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Exploration and production of hydrocarbons in artic areas demands stronger, lighter and safer 
offshore structures. Wind and sea currents are responsible for ice loads on structure. The design 
of these structures is based on load level which is usually determined by the drift ice features i.e. 
ice ridges and surrounding level ice fields if icebergs are not dominating in the area. Ridges drift 
and hit fixed or moored surface structures such as platforms or ships, or they may scour the 
seabed endangering pipelines and wellheads. Realistic Constitutive models will help to build 
more accurate numerical analysis of the ice load. It will decrease the capital costs for the 
offshore structures, resulting in more economic field development for arctic offshore. This 
literature review paper is focused on existing models used to simulate the constitutive behavior 
of the ice rubble. In the first chapter of ridge types, their formation and typical geometrical 
features has been discussed. The second chapter gives a review of Ice Rubble Failure and 
Deformation Mechanisms are discussed. The third chapter gives a brief comparison of between 
discrete model and continuum model. The fourth chapter is about existing constitutive models 
which are proposed and used to simulate ice structure interaction process. Calibration, 
advantages and disadvantages has been discussed in this chapter. Lastly, a summery is given 
about paper. Readership requires familiarity with constitutive modelling used in numerical 
analysis especially finite element analysis. 
 
 
 

623



1. Introduction 
Ice ridges form when the level ice cover is compressed or sheared by environmental driving 
forces and are often found in the transition area (shear zone) between the landfast and the drift 
ice. Ridges often exist in combination with rafted ice and this combination is named a ridge field. 
They are in general long, non-symmetrical and curvilinear three-dimensional features. The ice 
broken during the ridge formation creates ice rubble both above (sail) and below (keel) the water 
level, which is in hydrostatic equilibrium. The central part of the ridge along the water line is 
refrozen forming the consolidated layer of the ridge. Sea ice ridges are formed by compression or 
shear in the ice cover. When a ridge forms, most of the ice blocks go below the waterline and 
form the keel, whereas smaller amounts of ice pieces form the sail above the waterline. The sail 
is composed of dry ice blocks with snow- and/or air filled pores. The keel consists of a 
consolidated layer of refrozen ice that grows through the cold season, and unconsolidated or 
partly consolidated ice rubble beneath. During the initial phase of the consolidation the originally 
low ice temperature is spent in creating freeze bonds between the blocks. Thus, the ridge is a 
combination of ice blocks (that are bonded together and aligned in different directions) with 
slush, water and air between (Shafrova, 2007) . 
 

  
(a)                                                                        (b) 

Figure 1. Ridge profiles and structure of ridges. a) First-year ice ridge. b) Multiyear ice ridge, 
from Cammaert (1988). 
 
Ridges have been categorized by their mode of formation, many author including (Timco et al., 
2000) discussed sea ice ridge formation by two types: Compression and Shear. Compression 
ridges are formed as two sheets of ice are driven towards each other. Details of ridges formation 
by compression is given (Parmerter, 1973). Shear ridges may form either from relative 
movement of two separate sheets of ice or from a compression ridge if the direction of relative 
motion changes after initial formation. They are rarer than compression ridges. It is unlikely that 
a shear ridge can ever develop spontaneously from un-deformed ice. Sea ice ridges can be 
enormous and can generate high loads during interaction with an offshore structure. For this 
reason, the characteristics of sea ice ridges are important. The cross sections and structure of 
ridges can vary greatly and the shape of ridges is highly dependent on its age. Furthermore, the 
ice is usually categorized based on the age as first-year, second-year or multi-year type. Newly 
formed first-year ridges are made of poorly bonded individual ice pieces. As winter progresses, 
the core of the ridge consolidates as water between the ice blocks freezes, see Fig. 1a. Multi-year 
ridges have survived a number of melt seasons. The melt water produced during the summer 
months drains down into the ridge core and refreezes during the winter. The accumulated ice will 
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then become a solid mass of ice. An example of structure of a multi-year ice ridge is shown in 
Fig. 1b (Cammaert, 1988).  

