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This paper considers year eleven students’ solutions of a specific task, which includes 
both a numerical part and a generalization of the task context that needs a transition 
from arithmetic to algebra. We investigate if students can solve the given problem, 
explain a solution and justify why the generalized problem always can be solved. 
Students prefer to explain in rhetoric rather than in symbolic algebra. Seven different 
ways of explaining are traced among the written answers. Few students are able to 
give an acceptable justification for the solution of the generalized problem, even after 
a course including work with this kind of problem. There are signs of students being 
unfamiliar with meta-cognitive activity. 

INTRODUCTION: ON THE ROLE OF ALGEBRA IN EDUCATION  

The place and role of algebra in school mathematics today is set in focus from many 
perspectives, and traditional algebra seems to have a need for a fundamentally new 
way of thinking (see for example Stacey, Chick & Kendal, 2004). Students have 
problems seeing connections to other areas inside or outside of mathematics, and they 
often see it as a formal, isolated system where manipulation of symbols and rules are 
dominating (Kieran, 1991; Brekke, Grönmo & Rosén, 2000; Wagner & Kieran, 
1989). Upper secondary teachers find that students’ knowledge from lower secondary 
school is weak. Algebra has been a route to higher mathematics, but at the same time 
a barrier for many students forcing them to take another educational direction (Kaput, 
1995). Also students struggling against the barrier may perceive little meaning in 
algebra.
Three categories of skills or competencies will be activated by students when moving 
from competence in arithmetic, number handling, and calculation to competence in 
algebra (Kaput, 1995):

* To be able to talk about numbers, and magnitudes without calculating anything.  
* To be able to describe the calculations one wants to do or get others to do. The 

description gives a recipe that we may say in words, by abbreviations, or by 
formula.  

* To be able to change the way in which numbers or magnitudes are calculated.  
The purpose of the current study is to examine how students handle one specific task, 
intended to reveal whether students can take the step from arithmetic to algebra. We 
will present the research questions after we have formulated the task below. 
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THEORETICAL FRAMEWORK AND RELATED LITERATURE 
As part of research in mathematical education, the teaching and learning of algebra 
has received a great deal of interest the last decades. As early as 1922 Thorndike 
published The Psychology of Arithmetic where the ”bond-theory” is used, which has 
been influential within traditional teaching: Algebra means for many students to 
establish bonds or links of the type a·ab = a2b or a(a+b) = a2 + ab, a = 1a, or links 
between a given quadratic equation and the formula for its solution. In the last 
decades, the focus has moved from behaviouristic perspectives to a deep analysis of 
cognitive competencies involved in learning algebra, This research has revealed 
problems students have, and why they are enduring and fundamental, and how they 
may relate to the transition from arithmetic to algebra (Booth, 1984; Sfard & 
Linchevsky, 1994; Linchevski & Herscovics, 1996; Kieran, 1991, 1992). The 
research has been related to an analysis of the field of algebra in a didactical context 
(Sfard, 1995).
The abstractness of algebra is one reason for students’ problems. The generality of 
the algebraic ideas makes it semantically weak (Lee & Wheeler, 1987). Since ideas 
from algebra connect to all areas of mathematics, and to many contexts outside 
mathematics, it does not belong to any. Thus, a deep engagement by students in many 
examples seems to be necessary to develop their algebraic reasoning skills. Blanton 
and Kaput (2005) found different categories of algebraic reasoning, spontaneously or 
planned in a classroom as early as grade 3: Generalized arithmetic, functional 
relationship, properties of numbers and of operations, and algebraic treatment of 
number.  
Research reports that secondary students may work with variables without a deep 
understanding of the power and flexibility of the algebraic symbol system. They may 
develop skills in routine manipulations, based on the knowledge, that variables 
follow the same basic structures as do number calculations. What is special for 
algebra, and different from arithmetic, however, is so fundamental that it may 
represent a leap in the education (Kieran, 1991, 1992; English & Halford, 1995; 
Wagner & Kieran, 1989; Bell et al, 1988; Bell, 1995; Wagner & Parker, 1993). 
The complexity of algebra has been attributed to syntactic inconsistencies with 
arithmetic, such as the following: a variable may simultaneously represent many 
numbers, the letter may be chosen freely, the absence of positional value, equality as 
an equivalence relation, the invisible multiplication sign, the priority rules and use of 
parentheses.
The type of task we have used, is proposed and solved by Diophantus, and solved 
again by Viète to demonstrate the strength of his new symbol system (Harper, 1987). 
Diophantus solved equations using a letter for unknown, and not for parameter. He 
identified the unknown as a number. A letter was thus at this stage of history used for 
an unknown, having the potential of being determined. Viète also used letter as 
givens, as parameters, assuming them to be representing a range of values. This 
transition was a watershed in history (Sfard, 1995), and in this respect the task is 
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chosen to give a view into this transition in education. Task a is a task on special, 
simple numbers and can be approached by a possible strategy for trial and error, by 
some calculation, or setting up one or two equations. Task b is intended to give 
insight into students’ awareness of the structure of the problem and the strategy they 
apply. Task c might reveal any transition to handling the concept of a parameter, and 
express any solution in terms of these. Thus, it goes into algebra as a tool to explain 
the method, to generalize to a class of problems, to justify the solution and solution 
strategy. Ability to think algebraically, by understanding the structure of the problem, 
and of one’s own solution, is investigated in task b and c.
In the analysis of students’ answers we apply the APOS-theory (Dubinsky, 1991), 
which relates to action, process, object and scheme. Actions become processes by 
interiorization, and objects are created by an encapsulation of processes. A scheme is 
a network of processes and objects. We also use the levels of algebraic development 
described by Sfard & Linchevski (1994): rhetoric, syncopated, symbolic and abstract 
algebra.

