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Abstract| The partial element equivalent circuit
(PEEC) method is a electromagnetic simulation
technique suitable for mixed circuit and �eld prob-
lems. The technique is numerically equivalent to a
method of moments solution using Galerkin solution.
In this paper, the PEEC method is illustrated and
applied to printed antenna structures where mea-
surements are compared to simulations and analyti-
cal solutions. The possibility to use simpli�ed PEEC
models to decrease computation time is discussed
with illustrative examples.

I. Introduction

The Partial Element Equivalent Circuit (PEEC)
method is a full wave technique for the solution of
mixed circuit and �eld problems in both the time
and frequency domain. The international interest
for the method has been gaining rapidly for the
past years but in the Nordic countries the research
e�ort has been low. This paper can be considered
as an fundamental introduction to this electromag-
netic computation technique.
The method is based on the conversion of the

Mixed Potential Integral Equation (MPIE) to the
circuit domain. By using a specialized discretiza-
tion, the original structure is converted into a net-
work of discrete inductances, capacitances and re-
sistances, called the partial elements. The ca-
pacitive(electric �eld) and inductive(magnetic �eld)
couplings are modelled using partial mutual ele-
ments which results in a electromagnetic correct
model. The partial elements are calculated ei-
ther by using numerical integration techniques or
simpli�ed closed form equations. The resulting
equivalent circuits are solved by using a commer-
cial circuit simulation program like SPICE. The
use of SPICE-like circuit solvers facilitates the in-
clusion of discrete components, transmission lines,
current/voltage source etc in the resulting PEEC

model.
Since the method is based on an integral equation

formulation the analysis of 'open air' problems like
radiation from antennas are computationally eÆ-
cient. To have eÆcient electromagnetic computa-
tion techniques for printed antenna structures can
be important to speed up the development of for
example mobile embedded internet systems.

II. Derivation of the PEEC model

The starting point for the theoretical derivation
is the summation of the electric �eld, E, at a �eld
point, r, in a multiconductor system expressed in
terms of the vector magnetic potential A and the
scalar electric potential � at a source point r0.
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For a system containing K conductors the free-
space Green's function retarded potentials are given
by
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, where
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, denotes the retardation time in the medium with
propagation speed v. The charge density q con-
siders both the bound charges and the charges
bounded in the dielectric regions. The expression
for the current density J must be modi�ed [12]
to include the conduction current density JC and



the polarization current density in the dielectric
medium according to

J = JC + "o("r � 1)
@E
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Since the total electric �eld at the surface of a con-
ductor, E(r; t), can be expressed using the current
density and conductivity, �; and if no incident �eld
is considered equation (6) is obtained by combining
equations (1), (2), (3).
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To solve the system of equations in (6), the current
and charge densities are discretized into volume and
surface cells respectively, Figure 1(top). The solu-
tion requires also that the surface cells are shifted
half a cell length to the volume cells as indicated
in Figure 1(top). The current volume cells lead
the current between the nodes and the charge sur-
face cells represent the node charge. Inside the cells
the variables are constant. Applying the Galerkin
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Fig. 1. Conductor discretisation(top) and corresponding
PEEC model(bottom)

method K equations are obtained for the K vol-
ume cells of the structure. The interpretation of
these equations as a loop [15] leads to the structure
of the equivalent circuit for a PEEC cell, Figure
1(bottom).
The practical implications of this solution re-

quires that �xed nodes are placed on the structure
under test. From these nodes two partitions are

made. The inductive partition is based on the vol-
ume cells between two subsequent nodes. And, the
capacitive partition is based on the surface cells as-
sociated to each node. This is illustrated in Figure
2. The two partitions are used for the calculation

Fig. 2. PEEC method procedure

of the partial elements according to the follwowing
section.

A. Partial elements

The discrete components in Figure 1 and 2 are
denoted partial elements and the calculations are
performed based on the geometrical shape of the
inductive and capacitive partitions using numerical
integration or closed-form equations.

A.1 Partial resistance

In Figure 1(bottom), Rm is the volume cell dc
resistance of the volume cells in the inductive par-
titions. The resistance in the PEEC model corre-
spond to conductive losses and the inclusion results
in a (R)PEEC model. The resistance is simply the
dc resistance of the conductor calculated as:

Rm =
lm

am � �
(7)

where lm is the volume cell length in the direction
of the current ow, am is the cell cross-section and
� is the conductivity of the speci�c material.



A.2 Partial inductance

In Figure 1 and 2 Lp is the partial inductance cal-
culated using the inductive partition and equation
(8).
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If n = m, equation (8) represents the partial self
inductance of the m : th cell. This is the internal
inductance of the volume cell and is connected in
series with the partial resistance between the nodes.

