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Abstract—The possibility to combine circuit and electromag-
netic modeling in one program enable new problems to be solved
and more efficient simulations to be done. In this paper, the
inclusion of passive and active lumped circuit elements in the
Partial Element Equivalent Circuit (PEEC) method has been
studied and a combined solver has been developed. The solver
uses PEEC to provide an equivalent circuit for a structure,
then the external passive and active lumped elements are added,
and then solves the combined system providing the potential
and current distributions in the structure. To demonstrate the
capability of the solver, two structures are examined. Both
examples include a transmission line-PEEC model and active
components. Results are compared with those from OrCAD,
where an analytical model for the transmission line is used.
Good agreement between the results shows the feasibility of using
PEEC to solve this type of mixed problems.

I. INTRODUCTION

Over the last decade special attention has been paid to
the simulation of mixed circuit and electromagnetic (EM)
structures. Moving towards higher frequencies and minia-
turization has made electromagnetic compatibility EMC) a
critical factor in design of new products. Thus, a growing de-
mand for simulation techniques, where both the EM structures
and lumped passive/active elements can be incorporated has
araised. To cope with the new challenges, various techniques
have been applied to different EM numerical methods. For
example, modeling the lumped elements directly into the Finite
Difference Time Domain (FDTD) time-stepping scheme is
carried out in [1], where the formulas are deduced for simple
resistors, capacitors and inductors.

The PEEC method [2] is a numerical method which is based
on an integral form of Maxwell’s equations and proposes an
equivalent circuit for a mixed conductor/dielectric structure.
Resistive, capacitive and inductive properties of each cell in
the structure is represented as resistance, partial coefficients
of potential [3] and partial inductance [4] respectively. Also,
the electric and magnetic couplings between the cells are
implemented as mutual partial capacitances and mutual partial
inductances [2]. Since the method is extracted from an integral
form of Maxwell’s equations, the free space discretization will
not be performed, which makes PEEC a suitable method for
applications where the structure is not bounded, for example
some classes of EMC problems. The first part of the method

involves the discretization of the structure and calculating
the equivalent circuit, and the second part is basically a
circuit solver, where by writing Kirchoff’s voltage and current
laws (KVL and KCL) for the equivalent circuit, a system of
linear equations is acquired. This system can be solved to
obtain the potential and current distributions in a structure [5].
Inclusion of passive lumped elements can be easily obtained
by appending the linear current-voltage (I-V) relation for the
element to the PEEC system of equations. Active lumped
elements on the other hand introduce non-linear equations to
the system where Taylor’s expansion method can be applied to
linearize the equations. This technique requires no change to
the discretized cell structure or applied boundary conditions,
and implementing any active components is done only by
modifying the circuit solver and including the component
definitions and equations into the solver. Hence, PEEC is the
natural choice when combining EM and circuit simulations,
as pointed out by many researchers. There are two routes to
combine PEEC and SPICE (circuit) problems. The first is
by bringing the PEEC models into an existing SPICE-like
solver [6]. The drawback is the solution time that quickly
increases for the combined solver since the SPICE-like solvers
are optimized for solving circuit equations and not the fully
coupled systems arising from PEEC models. The second
option is to bring SPICE models into a dedicated PEEC-solver.
This is what is proposed in this paper. The drawback in this
case is that all SPICE-models have to be recreated to fit the
PEEC-solver, limiting the model complexity at this stage.

II. THE PEEC METHOD

The approach starts with writing the summation of electric
field at a conductor in free space [5] according to

E0(r, t) =
J(r, t)

σ
+
∂A(r, t)

∂t
+∇Φ(r, t), (1)

where E0 is an external electric field, J is the current density
flowing in the conductor, A is the magnetic vector potential,
and Φ is the scalar potential. The vector and scalar potentials
at any point are given by

A(r, t) = µ

∫
v′
G(r, r′)J(r′, td)dv′ (2)



Φ(r, t) =
1

ε

∫
S′
G(r, r′)q(r′, td)dS′ (3)

where c is the speed of light, td is the retardation time, q is the
charge density, and G is the Green’s function for free space
[2], [5]. Substituting (2) and (3) into (1) the following integral
equation [7] will result

