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The combination of the three-dimensional partial element equivalent circuit
method and two-dimensional multiconductor transmission line models is de-
tailed in this paper. Both methods are combined in a circuit simulator en-
vironment in which additional lumped linear and non-linear circuit elements
are easily included. Special attention is given the modal decoupling method
for multiconductor transmission lines and the inclusion in a partial element
equivalent circuit (PEEC) based electromagnetic solver. Several examples are
given in which multiconductor transmission lines are combined with orthogo-
nal and nonorthogonal PEEC models.

1 Introduction

The analysis of electromagnetic (EM) behavior is performed by solving Maxwell’s equa-
tions analytically or numerically. The analytical methods are applicable to simple (canon-
ical) problems while numerical methods are used for general problems. The numerical
methods gives approximate solutions to Maxwell’s equations and are, in general, com-
putationally demanding in terms of time and memory usage. Popular methods within
numerical EM modeling are finite difference methods (FDM), moments methods (MoM),
finite element methods (FEM) and the PEEC method. The mentioned numerical methods
are applicable to three-dimensional (3D) EM analysis. However, some problems can be
satisfactorily analyzed using two-dimensional (2D) models. For this purpose, multicon-
ductor transmission line (MTL) models are often used to model EM propagation along
cables, striplines, microstrips etc. The combination of two or more different EM analysis
methods results in a hybrid method exploring the benefits of the methods for efficient
analysis of specific problems. In this paper, hybrid EM modeling using the PEEC and
MTL method is detailed. The resulting hybrid solver is capable of handling MTLs and
nonorthogonal PEECs in the time- and frequency- domain with additional lumped linear
and non-linear circuit elements.

2 PEEC Method

The PEEC method is derived from the mixed potential integral equation (MPIE) de-
scribing the total electric field at the material. By using; (1) The definitions of the EM
potentials in which the current- and charge- densities are discretized by defining pulse
basis functions for the conductors and dielectric materials; (2) Pulse functions for the



weighting functions (resulting in a Galerkin solution and the interpretation of constant
current- and charge- densities over the discretized cells); (3) A suitable inner product with
a weighted volume integral over the cells, the MPIE can be interpreted as KVL over a
PEEC cell consisting of:

• partial self inductances between the nodes and partial mutual inductances repre-
senting the magnetic field coupling in the equivalent circuit. The partial inductance
is defined as
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• coefficients of potential to each node and mutual coefficients of potentials between
the nodes representing the electric field coupling. The coefficients of potentials are
defined as
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• a resistive term between the nodes, the DC resistance of the volume cell, defined as
Rγ =

lγ
aγσγ
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Figure 1: Basic PEEC cell.

In (1), a represents the cross section of the vol-
ume cell normal to the current direction γ and
l is the length in the current direction. Fur-
ther, v represents the current volume cells and
S the charge surface cells. The final PEEC cell
is arranged according to Fig. 1 in which a re-
tarded current controlled voltage source, V L,
has been used to model retarded magnetic field
coupling while retarded current controlled cur-
rent sources, Ip, model the electric field cou-
plings for a PEEC cell connected to node α and β.

The transformation of the EM problem to the circuit domain is thereby completed and
the total PEEC can be solved using circuit techniques. For a detailed derivation of the
method which includes the nonorthogonal formulation see [1].

The resulting PEECmodel can be solved, in terms of node voltages and branch currents, in
SPICE-like solvers if no retardation in electric and magnetic field couplings are considered.
For the quasi-static PEEC model, the basic PEEC cell in Fig. 1, is realized using lumped
capacitors, inductances, and resistances which can be exported to SPICE-like solvers
using the required input-file syntax. This approach is not feasible for models including
several millions of coupling elements due to the large sizes of the input-files. However,
the use of commercial circuit simulators enables the simple inclusion of additional circuit
elements supported by the specific simulator. By using the MNA method, the PEEC
model circuit elements can be placed in the MNA system matrix during evaluation by
the use of correct MNA stamps [2]. The MNA system, when used for the PEEC method,
can be schematically described as

MNA

[ ][
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]
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]

(3)

where MNA is the MNA coefficient matrix containing PEEC model partial elements
and connectivity information, V and I are vectors containing the volume cell currents



and branch currents respectively (solution), and IS and VS are vectors containing the
external current and voltage source excitation respectively. The use of the MNA method
when solving PEEC models is the preferred approach since additional active and passive
circuit elements can be added by the use of the corresponding MNA stamp, see further
Sec. 4. For a complete derivation of the quasi-static and full-wave PEEC circuit equations
using the MNA method see for example [3].

3 Multiconductor Transmission Line (MTL) Technique

The MTL equations [4] can be derived from the integral and/or differential form of
Maxwell’s equations as well as from the per-unit-length-equivalent circuit in Fig. 2. All
transmission line (TL) formulations resorts on the fundamental assumption that the elec-

tric field intensity vector, ~E(x, y, z, t), and the magnetic field intensity vector, ~H(x, y, z, t),
satisfy the transverse electromagnetic (TEM) field structure, i.e., they lie in a plane trans-
verse or perpendicular to the line axis. This assumption simplifies the EM analysis of MTL
structures in terms of time- and space- complexity compared to 3D full-wave methods.
The TEM assumption is often relaxed to a quasi-TEM assumption in which conductor
losses and inhomogeneous surrounding medium can be treated.

