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ABSTRACT 
Computational simulation models support a rapid design 

process. Given model approximation and operating conditions 
uncertainty, designers must have confidence that the designs 
obtained using simulations will perform as expected. This 
paper presents a methodology for validating designs as they 
are generated during a simulation-based optimization process. 
Current practice focuses on validation of simulation models 
throughout the entire design space. In contrast, the proposed 
methodology requires validation only at design points 
generated during optimization. The goal of such validation is 
confidence in the resulting design rather than in the underlying 
simulation model. The proposed methodology is illustrated on 
a simple cantilever beam design subject to vibration. 
 
1. INTRODUCTION 

Design optimization often requires computational analysis 
or simulation models. These models quantify functional input-
output relations contained in the objective and constraints. 
Such models are inexact approximations of the physical world, 
and so we need to quantify our confidence that designs 
obtained using simulations will perform as expected when 
produced. Current practice uses computational models for 
optimization studies in relatively large design spaces even 

though the models have been validated only in a small subset 
of the design space. Within this paradigm, computational 
models will need to be validated for the entire feasible design 
space in order to obtain high confidence in the results.     

The motivation for the present work is that the 
aforementioned global model validation may not be necessary. 
A numerical optimization process creates a sequence of design 
iterates, whose validity is important only at the optimum. One 
way to concentrate on the validity of the optimal design rather 
than that of the model, is to conduct validation studies at the 
design iterates as they are generated.  

In this paper, we adopt the idea of a sequential 
optimization approach where the design space at each iteration 
is much smaller than the entire feasible space. Starting with a 
validated initial design we conduct optimization within a 
limited design space around that design. If the optimization 
outcome, i.e., the next design iterate, lies on the boundary of 
the smaller design space*, we examine its validity; if it is 
acceptable, we start a new optimization; otherwise, we 
calibrate the model so that its validity is acceptable at that new 

                                                           
*
 The design space is defined by the bounds of the design optimization 

variables, while the feasible space is defined by the intersection of all design 
constraints. 
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design iterate. If the model cannot be calibrated to acceptable 
validity levels, the designer may want to abort the sequential 
optimization process until a more accurate model becomes 
available, or continue while being aware of the model's 
limitation. If the new design iterate lies in the interior of the 
design space of the last optimization, we have converged to an 
optimal and validated design. This approach can be also 
applied to parametric studies to ensure that a design is valid 
for different operating conditions. 

The surrogate management framework by Booker et al. 
[1] offers a variation of the main idea presented and 
implemented here. Booker et al. generate a sequence of 
calibrated approximations (metamodels or surrogate models) 
of the objective function only, which they manage for direct 
surrogate optimization. They do not assess the validity of their 
approximations; they simply improve it by calibration during 
optimization. In the present work, we assess the validity of the 
design iterates generated by sequential optimization in subsets 
of the design space by validating the simulation model at these 
subsets and improving it only if necessary, provided testing 
can be performed at these points. 

The paper is organized as follows. Section 2 describes the 
proposed approach. Section 3 provides an overview of the 
confidence level quantification including a brief description of 
the Probabilistic Principal Component Analysis (PPCA) and 
the interval-based Bayesian hypothesis testing method. Section 
4 uses the vibratory response of a cantilever beam to illustrate 
the steps of the methodology, and Section 5 presents a 
summary and conclusions. 

 
2. PROPOSED METHOD 

Let the n-dimensional domain D consist of all designs 
nℜ∈d  such that }:{ dddd ≤≤=D  with d  and d  

denoting lower and upper design variable bounds, respectively. 
Local domains JjD j ,,1, K=  are defined so that jD is a 

proper subset of D ( DD j ⊂ ) with }:{
jj

jD dddd ≤≤=  

and dddd ≤≤≤
jj . Two local domains jD  and 1+jD may 

overlap ( 01 ≠∩ +jj DD ) or may be disjoint ( 01 =∩ +jj DD ). 