E0(r, t) =
J(r, t)

σ
+

µ

4π

∫
v′

1

|r− r′|
∂J(r′, td)

∂t
dv′

+
1

4πε

∫
S′

1

|r− r′|
q(r′, td)dS′ . (4)

To solve this integral equation, the structures are discretized
into volume cells and surface cells where the current densities
and charge densities are considered uniformly distributed in
each volume cell and over each surface cell respectively [2].
Therefore the current density J and charge density q can
be taken out of the integrals. By applying the Galerkin’s
method and taking the volume integral from (4) over each
of the volume cells, and also using the definitions of partial
inductance [4] and coefficients of potential [3], (4) can be
written as a system of Neutral Delay Differential Equations
(NDDE). The resulting system of NDDEs is in the following
form [7], [8]

C0y′(t) +G0y(t) +C1y′(t− τ) +G1y(t− τ) = Bu(t, t− τ),
(5)

where the C0, G0, C1, G1 and B are real-valued matrices and
the retarded couplings (τ) must be interpreted in an operator
sense. In quasi-static situations where retardation is small and
can be ignored, the NDDE system will be reduced to a system
of Ordinary Differential Equations (ODE) and can be written
in matrix form as follows [8], [9][

−Π −(R+ Lp
d
dt )

P−1 d
dt ΠT

] [
Φ
IL

]
=

[
Vs
Is

]
(6)

where R is resistance matrix, Lp is the matrix of coefficients
of partial inductances [4], and P is the matrix of coefficients
of potentials [3]. Π is the connectivity matrix and describes
the connections between volume cells and surface cells [8]. Vs
and Is are source vectors and Φ and IL are the potentials of the
surface cells and currents through volume cells, respectively.
This formulation will be referred to as MNA (Modified Nodal
Analysis) formulation later on [10].

By defining a proper time step and using an integration
technique, for example the Backward-Euler approximation
[11] for its stability [9], for the time derivatives ∂

∂t , the system
of (6), also referred to as Ax = b, can be solved in time. At
each time step, the sources, b, are simply updated and the
system is solved to obtain the node potentials and volume cell
currents at that time step.

III. EXTERNAL CIRCUIT COMPONENTS

In the previous section, the PEEC method and the way it
models an electromagnetic structure (geometry) as an equiva-
lent circuit was introduced. In this section it is assumed that
external lumped circuit elements (e.g. resistors, capacitors,
diodes, etc) are connected to this geometry, and the way

these linear/non-linear components can be modeled in the best
way and how they affect and/or can be formulated in MNA
formulation is investigated.

A. Linear components

Linear components can easily be formulated in the MNA
matrix by "stamping" [11] and no extra work is needed to
solve the MNA system. The KVL relation is written for the
component and KCL at proper nodes (the nodes that the
component is connected to) is updated in MNA formulation.

A resistor R1 connected between nodes i and j introduces
one new unknown, which is the current flowing through that
resistor (IR1

). This unknown should be appended to unknowns
vector x. The KVL for the resistor Vi − Vj = RIR1

adds a
new row to matrices A and b, where the corresponding row
of the source vector b for this equation obviously is zero. The
next step is to modify the KCL relations for nodes i and j
with respect to the current direction adopted in R1.

For linear capacitors and inductances, the equation relating
the current flowing through the component and the voltage
across it is in the form of a differential equation. Trapezoidal
integration method is used to transform this differential equa-
tion into a linear algebraic form. This method is more accurate
compared to Backward-Euler integration method and it is the
default numeric integration algorithm used in SPICE [11],
[12]. For example, the I − V relation for the capacitor [13]
can be written as

Vc(t+ 1)− dt

2C
Ic(t+ 1) = Vc(t) +

dt

2C
Ic(t). (7)

To implement a capacitor connected between nodes i and j
in the MNA formulation, the capacitor current Ic is defined as
a new unknown in vector x, KCL is updated for these nodes
with respect to the current direction in the capacitor, and finally
a new row is appended to matrices A and b. The row in A
implements the left hand side of (7) and the corresponding
row in b contains the right hand side of this equation, updated
at each time point.

