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Abstract. Constrained M-estimators for regression were introduced by Mendes
and Tyler in 1995 as an alternative class of robust regression estimators with
high breakdown point and high asymptotic e‰ciency. To compute the CM-
estimate, the global minimum of an objective function with an inequality
constraint has to be localized. To find the S-estimate for the same problem, we
instead restrict ourselves to the boundary of the feasible region. The algorithm
presented for computing CM-estimates can easily be modified to compute S-
estimates as well. Testing is carried out with a comparison to the algorithm
SURREAL by Ruppert.
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1 Statistical background

Consider the usual linear regression model

yi ¼ xT
i b þ ei; ð1Þ

where xi and b are p dimensional vectors of covariates and regression co-
e‰cients, and ei are the errors with EðeiÞ ¼ 0 and VarðeiÞ ¼ s2 < y, for
i ¼ 1; 2; . . . ; n. Among the several estimation techniques for the unknown re-
gression parameter b, the most popular one is the classical least squares
method, which can be defined as the minimum point of the following objective
function of residuals ri ¼ yi � xT

i b,

Xn

i¼1
r2i : ð2Þ



However, least squares estimates are not robust against outlying observations
in the data set. A single outlier (point not obeying the trend of the rest of the
data) can spoil the estimates very badly. The breakdown point of the least
squares estimator is 1=n which approaches zero when n tends to infinity (Do-
hono and Huber, 1983).

Huber (1973, 1981) proposed the regression M-estimators as an alternative
robust regression estimator to the least squares. An M-estimate minimizes the
following function

Xn

i¼1
rðriÞ; ð3Þ

where rðtÞ is symmetric, having a unique minimum at zero. If rðtÞ ¼ jtj, the
corresponding M-estimators are the L1 estimators for regression. If rðtÞ ¼ t2

we just get the least squares estimators. A widely used rðtÞ function is the
Huber function which is unbounded but has bounded derivatives and is less
rapidly increasing than the square function. M-estimates obtained from the
Huber function are sometimes called Huber type M-estimates or monotone M-
estimates. Huber type M-estimates are robust against outliers in y-direction,
but they are not robust against leverage points (outliers in x-direction).

Because of this vulnerability to the outliers in x-direction of the regression
M-estimators, generalized M-estimators (GM-estimators, for short) were in-
troduced (Maronna et al., 1979). The basic idea behind the GM-estimators is
to bound the influence of leverage points by making use of some weight
function which only depends on x. The most widely used example of GM-
estimators of regression are the Mallows and Schweppe types (see Hampel et
al., 1986). Although GM-estimators can be tuned to have good local robust-
ness properties measured by the influence function (they can have bounded
influence function), it has been shown that GM-estimators for regression do
not have good global robustness properties measured by the breakdown point
(Maronna et al., 1979, Donoho and Huber, 1983). The upper bound for the
breakdown point of a GM-estimator of regression can not be greater than
1=ðp þ 1Þ, which makes the situation worse in higher dimensional problems.
The problem of the low breakdown point of the GM estimators has been
solved by the one-step GM-estimators which have bounded influence and high
breakdown point (see Simpson et al., 1992).

The low breakdown point of the regression M-estimators rises the question
whether it is possible to get regression estimators with good global robustness
properties, that is estimators with high breakdown point. The first high break-
down regression estimator was the repeated median (RM) proposed by Siegel
(1982). However RM is not a‰ne equivariant, it depends on the choice of co-
ordinate axes for xi. Next high breakdown point estimator was the least me-
dian of squares (LMS), proposed by Rousseeuw (1984). LMS possesses 50%
breakdown point, is a‰ne equivariant but does not have good asymptotic
properties.