Figure 1 shows two overlapping local domains in two 
dimensions. 
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Figure 1. Notation and definition of local domains  

 

All designs d  in domainD are considered valid if 
 

     ( )( ) t

D
CC ≥

∈
)(,,ˆmin dypdy

d
           (1) 

 
where C quantifies our confidence that the model prediction 

( )pdy ,ˆ  is statistically close to the true function value ( )dy . 

The former is obtained using a computational model (CAE), 
and the latter by testing. In Equation (1), tC  is the target 
confidence value. Note that the CAE prediction ( )pdy ,ˆ  

depends not only on d, but also on a vector of calibration 
parameters p. If for a design d the confidence value is low, we 
assume that the calibration parameters p can be adjusted to 
increase it. 

Now we answer the following question. If a design D∈d  
is valid, but Equation (1) cannot be satisfied for every design 
in D, can we identify a sub-domain DDs ⊂  such that sD∈d  

and ( )( ) t

D
CC

s

≥
∈

)(,,ˆmin
1

dypdy
d

 by adjusting p? In other words, 

if there exists a valid design d in the domain D, can we 
identify a smaller domain sD which includes d for which 

Equation (1) holds? If this is true, the design will be valid in 

sD  but it will not necessarily be valid in sDD − . 

Let ni DDDDD ⊃⊃⊃⊃⊃⊃ LL21  and 1+− ii DD = 

dD  (very small). If ( )iCmin = 

( )( ) niC
iD

,,2,1  ,)(,,ˆmin K=
∈

dypdy
d

, we then have 1+≡ is DD  

where ( ) ( ) }  and 1:{ minmin
tt CiCCiCi <≥+ . This process can 

be used to identify the smallest domain sD  such that 

( )( ) t

D
CC

s

=
∈

)(,,ˆmin dypdy
d

. 

The above procedure will identifysD , if it exists. This 

depends on tC . The choice of tC  is therefore, critical. We 
want it to be as small as possible in order to avoid excessive 
calibrations that require expensive tests, but we also want it to 
be large enough to guarantee that the designs in sD   are valid 

so that the optimization yields a valid optimal design. This is a 
minimax problem. 

We propose to use a local domain approach and calculate 
C at its center. If tCC ≥ , then we accept the CAE model as 
locally valid and use it to solve the optimization problem in the 
local domain. In doing so, we assume that the CAE model is 
valid (i.e., Equation (1) holds) in the entire local domain. 
Otherwise, we calibrate the CAE model by solving the 
following problem 

  
  ( )( ))(,,ˆmax ccC dypdy

p
,            (2) 

 
where a set of calibration parameters p is determined in order 
to maximize C at the center cd of the local domain. The 

resulting calibrated CAE model is accepted even if 
( )( ) tCC <)(,,ˆmax dypdy

p
 because ( )( ))(,,ˆmax dypdy

p
C  is the 

best attainable C value based on the chosen set p of calibration 
parameters and the design cd . If ( )( ))(,,ˆmax dypdy

p
C  is not 
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acceptable, we must change the calibration set p or adopt a 
more accurate CAE model.  

If the optimizer *

id found after an optimization within a 

local domain iD lies on the boundary of iD , we i) validate the 

CAE model by solving the problem of Equation (2) with 
*

ici dd = , ii) create a new local domain 1+iD  centered at *

id , 

and iii) conduct a new optimization within 1+iD . This 

sequential optimization process using local domains is 
repeated until the optimum is in the interior of the local 
domain. We emphasize that the local domain is defined by the 
bounds of the design variables only, i.e., it is not identical to 
the feasible space of the original optimization problem.  

Note that by reducing the size of the local domain, we 
guarantee that a validated local domain exists at the limit if the 
center design is validated. The number of required tests for 
validation will increase in this case, considerably. For 
simplicity, the size of the local domains is fixed in the present 
work. Note also that the PPCA method (Section 3) addresses 
the inherent uncertainty in test results. The CAE model is 
deterministic. The calibration of the CAE model is done at the 
mean because of the variability in the test results. 
 
