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Abstract 
The partial element equivalent circuit (PEEC) method 
has shown to be useful in mixed circuit and electromag- 
netic analysis. In PEECs, the extensions from two to 
three dimensional modelling are mainly in the calcula- 
tion of the partial self and mutual capacitive couplings. 
The considerable increase in problem size for 3 0  PEEC 
models result in a large number of partial elements that 
has to be calculated. This results in excessive calculation 
times if the capacitive calculation routines are poorly 
constructed. In this paper it is shown that by using local 
reduction matrices for the capacitive calculations, the 
calculation, time for PEEC model capacitance matrices 
can be decreased while keeping thi: accurucy. 
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INTRODUCTION 
In the PEEC method [l, 21, conductors and dielectrics 
are represented by partial circuit elements. The partial 
elements for simple PEEC models are lumped induc- 
tances, capacitances and resistances that are calculated 
based on a discretization of a structure. For PEEC mod- 
els including retardation the capacitive and inductive 
couplings must he delayed by the free space travel time 
between the source and field point disabling the use of 
most commercial circuit simulation software like SPICE 
[3]. Instead the circuit equations can be directly formu- 
lated and solved using a suitable method, for example, 
the modified nodal analysis (MNA) approach 141. The 
notation (Lp ,  P, R, T)PEEC are used for PEEC models 
to emphasize the inclusion of each group of partial el- 
ements where (L,) is the partial inductances, ( P )  the 
partial coefficients of potential, (R) the losses in con- 
ductors and dielectrics and (7) the retarded electric and 
magnetic field couplings. 

Two discretizations are performed in the PEEC 
method, first the capacitive or surface cell discretiza- 
tion accounting for the charge distribution and electric 
field coupling and then the inductive or volume cell dis- 
cretization representing the current flow in the struc- 
ture and the magnetic field couplings. The discretiza- 
tion level and thus the number of partial elements are 
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determined by conductors shapes and separations and 
most import,ant the upper frequency limit of the PEEC 
model. A rule of thumb is to  use 20 cells per wave- 
length. When a geometry allows a discretization into 
orthogonal surface or volume cells the partial elements 
can be calculated using fast closed-form expressions. 
For non-orthogonal geometries [5 ] ,  numerical integra- 
tion routines must he used. 

For PEEC models several surface cells can be con- 
nected to the same node or connection point, compara- 
ble to a SPICE circuit node. The routine to reduce and 
combine the coefficients of potential of multiple surface 
cells to one single node coefficient of potential IS] is in- 
fluencing the partial element calculating time and accu- 
racy of the resulting PEEC model. This paper proposes 
three novel solutions for the reduction from surface- to 
node- coefficients of potential for the PEEC method. In 
the last section resulting node coefficients of potentials 
for the different methods are compared for basic PEEC 
model building blocks and a realistic PEEC model ex- 
ample is also given. 

THE PEEC METHOD 
The theoretical derivation for the PEEC method starts 
from the expression of the electric field, at field point 
?, by using the scalar and vector potentials C$ and d 
respectively. 

E(F) = --jwpA(Ft) - Vb(F/) (1) 

where FI denotes a source point. If the field point, F, is 
on the surface of a conductor and the definitions of the 
potentials are used with the free space Green’s function, 
G(F,?), Eq. (1) can he written as 

where I?’ is an external applied electric field and .f is 
the current density and U is the conductivity at the field 
point, at the conductor. This integral equation and the 
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Figure 1: PEEC discretization and equivalent circuit example. 

concept of partial elements are the base of the PEEC 
method. For a more complete theoretical derivation see 
for example 171. 

If the PEEC method is applied to a perfect conduc- 
tor, Object in Fig. 1, and two inductive cells are used 
in the length direction, entitled m and n in the figure. 
Then the corresponding PEEC two cell model consists 
of two partial self inductances, entitled L,, and L,,, 
and two volume cell DC resistances, R,,,,,, and %, be- 
tween the nodes. The capacitive coupling is realized 
by one partial self pseudo-capacitance [8] to each node, 
C - 1, Cb = and Gk = f . To account for the 
retarded electric and magnetic field couplings between 
the capacitive and inductive partitions, controlled. volt- 
age sources are used in the example in the figure, C, 
and L,. As can he noted from Fig. 1, the capacitive 
cells (light grey) are shifted with regard to the induc- 
tive cells (dark grey) by half a cell length. This is due 
to a central difference approximation in the theoretical 
derivation 17). 

