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Abstract: Measurements performed on a thin multi-
layered structure will imply a received signal waveform
consisting of reverberant overlapping echoes. In this pa-
per the multi-layered structure is modeled by a physical
model and the Maximum Likelihood Estimator (MLE) is
derived for the model parameters. A general recursive
expression for the model is given. The model is evalu-
ated using measurements on a thin three-layered structure,
where two glass layers are bonded together. We show that
measured signal waveforms can be reconstructed using the
estimated parameters, and that physical properties can be
extracted from the estimated model parameters. Simula-
tions also show that physical parameters can be estimated
for thicknesses of the bonding layer down to 50 μm for a
wavelength of 200 μm of the ultrasonic pulse.

Keywords: Material characterization, multi-layered
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A. Introduction
Non-destructive testing of materials using ultrasound is

considered a valuable tool to characterize thin layers in a
multi-layered material. In this paper we propose a method
to estimate material properties of the thin bonding layer in
a multi-layered material using a physical model. The thin-
layered material structure gives rise to overlapping ultra-
sonic echoes. The model structure is therefore chosen so
that the variations in the received ultrasonic signal wave-
form are captured by a small number of model parameters.

The material is modeled using a continuous autoregres-
sive (AR) model with parameters connected to physical
properties, related to the thickness of the layers, the reflec-
tion and the transmission coefficients given by the bound-
aries between the layers, and the attenuation inside the lay-
ers. The paper derives the Maximum Likelihood Estimator
(MLE) for the model parameters.

We show with simulations how accurate estimates of the
model parameters we get when the thicknesses of the lay-
ers decrease. Material properties such as speed of sound,
acoustic impedance, and density of the layers can be esti-
mated from the parameters with corresponding confidence
interval for varying signal-to-noise ratio and material layer
properties.

The model is evaluated with real measurements on two
glass layers bonded together by a thin layer, where some
properties of the layers are known. The measured signal

waveform consists of reverberant overlapping echoes, and
using the proposed parametric model we show that reliable
estimates of the bonding layer properties can be deduced
from the estimated parameters.

B. Theory
In this section, the signal model and the parameter esti-

mation for the property extraction problem is stated in the
frequency domain. The physical properties related to the
estimated parameters are stated and the parameter estima-
tion is explained.

B.1. General Parametric Model

Sending an ultrasonic echo through a multi-layered ma-
terial will produce a received signal waveform consisting
of several delayed and attenuated echoes. A structure con-
sisting of thin layers will produce reverberating echoes
due to multiple reflections, resulting in an overlapping sig-
nal waveform at the receiver. The modeling of a multi-
layered structure is performed by a physical model of the
layers, using a continuous AR model. The parameters in
the model are the reflection coefficients, the time of flight
of the pulse in the layers, and a parameter directly related
to the attenuation coefficient for each layer. These param-
eters give us the structure of the multi-layered material.
From this physical model of the multi-layered structure it
is then possible to extract material properties.

An iterative model for the reflection from a multi-
layered structure has been derived in [1], but is in [2] de-
rived in a more convenient way for system transfer func-
tion identification. The model of the transfer function is
a reverberant multi-layered structure Htf (ω). The output
Y(ω), by using U(ω) as the input signal and assuming lin-
ear acoustics, is then represented as

Y(ω) = Htf (ω)U(ω), (1)

where
Htf (ω) = (R01 + H(ω)) e−jωτ0 , (2)

where j =
√−1, ω is the angular frequency, R01 is the

reflection coefficient from the top layer, and τ0 is the time
delay for the ultrasonic pulse traveling the distance d0 back
and forward from the transducer to the material in the wa-
ter buffer region. The expression H(ω) in (2) is the gen-
eral parametric model for a multi-layered structure, and
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H(ω) = Hq0(ω), where q0 is the total number of layers.
The recursive expression starting at q = q0 is then ex-
pressed as

{
Hq(ω) = Aq+1 +

Bq+1Cq+1Hq−1(ω)

1−Dq+1Hq−1(ω)
, q > 1

Hq(ω) = Aq+1 , q = 1
(3)

where the expressions for A, B, C and D are;