3. CONFIDENCE QUANTIFICATION  

The quantification of confidence that the design will 
perform as predicted once produced is an integral part of the 
proposed method. We utilize a model validation technique to 
compute that confidence.  

Model validation is the process of comparing model 
outputs with experimental observations in order to assess the 
validity or predictive accuracy of computer models. 
Developing quantitative methods for model validation under 
uncertainty has attracted considerable research interest in 
recent years. Detailed discussion of model validation concepts 
can be found in many research articles [2-20]. 

For time-dependent systems, as the example considered in 
this paper, time histories of the prediction model and the test 
must be compared effectively, considering the data correlation 
among multiple time responses, and the uncertainties in both 
test and model prediction. Multiple independent univariate 
comparisons, without considering the correlation among 
different responses, may result in conflicting inferences on the 
model validity. A feature extraction, such as principal 
component analysis, is common in order to reduce the 
dimensionality and improve the efficiency and accuracy of the 
model validation process [21].  

Bayesian methods have been developed to determine the 
predictive capabilities of computer models [8-13, 17, 18]. In 
this work, we adopt the Bayesian approach to quantify 
confidence reported in [10-13, 19] because i) it can 
incorporate additional information, including the modeler's 
belief, through the prior distribution of the model parameters, 
and ii) it can easily incorporate error and uncertainties 
associated with model predictions and experimental 
observations. 

Specifically, a confidence metric is used to assess model 
predictions for time-dependent systems through multivariate 
validation. The metric provides a rational way to account for 
uncertainty and correlation of multiple responses, and is 

derived using Probabilistic Principal Component Analysis 
(PPCA) [22, 23] and interval-based multivariate Bayesian 
hypothesis testing. PPCA addresses multivariate correlation, 
data uncertainty, and dimensionality reduction, and interval-
based multivariate Bayesian hypothesis testing provides a 
quantitative assessment of the quality of the CAE model using 
a Bayes factor. The following describe the required 
computations as implemented in [20]. Details can be found in 
the same reference and in [10-13, 19]. 

 
3.1 Probabilistic Principal Component Analysis 

The following is a step-by-step procedure on how to 
conduct a probabilistic principal components analysis [20]: 

Step 1: Obtain multivariate test data nm×ℜ∈t ; 

{ }nttt ,,1 L= , where 1×ℜ∈ m

it  and m and n are the 

number of test responses and the number of observations per 
response. Tipping and Bishop [22] assumed that 

 
nitti i

,,1   , K=++= εµWxt          (3) 

 

where pm×ℜ∈W  is the PPCA transformation matrix, 

nip

ti
,,1,1

K=ℜ∈ ×x  is a vector of mp ≤  latent variables 

which cannot be observed, 1×ℜ∈ m

tµ  is the sample mean 

given by 
 

∑
=

=
n

i
it n 1

1
tµ            (4) 

 
and 1×ℜ∈ m

ε is an isotropic Gaussian error with pp

t

×ℜ∈Σ . 

Step 2: Calculate the sample mean 1×ℜ∈ m

tµ and 

covariance matrix mm×ℜ∈Q of the test data using Equations 
(4) and (5) 

 

     ( )( )T

ti

n

i
tin

µtµtQ −−= ∑
=1

1
.            (5) 

 
Step 3: Find the eigenvalues mλλ ,,1 K  in decreasing 

order, and the corresponding eigenvectors muu ,,1 K of the 

covariance matrix Q, where mjm

j ,,1,1
K=ℜ∈ ×u . 

