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ABSTRACT 
     This paper presents an experimental investigation of a Kaplan 
spiral casing turbine model. A two-component laser Doppler 
anemometry (LDA) apparatus was used to measure the velocity 
profiles at different locations in the turbine. To improve the signal 
quality and measurement accuracy, a refractive index matching 
optical box was mounted on the circular pipe of the spiral casing 
inlet. The investigations were carried out with a constant runner- 
blade angle and at three different loads: the best operating point of 
the turbine and two off-design operating points (left and right side 
of the propeller curve) with the presence of a vortex breakdown. 
The mean velocity profiles and corresponding RMS at the spiral 
casing before the guide vanes and at inlet of the spiral casing are 
presented for the different loads investigated.  
 
NOMENCLATURE 
fD  = Doppler frequency [Hz] 
L    = Distance from the inner side of the box to the pipe cen-

ter[m]  
na, ng, nw and np  = Refractive index of air, glass, water and 

Plexiglas, respectively [-] 
Ri  = Inner radius of the circular pipe[m] 
Ro  =  Outer radius of the circular pipe [m] 
rf    = Position of beams intersection with refraction[m] 
ra    = Position of beams intersection without refraction [m] 
r*  =  r/R = Normalized radius with the inlet of pipe radius R [-] 
tp   =  Ro-Ri   =  Thickness of the circular pipe [m] 
tg   =  Thickness of the glass [m]  
t   =  L-Ro = Distance between pipe outer radius and box inner 

surface [m]  
U  =  Axial velocity [m/s] 
Ur = Radial velocity [m/s] 
Uθ = Tangential velocity [m/s] 
U*  = U/VT  =  Normalized mean axial velocity [-] 
Ur

* = Ur/VT = Normalized mean radial velocity [-] 
Uθ

* =  Uθ /VT =  Normalized mean tangential velocity [-] 
uθ* =  uθ/VT,  ur

*  =  ur/VT, u* = u/VT and v* = v/VT  = 
Normalized RMS [-]  

V  =  Transversal velocity [m/s] 
VLDA =  Uncorrected fluid velocity [m/s] 
Vcf = Corrected fluid velocity [m/s] 
VT  = Q/πR2  =  Bulk velocity, flow rate per area of the inlet 

pipe [m/s] 
V* = V/VT  =  Normalized mean transversal velocity [-] 
W = Vertical velocity [m/s] 

W* = W/VT = Normalized mean vertical velocity [-] 
Δ = Refracted laser beam position during tangential velocity 

measurement [m]  
Δx = Fringes spacing [m]       
θi  =  Half angle between the laser beams [rad] 
Φ  =  Half angle of refracted laser beams [rad] 
 λ = Wavelength [m] 
δ, θ, ξ and ζ  = Angle between the refracted laser beam and the 

normal line [rad] 
 
INTRODUCTION 

Hydropower is a versatile, renewable source of power genera-
tion that is able to rapidly change operating conditions. Today’s 
hydropower plants may work over a larger operating range than  
they were designed for due to the introduction of renewable sources 
of energy and the deregulation of the electricity market. Such op-
erating conditions may involve unacceptably large stresses on the 
system and losses due to complex unsteady flow phenomena. The 
use of computational fluid dynamics (CFD) in the design and re-
furbishment process is becoming increasingly popular due to its 
flexibility, detailed flow description and cost-effectiveness com-
pared to model testing, which is usually used in the development of 
turbines. However, there are still issues to resolve due to the com-
bined flow physics involved in hydropower machines, such as the 
presence of partly separated flow at curved surfaces, vortices, 
unsteady phenomena, swirl flow, strong pressure gradients, con-
voluted geometry and numerical artifacts. Therefore, experimental 
data from these complicated systems are required to validate nu-
merical simulations and develop more accurate models. 

