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With its well-instrumented pipe loops of various sizes, the GIW Hydraulic Laboratory has, over the 
years, developed a large corpus of slurry-transport data. Numerous technical papers have been 
produced, and also a textbook, now in its third edition.  A paper from 1982, together with the first 
and second editions of the text, presented methods of calculating stratification ratios for pipeline 
flows of heterogeneous slurries. This stratification ratio (R), which is needed in calculating pressure 
drops for particulate pipeline flows, is the fraction of total solids that contributes to mechanical 
friction by rubbing against the bottom of the pipe. The remaining solids are carried by the fluid 
phase. A combination of experimental work and analysis published in the last few years has shown 
the importance of the fluid force developed near the pipe wall. The influence of this force is now 
applied to the stratification ratio. The basic parameter is seen to be the ratio of the near-wall lift 
force on a particle to its submerged weight. This ratio depends primarily on a dimensionless 
quantity denoted Θ, and is also influenced by the lift coefficient of the particle, which, in turn, 
introduces a minor dependence on a particle Reynolds number Re*. It was noted that the quantity Θ 
is itself composed of a Froude Number for the flow (which can be related to the deposition limit) 
and the diameter ratio d/D. An analysis of experimental data has given a new expression for R in 
terms of Θ and Re*. 
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1. CONCEPTS OF PARTICLE SUPPORT 
   

Both of the authors of this paper have been involved for several years in analyzing 
pipeline flows of slurries. The data were obtained in several laboratories, including the 
large well-instrumented facility at GIW that has produced a large corpus of slurry-
transport data, and many technical papers, and a textbook, now in its third edition, which 
presents methods of calculating the stratification ratio for heterogeneous slurries. This 
ratio, denoted R, is based on concepts of the physical processes of particulate flow that 
were identified in earlier work by Newitt et al. (1955), Shook et al. (1973) and Wilson 
(1976), and examined further in a paper by  Clift et al (1982). The fraction of solids not 
associated with contact load will be carried by the fluid phase. 

A few symbols are required here: i is used to represent any hydraulic gradient, 
expressed in height of water per length of pipe, with im denoting the gradient for the 
mixture and iw that for an equal flow of water. Ss is the relative density of the solids and 
Sm that of the mixture. 

A basic division is made as to contact-load solids, for which the submerged weight is 
carried by granular contacts to the pipe wall; and the remaining solids (often called 
suspended load) which are supported by fluid-associated forces. All solid particles are 



subject to a submerged weight force caused by gravity times the density difference 
between the particles and the water. For relatively large particles, known as contact load, 
this weight is carried downwards by inter-granular contact, until it reaches the lower 
boundary of the pipe. In the absence of an adequate driving force, this would form a 
stationary deposit in the bottom of the pipe, and to keep the contact-load particles in 
motion requires a horizontal force driving the contact-load solids along the pipe. 
Developing this horizontal force requires an additional component of hydraulic gradient. 

For the remaining solids, often called “suspended load”, the submerged weight is 
counterbalanced by hydrodynamic forces between the fluid and the moving particles. 
Two contributions to the suspended-load mechanism require consideration. Within a 
region of developed turbulent flow, the dominant contribution comes from Schmidt-
Rouse turbulent diffusion, and this process has been verified experimentally, e.g. by Hsu 
et al. (1980). The turbulent-diffusion concept implies that any horizontal plane in the 
flow acts as a “mirror” which ‘reflects’ upward a flux of particles equal to that which 
moves down through the plane. In the core of the flow, this condition is met by turbulent 
diffusion, but near the pipe boundary turbulence is diminished or eliminated. Here the 
“mirror” effect cannot be provided by turbulent diffusion, and another fluid support 
component, local lift, comes into play. The combination of forces involved in particle 
support is of vital importance in determining the stratification ratio. The force of 
mechanical friction against the pipe, mentioned above, depends directly on the 
submerged weight of the solids, while the fluid lift depends on the velocity distribution 
near the flow boundary. As will be seen below, the basic parameter influencing particle 
support is the ratio of the hydraulic lift on the particle to its submerged weight. 

 
2. STRATIFICATON-VELOCITY PLOTS 

 
At the time that Clift et al. (1982) was written, the composition of the hydraulic lift 

force was not well known, but the stratification ratio R could be defined (as it still is) as 
the ratio of the solids moving as contact load to the total solids. Thus R gives the fraction 
of total solids that contributes to mechanical friction by rubbing against the bottom of the 
pipe. The concept that the stratification ratio can be represented as a combination of 
mechanical friction and hydrodynamic force was explored in the Clift et al. paper which  
employed R – V plots to display data from various particulate slurries tested in 203 mm 
and 440 mm pipes at the GIW Hydraulic Laboratory.   