Rousseeuw and Yohai (1984) proposed S-estimators for regression which
is another high breakdown point estimator having the same asymptotic prop-
erties as the M-estimators of regression. To obtain a high breakdown point
estimator of regression which is

ffiffiffi
n

p
consistent and asymptotically normal was

the motivation for the S-estimators for regression. Let r be a symmetric and
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continuously di¤erentiable function, which is bounded and nondecreasing on
½0;yÞ. Let k ¼ EF½r	, where F is the standard normal distribution. Formally,
an S-estimate of regression can be defined as follows. For any given sample
fr1; r2; . . . ; rng of residuals, an M-estimate of scale sðr1; r2; . . . ; rnÞ is the solu-
tion to

avefrðri=sÞg ¼ k; ð4Þ

where ‘‘ave’’ stands for the arithmetic mean over i ¼ 1; 2; . . . ; n. For each
value of b, the dispersion of the residuals ri ¼ yi � xT

i b can be calculated using
equation (4). Then, the S-estimator b̂b of b will be defined as

arg min
b

sðr1ðbÞ; r2ðbÞ; . . . ; rnðbÞÞ; ð5Þ

and the final scale estimate is ŝs ¼ sðr1ðb̂bÞ; r2ðb̂bÞ; . . . ; rnðb̂bÞÞ. In (4), setting
k ¼ EF½r	 ensures that the S-estimator of the residual scale ŝs is consistent for
s0 whenever it is assumed that the error distribution is normal with zero mean
and s20 variance.

The breakdown point of an S-estimator is determined by the choice of the
r function. For the large sample case the breakdown point is k=rðyÞ, where
rðyÞ ¼ limt!y rðtÞ. To have approximately 1/2 breakdown point the r func-
tion should be bounded and properly tuned.

The r function in the constraint (4) will depend on a positive tuning pa-
rameter c as rcðtÞ ¼ c2rðt=cÞ. The tuning parameter plays a very important
role for the asymptotic and breakdown properties of S-estimators for regres-
sion. For all values of c, rðyÞ will be the same so that to obtain 1/2 break-
down point of the S-estimator, c must be chosen as the solution to the equa-
tion EF½rcðt=cÞ	 ¼ rcðyÞ=2.

A class of widely used r functions is the biweight or Tukey r given by

rðtÞ ¼

t2

2
� t4

2
þ t6

6
; for jtja 1

1

6
; for jtjb 1

8>>>><
>>>>:

: ð6Þ

where rðyÞ ¼ 1=6. Suppose that the error distribution is the standard nor-
mal distribution. The solution of the equation EF½rcðt=cÞ	 ¼ rcðyÞ=2 yields
c ¼ 1:5476 (see Rousseeuw and Yohai, 1984). That is, to get an S-estimator
with the asymptotic breakdown point 1=2, one has to choose c ¼ 1:5476. To
obtain .25, .20 and .15 breakdown points one can choose c ¼ 2:937; 3:42 and
4.00, respectively. Some other values of c can be found in Rousseeuw and
Yohai (1984).

Rousseeuw and Yohai (1984) show that if r is di¤erentiable, the S-
estimators for b and s satisfy the following redescending M-estimating equa-
tions

avefcðri=sÞxig ¼ 0 ð7Þ

avefrðri=sÞg ¼ k ð8Þ
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where cðtÞ ¼ r 0ðtÞ. The above estimating equations may have many solutions,
but it has to be noticed that not all the solutions correspond to S-estimates. To
find the S-estimates one has to seek for the global minimum under the con-
straint given in (4). The M-estimating equations are useful to obtain the
asymptotic normality and the influence function of the S-estimators. The S-
estimator of the regression parameter b has an unbounded influence function.

Setting c ¼ 1:5476 gives 1/2 breakdown point but the asymptotic relative
e‰ciency (ARE) of the S-estimator for b is 28.7%, which is very low. On the
other hand, for c ¼ 4:096 the ARE is 91.7% but the corresponding breakdown
point is 15%. This shows that one has a trade-o¤ between high breakdown
point and high asymptotic relative e‰ciency.

Constrained M-estimators (CM-estimators) for the regression parameters
b and the scale parameter s were introduced by Mendes and Tyler (1995). The
aim is to have robust regression estimators with high breakdown point and
high asymptotic relative e‰ciency. The CM-estimates for b and s are defined
as the global minimum of the objective function

Lðb; sÞ ¼ avefrðri=sÞg þ log s ð9Þ

over all b A Rp and s > 0 subject to

avefrðri=sÞga erðyÞ; ð10Þ

where e is a fixed number between 0 and 1, and erðyÞ ¼ k in the constraint
(4) for the S-estimators.

