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Abstract

This project proposes a method for obtaining the variations in the Relative Gain
Array (RGA) due to uncertainties in models of 2x2 multivariable systems. The
uncertainties are represented as element by element multiplicative uncertainty us-
ing the Schur multiplier.

An introduction and some references about the background of the project are
given, the topics are: uncertainties, decentralized control, decoupling, and inter-
action measures, with a deeper overview of the RGA.

The conclusions obtained about uncertainties and RGA are applied to some
2x2 examples which illustrate the following cases:

- A diagonally dominant system, with values of the RGA close to 1 for the
diagonal elements. The RGA of these systems is the most robust to uncer-
tainties; it’s robustness is shown, and an example about this reliability is
given.

- A system with large values of the RGA. Large values of the RGA are usually
advised against pairing purposes because they are related to ill-conditioned
plants; nevertheless, it is not clear how large can these values be and still
be used for pairing purposes. These systems are the most sensible to uncer-
tainties, and the larger the values of the RGA are, the higher sensitivity of
the RGA to uncertainties.
An analysis of the sensitivity of these systems is made in order to suggest
upper bounds for the values of the nominal RGA. Values of the RGA above
these ones will be considered highly sensitive to uncertainties, therefore,
small perturbations can yield to large values of the RGA, and they should
be discarded for pairing purposes.

- A system with positive values of the RGA moderately lower than 1 for the
diagonal elements. Take as an example a system with value 0.8 for the ele-
ment λ11 of the nominal RGA; this value is usually taken as valid for pairing
purposes, but, can perturbations modify the value of the RGA in such a way
that the results would not be valid for pairing purposes?.
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A system with these characteristics is introduced, and a method for analyz-
ing the bounds of the RGA due to uncertainties is proposed.
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Preface

This thesis has been developed in Luleå Tekniska Universitet (LTU) in the Depart-
ment of Computer Science and Electrical Engineering and under the supervision
of Assistant Professor Wolfgang Birk.

Wolfgang offered me this thesis and suggested the topic for the work.
One of the strategies usually followed in multivariable control is decentralized

control due to it’s simplicity. The method consists of inspecting which inputs
affects more to which outputs, and grouping inputs and outputs in pairs, so SISO
controllers can be designed for each of the pairs.
The so called Interaction Measures are used to decide wether decentralized control
is possible or not, and also to decide which one is the correct input-output pairing.

Wolfgang suggested me the possibility of studying the sensitivity of the Inter-
actions Measures due to uncertainties. He provided me with most of the included
references, and some other ones about Interaction Measures, Decentralized Con-
trol and Decoupling.

The RGA has been selected as the scope of this work.
The proposed aim of the project was to find a measure of the variations intro-

duced in one of the Interaction Measures due to uncertainties.
The first step in the project was the reading of the literature with the back-

ground needed.
The topics related where ”Interaction”, ”Decentralized Control and Decou-

pling”, and ”Interaction Measures”. Some of the references consulted are:

- Regarding ”Interaction”, references [1], [2], and [3].

- Regarding ”Decentralized Control and Decoupling” most of the information
has been obtained from [4] Chapter 4.

- Regarding interaction measures:
Although most of the basic information about the RGA and it’s variants can
directly be consulted from [5], the following articles were also consulted:
[6], [7], [8], [9], [10] and [11].
About the Participation Matrix: [12] and [13].
About the Hankel-norm interaction measure: [14] and [15].
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The choosing of the interaction measure which was going to be the subject of
the analysis was left to my own will.

Some first attempts with the participation matrix led to no result.
The RGA was identified as an easier interaction measure for the analysis of

sensitivity to uncertainties.
The representation of uncertainties described in Section (1.2.2) was selected be-
cause of it’s versatility representing uncertainties.

Some first work produced as a result the formula introduced in Appendix (A).
There, the RGA of a 2x2 systems is factorized in two factors (with element by
element multiplication) one of them is the nominal RGA and the other one is a
variable element introduced by the uncertainties.
The inspection of the latter would give direct information about the relative error
which could be introduced in the RGA due to uncertainties.
This factorization has also been developed for a 3x3 systems. The proof is similar
than the one made for 2x2 systems, but with more complicated factors, and it has
not been included here because it has no interest for the rest of the thesis.

The next attempt was to find the bounds to the element representing the relative
error due to uncertainties. This line of work has been left aside in favor of finding
the bounds of the values of the RGA, which give much better information than the
relative error. The information has been included in case of being of some interest
for future researchers, but it is not further used in this thesis.

The next step was to find the possible values of the RGA as it is introduced
in Section (2.2). Most of the work in this thesis has been done with this approx-
imation: singularities were identified, and the sensitivity of many examples was
analyzed.

After several simulations, this method showed some failure while estimating
the bounds. In some of those simulations the bounds were observed to be largely
overestimated. This is the reason why tighter bounds needed to be constructed for
the most sensible cases, and the new method is described in Appendix (A).

It has been included as an appendix because only the one described in Section
(2.2) is enough for the understanding of the work, and it can’t be removed from
the report because it is the base for the identification of singularities.

Some examples needed to be analyzed in order to test the developed method.
The three examples given were identified as the more representative ones, and
useful conclusions were obtained out of them.

During the defending of the thesis, Andreas Johansson (Lecturer at LTU)
asked about the reason of the selection of the selected representation of uncer-
tainties, and pointed out that, it doesn’t describe the coupling between different
loops like structured or unstructured uncertainty do. That’s when I realized that
these questions where not clearly answered in the report, and decided to add Ap-
pendix (B).



ix

This report has been written in LATEX. For learning the basic use of it, a good
reference is [16] . Reference [17] has also been used, although some of the pack-
ages commented there are now obsolete. A newer version of the latter is [18] .
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introduction

1.1 Document Outline

Chapter 1: Introduction Chapter 2: Thesis Results Chapter 3: Conclusions and Further Re-
searches

1.1 Document Outline
1.2 Background
1.2.1 Introduction to Control Design
1.2.2 Uncertainties
1.2.3 Decentralized Control
1.2.4 interaction measures
1.2.5 Stability and Integrity in
Decentralized Control
1.2.6 Diagonal Dominance

2.1 Problem Definition
2.2 Bounds of the RGA
2.3 Singularities
2.4 RGA of a Diagonally Dominant
System
2.5 Plants with large values of the RGA
2.6 Systems with positive values of the
nominal RGA lower than one

3.1 Conclusions
3.2 Further Researches

Table 1.1: Table of contents.

Chapter 1. In the first Chapter of this document an introduction about the knowl-
edge needed for the understanding of this project is given in (1.2).

In Section (1.2.1) ”Introduction to Control Design” some basics about Auto-
matic Control is given; it should not be taken as a fast course about automatics.
It can be useful as a review of concepts for the ones who have forgotten their
knowledge about Automatic Control.
The inexperienced reader, can think about it as a easy introduction to the most
basic concepts, which can be consulted in-depth in the given references.
The experienced reader can just skip this section and focus in other sections of the
Background if needed.

The main topics to be consulted for the understanding of this thesis are:

1



2 1. introduction

- Uncertainties (Section (1.2.2)).

- Decentralized Control (Section (1.2.3))

- Interactions Measures. In Section (1.2.4) an introduction about interaction
measures is given. This thesis deals with the RGA and it’s sensitivity to
uncertainties; sections (1.2.4) and (1.2.4) are advised to be read.

Chapter 2. In the Second Chapter, the Thesis results are exposed. First the
problem is defined in Section (2.1). In sections (2.2) and (2.3), the main results
are developed and shown. In sections (2.4), (2.5) and (2.6), three representative
examples are given an conclusions taken from them.

Chapter 3 In Third Chapter, the conclusions of the Thesis work are given , and
further researches are proposed.

1.2 Background

1.2.1 Introduction to Control Design
Most of the processes in industry and common life need to be controlled. Some
of the variables in a process can be directly changed through an actuator; they are
the inputs of the system and are often voltage for controlling the power supply to
motors, or the opening of valves; they are called input variables or manipulated
variables and are usually represented with the letter u. Some other variables such
as temperature, pressure, speed or position, are the variables we want to control,
and can often be measured; they are the output of the system and depend on the
input variables; they are called output variables or controlled variables, and are
usually represented with the letter y.

When the actuators are manipulated by a person it is called Manual Control;
when they are controlled by a machine it is called Automatic Control.

When the controlled system has only one input and one output it is called a
SISO (Single Input-Single Output) system; when the system has multiple inputs
and outputs, it is called a MIMO system (Multiple Inputs-Multiple outputs) or
multivariable system.

The basic control objectives that every designer has to take into account before
starting to design the controller or even to model a process:

- what do we want to achieve? That is: energy saving, increase in the produc-
tion, safety in the process, error detection, . . .
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- which variables need to be controlled to achieve these objectives, and which
variables are the control variables?

- what level of performance do we want to obtain?

Process modeling and transfer functions. The next step is to obtain some
knowledge about the process; sometimes, some basic understanding is needed, but
in industrial process control a deeper knowledge is usually required. A process
model needs to be created characterizing the equations which relates the outputs
of the system with the inputs, and represents this relation both in steady-state and
frequency domain.

These equations are usually non-linear differential equations. Although there
exists technics for controlling non-linear models, this is rarely applied; the model
is now linearized around a working point selected inspecting the usual behavior
of the system and values of the variables.
The process is assumed to opperate in a small range around the working point; if
the variables differ widely from the working point, the error induced by the lin-
earization could be too large, and the possibility of adopting other control technics
like ”adaptative control” should be taken into account.

The Laplace domain is a useful tool for working with linear differential equa-
tions, this is one of the reasons why, while linearizing, the equations are translated
from time domain into Laplace domain.
Some of the advantages of the Laplace domain, and some properties of the transfer
functions will be given below:

• In time domain, the output of a time-invariant, continuous, linear, SISO
system are related to the input through a convolution integral, whereas in
Laplace domain they are related by a rational function usually denoted as
G(s) and called transfer function:

y(s)

u(s)
= G(s)

The transfer function is a rational function of two polynomials. The zeros
of the numerator are called zeros of the system, and the zeros of the denom-
inator are the poles of the system; they give information about the dynamic
response of the system.

• A transfer function represented in Laplace Domain also has an easy in-
terpretation in frequency domain. Substituting in the transfer function the
Laplace variable for jω, a complex number is obtained at each evaluated
frequency ωi.
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This number gives the information about which one is the response of the
system to a sinusoidal input signal of frequency ωi.
The output of the linear system will be another sinusoidal signal, the am-
plitude of the output and the input signals are related by the magnitude of
the complex number G(jωi), it is called the gain of the system at frequency
ωi and is usually expressed in dB; the argument of the complex number
G(jωi) is the phase gap between the input and the output.

• The magnitude and the phase of the complex Gjω can be tracked in fre-
quency domain and represented in what is called a ”Bode Diagram”: the
magnitude in dB, and the phase of the system are represented in the ordi-
nate of a cartesian coordinate system, and the frequency in Hz is represented
in a logarithmic scale in the abscissa. The Bode Diagram gives useful infor-
mation about the dynamic behavior of the system and stability, and can be
also useful for control purposes. A Bode Diagram of a system can be easily
drawn from the transfer function G(s).

• The Laplace Domain also allows to easily identify stability. A system rep-
resented by a transfer function G(s) is stable if and only if the real part of
all the poles of G(s) is negative.

