), we have M = −κsI, where I

is the identity matrix. Since κs is strictly positive, M is
negative definite and H = ~0 is a local maximum.

For H ∈ C1 wherein the solution has a single non-zero tap

element, M̂ is a diagonal matrix with elements given by
(11). The diagonal entry corresponding to the single non-
zero hm is 2κs (which is strictly positive). The remaining
diagonal entries have value 3−κs. The sign of these entries
(and hence, the corresponding eigenvalues) are determined
by the kurtosis of the source signal, κs. The cases are:

�s < 3: For platykurtic source distributions,

all diagonal entries of M̂ are positive and these
channel-equalizers parametrizations are stable (i.e.
local minima).

�s > 3: For leptokurtic source distributions, there
is the one positive diagonal entry of 2κs and all

remaining diagonal entries of M̂ are 3 − κs which
are negative and these parametrizations are saddle
points (i.e. 1 positive eigenvalue, rest negative).

H ∈ CN , 2 ≤ N ≤ n, the stationary points are found to
be saddle points, regardless of the distribution of the iid
source. To see this define the ordered index lists,

I = {i : hi 6= 0} and O = {i : hi = 0} (13)

Concatenating these ordered list, we form IO which lists
the ascending indices of the non-zero hm followed by the
ascending indices of the zero valued hm.

To evaluate the eigenvalues of M̂ realize that similarity
transformations do not change the eigenvalues of a matrix.

(If B = P
−1
M̂ P, then B , and M̂ have the same eigenvalues.)

Form the transformation matrix P as,

P(m, IOm) = sign(hIOm ) (14)

and note that P is unitary (PPt = I).
An example for the case

Ht =

√
κs

κs + 6
[ 0 1 1 0 −1 0 ]

follows. The index list is IO = {1, 2, 4, 0, 3, 5}. We then
write,

B = P
−1
M̂ P (15)




2κs 6 6
6 2κs 6
6 6 2κs

3−κs 0 0
0 3−κs 0
0 0 3−κs

 =

P
−1


3−κs 0 0 0 0 0

0 2κs 6 0 −6 0
0 6 2κs 0 −6 0
0 0 0 3−κs 0 0
0 −6 −6 0 2κs 0
0 0 0 0 0 3−κs

P (16)

where

P =


0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 −1 0
1 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1

 (17)

The similarity transformation of M̂ into B yields a block
form matrix, wherein one block is (3 − κs)I of dimension
equal to the number of hm which are zero. The other
block is an N × N circulant matrix with strictly positive
elements. Such structure allows easy identification of the
eigenvalues. Interestingly, the signs of the eigenvalues of
both sub-matrices are determined by the source kurtosis
κs.

Diagonal Sub-Matrix: The diagonal sub-matrix eigenval-
ues are 3 − κs. For κs < 3, this sub-matrix is positive
definite. However, for κs > 3 we have a negative definite
sub-matrix. The case κs = 3, this sub-matrix becomes sin-
gular with all elements zero.

Circulant Sub-Matrix: The circulant block’s eigenvalues
are identified by the Discrete Fourier Transform (DFT) of
a column (a well-known property of circulant matrices, see
[12]).

Upper Block E-values = DFT ([ 2κs 6 . . . 6 ])

= [ 2κs + 6(N − 1) 2κs − 6 . . . 2κs − 6 ] (18)

The first term 2κs + 6(N − 1) is always positive and can
be shown to correspond to the radial direction eigenvector
(related through the transformation matrix P). The signs
of the remaining eigenvalues will depend on the value of κs.
For:

�s < 3: Here, 2κs − 6 < 0. So, this block has
one positive eigenvalue, and the remaining N − 1
eigenvalues being negative.

�s > 3: Here, the sub-block has all N eigenvalues
being positive.

In any case, whenever κs 6= 3, M̂ has mixed eigenvalues with
the diagonal sub-matrix and circulant sub-matrix always
containing eigenvalues of opposing signs.

H ∈ Cn+1 (all non-zero) In this case, we have the entire ma-

trix M̂ being circulant, with eigenvalues of 2κs + 6(N − 1)
and 2κs − 6. For κs < 3, this is corresponds to H being a
saddle point. However, for κs > 3, we have that all H in
this class are minima (with maximal ISI!).