The CM-estimators are regression and a‰ne equivariant, and possess, at
the same time, the good local properties of the M-estimators for regression and
good global robustness properties of the regression S-estimators. The break-
down point of the CM-estimates is approximately minðe; 1� eÞ or approxi-
mately 0.5 when e ¼ 0:5. Also, when r is properly tuned the CM-estimates can
have good local robustness properties. They are consistent, asymptotically
normal and very e‰cient estimators. One can see Mendes and Tyler (1995)
and Kent and Tyler (1996) for the robustness and the asymptotic properties of
the CM-estimators for regression and the CM-estimators for multivariate lo-
cation and scatter, respectively.

When r is di¤erentiable, the CM-estimates for the regression parameters b
and the scale parameter s satisfy the following estimating equations:

avefcðri=sÞxig ¼ 0; ð11Þ

and either

avefwðri=sÞg ¼ 0; ð12Þ

or

avefrðri=sÞg � erðyÞ ¼ 0; ð13Þ

where wðtÞ ¼ tcðtÞ. If strict inequality holds in the constraint (10) we get the
estimating equations (11) and (12) which are the redescending M-estimating
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equations for b and s. If equality holds in the constraint (10) we get the equa-
tions (11) and (13) which are the S-estimating equations for b and s.

The breakdown point of the CM-estimators is independent of the tuning
parameter c. It only depends on e. On the other hand, the asymptotic e‰-
ciency and the gross error sensitivity of the CM-estimators for b depend on
the tuning parameter c. If the r function is properly tuned the CM-estimator
for b can have high asymptotic e‰ciency and high breakdown point. For ex-
ample, if we set c ¼ 1:5476 in the rcðtÞ function given above, the correspond-
ing CM-estimator for b will be the same as the S-estimator. It is shown in the
Appendix, that for the Tukey biweight r function, the CM- and S-estimates
will always coincide for 0 < c < 2:598. Corresponding intervals for other r
functions are given in Arslan et al. (2001). For c ¼ 1:547 the breakdown point
will be 50%, but ARE is 28.7%; that is, we get high breakdown point but very
low ARE which are not the desired properties. On the other hand, if we set
c ¼ 3:42, the corresponding CM-estimator for b has 50% breakdown point,
85% ARE, but the corresponding S-estimator has 20% breakdown point and
85% ARE (e.g. see Mendes and Tyler, 1995, and Rousseeuw and Yohai,
1984). That is, we can have the same ARE for both CM- and S-estimators but
the breakdown point may be very di¤erent. Similarly setting c ¼ 4:00, we get
50% breakdown point for the CM-estimator. The CM- and S-estimators have
the same 91% ARE but the S-estimator has a breakdown point of only 15%.

To illustrate the performance of CM-estimates we will give a simple ex-
ample.

Example 1. We will consider the data set of the Hertzsprung-Russell diagram
of the star cluster, which contains 47 stars in the direction of Cygnus and is a
perfect example of a bad cluster of outliers. This data set can be found in
Rousseeuw and Leroy (1987). Here x is the logarithm of e¤ective temperature
at the surface of the star, and y is the logarithm of its light intensity. Ex-
amining the scatter plot of the data (Figure 1) we can identify two clusters.

Fig. 1.
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Clearly the majority of the stars follow a steep direction on the right of the
figure, forming the so-called main sequence. The second cluster is formed by
four stars, called giants.

Figure 1 also shows the plot of the data set with LS, S and CM fits. The LS
line fits very poorly to the data. The S-estimate from Rousseeuw and Yohai
(1984) fits to the main sequence ignoring the second cluster. The CM-estimate
from Mendes (1995), gives another good fit to the data set. For the S-estimate,
c ¼ 1:547 was used, and for the CM-estimate we had c ¼ 4:00. The di¤erence
between the S- and CM-estimates should be noticed.

