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ABSTRACT 

In order to calculate the efficiency of a hydro 
power plant some quantities needs to be measured. 
One of them is the flow rate, which can be difficult 
to measure with good accuracy. There are several 
methods for that task. Gibson’s method is one of 
them and has the advantage to be economical and 
easily installed at the site. 
 In order to achieve accurate results with this method, 
some criterions must be fulfilled. Two of these criteri-
ons are the measuring length must be larger than 10 m 
and the mean initial velocity times the measuring 
length should be larger than 50 m2/s. These criterions 
are rarely fulfilled in low head hydro power plants. 
 This paper presents a numerical analysis of the 
effects of the connecting tubing between the pressure 
taps at the conduit and the differential pressure sen-
sor. A one dimensional code programmed in Matlab 
is used for the numerical simulations where the gov-
erning equations, continuity and equation of motion, 
are discretizised with a second order Godunov-type 
scheme. The simulations are made for different 
initial flow rates and different valve closures. 
 The result shows that the tubing has an overall 
small influence on the calculated flow rate error. 
A positive bias error appears in all tested cases and 
has a maximum (1.2 to 1.3 % depending on the test 
case) at the smallest Reynolds number.  

INTRODUCTION 
Most of the hydropower plants in Sweden were 

built before the 70’ies and many of them are in need 
of renovation. In this processes many improvements 
of the plants are made. In order to verify those im-

provements the efficiency needs to be measured. To 
achieve a reliable value of the efficiency the flow 
rate must be measured with good accuracy. This can 
be a rather difficult task and there are a couple of 
different methods that can give a trustworthy result. 
The most common methods for site efficiency tests 
are thermodynamic, ultrasonic, current meter and 
Gibson’s method. The Gibson’s method, also known 
as the pressure-time method, has the advantages to 
be easily installed at the site and is economical. It is 
derived from Newton’s law and uses the relation 
between the decelerated flow and the pressure that 
forms when the guide vanes are closed rapidly. The 
flow rate is calculated with the following relation: 

 ( )∫ ++∆=
t

qdtp
L

AQ
0

ξ
ρ

.  (1) 

The disadvantage of the method is that some crite-
rions have to be fulfilled in order to achieve an accu-
rate result, see IEC 41 [1]. A major criterion is the 
length between the pressure measuring sections (L), 
which should be at least 10 m. Furthermore, the mean 
velocity times the distance between the pressure meas-
uring sections (UL) should be larger than 50 m2/s. 
These criterions are rarely fulfilled in Swedish hydro 
power stations, due to low head machines. It is shown 
by Almquist et al. [2] and Lövgren et al. [3] that the 
error of the discharge can be as large as 20 % when 
measured outside these criterions, see Fig. 1. 

The error is increasing as both the measuring 
length and the discharge is decreasing. This discrep-
ancy has not yet been explained. Some of the factors 
that may cause this are the pressure sensors, the 
system that connects the pressure conduit to the 
measuring device or/and the evaluation method. 
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Figure 1. Flow rate error for Gibson’s measure-

ments from Lövgren et al. [3]. 
 The way to model the pressure loss in the pipe 
during the closing sequence may not be valid for a 
small L and U. The pressure sensors and acquisition 
system may also be affected by some phenomenon 
that appears when measuring at a low L and U, i.e. 
the equipment may not be suitable at this condition 
due to response time etc. When the flow rate in a 
pipe system is reduced, by a valve or similar device, 
a pressure wave occurs and will travel up and down 
in the pipe until it has been damped out. The pres-
sure wave will also have the same behavior in the 
system that connects the pipe to the measuring sys-
tem, which can cause unreliable measurements. 
 This paper presents a numerical analysis which 
evaluates the effects of the connecting tubing between 
the taps on the conduit and the pressure gauge. To 
understand the behavior, numerical simulations of 
the water hammer are made at different Reynolds 
numbers and with different pipe configurations, i.e. 
various lengths between the pressure taps. Simula-
tions with and without the tubing are compared with 
experimental results from Lövgren et al. [3]. 