For a (n + 1 )-conductor line consisting of n signal conductors and one reference conductor
which are parallel to the z axis in a rectangular coordinate system the MTL equations [4]
are given by
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where V is a vector of MTL voltages, I is a vector of MTL currents, R is a matrix of MTL
per unit length (p.u.l.) resistance, G is a matrix of MTL p.u.l. conductance, L is a matrix
of MTL p.u.l. inductance, andC is a matrix of MTL p.u.l. capacitance. The following two
subsections details two different methods used to solve the MTL equations. The methods
are suitable for the inclusion in a PEEC based EM solver due to the circuit formulation.
The first technique uses an equivalent circuit description which is very similar to the basic
PEEC cell in which the transmission line is discretized and the currents and voltages are
solved using circuit techniques. In the second technique, the MTL is described using modal
voltages and currents and realized in the circuit environment using coupled current and
voltage sources. The main advantage with modal decomposition is the minimal inclusion
of unknowns in the MNA system matrix.

3.1 Solving MTL equations using lumped computational model

As mentioned in previous section, the MTL equations can be derived from the p.u.l.
equivalent circuit as show in Fig. 2. The p.u.l. equivalent circuit representation is
important due to the close relationship with the PEEC basic cell, as show in Fig. 1.
From the figures we see that the voltage source, V L , summing all the magnetic field
couplings, in the PEEC method, is replaced with one inductive coupling, lij∆z, between
each discrete MTL section. The same applies to the electric field coupling, cij∆z. From
the p.u.l. equivalent circuit description we realize that we can use the same collection
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Figure 2: The per unit length MTL model for the derivation and solution for the MTL
equations.

of circuit equations as for the PEEC method. However, the partial elements, as used in
the PEEC method, are replaced by the discretized p.u.l. parameters. Since the mutual
couplings are only restricted to parallel sections, the discretized p.u.l. parameter matrices
R, L, C, and G will be sparse band-matrices.

3.2 Solving MTL equations using modal decoupling

The solution of MTL equations using modal decoupling is an efficient method to model
MTLs in a circuit environment and is fully detailed in [5]. In this paper, the approach is
applied to lossless, uniform MTLs. However, the method has been extended to include
frequency dependent parameters as detailed in [6] and nonuniform MTLs are detailed in
[7]. The method is an extension of Branin’s method for TLs [8] which is implemented
in SPICE and gives the exact solution for lossless TLs. The basic idea is to transform
the 2n coupled first order partial differential equations in (4) into a set of n uncoupled
two-conductor lines. The modal decomposition can be explained by starting from (4) and
assuming a lossless MTL system, i.e. R =G = 0. To decouple the lossless MTL equations
into modal voltages and currents, Vm and Im respectively, the following transformations
are used

V(z, t) = TV Vm(z, t) (5)

I(z, t) = TIIm(z, t) (6)

where TV and TI are voltage and current transformation matrices. Substitute (5) and
(6) into lossless equation (4) results in
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The task is now reduced to choose TV and TI which simultaneously diagonalize both L
and C according to

T−1

V LTI = Lm and T−1

I CTV = Cm (8)
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Figure 3: Circuit implementation
of modal decoupling.

Then the mode equation in (7) is decoupled. The diag-
onalization in (8) is a standard matrix analysis prob-
lem and can be performed in Matlab for the free-space,
lossless case by using the function [Tv,Lm]=eig(L),
where L is the p.u.l. inductance matrix.

The modal transformed circuit can be implemented
in SPICE using controlled sources as in Fig. 3. The
zero voltage sources, VNx

and VFx , are used to sample
the current Ii for the controlled current sources on the
mode side of the transformation.

4 PEEC-MTL Hybrid Method

The three-dimensional PEEC technique is computationally expensive when considering
both space- and time- complexity of a full-wave solver. To overcome this problem, the
equivalent circuit formulation used in the PEEC method is valuable, and sections fulfilling
the conditions of a transmission line can be modelled using transmission line theory. The
combination of PEEC and MTL, using π-sections or modal decoupling, in a single solver
is straightforward due to the circuit based formulation of these methods. However, certain
observations are of importance and can be summarized according to the following.