• The DC gain of a stable system represented by a transfer function G(s) can
be easily found using the Final Value Theorem

DCgain = lim
s→0

G(s)

this is the reason why the DC gain of a system is usually represented as
G(0)

Control Design and Implementation. After obtaining a model of the process,
the next step is to obtain the proper controller for the process. Two main strategies
can be identified:

- Open-loop control. When a measure of the output of the system is not used
to compute the control action.

- Feedback control. A measure of the output of the system is compared with
a reference signal, giving the so called error signal as result; the error signal
is feeded to the controller to compute the corresponding control action.

After designing the controller comes the implementation. A continuous time
controller cannot usually be implemented, only a few kind of systems (ie. elec-
tronic filtering of a voltage signal) allow an analog implementation.
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The implementation is usually made though a computer: the sensor produces a
sample measure of the output, the computer compares it with a reference obtaining
the error signal, and the control action for the next period is computed before the
next sample of the output is generated.
Every new period a new sample from the sensor is obtained and a new control
signal is generated. The length of the period is called ”sample time”, and is a
parameter which has to be selected in the designing process; the inverse of the
sample time is called ”sample rate”, it is expressed in Hz, and a rule for selecting
it is that it has to be higher than 20 times the bandwidth of the system.

The continuous transfer function of the system has to be represented in a dis-
crete form, and this is made by transforming the transfer function into Z-domain.
This transformation depends on the selected sample time.

Two are the options in this part of the design:

- Design a continuous controller C(s) for the continuous description of the
system and discreitze the transfer funcction of the controller.

- Obtain a discrete-time description of the system and design a controller C(z)
in Z-domain.

From the discrete transfer function of the controller C(z) it is straight forward
to obtain the so called ”difference equation”, the difference equation allows a
direct implementation of the controller; it allows the computation of the output
of the the controller from it’s precious outputs and inputs. Note that, the output
of the controller is the control signal, and the input of the controller is the error
signal obtained from the reference signal and the measured output of the system.

A good and complete book about SISO feedback control where all the topics
commented above can be consulted is [19] .

MIMO ssytems Most of the processes in industry handle multiple inputs and
multiple outputs. Each of the inputs affects the different outputs through a trans-
fer function; the transfer function of the overall process will be represented by a
matrix containing all the different transfer functions relating each input with each
output.

The transfer function G(s) of a MIMO system with m inputs and n outputs,
has the form:

G(s) =




g11(s) g12(s) . . . g1m(s)
g21(s) g22(s) . . . g2m(s)

...
... . . . ...

gn1(s) gn2(s) . . . gnm(s)




where gij(s) is the transfer function from the jthinput to the ith output.
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Figure 1.1: Uncertainty regions represented in the Nyquist Diagram at given fre-
quencies. Figure obtained form [5] , Page (276).

Technics for MIMO control differ from the ones used for SISO systems, and
some of the definitions like stability and zeros or poles of MIMO systems have
to be redefined. A good reference for MIMO control is the book [5] ; for deeper
references about multivariable design, reference [4] is advised.

1.2.2 Uncertainties and Schur Multiplier
Models of plants are not perfect; uncertainty is always present. Some of the most
common sources of uncertainty are:

- Erroneous measurements in the sensors.

- Some of the parameters in the models are obtained by estimation, and differ
from the real values, which may even vary with the time.

- The models usually used for control purposes are liner models, linearized
around a working point. Deviations from the operating conditions yield to
uncertainties.

- Sometimes the designer may want to keep the model as simple as possible,
neglecting dynamics or delays, and considering them as uncertainties.

- Sometimes the non-modeled dynamics are just unknown, and they are known
as ”hidden dynamics”.
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Figure 1.2: Disc-shaped region represented by ∆l(jω)

Representing uncertainty .

To represent the uncertainties we will adopt the following notation:

Π : uncertainty set. Includes all the possible plants due to uncertainty

G(s) ∈ Π : nominal plant.

Gp(s) ∈ Π : particular perturbed plant.

The nominal plant G(s) is the actual model of the plant, that is, what we
assume that the plant is; Gp(s) represents a particular possible plant due to uncer-
tainty, and Π represents the set of all possible plants.

In Figure (1.1), different uncertainty sets for different frequencies ω are repre-
sented in the Nyquist plot of a system

There are different ways of representing uncertainties: multiplicative uncer-
tainty, additive uncertainty, parametric uncertainty, structured uncertainty . . .
In this project we will consider multiplicative uncertainty. For more information
about uncertainties, the reader can refer to [5] , Chapter 7 Also some information
about representations of uncertainties can be found in Appendix (B).



8 1. introduction

Figure 1.3: Disc-shaped uncertainty regions generated by multiplicative uncer-
tainty. Figure obtained form [5] , Page (278).

For each frequency ωi there exists a different uncertainty set Π(ωi). The mul-
tiplicative uncertainty is represented as:

Π : Gp(s) = G(s)(1 + wl(s)∆l(s)); |∆l(jω)| ≤ 1, ∀w
wl(s) is the scaling factor, it is a stable transfer function selected to represent the
uncertainty; ∆l(s) represents any stable transfer function with magnitude less or
equal than one at each frequency. That is, ∆l(s) represents a disc-shaped area
centered in the origin (0, 0) and with radius equal to 1, as represented in Figure
(1.2).

G(s)
(
1 + wl(s)∆l(s)

)
represents at each frequency ωi a circle-shaped region

of uncertainty centered in G(jωi) with radius equal to |G(s) · wl(jωi)|.
wl(s) has to be selected so that the uncertainty region Π(ωi) has to be included in
this region at each frequency ωi.
The selection of wl(s) also depends on the selection made of the nominal plant
G(s).
For simplicity, it is usually good to choose a simple nominal plant G(s), and also
simple wl(s), even if the uncertainty regions represented by Gp(s) become larger
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Figure 1.4: Uncertainty set at a certain frequency ω included in the disc-shaped
area generated by the multiplicative uncertainty. Figure obtained from [20] .

than the needed to include Π, or even if complicated dynamics are neglected.
In Figure (1.3), different uncertainty regions generated by the multiplicative

uncertainty can be observed at different frequencies.
Note that, at each frequency ω, the disc-shaped region is centered in G(jω) and
has radius equal to |G · wl(jω)|. At each frequency ω, the disc-shaped area gen-
erated must include the uncertainty sets represented in Figure (1.1) as it can be
observed in Figure (1.4).

Nowadays, uncertainties are mainly used for H∞ control; this technic aims at
assuring the performance specifications for all the uncertainty set Π.

More information about uncertainties, the selection of the nominal plant G(s)
and wl(s), and about H∞ control can be found in [5] , chapters (7) and (9) respec-
tively.

In this project, a multiplicative uncertainty representation for MIMO systems
as showed below will be used.

Assume we have a MIMO nominal plant with n inputs and m outputs, and
with transfer function

G(s) =




g11(s) g12(s) . . . g1m(s)
g21(s) g22(s) . . . g2m(s)

...
... . . . ...

gn1(s) gn2(s) . . . gnm(s)




and element by element multiplicative uncertainty of the form

Gp(s) = G(s)⊗ (1 + Wl(s))

where ⊗ is the Schur multiplier, which represents element by element multiplica-
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tion, and W (s) is:

W (s) =




wl11(s)∆l11(s) wl12(s)∆l12(s) . . . wl1m(s)∆l1m(s))
wl21(s)∆l21(s) wl22(s)∆l22(s) . . . wl2m(s)∆l2m(s)

...
... . . . ...

wln1(s)∆ln1(s) wln2(s)∆ln2(s) . . . wlnm(s)∆lnm(s)




|∆lij(jω)| ≤ 1,∀ω, i = {1, . . . , n}; j = {1, . . . ,m}
Thus, the uncertainty set Π is represented by Gp(s):

gpij
(s) = gij(s)·(1+wlij(s)∆lij(s)), |∆lij(jω)| ≤ 1, ∀w, i = {1, . . . , n}; j = {1, . . . , m}

Appendix (B) include additional information about uncertainties. Specially
about how to choose wl(s) for multiplicative uncertainty, and about how to trans-
late different representations of uncertainties into the one described in this section.

1.2.3 Decentralized Control and Decoupling

MIMO controllers are usually complex to design. One of the strategies usually
followed is decentralized control due to it’s simplicity. The method consists of
inspecting which inputs affects more to which outputs, and grouping inputs and
outputs in pairs, so SISO controllers can be designed for each of the pairs.

Consider an nxn system with transfer function defined as:

G(s) =




g11(s) g12(s) . . . g1n(s)
g21(s) g22(s) . . . g2n(s)

...
... . . . ...

gn1(s) gn2(s) . . . gnn(s)


 (1.1)

and consider that diagonal pairing has been selected. Thus, each input ui has
been paired with its correspondent output yi ∀i = 1, 2, . . . n.

The considered plant for design purposes will be a plant where interactions
between channels are neglected:

Go(s) =




g11(s) 0 . . . 0)
0 g22(s) . . . 0
...

... . . . ...
0 0 . . . gnn(s)


 (1.2)
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A SISO controller will be designed for each of the pairs ui − yi, yielding to a
diagonal controller with transfer function:

C(s) =




C11(s) 0 . . . 0)
0 C22(s) . . . 0
...

... . . . ...
0 0 . . . Cnn(s)


 (1.3)

Then, the closed loop performance of the system is described by the sensitivity
functions:

So(s) = (I + Go(s)C(s))−1 = diag[So1(s), So2(s), . . . , Son(s)]

To(s) = Go(s)C(s)(I + Go(s)C(s))−1 = diag[To1(s), To2(s), . . . , Ton(s)]

where Sol(s) and Tol(s) are the sensitivity functions from the l-th input to the
l-th output:

Sol(s) = (I + Gll(s)C(s))−1

Tol(s) = Gll(s)C(s)(I + Gll(s)C(s))−1

Then, HT (s) is defined as:

|HT (s)|ij =





Gij(s)
Gjj(s)

Toj(s) i 6= j

0 i = j

If the elements in the off-diagonal of HT (s) are very small, then the process
behaves almost like n independent SISO lops.

Note that, the decoupling characteristics of the system are frequency domain
dependant, and they depend on the selection of the SISO controllers.

This information about Decentralized Control has been obtained from [13] .

1.2.4 Interaction Measures
Many tools have been developed for making the decision about the input-output
pairing. A brief introduction and some references about some of the most popular
ones will be given below:

- RGA

- DRGA

- NI

- Participation Matrix
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RGA

A great amount of literature has been published about the RGA since it was intro-
duced by Bristol (1966) as an interaction measure for multivariable systems which
relies on steady-state gains.

The RGA of a squared, complex, non-singular nxn matrix A is defined as

RGA(A) , A⊗ A−T

Where A−T is the transpose of the inverse of A, and ⊗ is the Schur multiplier,
and denotes element by element multiplication.

The RGA of a matrix A, RGA(A) is also denoted as Λ(A).
The RGA of a 2x2 matrix A2x2

A =

(
a11 a12

a21 a22

)

can be computed as

RGA(A) =

(
λ11 λ12

λ21 λ22

)
=

(
λ11 1− λ11

1− λ11 λ11

)

where
λ11 =

1

1− a12a21

a11a22

Properties of the RGA. Some of the most important properties of the RGA and
it’s application to control theory are:

• Any permutation in the rows and columns of A results in the same pertur-
bation in the RGA. This means that only the ordering of the values depend
on the choice of the input-output pairing, so new computations will not give
any further information about the system.