1.1 Typical Geometry of Ridges 
Timco and Burden (1997) and Timco et al. (2000) compiled the profiled shapes of 184 ridges 
from 22 different field studies, including 112 first-year ridges with 46 from the Arctic and 66 
from more temperate regions, and 64 multi-year ridges from the Arctic. They did extensive 
comparisons of all of the geometric characteristics of these ridges and developed empirical 
algorithms to relate them. In many cases, a good correlation was found between different ridge 
characteristics, but in others, there was little or no correlation. Timco and Burden (1997) 
analyzed the shapes of sea ice ridges from different sources, and reported a wide variation in the 
shapes. The overall shape of ridges can be quite variable and non-symmetrical. The sail and keel 
of first-year ridges are usually triangular in shape, while the keel of multi-year ridges are more 
trapezoidal in shape and can be significant larger compared to first-year ridges. The schematic 
illustration of Fig. 2 presents a representative picture of a ridge, where the shape and the size is 
defined by the sail height Hs, that is the distance between the waterline and sail crest. The keel 
depth, Hs, is the distance between the waterline and the keel, the keel width Wk at the top is the 
distance between the intercepts of the keel projection with the top of the ice sheet. In reality, 
their shape can vary significant from this general shape. In many cases, the ridges showed non-
symmetrical sails and keels, and significant non-alignment of the center of the sail and keel. A 
number of techniques were used to quantify the important relationships between the height (H), 
width (W) and cross-sectional area (A) of the ridges shown in Fig. 4 .Usually, the best-fit 
relationship between 2 parameters was a complex relationship that had no apparent physical 
basis – it was simply the best curve-fit to a limited number of data points. Thus, Timco and 
Burden (1997) characterized the relationships using 2 types of curves – one, a simple linear 
relationship (forced through the origin), and the other, the best-fit power relationship. In most 
cases, there was very little difference between the two approaches, with typical correlation (r2) 
coefficients in the order of 0.7 to 0.9. This level of correlation is quite good, given the wide 
natural variability of the ridges. 
 

 
Figure 2. Schematic illustration of the first year ridge, from Timco and Burden (1997). 
 
First-year ridges consists of three parts, sail, consolidated layer and the keel. Timco and Burden 
(1997) also analyzed the distribution of the measured sail and keel angles of the ridges. For this 
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analysis, the reported angles for both the sail and keel of the different ridges were tabulated, and 
a statistical function was fit to the data. Unfortunately, in many cases, there was not sufficient 
data to be able to define the best functional relationship. Therefore, the data was fit to either a 
simple normal or log-normal distribution, depending upon the general shape of the distribution. 
Based on the average values, Timco and Burden (1997) outlined a cross section to show a 
representation of the geometries of an "average" first-year ridge, see Fig. 3. It should be kept in 
mind that this ridge profile represents average values. There is wide variability in the properties 
of ridges and this variability must always be kept in mind when considering the interaction of 
ridges with offshore structures.  
 
In most cases, there was very little difference between the two approaches. Therefore, simple 
linear equations appear to be adequate for describing the relationships. The linear relationship 
between the keel depth Hk and sail height, Hs, is given in Table 1. 
 

 
Figure 3. Cross section of the average first year ridge. After Timco and Burden (1997). 
 
The resulting ratios β1, β2, β3, β4 and β5, for first-year ridges, are summarized in Table 1. In 
addition to investigating the relationship between the heights and areas of the different 
components of the ridges, the sail angle for first-year ridges was also estimated. For the 
temperate first-year ridges, the average sail angle is 20.7° and 32.9° for first-year ridges in the 
Beaufort Sea. The average value of the first year keel angle, αk, was determined to be 26.7°.  
 