κs < 3
Class |Ci| # pos. # neg. type Comment

eigvals eigvals
H ∈ C0 1 0 n + 1 max Origin
H ∈ C1 2(n + 1) n + 1 0 min No ISI

H ∈ CN 2N
(

n+1
N

)
n − N N + 1 saddle 2 ≤ N ≤ n

H ∈ Cn+1 2n+1 1 n saddle Max ISI

Table 1. Stationary Points, Platykurtic Source

κs > 3
Class |Ci| # pos. # neg. type Comment

eigvals eigvals
H ∈ C0 1 0 n + 1 max Origin
H ∈ C1 2(n + 1) 1 n saddle No ISI

H ∈ CN 2N
(

n+1
N

)
N + 1 n − N saddle 2 ≤ N ≤ n

H ∈ Cn+1 2n+1 n + 1 0 min Max ISI

Table 2. Stationary Points, Leptokurtic Source

2.5. Summary of Results

A summary of the stationary point stability analysis is
found in Tables 1 and 2 .

Platykurtic: Only the solutions H ∈ C1 are stable points of
the FSE-CMA error surface under an iid source with κs < 3.
As any H ∈ C1 is a perfect equalization setting we have that
CMA is globally convergent to a perfect equalization setting
in this case, duplicating the results of [4] [9].

Leptokurtic: However, in cases with κs > 3, CMA is glob-
ally convergent to settings in which all taps have equal, non-
zero values. Such parametrizations correspond to maximal
ISI settings, providing disastrous equalization performance.

Meso-Kurtic: A Gaussian source is known to cause ill-
behavior of CMA and other blind equalization schemes [1]
and we note that a Gaussian source distribution has κs = 3.
Our work here has shown that in the case of κs = 3 CMA
will adapt to any parametrization on the sphere which,
in general, does not provide adequate equalization. How-
ever, the class of sources for which this behavior occurs is
much broader than the oft-cited Gaussian class. There are
many other distributions which may attain κs = 3 (e.g. let

si = ±1 with probability p(±1) = 79−√
97

90
, si = ±4 with

probability p(±4) = 11+
√

97
90

) which have this extreme effect
on CMA. We propose a name of meso-kurtic to denote them.
The point being that even non-Gaussian source distribu-
tions may cause problems with blind equalizers. In light of
the potential for misinterpretation, it is worth pointing out
again that we are referring to the source distribution, not
the received signal distributions. This distinction is impor-
tant since often the received distribution looks Gaussian
after a non-Gaussian source signal is distorted through a
channel with a large amount of ISI.

2.6. Error Surface Curvature and Convergence

The vast number of saddle points (on the order of 3n+1)
might lead to slow convergence. This concern is height-
ened in cases where the source kurtosis increases towards
3. From (16) and (18) it is seen that as κs approaches 3,
all but one (the one in the a radial direction) eigenvalues
of all stationary points approaches zero. The neighborhood



of all saddle points becomes “flatter”. This warns of pro-
longed convergence times. This should be especially noted
in cases where CMA equalizers are used in conjunction with
constellation shaping which increases the Gaussianity of the
source (e.g. the v.34 modem standard). In [7] it is shown
that optimal shaping for a large two-dimensional constella-
tion is close to a Gaussian distribution. So, improved source
coding may hinder blind equalization ability and the trade-
off should be considered in the design of a communication
system. In [13] this issue is considered mostly for non-CMA
algorithms.

Example A: An example of convergence rate decrease due
to curvature reduction resulting from source kurtosis in-
creasing towards κs = 3 is demonstrated in Figure 2. Here
the ISI trajectories are plotted for a variety of source kur-
tosis values. The equalizers are initialized with a center
tap initialization (d = [ 0 0 1 0 0 ]t) and the source
distributions have 1.76 < κs < 5.04. ISI is reduced by
CMA-FSE if κs < 3, while ISI is enhanced when κs > 3,
agreeing with results. Furthermore, for κs < 3, the larger
the source kurtosis, the slower the convergence as all but
one of the eigenvectors of the Hessian evaluated at all of the
stationary points diminish as κs → 3 from below.
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Figure 2. ISI trajectories for various κs

Example B: Next, we view the effect of kurtosis on con-
vergence time. Here the equalizer is initialized so that
H = [ 1 1 1 1 1 ]t). Using the same channel and step-
size µ as in examples A, the number of iterations needed to
reduce ISI to an open-eye setting (which represents the ear-
liest time for a switch to decision directed is guaranteed to
produce no decision errors (in the absence of channel noise)
is computed for a variety of source kurtosis values (κs < 3).

Figure 3 reflects the dependence of convergence time on
source kurtosis and highlights the necessity of avoiding a
source kurtosis too close to κs = 3. Thus, we have an appar-
ent tradeoff between source coding gains (driving κs → 3)
and blind equalizer convergence (preferring κs away from
value 3).
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