Step 4: For the chosen number p of retained principal 
components, find estimates of the test variability 2ˆ

tσ and the 

transformation matrix Ŵ using the equations 
 

    ∑
+=−

=
m

pj
jt pm 1

2 1
ˆ λσ            (6) 

 
and 
 

    ( )2

1
2ˆˆ IKUW tσ−=           (7) 

 
where pp×ℜ∈K is a diagonal matrix with the eigenvalues 

pλλ ,,1 K  corresponding to the p eigenvectors in U. 
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Step 5: Construct the p-dimensional reduced test data 
np

t

×ℜ∈r  with uncertainty pp

t

×ℜ∈Σ  using the following 

Equations (8) and (9) 
 

( ) niti
T

ti
,,1  ,ˆ1

K=−= −
µtWMr      (8) 

 

       12ˆ −= MΣ tt σ                 (9) 

 
where 
 

  pp
t

T ×ℜ∈+= MIWWM   ,ˆ 2σ .       (10) 

 
Step 6: Obtain multivariate CAE data nm×ℜ∈c  where 

{ }nccc ,,1 L=  and nic m

i ,,1,1
K=ℜ∈ × . 

Step 7: Calculate the sample mean 1×ℜ∈ m

cµ of the CAE 

data as 
 

   ∑
=

=
n

i
ic n 1

1
cµ .           (11) 

 

Step 8: Use the same rotation matrix TWM ˆ1−  (see 
Equation 8) to construct the p-dimensional reduced CAE data 

np

c

×ℜ∈r from 

 

  ( ) nip
cti

T
c ii

,,1,,ˆ 11
K=ℜ∈−= ×− rµcWMr   (12) 

 
with uncertainty 
 

  ,ˆ 12 −= MΣ cc σ     pp
c

×ℜ∈Σ .     (13) 

 
The estimate 2ˆ

cσ of the CAE variability is calculated from 

 

  ∑
+=−

=
m

pj
cc jpm 1

2 1
ˆ λσ        (14) 

 
where 

mcc λλ ,,
1
K are the eigenvalues of the CAE data 

covariance matrix 
  

   ( )( )T

ci

n

i
cic n

µcµcQ −−= ∑
=1

1
, mm

c

×ℜ∈Q .    (15) 

 
3.2 Interval-Based Bayesian Hypothesis Testing 

An interval-based multivariate Bayesian hypothesis testing 
method is used to compute a confidence value which 
quantitatively assesses the validity of the CAE model 
considering uncertainty. The following is a step-by-step 
procedure: 

Step 1: Compute the difference between the reduced test 
and CAE data [ ]nssS ,,1 K=  using Equations (8), (12) and 

(16) 
 

ii cti rrs −= ,  nip

i ,,1  ,1
K=ℜ∈ ×s .    (16) 

 

Step 2: Estimate the sample mean S from 
  

              ∑
=

=
n

i
i

n 1

1
sS                        (17) 

 
and the covariance matrix pp×ℜ∈Σ of S from Equations (9), 
(13) and (18) 
  

sct ΣΣΣΣ ++=              (18) 

 
where 
 

       ( )( )Ti

n

i
is

n
SsSsΣ −−= ∑

=1

1
, pp

s

×ℜ∈Σ .           (19) 

 
Step 3: Assume that the prior information for ( )isEµ = , 

1×ℜ∈ p
µ  is a multivariate normal distribution which is 

parameterized as ( )Λρ,pN . The interval-based hypotheses are 

represented as εµ ≤:oH  (accept the CAE model) versus 

εµ >:aH  (reject the CAE model), where ε  is a predefined 

threshold vector [12].  
Obtain a prior distribution for ( )Λρµ ,~ pN . In the 

absence of a prior distribution, assume T0ρ =  and Σ=Λ . 

Step 4: Estimate the posterior distribution of 
,µ ( )oopN ΛρSµ ,~  using the following equations [24] 

 

( ) ( )ρΛSΣΛΣρ 11111 −−−−− ++= nno     (20) 

 

  ( ) 111 −−− += ΛΣΛ no .     (21) 

 
Step 5: For a chosen thresholdε , obtain the value of K 

using the following equation 
 

( )
( ) ( ) µρµΛρµ

Λ

ε

ε

dK oo
T

o

o

p 






 −−−= −

−
∫

1

2

1
exp

1

2

1

2π
.  (22) 

 
Step 6: Compute the following Bayes factor 
  

K

K
BM −

=
1

.           (23) 

 
Step 7: Compute the confidence C of accepting the model 

as 
     

( ) ( )
( ) ( )ooM

oM
o HPHPB

HPB
HPC

−+
==

1
S     (24) 

 
if expert opinion ( )oHP is available or as 

 

    
1+

=
M

M

B

B
C           (25) 
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if there is no expert opinion. 
 
