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Abstract: This paper demonstrates the importance of choosing the correct statistical 
distributions for breakdown frequency and duration when simulating production line 
productivity. Statistical distributions with a wide range tend to reduce the 
productivity of the line. Also, it is demonstrated that the productivity of a production 
line can be improved simply by re-arranging the order of unreliable machines in the 
line. If the line consists of similar or exchangeable machines, productivity can 
improved if the most unreliable machines are placed towards the end of the line. 
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1. INTRODUCTION 
 
Some of the effects of machine breakdowns on 
productivity are modelled in commercially available 
simulation software. However, as earlier work by the 
present authors suggests (Ilar et al., 2007), the 
treatment of machine failure is often over simplified 
and this can lead to misleading simulation results. 
For example, simulation models do not generally link 
the scrapping of components to machine breakdowns. 
In real production situations however, the item being 
produced when the machine breaks down is often 
scrapped. This is because many engineering 
operations (bending, welding, casting etc.) cannot be 
completed successfully once they have been 
interrupted.  
 
This paper demonstrates that a useful mathematical 
analysis of the breakdown behaviour of a machine 
must be supported by realistic statistical description 
of that behaviour in the context of the production 
line. This is most clearly demonstrated by 
considering two identical machines arranged one 
after the other on a line. Assuming that machine X is 
more reliable than machine Y, a simple mathematical 
model of the productivity of the individual machines 
would not consider the order of the machines in the 
line (machine X followed by machine Y would be 
assumed to be as productive as Y followed by X). As 
this paper will demonstrate, putting the more reliable 
machine first in the sequence increases the overall 
productivity of the line. The statistics of the 
frequency of the breakdowns is also a non-trivial 
consideration which will be discussed in this paper.  

 
The application of computer simulation for 
modelling production disturbances has been 
discussed in several papers (Selvaraj et al., 2003; 
Bellgran and Aresu, 2003; Mittal and Wang, 1992; 
Johri et al., 1985; Shin et al., 2004). For example, the 
work of Ingemansson et al (Ingemansson and 
Bolmsjö, 2004; Ingemansson et al., 2003) often 
includes references to machine breakdowns and part 
scrapping but the two phenomena are not directly 
linked. Law has also demonstrated the importance of 
the correct interpretation of break down 
characteristics in achieving high model accuracy 
(Law and Kelton, 1991). However, this interpretation 
only effects secondary performance measures (i.e. 
buffer size and product lead time) and not, as in our 
approach, the main performance measure applied in 
industry – The Overall Equipment Effectiveness 
(OEE) (Wang, and Lee, 2001).   
 
 
2. THE BASIC MATHEMATICAL ANALYSIS 

OF PROCESS INTERRUPTION 
 
It is possible to express the productivity of a machine 
in terms of the main breakdown related variables; 
The Mean Time To Failure (MTTF), Mean Time To 
Repair (MTTR) and Process Time (PT). Machine 
productivity in this case is identified as the Overall 
Equipment Effectiveness (OEE).        
 
 The Overall Equipment Effectiveness (Wang, and 
Lee, 2001) as a percentage can be expressed as: 
 



100×××= QRAPEOEE      (1)   
 
where:  
 

− The Performance Efficiency (PE) is given 
by: 

 

OT
APTPTPE ×

=
   (2) 

 
where  TPT is the Theoretical Process Time, AP is 
the amount produced and OT is the Operating Time. 
  

− Availability (the proportion of time that the 
machine is not being repaired) is given by: 
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MTTFA

+
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− The quality rate (QR) (the proportion of 
components which are not scrap) is given 
by: 

 

1001 PSRQR −=
   (4) 

 
Where PSR = The Percentage Scrap rate 
 
For the case of breakdown imposed scrapping 
(Where no other scrapping takes place)  Eq. (4) can 
be written as [1]: 
 

MTTF
PTQR −=1

    (5) 
 
Combining Eqs. (2), (3) and (5) gives: 
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OEE* - This describes the situation if the process 
time for one operation must be added to each repair 
time because the scrapped product cannot be 
removed from the machine until the cycle is 
completed (after the repair). In most cases however, 
the scrapped item is removed from the machine as 
part of the repair. 
 
With breakdowns happening, on average, PT/2 into a 
particular cycle, we will gain production time equal 
to PT/2 for each breakdown event compared to the 
equation 6. The increase in productivity as compared 
to equation 6 is therefore given by: 
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Combining (6) and (7) gives: 
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Using equation 8 we get the relationships between 
OEE, MTTF, MTTR and PT shown in figure 1 (if 
equation 6 is used the trends are very similar but the 
values change to some extent). 
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Fig. 1: OEE as a function of the time variables PT, MTTF and MTTR for a breakdown/scrap model which scraps 

the item being processed at the time of the breakdown (In this model the scrapped item is removed as part 
of the repair so production can continue immediately after the repair is complete). 