It is interesting to compare results reported by Timco and Burden (1997) and Timco et al. (2000) 
with results of analysis of long-term observation on first-year ridges carried out by Beketsky et al. 
(1997). 
 
Table 1. Comparison of relationships for ridges.  

Authors Hk = β1Hs 

β1 [-] 

Hk = β2Wk 

β2 [-] 

Wk =β3Hs 

β3 [-] 

Ws =β4 Hs 
β4 [-] 

Ak=β5 As 

β5 [-] 

αs 

[°] 

αk 

[°] 

(Timco and Burden, 1997) 4.4 3.9 15.1 6.3 8.0 20.7 26.7 
(Beketsky et al., 1997) 5.8 3.8 – – 10.2 14.0 24.0 
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Timco and Burden (1997) also compiled information on the thickness of the refrozen 
(consolidated) layer for a large number of different ridges from numerous field studies. 
Information on the variation of thickness of this layer is especially important in ice engineering 
applications, since the consolidated layer often exerts the highest forces on offshore structures 
during a ridge/structure interaction. Presentation of the information on the consolidated layer 
thickness was not straightforward, since there was a wide range of thickness for the ridges. To 
get some insight into the variability of the thickness of the consolidated layer, the maximum, 
minimum and average thickness values were determined for 25 different ridges. With this 
information, the ratio of the minimum-to-average thickness and the maximum-to-average 
thickness were determined for each ridge. The average of the minimum-to-average thickness 
ratio was 0.51 with a standard deviation of 0.2. The average of the maximum-to-average 
thickness ratio was 1.68 with a standard deviation of 0.37. These ratios show that there is a large 
amount of variability in the thickness of the consolidated layer in first-year ridges. Typical space 
scales for significant spatial variations in consolidated layer thickness are in the range of a few 
meters to several tens-of-meters. 

1.2 Properties of Ice rubble 
Ice rubble strength appeared to be dependent on the confining pressure, strain rate, size of ice 
blocks, void ratio, time history, etc. Ice rubble is a composition of discrete particles, blocks that 
can move with respect to each other. A load applied to this kind of particulate system is 
transmitted by contact forces developed between adjacent blacks (Heinonen, 2004). The physical 
and mechanical properties of ice rubble has been given by Timco and Burden (1997), The ridge 
mechanical properties can be determined by on-site measurements of internal shear stress of 
unconsolidated ridge material, in particular ice block size, thickness of consolidated layer and 
bending, compressive and shearing strength of consolidated layer. 
 
When ice rubble deforms the ice blocks, they may firstly rotate and slide and secondly they may 
break and crush. In the first case, the freeze bonds between the blocks have to be broken before 
the blocks can move. These mechanisms can in principle be modelled in a discrete element 
model, but more common are the continuum models. An elastic-plastic continuum model such as 
the Mohr-Coulomb model is often used in analytical and numerical models. Much effort has 
been put into finding the appropriate cohesion (c) and the angle of internal friction (φ), see 
Liferov and Bonnemaire (2005), Timco and Cornett (1999), and Urroz and Ettema (1987) for 
detailed information. However, as the material and geometric properties of the ice rubble 
changes substantially during its lifetime from Høyland (2002) and Leppäranta (1989) et al. It is 
likely that the mechanical parameters also change. The development of the consistency of the 
unconsolidated parts of a first-year ice ridge is governed by a number of factors: the temperature, 
the thickness and the salinity of the initial ice, the velocity, the temperature and the salinity of the 
surrounding water and finally the ridge keel permeability. In initial phase thermodynamics 
equilibrium is achieved throughout the ridge, the effect of the initial conditions stops. Thereafter 
in the main phase the ocean related geographical conditions govern the thermal and mechanical 
erosion and thus the development of the consistency of the rubble. This means that the freeze 
bonds in-between the ice blocks (which is often linked to the cohesion of the material) increase 
in volume and strength during the initial phase and thereafter decrease. The individual blocks 
may also break or crush when the rubble is being deformed so that the strength of the in-situ 
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rubble is of interest in a numerical model as was shown by Hopkins (1991). The hardness 
derived from a drop ball test as described by Khrapaty (1984) may be used as index strength, 
though it may be difficult to relate it uniquely to standard test such as compression test (Høyland, 
2004). As the rubble slowly approaches a slushy consistence, it will no longer be possible to 
distinguish between original ice and the freeze bonds created in the initial phase of consolidation 
(Høyland, 2005). The internal morphology of the ice ridge is important for the description of the 
ice rubble deformation behavior. 