2 Algorithms

2.1 Introduction

As described above, a CM-estimate for regression minimizes the function

Lðb; sÞ ¼ avefrðri=sÞg þ logðsÞ ð14Þ

over b A Rp and s > 0 subject to the constraint

avefrðri=sÞga erðyÞ:

To find the S-estimate, we solve a similar problem but with equality in the
constraint instead, i.e. we are restricted to the boundary of the feasible region.
In either case, we seek the solution to a nonlinear minimization problem with
a constraint, and this solution cannot be expressed explicitly. Computing S-
and CM-estimates numerically is a challenging problem, since we like to
minimize an objective function where many local minima may exist. We can
divide the computational problem into two parts:

– a strategy for finding good start points
– a reliable and e‰cient local minimizer

To find the global minimum of an objective function is in general an un-
solvable problem. Many strategies, most of them based on heuristics, have
been proposed to catch the minimum with high probability (see e.g. Törn and
Zilinskas, 1989). If possible, the special character of the problem should be
taken into account to locate regions where the global minimum most probably
is to be found. For our problem reasonable b-values can be generated by
simplified fitting using a small subset of the equations given.

In the algorithm PROGRESS (Rousseeuw and Leroy, 1987), which can be
used to compute S-estimates, p of the n equations are picked at random each
time, generating a square system to be solved for b. Ruppert (1992) presented
a more refined S-algorithm SURREAL. In SURREAL, when a new start
point is generated, other points are picked along the line between the gen-
erated point and the best point so far. The IRLS-algorithm is used for the lo-
cal optimization. A simple line search is applied on the IRLS-steps to ensure
convergence.
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2.2 An algorithm to compute CM-estimates

2.2.1 Finding a local minimum

Obviously a general purpose computer program for minimizing a non-linear
objective function with an inequality constraint can be tried, but we can cer-
tainly do better utilizing the special character of the problem. First we note
that if s is held fixed in the objective function Lðb; sÞ defined in (14), we have
a linear model M-estimation problem. Edlund (1997) presents a fast and ro-
bust algorithm for this task. It is based on Newton’s method with line search,
which has a favourable convergence rate compared to the commonly used
IRLS method.

We first give a rough sketch of an algorithm where b and s are updated
separately:

given start values b0 and s0;
k :¼ 0;
if ðb0; s0Þ is infeasible then

find a point s1 such that ðb0; s1Þ is on the border of the feasible region
else

s1 ¼ s0;
find b1 :¼ argminLðb; s1Þ, i.e. go to ‘‘the bottom of a valley’’;
while ðkbkþ1 � bkk > e1Þ or ðjskþ1 � skj > e2Þ do begin

k :¼ k þ 1;
find a point skþ1 approximately minimizing Lðbk; sÞ in the feasible
region;
find bkþ1 :¼ argminLðb; skþ1Þ, i.e. go to ‘‘the bottom of a valley’’;

end

Here e1 and e2 are suitably chosen tolerance parameters.
When Lðb; skþ1Þ is minimized with fixed skþ1 above, one would imag-

ine that there is a risk of slipping outside the feasible region, but it is easy
to see that this can never happen. The minimization process will make
avefrðri=skþ1Þg smaller, and since the feasible region is given by the con-
straint avefrðri=sÞga erðyÞ, we will move away from the border, into the
interior of the feasible region.

It is well known that separating variables totally may slow down conver-
gence. For this reason an alternative algorithm is designed. Instead of mini-
mizing with respect to s, another direction is chosen for the one-dimensional
line search for a minimum. It is possible to let this direction be along the ‘‘the
bottom of the valleys’’ of the objective function. An algorithm along theses
lines is the following:

given start values b0 and s0;
k :¼ 0;
if ðb0; s0Þ is infeasible then

find a point s1 such that ðb0; s1Þ is on the border of the feasible region
else

s1 ¼ s0;
find b1 :¼ argmin Lðb; s1Þ, i.e. go to ‘‘the bottom of a valley’’;
while ðkbkþ1 � bkk > e1Þ or ðjskþ1 � skj > e2Þ do begin
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k :¼ k þ 1;
do a linear approximation of the ‘‘valley’’, with direction given by Dbk

and Dsk;
find a point ðb�

kþ1; skþ1Þ ¼ ðbk þ akDbk; sk þ akDskÞ approximately
minimizing Lðbk þ aDbk; sk þ aDskÞin the feasible region;

find bkþ1 :¼ argminLðb; skþ1Þ, i.e. go to ‘‘the bottom of a valley’’;
end

The direction ðDbk;DskÞ is found by applying the implicit function theorem.
Let

F ðs; bÞ ¼ avefcðri=sÞxig:

By applying the implicit function theorem on (11), i.e. F ðs; bðsÞÞ ¼ 0, we find
that

db

ds
¼ �ðX TWX Þ�1X TWðr=sÞ;

where W is a diagonal matrix with diagonal entries wii ¼ r 00ðri=sÞ, and X is a
n � p-matrix with row i equal to xi. So the direction of the valley is given by

Dbk ¼ �ðX TWX Þ�1X TWðr=sÞ;
Dsk ¼ 1:

(

The calculation of Dbk is carried out by solving the system of linear equations
X TWXDbk ¼ �X TWðr=sÞ. The matrix of this system is identical to the one
used in the minimization of b, thus the last factorization from that calculation
can be used here, to save computation time.

The step to find ðb�
kþ1; skþ1Þ is carried out by first calculating a Newton

step for minimizing Lðbk þ aDbk; sk þ aDskÞ, and then applying steplength
control to ensure convergence. If this procedure happens to slip out of the
feasible region, a coordinate ðb �

kþ1; skþ1Þ on the border is found instead.

2.2.2 Global minimization

As mentioned above, reasonable b-values can be found by simplified fitting
using a small subset of the n equations given. We can pick p equations at
random each time, generating a square system to be solved for b. The hope is
to get at least some samples without outliers, giving good start points from
where the global minimum can be identified. However, it is possible to find
examples where, although the subsample consists of ‘‘good data’’, the result-
ing estimate of the b-values is totally wrong. Referring to Example 1, we may
think of choosing two of the points corresponding to non-giant stars but being
close together in the diagram. The line through these two points may have
almost any direction, i.e. we have an ill-conditioned problem. This motivates
the decision to use s ¼ p þ q points in the least squares fit, where q is a small
number (typically 1 or 2). Since we are just generating start values for the local
minimizer, there is no need to solve the overdetermined equation very accu-
rately. Thus we may use the normal equations, which are solved by Cholesky
factorization. The computational cost is not much higher than for solving the
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square system and also small compared to what is needed for the iterations
which follow.

Now let us consider the following question. Assume that we have n equa-
tions, out of which b � n include outliers. If we take d samples, each consisting
of s equations, to compute start values for the iteration, what chance do we
have to get at least one sample free of outliers? If b is the fraction of outliers in
data, the probability for a sample to consist of only ‘‘good points’’ is

Prð‘‘good sample’’Þ

¼ ð1� bÞn
n

ð1� bÞn � 1

n � 1

ð1� bÞn � 2

n � 2
� � � ð1� bÞn � ðs � 1Þ

n � ðs � 1Þ : ð15Þ

From this follows that the probability that at least one of the d samples is
outlier-free is

P ¼ 1� ð1� Prð‘‘good sample’’ÞÞd

Thus given values of s, b and P, the required number of start points is limited
by

d > lnð1� PÞ=lnð1� Prð‘‘good sample’’ÞÞ ð16Þ

Example 2. Consider again Example 1, where b ¼ 4
47 and p ¼ 2. Taking q ¼ 2

extra points for smoothing gives s ¼ 4. Then d ¼ 8 gives the probability
99.99% to have at least one outlier-free sample out of the 8 samples generated.
To achieve P ¼ 99% we only need 4 samples.

In Table 1 we give the number of samples needed to achieve P ¼ 50%, 90%
and 99% when n ¼ 100, for some values of b and s. If n is very large compared
to s (as is often the case), we can make the following simplification of (15)

Prð‘‘good sample’’ÞAð1� bÞs

This leads to some reduction in the number of samples needed, as seen from
comparing Table 1 and Table 2.

Table 1. Number of samples needed to get at least one outlier-free sample with probabilities 50%,
90% and 99%, resp., in case n ¼ 100

b ¼ 10% b ¼ 25% b ¼ 40%

s ¼ 5 1 3 6 3 9 18 10 31 62
s ¼ 10 2 6 12 15 47 94 159 528 1055

Table 2. Limits (for n approachingy) of the number of samples needed to get at least one outlier-
free sample with probabilities 50%, 90% and 99%, resp

b ¼ 10% b ¼ 25% b ¼ 40%

s ¼ 5 1 3 6 3 9 17 9 29 57
s ¼ 10 2 6 11 12 40 80 115 380 760
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Another aspect to take into account is whether the s equations should
be chosen totally at random each time. As an alternative, the total amount
of samples may be divided into blocks. Let us consider the case when the
smallest possible block size is used.