If n 6=m, equation (8) represents the partial mu-
tual inductance between the m : th and the n : th
cell. This corresponds to the magnetic �eld cou-
pling between the volume cells. In SPICE this e�ect
is modeled using the K command. This represen-
tation of the partial mutual inductance is instanta-
neous, meaning that the current in one conductor
a�ects all other conductors at once. For volume
cells that are far apart, or for high frequencies, this
representation becomes unvalid since the �eld cou-
plings occur at �nite travel times. This problem
is solved by the use of delayed, retarded, current-
or voltage sources [11]. This is described in Fig-
ure 3(left) where current i2 1 is instantly induced
in conductor 2 due to the current in conductor one
through the partial mutual inductance Lp12. In Fig-
ure 3(right) the partial mutual inductance is cou-
pled to a current source with a speci�ed delay time.

But since delayed sources are not supported
by most commercial circuit simulation tools like
SPICE a specialized solver must be used, as de-
scribed in [16]. The inclusion of partial inductances
and retardation in a PEEC model is denoted a
(Lp,�)PEEC model.

Since the calculation of the partial inductances
using equation (8) is both complex and time con-
suming a set of closed form equations has been pre-
sented, see [1] and [7].
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Fig. 3. Magnetic �eld coupling using delayed current sources

A.3 Partial capacitance

Cp in Figure 1 and 2 is the partial capacitance
that can be calculated from the coeÆcients of po-
tential Pij [5], where
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The coeÆcients of potential is an alternative capaci-
tive representation relating the surface potential, V,
to the surface charge, Q, according to

V = PQ (10)

The regular capacitance notation, C, is the inverse
to the coeÆcients of potential since

CV = Q (11)

If i = j in equation (9), the partial self coeÆcient of
potential of the j : th surface cell is calculated. This
capacitance is connected between the corresponding
nodes, surface cell, and the node at in�nity.
If i 6=j, equation (9) represents the partial mu-

tual coeÆcient of potential between the i : th and
the j : th surface cell. This correspond to the elec-
tric �eld coupling between the surface cells. Since
equation (10) is a instantaneous relationship the in-
version of the coeÆcients of potential matrix, P , to
the capacitance matrix, C, can only be done when
retardation times are neglected. Then the diago-
nal elements in the C matrix represents the partial
self capacitance to each surface cell, Cpii in Figure
1 and 2. The o� diagonal elements are the partial
mutual capacitances between the surface cells, Cpij
in Figure 1 and 2.
When retardation times must be considered, de-

layed sources are used in a similar manner as for
the partial inductances [11]. The inclusion of ca-
pacitances or coeÆcients of potential in a PEEC
model is denoted a (C)PEEC or (P)PEEC model
respectively.
Closed form equations for the calculation of the

partial coeÆcients of potential, thus also partial ca-
pacitances, has been presented in [2].

A.4 Extended PEEC models

There are numerous features with the PEEC
method that is not covered in this paper, as an ex-
ample:



� For PEEC models where dielectric regions must
be considered, the PEEC method has been ex-
tended through the use of dielectric cells [12].
� The excitation of the structure is usually per-
formed using current- or voltage sources. In [13]
the formulation was extended to include excitation
using incident �elds.
� An eÆcient Skin e�ect model were presented in
[17].

III. Examples

In this section two examples are presented and
the corresponding PEEC models are discussed. In
the PEEC model examples the partial elements
have been calculated using the closed form equa-
tions suggested in the previous section. For the
retarded current/voltage source simulation a spe-
cialized solver has been used [16]. The accuracy of
the PEEC models are compared against analytical
solutions and measurements.

A. Half wavelength dipole

The �
2
dipole and monopole antennas are com-

mon radiating structures in electronic systems and
is therefor of great importance. The simplicity of
these structures makes it an ideal example for sim-
ple PEEC models.
To model the resonance frequency of an 40 cm

free space �
2
dipole, the upper frequency limit, cor-

responding �min, must be speci�ed. This must be
known to assure that the dimension of the volume
and surface cells in the PEEC model does not ex-
ceed �min

10
. The use of 20 mm volume elements makes

the PEEC model valid up to 1.5 GHz and since the
theoretical resonance frequency for the dipole is 375
MHz, this is choosen.

The �rst step in the modeling is to make the in-
ductive and capacitive partition based on the cell
lengths. This is shown in Figure 4 where all induc-
tive volume elements are 20 mm long (the dipole
cross-section was choosen to 1x1 mm). Since the
capacitive cells are shifted half a cell length to the
inductive cells the two antenna elements consists of
11 capacitive cells each (two 10 mm and nine 20
mm). Second, all partial elements are calculated
using the proposed closed form equations. Third,
the inductive and capacitive elments are combined
into the PEEC model, as in Figure 4, and the de-
sired analsis is performed.