B. Non-Linear components

Implementing non-linear components is slightly more com-
plicated than linear components. Non-linear components are
defined by their I-V relationships which change in response
to the DC bias of the component. Since the system equations
represent linear relationships, non-linear components become
a problem [12]. To solve this problem, the non-linear I-V
relations of these components has to be linearized [13], [11],
[12].

1) Diode: The diode current ID in terms of diode voltage
VD in direct bias is given [14] by

ID(VD) = Is(e
VD
nVT − 1) (8)

in which VT = kT
q , n is the emission coefficient, k is

the Boltzmann constant, T is the absolute temperature and
q is the electron charge. This non-linear equation should
be modified and linearized in order to be put in the MNA



matrix formulation. For this purpose, the non-linear equation
is expanded using Taylor’s series around a arbitrary value of
VD = VD0. The Taylor’s expansion for an arbitrary equation
f(x) = 0 around xk [13] is in the following form

f(xk+1)=f(xk)+f ′(xk)(xk+1−xk)+
1

2
f ′′(ξ)(xk+1−xk)2 (9)

where (xk ≤ ξ ≤ xk+1) and f ′′′(ξ) should exist over that
entire interval as well. Using this equation for the diode current
and ignoring the second order term, results in

ID(VD)≈ ID(VD0) + (VD − VD0) I ′D(VD0)

= Is(e
VD0
nVT − 1) + (VD − VD0) Is

nVT
e

VD0
nVT .

(10)

Rearranging (10) will result in the following equation

ID = GeqVD + Ieq (11)

in which

Ieq = Is(e
VD0
nVT − 1), and (12a)

Geq =
Is
nVT

e
VD0
nVT . (12b)

Equation (11) is a linearized form of (10) and can be used
in the MNA formulation. However, unlike the case of linear
components, where potentials and currents at each time point
are calculated in a single step, an iterative procedure (known
as Newton-Raphson algorithm) [11], [13], [12] should be used
at each time point for the non-linear components. The Newton-
Raphson algorithm is described below:

At each time point tk+1,
1) make an initial guess for each potential and current (xk).
2) linearize all non-linear equations based on xk; (e.g.

Geq,k and Ieq,k for each diode is calculated and (11)
is updated respectively).

3) build matrices Ak and bk based on all linear and
linearized equations.

4) solve the system Akxk+1 = bk to calculate xk+1.
5) if |xk − xk+1| < εa + εr|xk+1|, the solution has

converged and xk+1 is the solution for this time point,
otherwise replace the previous initial guesses with cur-
rent solution, i.e. xk = xk+1 and go to step (2).

In transient analysis, the initial guess at each time point is the
solution at the previous time point, and the initial guess for
the first time point x0 is the DC solution of the circuit.

Two constants, an absolute error tolerance εa and a relative
error tolerance εr, are introduced to check the convergence
criterion. These error tolerances are important in first to
determine the accuracy of the Newton-raphson algorithm and
second, to define the number of iterations required to find the
solution [12].

The relative error tolerance is used to maintain the ratio
|xk − xk+1|/xk+1 below a certain level (xk and xk+1 are
potential/current values in two successive iterations). On the
other hand, in case the potential/current approaches zero, the
relative error, |xk − xk+1|, approaches zero, which means
the results are infinitely accurate. To avoid such situations,

absolute error tolerances are introduced. They set an upper
limit for the difference between the values of potentials or
currents in successive iterations [11], [12].

In the iteration procedure, there might be situations where
the initial guess for VD0,k is much larger that nVT and
the exponential term in (12) become very large (numerical
overflow). In such situations, the iteration procedure fails
to converge. To avoid this, several limiting algorithms have
been proposed. One of these algorithms is called iteration-on-
current [11], [12]. This algorithm checks if the diode voltage
VD0,k is greater than a critical value Vcrit. If VD0,k > Vcrit,
the diode current ID0,k is used to calculate VD0,k and then
the new value of VD0,k is used to calculate Geq,k and Ieq,k.
The value of Vcrit is an arbitrary value, however in SPICE
a critical current Icrit is defined and determined as a current
caused by the thermal voltage VT applied to the resistor of

√
2,

which results in the value of Vcrit to be equal to VT ln( VT√
2Is

).
Also as a convergence aid, a small conductance Gmin is

placed in parallel to each PN junction of every semiconductor
model in SPICE [11], [12] (default value of this conductance
is 10−12f). This conductance prevents the Newton-Raphson
algorithm to fail under conditions where the component con-
ductance becomes zero (when the I-V curve has zero slope,
as in ideal diode in reverse bias).