1. Per unit length parameter calculations using PEEC. In order to match the PEEC
and MTL models properly, the p.u.l. parameters should be calculated using the
PEEC model, partial element calculation routines. This minimizes the mismatch
between the model sections and excludes the use of additional software for p.u.l.
calculations. The p.u.l. inductances are calculated, for example, using a frequency
domain (Lp)PEEC solver in which each signal conductor is excited using a known
current source while monitoring the crosstalk for the nearby conductors. The p.u.l.
inductance is given by

Lpulij =
Vini

jω Iinj LTLsectioni

(10)

2. MNA stamps. As discussed in Sec. 2, the PEEC model can be solved by using
the MNA method. For the incorporation of MTLs in the PEEC model by using
modal decomposition, the MNA is suitable since it allows for the incorporation of
controlled sources (voltage and current) by the use of MNA stamps. Consider, for
example, the MNA stamp for a voltage controlled voltage sources (VCVS), needed
in the implementation of the modal circuit. The stamp adds, only, one extra row
and column to the MNA matrix. The ideal transmission lines, T1, ..., Tn in Fig. 3, is
implemented in the hybrid method by using delayed sources as in Branin’s method
[8] for transmission lines.



5 Numerical Examples

This section gives numerical examples for which the detailed hybrid PEEC-MTL method
has been used. Comparison are made with pure PEEC simulations (PEEC), SPICE
transmission line circuit element simulations (SPICE T-element), and modal decoupling
simulations in SPICE (Modal circuit).

5.1 Multiconductor transmission line

The first example consists of five co-planar, equally spaced (∆center=3 mm) conductors
(L=100 mm, W=0.5 mm, T=0.005 mm) where one serve as the reference conductor (right-
most). The source and load resistances, for each conductor, are 50 Ω. Signal conductor
one, the leftmost conductor located 12 mm from the reference conductor, is differentially
excited using a unitary, 2ns. current pulse. Fig. 4 details the near- and far- end volt-
ages for the MTL modelled using a full-wave PEEC solver (PEEC), modal decoupling in
SPICE (Modal circuit), and a lumped computational π-model (pi-sections) solved using
the MNA method. The modal circuit and the pi-section model gives overlapping results,
as expected since both methods solve the MTL equations. The PEEC responses for the
cross-talk are in general lower than for the two MTL models. This can be due to the
losses in the full-wave PEEC formulation and the fully coupled PEEC system.

(a) (b)

Figure 4: Near- (a) and far- (b) end voltages for MTL example.

5.2 Via transition

The second example considers a via transition for a single TL (W=0.254 mm, T=18 µm),
Fig 5 (a). The TL section up to the via is 50 mm, the via transition through two metallic
layers are 3.483 mm, the TL section at the bottom side is 10 mm, and the continuing TL
at the top side is 20 mm. The TL is terminated in its characteristic impedance, obtained
from the modal circuit as ZC = cLm. To model the via three different methods have
been used. First, a full-wave PEEC method was used, solid line in Fig. 5 (b), giving
some overshoot in the near-end voltage and a smooth far-end voltage. Second, three
transmission line section in SPICE where used, dashed line in Fig. 5 (b), resulting in
clean responses for both near- and far- end voltages. Last, the PEEC-TL hybrid method
using modal decoupling where used, dashed-dotted line in Fig. 5 (b). The via was



modelled using a PEEC quasi-static model and the TL section was modelled using modal
decoupling. The results for near- and far- end voltages gives a larger overshoot compared
to the PEEC model which can be expected from a quasi-static model. For this example,
the PEEC model MNA coefficient matrix was reduced to one third (∼ 65% less partial
elements) of the size by modeling the TLs using the modal circuit description.

(a) (b)

Figure 5: Via transition (a) and near- and far- end voltages (b).

5.3 Nonorthogonal multiconductor transmission line

The last example consider the MTL geometry in Fig. 6 (a). The conductors (L=168.5
mm, W=0.5 mm, T=0.005 mm) are equally spaced 3 mm with 50 Ω source and load
resistances. The leftmost conductor, signal line 1, is excited using a unitary, 1 ns. current
pulse while the source- and load- voltages are monitored, Fig. 6 (b). To model the
complex MTL structure three models have been used. First, a full-wave, nonorthogonal

(a) (b)

Figure 6: Nonorthogonal MTL geometry (a) and near- and far- end voltages (b).

PEEC model was used, dotted line in Fig. 6 (b), resulting in lower cross-talk voltages
compared to other methods, as in the first numerical example. Second, the MTL was
modelled as a uniform 168.5 mm MTL using modal decoupling, solid line in Fig. 6 (b).
This model predicts the highest values for the cross-talk voltages. Last, a nonorthogonal,



quasi-static PEEC model was used for the nonorthogonal section while the rest of the
MTL geometry was modelled using two modal circuits. The results for the cross-talk
voltages, dashed line in Fig. 6 (b), is lower compared to the pure modal circuit and
higher compared to the pure nonorthogonal, full-wave PEEC model. In this example,
the PEEC model MNA coefficient matrix was reduced to one forth (∼ 75% less partial
elements) of the size by modeling the MTLs using modal circuit description.

6 Conclusions

The benefits of combining PEEC and MTLs, using π-sections or modal decoupling, in
a circuit based EM solver is detailed in this paper. The simple inclusion of the exact
and computationally efficient modal decoupling circuit into an MNA based PEEC solver
makes this approach the most suitable. The speedup is twofold since a large number of
partial elements are excluded in the calculation step and the resulting circuit equation
system, MNA coefficient matrix, is reduced in size.
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