 
 
The graphs presented in figure 1 give a useful 
overview of the effect of the breakdown related 
variables on the production efficiency of a single 
machine (see ref 1 for a full discussion of these 
results). However, as this paper will demonstrate, a 
realistic assessment of a production line cannot   be 
achieved by considering the performance of 
machines in isolation.  
 
 

3. A COMPARISON BETWEEN ‘MEAN 
TIME’ AND ‘STATISTICAL’ ANALYSIS OF  

A PRODUCTION LINE 
 
 
3.1 Mean time analysis 
 
Following the ideas presented in figure 1 and 
equation 8 we can use breakdown related mean 
times (MTTF and MTTR) to assess the OEE of the 
production line described in figure 2 and table 1. 

  

 
Fig. 2. The production line under investigation. 
 
Parameter  Value 
Arrival  No constraints 
Process time / Station 1 and 4 10 minutes 
Process time / Station X and Y 10 minutes 
MTTF and MTTR / Station X  40.8 and 7.2 minutes respectively  (85% availability) 
MTTF and MTTR / Station Y 57 and 3 minutes respectively  (95% availability) 
Table 1: Parameters employed in the calculation
 

Station 1 
Manual 

Station X 
Automatic

Station Y 
Automatic

Station 4 
Manual 



For the sake of this discussion stations X and Y are 
identical machines carrying out similar operations. 
As table 1 shows, station X is less reliable than 
station Y and also takes longer to repair each time it 
breaks down. Let us imagine that the management 
of the firm involved are considering the 
replacement of station X with a new station of type 
Q which has a process time of 8 minutes, MTTF of 
237.6 minutes and MTTR of 2.4 minutes (i.e. the 
new machine has an availability of 99%). 
 
Based on equation 8 the OEE can estimated 
individually for the four different stations. The 
results of this calculation are given in table 2. 
 
  Station  
 X Y Q 1 and 4 
PT 10 10 8 10 
MTTF 40.8 57 237.6  
MTTR 7.2 3 2.4  
OEE 75% 87% 97% 100% 
Pace  4.5 5.2 7.3 6 
Table 2: OEE and Pace values for the individual 
stations  
 
It is clear that station X will be the bottleneck in the 
line and is expected to be the limiting factor on the 
production rate or pace (the theoretical maximum 
output per hour from the station). The replacement 
of station X with station Q would obviously 
improve productivity and shift the bottleneck to 
station Y. In this type of calculation the effect of 
the relative positions of the stations in the 
production line cannot be assessed.   
 
Breakdown imposed scrapping has a negative effect 
on the station OEE and also the station delivery 
performance. This can be expressed in terms of the 
time between non-productive periods (Mean Time 
To Waste MTTW), and the mean total time to 
valuable production as a result of each breakdown 
(Mean Time To Value MTTV). For stations without 

breakdown imposed scrapping, MTTW and MTTV 
will be equal to MTTF and MTTR respectively. For 
stations with breakdown imposed scrapping MTTV 
will be given by: 
 
    PTMTTRMTTV ×+=

2
1                      (9) 

MTTR and PT will represent a stochastic process 
expressed by an appropriate statistical distribution. 
  
Equations 9 show that breakdown imposed 
scrapping will have a negative effect on the 
station’s delivery performance as a result of longer 
and more frequent and delivery interruptions. The 
level of this negative effect is directly dependent on 
the relationship between MTTF, MTTR and PT.  
 
 
3.1 Statistical analysis 
 
Production simulation software packages usually 
offer a range of statistical distributions for input 
variables. These statistical approaches give us a 
more realistic model of the behaviour of a system. 
 
The next step in this investigation was to employ a 
production simulation tool (Enterprise Dynamics) 
to analyse the productivity of the production line 
shown in figure 2 using the same mean values for 
MTTF and MTTR etc for the various stations. In 
this case however, these means would be 
considered in three ways; 1.as a fixed value, 2. as 
the mean of a triangular distribution and 3. as the 
mean of a Gaussian distribution. 
 
The simulation was carried out for 400 hours with 5 
replicates. The availabilities for Stations X, Y and 
Q were set to 85%, 95% and 99% respectively. 
Table 3 describes the parameters used in the 
simulations. It is important to note that the mean 
values for each parameter are the same as those 
presented in table 1 for the earlier calculation. 