NUMERICAL METHOD 
Theory 

A water hammer occurs in a system where the 
flow is decreasing or increasing rapidly. In this kind 
of transients the fluid is treated as compressible and 
due to its elasticity a pressure wave propagates trough 
the system at the speed of sound. The wave travels 
up and down in the pipe until it has been damped 
out due to friction. Momentum and continuity are 
the governing equations in water hammer applica-
tions. In a piping system where the flow expects to 
only have an axial direction, such as in the experi-
ment of Lövgren et al. [3], it can be treated as one 
dimensional. These equations can be expressed in 
one dimensional form as follows (for detailed deri-
vation see Wylie and Streeter [4]): 
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The propagation speed of the wave is governed by 
the characteristics of the fluid, the pipe dimensions and 
material properties. It is given by the following equation: 
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The friction factor f is delicate to model. It has 
received much attention and still a lot of research is 
going on. Ghidaoui et al. [5] presents a review of 
water hammer theory which includes different ways 
to treat the friction. Bergant et al. [6] showed that 
Brunone’s model agree well with experiments.  
In this paper Brunone’s model with the Vitkovsky 
formulation is used, 
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Numerical scheme 
These equations are difficult to solve analytically. 

There are a couple of different numerical methods to 
solve such system of equations. In this study a scheme 
called MUSCL-Hancock is used. It is of a second 
order Godunov-type and is based on the finite volume 
method (FV). Equation (2) and (3) are made non-
dimensional and discretized, see appendix. The bound-
ary condition used for the inlet is constant pressure. 
For the outlet, at the valve, both a closing function 
derived from experiments made by Lövgren et al. [3] 
and a linear closure which can be seen in Fig. 2 are 
used as boundary condition. The time scale is arbi-
trary on the figure for comparison. In the following, 
they referrers as closure 1 and closure 2. 

 
Figure 2. Valve closure functions, the solid line  
represent an experimental derived function and 

 the dashed line a linear closure. 
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Scheme order and mesh effect 
When using FV it is important that the Courant 

number Cr does not exceed 1, i.e. the pressure wave 
should not travel more than 1 cell for each time step. 
Furthermore it should be close to 1 to prevent numeri-
cal dissipation. The exact solution is reproduced when 
it is equal to 1. But since the wave speed differs in a 
system with various pipe sizes and materials, it is 
impossible to hold it equal to one. The numerical 
dissipation is minimized by using a higher order 
scheme. Figure 3 shows an example of the difference 
in numerical dissipation between first and second 
order Godunov-type schemes. The test is made for 
Cr = 0.5 in a pipe without any physical friction and 
with an instantaneous valve closure. The figure shows 
how the pressure trace for Cr = 0.5 is dissipated 
compared to the exact solution (Cr = 1.0). 

 
Figure 3. Pressure traces at the valve (outlet).  

Number of cells is 40. The exact solutions 
 is represented for Cr = 1.0. The 1st and 2nd  
order simulations are made for Cr = 0.5. 

It is commonly known that a smaller grid size gives 
a more accurate result but with the cost of more nu-
merical operations which results in a high requirement 
on computer performance. Different sizes of the grid 
are compared to achieve a mesh independent solution 
that needs minimum computer performance. 

Code validation with experiments  
and simulations 

The numerical code is tested with a rapid closure, 
0.009 seconds, to validate it with experiments and 
simulations from Bergant et al. [6]. The comparison 
is made with the same grid size and pipe properties. 
The results show good agreement for the pressure 
trace at both the valve and at the midsection of the 
pipe. Figure 4 shows pressure trace at the midsection 
of the pipe. For comparison see Bergant et al. [6]. 

 
Figure 4. Pressure head at midsection of the pipe 

following Bergant et al. [6]. 