Several groups have investigated turbine models with advanced 
measuring techniques to validate numerical simulations. The re-
search groups at École Polytechnique Fédérale de Lausanne (Swit-
zerland) and Norwegian University of Science and Technology 
(Norway) both investigated the Francis type of turbine, and LAVAL 
University (Canada) investigated a propeller type of turbine, see 
Gabriel et al. (2007), Vekve (2002) and Gagnon et al. (2008), re-
spectively. Luleå University of Technology (LTU) and Vattenfall 
Research and Development (Sweden) also performed extensive 
experimental studies on a Kaplan model. The available data bank 
has served as a benchmark to validate the ability of CFD to predict 
the flow features and engineering quantities of a draft tube model at 
three consecutive Turbine-99 workshops (1999, 2001 and 2005, see 
Andersson (2009)). The research group at LTU is now focusing on 
the Porjus U9 model because the corresponding full scale machine 
is available for similar measurements. Furthermore, the design of 
the U9 is more modern. It is composed of 6 runner blades, 20 guide 
vanes, 18 stay vanes and has a runner diameter of 1.55 m. Unlike 
the Turbine-99 test case, the draft tube does not have any sharp 
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heels. The model is geometrically similar to the prototype turbine at 
a 1:3.1 scale.  

The objectives of the U9 model project are to study the phe-
nomenon of a complex unsteady three-dimensional flow caused by 
its rotor-stator interaction and to build a data bank to validate nu-
merical simulations and future scale-up studies. The investigation 
was initially carried out at three different loads: at the best operat-
ing point and two off-design operating points (left and right side of 
the propeller curve) with the presence of a vortex breakdown. Three 
locations were selected for laser Doppler anemometry measure-
ments: the inlet of the spiral casing, in the spiral casing before the 
guide vanes and at the draft tube cone. Measurements at the inlet 
spiral casing are essential to obtain the necessary boundary condi-
tions to perform numerical simulations because a bend is present 
upstream. Inadequate inlet boundary conditions are expected to 
influence the results, see e.g., Mulu and Cervantes (2007). The 
application of the LDA technique did not present any specific 
problems because most of the windows are planar with the excep-
tion of the spiral casing inlet, which is circular. However, it is 
essential to make sure that the optical axis intersects the plane wall 
at a right angle to avoid any optical aberration - for instance the 
effect of astigmatism, which is associated with the off-axis align-
ment of the LDA probe (Zhang and Eisele 1995, 1996).  

Flow measurements in a circular pipe made using the LDA 
technique may be prone to error resulting from the laser beam 
refraction at the pipe surfaces. This is due to the surface curvatures, 
both inside and outside, of the pipe and the differing refractive 
indices of the media. This leads to unwanted displacement, rotation, 
and misalignment of the laser beams resulting in a loss of the 
Doppler signal. However, the signal quality can be considerably 
improved by matching the refractive index of the fluid to that of the 
pipe. Eventually, with ray tracing techniques, a correction factor for 
the position and velocity magnitudes could be made based on 
geometrical considerations and Snell’s law. Previously, researchers 
tried to overcome this problem with different methods. For instance, 
Boadway and Karahan (1981) and Bicen (1982) derived a correc-
tion factor to adjust the location of the measuring volume and the 
velocity by ray tracing. The scope of their work was limited to 
circular pipes in air, and they made small angle approximations. 
Durst et al. (1988) used a container with flat walls around the pipe 
that was filled with a quiescent matching fluid. The working media 
also had the same refractive index. Gardavsky and Hrbek (1989) 
conducted their research by placing a circular pipe in a rectangular 
optical box. They derived a series of equations, using the ray trac-
ing method, to determine the position of the laser beam intersection 
and the spacing of the fringes, without making small angle ap-
proximations. Recently, Zhang (2004) tried to improve the optical 
performance by making the outside of the pipe planar without using 
refractive index matching. He performed a comprehensive analysis 
of ray tracing with small-angle approximation and presented a 
detailed operating guideline with respect to the shift of the meas-
urement volume, their optical properties and the beam waist dis-
location.  