Another source of divergence in the Newton-Raphson al-
gorithm is discontinuities in component models [12]. For
most of non-linear components, different regions of operation
are defined by different equations. Therefore, the Newton-
Raphson algorithm can diverge when the component is op-
erating close to model discontinuity [12]. Newton-Raphson
algorithm might switch (oscillate) between these regions in
successive iterations without leading towards the solution. To
eliminate this issue, care must be taken while modeling the
non-linear components. Here the diode model from NGSPICE
[15] is used where equations and their derivatives in different
regions of operation are continuous. The diode equations for
different regions of operation are

ID =


Is(e

VD
nVT − 1) +GminVD VD > −3VT

−Is(1 + ( 3VT

e1.0 VD)3) +GminVD VD > −Vbrk
−Is(e

Vbrk+VD
nVT −1+Vbrk

VT
)+GminVD otherwise

(13)
where Vbrk is absolute value of the Break-down voltage of the
diode.

2) Bipolar Junction Transistor (BJT): Bipolar Junction
Transistors (BJTs) can be modeled as two interacting pn
junction diodes. Depending on the status of each of these
diodes, four operating regions can be defined for BJTs, e.g.
normal active region, saturated region, inverse region, and
off region, and based on the operating region of the BJT,
the relations for collector current IC and base current IB
change. The model used here is called Ebers-Moll model
[14], which is presented in Fig. 1. The current-dependent
current source models the coupling between two junctions.
Three small resistors rc, rb, and re are also included in the
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Fig. 1. BJT Ebers-Moll static model.

model, which improve the dc characterization of the model.
They represent the ohmic resistance of the terminals of the
transistor [14] (not shown in the model in Fig. 1).

The implementation of the BJT in the MNA formulation
in basically the same as for a diode. The Newton-Raphson
algorithm should be used to find the operating point of the
BJT at each time point and iteration-on-current is applied if
necessary.

3) Non-Linear Capacitors: To account for charge-storage
effects in junction diodes and bipolar junction transistors,
non-linear capacitors are included in the component models.
Without these capacitors, the component would be infinitely
fast. The charge stored in these non-linear capacitors changes
as a function of the voltage across it, (q = f(V )). Then the
i − v relation [13] could be written as

i =
d q

d t
=
d f

d v

d v

d t

therefore,
d v

d t
= (

d f

d v
)−1i.

Applying trapezoidal integration would yield

v(t+ ∆t)≈v(t) +
∆

2

([
d f

d v
|t
]−1

i(t)+

[
d f

d v
|t+∆t

]−1

i(t+ ∆t)

)
(14)

where d f
d v is by definition the "capacitance", therefore after a

few modification and rearrangement, the relation for a non-
linear capacitor can be written as

vc(t+ ∆t)− ∆t

2 C(t+ ∆t)
ic(t+ ∆t) = vc(t) +

∆t

2C(t)
ic(t).

(15)
At each time point, the capacitance value should be recalcu-
lated (based on component model and equations) and the rows
in both A and b in MNA formulation has to be updated based
on (15). In contrary to the case of linear capacitors, where
only source vector b is updated at each time point, here both
A and source vector b should be updated at each time point.

IV. CIRCUIT SIMULATION

A. DC analysis

DC analysis is the basis for all types of simulation in SPICE
(DC, AC analysis, or TRANSIENT). The DC operating points
(DC bias of the circuit) is used as initial guess for all other
analyses. In DC analysis, all inductors are modeled as short
circuits and all capacitors are modeled as open-circuits.

In case the circuit contains only linear components, writing
KCL at every node and writing KVL for every branch in the
circuit results in a system of linear equations which can be
implemented in matrix form Ax = b and can be solved using
a LU factorization or any other linear matrix solver.