2. Typical Ice Rubble Failure and Deformation Mechanisms 
Several mechanisms have been proposed for ice rubble failure by Timco et al., (2000), Heinonen 
(2004), Liferov and Bonnemaire (2005), and Shafrova (2007). Ice rubble can fail by different 
mechanisms due to the complicated internal structure. The major failure modes are shearing and 
compaction. Thus, three typical modes of interaction between a first-year ice field and a structure 
can occur: (1) Failure of a consolidated ridge or rubble field against the structure; (2) Failure of 
level ice on the structure; (3) Failure of level ice surrounding a ridge or a ridge-field. The ice 
rubble (the unconsolidated part) will deform and fail during an ice ridge structure/sea bed 
interaction. Let us identify at least three different physical mechanisms that can take place during 
rubble deformation:  

1. Failure of the freeze bonds between the ice blocks;  
2. Rotation and rearrangement of the blocks;  
3. Failure of the ice blocks.   

 
In other words, the strength and morphology of the freeze bonds, the size, shape, orientation and 
strength of the rubble blocks are all important for estimating the overall ice ridge strength. 
The internal structure of ice rubble is complex and can vary significantly within a single rubble 
feature such that ice rubble can deform and fail by several mechanisms, of which some of the 
typical failure mechanisms can be classified as follows: 

1. The shear and tensile forces cause the cohesive bonds between ice blocks to fail; 
2. The hydrostatic pressure fails cohesive bonds between the ice blocks and causes the 

rubble to be compacted; 
3. Under hydrodynamic forces, the blocks after bond failure, may move easily relative to 

each other; 
4. If the hydrostatic pressure is high enough, so the forces can be easily transmitted between 

surrounding blocks, individual ice blocks may fail due to bending or shearing; 
5. Individual blocks may fail due to local crushing, hydrostatic pressure or compression. 

 
The above mentioned mechanisms are accompanied by the following deformation mechanisms: 

1. If the hydrostatic pressure is high, the rubble compacts during the failure mechanism 
leading to a decrease in the rubble volume; 

2. In case of individual ice block failure, where one block splits into smaller blocks or 
crushed ice, the resulting pieces may be small enough to fill some of the pores between 
larger ice blocks. This process leads to a decrease in the porosity and a decrease in the 
total rubble volume; 

3. Volumetric expansion is caused by ice blocks' moving and rotating under the influence of 
external forces, shearing, or hydrodynamic forces. 
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2.1 Failure Modes of Cohesive Bonds 
Cohesive bonds are nothing but the freeze bonds between the blocks of ice rubble. As suggested 
by Shafrova and Høyland (2008), the mechanical behavior is basically governed by the following: 

1. The strength of the freeze bonds between the ice blocks; 
2. The dimensions and orientation of the ice blocks; 
3. The strength of the submerged ice in the rubble. 

 
Shafrova and Høyland (2008) has investigated the strength of freeze-bonds in-between blocks in 
first-year ridges. During initial failure, the strength of the rubble skeleton is dominated by the 
cohesion, whereas the angle of internal friction is less important (Liferov and Bonnemaire, 2005). 
The freeze bond defines cohesion and the cohesion governs the initial collapse of the rubble and 
initial collapse of the rubble corresponds to the peak load in punch tests. Thus freeze bonds are 
vital to find the peak load of ice rubble. Recent studies like Shafrova and Høyland (2008), and 
Repetto-Llamazares (2010) give more information about freeze bond strength. 