The current research was performed by placing the circular pipe 
in a square optical box that was filled with water as a refractive 
index matching liquid. Ray tracing calculations, based on the 
aforementioned literature, were also performed to correct the posi-
tion of the measuring volume and velocity.  

This paper focus on the mean velocity profiles at the spiral cas-
ing inlet and in the spiral casing before the guide vanes. The draft 
tube cone mean values were reported previously; see Mulu and 
Cervantes (2009).  
 
EXPERIMENTAL SET UP AND TECHNIQUES 

 The full scale unit of the hydropower plant that was investi-
gated is situated on the Luleå River in northern Sweden. The pre-
sent measurements were performed on the homologous model with 
a runner diameter D = 0.5 m. The turbine model was mounted in the 
test rig between high-pressure and low-pressure tanks, see Figure 1. 
The water level was controlled by increasing the absolute pressure 
in the low-pressure tank to avoid cavitation. The measurements 
were carried out in a closed loop system. For further description of 
the power plant and the test rig, see Mulu and Cervantes (2009). 

The investigations were carried out with a constant runner blade 
angle and at three different loads: at the best operating point of the 
turbine (BEP) and two off-design operating points (left and right 
side of the propeller curve).The operational net head, H = 7.5 m, 
and a runner speed, N = 696.3 rpm, were consistent throughout the 
measurement period. The guide vane angles were 20, 26 and 32o for 
the chosen operational points left, BEP and right, respectively. The 
corresponding volume flow rates of the three working conditions 
were 0.62, 0.71 and 0.76 m3/s, see Mulu and Cervantes (2009). 
 
Measurement Technique 

A two-component LDA with an 85 mm fiber optic probe from 
Dantec was used. The probe uses a backscatter configuration with 
an upper-lower beam arrangement to measure the velocity com-
ponents. The system consists of a 20 W continuous wave Argon-Ion 
laser, transmitting optics, a photodetector and a signal processor. To 
resolve the directional ambiguity, a Bragg-cell with a frequency 
shifting capacity of 40 MHz was used to create the second shifted 
incident beam for each pair. Two front lenses of 800 mm and 600 
mm focal length with respect to the location of the measurement 
were used. For the 600 mm focal length lens, the resulting meas-
uring volume sizes, based on the e-2 Gaussian intensity cut-off point, 
were estimated to be 2.229 × 0.140 mm (length ×  diameter) and 
2.426 × 0.147 mm, for both laser beams. Likewise, for the 800 mm 
focal length lens, the estimated control volume sizes were 4.310 × 
0.196 mm and 4.088 × 0.186 mm, respectively.  

The signal analyzer was of the type BSA 57N21 and 35 made by 
Dantec. BSA Flow software, implementing the burst mode spec-
trum analysis method, was used for data acquisition. The total 
sampling time was set to 300 s for each measurement point. This 
corresponds to 20,000 - 300,000 bursts at each measuring points 
and is a function of the location of the measuring point. The seeding 
particles used in the investigation are made of Polyamide powder 
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Figure 1: Test rig with a U9 Kaplan turbine model 
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with an average diameter of 5 µm. 
 

Locations of Measurements 
To obtain boundary conditions, which are needed for imple-

mentation and validation of numerical simulations before the run-
ner, measurements were made at the spiral casing inlet and in the 
spiral casing before the guide/stay vanes. 