• The RGA is normalized, so the sum of all the elements of each row or
column add up to one. The normalizing gives a better understanding of
the interaction; assuming that all the elements in the RGA are positive, the
closer the element uij is to 1, the more coupled the ithoutput and the jth

input are, and there is less interaction between the other inputs and the ith

output.

• As a consequence of the previous property, if there exists at least one el-
ement in the RGA higher than one, there is at least one negative element.
Channels with negative values in the RGA should not be selected in pairing
for control applications.
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• The RGA is scaling invariant. Assume that the matrix A ∈ <nxn repre-
sents the DC gain of a MIMO system with n inputs and n outputs, and
transfer function G(s) ∈ <nxn with the form ynx1 = Gnxn · unx1, where
A = lims→0 G(s); also assume a scaling in the inputs and outputs of the
system R ·G(s) · T where R ∈ <nxn and T ∈ <nxn are diagonal matrices

Rnxn = diagonal[R1,1, R2,2, · · · , Rnxn]

Tnxn = diagonal[T1,1, T2,2, · · · , Tnxn]

The element Ri,i denotes a scaling of the ith output, and the element Qj,j

denotes a scaling of the jth input.
Then,

RGA(A) = RGA(R · A · T )

• The RGA of a triangular or diagonal matrix is the identity.

Pairing rules for the RGA For giving the reasoning about the pairing of the
inputs and outputs based on the steady-state RGA we will use the definition of
RGA used by Bristol in [6] .

For each input-output pairing uj, yi, the DC gains in a multivariable system
have to be evaluated in two extreme cases:

- All the other loops opened, with all the other inputs uk,∀k 6= j kept con-
stant. This is equivalent to obtain the dc gain of the plant G(s) from the gij

element. (
∂yi

∂uj

)

uk,∀k 6=j

= gij

- All the other loops closed, with all the other outputs yk,∀k 6= i kept constant
in what is assumed to be perfect control. A change in the input uj will
yield to a changed in yi, but also to a change in all the other outputs which
are controlled under perfect control; the other inputs uk,∀k 6= j will also
change in order to compensate the variation of the outputs yk, ∀k 6= i, and
this will lead to a new change in the observed output yi due to interaction.
Then, we evaluate: (

∂yi

∂uj

)

uk,∀k 6=j

= ĝij

The element λij of the RGA is then defined as

λij , gij

ĝij

=
((∂yi)/(∂uj))uk,∀k 6=j

((∂yi)/(∂yi))yk,∀k 6=i

The pairing rules for the static RGA can be resumed as:
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- A value of 1 in λij means that the value of gij is not affected for the closing
of the other loops, so there is no interaction effects in the pairing uj − yi.
Pairings with values of λ close to one will be preferred.

- A value of λij close to 0, means that the input uj should not be used to
control the output yi.

- Pairings with negative values of the RGA should be avoided; a negative
value in λij means that the gain of the subsystem formed by the jth input
and the ith output changes it’s sign when all the other loops are closed.

- Numbers in the RGA higher than 1 involves negative numbers in the same
row and column. Pairings with large numbers in the RGA should be avoided;
large numbers are related to ill-conditioned plants, so in this case, some
other control technics may be considered.

Problems of the RGA

- The RGA is insensitive to time delays. A delay is represented by e−Ts as
a factor in a transfer function, where T is the value of the time delay in
seconds, and lims→0 e−Ts = 1. Since the RGA is computed as a matrix of
gains, and a delay does not introduce any change in the gain, the RGA is
insensitive to time delays.

- Inability to cope with non-minimum phase structures. A non-minimum
phase SISO system has at least one Right Half Plane (RHP) zero. If k is
the number of RHP zeros in a SISO system, then there will be k crosses of
the time axis in the step response of the system for t > 0.
If k is an odd integer, the output signal will go negative before it goes pos-
itive for the first time, and if k is an even integer, the output signal will go
positive before it goes negative for the first time.
RHP-Zeros, like time delays, contribute additional phase lag when com-
pared to a minimum phase system with the same gain. Since the RGA is
computed as a matrix of gains, it can be concluded that the RGA is not able
to cope with non-minimum phase structures.

DRGA

As it was showed in the previous section, the RGA is only defined at zero fre-
quency. But the information about interaction should not be neglected in fre-
quency domain, especially at the crossover frequencies.
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The RGA can also be evaluated in frequency domain, using the gains at the
desired frequencies. The RGA evaluated in frequency domain is usually called
Dynamic Relative Gain Array (DRGA or RDGA).

Since the DRGA is only a evaluation of the RGA in frequency domain, after
this section both concepts will be considered as the same, and named RGA; the
difference has been made in order to comment some of the characteristics of the
RGA in frequency domain, it’s computation, and to give to know the concept of
DRGA which can be found in the literature.

DRGA and Time Delays A useful approach to the problem of the insensitivity
to time delays, is to compute the Padé approximation of the delay. The Padé
approximation gives an approximation of a function by a rational function of a
given order; it usually gives a better approximation than the truncation of the
Taylor series, and usually converges where the Taylor series doesn’t, besides, the
approximation is given as a rational function, so the effect can be associated with
giving extra poles and zeros to the transfer function, this gives a better understand-
ing than a Taylor series approximation.
As it has been discussed in Page (14), at s = 0 the RGA is insensitive to time
delays; it will also be insensitive to the Padé approximation of the delay. This is
because the Padé approximation, since it represents a delay, only induces a change
in the phase of the system, the gain is kept constant.

Partial Relative Gain Array. PRGA

The PRGA is a variant of the RGA.
The effect of loop closing is not properly captured by the RGA, and for this

purpose, the PRGA has been introduced in [9] by Kurt E. Häggblom. The concept
of partial relative gain has first been introduced also by Kurt E. Häggblom in [8] .

The Niederlinski Index (NI)

The Niederlinski Index can also be considered as a variant of the RGA.
The Niederlinski Index of a system represented by a transfer function Gnxn(s) is
defined as:

NI(G) =
det(G)

n∏
i=1

gii

The main use of the NI is for testing Decentralized Integral Controllability
(DIC) and Integral Controllability with Integrity (ICI).
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Participation Matrix

The Participation Matrix (PM) had been proposed by Arthur Conley and Mario E.
Salgado in [12] .

Assume a squared stable MIMO system with n inputs and n outputs, repre-
sented in state space form by

ẋ(t) = Ax(t) + Bu(t)

y(t) = Cx(t)

with A ∈ <mxm, B ∈ <mxn, C ∈ <nxm, where m is the number of states. Denote
by P and Q the controllability and observability gramians.
Denote by Pi and Qj the controllability and observability gramians of the elemen-
tary subsystem formed by the input i and the output j

ẋ(t) = Ax(t) + biu(t)

y(t) = cjx(t)

where bi denotes the ith column of B, and cj denotes the jth column of C
Then, the PM φ ∈ Rnxn is defined by

φij =
trace(PiQi)

trace(PQ)

Therefore, as the RGA, it is a matrix of constants.
The elements in the PM has been normalized by trace(PQ), therefore, all the

elements in the PM add up to one.
One of the advantages of the PM over the RGA is that the RGA is a matrix

dependent only on gains, even using the concept of DRGA, only one point of the
frequency characteristic of the system is evaluated at one time, whilst the PM de-
pends on the controllability and observability gramians, and thus, it is frequency
domain dependant, so it also gives an information about the coupling of the chan-
nels in all the frequency domain in one computation. A filter can also be applied
to the system for a deeper information in a certain range of frequencies.

The principal advantage of the PM has been showed in [13] . When a diagonal
controller cannot be achieved to fulfil the performance specifications due to inter-
actions, the PM also gives information about how should we gradually increase
the complexity of the controller, adding non-zero elements in the off-diagonal
elements, allowing us to decide a structure for the controller.

1.2.5 Stability and Integrity in Decentralized Control
Assume for this section a description of a multivariable process and diagonal con-
troller like the ones in equations (1.1) and (1.3)
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Decentralized Integrity

Integrity is a desirable property for a decentralized control system. A controlled
system with decentralized control is sad to achieve integrity if the closed-loop
system should remain stable when the SISO controllers are brought in and out of
service.

Decentralized Controllability

A process G(s) is said to be decentralized controllable, if there exists a decentral-
ized controller, such that the feedback system is stable and remains stable when
the gains of any of the individual controllers are detuned by an individual factor
εi, 0 ≤ εi ≤ 1 .

ICI and DIC

If the selected controllers are assumed to have an integral action, the process is
said to be Integral Controllable with Integrity (ICI) if it achieves integrity; and it
is said to be Decentralized Integral Controllable (DIC) if it achieves decentralized
controllability. Conditions for ICI and DIC The tests known for DIC are rather
complicated, and sine DIC implies ICI, ICI is a necessary condition for DIC.

From reference [5] on Page (440), the following determinant condition for ICI
has been obtained:

Assume the rows off G have been permuted in such a way that gii(0) > 0, ∀i.
Then the submatrices of G can be computed deleting rows and corresponding
columns from G. The system will be ICI at steady-state, if, the Niederlinski index
of G(0) and all it’s principal submatrices are all positive.

More about ICI and DIC can be consulted in [5] from pages (438) to (441).
For 2x2 and 3x3 cases there exists tighter conditions for ICI and DIC. Some

of then have been shown in [11] .

1.2.6 Diagonal Dominance
A matrix is said to be diagonally dominant if the magnitude of any of the diagonal
elements is larger than the sum of all the other elements of the same row.

That is:
The matrix A:

A =




a11 a12 . . . a1m

a21 a22 . . . a2m
...

... . . . ...
an1 an2 . . . anm
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Figure 1.5: Detail of the Nyquist Diagram of the element g11, and disc-shaped
regions used to show diagonally dominance

is said to be diagonally dominant if

|aii| >
∑

j 6=i

|aij| ∀i

The definition of diagonal dominance has been made across the rows; and it
is also referred as row diagonal dominance. When the definition is made with the
sum of the columns, it is called column diagonal dominance.

A process is said to be diagonally dominant at frequency ω if the matrix rep-
resenting the model of the process is diagonally dominant at frequency ω.

To show diagonal dominance, a Nyquist Diagram of the diagonal elements of
the process is usually used.

The model defined by Equation (1.4) will be used to illustrate this concept.

G(s) =




2.5
2.5s2 + 3.5s + 1

0.5
5s2 + 6s + 1

1.5
3s2 + 4s + 1

3
4s2 + 5s + 1


 (1.4)

Figure (1.5) represents the Nyquist Diagram of the element g11. The disc-
shaped regions have at each frequency radius equal to

∑
j 6=1 |g1j(jω)|.
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The process is said to be diagonally dominant at frequency ω if for all the diagonal
elements gii, the disc-shaped regions centered in gii(jω) and with radius the sum
of all the off-diagonal elements in the same row

∑
j 6=i |gij(jω)|, do not enclose

the origin (0, 0).
Figure (1.6) represents the Nyquist Diagram of the process with the described

disc-shaped regions. Diagonal dominance can be concluded from this graphic.
These disc-shaped regions are the so called Gershgorin circles, and the bands

generated in this way are the Gershgorin bands. More information about diagonal
dominance snd the Gershgorin bands can be consulted in [4], Page (64).
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Chapter 2

Project Results

2.1 Problem definition
The objective of this Thesis is to obtain a measure of the error in the values of the
RGA due to multiplicative uncertainties represented by the Schur product.