PROBLEM FOR THE STUDY AND METHODS USED
The current study is part of an ongoing larger study on Learning Communities in 
Mathematics, where didacticians work together with teachers in eight schools 
(Jaworski, 2005; Andreassen, Grevholm, & Breiteig, 2005). In this paper we focus on 
a micro-study of one single problem, which has been used to assess students’ 
mathematical knowledge at the beginning of the project. The task we will analyse is 
one item in a comprehensive test including other items on algebra and numbers.  
The task  

Eva is thinking of two numbers. The sum of them is 19. The difference between them is 5. 
a Find the numbers.  
b How can you find the numbers? 
c Why is it always possible to find the two numbers when we know their sum and 

difference?

Data has been collected from all students in the first year of the two participating 
upper secondary schools (in a larger Norwegian town). This means grade 11 in the 
Norwegian school system. The students, who take the general course (the most 
academically oriented) in mathematics in grade 11, make up about 40-45 % of the 
year-group. The number of students included was 236 in autumn 2004 and 220 in 
spring 2005 (a few students were absent each time). An identical test, comprising 15 
items, was used on both occasions. 209 students were present on both. Students were 
allowed sufficient time to complete all items. The test was given by the regular 
mathematics teacher of the class, in a normal mathematics lesson in the classroom, 
but evaluated by the researchers in the study. Feedback was given to the teachers. In 
order to indicate a wider picture over time we also use results on the same item from 
two other groups, where data was collected in other studies in 1993 (154 students in 
grade 9, part of a whole year-group in compulsory school) and in 2002 (150 students 
in grade 11, taking the general course). 
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The evaluation includes interpretations in task b and c. The interpretations were 
checked by both researchers until unanimous results were reached. First, a 
categorisation of correct, fail, and no answers was inserted on all tasks. After that the 
answers in a, b and c where categorised according to the lists in the tables below. 
The research questions are: 
1 Can students solve the numerical problem in task a? What kinds of answers do they 
give and what thinking do they reveal?  
2 Can students explain their own method in a? Can students answer the generalised 
problem with any sum and difference? What kinds of explanations do they give in b
and c?

ANALYSIS AND RESULTS 
First we present the data regarding correct, failure or no answer. This will give an 
overview of the situation. Results from the students in 2004 and 2005 show: 

a b c 
2004 2005 2004 2005 2004 2005 

Correct 64 73 39 28 3 4 
Fail 15 9 32 48 56 58 
No answer 21 18 30 24 41 38 

Table 1. Solution frequencies (percent) of task a: numerical task, task b: explaining 
one’s own solution and c: general solution, algebraic task. 

The solution frequency is rather high for the concrete numerical task in a, much 
lower for the explanation in b and justification in c. We will relate the results to data 
from 1993 and later (Bjørnestad, 2002, Andreassen, 2005). Then we go into the ways 
of thinking that may be represented, what kind of strategy is used, and what 
developmental level is indicated by the single response. The outcomes at the four 
occasions (1993, 2002 and 2004-5) are consistent in that the overall picture is the 
same. We will now take a closer look at students’ answers. 
Categories of answers in task a other than the correct one
A closer look at the unsuccessful strategies might show some pattern of thinking. 

