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ABSTRACT

This paper proposes an approach for optimal design of
multilevel systems under uncertainty. The approach uti-
lizes the stochastic extension of the analytical target cas-
cading formulation. The reliability of satisfying the prob-
abilistic constraints is computed by means of the most
probable point method using the hybrid mean value al-
gorithm. A linearization technique is employed for es-
timating the propagation of uncertainties throughout the
problem hierarchy. The proposed methodology is applied
to a piston-ring/cylinder-liner engine subassembly design
problem. Specifically, we assess the impact of varia-
tions in manufacturing-related properties such as surface
roughness on engine attributes such as brake-specific fuel
consumption. Results are compared to the ones obtained
using Monte Carlo simulation.

INTRODUCTION

Analytical target cascading (ATC) is a methodology for op-
timal design of hierarchical multilevel systems [1, 2, 3].
Consider a multilevel hierarchical system where outputs
of lower-level elements are inputs to higher-level ele-
ments (cf. Figure 1), and assume the availability of anal-
ysis/simulation models to compute element responses.
The ATC objective is to identify element interactions early
in the design process, and to determine specifications
that yield consistent system design with minimized devia-
tion from design targets. Its usefulness has been demon-
strated in several case studies [4, 5, 6, 7]. Global conver-
gence properties of the ATC process have been proven
under standard smoothness and convexity assumptions
[8]. The ATC process formulates and solves a minimum
deviation optimization problem for each element of the
multilevel hierarchy. By solving the element optimization
problems sequentially in an iterative manner, ATC aims
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Figure 1: Example of hierarchical multilevel system de-
composition

at minimizing discrepancies between the optimal design
variable values desired at elements higher in the hierar-
chy and response values that elements at lower levels can
actually deliver. In addition, if design variables are shared
among some elements at the same level, their required
common final optimal value is coordinated by their parent
element at the level above.

The original formulation of ATC does not take into consid-
eration uncertainties that are inherently present in engi-
neering problems. In this paper, we utilize an extension of
the ATC formulation to account for uncertainties, and em-
ploy a linearization technique to estimate the propagation
of the latter throughout the multilevel hierarchy to solve
a bi-level problem that considers the optimal design of a
piston-ring/cylinder-liner engine subassembly.

The paper is organized as follows. The deterministic
formulation of ATC and its stochastic extension are pre-
sented in the next section. We then describe the lineariza-
tion technique used to estimate the propagation of uncer-
tainties in the multilevel hierarchy. The case study is in-
troduced in the following section, and we conclude with a
discussion of results and suggestions for future work.
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MATHEMATICAL FORMULATION OF ATC

Before we proceed with the mathematical formulation of
the ATC process, we introduce some notation and make
some definitions. Subscripts i and j are used to denote
level and element, respectively. For each element j at
level i, the set Cij includes the elements that are “chil-
dren” of this element. For example, in Figure 1 we have
C
1B = {D, E}. Responses rij are functions of children-

responses, local design variables, and shared design vari-
ables, i.e.,

rij = fij(zij) = fij(r(i+1)k1 , . . . , r(i+1)kcij
,xij ,yij), (1)

where Cij = {k1, k2, · · · , kcij}. Shared design variables
are restricted to exist only among elements at the same
level having the same parent. Tolerance optimization vari-
ables εr and εy are introduced for coordinating responses
and shared variables, respectively. Superscript u (l) is
used to denote response and shared variable values that
have been obtained at the parent (children) problem(s),
and have been cascaded down (passed up) as design tar-
gets (consistency parameters). The top-level element of
the hierarchy is a special case; the responses cascaded
from above are the given system design targets, and since
this is the only element of the level, there exist no shared
variables.

DETERMINISTIC FORMULATION The mathematical
formulation of problem pij is

min
x̃ij ,εr

ij ,εy
ij

‖rij − ru
ij‖2

2 + ‖yij − yu
ij‖2

2 + εr
ij + εy

ij (2)

subject to
∑

k∈Cij
‖r(i+1)k − rl

(i+1)k‖2
2 ≤ εr

ij∑
k∈Cij

‖y(i+1)k − yl
(i+1)k‖2

2 ≤ εy
ij

gij(zij) ≤ 0,

where the vector of design variables x̃ij consists of vec-
tors zij , y(i+1)k1 , . . . ,y(i+1)kcij

, and where gij(zij) denote
local design inequality constraints. Figure 2 illustrates the
information flow of the ATC process at element j in level
i. Assuming that all the parameters have been updated

element optimization problem pij,
where rij is provided by the 
analysis/simulation model
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Figure 2: ATC information flow at element j of level i

using the solutions obtained at the parent- and children-
problems, Problem (2) is solved to update the parame-
ters of the parent- and children-problems. This process
is repeated until the tolerance optimization variables in all
problems cannot be reduced any further.

