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Abstract— This paper presents a method for the robust
control structure selection based on the assessment of the
H2-norm. For both uncertain parametric models and non
parametric estimated frequency response functions (FRF) with
confidence regions, the magnitude of the Bode diagram is
analyzed and regions for the H2-norm are derived.

The H2-norm has been successfully used to identify the
significant input-output interconnections in multivariable sys-
tem for the nominal case. The derived regions for the H2-
norm of the interconnections are used to extent the H2-
norm based method to the uncertain case, and enables robust
control structure selection. The method is applied to theoretical
examples and a quadruple tank setup to shows its feasibility.

I. INTRODUCTION

A critical step in the design of the control loops is the
choice of the structure of the controller. This is done by
selecting a subset of the most significant input-output chan-
nels, which will form a reduced model on which the control
design will be based.

Current methods for control structure selection include
Interaction Measures (IMs), which are applied on the models
of the process in question. The complexity of the mod-
eling task increases as the number of process variables
increases. The control engineer usually judges which input-
output channels are to be modeled, and significant input-
output interconnections might be neglected. The estimation
of the IMs from process data would give useful information
on how to select the control structure, and the modeling effort
can be focused only on those interconnections which were
found to be significant.

Estimation of IMs is a recent trend which is motivated
by the obvious advantages of this approach. This includes
methods to estimate the Relative Gain Array (RGA) by using
fuzzy modeling schemes in [1] or using neural networks in
[2]. Regarding the IMs based on gramians, the attention has
been focused on the Participation Matrix (PM), including
the results for its estimation in the time domain introduced
in [3] and further expanded in [4], as well as the method
for its estimation in the frequency domain introduced in [5].
Until now, little effort has been put on the gramian based
interaction measure Σ2, which is subject of this study.

It needs to be noted that IMs are a heuristic approach to
control structure selection, being recommended to combine
the indications of several IMs to create an appropriate control
structure.
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Clearly, the estimation of process parameters is affected
by process uncertainty. Thus, the validity of the decisions
based on control structure methods should not be assessed
by only analyzing the nominal process parameters. Recently,
the effect of model uncertainties on control structure design
methods has received increasingly attention, i.e. the different
studies on the sensitivity of the RGA to model uncertainties
published in [6] and [7], or the work on the sensitivity on
the PM also to model uncertainties in [8] and [5].

Most of the existing results on the robustness of IMs
consider structured and unstructured uncertainty, and lead
to large conservativeness. A survey in [9] pointed out the
need of elaborating less conservative results but also of
considering multiplicative uncertainty.

The effect of multiplicative uncertainty on the IMs was
the motivation for the studies on the RGA in [6] and the
studies on the PM in [5]. It is the aim of this paper to study
the effect of multiplicative uncertainty on the Σ2.

Σ2, which was introduced in [10] and has been proved to
be an useful tool for control structure selection (see [11]),
quantifies the significance of each of the input-output chan-
nels with itsH2-norm. Previous work in the robustness of the
H2-norm includes the derivation of upper bounds for models
with structured uncertainty. However, these results are still
found to be conservative and lack the derivation of a lower
bound.

The contribution of this paper is then twofold. The first
contribution is to describe how multiplicative uncertainty af-
fects the values of the H2-norm with the purpose of perform-
ing a robust control structure selection. Using multiplicative
uncertainty allows the derivation of analytical bounds on the
H2-norm in a simple and intuitive way. Besides, there are
very well known and simple approaches for obtaining such
parametric models as formulating physical equations with
uncertain parameters [12], or the more empirical approach
of model error modeling [13].

Secondly, a method for estimating an indicator of the
significance of the input-output channels and obtaining con-
fidence bounds on the estimation is proposed. This approach
enables robust decisions on control structure selection from
a simple experiment.

The layout of the paper is as follows. Section II gives the
preliminaries needed on the H2-norm, Σ2, and multiplicative
uncertainty. Section III describes the sensitivity of Σ2 to
multiplicative uncertainty and an illustrative example shows
how to use the created bounds on Σ2 for robust control
structure selection. Section IV describes a method to perform
a robust estimation of Σ2 from process data in the frequency



domain. This estimation method is applied to the quadruple
tank process for the design of control structures from process
data. Finally, the conclusions are given in Section V.