Response Example of response 1993 2004 2005
14 (s – d) is one component  14 and 5;  14;  12+x2  15 5 5 
Using the average ± 5 4,5 and 14,5 2 0 1 
One condition, s=19 or d=5 13 and 6;  11 and 6; 2 5 1 
No pattern suggested 10 and 4; 1 and 4; 6 and 9; 4 2 1 
Just one number 71/2 ; 28 2 1 1 
More than two numbers 4+9+10;  1 1 0 

Table 2. Unsuccessful strategies for Task a: Numerical task. Frequencies in %. 
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A high percentage in 2004-5 and 1993, namely 5 and 15 %, respectively, give one of 
the numbers as (s – d). They take a step towards a solution. Although this difference 
might be an interesting number for a general solution, the solution is not carried 
through. Other unsuccessful strategies are not very frequent, including the strategy of 
using s/2 ± d to find the two numbers.  

Acceptable explanations in different ways of expression 
The students’ use of acceptable explanations and the degree of awareness of their 
own thinking, will influence the general solution on a task like this. Hence, it is of 
interest to investigate their fruitful strategies. How did they find their numbers? Here 
we find three categories of explanations. They can be referred to the use of rhetoric 
expressions, or numerical and with algebraic symbols (Sfard & Linchevski, 1994). 

Using verbal statements: Example: I found the numbers by taking the total sum – 
difference and divide by two. Then I found the smallest number. The other I got by 
adding the smallest to 5.  

Using numbers:  Example: 19 – 5 = 14;  14 : 2 = 7;   7 + 5 = 12. (Remark: In Norway 
the symbol : is used as division sign instead of /). - This may be taken as a generic 
example to illustrate the general solution. However, there is a step from this process 
to regarding the numerical structure as an object (Dubinsky, 1991). 

Using algebraic symbols. Example: x + (x + 5) = 19. - By setting up this equation, is 
it possible to see the role played by 5 and 19, which is needed in c?
This analysis may be summarized in a table:

Strategy used 2002 2004 2005
Explains the solution mainly verbally  32 36 21 
Shows the calculation by numbers 24 3 6 
Shows the calculation by using symbols 12 1 1 

Table 3. Explanations in task b. Frequencies in %. 

The students prefer to use mainly verbal solutions, more so in 2004/5 than in 2002. 

The result signals that students can handle the numerical task, but that it is much 
more difficult for them top explain how they solve it and even more difficult to 
justify why the generalized problem always can be solved. The step from arithmetic 
to algebra is hard to take and still in grade 11 most students have not come that far. 

Explanation or justification in tasks b and c 
In task b (and c) students expose seven different ways of explaining or justifying the 
solution. They are listed in the following table below: 
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Type of explanation or justification used by 
students, who gave a correct answer in a

2004 2005 
APOS level1

1. Guess and check  79 72 Action 
2. Table search: two conditions  30 13  
3. Calculate (19 – 5)/2, add 5 for the 2nd number 6 10 Process 
4. Halving:  19/2 + 5/2 and 19/2 - 5/2 9 17  
5. One equation x + (x + 5) = 19 and solved 7 7  
6. Two equations x + y = 19; x – y = 5 and solved 3 11  

7. General solution x s d
2

y s d
2

7 9 Object 

Others, no explanation 16 16 

Table 4: Ways of explaining in task b and c (when a is correct), number of students. 

Here the first two ways of explaining can be regarded as actions (Dubinsky, 1991). 
Students do not have a mathematical algorithm, they act out on numbers in order to 
find the result. Methods number 3 to 6 are on the level of process. A mathematical 
process is carried out in order to solve the problem. The process can be numerical or 
algebraic. Sometimes it is expressed in a mixture of verbal and symbolic language 
(syncopated). If students are able to generalise and set up the equations for any sum 
and difference, we consider them to be on the object-level. They can see the structure 
of the problem and use equations as objects. In all cases the way of expressing the 
explanation can be rhetoric, syncopated or symbolic, with numerical or algebraic 
symbols (Sfard & Linchevski, 1994). 
The dominating way of explaining is to refer to guess and check at both occasions. It 
seems as if use of table decreases over the year and use of calculations increases. Use 
of two equations increases much, which can be explained by the fact that students 
worked with systems of equations during grade eleven. Only 7 and 9 students, 
respectively, can give the general solution. There is a trend to choose more 
sophisticated methods at the end of grade eleven but the development seems to be 
slow.