STOCHASTIC FORMULATION In this section, the ATC
formulation is modified to account for uncertainties [9, 10].
Stochastic quantities are represented by random vari-
ables (symbolized by the use of upper case letters), re-
sponses are computed as expected values, and con-
straints are formulated probabilistically. Mathematically,
Problem (2) is reformulated as

min
X̃ij ,εr

ij ,εy
ij

‖E[Rij ] − ru
ij‖2

2 + ‖Yij − yu
ij‖2

2 + εr
ij + εy

ij (3)

subject to P [
∑

k∈Cij
‖R(i+1)k − rl

(i+1)k‖2
2 > εr

ij ] ≤ Pf1

P [
∑

k∈Cij
‖Y(i+1)k − yl

(i+1)k‖2
2 > εy

ij ] ≤ Pf2

P[gij(Zij) > 0] ≤ Pf3 ,

where E[·] denotes expected value of a random variable,
P [·] represents the probability of an event, and Pfi , are
scalars (i = 1, 2) and vectors (i = 3) of assigned probabil-
ities of failure, i.e., probabilities of violating constraints.

There are many approaches for solving stochastic pro-
gramming problems. As a first step to apply the ATC
methodology for the design of multilevel systems under
uncertainty, we optimize with respect to the means of the
random variables, and utilize an analytical first-order reli-
ability method (FORM) to evaluate the reliability of satisfy-
ing the probabilistic constraints. Specifically, we adopt the
hybrid mean value (HMV) algorithm to compute the most
probable point (MPP) for each iterate of the optimization
process [11]. It is emphasized that first-order methods
yield exact results only if the limit-state (i.e., constraint)
functions are linear, and random variables are normally
distributed and uncorrelated. If these assumptions are vi-
olated, the obtained results are only approximate. These
methods are used widely in literature due to their simplic-
ity and efficiency despite their relative inaccuracy.

When solving a subproblem, the variance of random de-
sign variables is fixed. Nevertheless, ATC requires the
iterative solution of the optimization subproblems. There-
fore, the variances of the random design variables must
be updated at each iteration of the ATC process before
solving the optimization subproblems.

PROPAGATION OF UNCERTAINTIES

To update these stochastic quantities, we need to
estimate the propagated uncertainties. This is
achieved by linearizing the nonlinear function {Rij}t =
{fij}t(R(i+1)k1 , . . . ,R(i+1)kcij

,Xij ,Yij) = {fij}t(Z) that
defines each entry t of the random variable vector Rij

around the current iterate µZ:

{fij}t(Z) ≈ {fij}t(µZ) +
n∑

q=1

∂{fij}t(µZ)
∂Zq

(Zq − µZq ), (4)

where n is the dimensionality of the vector Z. Assuming
that all the random variables are statistically independent
(uncorrelated), the first-order approximations of the mean
and the variance of {Rij}t are given by

E[{Rij}t] ≈ {fij}t(µZ) (5)
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and

σ2
{Rij}t

≈
n∑

q=1

(
∂{fij}t(µZ)

∂Zq

)2

σ2
Zq

, (6)

respectively. The cascaded target and passed con-
sistency parameter values are updated every time be-
fore solving problem pij as follows: ru

ij and yu
ij are as-

signed the optimal values µ∗
R(i−1)m

and µ∗
Y(i−1)m

, respec-
tively, obtained by solving the parent problem p(i−1)m;
yl

(i+1)k1
, . . . ,yl

(i+1)kcij
are assigned the optimal values

µ∗
Y(i+1)k1

. . . , µ∗
Y(i+1)kcij

obtained by solving the children

problems p(i+1)k1 , . . . , p(i+1)kcij
; rl

(i+1)k1
, . . . , rl

(i+1)kcij
are

assigned the expected values of the responses as func-
tions of the mean values obtained as optimal solutions of
the children problems using Equation (5). Equation (6) is
used to update the variance of the random design vari-
ables.

The linearization approach for modeling the uncertainty
propagation is valid only in the neighborhood of the Tay-
lor expansion point, i.e., the best current iterate. There-
fore, large steps are not allowed during the optimization
process. This condition is ensured by virtue of the consis-
tency constraints in the ATC formulation.