Example 3. In Ruppert’s paper on algorithms for S-estimates (Ruppert, 1992),
a simulation was carried out with 9 out of 50 equations including outliers and
p ¼ 5. If 10 samples of size 5 are generated at random, the probability to get
outliers in every sample is 1� 41

50
40
49

39
48

38
47

37
46

� 	10
A1:3%. In contrast, generating

10 non-overlapping samples will of course give at least one sample without
outliers.

In general, if we have b < 1
sþ1 then subdividing the equations into non-

overlapping samples is su‰cient to produce one ‘‘good sample’’. If b is larger,
the non-overlapping strategy has to be repeated.

In Example 3, using non-overlapping samples made a di¤erence, although
not very large. In other cases the e¤ect may be more pronounced, as the fol-
lowing example shows.

Example 4. Let n ¼ 6, s ¼ p ¼ 2, b ¼ 50% and d ¼ 3. The probabilities that
all three samples include outliers is 3

5
2
3 ¼ 40% if the non-overlapping strategy is

used but is 0:83 ¼ 51:2% otherwise.

In our code CMREGR, non-overlapping is standard, but can be relaxed as an
option.

2.3 A new way to compute S-estimates

As stated above, for suitably chosen small values of the tuning parameter c,
the CM- and S-estimates coincide, so in those cases the algorithm above can
also be used for S-estimates. For greater values of c there is a di¤erence
though. If S-estimates are sought rather than CM-estimates, we can still get
the desired solution from the above algorithm by setting a special parameter.
Following Mendes and Tyler (1995) we can introduce a parameter g to scale
the first term of the objective function (14)

Lðb; sÞ ¼ g avefrðri=sÞg þ log s:

This parameter is set to g ¼ 1 in all examples where CM-estimates are sought,
but by letting g ¼ 0 we will always get S-estimates, regardless of the choice of
c, because the objective function then reduces to log s. Mendes and Tyler have
the parameter g as a possible alternative to using c. (Note that in Mendes and
Tyler (1995) our c is denoted k, and g denoted c.)

3 Testing

3.1 Experimental design

To study the performance of the algorithms presented above, a Monte Carlo
simulation was carried out similar to the one Ruppert used for testing his S-
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algorithm SURREAL (Ruppert, 1992). In his design, 200 samples were gen-
erated with n ¼ 50 and p ¼ 5. All samples used the same X matrix (the matrix
with ith row equal to xiÞ. The first column was identically 1 and the remain-
ing columns were filled with independent standard normal variates, except
that the last nine entries of the fifth column were Nð10; 1Þ. The yi’s were
Nð0; ð0:25Þ2Þ except for the last nine, which were Nð10; ð0:25Þ2Þ. Thus the first
41 observations were thought of as ‘‘good’’ data, corresponding to b ¼ 0,
while the remaining b ¼ 18% of the data were outliers intended to pull the
estimate of b5 towards 1. The algorithms in the test were applied twice to see
whether the same solution was generated or not.

In our simulations, we built X and y along the same lines (i.e. trying to pull
bp away from zero) as above, but the fraction of outliers was also doubled (to
b ¼ 36%) in some of the tests. We used the following combinations of p and n:
(5, 50), (5, 200), (10, 50) and (10, 200). The number of samples was set to 10 in
each case. For each new sample we generated a new matrix X. The outliers
were generated by taking the last b � n entries in y from Nð10; ð0:25Þ2Þ and the
last b � n entries in the last column of X from Nð10; 1Þ. We also used di¤erent
c-values, as given below.

3.2 The code CMREGR

The algorithm presented in section 2.2 has been implemented in Matlab as the
code CMREGR, and is used in the tests below. The code is downloadable
from the internet at web-adress ‘http://www.sm.luth.se/~jove/research’.