DISCUSSION AND CONCLUSIONS  
We note that about 3 out of four students give a correct solution for the numerical 
problem. With trial and error there are few cases to test as with use of table, and there 
is an absolute possibility to check if the answer is correct. Thus one could expect 
more success. During grade 11 in Norwegian school, the curriculum contains work 
with systems of linear equations. Thus, all participants in 2005 have worked with this 

                                          
1 We are aware of the fact that we are using the APOS-terminology in a slightly different way than 
Dubinsky, but we found it useful to characterise our findings here.
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kind of problem during spring 2005. The effect of this work seems to have an 
influence on the results, but still only about every tenth student uses this method. The 
different kinds of answer and ways of thinking in task a are shown in table 3. 
Another observation is students’ limited competence to communicate verbally in 
mathematics. It is likely that it is unusual for them to write down their explanation for 
the solution. We conclude that meta-cognitive activity of this kind in the classroom 
must be uncommon. Students also show an attitude of not seeing the need for an 
explanation, when they say things like: ”It is just like that”. Some even try to make 
jokes like answering: ”It is because Fred has green shoes.” Another observation is the 
fact that nearly no student answers in exactly the same way in both 2004 and 2005.
The facility of task b a low (less than 40 %). It indicates that the goals of curriculum 
are not achieved for more than a minority of the students. Both correct rhetoric 
answers, mixture of rhetoric and symbolic and pure abstract algebraic answers are 
used but rhetoric answers dominate. In task c a still lower result is evident (3-4 %), 
indicating that the step from a numeric problem to a general problem with 
parameters, which demands algebra, is still too great for most of the students. Less 
than one out of twentyfive students can generalize and justify the solution in this 
case. The dominating way of explaining is to guess and check or use a table. Use of 
calculations or systems of equations seems to increase over grade eleven. 
To overcome problems and to enhance the development, it seems valuable to 
introduce writing explanations into mathematics lessons and use contexts where 
students have to explain to each other how they are thinking. Discussion of 
alternative solutions could be one way of creating awareness of one’s own way of 
explaining. The application to problem-solving situations of knowledge of how to 
solve a system of linear equations seems also to be lacking from students’ experience. 
It is possible that mathematics teachers could learn much from an analysis of their 
students’ work on a task like the one we used here. 
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RESISTING REFORM PEDAGOGY: TEACHER AND LEARNER 
CONTRIBUTIONS

Karin Brodie

University of the Witwatersrand 

Classroom conversations are a key feature of reforms in mathematics education. 
Many challenges in conducting these conversations have been identified, but explicit 
analyses of learner resistance to such conversations are rare. In this paper, I provide 
one such analysis, from the perspectives of learners and the teacher. I argue that 
resistance is a complex phenomenon and needs to be understood as such if teachers 
are to make progress in conducting mathematical conversations. 

MATHEMATICAL CONVERSATIONS 

A key aspect of reform pedagogy in many countries is supporting learners’ 
conversations with each other about their mathematical thinking. There are a number 
of reasons for supporting learner-learner conversations. Developing and transforming 
thinking can be seen as a process of making connections between two previously 
separate ideas, or differentiating a previous single idea into a number of more 
nuanced ideas (Hatano, 1996). Articulating one’s thinking supports such 
differentiation and integration of ideas (Mercer, 2000; Vygotsky, 1986). 
Communicating mathematics is an important mathematical practice, which supports 
other mathematical practices such as connecting, generalizing and justifying ideas 
(RAND Mathematics Study Panel, 2002). As learners and the teacher consider, 
question and add to each other’s thinking, important mathematical ideas and 
connections can be co-produced. Hearing learners’ ideas can also give teachers a 
window into the learners’ thinking, which can help her understand the conceptions 
and misconceptions underlying learners’ contributions. 

Instances of successful mathematical conversations, in which learners seriously 
engage with and transform each others thinking (Sfard, Nesher, Streefland, Cobb, & 
Mason, 1998) are extremely rare, across a range of contexts (Brodie, Lelliott, & 
Davis, 2002; Chisholm et al., 2000; Stigler & Hiebert, 1999). A number of challenges 
in supporting successful conversations have been identified. These include: 
supporting learners to make contributions that are productive of further conversation 
(Heaton, 2000; Staples, 2004); respecting the integrity of learners’ mistaken ideas 
while trying to transform them and support the development of appropriate 
mathematical ideas (Chazan & Ball, 1999); seeing beyond one’s own long-held and 
taken-for-granted mathematical ideas in order to hear and work with learners’ ideas 
(Chazan, 2000; Heaton, 2000); maintaining a “common ground” which enables all 
learners to follow the conversation, its mathematical purpose and to contribute 