II. PRELIMINARIES

A. The H2-norm

For any of the Gij(s) SISO subsystems of a multivariable
system G(s), if Gij(s) is stable and strictly proper, the H2-
norm can be expressed as:

||Gij(s)||2 =

√
1

2π

∫ ∞
−∞
|Gij(jω)|2dw (1)

The H2-norm is a valuable indicators of the significance of
the input-output interconnections of a multivariable system,
as it can be concluded from its different interpretations.

A first interpretation is that the H2-norm is a measure of
the output controllability of the process (see [11]).

It has also been shown in [11] that the squared H2-norm
of each elemental SISO subsystem can be interpreted as the
coupling in terms of the energy transmission rate between
the past inputs and the current output, due to its relationship
with the Hankel matrix of discrete systems.

A third interpretation of the H2-norm is in terms of energy
transmission, since the squared H2-norm is the expected
value of the power of the output signal when the process
is excited with unitary white noise [12].

These interpretations motivate the use of the H2-norm for
the selection of control structures, being used as an indicator
to identify the most significant input-output channels in the
IM known as Σ2.

B. The Σ2 Interaction Measure

The Σ2 is an IM which compares the H2-norm of each
of the SISO input-output subsystems:

[Σ2]ij =
||Gij(s)||2∑

k,l

||Gkl(s)||2
(2)

All the elements of Σ2 add up to 1, and the larger
elements identify the input-output channels which have a
higher contribution in the process. The objective is to find
a simplified model formed by a reduced subset S of the
most important input-output interconnections. This model
will be used for the controller design and have to capture
most of the process dynamics. By evaluating the closeness
of
∑(i,j)∈S
i=1j=1[Σ2]ij to 1, the designer can comprehend the

amount of the total process dynamics that the reduced model
is reflecting.

The results in this paper are based on analyzing the pos-
sible variations of the H2-norm for each of the input output
channels. The normalization in Equation (2) for computing
Σ2 would introduce an interdependence between the different
elements in the Index Array. This becomes clear from the
fact that a variation in one of the values ||Gij(s)||2, will
influence all of the elements in the Σ2. However, for taking
robust decisions in control structure selection, we consider

that it is easier to analyze an Index Array with uncertain
elements which are independent. An Index Array containing
the H2-norm of each of the input-output channels will then
be analyzed, and it will be denoted by Σ̃2:

[Σ̃2]ij = ||Gij(s)||2

In this Index Array, and in the same way that in its nor-
malized version, the larger elements will identify the most
significant input-output channels.

Based on previous work with the Σ2 and other gramian-
based interaction measures, the following rules can be
applied for the design of control structures.
Rule 1. A control structure based on a subset S of the most
important input-output interconnections is likely to derive
in satisfactory performance when

∑(i,j)∈S
i=1j=1[Σ2]ij ≥ 0.7.

Rule 2. In a hypothetical process with p input-
output channels where all the channels have the same
contribution, this contribution will be equal to 1/p. This
suggests that in a more heterogeneous scenario there is no
benefit from considering those input-output channels for
which [Σ2]ij << 1/p. The converse is also true, and the
those input-output channels with [Σ2]ij >> 1/p present a
significant contribution in the process dynamics.

These heuristic rules for gramian-based IMs have been
first formulated for its use with the PM in [14]. They
are supported by large evidence and simulations including
publication [15] on the PM, publication [16] on the Hankel
Interaction Index Array (HIIA), and publication [10] on
the Σ2, as well as publication [11] in which the three
previous IMs are compared. These rules will be applied in the
sequel for uncertain process models in order to derive robust
control structures which are likely to derive a satisfactory
performance for all the uncertainty set.

C. Representing model uncertainty

To represent model uncertainty in a SISO system, the
following notation will be used:

Π : uncertainty set. Includes all the possible plants due
to uncertainty.
G(s) ∈ Π : nominal plant.
Gp(s) ∈ Π : particular perturbed plant.