In this chapter, some notions about the possible values of the RGA and it’s
computing for a 2x2 system will be given. Then, a measure of the bounds of the
possible values of the RGA will be proposed, and finally three examples will be
given.

In the examples, some analysis of the most meaningful systems will be given.
These examples will include:

- A diagonally dominant system, with values of the RGA close to 1 for the
diagonal elements. The RGA of these systems is the most robust to un-
certainties; it’s robustness will be showed up, and an example about this
reliability will be given.

- A system with large values of the RGA. Large values of the RGA are usually
advised against pairing purposes because they are related to ill-conditioned
plants; nevertheless, it is not clear how large can these values be and still
be used for pairing purposes. These systems are the most sensible to uncer-
tainties, and the larger the values of the RGA are, the higher sensitivity of
the RGA to uncertainties.
An analysis of the sensitivity of these systems will be made in order to sug-
gest upper bounds for the values of the nominal RGA. Values of the RGA
above this ones will be considered weak against uncertainties, therefore,
small perturbations can yield to large values of the RGA, and they will be
discarded for pairing purposes.

- A system with values of the RGA moderately lower than 1 for the diagonal

21
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elements. Take as an example a system with value 0.8; this value is usually
taken as valid for pairing purposes, but, can perturbations modify the value
of the RGA in such a way that the results would not be valid for pairing
purposes?.
A system with this characteristics will be introduced, and a method for an-
alyzing the bounds of the RGA due to uncertainties will be proposed.

The conclusions shown in this thesis can also be applied to discrete-time sys-
tems, but we will only deal with continuous-time systems for simplicity.

2.1.1 Mathematical Definition of the Problem
. Assume we have a 2x2 MIMO system with nominal plant G(S)

G(s) =

(
g11(s) g12(s)
g21(s) g22(s)

)
(2.1)

And element by element multiplicative uncertainty of the form

Gp(s) = G(s)⊗ (1 + W (s)) (2.2)

with

W (s) =

(
wl11(s) ·∆l11(s) wl12(s) ·∆l12(s)
wl21(s) ·∆l21(s) wl22(s) ·∆l22(s)

)
(2.3)

where ∆lij(s), i, j = 1, 2 is any stable transfer function with |∆lij | 6 1.
The values of the RGA for the nominal plant are:

RGA(G) =

(
λ11 1− λ11

1− λ11 λ11

)

where
λ11 =

1

1− g12 · g21

g11 · g22

(2.4)

Let’s denote
gc =

g12 · g21

g11 · g22

For any perturbed plant Gp :

RGA(Gp) =

(
λp11 1− λp11

1− λp11 λp11

)

where
λp11 =

1

1− g12 · g21

g11 · g22

· (1 + wl12∆l12)(1 + wl21∆l21)

(1 + wl11∆l11)(1 + wl22∆l22)
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Denoting wc as

wc =
(1 + wl12∆l12)(1 + wl21∆l21)

(1 + wl11∆l11)(1 + wl22∆l22)

λp11 can be expressed as

λp11 =
1

1− gc · wc

(2.5)

The aim will be to define a method for obtaining the possible values of λp11 at
each point in frequency domain.

Notice that, gc is constant at any given frequency ω, thus, for obtaining the
possible values of λp11, the bounds of wc have to be analyzed.

2.2 Bounds of the RGA
In this section, the mathematical background for obtaining the bounds of the pos-
sible values of the RGA will be given.

First, the bounds of the element λp11 in the RGA are estimated by obtaining
the bounds of wc.

2.2.1 Bounds of wc

Remember that, wc is defined as:

wc =
(1 + wl12∆l12)(1 + wl21∆l21)

(1 + wl11∆l11)(1 + wl22∆l22)

An approach for obtaining the bounds of wc will be to obtain first the bounds
of any of the terms (1 + wlij∆lij);∀i, j = {1, 2}.

At any given frequency ω, (1 + wlij(jω)∆lij(jω)) represents a circle shaped
region of radius |wlij(jω)|.

Inspecting the Figure (2.1(a)) the maximum and minimum values of the mag-
nitude and phase of (1 + wlij(ω)∆lij(jω)) can be easily identified.

The minimum and maximum values of the magnitude corresponds in the figure
to the points A and B respectively. Thus,

|(1 + wlij(jω)∆lij(jω))|min = (1− |wlij(jω)|)

|(1 + wlij(jω)∆lij(jω))|max = (1 + |wlij(jω)|)

The phase of (1+wlij(jω)∆lij(jω)) is bounded by
[
−(

Φij(jω)
)

max
,
(
Φij(jω)

)
max

]

as it can be observed in the figure.
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The value of Φij(jω) in radians can be approximated by |wlij(jω)| for values of
|wij(jω)| up to 0.5.

This bound can be generalized for all frequencies.
The conclusion is that, (1 + wlij∆lij) can be bounded as a complex region with
magnitude included in the interval

[
(1− |wlij |), (1 + |wlij |)

]
, and phase bounded

to [−(Φij)max, (Φij)max].
Notice that, the area defined in this way does not correspond to the disc-shaped

area around (1, 0) represented in Figure (2.1(a)) . It actually corresponds to the
crossed area represented in Figure (2.1(b)), and it can be considered as a good
approximation of the real area which will allow easier calculations.

Once each of the values of (1 + wlij∆lij) are bounded, a bound of wc can be
generated.
Assuming that |wlij(jω)| ≤ 1; ∀ω; i, j = {1, 2} , the maximum and minimum
bounds of |wc| can be computed as:

|wc|max =
(1 + |wl12|)(1 + |wl21|)
(1− |wl11|)(1− |wl22|)

(2.6)

|wc|min =
(1− |wl12|)(1− |wl21|)
(1 + |wl11|)(1 + |wl22|)

(2.7)

The phase of wc can be bounded to the interval [−(Φwc)max, (Φwc)max] where
(Φwc)max is calculated as the sum of all the (Φij)max ; i, j = o{1, 2}.
At frequencies where |wlij | ≤ 0.5, (Φwc)max can be approximated by the fol-
lowing equation represented in radians:

(Φwc)max = |wl11|+ |wl22|+ |wl12|+ |wl21|

2.2.2 Bounds of λp11

In the previous section, the maximum and minimum values of wc at a given fre-
quency ω were calculated.
The aim proposed was to obtain the bounds of λ11:

λ11 =
1

1− gc · wc

=
1

1− g12 · g21

g11 · g22

· (1 + wl12∆l12)(1 + wl21∆l21)

(1 + wl11∆l11)(1 + wl22∆l22)

Representing gc and wc in polar form:

λp11 =
1

1− (
(|gc|∠Φc) · (|wc|∠Φwc)

)
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At any give frequency ω, gc(jω) · wc(jω) can then be bounded by:

|gc(jω) · wc(jω)| ∈ [|gc(jω) · wc(jω)|min , |gc(jω) · wc(jω)|max

]

Φgcwc(jω) ∈ [(Φgcwc(jω))min , (Φgcwc(jω))max]

where
|gc(jω) · wc(jω)|min = |gc| · |wc|min

|gc(jω) · wc(jω)|max = |gc| · |wc|max

and
(Φgcwc(jω))min = Φgc(jω)− (Φwc(jω))max

(Φgcwc(jω))max = Φgc(jω) + (Φwc(jω))max

Take as an example Model 1 with nominal plant defined in Equation (2.8) and
uncertainties described in Equation (2.9).

G(s) =

(
5

5s + 1
2.5

2.5s + 1
3

4s + 1
3

3s + 1

)
(2.8)

W (s) =




0.14286(s + 0.06667)
(s + 1)(s + 0.3333)

0.125(s + 0.05)
(s + 0.625)(s + 0.1)

0.125(s + 0.04)
(s + 1)(s + 0.5)

0.05
(s + 0.5)


 (2.9)

Pay special attention to the diagram shown in Figure (2.2). It represents all the
possible values of λp11 of Model 1 at frequency 10−2rad/sec.
Remember at this point how λp11 is calculated from Equation (2.5).
First, the bounds of gc · wc are represented using the point (1, 0) as origin coor-
dinates, the result will be the area delimited in red and named with lower-case
letters.
Next, the bounds of (1− gc(jω) · wc(jω)) are represented by the crossed area.
Finally, the inverse of the crossed area represents all the possible values of λp11(jω),
and it is represented by the area delimited in green and named with capital letters.
This kind of plot will be widely used in this thesis; one advantage of it is that, all
the possible values of λp11(jω) at a given frequency ω can be easily identified.
Note that, this area has been overestimated. Some other utilities of this graphic
will be shown later.
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Figure 2.2: Complex representation of the possible values of the element λp11 in
the RGA of Model 1 defined in equations (2.8) and (2.9)

Each of the points named in the graphic represent a complex point which will
allow us to identify the bounds of λpij . From now on, the following notation will
be adopted:

a , |gc · wc|max ∠ (Φgcwc)min

c , |gc · wc|max ∠ (Φgcwc)max

d , |gc · wc|min ∠ (Φgcwc)max

f , |gc · wc|min ∠ (Φgcwc)min

(2.10)

If the uncertainty region of (gc ·wc) includes phases of 0◦ or 180◦, then the points
b and e will also be defined:

b , |gc · wc|min ∠ 0◦ ∨ 180◦
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e , |gc · wc|min ∠ 0◦ ∨ 180◦

The phase of b and e will be 0◦ or 180◦ depending on which one is included in
[(Φgcwc)min, (Φgcwc)max].

Inspecting again the Figure (2.2), the maximum and minimum values of the
magnitude and the real part of λp11 can be identified.
In Appendix (D) some of the most common cases are represented for |gc ·wc| < l,
and limits for the magnitude and real part are suggested for each of them.
In this case, the minimum and maximum values of the magnitude are related to B
and E respectively, which are also related to the maximum and minimum values
of the real part. That is:

|gc(j · 10−2) · wc(j · 10−2)|max = |B|
|gc(j · 10−2) · wc(j · 10−2)|min = |E|

[
real

(
gc(j · 10−2) · wc(j · 10−2)

)]
max

= real(B)

[
real

(
gc(j · 10−2) · wc(j · 10−2)

)]
min

= real(E)

2.3 Singularities
The main utility of the bounds described in the previous section is to identify
frequencies with high sensitivity of the RGA to uncertainties and to identify sin-
gularities.

Assume again a description of a system trough the equations (2.1), (2.2) and
(2.3) on Page (22); and values of the RGA and the perturbed RGA due to uncer-
tainties as described in Section (2.1.1)

It can be observed that Equation (2.4) has a singularity at gc = 1
Note that, since gc is a complex number, it is not likely to get this exact value.

Nevertheless, the value of the RGA will be affected by uncertainties; and the
perturbed value of the RGA represented in Equation (2.5) will yield to singulari-
ties when gc ·wc = 1 , that is, when gc = 1/wc. Besides, values of gc close to one
will also be troublesome because of it’s sensitivity to uncertainties, and because
they involve large values of the RGA.