3. Constitutive Modelling of Ice Rubble 
Two types of approach have been considered to simulate the constitutive behavior of the ice 
rubble Namely Discrete and Continuum. The comparison between discrete model and continuum 
model is given in Table 2. 
 
Table 2. Comparison between discrete model and continuum model. 

 Discrete Model Continuum Model 
1 Ice rubble is modelled as a granular 

assembly and the shape of each block is 
modelled as a particle 

Ice rubble is modelled as an assembly of 
finite shapes and each ice block is divided 
into finite shapes.  

2 Size of discrete element may vary. Size of continuum element is fixed in one 
section of model. 

3 A contact law is formulated in terms of 
contact forces and relative displacements 

A constitutive law is formulated in terms of 
stress and strain. 

4 Takes into account the behavior of single 
particle. 

The behavior of Volume of rubble is 
described in an average sense.  

5 Can provide further details on micro 
structural phenomena  

No any such provision. 

6 This modelling is too expensive for 
complex structure, also difficulty arises in 
modelling of internal geometry structure 
accurately and contact phenomena.  

This modelling technique proved to be useful 
for complex models. Complicated boundary 
conditions can be handled easily. 

 
There are several analytical model exists to predict ridge load on structures. As the analytical 
approach does not take the complexity of deformation mode into account, it may yield to 
unreliable results. Numerical modelling of punch tests turned out to be a useful tool for judgment 
of the rubble strength. Finite-element modelling of punch tests was conducted by Heinonen 
(2004) and Liferov (2005). In the latter work it was found that in laboratory punch tests the 
bending failure can contribute substantially and that neglecting the cohesive/adhesive strength 
might lead to unreliable results. Constitutive models have been used in continuum models to 
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describe the material behavior of ice rubble in sea ice ridges. The material failure initiates when 
the stress state reaches the limit described by the yield function.  

4. Existing Constitutive Models for Ice Rubble  

4.1 Mohr-Coulomb (MC) Model 
Mohr's criterion, dating from 1900, may be considered as a generalized version of Tresca 
criterion. Both criteria are based on the assumption that the maximum shear stress is the only 
decisive measure of impending failure (Chen et al., 2007). Most of the studies like Timco et al., 
(2000) aiming that the rubble strength is generally treated in accordance with soil mechanics 
theory for granular materials and in particular the linear Mohr-Coulomb failure criteria is used, 
where the strength deviation is based on angle of internal friction and cohesion: 
 cn += φστ tanmax  [1] 

Where τmax and σn are the shear and normal stresses on the failure surface respectively, φ is the 
angle of internal friction and c is the cohesion.  

 
Figure 4. Mohr-Coulomb criterion: with straight line as failure envelope from (Ettema and 
Urroz, 1989). 
 
The linear Mohr-Coulomb model was originally applied to describe the behavior of ice rubble on 
the basis of analogies to soil, since both of these materials are comprised of an arrangement of 
irregularly shaped discrete particles (Timco and Cornett, 1999). A common tangent to the Mohr's 
circles at failure defines the Mohr-Coulomb failure envelope.  
 
Liferov (2005) and Shafrova (2007) has implemented Mohr-coulomb model (linear elastic and 
perfectly plastic) to simulate no of ice rubble strength tests. Following assumptions were made 
before applying the Mohr-Coulomb elastic-plastic model to the behavior of the ice rubble in 
plane strain tests. 

1. Time-dependent deformations are neglected; 
2. Ice rubble will be considered as an isotropic, homogeneous material; 
3. The stresses and strains within the sample are uniform. 