The uncertainty set is described using multiplicative uncer-
tainty as:

Π : Gp(s) = G(s)(1 +W (s)∆(s)); |∆(jω)| ≤ 1,∀ω

W (s) is the scaling factor, and it is a stable transfer function
selected to represent the uncertainty, ∆(s) is uncertain, and
represents any stable transfer function with magnitude less or
equal than one at each frequency. G(s)

(
1 +W (s)∆(s)

)
de-

scribes at each frequency ωk a circular region of uncertainty
centered in G(jωk) with radius equal to |G(jωk) ·W (jωk)|.
As illustrated in Fig. 1, W (s) has to be selected so that the
uncertainty set Π includes the possible uncertainty at each
frequency ωk.



Fig. 1. Circular uncertainty regions generated by multiplicative uncertainty.
W (s) has to be selected to include at each frequency all the possible
perturbed plants due to uncertainty.

The uncertainty weights are usually designed as rational
transfer functions. However, other options are possible, like
defining the weight as a real valued function of ω (see [17]).

For the results presented paper, the following typical
condition for uncertainty weights is required:

lim
ω→∞

W 6= ±∞ (3)

In the case of MIMO systems, it will be considered that
each of the input-output channels Gij(s) is independently
perturbed by multiplicative uncertainty Wij(s)∆ij(2). The
uncertainty set is then defined as:

Π : Gp(s) = G(s)⊗(1+W (s)⊗∆(s)); |∆ij(jω)| ≤ 1,∀ω
(4)

where ⊗ denotes element by element multiplication.

III. SENSITIVITY OF Σ2 TO MODEL UNCERTAINTY.

Consider a MIMO system in which each of the SISO sub-
systems is affected by independent multiplicative uncertainty
with |Wij(jω)| ≤ 1,∀ω. The bounds on |Gij(jω)| are then
described for each of the SISO subsystems by:

|Gij(jω)|min = |Gij(jω)|(1− |Wij(jω)|) (5a)

|Gij(jω)|max = |Gij(jω)|(1 + |Wij(jω)|) (5b)

As described in Equation (1), the H2-norm can be com-
puted as the area under the squared magnitude of the Bode
diagram |Gij(jω)|2. Since |Gij(jω)|min and |Gij(jω)|max
give the minimum and maximum values of |Gij(jω)|, substi-
tuting |Gij(jω)| in Equation (1) for them gives the maximum
and minimum values of ||Gij(s)||2 due to uncertainty.

Note that Gij(jω) has to be stable and strictly proper
for the H2-norm to be defined. Furthermore, Equation (3)
is a necessary condition for the convergence of the in-
tegral in Equation (1) when applied to |Gij(jω)|max and
|Gij(jω)|max.

10−2 100
−40

−20

0

|G
11

(jω
)|

ω (rad/sec)
10−2 100

−40

−20

0

|G
12

(jω
)|

ω (rad/sec)

10−2 100
−40

−20

0

|G
21

(jω
)|

ω (rad/sec)
10−2 100

−40

−20

0

|G
22

(jω
)|

ω (rad/sec)

Fig. 2. Uncertainty in the magnitude of the Bode diagram of the system
in Equation (6) when affected by multiplicative uncertainty of the form in
Equation (4) with the weights in Equation (7).The ordinates are in dB units.

Example 1.
Assume a process described by the following nominal trans-
fer function matrix:

G(s) =

(
2.5

2.5s+ 1
0.5

5s+ 1
1.5

3s+ 1
3

4s+ 1

)
(6)

which connects two inputs (u1,u2) with two outputs (y1,y2).
This process has been used in [18] for a sensitivity analysis
of the RGA to model uncertainty, and will be used here for
a sensitivity analysis of the Σ2.

The computed values of Σ̃2 and Σ2 for the nominal
process model are:

Σ̃2 =

(
1.1180 0.1581
0.6124 1.0607

)
; Σ2 =

(
0.3791 0.0536
0.2076 0.3596

)
From the nominal case, a decentralized control structure

is expected to derive a satisfactory performance, since the
sum of the diagonal elements of Σ2 is 0.7387. Besides, it
can be interpreted that the model G12 is insignificant for
being [ΣN2 ]ij << 0.25. This implies that with the use of a
decentralized structure, the process will approximately be-
have as two SISO loops with one-way interaction (see [10])
with produces a perturbation from the first loop (u1 − y1)
onto the second (u2− y2). It is expected that an appropriate
tuning of the controller will be sufficient for rejecting this
perturbation.