The inlet of the turbine model spiral casing is a circular pipe 
with an inner radius of 316 mm. A 290 mm long Plexiglas pipe is 
mounted between the inlet of the spiral casing and the penstock for 
optical access, see Figure 2. LDA measurements in the circular pipe 
are challenging due to the surface curvatures. These curvatures 
result in lower velocity signal quality and different measurement 
volumes due to laser beam refraction at the surfaces. Without re-
fractive index matching and/or placing an optical box outside the 
pipe, the available velocity signal quality and thus the signal rate 
could be achieved only within a depth of about a one-third of the 
pipe diameter. However, if the pipe is placed in an optical box or the 
outside of the pipe is made planar, high quality velocity signals can 
be obtained even at a depth of about two-thirds of the pipe diameter. 
Performing coincident velocity measurements using four laser 
beams was inconvenient, as the four beams do not intersect at a 
single point in the flow due to the optical aberration. Thus, meas-
urements of the velocity components are carried out separately. To 
obtain the full velocity profile across the pipe, measurements were 
performed from both sides of the pipe. Table 1 presents the location 
of the profiles measured; Py_3 and Pz_1 are the profiles through the y 
and z-axes of the circular section, respectively. 

In the current study a square optical box was placed around the 
circular pipe filled with index matching liquid to improve the op-
tical performance. Glass windows were mounted on two sides of 
the box to have a homogenous texture, see Figure 2. To determine 
the appropriate liquid to fill the box, experiments on a channel flow 
with a diameter of 100 mm were made. Three different types of 
liquid were investigated; water (n = 1.33), paraffin oil (1.46) and an 
80% sugar in water solution (1.49); see Robin Wood (2009). With 
paraffin the signal quality was slightly better than with water. The 
sugar water solution gave the worst result because of the thin film 
created by the dissolved sugar on the surface of the pipe and box. 
For small scale, laboratory experiments, paraffin may be preferable. 
At a larger scale as in the current investigation, water was the best 
choice because it is easier to manage. 
 
Table 1: Location of profiles in the circular section 

Profiles Py_1 Py_2 Py_3 Py_4 Py_5 Pz_1

y (mm) - - - - - 0 
z (mm) 100 50 0 -50 -100 - 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 2:  Inlet section of the spiral casing: the square glass box is 
filled with water as a refractive index matching liquid. 
 

In the spiral casing, two Plexiglas windows were installed, on 
the lower side at the angular position -56.25o (SI) and -236.25o (SII) 
to perform the LDA measurements, see Figure 3. The positions of 
the windows from the central axis of the guide vane to the bottom 
of the spiral casing are 294.7 and 197.1 mm, respectively. The 
windows are also placed at the center of the casing, 224.52 mm (SI) 
and 74.01 mm (SII) away from the stay vanes. Here the LDA 
measurements are straightforward because the windows are planar. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 3: Location of the windows on the spiral casing and the 
measurement axis z at the section A-A. 
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DATA EVALUATION 
 The total uncertainty in a measurement can be found by com-

bining random (precision) and systematic (biases) errors. Most of 
the bias errors are small compared to the precision errors and are 
thus neglected. The bias errors, which can be of the same order of 
magnitude as the precision errors, are velocity bias and system 
noise. These two biases and precision errors are considered; see 
Mulu and Cervantes (2009). 

In an LDA system, the fluid velocity is directly determined from 
the fringe spacing of the measurement volume and the Doppler 
frequency of the scattered light from the particles passing through 
the measurement volume. The fringe spacing can be calculated 
from the wavelength of the laser beams and their half angle if the 
spacing is assumed to be uniform. A necessary condition for accu-
rate LDA measurements is that the crossing position of the incident 
laser beams must coincide with their beam waists. If this condition 
is not satisfied, fringe distortion in the measurement volume may 
occur, and the maximum intensity of the laser beams will not be at 
the measuring volume, resulting in a poor signal-to noise ratio and 
non-uniform fringe spacing. This situation might occur when the 
incident beams travels through optical media of different refractive 
indices with curved surfaces - for instance in pipe flow. Therefore, 
the difference in refractive indices and the curved surfaces affect 
the half angle and the intersection point of the beams. As such, 
LDA measurements in circular pipes need to be corrected for fluid 
velocity and the position of the beam intersection.  