PISTON-RING/CYLINDER-LINER DESIGN CASE
STUDY

The piston-ring/cylinder-liner assembly houses the com-
bustion process inside the engine. Regardless of the en-
gine type (spark ignition or compression ignition), this as-
sembly must provide a tightly sealed compartment during
the various stages of the engine cycle, and must efficiently
transmit the force of combustion to perform mechanical
work. While a tight sealing is essential to reduce blow-by
and prevent oil contamination, a certain degree of loose-
ness is also required to permit the piston ring pack to slide
along the liner surface. The main advantage of the sepa-
rate liner is that it permits reconditioning of the worn sur-
face. In the absence of a liner, the entire cylinder block
would have to be replaced eventually.

Both rings and liners are generally comprised of tailored
materials that are manufactured with controlled surface
properties. While liners have traditionally been manu-
factured using cast iron, more advanced materials have
recently been developed that provide better weight-to-
strength ratio and high wear resistance under elevated
temperature. Such materials include aluminum and metal
matrix composites. Surface treatments such as electro-
plating have also been used to improve contact resistance
between the piston ring and the cylinder liner.

After casting and machining to near net shape, the liner
surface is both rough and plateau honed to impart a delib-
erate amount of roughness. For example, a fully manufac-
tured cylinder liner will typically have a roughness profile
such as that shown in Figure 3. This roughness is consid-
ered critical for oil retention and lubrication. A comprehen-

sive description of a liner or ring surface roughness profile
requires several parameters including root mean square
(RMS) of asperity height, asperity density, peak rough-
ness, skewness, kurtosis, mean spacing core roughness,
and many other parameters. Among these parameters,
the surface RMS value is most commonly used as a sin-
gle representative value to describe the surface condition.
The surface RMS value (Ra) is calculated by Equation (7),

Ra =

√√√√ 1
n

n∑
i=1

[si(p) − s(p)]2 (7)

where s(p) is the surface height at point p in the surface
profile, s(p) is the average height of the surface profile
shown in Figure 3, and n is the number of sample points
measured.
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Figure 3: Typical Surface Roughness of Ring/Liner

MODEL DEVELOPMENT The flow of information nec-
essary to predict the impact of piston-ring and cylinder-
liner surface roughness variations on brake-specific fuel
consumption (BSFC) is shown in Figure 4. Surface rough-

piston ring and cylinder liner surface 
roughness and material properties

RingPak

GT-Power

brake-specific
fuel consumption

friction loss

oil consumption
liner wear rate
blow-by

Figure 4: Piston ring / cylinder liner problem hierarchy

ness effects on friction loss are computed by the sim-
ulation package RingPak (Ricardo Inc., London, UK).
The friction loss predictions are specific to a particular
V6 gasoline engine with well known geometry, assembly
characteristics, operating conditions, and material proper-
ties that were measured directly in the Automotive Labo-
ratory of the University of Michigan [12]. The friction loss
is then input to a simulation to predict BSFC, using the
GT-Power software (Gamma Technology Inc., Westmond,
IL).

Although the exact contribution of ring/liner friction losses
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to the total power loss of an engine depends on operat-
ing conditions and the characteristics of the specific en-
gine under consideration, the piston assembly has been
shown to typically account for 40-50% of total engine fric-
tional losses [13]. The tribological characteristics of the
piston-ring/liner interface alone have been shown to ac-
count for 20-30% of total frictional losses, and are directly
related to a gamut of important engine performance met-
rics including power loss, fuel consumption, oil consump-
tion, blow-by, and emissions [13]. In this investigation, it
is assumed that 30% of the total friction loss is due to the
tribological behavior of the ring/liner interface. Since the
goal of this study is to understand how the manufactur-
ing uncertainty propagates to the engine performance, the
assumed power loss ratio is not of major consequence, as
it does not impact the overall trends. However, it is known
that the assumed power loss ratio has a significant impact
on BSFC. Therefore more detailed measurements of the
power loss ratio would be required, under multiple con-
ditions, if the detailed output performance of a particular
engine were at the center of the investigation [12].

Surrogate Modelling Due to the large computational re-
quirements associated with the RingPak and GT- Power
simulations, surrogate models were developed to predict
the responses of the ring/liner subassembly and the en-
gine(friction loss, oil consumption, blow-by, & liner wear
rate, and BSFC, respectively). Radial basis function artifi-
cial neural network models were trained, and the maximal
error was computed at 5% using the leave-one-out cross-
validation technique.