Preliminary testing showed that the use of least-squares smoothing (with
q ¼ 1 and 2) instead of interpolation (q ¼ 0) does not usually compensate for
the decreased probability to find outlier-free samples. For that reason smooth-
ing is an option in the code but not used in the testing below. As to the local
minimizer, updating b and s separately may give a slow ‘‘zig-zaging’’ behav-
iour in the iterations (like the steepest descent algorithm), the other way to
find directions was taken as standard and used below.

In summary, the ‘‘standard form’’ of CMREGR used in the test has the
following characteristics:

a) the more advanced search for good directions (not separating b and s) was
used

b) for finding the start points, square systems were solved (i.e. q ¼ 0)
c) in sampling equations for startpoints, a non-overlapping strategy was used.

3.3 Computing CM-estimates

The testing was done on a PC, with a 550 MHz Pentium III processor, run-
ning the FreeBSD operating system. Matlab version 5.3 was used.

For every set of p; n; b and c, 10 test problems were generated and the al-
gorithm was applied 10 times on each of these test problems. It was recorded
in how many of these attempts a good result (i.e. bA0) was reached. These
cases are called ‘‘hits’’ below. Furthermore, average numbers of Newton steps
used and changes in the s-value were computed. Also the average time needed
to find the solution was recorded as well as the fraction of time spent in the
preparation phase of the algorithm, i.e. where start points are generated.
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The number of samples used in the preparation phase was determined by
formula (16) with P ¼ 99% and b ¼ 36%. So in cases with 18% outliers we are
doing some extra work in the preparation phase. This makes sense if one as-
sumes no apriori knowledge of b. The number of samples used are displayed
in Table 3.

We used two di¤erent c-values, namely c ¼ 4 for which the solution was at
the boundary of the feasible region with high probability, and c ¼ 6, for which
the solution most probably was to be found in the interior. The result of the
simulation is given in Table 4 and 5.

We can observe in Table 4 and 5 that there is no striking di¤erence in the
result for c ¼ 4 and c ¼ 6. We also note that the hit-rate is generally quite
high, something which can be taken as an indication that we have found the
global minimum. We can also see in the tables, that in some cases (especially
for p ¼ 10 and n ¼ 50) the hit-rate is much smaller than the expected fraction
of ‘‘good samples’’. The way the problems are generated probably explains

Table 3. The number of samples used in the preparation phase

p; n 5; 50 5; 200 10; 50 10; 200

nr. of samples 47 42 731 454

Table 4. Result from computing CM-estimates with c ¼ 4. In all cases when the solution was
found it was at the boundary of the feasible region

p; n; b 5; 50;
18

5; 50;
36

5; 200;
18

5; 200;
36

10; 50;
18

10; 50;
36

10; 200;
18

10; 200;
36

Average hitting % 100% 99% 100% 98% 100% 79% 100% 85%
Average a Newton
steps

11.2 8.9 8.7 6.9 20.0 14.8 11.4 8.8

Average a s changes 3.8 3.3 3.1 3.0 5.0 4.2 4.0 3.3
Average time
consumed (s)

0.16 0.14 0.26 0.24 0.89 0.82 0.85 0.77

% time spent on
preparation

38% 43% 31% 33% 79% 83% 65% 69%

Table 5. Result from computing CM-estimates with c ¼ 6. In all cases when the solution was
found it was in the interior of the feasible region

p; n; b 5; 50;
18

5; 50;
36

5; 200;
18

5; 200;
36

10; 50;
18

10; 50;
36

10; 200;
18

10; 200;
36

Average hitting % 100% 98% 100% 99% 100% 79% 100% 89%
Average a Newton
steps

8.4 8.9 7.0 7.3 9.4 13.5 8.0 8.4

Average a s changes 4.1 4.2 3.8 4.2 4.2 5.3 4.0 4.5
Average time
consumed (s)

0.14 0.14 0.23 0.24 0.79 0.80 0.78 0.77

% time spent on
preparation

50% 43% 35% 33% 89% 85% 72% 69%
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this behaviour. If we let p equal two, start solutions are generated in a way
which is equivalent to finding the interpolating line y ¼ b1 þ b2t through two
points ðt1; y1Þ and ðt2; y2Þ, where t1 and t2 are normal deviates. If t1 and t2
happen to be close together, the slope b2 and interception b1 can certainly
be far away from the global solution, also if ðy1; y2Þ constitutes a ‘‘good
sample’’.