In case there are non-linear components in the circuit, as
explained in section III-B, Newton-Raphson iterative algo-
rithm is used to solve the system. An initial guess is made
for every voltage and current in the circuit and these values
are used to linearize every non-linear element [13]. The system
of equation will be constructed and solved. This process will
be repeated until the solution for two successive iterations are
close enough to each other (considering absolute and relative
error tolerances) or if the number of iterations exceeds the
allowed number of iterations (ITL1) [11], [12]. If the iterative
process does not converge to a solution in ITL1 number of
iterations, SPICE aborts the algorithm and reports the non-
convergence failure message.

B. Transient analysis

Transient analysis is the most complicated type of analysis.
It is in many aspects similar to DC analysis, but with several
complications. The process starts with a DC analysis. The
moment the bias point of the circuit is calculated, the analysis
changes and capacitor and inductor models are added to the
system equations, as explained in section III-A . A Newton-
Raphson algorithm is used to find the solution at each time
point. Iterations at each time point continue until the solution
converges or until the number of iterations exceeds a maximum
number allowed (non-convergence) [13], [12].

The non-convergence in transient analysis mostly is caused
by rapid voltage/current transitions in the circuit, therefore
a dynamic time step control algorithm [13], [12] is used to
change the time step depending on the rate of change of
voltages and currents (circuit activity). During high circuit
activity, the time step is reduced in order to achieve conver-
gence. During low circuit activity, the voltages and currents
are not changing and the time step is increased to speed
up the simulation process. In the periods of rapid voltage
transitions, more Newton-Raphson iterations are required to
reach convergence, and in the periods of latency, Newton-
Raphson converges in far fewer iterations [12]. If the number
of iterations is fewer that ITL3 (default 4), then the circuit is
considered to have low activity and time step will be increased
by a factor of 2, and if the iterations fail to converge to
a solution in ITL4 (default 10) iterations, the current time
point is discarded, the step-size is reduced by a factor of
8, and another attempt is made to solve the system in the



new time point. This procedure will be repeated until the
solution converges or until the time step becomes smaller
than a minimum allowed value (defined internally). If the
time step is reduced below the minimum allowed number
[12], the simulation is aborted and a convergence failure
message is reported. In SPICE the minimum allowed step-
size is TSTOP/50e9 where TSTOP is the duration of the entire
transient analysis.

C. AC analysis

The AC analysis (although not thoroughly covered in this
paper) is the simplest type of circuit analysis. After a DC
analysis, when the bias-point of all the linear/non-linear
components is detected, all the non-linear components are
considered to be working linearly around their bias point
and can be replaced with their small-signal models at that
dc operating point [14]. The KVL/KCL relationships can be
simply reformulated for frequency domain by replacing the
time derivates ∂

∂t with jω, which results in a linear system of
equations of the form A(jω)x = b(jω). On the other hand,
PEEC model (the values for R, Lp, P and A) is the same
in both time-domain and frequency-domain. The frequency-
domain MNA formulation can be done without requiring to
recalculate the PEEC model [8]. This point makes PEEC a
very interesting method for combined EM/circuit simulations
where both the time domain response and frequency response
are needed. To be able to ’switch’ between the both domains
can be very valuable when investigating EMC problems.

V. SIMULATION RESULTS

In previous sections, the PEEC method was introduced and
the way it transforms an electromagnetic problem into a circuit
domain problem was briefly discussed. It was concluded that
for an EM structure, PEEC provides an equivalent circuit,
which can be solved in any commercial or specialized circuit
solver (commercial circuit solvers are not able to solve the
system in full-wave domain [6]). Also the fundamentals of
circuit solvers, the algorithms and mechanisms used in them
were studied. A specialized in-house software is developed
which comprises both of the above-mentioned solvers. The
PEEC solver which reads the physical specifications of the EM
problem (including dimensions, conductivity, meshing, etc.)
and extracts the equivalent circuit, and the other solver which
is a technically circuit solver, reads a standard SPICE input
file (.cir file), including all the linear/non-linear lumped circuit
elements, and appends them to PEEC equivalent circuit and
finally solves the whole system in time.