The advantages with the PEEC method is noted in 
the simple example in Fig. 1. First, the method traus- 
forms the electromagnetic field problem to a circuit 
representation and offers a combined solution making 
it easy to  include additional circuit elements such as 
transmission lines and power sources. Second, the same 
model can he used for time- and frequency-domain mod- 
elling. Third, the method offers a great deal of flexibility 
in the calculation of the partial elements (accuracy and 
speed) and macr*modelling techniques can be used to 
simplify large problems. 
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REDUCTION FROM SURFACE TO PEEC NODE 

COEFFICIENTS OF POTENTIAL 
For one and two dimensional PEEC models multiple 
surfaces can be associated to the same PEEC node if 
two discretized objects are put together. This is exem- 
plified in the ID PEEC example in Fig. 2 where the two 
shaded capacitive cells share the same node. In three 
dimensional PEEC models, using a edge based formu- 
lation, up to three surfaces can share the same node in 
one object. This is also depicted in Fig. 2 where the 
three shaded surfaces of the 3D PEEC geometry share 
the same node, indicated with black circles. For each 
PEEC object a surface coefficients of potential matrix, 
Ps, can he written. For the 1D PEEC example in Fig. 2 
the Ps matrix is seen in Eq. (3) where p,,,, ( 1  5 i _C 4) 
and (1 5 j 5 4), are the coefficients of potential for the 
different surfaces. 

Since the surfaces share the same PEEC node a com- 
bined self coefficient of potential need to  he calculated 
from Eq. (3) to  enable the derivation of the circuit equa- 
tions. Also, combined mutual coefficients of potentials 
have to he calculated taking to account all surfaces in 
the PEEC’s. 

Pall Pal2 Ps13 Ps14 

Ps21 Pa22 pa23 Ps24 
Pa31 Pa32 Pa33 Pa34 

Pa41 Ps42 Pa43 Pa44 

The following sections displays three different tech- 
niques for the reduction from surface to PEEC node 
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coefficients of potentials. The accuracy is enforced by 
theoretical conditions and node coefficients of potential 
are displayed and compared for basic PEEC building 
block geometries and for a simple application. 

/ ,/ r' / 1D PEEC 

Figure 2: Examples showing situations when multiple 
surfaces share the same node. 

Global reduction'approach, Rc 
The first technique is considered to be the most accurate 
since the theoretical conditions enforces: 

1. An equi-potential condition to the node points in 
the complete PEEC model, meaning that the node 
potential before and after reduction is the same. 

2. The charge conservation law to the complete PEEC 
model. This condition enforces the summation of 
charges for the surface connected to the same node. 

This is done by introducing a reduction matrix, Rc, 
that operates on the global surface coefficients of poten- 
tial matrix, Ps to create the reduced node coefficients 
of potential matrix PN. In the global Ps the capaci- 
tive interactions between all the surfaces are displayed, 
consider Eq. (3) for the 1D structure in Fig. 2, while 
in the PN all the capacitive interactions between the 
nodes are displayed. 

The RG matrix is constructed by writing out the node 
voltages and total charges before and after reduction as 

VN = Rc Vs (4) 

Qs = RQ QN (5) 
where subscript S and N represents PEEC model vari- 
ables before (surface representation) and after reduc- 
tion (node representation). In Eq. (5) Rq is the charge 
reduction matrix created as RG. By writing the node 
voltages and total charges in this way the two equations, 
Eq. (4) and Eq. (5), can be linked by the relationship 
V = P Q t o f o r m E q .  (6 ) .  

(6) Q N  = RQ PS' RG V N  

The conditions enforced by the global reduction ap- 
proach results in RQ = RZ and the node coefficients 
of potential matrix can be written as Eq. (7) 

PN = ( RZ PS' RG )-I (7) 

Consider the 1D PEEC model in Fig. 2 where the 
second and third surfaces (shaded) share the same node. 
The reduction matrix is then written as Eq. (8) 

r l  o 0 1  

And the surface coefficients of potential matrix is re 
duced from a 4 x 4 to the 3 x 3 node coefficients of 
potential matrix. 

The drawback of this method are the matrix mul- 
tiplications and inversions in Eq. (7) that has to  be 
performed on large dense matrices, PN(n, x n,] and 
Psjn. x n,] where n, and n. are the number of nodes 
and surfaces respectively and n, 5 n.. The size of the 
PS matrix can, in the worst case, be three times the 
size of the PN matrix. For example, consider the 3D 
structure in Fig. 2 where the object is discretized into 
(n, =) 24 surface cells (dashed lines) and (n,, =) 8 cor- 
responding nodes (solid black circles). 