4. A VIBRATORY BEAM EXAMPLE 

The vibratory response of the cantilever beam structure of 
Figure 2 is considered. The beam has a uniform rectangular 
cross section with width W, height H, and length L = 1 m. The 
material Young modulus and density are E = 200 GPa and ρ  

= 7850 Kg/m3, respectively. The only load on the beam is a 
vertical force ( )tf  at the tip. 

 

L
x

y(x, t)

r(x, t)
f(t)

1 2 3 4 6 7 8 109 115

A

A
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H

A - A
Node #

L
x
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Figure 2. Cantilever beam of rectangular cross-section 

with tip point load )(tf  

  
The vibratory displacement ),( txy  in the vertical plane 

xy  satisfies the following partial differential equation under 

the Euler-Bernouli beam [25] assumption 
 

   0
4

4

2

2

=
∂
∂+

∂
∂

x

y
EI

t

y
Aρ ,   (26) 

 
where I is the area moment of inertia. Equation (26) is solved 
using the two initial conditions 0)0,( =xy and 0)0,( =xy& ; 

(zero initial displacement and zero initial velocity), and four 
boundary conditions (two at each end) indicating that the left 
end of the beam is fixed (displacement and rotation are equal 
to zero) and the right end is free (bending moment is equal to 
zero and shear force is equal to the applied tip force). 

The finite-element method is used to calculate numerically 
the forced response. The beam is discretized using EN  

elements of equal length
EN

L
BL = , resulting in 1+= ENN  

equally spaced nodes as shown in the Figure 2. The coordinate 
x of the ith node is ( ) Bi Lix 1−= . The following time-

dependent point load is applied on the tip of the beam  
 

( ) ( ) ( )tttf 130sin48sin +=  N.        (27) 

 
Using the finite-element method, the differential Equation (26) 
results in the following equations of motion in discretized form 
 

   [ ] [ ] [ ] ( )tKCM fyyy =++ &&&    (28) 

 
where [M], [C], and [K] the mass, damping, and stiffness 
matrices, y is the vector of nodal responses, and f is the vector 
of nodal forces. There are two degrees of freedom at each 
node; the vertical displacement ),( txy , and the 

rotation ( ) ( ) xtxytxr ∂∂= ,, . The vector y has therefore, 2N 

components where N is the number of nodes. 
The forced response is calculated using Newmark’s time 

integration method [25] for 20 ≤≤ t  sec with a time step of 

t∆  = 0.001 sec. We assume that there is structural damping so 
that 

 
   [ ] [ ] [ ]KMC βα += ,     (29) 

 
where 003.0=α  and 003.0=β .  

 
4.1 Design Optimization Problem 

The following optimization problem is solved 
 

d
min  Mass (d) = Ldd 21ρ          (30) 

            where { } { }HWdd == 21d  

          s.t.  ( ) t

t
yty ≤,max d  

        ( ) t

t
rtr ≤,max d  

        ddd ≤≤ . 

 
The beam mass is minimized considering the width W and 
height H of the beam cross section as design variables. The 
maximum absolute displacement and rotation of the beam tip 
for ]2,0[∈t  sec must be less or equal to ty  = 0.001 m and 

tr  = 0.001 radians, respectively. The design domain is 

defined by the lower and upper bounds d  and d  of d, where 

)( 21 dd=d = )005.0015.0( m and d = )( 21 dd  = 

)05.005.0(  m. 