  Distributions [minutes]  
Parameter           FMT        Triangular        Gaussian 
Arrival  Fixed; no constraints Fixed; no constraints Fixed; no constraints 
Process time / Station 1 and 4 Fixed; 10  T(10,5,15) 1) G(10,5) 2) 
Process time / Station X and Y Fixed; 10 Fixed 10 minutes Fixed 10 minutes 
Process time / Station Q Fixed; 8  Fixed 8 minutes Fixed 8 minutes 
MTTF Station X  Fixed; 40.8 T(40.8,20.4,61.2) 1) G(40.8,20.4) 2) 
MTTR Station X Fixed; 7.2 T(7.2,3.6,10.8) 1) G(7.2,3.6)  2) 
MTTF Station Y  Fixed; 57   T(57,28.5,85.5) 1) G(57,28.5)  2) 
MTTR Station Y Fixed; 3  T(3,1.5,4.5) 1) G(3,1.5)  2) 
MTTF Station Q Fixed; 237.6 T(237.6,118.8,356.4) 1) G(237.6,118.8)  2) 
MTTR Station Q Fixed; 2.4 T(2.4,1.2,3.6) 1) G(2.4,1.2)  2) 
Table 3: Parameters employed in the comparison of different distributions (all times are in minutes) 
1)  eg; T(10,5,15) Describes a triangular distribution with a  mean of 10; min 5 and max 15 minutes. 
2)  eg; G(10,5) Describes a Gaussian distribution with a mean of 10 minutes and a standard deviation 5 minutes. 



 
Figure 3 gives the result of the simulation for three 
different types of statistical distribution;  
 
a. Fixed Mean Times (FMT) - No statistical 

distribution – mean values only. 
b. Triangular (triang) – In this case we have 

triangular distributions with the same mean 
times as above but a minimum of half the mean 
and a maximum of one and a half times the 
mean. 

c. Gaussian (Gauss) – In this case we consider 
Gaussian distributions with the same mean 
values as above and standard deviations of half 
the mean value. 

 
These three types of distribution were compared 
against each other for all possible combinations of 
the machines ; two new machines (QQ), the 
replacement of either of the old machines with a 
new machine in all the arrangements possible (QY, 
YQ, QX or XQ) and both arrangements of the old 
machines if no replacement takes place. In figure 3 
the results have been presented in order of 
decreasing productivity. 
 

0.0%

20.0%

40.0%

60.0%

80.0%

100.0%

QQ QY YQ QX XQ YX XY

Order of Stations

Re
la

tiv
e 

pr
od

uc
tiv

ity

FTM
Triang
Gauss

 
Fig. 3: The relative productivity of different  

arrangements of the stations. The availability 
for station X is 85%. 

 
Figure 3 demonstrates four main points, two of 
which are obvious and two others which need some 
discussion: 
 
The obvious points; 
1. Replacing both X and Y with new machines 

gives the highest productivity. 
2. Replacing X with a new machine improves 

productivity more than replacing Y. 
 
The more interesting points; 
1. There is a hierarchy of productivity for the 

different types of statistical distribution; Fixed 
mean times give the best productivity followed 
by the triangular, then the Gaussian 
distributions. As all these approaches involve 
the same mean values for MTTF and MTTR 
this hierarchy requires some explanation.  

 

If the triangular and Gaussian distributions describe 
a long period of production this will include shorter 
periods of high and low productivity for each 
machine (as the frequency of breakdowns and time 
to repair change temporarily). For the statistical 
distributions involved here, there will, of course, be 
an equal amount of matching high and low 
productivity periods centred around the mean 
values for MTTF and MTTR. However, when the 
whole production line is considered, the high and 
low productivity periods for the individual 
machines do not cancel each other out. A temporary 
increase in breakdown rate for a particular machine 
is likely to reduce the production rate of the line but 
a temporary decrease in breakdown rate for a given 
machine will not always increase production. In this 
case for example, a period of exceptionally poor 
performance by machine X will probably result in 
X becoming the rate determining machine. 
However, a period of unusually good performance 
by machine X may be simultaneous with a period 
of poor performance by machine Y. If this happens 
machine Y might become rate determining and the 
balancing effect of X’s improved performance will 
be lost. The difference in productivity between the 
triangular and Gaussian distibutions is due to the 
wider spread of MTTR and MTTF values allowed 
by the Gaussian distribution – the occasional 
periods of very high breakdown rate or long repairs 
possible for individual machines (in the broader 
scope Gaussian distribution) will restrict overall 
productivity. This point, that a wider statistical 
distribution of MTTR and MTTF results in lower 
productivity, is supported by figure 5 which 
compares productivity for a Gaussian distribution 
with different standard deviations. 
 
This type of performance can be found in any 
system with stochastic processes (i.e. machine 
breakdowns and process time variations) but will be 
more damaging in the case of breakdown imposed 
scrapping.    

Gaussian distribution with different standard deviation
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Fig. 4: The productivity of the line is reduced as the  

spread of the statistical distributions for 
MTTR and MTTF increases. 