 
Calibration:  
Several attempts have been made to simulate ice rubble strength tests such as shear punch and 
shear box tests by Heinonen (2004), Liferov (2005), and Shafrova (2007). All those material 
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models are based on either Mohr-Coulomb or versions of it. The calibration of Mohr-coulomb 
material model would require determination of internal friction angle (φ) and cohesion (c).  
Ettema and Urroz (1989), and Ettema and Urroz-Aguirre (1991) have addressed the meaning of 
internal friction angle and cohesion.  
 
Advantages:   
The mechanical behavior is assumed to follow the Mohr-Coulomb model, originally developed 
to describe to soils. Simplicity and less no of variables needed to validate seems to be the 
greatest advantage. The model gives a straight forward connection between the shear strength 
and the material parameters. Thus, this model is useful in simpler computation models like 
limiting load calculations. 
 
Limitations: 
Mohr Coulomb theory considers the behavior is linear in normal and shear stress plane. However, 
recent research indicates that this behavior is not linear over a wide range.  The major difference 
between the behavior of ice rubble and of soils is that the strength of individual block of ice 
rubble is much lower than the strength of individual soil grains (e.g. sand). Because of its 
relatively low strength, the deformation of bulk ice rubble usually results from re-arrangement 
and breakage of the blocks. Unlike soils, considerable deformation, crushing and breakage of 
individual ice blocks may take place in ice rubble. There are computational difficulties with this 
model, however, as the yield envelope contains corners in the stress space shown in Fig. 6, 
therefore the MC model is not robust in numerical FE analysis without any modification. 

4.2 Drucker-Prager (DP) Model 
The Drucker-Prager Model (DP) is a smooth approximation of MC criterion. The Drucker-
Prager Model (DP) in eq given below represents a similar shear criterion in the stress invariant 
space. It has been widely used to model frictional granular-like materials (soils etc.) that exhibit 
a pressure dependent yield. 
 
 0dtanpq)q,p(f =−β−=  [2] 

 
Where d and β are the same as cohesion and angle of internal friction in MC model. In Fig. 6 and 
Fig. 7a comparison has been shown between DP and MC model. In Table 3, relations between 
Drucker-Prager (d and β) and Mohr-Coulomb (c and φ) material parameters are given. The 
following relations are valid while matching the parameters along the compressive, tension or 
shear meridian plane, which means that two yield surfaces are made to coincide along the chosen 
meridian.  
 
Table 3. Relations between Drucker-Prager (d and β) and Mohr-Coulomb (c and φ) material 
parameters. 

φ−
φ=β

sin3
sin6tan  

φ−
φ=

sin3
cosc6d  

Compressive 

φ+
φ=β

sin3
sin6tan  

φ+
φ=

sin3
cosc6d  

Tension 

φ=β sin3tan  φ= cosc3d  Shear 
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Figure 5. Relation between Drucker-Prager (d and β) and Mohr-Coulomb (c and φ) material 
parameters as function of the friction angle in MC model. From Heinonen (2004). 
 

 
Figure 6. Drucker-Prager and Mohr-Coulomb yield surface matched along the compressive 
meridian (a) in principal stress space (b) in the deviatoric plane from Heinonen (2004). 

 
 

(a) (b) 
Figure 7. (a) Drucker-Prager stress criteria in meridian plane (b) Mohr-Coulomb stress criteria 
from Heinonen (2004). 
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Calibration:   
MC and DP are the cohesive-friction models, which need to be calibrated with internal friction 
angle (φ) and cohesion (c). The parameters from MC are matched by adjusting the cone size in 
DP criterion. The relationship between Drucker-Prager (d and β) and Mohr-Coulomb (c and φ) 
material parameters as function of the friction angle in MC model can be found in Fig. 5. 
 
Advantages: 
Since it is a smooth approximation of MC criterion, it can be more robust in numerical FE 
analysis.  
 
