
MASTER’S  THESIS
2005:161 CIV

KARL JOHAN JONSSON

Modelling the Excitation and Decay of Solar
Coronal Loop Oscillations by Using Laplace

Transforms and Numerical Inversions

MASTER OF SCIENCE PROGRAMME
Space Sciences

Luleå University of  Technology
Department of Applied Physics and Mechanical Engineering

Division of  Physics

2005:161 CIV • ISSN: 1402 - 1617 • ISRN: LTU - EX - - 05/161 - - SE



Abstract

Recent research within Coronal Helioseismology has had some focus on the
the rapid decay of coronal magnetic loops observed by the spacecraft TRACE.
The cause of this rapid decay is not clear yet.

In this M.Sc. Thesis in Space Engineering at Lule̊a University of Tech-
nology, the theory of energy wave leakage via kink modes is supported. It
is a continuation of Cally (2003), where it is pointed out that the non-leaky
principal fast kink mode has a bifurcated counterpart, which is leaky. Unfor-
tunately, the decay rate formula for the leaky principal fast kink mode that
Cally presents is somewhat too slow to fit the observations, except for very
thick (or very short) loops.

A stationary magnetic flux tube embedded in a typical coronal surround-
ing is considered. In contrast to most of the previous work, where the as-
sumption that the magnetic flux tube’s motion is given by its normal modes,
the flux tube is here perturbed by a local disturbance in the surrounding rep-
resenting a solar flare. The time dependent solution is studied, so a Laplace
transform of the time component is applied to the set of equations describing
the displacement of the magnetic flux tube and the total pressure perturba-
tion. Hence it is possible to introduce an initial value function for the system.
The external region is excited by an impulse function placed at a distance d
from the edge of the magnetic flux tube, and then matched to the internal
region with appropriate matching conditions. Apart from earlier work, tran-
sient solutions arise here and are associated with branch cuts in the complex
frequency plane. Branch cuts decay algebraically in time, which is initially
more rapid than the exponential decay (associated with poles).

A recently developed numerical Laplace inversion algorithm by Abate
and Valkó (2004) is applied. It is found that the magnetic flux tube has
an initial transient decay. The thin flux tubes decay like t−2.75±0.25, and the
thicker ones like t−1.5. In short, the decay rate depends on the flux tube’s
thickness, length and strength. After the initial transient decay, the flux tube
ends up oscillating with a frequency corresponding to the non-leaky principal
fast kink mode. However, leaky kink modes within the category leaky fast
magnetoacoustic waves are identified and associated with the initial transient
decay.

(like resonant sidewalls of magnetic flux tubes. the wave leakage area
have been based on the stationary state and that its motions is given by the
normal modes.
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Chapter 1

Introduction

The sun is a vital source for life on Earth. Without it, we would not exist. It
gives us a pleasant environment and climate to live in. It gives us the energy
needed to survive and escape the coldness of the dark. It gives us the hope
to hold on, the hope for another day of light. We expect that it will be there
the next day, shining on us, giving us a needed satisfaction. We wake up in
the morning as the sun rises over the horizon, we feel rested, relieved, the
dark and cold night has passed by. We open up the curtains to get a first
glance of the day and hope that it is going to be another one filled with joy,
happiness and excitement.

“The sun is a massive ball of gas held together and compressed under
its own gravitational attraction.” (Kivelson and Russel [13], p. 58). The
structure of the sun, according to [13] (pp. 59-61), is as follows: It is made up
of an interior and an atmosphere, but both may be further divided into layers,
each with distinct characteristics. Further, the gases are ionized because of
the high temperatures, and hence in their plasma state. A gas in its plasma
state has quite different features compared to a neutral one. Electromagnetic
effects come into account in a plasma.

Kivelson et al. [13] describe the interior to be comprised of a fusion
burning core (mainly hydrogen to helium) and two different layers. The two
are distinguished from each other because of their way of transporting heat
generated in the core. The layer just above the core is the radiation zone,
where the heat is transported via radiative diffusion. The second layer is
the convection zone, where heat is transported up to the solar surface via
convective motions.

Kivelson et al. [13] describe the solar atmosphere to be comprised of three
layers, distinguished from each other by temperature and density. They are
called (in order closest to the solar surface): The photosphere, the chro-
mosphere and the corona. The photosphere is the coolest one, where the



temperature drops from 6600 K to 4200 K. This temperature corresponds
to the bottom of the chromosphere, because beyond this point the temper-
ature begins to rise. Then at the top of the chromosphere, in only 300 km,
the temperature suddenly increases dramatically up to values in the order
of 106 K. This narrow region is called the transition zone. The very high
temperatures corresponding to millions of Kelvins are characterized by the
inner corona. The corona extends out to the heliopause in the form of the
solar wind. In contrast to the temperature variations, the particle density is
more steady. It decreases with altitude from 1023 m−3, which corresponds to
the photosphere, to 1015 m−3, which corresponds to the inner corona. The
chromosphere has a particle density of about 1017 m−3 (values from [13], p.
59).