The accuracy for this approach is guaranteed by the 
theoretical conditions enforced in the derivation of the 
reduction matrix, Rc. Therefore, this method will be 
considered as the reference in the comparisons in Section 
Numerical Ezpenments. 

Local reduction approach, RL 
The matrix operations on the large matrices in Eq. (7) 
are avoided in the second and third method where the 
node coefficients of potential matrix, PN, is built with- 
out creating the surface coefficients of potential matrix, 
Ps, and the corresponding matrix operations. 

In the second method the same conditions as for the 
Global reduction approach are enforced for the actual 
node/nodes involved in the reduction while the rest of 
the system is not considered. The advantage is that the 
size of the Ps matrix is equal to the number of surfaces 
involved in the reduction for each node. The reduction 
matrix, RL, is constructed in the same way as before 
but for the nodes involved in the actual computation. 
The PN matrix for the 1D PEEC model in Fig. 2 is 
then calculated according to Eq. (9) - (12) where the 
pa%, elements are the same as in Eq. (3). 

] (9) 
p,ii N L 2 )  pai4 

pS41 B(L2) P.M 
PN = [ A(2,1) C(1) B(1,2) 

632 



Since the 1D PEEC object in Fig. 2 is a small sys- 
tem the speed up using this Local reduction approach 
is negligible. But, for larger systems the speed up is 
substantial, see Section Numerical Ezperiments. 

The Local reduction approach enforces the equi- 
potential and conservation of charges to the local sys- 
tem. Therefore the method decouples the local system 
and performs the reduction from surface to  node coef- 
ficients of potentials. The error introduced by the re- 
duction is hard to quantify for a general PEEC model. 
But, the impact on single node coefficients of potential 
for basic PEEC geometries and a simple example is dis- 
played in Section Numerical Experiments. 

Local weighting approach, RW 
The third method uses a weighting mean value proce- 
dure to calculate the node coefficients of potential ma- 
trix, Phi. The calculation is based on the aseas, A, ,  
0 < i 5 n,, and the surface coefficients of potentials , 
p,,, , for the capacitive surface patches, as shown in Eq. 
(13). 

For equal surface cell areas, A, = A,, this corresponds 
to  the arithmetic mean valuc. In Eq. (13) the node 
coefficients of potential P, is calculated without any 
matrix operations and is therefore the fastest method. 

The equi-potential condition is fulfilled as for the 
other approaches. But the conservation of charges COIL- 
dition is transformed to depend on the chasge distribu- 
tion that in turn is considered in the surface coefficients 
of potential calculations, ie the orientation and position 
of the surface cells. 

CIRCUIT EQUATIONS FOR PEEC PROBLEMS 
It is important to notice the use of the node coeffi- 
cients ofpotential matrix, PN, when forming the circuit 
equations for the final PEEC model. When using the 
modified nodal approach the PN-matrix is used directly 
while for other formulations such as nodal (admittance 
matrix) formulations the inverse of the PN-matrix is 
used. This can result in the preferred use of the global 
reduction approach for the latter formulations since the 
accuracy is higher and one matrix inversion has to be 
done, the one in Eq. (7) or the one to transform the PN- 
matrix to  the inverse PN-matrix. It is worth to  notice 
the wide use of the modified nodal approach for aut- 
matic formulation of circuit equations in circuit analysis 
software and also for PEEC based EM solvers. 

NUMERICAL EXPERIMENTS 
The three methods have been implemented in a PEEC 
based full-wave solver. The numerical experiments pre- 
sented in the following subsections involve computation 
of the self-and mutual-node coefficients of potential for 
basic PEEC geometries/PEEC model building blocks. 
A parallel plate capacitor is used to exemplify the im- 
pact of the different calculation techniques on PEEC 
model results. 

Node coefficients of potential calculations 
This section displays the impact of the different calcu- 
lation routines on self- and mutual-node coefficients of 
potential calculations. The results are displayed in Fig. 
3 to 7 with a node coeficient of potential relative error, 
P,,,.,,,., defined as in Eq. (14). 

In Eq. (14) Pij is the calculated node coefficient 
of potential (node-cop), using the local reduction- or 
weighting-approach, and PijHG is the same node-cop cal- 
culated using the global reduction approach. 

.- E l o  1 

I 
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T 

Figure 3: Three surfaces to one node reduction. Rel- 
ative error for the node-cop. Rc(solid), RL(da.sh-dot), 
Rw (dash-circled). 