Assume that the uncertainty in the process parameters is
represented by the following multiplicative weights:

W (s) =

 0.25(s+ 0.05)
(s+ 0.625)(s+ 0.1)

1.1628(s+ 0.06667)
(s+ 1)(s+ 0.3333)

0.25
(s+ 0.5)

0.75(s+ 0.04)
(s+ 1)(s+ 0.5)


(7)

The resulting uncertainty in the magnitude of the Bode
diagram is depicted in Fig. 2.

The parametrizations of the curves describing the max-
imum and minimum values of the H2-norm are obtained
using Equation (5). Introducing these parametrizations in
Equation (1) the bounds on the H2-norm are calculated to
be:

Σ̃2 ∈
(

[0.8225, 1.4020], [0.1120, 0.2063]
[0.3939, 0.8351], [0.7689, 1.3676]

)
(8)



These values derive in the following individual variations
in the values of the Σ2.

Σ2 ∈
(

[0.2545, 0.5237], [0.0301, 0.0942]
[0.1169, 0.3290], [0.2394, 0.5073]

)
(9)

From the variations in Σ̃2, the variation of the sum of the
diagonal elements in Σ2 can also be calculated, resulting in:

[Σ2]11 + [Σ2]22 ∈ [0.6044, 0.8456] (10)

Therefore, the diagonal control structure previously designed
for the nominal case is unlikely to derive in satisfactory
performance if we consider all the uncertainty set, since the
combined contribution of the diagonal input-output channels
can go down to 60%.

Observing the value of Σ2 in for the channel G21, it can
be concluded that its contribution can reach around 33%,
which is significantly above the average channel contribution
of 25% for 2 × 2 systems. The use of a triangular control
structure which considers this input-output channel will
derive in the following interval for the dynamic contribution
for the considered input-output channels:

[Σ2]11 + [Σ2]22 + [Σ2]21 ∈ [0.9059, 0.9699] (11)

This example shows how considering model uncertainty
in the use of the IMs can alter the selection of the control
structure made for the nominal model towards a robust one.

IV. ROBUST ESTIMATION OF Σ2 FROM PROCESS DATA.

There is a possibility of estimating a non-parametric model
of the FRF of a linear system by exciting the process inputs
with for example white noise or with periodic signals [19].
One possible modeling scheme is to use the Maximum
Likelihood (ML) estimation. At each of the considered
frequencies ωk, the ML estimator GML(jωk) of the FRF
is the product of the Fourier transform of the process output
by the inverse of the Fourier transform of the process
input. Confidence bounds on the estimation of each of the
values Gij(jωk) can be created as a circular complex region
determined by the variance of the estimators. This will result
in confidence regions in the magnitude of the Bode diagram
as in the example depicted in Fig. 3. The bounds on the H2-
norm within these regions can then be computed in a similar
approach as the one described in Section III.

The optimal choice of the modeling scheme and the
excitation signals is to be decided depending on the process
to be modeled and the scenario. However, for a complete
illustration of an example, a modeling scheme using the ML
estimator for linear multivariable systems is here included.

A. Estimation of the FRF for linear multivariable systems

Periodic signals have been selected as excitation due to the
reduced variability of the obtained FRF estimate compared
with i.e. white gaussian noise.

To estimate G(jωk) for a multivariable system with n
inputs and m outputs, n sub-experiments are needed. The
Fourier transform of the inputs and outputs for each fre-
quency ωk will then be collected in the matrices U(k) ∈

Cn×n and Y(k) ∈ Cm×n respectively. In these matrices, the
entries Uij(k) or Yij(k) are the frequency content of the
ith input or output at the frequency ωk and in the jth sub-
experiment.

Then the ML estimator GML(jωk) is:

GML(jωk) = Y(k)U−1(k) (12)

In order to guarantee that U(k) is regular and well-
conditioned, the DFT spectrum of one of the input signals
will be tailored, and U(k) will be selected as U(k) =
U(k)W, being W an orthogonal matrix. I.e. for the case
of a 2× 2 system:

W =
(
1 1
1 −1

)
These orthogonal input signals for TITO systems were
introduced in [20] and later considered for an arbitrary input
dimension in [21]. They have been designed for attenuating
the influence of process noise in the FRF measurements.