Here ims and imh  are the friction gradients which would occur if the solids were fully 
stratified or fully suspended, respectively. For complete fluid support, imh may be 
indistinguishable from iw, giving:  im  =  Rims. This may be expressed as: 

 
R = [im – iw]/{(Ss – 1)C]                                                                     [1]  
 
For heterogeneous flow, the stratified fraction, and hence R diminishes with 

increasing flow velocity, accounting for the observed drop of R with V. Over the range of 
practical interest for heterogeneous slurries, Clift et al. (1982) proposed a power-law 
approximation with R proportional to V-M where the power M is slightly less than 2 for 
sands of narrow grading. An example of these results is shown on Figure 1. It should be 
noted that values for the two pipe sizes tested coincide on this plot, i.e R does not show 
any variation with D. 

 



Figure 1 does not display R at small values of V, where stratified particle move 
along the bottom of the pipe as a sort of sliding bed. For this fully-stratified condition R 
no longer varies with V, but  is approximated by the simple relation:  
 

        R = (i – iw)/[(Ss-1)C] = 0.6                                                                 [2]    
 
More complex relationships for stratified flow have been investigated elsewhere, 

leading to the layered model summarized in Chapter 6 of Shook & Roco (1991).  

                
                                                             Velocity (m/s) 
 

Figure 1. Behaviour of crushed-granite slurry (average particle size 0.68mm) in 0.203 and 0.440 m 
pipes. Suitable practical spans of operation without deposition of particles may be 3-5 m/s and 4-6 
m/s, respectively. From  Clift et al (1982). 

 
   

3. DEVELOPMENT OF THE MODEL 
 
For heterogeneous flow the experimental observations of both Shook & Daniel (1965) 
and Carstens & Addie (1981) imply that there must be a force driving the particles away 



from the bottom of the pipe. This off-wall particle lift is of central importance in the 
present model (see Wilson & Sellgren (2003), The first person to identify lift of this sort  
was Magnus (1852, 1853) who was concerned with musket balls and other military 
projectiles.  He proposed that the lift force which caused projectiles to depart from 
their expected trajectories is proportional to the vector product of the velocity of the 
projectile through the air and its rotation. 

Since the lift does not occur in a vacuum, it is clear fluid friction must convert the 
particle rotation into a circulation in the surrounding fluid, which acts to produce the lift.  
This point was subsequently emphasized by Lord Rayleigh (1877), who dealt with more 
pacific application of Magnus's work to the flight of tennis balls. Rayleigh proposed that 
flow near his tennis ball could be approximated by the ideal-fluid flow associated with a 
cylinder subjected to a velocity and a circulating flow. 

Conversely, lift can be produced by fluid circulation even without particle rotation; 
and a simple demonstration can be set up by suspending a ping-pong ball in the 
upwardly-inclined jet from a hair dryer, where the velocity profile of the jet produces the 
circulation. Similarly, the logarithmic velocity profile in the vicinity of a pipe wall is 
associated with a circulation which produces a fluid lift force on a particle in the flow. 
For details, reference may be made to Wilson et al. (2000), Wilson & Sellgren (2003) and 
Whitlock et al. (2004).  

The result is that particles in a zone where the velocity profile is strongly curved (as 
occurs near the wall of a pipe) are subject to a fluid lift force acting away from the wall.  
This lift force FL can be expressed as: 
  
      FL=0.125. ρ.CL

. (U*2). π.d2                                                                     [3] 
      
Here CL is the lift coefficient (to be discussed below) ρ is fluid density d is particle 
diameter and U* is shear velocity (equal to (fw/8)0.5V, where fw is Moody friction factor 
for an equal flow of fluid, and V is mean flow velocity).  
 
 

4. RECENT FINDINGS 
 

The experimental evidence for off-wall lift is growing steadily more voluminous. An 
example is shown on Figure 2.It is also useful to compare the off-wall lift force FL to the 
submerged weight of the particle, Fw. This gives: 
 
FL/Fw = [0.125 ρ CL (fw/8)(V2) π d2]/ [0.167 ρ g (Ss-1) π d3]                      [4]             
 
For convenience, Θ will be used to denote the following dimensionless 
ratio: 
 
Θ =  [(3/32) fw V2]/[g (Ss-1) d]                                                                     [5]   
             

The lift ratio depends primarily on the dimensionless quantity Θ, and is also 
influenced by the lift coefficient of a particle, which, in turn, introduces a minor 
dependence on a particle Reynolds number Re*. Re* is defined as: 

 
Re* = ρV*d/μ                                                                                       [6] 
 



where μ is fluid viscosity and V* is particle shear velocity, given by {(Ss -1)gd/6]0.5, as 
shown in the  Appendix. 
     In addition to the R plot discussed above, it may be useful to plot results as hydraulic 
gradient( height of mixture per unit length of pipe).An example is shown on Figure 2. 
The lowered hydraulic gradients at high velocity that appear on this figure are the result 
of near-wall lift, as shown by Whitlock et al.(2004).       
   