In order to identify the regions where singularities can be present, a plot of the
maximum and minimum values of |1/wc|

(
defined in equations (2.11) and (2.12)

)
in frequency domain can be made, and superimposed to this one, the plot of |gc|.
If the curve defined by |gc| enters the area defined by the possible values of |1/wc|
in a certain range of frequencies, and 0◦ is one of the possible values of the phase
of gc · wc at that frequencies; then, singularities can be present due to uncertainty
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Figure 2.3: |gc| (continuous line) and maximum and minimum values of |1/wc|
(◦) for Model 1, described in equations (2.8) and (2.9)

in this range of frequencies, and there exists no bound for the possible values of
the RGA.

|1/wc|min =
(1− |wl11|) · (1− |wl22|)
(1 + |wl12|) · (1 + |wl21|)

(2.11)

|1/wc|max =
(1 + |wl11|) · (1 + |wl22|)
(1− |wl12|) · (1− |wl21|)

(2.12)

Model 1 defined in Page (26) is used as an example. Observe Figure (2.3)
which can be generated using the script enclosed in Appendix (E.3).
The curves plotted using circles (◦) represents the maximum and minimum values
of |1/wc| and the curve plotted as a continuous line represents |gc|.

It can be observed that, for frequencies included in [10−0.4, 100] rad/sec, the
value of |gc| goes into the region delimited for all the possible values of |1/wc|;
and from Figure (2.4(b)) we know that 0◦ is one of the possible values of the
phase of gc · wc, so in this interval no bounds of the values of the RGA can be
constructed.

Similar information than the one obtained from Figure (2.3) can be obtained
from Figure (2.4(a)) where the maximum and minimum limits of |gc · wc| (de-
fined in equations (2.13)and (2.14)) are represented. The frequencies at which
singularities can exist are the ones which include 1 as a possible value of |gc ·wc|.

|gc · wc|min = |gc| · |wc|min (2.13)

|gc · wc|max = |gc| · |wc|max (2.14)
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Figure 2.4: Maximum and minimum values of gc · wc for Model 1

10
−2

10
−1

10
0

10
1

10
2

1

2

3

4

5

6

7

Frequency (rad/sec)

M
ag

ni
tu

de

(a) Bounds of the real part.
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Figure 2.5: Bounds of the values of λp11 for Model 1

Example

Most of the times, the shape of the complex plot of the bounds of λp11 will be
the same for a large range in frequency domain, or even for all the possible fre-
quencies. This mainly depends on the variation on the phase of gc. In this case,
the maximum and minimum values of the magnitude or the real part can be rep-
resented in this range of frequencies as it is suggested in Appendix (D).

Take as an example Model 1, previously defined in Page (26). Take into con-
sideration the intervals and the limits suggested in Appendix (D). As it has been
discussed in the previous , regions with values of gc(jω) · wc(jw) close to 1 will
introduce huge variations in the values of the RGA due to uncertainties. Thus, the
frequency intervals in which |gc(jω) · wc(jω)| is close to 1, and 0◦ is one of the
possible values of Φgcwc should also be analyzed separately. Thus, values of the
magnitude of (gc · wc) inside the interval [0.8 , 1.3] are suggested for separated
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analysis.
In Figure (2.4) the maximum and minimum bounds of the magnitude and the

phase of gc ·wc are represented. The MATLAB script used for generating this plot
has been enclosed in Appendix (E.1).

It can be observed, that, for frequencies below 10−0.5rad/sec, |gc ·wc| is lower
than 0.8, and it’s phase is always included in the interval [−45◦, 45◦] , being 0◦ a
possible value at all the frequencies.
For this case, the suggested limits of gc · wc in Appendix (D) are:

|gc(jω) · wc(jω)|max = |B|
|gc(jω) · wc(jω)|min = |E|[

real
(
gc(jω) · wc(jω)

)]
max

= real(B)

[
real

(
gc(jω) · wc(jω)

)]
min

= real(E)

Those functions are represented in Figure (2.5) with circles (◦), and the contin-
uous lines represents different random values of λp11 due to uncertainties. These
perturbed values have been generated with the scripts included in appendices (E.4)
and (E.5).

Note that, the proposed values work as reliable bounds at the frequencies
where |gc · wc| is much lower than 1; the bounds begin to be unreliable for fre-
quencies with possible values of |gc · wc| close to 1; and at frequencies where 1 is
a possible value of |gc · wc|, no bounds can be given, and the values of the RGA
can even yield to singularity.

2.4 Systems with values of the nominal RGA close
to 1. Diagonally Dominant Systems

The aim of this section is to analyze the robustness of the RGA for systems with
values of the nominal rga close to 1. An explanation about the reason of it’s
robustness, and several examples will be given.

Remember the definition of the element λ11 in the RGA for the nominal and
the perturbed plant of a 2x2 system from the equations (2.4) and (2.5).

Note that, lim
gc→0

λ11 = 1 , and remember that:

gc =
g12 · g21

g11 · g22

A system with values of the nominal RGA close to 1 will show values of gc

close to 0.
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Figure 2.6: Magnitude of the elements of Model 3, and it’s bounds due to uncer-
tainties

If the values of the diagonal elements are much higher than the values of the off-
diagonal ones, the value of gc will become close to 0, and the higher the difference
between the diagonal elements and the off-diagonal ones, the closer gc gets to 0.

The perturbed element λp11 of the perturbed RGA has been defined as:

λp11 =
1

1− gc · wc

Note that, since gc is close to 0 for this kind of systems, the value of λ11 will be
only slightly affected due to wc.
The nominal plant would have a value of wc equal to one, and when the uncertain-
ties become larger, the bounds of wc spread around 1.

To sum up, the higher difference between the diagonal and off-diagonal ele-
ments, the closer the value of gc is to 0, and the higher robustness of the RGA to
uncertainties.

To show the behavior of the RGA in diagonally dominant systems, a example
will follow.

The example will be a not strongly diagonally dominant system subject of
what can be considered reasonably high perturbations.

The model to be analyzed is Model 2 with nominal plant defined in Equation
(2.15) and uncertainties described in Equation (2.16).

G(s) =

(
2.5

2.5s + 1
0.5

5s + 1
1.5

3s + 1
3

4s + 1

)
(2.15)
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Figure 2.7: Element λ11 of the nominal RGA of Model2

W (s) =




0.25(s + 0.05)
(s + 0.625)(s + 0.1)

1.1628(s + 0.06667)
(s + 1)(s + 0.3333)

0.25
(s + 0.5)

0.75(s + 0.04)
(s + 1)(s + 0.5)


 (2.16)

Figure (2.6) shows the magnitude of the elements of Model 2. The blue lines
represent the nominal values, and the red ones, the bounds of the magnitude due
to uncertainties.
Observe that, the elements of the diagonal are higher than the ones of the off-
diagonal; condition enough to assure diagonally dominance for a two times two
systems.

The real part and magnitude of the λ11 element in the nominal RGA can be
observed in Figure (2.7).

The magnitude of the perturbations is represented in Figure (2.8)
The possible values of |gc·wc| are represented in Figure (2.9). The unperturbed

value of |gc| is represented by the continuous line; and it can be observed that it’s
average value is around 0.1.
To have a clear picture in mind about the meaning of this value, think about a 2x2
diagonally dominant system in which, the elements in the diagonal are 3.16 times
the corresponding off-diagonal element of the column, that is, each input affects
3.6 more to it’s corresponding paired output than to the other ones.

In Figure (2.10) the maximum and minimum values of |1/wn| are represented
with dashed lines, and the value of |gc| is represented as a continuous line.
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Figure 2.8: Uncertainty functions for Model 3
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Figure 2.9: |gc| (continuous line) and maximum and minimum values of |gc · wc|
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Figure 2.10: |gc| (red line) and bounds of |1/wn| (dashed lines) for Model 3.

Since the system is diagonally dominant, the value of gc is close to 0 at any
frequencies.
Remember that,

wc =
(1 + wl12∆l12)(1 + wl21∆l21)

(1 + wl11∆l11)(1 + wl22∆l22)

and since |wlij | i, j = {1, 2} has been bounded to one, the value of |1/wc| will
be always above 0. Remember also that, the values of |1/wc| will spread around
1 as the uncertainty grows.

In Figure (2.10) frequencies between 10−0.9 and 100 rad/sec can be identified
as the frequencies with higher variation in the values of the RGA due to uncer-
tainties. For higher uncertainties, the lower bound of |1/wc| would get closer to
|gc| and variations in the RGA will become larger, being even possible the inter-
section between the lower bound of |1/wc| and |gc|; event which might yield to
singularities.

Figure (2.11) shows the bounds generated for the real part of the λ11 element
of the RGA due to uncertainties.

2.5 Plants with large values of the RGA
The pairing rules of the RGA suggest that, plants with large values of the RGA are
related to ill-conditioned plants, thus, large values of the RGA should be avoided
for pairing purposes.
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Figure 2.11: Bounds of the real part of the element λp11 in the RGA of Model 3
and random values due to uncertainties. The nominal value is represented in green

A question which has never been clearly answered is, which values of the
RGA can be considered as large?

The topic discussed in this section is trying to find a bound for reliable values
of the RGA from the point of view of sensitivity to uncertainties.

Remember again form Equation (2.4) the value of the element λ11 in the RGA
of the nominal plant, and from Equation (2.5) the value of λp11 of the perturbed
plant.

Positive values of the RGA are obtained when gc < 1, and large values are
obtained for values of gc close to 1, yielding to infinity value (singularity) for
gc = 1. Take as reference a value of gc = 0.5 which is translated into a value of
λ11 = 2. The closer gc gets to one, the higher sensitivity of the values of the RGA
to perturbations in gc.

The questions are:

- On which values of the nominal RGA can we rely, so they will not be highly
disturbed due to moderated uncertainties into large numbers of the RGA?

- Which values of the nominal RGA should not be used for pairing purposes
due to high sensitivity to uncertainties, yielding large numbers of the per-
turbed RGA?

Consider Model 4 represented by Equation (2.17) , with real part and magni-
tude of the element λ11 of the nominal RGA equal to 2 up to about 100rad/sec.
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Figure 2.12: Bode Magnitude of Model 4

The magnitude of the system can be observed in Figure (2.12). The real part of
the element λ11 of the RGA can be observed in Figure (2.13).

G(s) =

(
5

0.5s + 1
2.5

0.25s + 1
3

0.4s + 1
3

0.3s + 1

)
(2.17)

This system will be analyzed with different levels of perturbations in order to
observe it’s behavior.

Assume a perturbation of 10% in each of the transfer functions of the system
Gij . This will be translated into a continuous value of wij(s) = 0.1.

For frequencies up to 10−1, the possible values of the element λp11 of the
perturbed RGA are represented in the complex plot in Figure (2.14)

It has been pointed out before that, as the values of gc · wc get closer to 0, the
RGA becomes quite sensitive to uncertainties; thus, better bounds of gc · wc need
to be constructed.
Thus,the bounds of λp11 are now obtained using the approximation described in
Appendix (C).

In Figure (2.14) the bounds of the real part are identified as [1.5,3.95]. It can
be concluded that small uncertainties lead to quite large variations in the values of
the RGA for a nominal value of the RGA of 2.

The complex plot of the possible values of (1−gc·wc at frequency 10−2rad/sec
and for values of |wij| = 0.2 and |wij| = 0.3 are represented in Figure (2.15). It
can be observed that the area representing the bounds of (1−gc ·wc) definitely en-
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Figure 2.13: Real part of the element λ11 in the nominal RGA of Model 4
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(a) Complex plot of the possible values of (1−gc·wc) at 10−2rad/sec,
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Figure 2.15: Complex plot of the possible values of (1− gc · wc) at 10−2rad/sec
for different values of |wij|
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Figure 2.16: Complex plot of the possible values of λp11 in the RGA of a system
with nominal value of the RGA equal to 3 and |wlij | = 0.1, i, j = 1, 2

closes the origin of coordinates in both cases, thus there is no limit for the possible
values of the RGA due to uncertainties.