In case of having several successive periods of the signals
available, different averaging techniques are possible (see
[19]), being the one selected here to average the DFT
spectrum over the successive periods.

For P measured periods, the estimated model for each
period p is denoted as [Ĝ(jωk)](p). The averaged model is
denoted as Ĝ(jωk), and the sample variance of the estimator
is denoted as σ̂2

ij(k). They are calculated as:

Ĝ(jωk) =
1

P

P∑
p=1

[Ĝ(jωk)]
(p)

σ̂2
ij(k) =

1

P − 1

P∑
p=1

|Ĝij(jωk)− [Ĝij(jωk)]
(p)|2

This modeling scheme will be used to perform a robust
estimation of the Σ2 from process data. The same modeling
scheme has been used in [5], for the robust estimation of
the PM, and therefore the same experiment can be used to
estimate both IMs for a comparison of their indications.

B. Robust estimation of Σ2

We will start from an estimation of G(jωk) and the
variance of the estimators at each excited frequency.

For a given confidence ρ, circular complex confi-
dence regions for the estimator will have a radius of√
−log(1− ρ)σ̂ij(k). The confidence ρ will be arbitrary

selected with a large value, since in the next step, the created
confidence regions will be assumed to be reflecting the
uncertainty set. Based on the created uncertainty set, the
bounds on |Ĝ(jωk)| can be described as:

|Ĝij(jωk)|min = |Ĝij(jωk)| −
√
−log(1− ρ)σ̂ij(k) (13a)

|Ĝij(jωk)|max = |Ĝij(jωk)|+
√
−log(1− ρ)σ̂ij(k) (13b)

where Ĝij(jωk) is the estimated FRF, σ̂Gij
(k) is the esti-

mated variance of the FRF estimators and ρ is for example
0.99 for regions of 99% confidence.

Equations (13) describe two discretized curves which
take the minimum and maximum value of |Ĝ(jωk)|. The



Parameter Value Description Parameter Value Description
A1, A3 28 cm2 Cross section of tanks 1, 3 k1 3.33cm3/V · sec Flow from pump 1 for a voltage unit
A2, A4 32 cm2 Cross section of tanks 2, 4 k2 3.35cm3/V · sec Flow from pump 1 for a voltage unit
a1, a3 0.071 cm2 Area of the bottom hole of tanks 1,3 γ1 0.59 Flow fraction from pump 1 into tank 1
a2, a4 0.057 cm2 Area of the bottom hole of tanks 1,3 γ2 0.45 Flow fraction from pump 1 into tank 2
g 981 cm/s2 Gravity acceleration

TABLE I
CONSTRUCTION PARAMETERS OF THE QUADRUPLE TANK PROCESS.

Variable u0
1 u0

2 h0
1 h0

2 h0
3 h0

4

Value 3 V 3.2 V 14.1 cm 12.5 cm 3.5 cm 2.6 cm

TABLE II
WORKING POINT FOR THE QUADRUPLE TANK PROCESS IN EXAMPLE 2.

integral in Equation (1) can then be computed for the
values |Ĝij(jωk)|min and |Ĝij(jωk)|max using trapezoidal
integration.

Example 2.
An experiment for the quadruple-tank system will be per-
formed in order to determine a control structure prior to the
process modeling. The quadruple tank system was described
in [22], and is an interacting system in which two pumps
deliver their flow in four interconnected tanks. A linearized
state space model describing the process behavior is:

ḣ1
ḣ2
ḣ3
ḣ4

 =


−1
T1

0 A3

(A1·T3)
0

0 −1
T2 0 A4

(A2·T4)

0 0 −1
T3

0

0 0 0 −1
T4




h1
h2
h3
h4



+


γ1·k1
A1

0

0 γ2·k2
A2

0 (1−γ2)∗k2
A3

(1−γ1)·k2
A4

0


(
u1
u2

)

where Ti = Ai

ai

√
2h0i /g are the time constants of the tanks,

and h0i is the level of the tank i at the considered working
point. The considered process parameters are summarized in
Table 4.1. The inputs uj are the voltage applied to pump j
(in Volts), and the outputs hi are the level in tank i (in cm).