To test the reliability of the developed software, two ex-
amples involving a PEEC model with active circuit elements
attached are given. The results are compared with the results
from the OrCAD [16] circuit solver. The PEEC model is of
a transmission line (TL) and modeled as a 3D structure. The
TL consist of two parallel, copper conductors ( l = 50mm,
w = 20 µm, and t = 1 µm) separated d = 20 µm. Each of the
conductors are uniformly discretized with 21, 3, and 2 nodes
along length, width, and thickness directions, respectively,

0 0

VV

D3

D1N3940

D3

D1N3940

D2

D1N3940

D2

D1N3940

D1

D1N3940

D1

D1N3940

R3
1k
R3
1k

V1

FREQ = 1000meg
VAMPL = 5
VOFF = 0

V1

FREQ = 1000meg
VAMPL = 5
VOFF = 0

T1

T2coupled

T1

T2coupled
in2

out1in1
out2

C1
1p
C1
1p

D4

D1N3940

D4

D1N3940

Fig. 2. The bridge rectifier circuit.

0 0.5 1 1.5 2 2.5 3

0

0.5

1

1.5

2

2.5

3

3.5

4

t(nsec)

V

 

 

V
in

, PEEC

V
out

, PEEC

V
in

, ORCAD

V
out

, ORCAD

Fig. 3. Comparing PEEC and OrCAD results for rectifier in Fig. 2

which results in 204 volume cells and 126 surface cells. Hence
the partial inductance matrix (Lp) is of the size 204 × 204,
and the coefficients of potential matrix (P ) will be of the size
126× 126. In both examples, the developed solver is used to
find the time domain response of the whole system including
the transmission line and lumped passive and active circuit
elements connected to it. Then, a time domain simulation
is done in OrCAD, using a 2D transmission line model (T-
component), connected to the same lumped passive and active
circuit elements (it has been shown in [17] that the OrCAD
transmission line model used here has the same response).

A. Full-wave rectifier with PEEC model for transmission line

In the first example, a full-wave bridge rectifier circuit is
connected to the transmission line, and a resistor is connected
at the far end as the load. The schematic of the OrCAD circuit
along with the values of all the components can be seen in Fig.
2. The voltage at the near end and far end of the transmission
line, acquired from both OrCAD and the developed solver, are
presented in Fig. 3. A good agreement between the results has
been obtained.

B. BJT circuit with PEEC model for transmission line

The second example comprises of a BJT in which the
collector output is connected to a transmission line and a
load. The schematic is presented in Fig. 4. Studying the
base-collector voltage and base-emitter voltage shows that the
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BJT is operating as a common-emitter switch. Time domain
response for the time period of 6 ns for PEEC and OrCAD
are depicted in Fig. 5. The results are in good agreement, and
the small deviations seen between the curves can be addressed
to the different models used for the transmission line. OrCAD
utilizes analytical models for transmission lines. Simulations
of the same circuit without the transmission line shows a
perfect match between the results from OrCAD and the
developed solver, reflecting the fact that the developed solver
and the component modelings are consistent with OrCAD.

It is worth to mention that OrCAD utilizes the Gummel-
poon model [14] as the default BJT model. Gummel-poon
model is a more advanced and complex model for BJT in
comparison to simple Ebers-Moll model, in which many of
important second-order effects present in actual components
are not included. Since the developed solver employs Ebers-
Moll model to simulate BJT, the BJT model in OrCAD is
simplified by removing some of the parameters in the model
definition. This model modification forces OrCAD to use
Ebers-Moll model instead of Gummel-poon model.

VI. CONCLUSION

The implementation of active/non-linear circuit elements
in the PEEC method has been investigated. A specialized
solver with dynamic time step control has been developed,

where the Newton-Raphson algorithm has been used to solve
the linearized system of equations. Two numerical tests have
been presented to show the results. The first including a full-
wave rectifier circuit attached to a 3D transmission line-PEEC
model. The second with a BJT-circuit in switching mode
attached to the same TL. The results have been compared with
OrCAD circuit simulation, where an analytical transmission
line model was used. Good agreement between the results
are observed. The main problem of the proposed approach is
that current active circuit component models are very complex
and refined, and therefore hard to implement in a EM solver
with its demands and limitations. The next step will be a
feasibility analysis to find out the limitations in the current
implementation.
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