PROBLEM FORMULATION Due to the simplicity of the
given problem structure, we will use here a modified ver-
sion of the notation introduced earlier: since there are only
two levels with only one element in each, we skip element
indices, and denote the upper-level element with sub-
script 0 and the lower-level element with subscript 1. We
use second indices to denote entries in the design vari-
able vector of the lower-level element optimization prob-
lem. The design problem is to find optimal mean values
µX11 and µX12 for the piston-ring and cylinder-liner sur-
face roughness random variables X11 and X12, respec-
tively, and optimal values for the deterministic design vari-
ables representing the material properties (Young’s modu-
lus x13 and hardness x14) of the liner that yield minimized
expected value of brake-specific fuel consumption R0 for a
V6 gasoline engine. The optimal design is subject to con-
straints on liner wear rate, oil consumption, and blow-by.
The critical link between the two commercial simulation
models (RingPak and GT-Power) is the friction loss R1 in
the ring/liner assembly.

The top- and bottom-level ATC problems are formulated
as

min
µR1 ,εr

(E[R0] − T )2 + εr (8)

subject to P [(µR1 − rl
1)

2 > εr] ≤ Pf1

and

min
µX11 ,µX12 ,x13,x14

(E[R1] − ru
1 )2 (9)

subject to P [liner wear rate > 2.4 × 10−12 m3/s] ≤ Pf2

P [blow-by > 4.25 × 10−5 kg/s] ≤ Pf3

P [oil consumption > 15.3 × 10−3 kg/hr] ≤ Pf4

1.0 µm ≥ µX1 , µX2 ≥ 0.1 µm

340 GPa ≥ x3 ≥ 50 GPa

240 BHV ≥ x4 ≥ 150 BHV,

respectively, where R1 = f1(X11, X12, x13, x14) and R0 =
f0(R1). The standard deviation of the surface rough-
nesses was assumed to be 0.1 µm, and remained con-
stant throughout the ATC process. The assigned proba-
bility of failure Pfi was 0.13% for all four constraints, and
the fuel consumption target T was set to zero.

RESULTS The obtained results are summarized in Ta-
ble 1. A Monte Carlo simulation was performed to assess

Table 1: Optimal ring/liner assembly design, expected fuel
consumption and friction loss, and estimated variations

ATC results Monte Carlo Error
E[R0], kg/kWh 0.2938 0.2882 1.9%
σR0 , kg/kWh 0.0083 0.0067 23.8%
E[R1], kW 0.2993 0.3205 6.6%
σR1 , kW 0.0608 0.0477 27.5%
µX11 , µm 0.6001 - -
µX12 , µm 0.4264 - -
x13, GPa 80 - -
x14, BHV 220.84 - -

their accuracy. One million samples were generated us-
ing the mean and standard deviation values of the design
variables. The linearization approach is more accurate for
estimating mean values of responses; the error is larger
when estimating standard deviations.

The evolution of the approximated expected values for the
friction loss is depicted in Figure 5(a). It can be seen how
the two problems “negotiate” on the value of the expected
friction loss. Figure 5(b) illustrates the propagation of un-
certainty based on the obtained results.

SUMMARY AND DISCUSSION

A methodology for handling stochastic inputs in hier-
archical multilevel system design optimization problems
has been applied to the design of a piston-ring/cylinder-
liner engine subassembly. The methodology utilizes the
probabilistic extension of the analytical target cascading
methodology and a linearization technique to estimate the
propagation of uncertainties. The reliability of satisfying
the probabilistic constraints is calculated by means of the
most probable point using the hybrid mean value algo-
rithm.
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bottom problem
1st iteration:

bottom problem
2nd iteration:

1 0.2993lr

top problem
1st iteration:

1 0.2695ur

top problem
2nd iteration:

1 0.2992ur

1 0.2994lr

(a) Evolution of response values
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(b) Propagation of uncertainty

Figure 5: Illustration of results

The objective of the case study was to estimate the effects
of variations in the cylinder/liner surface roughnesses on
the brake-specific fuel consumption of the engine, as
they propagate through two simulations. The case study
demonstrated the potential and usefulness of the method-
ology for solving optimal design problems of multilevel
systems under uncertainty. Nevertheless, the compari-
son of the results to the ones obtained by Monte Carlo
simulation exposed the need of using more accurate tech-
niques for solving the stochastic programming problems
and propagating uncertainties. It is emphasized, however,
that both of these issues can be addressed independently
from the proposed ATC methodology for design of multi-
level systems under uncertainty, which can therefore be
characterized as viable.
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