 
4.2 Definition of Test 

To obtain the test response (displacement and rotation), 
we assume that the fixed boundary condition at the left end of 
the beam (Figure 3) can not be perfectly achieved. This is 
simulated by using a smaller cross-sectional area for the first 
beam element with a width and height equal to 

002.01 −= WW m and 002.01 −= HH m respectively, where 

W and H are the cross-sectional dimensions for all other beam 
elements. This is practically equivalent to having a smaller 
rotational stiffness at the root of the beam which becomes 
substantially small at the low bound values 

)005.0015.0()()( 21 == HWdd  m. This “experimental 

inaccuracy” is assumed unknown in building the CAE model.  
For each test specimen, we also consider a small 

manufacturing error for each component of the 
vector }{ βαρEHWL=R . The error is 

=∆∆∆∆∆∆∆=∆ }{ βαρEHWLR  

}001.0001.0100100004.00002.00005.0{ 4  with 

all units according to the metric system. For each test we 
assume that *

0 RRR ∆+=  where 0R  is the nominal value 

and each component of *R∆  is normally distributed 

( ),(~ 2* σµR N∆ ) with  2)]([ RRµ ∆−+∆= = 0 and 

6)]([ RRσ ∆−−∆= . Every time a test is conducted, a sample 

value of *R∆ is drawn from its normal distribution and used to 
calculate *

0 RRR ∆+= . 
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To simulate the test results, Equation (3) is solved 
numerically for ),( txy  and ),( txr  using EN = 10 beam 

elements, the test configuration of Figure 3, and the 
manufacturing error. A measurement error is also considered 

using the Gaussian white noise )1,0( 2N  modulated by the 

factor )(max05.0 ty⋅  m for ]20[∈t  sec so that the test 

response is 
 

 ( ) ( )
[ ]

( ) ( )2

20
1,0max06.0,, Ntytxytxy

t
TEST ⋅⋅+=

∈
 m.  (31) 

 
A similar expression holds for ( )txrTEST , . 

 

H 1 2 3 4 6 7 8 109 115
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Figure 3. Cantilever beam of rectangular cross-section for test 
and CAE cases; the test uses a reduced cross-section close to 
the fixed end and the CAE model assumes a pinned left end 

with a rotational spring constant kt 
 
4.3 Description of CAE Model 

The CAE model is of uniform cross-section with 
dimensions W and H (Figure 3). Because the correct rotational 
boundary condition of the test is not known, we use a 
rotational spring tk which is calibrated during the validation 

process. The calibration parameter vector =p  

}{ βρEHWkt  (Section 2) is defined as 

ppp ∆+= 0 , where 0p  is the nominal vector that is 

unchanged during calibration, and =∆p  

}{ βρ ∆∆∆∆∆∆ EHWkt is the variable part with 

∈∆ tk ]100[
00 tt kk ⋅ , ∈∆W ]0002.00002.0[− , ∈∆H  

]0004.00004.0[− , ]1010[ 44−∈∆E , ∈∆ρ ]100100[− , 

and ]001.0001.0[−∈∆β . The nominal rotational stiffness 

0t
k is equal to the beam element rotational stiffness BLEI4 .  

Equation (26) is solved numerically for ),( txy and 

),( txr  using EN = 10 beam elements so that 

  
( ) ( )txytxyCAE ,, =  and ( ) ( )txrtxrCAE ,, = .    (32) 

 
The response of the CAE model is deterministic with no 
manufacturing error or noise. 
 
4.4 Results and Discussion 

Figure 4 shows how the confidence C varies with the 
design variables 1d  and 2d  before the CAE model is 

calibrated, and after it is calibrated at the initial design (0.024, 

0.042). Before calibration, the confidence exhibits a highly 
nonlinear behavior with large variations between low and high 
values of approximately 40% and 80%, respectively. After 
calibration, the confidence is almost the same with the non-
calibrated case for high 2d  values and close to 100% for low 

2d values. 

 

 
Figure 4. Confidence value as a function of design 

variables d1 and d2 
 
Two principal components (p = 2) were retained. It was 

found that the confidence value did not change forp greater 

than two. 
Figures 5 and 6 compare the tip deflection between test 

and CAE at the initial design (0.024, 0.042) before and after 
model validation through calibration. The C value improves 
from 38.8% to 99.3%.   