 
2. Close examination of figure 3 reveals that, for 

the Gaussian and triangular distributions, the 
order in which the stations are arranged has an 
effect on line productivity. This effect can be 



seen more clearly in figure 5 which shows, for 
example, that changing the machine order from 
XY to YX improves the productivity of the line 
by over 2.5% for the triangular distribution and 
by over 1.5% for the Gaussian. This point, that 
line productivity improves if the more reliable 
machines precede the unreliable ones, is 
confirmed in figures 6 and 7 which consider 
the same production line if the availability of 
machine X is reduced to 67% (MTTF; 35mins, 
MTTR; 17.5 mins). In this case we can see that 
the productivity of the line increases by almost 
10% (for the triangular distribution) if machine 
X follows Y rather than preceding it. The 
sensitivity of the line to machine order is 
reduced if more reliable machines are 
considered. For example, for the QY/YQ 
comparison, productivity changes by less than 
1% for all the distributions examined here. It is 
also worth noting that the choice of distribution 
applied to the values of MTTF and MTTR has 
a considerable effect on the strength of the 
response of the system to changes in machine 
order (see figs 5 and 7). 
 

The clearest way to explain the changes in line 
productivity is to describe what happens if both X 
and Y machines break down at the same time. We 
will, in the interests of clarity, use fixed mean 
values for the following discussion; 
 
XY machine order - simultaneous breakdown; 

X takes 7.2 minutes to repair and Y takes 3 
minutes. As X is before Y in the line, 
production on Y must wait until a part arrives 
from X. From the start of the breakdown 
machine Y must wait 17.2 minutes before 
starting work – and the component arrives at 
station 4 (see figure 2) 27.2 minutes after the 
breakdown. 

 
YX machine order – simultaneous breakdown; 

Y takes 3 minutes to repair and can begin 
processing a new component after this time. 
The repair to X continues whilst Y is 
operating and is finished before Y completes 
its process. In this case the second machine of 
the two (X) begins work after 13 minutes and 
the item arrives at station four 23 minutes 
after the breakdown began (a saving of 4.2 
minutes production time compared to the XY 
case). 

 
This ability of an unreliable machine to ‘starve’ 
subsequent machines of work is the reason why the 
positioning of the most unreliable machines 
towards the end of the line improves productivity. 
Of course this deliberate arrangement of the 
machines is not always possible, but it should be 

considered whenever similar or exchangeable 
machines are part of a production line. 
 

Relative position effect (station X = 85%)
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Fig. 5:The changes in line productivity  achievable 

if the less reliable machine is placed later in 
the line rather than earlier. 

 
The YX/XY value in figure 5 is calculated by 
dividing the line productivity if the machines are 
arranged ’Y then X’ by the productivity of the ’X 
then Y’ arrangement (Y being the more reliable 
machine). Results are given for each of the 
statistical distributions presented in table 3. 
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Fig. 6: The changes in line productivity achievable  

if the less reliable machine is placed later in 
the line rather than earlier.  

 
The YX/XY value in figure 6 is calculated by 
dividing the line productivity if the machines are 
arranged ’Y then X’ by the productivity of the ’X 
then Y’ arrangement (Y being the more reliable 
machine). Results are given for each of the 
statistical distributions presented in table 3. 
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Fig. 7: The changes in line productivity achievable  

if the less reliable machine is placed later in 
the line rather than earlier.  



The YX/XY value in figure 7 is calculated by 
dividing the line productivity if the machines are 
arranged ’Y then X’ by the productivity of the ’X 
then Y’ arrangement (Y being the more reliable 
machine). Results are given for each of the 
statistical distributions presented in table 3. 

 
4. CONCLUSIONS 

 
1. The productivity of a production line involving 

unreliable machines cannot be accurately 
modelled by considering the stations in the line 
individually. This is particularly true in the 
case of breakdown imposed scrapping.  

 
2. The modelled productivity of a production line 

is highly dependent on the statistical 
distribution type assigned to each breakdown 
variable (eg Gaussian or triangular 
distributions of MTTF and MTTR). Statistical 
distributions with a broad range (such as 
Gaussian) will tend to result in low 
productivity. This is because occasional 
periods of low productivity will not necessarily 
be balanced by occasional periods of high 
productivity if the whole line is considered. 
Again, this is particularly true in the case of 
breakdown imposed scrapping. 

 
 
3. The productivity of a production line involving 

unreliable but interchangeable machines is 
improved if the less reliable machines are 
positioned towards the end of the line. This 
effect diminishes as the reliability of the 
machines in question improves. Once again, 
this effect is strongly dependant on the 
statistical distribution type assigned to the 
breakdown parameters. 
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