It can be then concluded that, values of the nominal RGA of 2 should only
be used for pairing purposes if the uncertainties are low and known, but not with
uncertainties above 20% for all the values of gij , and never higher than 30%.

Figure (2.16) represents the complex plot of all the possible values of (1 −
gc · wc) for a system with nominal value of the RGA equal to 3 and values of
|wlij | = 0.1, i, j = {1, 2}). It can be observed how the region which delimits
(1− gc · wc) approaches to the origin of coordinates. Thus, values of the nominal
RGA higher than 3 will not be suggested for variable pairing purposes due to it’s
sensitivity to uncertainties.

2.6 Systems with positive values of the nominal RGA
lower than one

Until now, two cases have been analyzed in which uncertainties don’t even need
to be modeled.
The robustness to uncertainties of the RGA of a diagonally dominant system has
been shown. Also, a higher bound for values of the RGA used for pairing purposes
has been suggested.

In both cases uncertainties don’t need to be modeled. For the diagonally dom-
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Figure 2.17: Real part of the λ11 element in the nominal RGA of Model 5

inant system, it can be concluded that even for large uncertainties, the system will
keep on being diagonally dominant. For the system with large values of the RGA,
only a rough notion about the size of the uncertainties is needed to have an idea
about the bounds suggested for large values of the RGA used for pairing.

The real powerfulness of the analysis of the sensitivity of the RGA comes for
systems with values of the diagonal elements in the RGA positive and lower than
one (diagonal pairing assumed).

Remember that, pairings with values close to 1 are preferred, while a value
of 0.5 will mean equal interaction between channels. Remember also that all the
columns and rows of the RGA may add up to one.

A fast and useful tool for analyzing the effect of uncertainties in this kind of
systems is then proposed.

Model 5 introduced by Equation (2.18), being subject to the uncertainties de-
scribed in Equation (2.19), will be analyzed.
Model 5 has similar real part and magnitude of the element λ11 in the nominal
RGA. The real part is represented in Figure (2.17).

G(s) =

(
5

0.4s + 1
2.75

0.25s + 1−2
0.4s + 1

3
0.3s + 1

)
(2.18)

W (s) =




0.5(s + 0.05)
(s + 1)(s + 0.1)

0.5(s + 0.0667)
(s + 1)(s + 0.3333)

0.15
s + 0.5

0.55375(s + 0.04)
(s + 1)(s + 0.5)


 (2.19)
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Figure 2.18: Possible values of λp11 of Model5 at 10−2rad/sec

At frequency 10−2rad/sec , the possible values of the element λp11 are repre-
sented in Figure (2.18). At this time, the values of the maximum and minimum
real part and magnitude, can be easily identified with the points B and F respec-
tively, and generalized in all frequency domain.

Thus, the bounds of the values of λp11 are represented in Figure (2.19).
Note that, the most interesting limit is the lower one. The upper one would

just increase the diagonally dominance of the system diagonal-dominance, whilst
the lower bound could lead to high values of interaction which could even make
us decide that the pairing should not be selected.

This kind of analysis is easy and fast, and not much information about the
uncertainties is needed to make a plot of the bounds.
For example, a percentage of error in one of the transfer functions of the MIMO
system can just be represented by wij . For example, a multiplicative error of 10%
in the transfer function Gij will be represented by a value of wij = 0.1.
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Figure 2.19: Bounds of the element λ11 in the RGA of Model5
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Chapter 3

Conclusions and Further Researches

3.1 Conclusions
A measure of the possible variations in the RGA of a 2x2 system has been pro-
posed.

Several examples were given, and from them it can be concluded that:

- Values of the nominal RGA close to 1 are difficult to perturb. The RGA
is robust enough to neglect the perturbations due to uncertainties. Never-
theless, when the RGA is not robust enough, high-level uncertainties can
perturb it’s values to large variations or even singularities.

- Values of the nominal RGA larger than 2 should be avoided when moderated
uncertainties are present. Values of 3 and above should allways be avoided
due to it’s sensitivity to uncertainties.

- Values of the nominal RGA which suggest diagonal pairing could be per-
turbed to values which are advised against pairing purposes. A useful tool
for analyzing this perturbations in the RGA has been proposed.

Note that, the examples given in this thesis have values of Φgcwc which always
include 0◦ or 180◦ as possible values. These will be the most common cases due
to the way of computing gc.
Remember that gc = g12·g21

g11·g22
. Since either the elements in the system usually have

similar bandwidths and phase, or the elements associated to the same inputs and
outputs have similar bandwidths and phases; thus the phase of gc will usually be
close to 0◦ or 180◦, and the uncertainty region created by wc will usually make 0◦

or 180◦ lie into the possible bounds of Φgcwc .
In the cases were this does not happen, the bounds are not easily generalized

for regions in the frequency domain, nevertheless, the analysis at a particular point
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Figure 3.1: Example of representation of the possible values of λp11 of a certain
system at a certain frequency

in frequency domain is still possible.
Take as an example the Figure (3.1); it represents a possible representation for the
bounds of the RGA of a certain system at a certain frequency. The information
obtained is clear, but it can’t be generalized in a range in frequency domain.

3.2 Further Researches
A method for the analysis of the sensitivity of the RGA to uncertainties for 2x2
has been proposed, a generalization for higher order systems could be researched.

There are some other useful pairing tools as the Participation Matrix (dis-
cussed in Section (1.2.4)) whose sensitivity to uncertainties could also be ana-
lyzed.

Never forget that the values in the RGA depend on on the selected controller.
A proposed research would be how to compensate the RGA so it can be less
sensitive to uncertainties.
Take as an example Figure (3.2) where the nominal value of the element λ11 in the
RGA is equal to 2 (marked in the graphic with ′⊗′). This value is largely perturbed
due to uncertainties, reaching even values of 12. If a phase gap of−90◦ is induced
in the transfer function of one of the diagonal elements, or a phase gap of 90◦ is
induced in one of the diagonal elements, then the result would be the one showed
in Figure (3.3) which could even suggest diagonal pairing.
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Appendix A

First attempt to measure the
sensitivity of the RGA to
uncertainties

This appendix contains a first attempt to analyze the sensitivity of the RGA to
uncertainties. The RGA of a 2x2 system is factorized in two factors (element by
element multiplication), one of them beign the nominal RGA and the other one a
variable factor representing the relative error induced by uncertainties.

This line of work has been left aside, but this result has been included in case
it can be useful for further researches.

A.1 Mathematical Conclusions

Assume we have a 2x2 MIMO system with nominal plant G(S)

G(s) =

(
g11(s) g12(s)
g21(s) g22(s)

)
(A.1)

And element by element multiplicative uncertainty of the form

Gp(s) = G⊗ (1 + W (s)) (A.2)

with

W (s) =

(
w11(s) ·∆11(s) w12(s) ·∆12(s)
w21(s) ·∆21(s) w22(s) ·∆22(s)

)
(A.3)

where ∆ij(s), i, j = 1, 2 is any stable transfer function with |∆ij| 6 1.
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Theorem A. In the points of the frequency domain were G(s) and W (s) are non
singular matrices, the RGA of the system Gp can be computed as

RGA(Gp) =
det (G) · det (1 + W )

det (G⊗ (1 + W ))
·
(

1 −1
−1 1

)
⊗Go⊗Go−T⊗(1+W )⊗(1+W )−T

Proof. Let’s denote for simplicity A ≡ G and B ≡ (1 + W ).
Then, the proof is equivalent to show that

RGA(A⊗B) =
det (A) · det (B)

det (A⊗B)
·
(

1 −1
−1 1

)
⊗A⊗A−T ⊗B⊗B−T (A.4)

The RGA of Gp will be

RGA(A⊗B) = A⊗B ⊗ (A⊗B)−T (A.5)

From the definition of the inverse of a matrix:

(A⊗B)−1 =
1

det A⊗B
[adj (A⊗B)]T (A.6)

It can be easily shown that, in the case of A and B being 2x2 sized, that

adj(A⊗B) =

(
1 −1

−1 1

)
⊗ adj(A)⊗ adj(B) (A.7)

Substituting Equation (A.7) into Equation (A.6)

(A⊗B)−1 =
1

det (A⊗B)

(
1 −1

−1 1

)
⊗ [adj(A)⊗ adj(B)]T (A.8)

It can be easily shown, again for 2x2 matrices, that

[adj(A)⊗ adj(B)]T = [adj(A)]T ⊗ [adjB]T (A.9)

Substituting Equation (A.9 into Equation (A.8)

(A⊗B)−1 =
1

det(A⊗B)

(
1 −1

−1 1

)
⊗ [adj(A)]T ⊗ [adj(B)]T (A.10)

From the definition of inverse of a matrix, Equation (A.10) can be expressed as

(A⊗B)−1 =
det A det B

det (A⊗B)

(
1 −1

−1 1

)
⊗ A−1 ⊗B−1 (A.11)

Substituting Equation (A.11) in Equation (A.5) we get Equation (A.4).
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Thus, RGA(Gp) can be expressed as

RGA(Gp) =
det (G) · det (1 + W )

det (G⊗ (1 + W ))
·
(

1 −1
−1 1

)
⊗ (1 + W )⊗ (1 + W )−T

︸ ︷︷ ︸
λw

⊗Go⊗Go−T

︸ ︷︷ ︸
λ

Therefore, RGA(Gp) can be grouped in two factors λ and λw

RGA(Gp) = λ⊗ λw

where λ is the RGA of the nominal plant G, and from now on will be referred
as ”Nominal RGA”; λw can be considered as the perturbation induced by the
uncertainties in the RGA. Note that, inspecting at the possible values of λw we
get direct information about the relative error induced in the Nominal RGA.



52 A. First attempt to measure the sensitivity of the RGA to uncertainties



Appendix B

Uncertainties

The information about uncertainties in Section (1.2.2) is enough for the under-
standing of the work done in the thesis, but for the interested reader the following
information is useful.

In this appendix, information about how to choose wl for multiplicative un-
certainty is given. An example for it is also given while explaining parametric
uncertainty. And finally, different representations of uncertainty are discussed,
and the way of translating them into the multiplicative uncertainty described in
Section (1.2.2).

B.1 Selection of wl for multiplicative uncertainty
- Find an uncertain model Gp which represents all the Uncertainty Set Π.

- Select a nominal model G(s).

- Find lI :
lI(ω) = max|er(jω)|∀Gp ∈ Π

where

er(s) =
Gp(s)−G(s)

G(s)

- Find a stable minimum-phase ω(s) so that: w(jω) ≥ lI(ω), ∀ω
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Figure B.1: Possible values of er(s), and lI(ω) represented with red crosses

B.2 Parametric Uncertainty
A way of representing uncertainties is with variations in the parameters of the
models.

One example will be given, and parametric uncertainty will be translated into
Multiplicative Uncertainty.