Figures 7a and 7b show the optimization process in the 
design space for the non-calibrated and calibrated cases, 
respectively. In the former, the CAE model is not calibrated 
during the process while in the latter the CAE model is 
calibrated according to the methodology of Section 2.  

The figures show the displacement constraint before 
calibration (non-calibrated case), after calibration at point 0 
(initial design (0.024, 0.042) m), and after calibration at point 
4 (design (0.0167, 0.0285) m before final optimum). The equal 
objective value lines are also shown. The mass objective 
reduces towards the low left corner where both1d  and 2d   

reduce simultaneously. The displacement constraint dominates 
the rotation constraint in the entire design space. Also, we have 
There is a local optimal design at (0.015, 0.0395) m indicated 
by point 4 in Figure 7a, and another local optimal design at 
(0.0167, 0.0276) m indicated by point 5 in Figure 7b. 

The same initial design of (0.024, 0.042) is used in both 
cases. The sequence of local domains from the initial design to 
the optimal design is shown for the non-calibrated and 
calibrated CAE models. An increasing order numbering, 
starting from zero (initial design), indicates the center location 
of each local domain. For the calibrated CAE case, a cross is 
used whenever the design is validated; i.e. the CAE model is 
calibrated by maximizing the C value (Section 2) if the initial 
C value is below the threshold tC .  
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Figure 5. Comparison of tip displacement between test 

and CAE at initial design before calibration 
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Figure 6. Comparison of tip displacement between test 

and CAE at initial design after calibration 
 

Figure 7b shows the displacement constraint before and 
after calibration at the initial design (point 0). Because of the 
difference between the two lines, the optimization converges to 
the local optimum (0.015, 0.0395) m for the non-calibrated 
CAE model and to the local optimum (0.0167, 0.0276) m for 
the calibrated CAE model. This indicates the significance of 
calibrating the CAE model during the optimization process. 

Figure 8 shows the design history for the non-calibrated 
(dotted line) and the calibrated (solid line) CAE model. Both 
histories start from the same initial design and reach the same 
intermediate optimum for the initial local domain. 
Subsequently, the optimization paths divert due to different 
CAE models because of calibration at the center design  

)042.0024.0(0 =d  m of local domain 0 for the calibrated 

case. 
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Figure 7.  Optimization process in the design space for 
non-calibrated and calibrated CAE model 
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Table 1 shows the results at the center of each local 
domain. The values of the design variables are shown in 
columns 2 and 3. Column 4 shows the objective function and 
columns 5 and 6 show the value of the two constraints. The 
last column lists the value of the confidence level. The 
displacement constraint becomes active at local domains 2, 3, 

and 4 as the maximum displacement maxy  at the tip of the 

beam is equal to the target ty  = 0.001 m. As expected, the 

confidence value C is small for all local domains since the 
CAE model is not calibrated.  

  
Table 1. Optimization details for non-calibrated CAE case 

 

Domain # 
W 

(m) 
H 

(m) 
Mass 
(kg) 

max(y) 
(m) 

max(r) 
(rad) 

C 
(%) 

0 0.024 0.042 15.8256 0.0004 0.0003 38.8 

1 0.0214 0.0386 12.9621 0.0008 0.0006 27.7 

2 0.0188 0.0383 11.2867 0.001 0.0007 27.3 

3 0.0161 0.0391 9.9107 0.001 0.0007 23.8 

4 0.0150 0.0395 9.3048 0.001 0.0007 21.2 

 
Table 2 shows the results for the calibrated CAE case. At 

the initial design (center of local domain 0) the C value is 
equal to 38.8% and 99.3% before and after model validation 
through calibration, respectively. The CAE model stays valid 
in local domains 1, 2, and 3 since the C value is above the 
threshold tC = 80%. In the final local domain 4, the CAE 
model was re-calibrated because the value of C = 77.9% fell 
below the target; the final C value was maximized to 85.1%. 
The final optimum of (0.0167, 0.0276) m was obtained using 
the lastly updated CAE model with C = 85.1%. The 
displacement constraint became active for the designs 
corresponding to local domains 1, 3, 4, and 5. As shown in 
Figure 7b, these designs are in the infeasible domain of the 
non-calibrated case. This indicates that after each calibration 
of the CAE model, the optimization constraint boundaries 
change. Figure 7b also shows the constraint boundary for the 
final calibrated CAE model. 