RESULTS 
The numerical results are compared to laboratory 

experiments made by Lövgren et al. [3]. The experi-
ments show an increasing error on the flow rate for 
both a decreasing U and L. The simulations are made 
with the same pipe configurations as in the experiments. 
The pressure conduit is 10.63 meter long and is made 
of a 2 inch (51 mm) copper pipe with a wall thickness 
of 1.5 mm. The connecting tubing is made of 4 mm 
nylon (Polyamide) tube with a wall thickness of 1 mm. 
The tubing on each side of the differential pressure 
gauge has a length of half the measuring length plus 
0.1 m. Simulations for five different initial mean ve-
locities U0 = 1.1, 1.9, 3, 3.8 and 5 m/s (which corre-
sponds to Reynolds number from 55 000 to 250 000) 
are made. Both the valve closure 1 and 2 are tested, 
cf. Fig. 2. 

Tube effect and influence on Gibson’s method 
– closure 1 

Lövgren et al. [3] showed that closure 1 had the 
best agreement with experiments at an initial mean 
velocity of 1.1 m/s. A comparison between an ex-
perimental and a numerical (with the tubing) derived 
differential pressure wave is shown in Fig. 5. The pres-
sure amplitude and the period, except for a few periods 
after the peak, have good agreement. But the damp-
ing is higher in the experiments. A closer view just 
after the peak is shown in Fig. 6. There are notches in 
almost every wave peak. This is caused by interfer-
ence between the waves in the pipe and in the tubing. 
It appears in both the experiments and the numerical 
simulation. Except for the inequality of the frequency 
just after the peak and the difference in the damping, 
a similar behavior can be seen. 

From the simulated differential pressure the flow 
rate is calculated with Gibson’s method and com-
pared to the actual flow rate. 
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Figure 5. Comparison between experimental  
(Lövgren et al [3]) and numerical differential 
 pressure waves. U0 = 1.1 m/s and L = 5.5 m. 

 
Figure 6. Closer view of Fig. 5 just after  

the pressure peak. 

When the pressure is obtained from the pipe with-
out the tubing, there is a positive bias error for all 
tested Reynolds number, see Fig. 7. One can notice a 
small error increase for an increased measuring length. 
The error decreases as the Reynolds number is in-
creases. The minimum error is achieved at the shortest 
measuring distance and at the highest Reynolds num-
ber. Since the valve closing time has an uncertainly 
of ±0.18 s in the experiments, the valve closing time 
dependency is tested at three different times in that 
interval. The flow error has a similar behavior in all 
three cases. 

Figure 8 shows the flow rate error from the pres-
sure obtained with the tubing. One can see that the 
positive bias error, that is increasing as the measuring 
length is increasing, also appears in this case. The error 
is decreasing as the Reynolds number is increasing but 
it seems to converge for higher Reynolds number. 
Except at L = 3.5 m where the error instead has a 
larger spreading. 

 
Figure 7: Calculated flow error for different lengths 

and Reynolds numbers. The pressure is obtained 
directly at the pipe wall without tubing. 

 
Figure 8. Calculated flow error for different lengths and 
Reynolds number. The pressure is obtained with tubing. 

Tube effect and influence on Gibson’s method 
– closure 2 

The closing function used in the above comparison 
has a large gradient and most of the flow is reduced in 
a short time, this gives quite large pressures. A linear 
reduction, see closure 2 in Fig. 2, of the flow is now 
tested (closing time of 3 seconds) to see the influence 
of valve closure on the flow rate error. This kind of 
closure is more similar to a quick stop in a real hydro 
power plant. In Fig. 9, it can be seen that a positive bias 
error also appears with this closure without tubing. 
The major difference is that it has an overall larger 
error than closure 1 but with the advantage of almost 
having a measuring length independent result. It can be 
noticed that the error is slightly decreasing as the meas-
uring length and the Reynolds number are increasing. 
 When calculating the flow rate for the differential 
pressure obtained with the tubing the result shows 
similar behavior, cf. Fig 10, but with a fluctuating value 
of the error at different L for higher Reynolds number. 
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Figure 9: Calculated flow error for different lengths and 
Reynolds numbers for a linear closure. The pressure 
is obtained directly at the pipe wall without tubing. 