Aq =
TQ−1,QRQ,Q+1TQ,Q−1e

−jωτQGQ(ω)
1 − RQ,Q−1RQ,Q+1e−jωτQGQ(ω)

, (4)

Bq =
TQ,Q−1

1 − RQ,Q−1RQ,Q+1e−jωτQGQ(ω)
, (5)

Cq =
TQ−1,Qe−jωτQGQ(ω)

1 − RQ,Q−1RQ,Q+1e−jωτQGQ(ω)
, (6)

Dq =
RQ,Q−1e

−jωτQGQ(ω)
1 − RQ,Q−1RQ,Q+1e−jωτQGQ(ω)

, (7)

where the subscript Q is connected to q as

Q = q0 − q + 2. (8)

The expression G(ω) is the frequency dependent attenua-
tion in the material in the specific layer. The attenuation
can be described as the pressure change of a wave due to
absorption and scattering and is expressed as,

Px = P0e
−αs(ω)x, (9)

where P0 is the pressure at some location and Px is the re-
duced pressure at distance x from the initial location. The
quantity αs(ω) is the frequency dependent attenuation co-
efficient expressed in nepers/m. Given that x = 2d, where
d is the thickness of the specific layer, and that the attenu-
ation coefficient is proportional to the square of the sound
frequency, αs(ω) = α̃ω2, the frequency dependent attenu-
ation in the model is defined as

G(ω) = e−α̃ω22d, (10)

where α̃ is a constant containing several attenuation ef-
fects, e.g. the classical absorption [3]. Extending the para-
metric model with the attenuation inside the layers provide
possibilities to capture more of the signal waveform. Us-
ing (3) the model for an arbitrary number of layers can be
derived.

B.2. Model for Three Layers

The experimental setup shown in Fig. 1 motivates the se-
lection of a three layer model. In this specific experiment,
two glass layers were bonded together by a thin bonding
layer, meaning that the first and the third layer should have
the same properties. This implies that the general model
can be simplified before applied on this specific problem.
In this case we have;

R23 = −R12, (11)

R34 = −R01, (12)

α̃3 = α̃1, (13)

and using the relationship between the reflection and trans-
mission coefficients

Rl,k = −Rk,l, (14)

Tk,l = 1 + Rk,l, (15)

we can define an analytical expression for the transfer
function in (2).

Our only received information about the layered ma-
terial, in addition to some pre-knowledge of the material
properties, is the signal waveform, see Fig. 1. However, to
perform the parameter estimation and the system identifi-
cation we require an input signal. If the first echo in our
received signal waveform is separable from the rest of the
waveform, we can use a scaled version of this echo as the
input signal. The first echo is then used to create the input
signal as

U(ω) =
1

R01
ejωτ0Ỹ(ω). (16)

On the other hand, if the first echo is not separable from the
waveform, the input signal must be captured from a sepa-
rate measurement on a thicker layer of the same medium,
see Fig. 4a, to get Ỹ(ω). The input signal is captured by
windowing and by using (16) after an appropriately scaling
and a pre-alignment before the estimation is performed.

The parameterized transfer function Htf (ω, θ) in (2)
(omitting ω for notational simplicity) is then defined as

Htf (θ) =
(

R01 +
E

F
(1 − R2

01)e
−jωτ1G1

)
e−jωτ0 ,

(17)
where

E =
(
R12 − R12e

−jωτ2G2 + R01R
2
12e

−jωτ3G3

− R01e
−jω(τ2+τ3)G2G3

)
, (18)

F =
(
1 + R01R12e

−jωτ1G1 − R2
12e

−jωτ2G2

+ R01R12e
−jωτ3G3 + R2

01R
2
12e

−jω(τ1+τ3)G1G3

− R01R12e
−jω(τ2+τ3)G2G3

− R01R12e
−jω(τ1+τ2)G1G2

− R2
01e

−jω(τ1+τ2+τ3)G1G2G3

)
, (19)

and where θ = [R01 R12 τ1 τ2 τ3 α̃1 α̃2]T is the parameter
vector.