In the results the global reduction approach is con- 
sidered as the reference, thus the zero relative error in- 
dicated in the figures. All the figures show a reduced 
node-cop. relative error, Eq. (14), for nodes made up 
of homogenous patches when using the local weighting 
approach. The error is predominantly larger using the 
local weighting approach than for the local reduction ap- 
proach. The maximum relative error using RL is 0.07, 
while the maximum error using Rw is 0.13. It can be 
noted that the relative error is larger for the calculation 
of the self node-cop. compared to  the mutual term when 
using the local reduction approach. 
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Table 1: Capacitance relative error and PN calculation speed up using different reduction approaches 

Ind. disc. 
L & W  T 

1 0 
5 1 
1 1 
5 0 

Cop. cells Cap. reduction me thod  & results 
n, n, RG R L  Rw 

32 16 0.025 0.150 1 0.150 1 
360 210 0.026 0.123 22 0.022 29 
72 24 0.025 0.012 1 0.092 1 
192 144 0.028 0.153 16 0.151 19 
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Figure 4: Two surfaces to one node reduction. Rela- 
tive error for the node-cop. Rc(solid), RL(dash-dot), 
Rw (dash-circled). 
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Figure 5: Six surfaces to two nodes reduction. Rela- 
tive error for the node-cop. Rc(solid), RL(dash-dot), 
Rw (dash-circled). 
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Figure 6: Four surfaces to two nodes reduction. Rel- 
ative error for the node-cop. Rc(solid), RL(dash-dot), 
Rw (dash-circled). 
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Figure 7: Five surfaces to two nodes reduction. Rela- 
tive error for the node-cop. Rc(solid), RL(dash-dot), 
Rw (dash-circled). 
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Parallel piate capacitor 
To display the impact of the different nodecop calcula- 
tion routines a 10 x 10 cm (L x W) parallel plate ca- 
pacitor is modelled. The capacitor geometry is chosen 
since the capacitive effects are important in the result- 
ing PEEC model and thus displays the impact of the 
different calculation routines effectively. The capacitor 
plates are 50 pm thick (T) and spaced 1 mm apart by 
a dielectric material with relative permittivity of 3.4 re- 
sulting in a theoretical capacitance value of 0.3011 nF. 
The capacitance value is then calculated or modelled 
based on ( L p ,  P, R, 7)PEEC frequency domain simula- 
tions while varying. 

The 3D capacitance reduction methods: 

- RG. 
- RI,. 
- Rw. 

The capacitor discretization: 

- 1 or 5 inductive cells for L and W directions 
for both conducting plates and dielectric ma- 
terial. 

- Zero thickness or 1 inductive cell for the con- 
ductor plate thicknesses (T). 

The results from the test are shown in Table 1 where the 
Speed up is defined as %, where T R ~  is the calcula- 
tion time for the PN matrix using the Global reductzon 
approach and T is the current PN matrix calculation 
time. The C,,,,, is a relative error defined as 

where CA is the analytical capacitance value, 0.3011 nF, 
and C is the capacitance value from simulations. 

The impact on the modelled capacitance value for the 
different formulations is substantial, see Table 1, with a 
maximum relative error of 15%. The (Lp ,  P, R, T)PEEC 
simulations based on the Global reduction approach is 
predicting the capacitance value best with a maximum 
relative error of 2.8%. The other formulations displays a 
variation in relative error but also a considerable speed 
up, in the order of 22 times, for this small problem. 

CONCLUSIONS 
Three different formulations for the calculation of the 
PEEC model node coefficients of potential is presented 
and evaluated. The global reduction approach offer the- 
oretically very good accuracy but suffers from the ma- 
trix operations involved resulting in large computation 
times. The local reduction approach performs the same 
matrix operations on maximum two nodes at  a time 
thus reducing the computational effort and a consider- 
able speed up is obtained. The third method calculates 

the node-cop by using a local weighting procedure for the 
individual surfaces but suffers from poor accuracy for 
certain cell aspect ratios. To be noted is that the speed 
up is strongly dependent on the speed and efficiency of 
the matrix routines used in the PEEC implementation. 
However the speed up is increasing proportional to prob- 
lem size, ie number of nodes and surfaces in the PEEC 
model, when using the local reduction approach or the 
local weighting approach instead of the global reduction 
approach. For the parallel plate capacitor example, con- 
sisting of maximum 210 nodes, the speed up is in the 
order of 22 times with a maximum relative error of 15%. 
For one test, in Table 1, the local weighting approach 
showed a reduced relative error and a speed up of 29 
times compared to the global reduction approach. 
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