Limitations: 
MC and DP both assumed that material expands continually during plastic deformations. The 
dilation during shear failure depends on the friction angle. That is more doubtful in case of ice 
rubble. In this model a compaction is given by elastic part of deformation. We know that ice 
ridges failure has been characterized by compaction and shear, the compaction is an important 
phenomenon to be addressed in Constitutive equation. This phenomenon cannot be modelled by 
using non-associated flow rule.  

4.3 Shear Cap Model 
The main concept of the shear-cap model is to add a cap yield surface to the Drucker-Prager (DP) 
shear criterion which bounds the yield surface in hydrostatic compression. The cap yield surface 
controls the dilation process by having a volumetric hardening control parameter. The DP model 
is widely used and is a smooth approximation of the MC criterion, which lends itself to use with 
the shear – cap model, allowing a smooth transition between the two components of the failure 
model.  

4.3.1 Cap model 
Heinonen (2004) has used a cap model based on Drucker-Prager failure theories. Dilation cannot 
be modelled by these theories to take into account the volumetric behavior and the compaction 
failure. By adding a cap yield surface to classical models, one can bound the yield surface in 
hydrostatic compression. This yield criterion with volumetric hardening controls the dilation 
while material fails by shearing or by compaction. To make numerical simulations easier to 
converge, a smooth yield function is created by combining two elliptical yield surfaces together, 
one for the shear failure and one for the cap failure describing the compaction failure. The 
modified Drucker-Prager model is developed further to cover a larger range of hydrostatic 
pressure. Given above is the schematic Fig. 8 of shear cap yield function in the meridian plane. 
According to Heinonen (2004) a smooth yield function is created by combining two elliptical 
yield surfaces together as shown in Fig. 8, one for the shear failure and one for the cap failure 
describing the compaction failure. Two evolution laws have been presented namely Cap 
hardening and cohesive softening to define the shear cap. According to cap hardening law, 
hardening or softening of material depends only on the volumetric plastic strain (Heinonen, 
2004). The size of yield surface is controlled by adjusting the material parameter Pa. When the 
stress state lies on cap side, the volumetric plastic strain is negative and the rubble is compacted. 
While the rubble is compacted, the yield surface grows. On the other hand, when the stress state 
lies on the shear failure side, the volume increases causing the yield surface to shrink (El Seify 
and Brown, 2006). 
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Figure 8 Shear cap yield function in the meridian plane from Heinonen (2004). 
 
Cohesive strengths of ice rubble decreases during ice block failure and bond failure. This is 
modelled by the strain softening law, in which the state of the equivalent deviatoric plastic strain 
describes the cohesive strength state.  
 
Calibration: 
Heinonen (2004) has calibrated some of the parameters in the material model by comparing the 
FEM simulations with the full-scale experimental tests. More details can be found in Brown and 
El Seify (2005). The material constitutive parameters are divided into three categories:  

1. Elastic properties which describe the linear part at the beginning of loading; 
2. The initial yield surface, determined by parameters d0, β, Pa and R; 
3. Hardening laws represented by cohesive softening and cap hardening define the way in 

which damage develops within the keel, as a result determining the post peak load 
response. 

  
The volumetric plastic strain at the reference state ( p

vol 0ε ) in the cap evolution law was ignored.  
 
Advantages: 
The great advantage of the shear-cap model over the MC and DP models is that it gives the 
material the ability to fail in compaction as well as in shear.   
 
Limitations: 
The volumetric expansion of bottom part of keel cannot be modelled accurately. It could increase 
in computation time with unsymmetrical stiffness matrix raised from non-associated flow rule. 
To use this model in 3D ridge structure interaction, a parametric study has to be conducted in 
order to define the foundation support resulting from the underlying rubble. Thus needs more 
datas to calibrate this model for 3D ridge structure interaction otherwise it is a danger of 
unrealistic values of ice load. 