B.3. Parameter Estimation
Deriving the MLE for the parameters in the signal model

described in the previous sections is performed in the fre-
quency domain. The noise on both the input signals and
the output signals is assumed to be white and Gaussian, im-
plying that the MLE ends up in a Nonlinear Least Squares
(NLS) problem. To achieve a faster iteration in the min-
imization process, analytical expressions for the gradient
and the Hessian is derived. The Gauss-Newton (GN) lin-
earization method is used [4]

θ̂k+1 = θ̂k −
(
�
{

∂εH

∂θk

∂ε

∂θk

})−1

· �
{

∂εH

∂θk
ε

}
, (20)

where ε(ω, θ) is the scaled error function given in [5]. In
addition to the GN algorithm, the Hessian in (20) is also
regularized.
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B.4. Physical Properties

The estimated parameter vector θ̂, given by the model,
can be used to directly extract several properties, such as
speed of sound, acoustic impedance, and the density. As-
suming that the thicknesses of the layers are known, the
speed of sound can be estimated as

ĉ =
2d

τ̂
, (21)

where τ̂ is the estimated time of flight taken from the pa-
rameter vector θ̂. The frequency dependent part of the
speed of sound is neglected due to the very short relaxation
time. The acoustic impedance can be estimated as,

ẑl = ẑl−1

(
1 + R̂l−1,l

1 − R̂l−1,l

)
, (22)

where R̂l−1,l is the estimated reflection coefficient from
the boundaries between the layers, ẑ l−1 is the estimated
impedance in the previous layer and finally for l = 0 the
acoustic impedance in the water buffer region is defined as

z0 = ρ0c0, (23)

where both the density in water, ρ0, and the speed of sound
in water, c0, is assumed to the known, see [3]. The density
can be estimated as,

ρ̂ =
ẑ

ĉ
, (24)

by using (21) and (22).

C. Experiment Setup
All measurements were conducted with the ultrasound

transducer immersed in water and with the specimen sur-
rounded by water. The measurements were performed
in a pulse-echo configuration, see Fig. 1. The tempera-
ture in the water was kept constant at 19.85 ◦C to within
±0.05 ◦C.

The examined specimen consisted of two pyrex glass
layers bonded together by a thin bonding layer. The thick-
ness of the top glass layer was 1.83 mm and the thickness
of the bottom glass layer was 3.78 mm. The thickness of
the bonding layer was 0.53 mm and two different mate-
rials were used as bonding material, construction silicone
and epoxy.

For all the experiments performed in this work, a 5 MHz
unfocused piezoelectric transducer (V3456) from Pana-
metrics with an element size of 13 mm was used. To excite
and receive acoustic pulses, a Panametrics Pulser/Receiver
Model 5073PR, operating in pulse-echo mode was used.
The acquired ultrasonic echoes were sampled using a Gage
CompuScope CS12400, at 200 MHz with a 12-bit resolu-
tion.

D. Results
D.1. Simulation Results

In the simulations we can investigate how accurate es-
timates of the parameters we can get for decreasing thick-
ness of the bonding layer. All estimated parameters can be

layer 1

layer 3

layer 2

water

water

time

d0

d1

d2

d3

u y1 y

Fig. 1. The experimental setup in a pulse-echo configuration.
The waveforms and the notations are in the time domain, where
u(t) represents the input signal, y(t) is the entire output signal
and y1(t) is the first echo in the output signal.

examined, but in this paper we present the results for one
parameter. In Fig. 2a the estimated time of flight through
the bonding layer, τ̂2, is plotted together with the true, τ ,
value for decreasing thickness d2. A simulated output sig-
nal is used, where the initial values of the parameters are
up to 5% from the values used to create the output signal.
In Fig. 2b the difference between the estimated and the true
time of flight is plotted, and we get very certain estimates
for thicknesses down to about 50 μm. Below that thick-
ness the estimate is still quite accurate but somewhat more
unstable, also seen in Fig. 2c, where the estimated stan-
dard deviation of the estimated time of flight is plotted for
decreasing thickness. The standard deviation increases for
thickness below 50 μm.
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Fig. 2. In a) the estimated time of flight τ̂2 (solid) and the true
value τ2 (dotted) are plotted. In b) the difference τe = τ̂2 − τ2

is plotted. In c) the estimated standard deviation of the estimated
time of flight σ̂τ̂2 is plotted. The x-axis is the thickness, d2.