Dipole

Inductive partition Capacitive partition

Combine into complete PEEC model

Place nodes

+ -

+ -

Fig. 4. The inductive and capacitive partitions for the
�

2
dipole example

At �rst a simpli�ed (R,L,C)PEEC model for the
�
2
dipole was implemented without the partial mu-

tual inductive and capacitive elements. The results
is shown in Figure 5 where the resonance frequency
is low by 20 % if no magnetic �eld coupling(dotted
line) is included or high by 32 % if no electric �eld
coupling(dash-dot line) is included compared to the
correct solution, straight line in Figure 5. The per-
formance of the model is improved by the use of
all the partial mutual elements and the resonance
frequency is predicted to 358 MHz (4.5 % o�), Fig-
ure 5 (dash). If this PEEC model is upgraded to
a retarded formulation using �nite trave times be-
tween the partial mutual elements the resonance
frequency is predicted to 376 MHz (< 0.3 % o�),
Figure 5 (solid).
The inclusion of time retardation in the PEEC

model also introduces damping in the equivalent
circuit. This is clearly visible in Figure 5 where the
drive current for the non retarded formulation has
a very high Q-value compared to the retarded for-
mulation. Since the focus is on the PEEC method,
the actual Q-value and drive current amplitude has
not been investigated.

B. Patch antenna

The patch antenna is a very common structure
in antenna applications where they appear as sin-
gle patches or in array formulations. This struc-
ture is more complicated compared to the dipole
antenna since the PEEC model must include (1) a



Fig. 5. Simulated resonance frequency for �

2
dipole using

di�erent PEEC models compared to analytical solution
(line)

�nite ground plane, (2) the dielectric medium be-
tween the planes and (3) a two dimensional current
distriubution to correctly model the patch antenna.

To model the ground plane and the patch antenna
using two dimensional current distribution [6], one
x-directed and one y-directed inductive partition is
made using the �xed nodes in a similar manner as
described in Figure 2. This model could also be ex-
tended to include currents in the thickness of the
patch and ground plane. But since three dimen-
sional PEEC models are complicated the two di-
mensional representation was choosen.

In this example a 35 �m thick 62 � 99 mm patch
antenna located on a 1.55 mm dielectric substrate,
"r = 4:5, over a ground plane is modeled. The
patch is shown i Figue 6 where the feeding point
is marked with a 
-symbol. The basics of the two
dimensional equivalent circuit for the patch and the
ground plane is shown, in the �gure top right cor-
ner, where the partial self inductances and the pa-
tial resistances are displayed. Note that the partial
self capacitances and all partial mutual elements
are excluded in the �gure, for simplicity reasons,
but not in the PEEC model.

The dielectric medium is not modelled using cells,
instead an e�ective "r has been used [10]. As for
the one dimensional case, the dipole, the partial el-
ements were calculated using closed form equations.

Fig. 6. Example patch antenna with cut to show the discrete
components in the PEEC model

For this PEEC model the reection coeÆcient,
S11, was measured using a Rhode & Schwarz ZVR
network analyzer. The measurements are compared
to a (Lp,P,R,�)PEEC model as shown in Figure 7.
The discretisation of the patch antenna into a

max cell size of 20 � 20 mm results in a upper fre-
quency limit of 1.5 GHz. This cell size is �ne enough
to model the �rst resonance around 1.2 GHz, indi-
cated by measurements. As can be seen in the �g-

Fig. 7. Reection coeÆcient for patch antenna where the
dashed line is measurements and the solid line is simu-
lation

ure the maesurements and simulations are in close
agreement, except for the rippel and the higher Q-
value for the measured reection coeÆcient.
The PEEC model used in the simulations consists



of :
� 154 partial self coeÆcients of potential
� 1542 partial mutual coeÆcients of potential
� 132 x-directed and 140 y-directed partial self in-
ductances
� 1322 + 1402 partial mutual inductances
� 272 partial resistances
And takes approximately 45 minutes to run on a
PIII/750 MHz laptop computer. To speed up the
computation time it is possible to exclude partial
mutual elements with weak coupling coeÆcients, <
0.15, without e�ecting the predicted resonance fre-
quency more than +/- 5 %. The speed up cut com-
putation times by approximately 25 minutes. To
improve the accuracy of the PEEC model, dielec-
tric cells and a �ner partition could be used.

IV. Conclusions

The PEEC method has been shown to be a very
powerful simulation technique for combined circuit
and electromagnetic �eld problems. The �rst ex-
ample displays the possibility to make PEEC mod-
els by using closed form equations to calculate the
partial elements and a free version of SPICE as the
solver. This feature makes the method possible to
use in education and for simple design tasks. How-
ever, the method require a retarded circuit solver to
be considered a full wave method comparable with
a method of moments solution. The application of
PEEC's to antennas is a valuable tool in many areas
where antenna resonance frequencies are of impor-
tance. The paper shows that antennas are modelled
with good agreement compared to analytical solu-
tions and measurements.
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