It is of desire to determine a control structure for control-
ling the level of the tanks h1 and h2 for the working point
described in Table 4.2.

The nominal value of Σ̃2 is:

Σ̃2 =

(
0.41 0.31
0.24 0.32

)
Random phase multisine signals (see [23], [19]) were

used as excitation for a linear simulation of the process.
The lower excited frequency was f0 = 10−4.2Hz, and the
higher excited frequency was fmax = 1585 · f0 = 10−1Hz.
The sampling time was chosen to be Ts = (2 · fmax)−1.
The measurements were disturbed with white uncorrelated
gaussian noise of variance 0.03.

Variable u0
1 u0

2 h0
1 h0

2 h0
3 h0

4

Value 3 V 3 V 12.25 cm 12.8 cm 1 cm 0.63 cm

TABLE III
WORKING POINT FOR THE QUADRUPLE TANK PROCESS IN EXAMPLE 3.

The excitation has been maintained during 4 periods of the
periodic signal. The previously described estimation scheme
and the described method for generating conference regions
on the magnitude of the FRF derive in the uncertainty areas
in Fig. 3.
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Fig. 3. 99% confidence regions for the FRF for the quadruple tank in
Example 2. The continuous line describes the nominal model. The ordinates
are represented in absolute magnitude.

The bounds on the Σ̃2 were calculated to be:

Σ̃2 ∈
(

[0.34, 0.48] [0.27, 0.36]
[0.20, 0.28] [0.26, 0.37]

)
The conclusion obtained from the experiment is that, there
is not enough evidence to discriminate any of the input-
output channels, and the most suitable control structure is
a full MIMO controller.

Example 3.
A different working point for the quadruple-tank is consid-
ered in this example. The construction parameters are the
same as those in Example 2 with the exception of the opening
of the split valves, which is now described by the parameters
γ1 = 0.8, γ2 = 0.7. The values of the variables at the
considered working point are summarized in Table IV-B
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Fig. 4. 99% confidence regions for the FRF for the quadruple tank in
Example 3. The continuous line describes the nominal model. The ordinates
are represented in absolute magnitude.

The nominal value of Σ̃2 is:

Σ̃2 =

(
0.5311 0.1775
0.1268 0.4935

)
The used excitation design is the same as in Example 1,

and the outputs are perturbed by uncorrelated gaussian addi-
tive noise of variance 0.005. Four periods of the excitation
signal have been used to estimate the FRF and the uncertainty
on its magnitude, being the result depicted in Fig. 4.

The bounds on the Σ̃2 were calculated to be:

Σ̃2 ∈
(

[0.4827, 0.5879] [0.1534, 0.2067]
[0.1128, 0.1697] [0.4523, 0.5602]

)
From these values, the sum of the diagonal elements of

Σ2 is calculated to be bounded by:

[Σ2]11 + [Σ2]22 ∈ [0.7130, 0.8118] (14)

Which is a clear indication of diagonal dominance. There-
fore, the conclusion from the experiment is that a decentral-
ized control structure can be used with the pairings u1-y1
and u2-y2.

V. CONCLUSIONS

A method for computing the bounds on Σ2 for multi-
variable uncertain systems is given. The method is based
on analyzing the effect of multiplicative uncertainty on the
magnitude of the Bode diagram. An illustrative example
demonstrates that considering model uncertainty in the use
of Σ2 for the design of control structures may derive in a
different design from the obtained for the nominal plant.

The created method can also be used to perform a ro-
bust estimation of Σ2 from process data in the frequency
domain. Two illustrative examples show how an experiment
can reveal the most significant input-output interconnections
of a multivariable process prior to the derivation of para-
metric models, resulting in the selection of an appropriate
control structure. These results have been demonstrated on
quadruple-tank system at two different working points. For
the first working point a full multivariable controller has
to be designed, and for the second working point it is
sufficient to design a decentralized control structure. In the
latter case, future modeling efforts have to be placed only

on the diagonal elements of the transfer function matrix. For
those cases for which the uncertainty in the estimation is too
large to take a clear decision on the control structure, then
the experiment has to be expanded with additional process
data in order to reduce the variability on the estimation.
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