In the current work, when the measurements were performed 
along x, y and z axes, the velocity components are refers as the axial, 
transversal and vertical components or tangential, radial and ver-
tical components. 

The formula necessary to determine velocities and beam inter-
section positions for the measurements performed at the inlet of the 
spiral casing are presented in the appendix.  
 
RESULTS AND DISCUSSION 

For three different operating conditions, the mean velocities and 
RMS are presented. Flows before the runner and at the inlet of the 
spiral casing were investigated because the flow is influenced by 
the existence of a bend before the inlet. The measurements carried 
out at the inlet pipe were corrected for the exact location of the laser 
beam intersection and the velocity according to formulas presented 
in the appendix. The location of the measurement volume error 
arising from the curved surface of the pipe was in the range of 
0.02-0.7%. The difference between the incoming ray incident half 
angle θi and the half angle of refracted laser beams Φ was less than 
0.7%. The bias in the velocity magnitude due to the refraction of 
laser beams at curved interfaces was low; this is due to the large 
inlet pipe diameter compared to the spacing and diameter of the 
laser beams. 

The spiral casing velocities and RMS were normalized by the 
bulk velocity, VT, obtained from the flow rate and the area of the 
inlet pipe. In the spiral casing at sections SI and SII the positive 
direction for the axial velocity and radial velocity were defined in a 
manner similar to the stream flow direction and towards the center 
of the spiral casing, respectively. 

The results at the different sections from all guide vane openings 
show similar velocity profiles but different magnitudes. The ve-
locity profiles at each section for all guide vane openings collapse 
to a single profile after normalization by the bulk velocity. This 
indicates that the drafttube does not influence the high pressure 
flow despite strong unsteady flow phenomena at off-design. 
Therefore, only the result from α = 26o is presented. 

Normalized mean axial velocities and corresponding RMS in 
the inlet of the spiral casing at three measurement locations are 
presented in Figure 4. The flow rate, determined from an integra-
tion of the measured mean velocity profile, was within ± 4% of the 
flow rate determined with the test rig instrument (± 0.25%). The 
maximum mean axial velocity was observed at the bottom region of 
the inlet pipe; the presence of the bend in the penstock is pointed 

out. The velocity decreased toward the upper part of the pipe. At the 
central region between r* = -0.25 and 0.25, the velocity decreased 
when it moved upward, while the maximum velocity regions were 
at r* = ± (0.5 to 0.85). This M-shaped character in the velocity 
distribution is due to the pair of counter-rotating Dean vortices, 
which are known to occur in a circular bend flow. Because the axial 
velocity distribution is not uniform in the plane, due to the lower 
velocity close to the upper wall, fluid particles with higher velocity 
are forced to move to the outer side and those with lower velocity to 
the center. This is due to the curvature, which causes a positive 
gradient of the centrifugal force from the center to the outer wall. 
This force and the presence of a boundary layer at the wall, due to 
the fluid adhesion to the wall, are responsible for this kind of flow 
behavior. The fluctuating quantity shows the inverse trend com-
pared with the mean velocity; when the mean velocity increases, 
the RMS decreases. 

Normalized mean axial and transversal velocities and corre-
sponding RMS at measurement location Pz_1 of the inlet are pre-
sented in Figure 5. The average axial velocities measured at Pz_1 
also confirmed that the velocity increased toward the bottom region 
of the pipe. The square points shown on the top two plots of Figure 
5 are the corresponding axial velocities and RMS measured at Py_3, 
Py_4 and Py_5, indicating a good repeatability of the measurements. 
The transversal velocity profile indicates the presence of a secon-
dary flow. The fluctuation quantity is larger than the transversal 
velocity.  
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Figure 4: Normalized mean axial velocities and corresponding 
RMS in the inlet of the spiral casing at 3 measurement locations. 
 