First, the Uncertainty Set is identified, and represented with the transfer func-
tion

Gp(s) =
k

Ts + 1
, 4 ≤ k ≤ 5, 0.7 ≤ T ≤ 1.3

Select a nominal transfer function G(s):

G(s) =
4.5

s + 1

Compute er(s) and lI(s)

er(s) =
Gp(s)−G(s)

G(s)
=

(
k

4.5
− 1)(s + 1)

(Ts + 1)
(B.1)

Some of the possible values of er(s) are represented in Figure (B.1). In this
case, lI(ω) can be easily identified with the transfer function in Equation (B.1)
and it is represented in the figure with red crosses.

In this case of parametric uncertainty, lI(s) can be easily identified, and thus,
wl(s) easily selected. But in some other cases, like the one represented in Figure
(B.2) lI(ω) can be really complicated, and a simpler selection of wl(s), like the
one represented in the figure, is preferred.
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Figure B.2: Selection of wl(s). Figure obtained from [20]

B.3 Additive Uncertainty
Additive uncertainty is a way of representing uncertainties similar to multiplica-
tive uncertainty.

The Uncertainty Set is represented by:

Π : Gp(s) = G(s) + wA(s)∆A(s)
)
; |∆A(jω)| ≤ 1,∀w

And it represents a disc-shaped region centered in G(jω) with radius equal to
|wA(jω)|.

For translating additive uncertainty into multiplicative uncertainty, wl(s) needs
to be selected satisfying at each frequency:

|wl(jω)| = |wA(jω)|
|G(jω)|

Remember that, wA(s) and wl(s) need to be selected stable and minimum
phase.

Multiplicative uncertainty is usually preferred, because wl(s) gives direct in-
formation about the percentage of error introduced by uncertainties into the nom-
inal plant G(s).

B.4 Multiplicative Uncertainty in Multivariable Sys-
tems

A complex perturbation matrix is now used.
The Uncertainty Set is represented by:

Π : Gp = (I + Wopt) ·G · (I + Wipt)

Wopt represents the output uncertainty, and Wipt represents the input uncertainty.
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B.4.1 Example. Input Unstructured Uncertainty
Assume a description of a multivariable system with input uncertainty like:

Π : Gp = G · (I + Wipt) (B.2)

Sometimes, only a bound of the error is known, represented as a norm of Wipt(s).
This case is the one represented by Unstructured Uncertainty. In this example, the
Euclidean norm is used.

|Wipt(jω)|2 ≤ δ(ω) ∀ω

Wipt is usually scaled by a scalar eipt(s), in such a way that,

Wipt(s) = eipt(s) ·∆(s), |∆(s)|2 ≤ 1

This kind of description also represents coupling between different sources of
uncertainties.

Take as an example the 2x2 system:

Gp(s) = G(s)(I + eipt(s) ·∆(s))

G(s) =

(
g11(s) g12(s)
g21(s) g22(s)

)

∆(s) =

(
∆11(s) ∆12(s)
∆21(s) ∆22(s)

)

Thus:

Gp =

(
g11 g12

g21 g22

) (
1 + eipt∆11 eipt∆12

eipt∆21 1 + eipt∆22

)

Gp =

(
g11(1 + eipt∆11) + g12 · eipt∆21 g12(1 + eipt∆22) + g11 · eipt∆12

g21(1 + eipt∆11) + g22 · eipt∆21 g22(1 + eipt∆22) + g21 · eipt∆12

)

(B.3)

Gp =

(
g11(1 + eipt∆11 +

g12
g11

· eipt∆21) g12(1 + eipt∆22 +
g11
g12

· eipt∆12)

g21(1 + eipt∆11 +
g22
g21

· eipt∆22) g22(1 + eipt∆22 +
g21
g22

· eipt∆12)

)

Inspect the element (1, 1) of Gp:

Gp11 = g11(1 + eipt∆11 +
g12

g11

· eipt ·∆21) (B.4)
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Both ∆11 and ∆21 represent a disc-shaped area centered in the origin (0, 0)
and with radius equal to 1. The elements g11 · eipt∆11 and g12 · eipt∆21 represent
two disc-shaped regions centered in the origin and with radius |g11 · eipt∆11| and
|g12 · eipt∆21|. The result of adding both elements is a disc-shaped region centered
in (0, 0) and with radius |g11 · eipt∆11 + g12 · eipt∆21|. In this way, the element
(1, 1) of Gp can be represented as:

Gp11 = g11(1 + eipt∆l11 +
g12

g11

· eipt∆l11) = g11

(
1 + eipt(1 +

g12

g11

)∆l11

)
(B.5)

Represented as multiplicative uncertainty in the way described in Section (1.2.2):

Gp11(s) = g11(s)(1 + wl11(s)∆l11(s)), |∆p11(jω)| ≤ 1 ∀ω
where

wl11(s) = eipt(s)
(
1 +

g12(s)

g11(s)

)

and for the multivariable system:

Gp(s) =




g11(s)(1 + eipt(s)
(
1 +

g12(s)
g11(s)

) ·∆l11(s)) g12(s)(1 + eipt(s)
(
1 +

g11(s)
g12(s)

) ·∆l12(s))

g21(s)(1 + eipt(s)
(
1 +

g22(s)
g21(s)

) ·∆l21(s)) g22(s)(1 + eipt(s)
(
1 +

g21(s)
g22(s)

) ·∆l22(s))




(B.6)

Gp(s) =

(
g11(s)(1 + wl11(s) ·∆l11(s)) g12(s)(1 + wl12(s) ·∆l12(s))
g21(s)(1 + wl21(s) ·∆l21(s)) g22(s)(1 + wl22(s) ·∆l22(s))

)

Equations (B.3) and (B.6) represent the same uncertainty regions for each of
the components of Gp, nevertheless, note that, a variation in ∆11 in Equation (B.3)
will yield to a variation in Gp11 and Gp21 , whilst this coupling has been neglected
in Equation (B.6) yielding to a more conservative representation.

B.4.2 Example. Output Structured Uncertainty
Sometimes the sources of uncertainties are known, and a better description of the
uncertainties can be made than in the case of unstructured uncertainty. This is
represented by the structured uncertainty.

Assume we have a 2x2 system with an error of 10% in the measure of the first
output, y1, and an error of 15% in the measure of the second output, y2.
The Uncertainty Set is then represented by:
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Π : Gp =

(
I +

(
0.1 ·∆11 0

0 0.15 ·∆22

))(
g11 g12

g21 g22

)

Thereby:

Π : Gp =

(
g11 · (1 + 0.1∆11) g12 · (1 + 0.1∆11)
g21 · (1 + 0.15∆22) g22 · (1 + 0.15∆22)

)

Remember the computation of the RGA for a 2x2 system with uncertainties
from Section (2.1.1). The element λp11 can then be computed as:

λp11 =
1

1− g12 · g21

g11 · g22

· (1 + 0.1∆11)(1 + 0.5∆22)

(1 + 0.1∆11)(1 + 0.5∆22)

Thus:
λp11 =

1

1− g12 · g21

g11 · g22

It can be concluded that the RGA is insensitive to this uncertainties. Actually,
it has been discussed in Section (1.2.4) that the RGA is insensitive to scaling; the
description of uncertainties as diagonal structured uncertainty, can be considered
as a scaling with an uncertain coefficient. Thus, the RGA is insensitive to diagonal
structured uncertainty. This property of the RGA can be consulted in [5].

B.4.3 Example. Input Structured Uncertainty
This case can be represented as multiplicative uncertainty in the same way as it
was made before with unstructured uncertainty.

Π : Gp =

(
g11 g12

g21 g22

)(
I +

(
0.1 ·∆11 0.07 ·∆12

0.08 ·∆21 0.15 ·∆22

))

Π : Gp =

(
g11 · (1 + 0.1∆11) + 0.08 · g12 ·∆21 g12 · (1 + 0.15∆22) + 0.07 · g11∆12

g21 · (1 + 0.1∆11) + 0.08 · g22 ·∆21 g22 · (1 + 0.15∆22) + 0.07 · g21∆12

)

Π : Gp =

(
g11 · (1 + 0.1∆11) + 0.08 · g12 ·∆21 g12 · (1 + 0.15∆22) + 0.07 · g11∆12

g21 · (1 + 0.1∆11) + 0.08 · g22 ·∆21 g22 · (1 + 0.15∆22) + 0.07 · g21∆12

)

Gp =

(
g11(1.1 + 0.08

g12
g11

) · e∆l21 g12(1.15 + 0.07
g11
g12

) · e∆l12

g21(1.1 + 0.08
g22
g12

) · e∆l21 g11(1.15 + 0.07
g21
g22

) · e∆l22

)

The references which have been used for the description of uncertainties are
[21], [4], and [5].



Appendix C

Estimation of bounds

In many cases, the approximation of the bounds of gc · wc described in Section
(2.2) will not be accurate enough.

In systems with large values of the RGA and high values of the uncertainties,
the values of the RGA are quite sensible to small changes in gc. In this overesti-
mating of the bounds of gc ·wc will produce large areas of uncertainty which don’t
allow a good identification of the possible values of the RGA.

Nevertheless, this estimation keeps on being useful for identifying the most
sensible frequencies and the ones yielding to singularities. This can be done
sketching the maximum and minimum possible values of |1/wc| , and compar-
ing it with the values of gc.

For cases where a better estimation of the bounds of gc · wc is needed, the
following estimation of the curve included the possible values of gc · wc, based in
the parametrization of the real area is proposed.

(
c+ρ · cos(θ)+

(ρ

2

)2
(cos(2θ)−1), ρ ·sin(θ)

) ·(cos(φgc), sin(φgc)
)

θ ∈ [0, 2π]

with

c =
|gcwc|max + |gcwc|min

2

ρ =
|gcwc|max − |gcwc|min

2

This approximation is a much more accurate one, and it is valid for values of
ρ ≤ 0.5.

Take as a first example the approximation made in Figure (C.1) where the
region representing (1 − gc · wc) is far enough from the origin, and the RGA is
not quite sensitive to variations in gc, and observe that the difference between both
criteria obtaining the possible values of the RGA doesn’t differ so much.
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Figure C.1: Example of the possible values of the element λ11 of the RGA at a
given frequency

A detail of the two estimated areas representing the possible values of (1 + gcwc),
and it’s accuracy representing the real one, can be observed in Figure (C.2).

Another example is represented in Figure (C.3), in which the value of (1 −
gcwc) is closer to the origin, and the sensitivity of the RGA to uncertainties is
greater. It can be observed that the difference of the two two criteria obtaining the
possible values of the RGA is greater than in the latter case.
Figure (C.4) shows a detail of both estimated areas of the possible values of (1 +
gcwc) and its accuracy representing the real one. Note that, only a few of the
possible values of (1 + gcwc) lay out of the estimated area. These vales can be
neglected, since they are a result of quite unlikely directions in the disturbances.
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Figure C.2: Detail of Figure (C.1) to appreciate the accuracy of the approximation
made to estimate the possible values of (1 + gcwc)
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Appendix D

Advice for Generalizations of the
bounds of the RGA in a Range of
Frequencies

In this appendix, various values for the bounds of λp11 are suggested for values of
|gcwc| < 1. The decision will be taken depending on the values of the possible
phases of gc · wc (denoted by Φgcwc) at a certain range of frequencies.