              
        
Figure 2.Hydraulic gradient in height of slurry per length of pipe versus velocity in a 0.1m diameter 
pipe for a narrowly graded sand with average particle size 0.28mm when transported at various 
concentrations. Evaluated from data by Blythe and Czarnotta (1995). 

 
 

An analysis of experimental data has given a new expression for R in terms of Θ and 
Re*, valid for flow velocities well above the deposition point. This is written: 

     
R = 0.70[Θ Re*0.33]                                                                              [7] 
 
Results are displayed on Figure 3 and based on re-evaluation of the original 

experimental results by Clift et al. (1982) and literature data, totally covering average 
particle sizes from 0.3 to 0.7mm in pipeline diameters from 0.1 to 1m. 

 
Finally, it should be pointed out that the quantity Θ is itself composed of a Froude 

number for the flow and the diameter ratio d/D. This Froude number can be related to the 
deposition limit of the flow, extending the revised method for calculating stratification 
ratio to lower velocities, giving:  
   
FL/Fw = CLΘ                                                                                          [8]                       
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Figure 3. Comparison of Eq. 7 with evaluated data covering average particle sizes from 0.3 to 0.7 
mm in pipeline diameters from 0.1 to 1 m 

 
 

5.CONCLUSION 
 

In pipeline flow of slurries the friction gradient depends strongly on particle support 
mechanisms. Large stratified particles generally travel near the bottom of the pipe, and 
require a large contribution from the pressure gradient.  

On the other hand, the submerged weight of smaller particles can be carried by fluid 
lift forces, especially prominent in the near-wall portion of the flow. This support 
mechanism requires little or no additional pressure gradient. Analysis of the ratio of lift 
force to submerged particle weight has given an improved method for calculating the 
stratification ratio, and hence the pressure gradient. 

 
 

NOTATION 
 
 

C     volumetric concentration of solids 
CL   lift coefficient 
d     particle diameter 
D     internal pipe diameter 
f       Darcy-Weisbach friction factor 
fw     f for equal flow of water 
FL    lift force 
Fw    submerged weight force 
g      gravitational acceleration    



i      hydraulic gradient in height of water per lenght of pipe    
im     i for mixture flow 
imh   i for homogeneous mixture         
ims   i for stratified flow 
iw    i for equal flow of water 
R    stratification ratio 
Re* particle Reynolds number 
S     relative density 
Ss      S for solids 
U*   shear velocity 
V     flow velocity 
Θ     dimensionless ratio (see Eq. 5) 
ρ      fluid density 
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APPENDIX– SHEAR REYNOLDS NUMBER FOR PARTICLES, Re*  
 
 To cover both Newtonian and non-Newtonian cases, a shear Reynolds number has been 
derived based on a pair of dimensionless variables that employ concepts developed in the 
well-known pipe-flow analysis of Prandtl and Colebrook This analysis expresses the 
velocity ratio (mean velocity to shear velocity) as a function of the shear Reynolds 
number (based on shear velocity rather than mean velocity).  In pipe flow the shear 
velocity V* is the square root of the ratio of the shear stress at the pipe wall (uniform for 
a circular pipe) to the fluid density. The shear stress set up on the surface of a spherical 
particle is non-uniform, but the mean surficial shear stress, denoted τ , forms a useful 
basis for analysis.  This stress is given by the submerged weight force divided by the 
surface area of the sphere, which is πd2, where d is the sphere diameter.  The submerged 
weight force is the product of the sphere volume πd3/6 and (Ss – 1)ρg, where g is 
gravitational acceleration. Thus the mean surficial shear stress is given by 

6/)( dgfs ρρτ −=                                                           [A1]                    

For the falling-particle case, the shear velocity is based on τ .  Thus 

6/)1(* gdSV −=                                                             [A2]                             

For pipe flow, the velocity ratio is the mean velocity divided by V*; and for falling 
particles the analogous ratio is based on the terminal fall velocity of the particle Vt, 
giving Vt/V* as the velocity ratio. The shear Reynolds number Re* has the form: 

Re* = ρV*d/μ                                                                          [A3]                              

Here d is the particle diameter (analogous to the pipe diameter for the pipe-flow case) 
and, for a Newtonian fluid, μ is the viscosity. For settling particles the drag coefficient 
can be found in terms of Re*. Similarly, the particle lift coefficient CL  can be represented 
as a functon of Re*, as shown in the text. 
 
 
 
 
 
 
 