Normalized mean tangential and radial velocities and corre-
sponding RMS at the spiral casing at measurement locations SI and 
SII for a guide vane opening of α = 26o are presented in Figure 6. At 
section SI, the maximum mean tangential velocity is at the bottom 
region of the casing and decreases toward the middle height of the 
guide vanes. At section SII, the maximum velocity region is ob-
served between the central level of the guide vanes and the upper 
level of the leading edge of the stay/guide vanes. Above the center 
of the guide vanes, the velocity at location SI and SII tend to have
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Figure 5: Normalized mean axial and transversal velocities and corresponding RMS at measurement location Pz_1 of the inlet. 
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Figure 6: Normalized mean tangential and radial velocities and corresponding RMS at the spiral casing measurement locations SI and SII for a 
guide vane opening of α = 26o. The results from α = 20 and 32o are similar. From left to right, the bold lines represent the bottom wall of the 
spiral casing at SI and SII, the lower level of leading edge of the stay/guide vane, the center of the guide vanes and the upper level of leading 
edge of the stay/guide vane. 
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similar magnitude. The measured RMS at location SI is slightly 
higher than at location SII, which indicates that the flow is more 
turbulent when it inters the spiral casing due to the bend upstream.  

The radial velocity measured at location SI shows the presence 
of a re-circulation region below the leading edge of the stay/guide 
vanes. The secondary flow is not observed at location SII; the radial 
velocity is nearly zero in this region. Starting from z* = -0.41, the 
radial velocity has a similar magnitude at both locations, indicating 
an axis-symmetric flow entering the distributor. Determination of 
the flow rate per unit length from an integration of the measured 
mean radial velocity profile between the lower edge and the center 
of the guide vanes for both sections, gives 0.0010 and 0.0011 m2/s 
at section SI and SII, respectively. The RMS results are similar at 
both locations. The magnitude of the RMS is the same as the radial 
velocity. 
 
CONCLUSION 

The flow in a Kaplan spiral casing was investigated using laser 
Doppler anemometry at 3 different working points: part load, BEP 
and high load. The inlet pipe was placed within a transparent box 
filled with a fluid of the same index of refraction as the fluid within 
the pipe to reduce the optical distortions. The fringe spacing and the 
location of the measurement volume were corrected using the ray 
tracing technique. The diameter of the inlet pipe was very large 
compared to the spacing and the diameter of the beams; therefore, 
the results show that the correction for the velocity magnitude and 
location was very small. 

The mean values of the axial, transversal and radial velocity 
components were similar and independent of the working point 
when made dimensionless based on the bulk velocity. The bend 
upstream of the spiral casing strongly influences the flow. Maxi-
mum velocities were observed at the bottom of the inlet pipe and 
spiral casing. Nonetheless, an axis-symmetric flow was delivered to 
the distributor.  

To capture the eventual effect of the runner blade in the up-
stream flow, the velocity field needs to be resolved angularly in the 
spiral casing before the stay/guide vanes. 
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APPENDIX  
 
Axial Velocity Measurements at the Inlet of the Spiral 

Generally to obtain the best available optical condition for axial 
velocity measurements, the optical axis should pass through the 
circular pipe axis and intersect the plane at a right angle to avoid 
any optical aberration. Thus, the refraction of the laser beams lies in 
a plane parallel to the pipe axis, see Figure 7. In this case the half 
angle between the incident beams remains unchanged. Therefore, 
the fluid velocity and the position of the beam intersection are 
directly calculated from Eqs. 1 and 2, respectively. 