The most common case is when 0◦ is one of the possible values for Φgcwc and
it is bounded by Φgcwc ∈ [−90◦, 90◦].
Three examples of this case are represented in figures (D.1) (D.2) and (D.3); there,
the two approximations of the bounds are represented in order to appreciate the
error induced by the approximation developed in Section (2.2.2).
It can be observed in these figures, that the values for the minimum and maximum
magnitude and real part of λp11 are related with the points B and E, which can be
obtained from b and e:

b = |gc · wc|min ∠ 0◦

e = |gc · wc|min ∠ 0◦

A extreme case in which the error at estimating this bounds is maximal can be
observed in Figure (D.3). The error in the bound estimated by E will be almost
null, and the overestimating made with B is negligible.

An example of the case when in which 180◦ is one of the possible values for
Φgcwc , and Φgcwc ∈ [90◦, 270◦], is represented in Figure (D.4), the generalization
of the bounds for the frequencies with these characteristics are point B and E for
the minimum and maximum values of the real part or the magnitude. B and E are
obtained from:
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Frequencies
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Figure D.1: Example of the possible values of the element λ11 of the RGA at a
given frequency

b = |gc · wc|min ∠ 180◦

e = |gc · wc|min ∠ 180◦

As it has been shown in (3.2) and Figure (3.1), for cases different than the
ones shown above, a generalization of the bounds for a range of frequencies could
be difficult to obtain. Nevertheless, an analysis at a certain point in frequency is
always possible .
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Figure D.3: Example of the possible values of the element λ11 of the RGA at a
given frequency
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Appendix E

MATLAB scripts

E.1 Script 1

The following script plots the maximum and minimum values of the magnitude
and phase of gc · wc at the frequencies contained in the vector v (in this case
100 points with logarithmic distributions between frequencies 10−2rad/sec and
102rad/sec ). The transfer function of the system G(s) and the transfer function
of the uncertainties W (s) have to be defined before the execution of the script.

v=logspace(-2,2,100); %vector including the analyzed frequencies
[mw11 pw11]=bode(W(1,1),v);
[mw12 pw12]=bode(W(1,2),v);
[mw21 pw21]=bode(W(2,1),v);
[mw22 pw22]=bode(W(2,2),v);

maxUN=((1+mw21).*(1+mw12))./((1-mw11).*(1-mw22));
minUN=((1-mw21).*(1-mw12))./((1+mw11).*(1+mw22));
gc=(G(1,2)*G(2,1))/(G(1,1)*G(2,2));
[mgc pgc]=bode(gc,v);
maxUNgc=maxUN.*mgc;
minUNgc=minUN.*mgc;

figure
semilogx(v,d2vec(maxUNgc),’o’);
hold on
semilogx(v,d2vec(minUNgc),’o’);
semilogx(v,d2vec(mgc))
xlabel(’Frequency (rad/sec)’)
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ylabel(’Magnitude’)

maxphase=mw11+mw12+mw21+mw22;

figure
semilogx(v,d2vec(pgc))
hold on
semilogx(v,d2vec(pgc+maxphase*180/pi),’o’)
semilogx(v,d2vec(pgc-maxphase*180/pi),’o’)
xlabel(’Frequency (rad/sec)’)
ylabel(’Phase (Degrees)’)

E.2 Script 2

Plots the complex diagram of all the possible values of the element λp11 at fre-
quency defined in v (in this case 10−2rad/sec).

The transfer function of the system G(s) and the transfer function of the un-
certainties W (s) have to be defined before the execution of the script. This script
represents the bounds as described in Section (2.2).

The computing of ωwc realized in this script makes it only suitable for values
of |wij| ≤ 1,∀i, j = {1, 2}.

v=10ˆ(-2);
[mw11 pw11]=bode(W(1,1),v);
[mw12 pw12]=bode(W(1,2),v);
[mw21 pw21]=bode(W(2,1),v);
[mw22 pw22]=bode(W(2,2),v);

maxUN=((1+mw21).*(1+mw12))./((1-mw11).*(1-mw22));
minUN=((1-mw21).*(1-mw12))./((1+mw11).*(1+mw22));
omegawc=mw11+mw12+mw21+mw22;

gc=(G(1,2)*G(2,1))/(G(1,1)*G(2,2));
[mgc pgc]=bode(gc,v);

absmax=max(maxUN.*mgc);
absmin=min(minUN.*mgc);
fimax=max((pgc*pi/180)+omegawc);
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fimin=min((pgc*pi/180)-omegawc);
figc=pgc*pi/180;

fi=linspace(fimin,fimax,100);
mod=linspace(absmin,absmax,100);

round=linspace(0,360,150);
circ=1+polarcgrad(absmax,round);
plot(real(circ),imag(circ),’--’)

circ=polarcgrad(1,round)
hold on
plot(real(circ),imag(circ))

%plot axis
plot([-1,1],[0 0]);plot([0 0],[-1,1]);
plot([1-absmax,1+absmax],[0 0],’-.’);
plot([1 1],[-absmax,absmax],’-.’);

a = polarcrad([absmax absmax absmax absmin absmin absmin absmax],
[fimin 0 fimax fimax 0 fimin fimin]);
a2=1+a;
a3=1-a;
a4=1./a3;

text(real(a4(1)),imag(a4(1)),’A’)

text(real(a4(3)),imag(a4(3)),’C’)
text(real(a4(4)),imag(a4(4)),’D’)

text(real(a4(6)),imag(a4(6)),’F’)

text(real(a2(1)),imag(a2(1)),’a’)

text(real(a2(3)),imag(a2(3)),’c’)
text(real(a2(4)),imag(a2(4)),’d’)

text(real(a2(6)),imag(a2(6)),’f’)
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x=polarcrad(absmax,fi);
plot(real(1+x),imag(1+x),’r-’)
plot(real(1-x),imag(1-x),’y’)
x=1./(1-x);
plot(real(x),imag(x),’g’)

x=polarcrad(absmin,fi);
plot(real(1+x),imag(1+x),’r-’)
plot(real(1-x),imag(1-x),’y’)
x=1./(1-x);
plot(real(x),imag(x),’g’)

x=polarcrad(mod,fimax);
plot(real(1+x),imag(1+x),’r-’)
plot(real(1-x),imag(1-x),’y’)
x=1./(1-x);
plot(real(x),imag(x),’g’)

x=polarcrad(mod,fimin);
plot(real(1+x),imag(1+x),’r-’)
plot(real(1-x),imag(1-x),’y’)
x=1./(1-x)
plot(real(x),imag(x),’g’)

mod=linspace(absmin,absmax,deltax2);
arg=linspace(fimin,fimax,deltax);
for h=1:length(mod)

for k=1:length(arg)
x=polarcrad(mod(h),arg(k));
x=1-x;
plot(real(x),imag(x),’rx’)

end
end

if fimax > 0 && 0> fimin
ang=0
k=1

elseif fimax>pi && pi>fimin
ang=pi
k=1
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end

if k==1
a=polarcrad([absmax absmin],[ang ang]);
a2=1+a;
a5=1./(1-a);

text(real(a5(1)),imag(a5(1)),’B’)
text(real(a5(2)),imag(a5(2)),’E’)
text(real(a2(1)),imag(a2(1)),’b’)
text(real(a2(2)),imag(a2(2)),’e’)
end
xlabel(’Re’)
ylabel(’Im’)

E.3 Script 3

Plots the bounds of |1/wc| and the value of |gc| in the frequencies contained in v.
If the curve described by |gc| goes into the area of all the possible values of |1/wc|,
then singularities might be present due to uncertainties.

The transfer function of the system G(s) and the transfer function of the un-
certainties W (s) have to be defined before the execution of the script.

v=logspace(-2,2,100);
clc
[mw11 pw11]=bode(W(1,1),v);
[mw12 pw12]=bode(W(1,2),v);
[mw21 pw21]=bode(W(2,1),v);
[mw22 pw22]=bode(W(2,2),v);

maxUN=((1+mw21).*(1+mw12))./((1-mw11).*(1-mw22));
minUN=((1-mw21).*(1-mw12))./((1+mw11).*(1+mw22));
gc=(G(1,2)*G(2,1))/(G(1,1)*G(2,2));
[mgc pgc]=bode(gc,v);

semilogx(v,d2vec(1./maxUN),’o’);
hold on
semilogx(v,d2vec(1./minUN),’o’);
semilogx(v,d2vec(mgc),’y’);
xlabel(’Frequency (rad/sec)’)
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ylabel(’Magnitude’)

E.4 Script 4

When calling this function, plots of λp11 with random perturbations are generated.
The arguments of the function are:

• x : number of generated plots.

• G : 2x2 transfer function of the system.

• W : 2x2 transfer function representing the uncertainties.

• v : vector with the frequencies to be represented.

• plot type : if it takes the symbolic value of ”partreal”, then perturbations for
the real part of λp11 are generated; if it is ”magnitude”, then perturbations
for the magnitude of λp11 are generated.

• perturbation : defines the type of perturbation which will be generated, all
of the possible choices regarding to the values of ∆. ”realperturbation” for
random real values of ∆ij , ”imagperturbation” for random complex values
with only imaginary part, and ”complexperturbation” for complex random
values.

Before the execution of the function, the following lines have to be executed
in order to define the input variables:

partreal=sym(’partreal’)
magnitude=sym(’magnitude’)
realperturbation=sym(’realperturbation’)
imagperturbation=sym(’imagperturbation’)
complexperturbation=sym(’complexperturbation’)

function[]=find_perturbed_cases(x,G,W,v,plot_type,perturbation)
partreal=sym(’partreal’)
magnitude=sym(’magnitude’)
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realperturbation=sym(’realperturbation’)
imagperturbation=sym(’imagperturbation’)
complexperturbation=sym(’complexperturbation’)

for h=1:x
pes=round(rand(2,2));
pes=sign(pes-0.5);
pes1=rand(2,2);
pes=pes.*pes1;

pescomp=round(rand(2,2));
pescomp=sign(pescomp-0.5);
pes1comp=rand(2,2);
pescomp=pescomp.*pes1comp;

if perturbation==realperturbation
pesf=pes;
elseif perturbation==imagperturbation
pesf=complex(0,pescomp);
elseif perturbation==complexperturbation
pesf=complex(pes,pescomp);
end

a=abs(pesf)
b=find(a>1)
while a(b)>1
pesf(b)=pesf(b)*0.95
a=abs(pesf)
b=find(a>1)

end

W2=pesf.*W;
W3=1+W2;
a1=(G.*W3).*transpose(inv(G.*W3));
[ma1 pa1]=bode(a1(1,1),v);
polara1=polarcgrad(ma1,pa1);
if plot_type==magnitude

semilogx(v,abs(d2vec(polara1)),’r’);
elseif plot_type==partreal

semilogx(v,real(d2vec(polara1)),’r’);
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end
hold on

end

E.5 Script 5

Plots the value of λp11 for the 81 possible combinations of real perturbations with
∆ij = 0, 1,−1. That is, for example:

∆ =

(
1 0
−1 1

)

W (s) =

(
w11(s) 0
−w21(s) w22(s)

)

The transfer function of the system G(s) and the transfer function of the un-
certainties W (s) have to be defined before the execution of the script.

h=linspace(0,80,81);
hter=dec2base(h,3);

for k=1:81
pes=[hter(k,1) hter(k,2);hter(k,3) hter(k,4)];
pes=pes-49;
w=W.*pes;
W3=1+w;
Gp=G.*W3;
rg=Gp.*transpose(inv(Gp));
[mag phase]=bode(rg(1,1),v);
so=polarcgrad(mag,phase);
semilogx(v,d2vec(real(so)),’y’)
hold on

end
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