D.2. Measurement Results

The physical model is able to recreate the measured sig-
nal waveform from the seven parameters. When the re-
ceived ultrasonic signal waveform have a separable first
echo, that echo is also used as the echo creating the input
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signal, see Fig. 3. In this case the residual is approach-
ing white noise. On the other hand, when the received ul-
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Fig. 3. In a) both the measured ym(t) and the estimated
ye(t) signal waveforms are plotted, and in b) the residual e(t) =

ym(t) − ye(t) is plotted.

trasonic signal waveform contains nothing but overlapping
echoes a separate measurement is required. In Fig. 4 the
results from a measurement where epoxy was used as the
bonding material is shown. In Fig. 4a, we have the sep-
arate measurement from where the input signal is created,
and in Fig. 4b the measured and the estimated signal wave-
form is shown. The output signal and the estimated signal
is apparently coinciding. When a separate measurement is
performed to capture the input signal, we usually have a
slight variation in the first echo, see Fig. 4c. This varia-
tion is usually due to distance and angle variations in the
different measurements, and can be covered by statistical
tools. These effects are neglected in this paper, thus we are
strictly considering the hard physical model.
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Fig. 4. In a) the separate measurement to extract the input
echo is plotted. In b) the measured ym(t) and the estimated ye(t)

output signals are plotted, and in c) the residual e(t) = ym(t) −
ye(t) is plotted. Epoxy was used as bonding material.

In the parameter estimation algorithm an accurate initial
guess is essential. Since this model is based on physical
properties, we find the initial guess of the parameters from
the theoretical values calculated from our pre-knowledge
about the material. The mean of the estimated parameters
is presented together with the estimated 2σ interval for the

parameters in Tab. 1. The estimated values of the parame-
ters are very repeatable indicated by the low 2σ intervals.

Table 1. The estimated parameters for two experiments.
Silicone Epoxy

mean ± 2σ mean ± 2σ

R̂01 0.811 ± 0.4 · 10−3 0.816 ± 0.6 · 10−3

R̂12 −0.862 ± 0.3 · 10−3 −0.710 ± 0.9 · 10−3

τ̂1 0.63 · 10−6 ± 40 · 10−12 0.63 ± 65 · 10−12

τ̂2 1.08 · 10−6 ± 86 · 10−12 0.46 ± 132 · 10−12

τ̂3 1.30 · 10−6 ± 129 · 10−12 1.30 ± 169 · 10−12

ˆ̃α1 177 · 10−15 ± 6.7 · 10−15 89 · 10−15 ± 13 · 10−15

ˆ̃α2 4778 · 10−15 ± 66 · 10−15 15460 · 10−15 ± 164 · 10−15

From the estimated parameters we can extract some
physical properties. In Tab. 2, the estimated speed of sound
and the estimated density are presented for the two dif-
ferent bonding materials and also for the first glass layer.
The exact mixture of silicone and epoxy are unknown and
hence it is difficult to validate the results. However, the
properties for the glass layer agree with previous work, see
e.g. [6].

Table 2. Properties extracted from the parameters.
Silicone Epoxy Glass pyrex

mean ± 2σ mean ± 2σ mean ± 2σ
ĉ (m/s) 984 ± 0.1 2314 ± 0.7 5798 ± 0.5

ρ̂ (kg/m3) 1073 ± 3.2 1066 ± 4.4 2478 ± 7.0

E. Conclusions
It has been shown with measurements that the paramet-

ric model presented in this paper is able to reconstruct the
ultrasonic signal waveform consisting of multiple overlap-
ping echoes from within multi-layered structures by using
the estimated parameter vector. Given the model and its
parameters, it is possible to extract material properties of
the individual layers.
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