 
Table 2. Optimization details for calibrated CAE case 
 

Domain # 
W 

(m) 
H 

(m) 
Mass 
(kg) 

max(y) 
(m) 

max(r) 
(rad) 

C 
(%) 

0 0.024 0.042 15.8256 0.000393 0.000270 
38.8 / 
99.3 

1 0.0214 0.0386 12.9621 0.001 0.000642 98.3 
2 0.0188 0.0352 10.3767 0.000931 0.000603 84.14 
3 0.0161 0.0319 8.0696 0.001 0.000670 81.8 
4 0.0167 0.0285 7.4695 0.001 0.000636 77.9 
5 0.0167 0.0276 7.2364 0.001 0.000645 85.1 

 
Table 3 shows the values of all calibration parameters for 

the calibrated CAE model of each local domain. The CAE 
model was calibrated at the initial design and the C value was 
increased from 38.8% to 99.3%. The calibration parameters 
are tk∆  = 1.88

ot
k , H∆ = -1.16×10-5m E∆  = -0.16 GPa 

ρ∆  = 3.99 kg/m3, and β∆  = 1.59×10-4. This calibrated CAE 

model was used in local domains 1, 2, 3, and 4. The CAE 
model was again calibrated at the fourth local domain 

increasing C from 77.9% to 85.1% and the final optimal 
design )0276.00167.0(=d m was obtained. 

 
Table 3. Calibration details  

 

Domain # 
ott kk /∆  ∆H 

(10-5m) 
∆E 

 (GPa) 
∆ρ 

(kg/m3) 
∆β 

(10-4)  
C 

(%) 
0 (Before Cal.) 0.0 0.0 0.0 0.0 0.0 38.8 

0 (After Cal.) 1.88 -1.16 -0.16 3.99 1.59 99.3 

1 1.88 -1.16 -0.16 3.99 1.59 98.3 

2 1.88 -1.16 -0.16 3.99 1.59 84.14 

3 1.88 -1.16 -0.16 3.99 1.59 81.8 

4 (Before Cal.) 1.88 -1.16 -0.16 3.99 1.59 77.9 
4 (After Cal.) 1.82 -36.0 -3.2 100.0 1.47 85.1 

 
The optimization process with the calibrated CAE model 

followed a different path and converged to a better optimum. 
This example demonstrates the value of validating designs 
during the optimization process. 
 
5. SUMMARY AND CONCLUSIONS 

We presented a methodology for validating designs as 
they are generated during the simulation-based optimization 
process, emphasizing that the validation should be on designs, 
the end goals of optimization, rather than the computational 
models used to obtain them. The presented methodology 
requires the validity of the models only at designs generated 
during a sequential optimization approach where sub-
optimization problems are solved within local design domains 
that are subsets of the entire domain. This is different from the 
current practice where a-priori validation of simulation models 
is performed throughout the entire design space. 

The methodology uses a quantitative confidence metric 
based on PPCA to address multivariate correlation, data 
uncertainty, and dimensionality reduction, and interval-based 
multivariate Bayesian hypothesis testing using a Bayes factor.  

The vibratory response of a cantilever beam was used to 
illustrate the process. We showed that by calibrating the CAE 
model when necessary, the optimizer followed a different path 
which led to an optimum different from that obtained using a 
non-calibrated CAE model. 

The present work assumes that tests can be performed at 
any location of the design space. It also uses local domains of 
same size. Future work is underway to remove this restriction. 
A different method to calibrate the CAE model is also 
considered using parameter screening based on global 
sensitivities [26].   
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