4.3.2 Capped Drucker-Prager model 
Serré (2011b) has used a Drucker-Prager model with cap implemented in ABAQUS in his 
numerical analysis of ridge structure interaction. He has conducted several experiments in HSVA 
labs. The Drucker–Prager failure surface can be completed with a cap yield surface where the 
material yields in hydrostatic compression (Drucker–Prager-Cap).  
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Figure 9. Drucker-Prager Cap Model from Serré (2011a). 
 
It is an elliptical shape with constant eccentricity in the meridional (p–q) plane. The cap surface 
hardens or softens as a function of the volumetric plastic strain. Volumetric compaction (when 
yielding on the cap) causes hardening, while volumetric dilatation (when yielding on the shear 
failure surface) causes softening. The cap hardening law is a user defined piecewise linear 
function relating the hydrostatic compression yield stress pb, and volumetric inelastic strain.  
 
The stability of the Drucker-Prager-Cap model requires that the cap lies in the positive 
hydrostatic pressure regions. When the yield condition Fc=0 is met, plastic deformations occur. 
The plastic strains are proportional to the derivative of the plastic flow potential function Gs with 
respect to the stresses. If Gs is chosen equal to Fc, the flow rule is called associative. For the 
Drucker-Prager-Cap model, the flow rule is associated in the cap region and non-associated in 
the shear failure surface and transition region (between cap and shear surfaces). The flow 
potential is defined by an elliptical portion coincident with the cap yield surface, and another 
elliptical portion in the failure and transition regions (when p < pa) that provides non – associated 
flow component in the model.  
 
Calibration: 
Serré (2011b) has conducted series of different laboratory test to calibrate his model. The 
required plastic parameters necessary to define this model are d, β, and the cap hardening. The 
cap hardening is given by specifying Pb as a function of the volumetric strain. The elastic domain 
is defined by the standard Hooke's law, defined by the Young modulus E and the Poisson's ratio 
ν, the latter was chosen as 0.3 which is a typical value for granular materials. There were three 
different tests namely, odometer test, pile-up test and punch test. Their objective was to 
determine the mechanical parameters of the model rubble ice for later use in mathematical 
modelling of the interaction test. FE analysis of punch test has been done with two material 
models namely Drucker-Prager with cohesive softening and Drucker-Prager-Cap without 
cohesive softening. To simulate punch test it is necessary to verify the numerical models, which 
are able to estimate the load during the whole length of punch test. For this application Eulerian 
method was used. In order to assess which parameter affected the punch tests load the most, a 
simple sensitivity analysis was performed by varying the value of the cohesion, friction angle, 
porosity, ice density and keel depth around a base case value corresponding to the numerical 
analysis of the test. 
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Advantages: 
Numerical studies show that a correct estimation of the rubble cohesion from matching the 
experimental and the numerical load can be achieved only when an appropriate cohesive 
softening law is used for the rubble. A sensitivity analysis of the punch test allowed determining 
the relative importance of the different parameters. It is then possible to determine which 
uncertainties are the most critical. 
 
Limitations: 
It should be noted that even if the material model represents the main mechanical phenomena 
involved in the experiment, it does not capture all the aspects of the rubble ice behavior. There 
are some uncertainties affect the measurements. All ridges are made in lab, so lacking natural 
phenomena of formation. Scaling laws should be applied carefully otherwise they could mislead 
to unrealistic values (Serré 2011b).   

5. Discussion and conclusion 
Choosing a correct constitutive model to simulate ridge structure interaction process is crucial in 
numerical methods like finite element analysis. Each constitutive model needs experimental 
validation and verification. Therefore, presented paper is focused on giving advantages and 
disadvantages of each constitutive models presented by various authors. Before choosing a 
constitutive model one must understand the failure modes occur in ridge structure interaction 
process. In this paper the failure modes and mechanism of constitutive model has been discussed. 
Although, for detailed formulation and precise use, reference should be followed. This literature 
review could guide to understand the developments in constitutive models according to failure 
modes of ridges.       
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