DLDA f*
2sinθ
λV

i
=                            (1) 

t)1k(t)kk(t)kk(rkr 1g31p21a1f −+−+−+=                     (2) 

Where, ( ) β)sinn(1βsin1nk 22
ww1

2 −−= , 

( ) β)sinnn(1βsin1)n(nk 222
pwpw2 −−=   and  

( ) β)sinnn(1βsin1)n(nk 222
gwgw3 −−=  

 
Measurements were also performed at b/Ri = 0.317 and 0.158, 

where b is the deviation from the pipe axis. Adequate signal rates 
were obtained at these measurement positions. For moderate de-
viations, b/Ri = 0.5 and an identical fluid on either side of the cir-
cular pipe, correction of beam intersection position and fluid ve-
locity were not necessary, see Zhang (2004) and Bicen (1982). 
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Figure 7: Ray tracing for axial velocity measurements. One beam is 
considered due to symmetry. 
 
Vertical and Transversal Velocity Measurements at the Inlet of 
the Spiral 
     For measurements of the vertical and transverse velocities, the 
optical axis was aligned to pass through the pipe axis, i.e., the 
optical plane (the plane containing both beams) is orthogonal to the 
pipe axis, see Figure 8. Due to the laser beam refractions on the 
circular surface of the pipe, the accuracy of these velocity meas-
urements should be cautiously examined. The main reason for this 
is that the half angle, and thus the measurement volume properties 
depend on the local position of the laser beams’ intersection point. 
Indeed, this dependency leads to a biased estimation of the flow 
velocity. Ray tracing calculations are necessary to correct the val-
ues. The equations are derived by applying the law of refraction and 
geometric considerations of the laser beams. The procedure of the 
ray tracing equations and derivations are described by Gardavsky 
and Hrbek (1989). 
     The exact position of the measurement volume after beam re-
fraction can be determined by Eq. 3 or from Gardavsky and Hrbek 
(1989) by Eq. 14. 

 
sinΦ
R

 sinδ
Δ i=                                                        (3) 

From the refracted laser beams, the fringe spacing of the control 
volume can be calculated by Eq. 4, and thus the tangential velocity 
can be corrected by Eq. 5. The upper signs hold when ε1 > φ and the 
lower signs hold when ε1 < φ. 

( )ςξθδΦ2sin
λ
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1Δx

w −±+
=
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                                               (4) 

LDACf kVV =                                                                   (5) 

Where,  ( )ςξθδΦsin
sinθ

n
1k i

w −±+
=

m
 

     The value of d can be determined experimentally or analytically 
from ray tracing. To calculate the values analytically, consider the 
right side of Figure 8. From the slope of the first ray (m1) and the 
equation of the circle at the intersection point (Y, Z), two equations 
can be derived as a function of d: 

LY
dZm1 −

−
=   ,                              (6)                    222

oRYZ =+   

( ) ( )( )
( )1m

Rs1msmsm
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1

o111
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−+−±

=                               (7) 

                    (8) sYmZ 1 +=

 
The angle φ can be obtained using Snell’s law from the known 
incoming ray incident angle θi 
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Similarly, from the second slope m2 and the equation of the circle at 
the intersection point (y’, z’), two additional equations are ob-
tained: f

y

Ri
L Yy'

Zz'm2 −
−

=  ,                            (9) 222
iRz'y' =+

 
Figure 8: Ray tracing for measurements of the vertical and trans-
versal velocity components, owing to the symmetry between the 
two laser beams, when only one beam is considered. 
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The slope  is obtained from ε2m 1 and ζ: 

( )ςεtanm 12 +=  

Using Snell’s Law, ς  is obtained: 
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     The first d value can be determined when z’ = 0 and y’ = Ri, 
corresponding to the reference point when the rays lie on the inner 
wall. Then, one can determine consecutive values of d as a function 
of the first value as the probe is moved toward the pipe’s center. 
 

0R
m
ZY i
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=−−                      (11) 

 
A similar procedure is applied to correct the vertical velocity for 
b/Ri < 0.5, where the optical axis remains parallel with the pipe axis. 
If measurements are conducted beyond this limit, the above ap-
proach for correcting the vertical velocity is no longer true because 
the optical axis in not parallel with the pipe axis, introducing some 
inclination angle into the control volume. 
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