3.4 Computing S-estimates

Problems were generated in the same manner as for computing CM-estimates,
but here the tuning parameter c was given the value 1.547, also used in Rup-
pert (1992), and only b ¼ 18% was considered. Comparison was made with a
Matlab program (modification of a code written by Stefan Van Aelst) based
on the algorithm SURREAL (Ruppert, 1992).

For each size, 100 problems were generated. Each problem was solved
once by the two programs. The code giving the lowest s was considered
‘‘winner’’. The result from all the ‘‘matches’’ was compiled and the average of
percentage di¤erence between computed best s-values was also computed.
The results are given in Table 6. The aim of the test is to investigate how well
CMREGR and SURREAL manage to find the S-estimate in a set of regres-
sion problems. What can be seen from Table 6 is that both algorithms behave
well, with CMREGR slightly more successful.

4 Conclusion

The algorithm presented works well on the test problems, for finding regres-
sion CM-estimates, in spite of the fact that a global optimization problem has
to be solved. There are guidelines on how to choose the number of generated
points in the preparation phase, but the reliability of the output from the
program also depends on properties of the design matrix X. In should be no-
ticed that the user also has the possibility to run the problem at hand many
times to assess the accuracy of the estimate produced.

The algorithm can also be modified to compute S-estimates. Although there
is still room for improvements in the algorithmic design, the present code
works satisfactory on the test problems generated.

Acknowledgement. We are grateful to Stefan Van Aelst for providing his Matlab code of the al-
gorithm SURREAL.

Table 6. Result from computing S-estimates with c ¼ 1:547

p; n; b 5; 50; 18 5; 200; 18 10; 50; 18 10; 200; 18

CMREGR giving best s-value 99% 100% 97% 100%
SURREAL giving best s-value 1% 0% 3% 0%
CMREGR/SURREAL s-values 0.994 0.999 0.985 0.997
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Appendix

The CM-estimation problem is to find the global minimum of

Lðb; sÞ ¼ avefrcðri=sÞg þ logðsÞ

over b A Rp and s > 0 subject to the constraint

avefrcðri=sÞga ercðyÞ: ð17Þ

Here rcðtÞ is a bounded, nondecreasing function of tb 0 with tuning param-
eter c > 0. To find the S-estimate, we minimize L with respect to s, implying
equality in the constraint (17).

From the definition of the S- and CM-estimates, it is apparent that they
will in many cases coincide. This will depend on the positive tuning parameter
c of the r function used. We derive an interval for c when this happens, for the
case that r is the Tukey biweight function. We have

rcðtÞ ¼

t2

2
� t4

2c2
þ t6

6c4
if jtja c

c2

6
if jtj > c

8>>>><
>>>>:

and

rcðtÞ ¼ c2r
t

c


 �

with

rðtÞ ¼

t2

2
� t4

2
þ t6

6
if jtja 1

1

6
if jtj > 1

8>>>><
>>>>:

Using this notation, the CM-estimate is the minimum of

Lðb; sÞ ¼ c2 ave r
ri

cs

� n o
þ logðsÞ

We have

qLðb; sÞ
qs

¼ c2 ave r 0 ri

cs

� 
� ri

cs2

� n o
þ 1

s
¼ c2

s

1

c2
� ave r 0 ri

cs

�  ri

cs

n o� �

Now consider the function gðtÞ ¼ r 0ðtÞt. For the Tukey r function we get

gðtÞ ¼ t2ð1� t2Þ2 if jtja 1

0 if jtj > 1

(
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and

g 0ðtÞ ¼ tð1� t2Þð1� 3t2Þ if jtja 1

0 if jtj > 1

�

Thus gðtÞ has its maximum 4
27 for t ¼G 1ffiffi

3
p . This implies that qLðb;sÞ

qs
> 0 if

1
c2
> 4

27, i.e. if c < 3
ffiffi
3

p

2 A2:598. For these c-values, s should be chosen as small
as possible. The left hand side of (17) increases when s gets smaller. This
means that s is limited by the equality case in the constraint, i.e. we have the
S-estimate. Thus, for c < 2:598 the S- and CM-estimates will always coincide.
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