 
Figure 10: Calculated flow error for different 

lengths and Reynolds numbers for a linear closure. 
The pressure is obtained with tubing. 

CONCLUSIONS 

The experimental and numerical work made by 
Almquist et al. [2] and Lövgren et al. [3] states that 
the error for the discharge measured with Gibson’s 
method for small U and L can be as high as 20 %. This 
numerical analysis shows that the flow rate can be 
measured with errors below 1.5 % for all tested cases. 
The results show that the tubing has just a small influ-
ence on the error. It only makes some small fluctua-
tions at various measuring lengths. This is probably 
caused by the integration limits which are difficult 
to determine due to the notches in the pressure peaks. 
 Closure 1 shows good agreement for the differ-
ential pressure at a low initial velocity and a small L. 
The losses caused by the taps between pipe/tubing are 
neglected and can be an explanation of the difference 
in frequency and damping. 
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NOMENCLATURE 
A pipe cross-section area [m2] 
A coefficient matrix 
Cr = a∆t/∆x Courant number [-] 
E Young’s modulus [Pa] 
F flux terms 
K bulk modulus of the fluid [Pa] 
L measuring length [m] 
L0 pipe length [m] 
Q discharge [m3/s] 
Re = U0d/ν Reynolds number [-] 
U0 mean initial velocity [m/s] 
a speed of the pressure wave [m/s] 
d pipe diameter [m] 
e pipe-wall thickness [m] 
f friction factor [-] 
fq quasi steady friction factor [-] 
i index for x 
n index for t 
p pressure [Pa] 
q leakage flow  [m3/s] 
S source terms 
t time [s] 
u mean velocity [m/s] 
x axial coordinate [m] 
ρ fluid density [kg/m3] 
ν kinematic viscosity [m2/s] 
∆p differential pressure [Pa] 
∆t time step [s] 
∆x cell size [m] 
ξ friction losses [Pa] 
* denotes a normalized variable 

APPENDIX 
Momentum and continuity are the main equations 

in water hammer analysis and can be expressed in one 
dimensional form, see Eq. (2) and (3). By introducing 
the following dimensionless variables, 

 
0U

uu =∗   (6a) 
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Equation (2) and (3) can be rewritten in non-
dimensional form as follows: 
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Since a >> u* in water hammer applications, the 
convective term in Eq. (7) and (8) can be neglected. 
By using conservation laws, Eq. (7) and (8) can be 
written in conservative form (see Toro [7]), 
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Integrating Eq. (9) with respect to x* from cell 
interface i-1/2 to i+1/2 gives 
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Let Ui = average value of U in the interval [i-1/2, 
i+1/2], Eq. (10) becomes: 
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Riemann problem 
The flux 2/1+iF  in Eq. (11) is obtained by solving 

the following Riemann problem; 
 0)( ** =+ xt UFU   (12) 
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An approximation of UL and UR is obtained by 
the following steps (Toro [7]). 
First step: Data reconstruction. 
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where ∆i is a slope limiter, see Zhao and Ghidaoui [8]. 
Second step: Evolution. 
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Let 
R
iL UU =  and

L
iR 1+= UU , the ordinary Riemann 

problem with Rankine-Hugoniot condition gives the 
following solution for all internal nodes, see Zhao 
and Ghidaoui [8]: 
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where subscripts L and R denotes the value to the 
left and right of cell interface i+1/2 respectively. 
The boundary at the inlet is 
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and at the outlet 
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Time integration 
The time step is obtained with a second order 

Runge-Kutta solution from Zhao and Ghidaoui [8]. 
First update without the source term, i.e. integration 
from t* = n to t* = n+1: 
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Update with the source term by ∆t*/2: 
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Re-update with the source term by ∆t*/2: 
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