Occasionally, the sun is said to be more active. In the visual wavelength
region, this active period is characterized by sunspots. Kivelson et al. [13]
(pp. 71-72) describe the sunspots and their movement as follows: Sunspots
are dark spots that appear in pairs or groups on the solar surface. They are
dark because they are actually cooler than the surroundings. They consist of
a darker region, the umbra, and a brighter region, the penumbra, surrounding
the umbra. The lifetime of a typical sunspot group is a few days, but there
exist groups that actually can last for about 100 days. However, sunspots
vary spatially on the solar surface, and the number of spots vary with time
and follow an 11-year cycle. In the early cycle, the sunspots start off at 40◦

N and S latitude. By sunspot maximum (that is the maximum amount of
sunspots) they are at intermediate latitudes. Toward the end of the cycle,
they are much closer to the equator. Then a new cycle begins with spots at
40◦ N and S latitude.

Kivelson et al. [13] (pp. 71-72) note that sunspots are actually strong
concentrations of magnetic flux, and at the solar surface, these magnetic
fields are largely in the radial direction in the dark umbra, but more inclined
in the penumbra. As mentioned above, sunspots appear in pairs or groups.
However, according to [13] a sunspot pair is bipolar, and they carry the same
polarity during a cycle. Further, during a sunspot minimum, they change
their polarity. This yield a total period of 22 years. [13] also notes that
a sunspot pair in the southern hemisphere generally has opposite polarity
compared to one in the northern hemisphere.

Kivelson et al. [13] discuss briefly two important ingredients causing the
solar cycle. The first is the sun’s differential rotation of the convection zone.
The solar surface rotates more rapidly at the equator (≈ 26 days) than near
the poles (≈ 37 days) ([13], p. 63). During a sunspot minimum, the sun’s
magnetic field is much like a magnetic dipole. Then, due to the more rapid
rotation at the equator, the plasmas tend to drag the magnetic field lines in
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the direction of rotation (that is, producing a toroidal component from an
initial poloidal). As a result, the deep internal magnetic field lines eventually
wrap around the sun. “The second is that as an element of toroidal flux rises,
it tends to be twisted by Coriolis forces in such a sense as to create a new
poloidal flux of the opposite polarity.” ([13], p. 74). A third ingredient is
the property of plasmas to ‘freeze’ the magnetic field into themselves ([13],
pp. 48-49). This allows one to treat the magnetic field lines as if they moved
along with the plasma motions.

The magnetic field lines rise because of the process called magnetic buoy-
ancy (Kivelson et al. [13], pp. 73-74). Some parts of the magnetic field
lines may therefore be pushed up to the surface and form loops in the solar
atmosphere, and appear as sunspot pairs on the surface. Some loops reach
all the way up to the corona, hence the name coronal loops ([13], pp. 64-65).

Most of the activity occuring on the sun is caused by its magnetic field.
For instance the so-called solar flares. According to Kivelson et al. [13], these
solar flares release huge amounts of energy, and may be observed in the γ-
ray, X-ray and ultraviolet wavelength regions. They occur whenever magnetic
field lines break and look like explosions on the solar surface. Whenever a
flare goes off, an enormous amount of highly energetic particles is thrown out
from the sun. These particles may reach the Earth after a while, damaging
for instance satellites orbiting the Earth, and communication systems may be
disturbed. If they are sufficiently energetic, they can actually disable power
grids.

There are a lot more phenomena that could be brought up here, just
because they are fascinating and interesting. Some are well understood, some
are not. There are still many questions that need to be answered. A few of
these question marks lead to a major puzzle: The heating of the corona. This
is what the spacecraft TRACE (Transition Region And Coronal Explorer) is
made for, i.e., to investigate mechanisms that could heat the corona.

TRACE is a NASA SMEX Project launched in April 1998. Its main sci-
entific objective is to observe the fine-scale magnetic fields and the associated
plasma structure (TRACE website [23]). “The TRACE spacecraft contains a
30-cm diameter telescope with 8.66 Cassegrain focal length. The optics con-
sists of superpolished mirrors individually coated in four quadrants to allow

observations of the three extreme ultraviolet emission lines of 171 Å (FeIX),

195 Å (FeXII) and 284 Å (FeXV), and between 1200 and 7000 Å. Focal plane
filters allow TRACE to select ultraviolet passbands around Lyman-α
(1216 Å), C IV (1550 Å), the ultraviolet continuum at 1600 Å and 1700 Å
and the visible continuum up to 7000 Å wavelengths.” (Nakariakov, Ofman,
DeLuca, Roberts and Davila [16]).
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Figure 1.1: Picture of coronal magnetic loops, taken by TRACE on Nov. 23,
1998 (TRACE website [23]).

Different types of waves and oscillations may occur in plasmas (see for
example Kivelson et al. [13], chapter 12). TRACE makes it possible to
study the waves developed in coronal loops in detail, and thereby determine
important parameters of the coronal plasma. However, as has been observed
by TRACE, it seems like these waves and oscillations are often triggered by
a local disturbance, such as a solar flare (see, for instance, Nakariakov et al.
[16]). The major and global mode that the magnetic flux tube exhibits in
the TRACE images is a kinklike mode, i.e., a side-to-side oscillation.

Nakariakov et al. [16] present an analysis of one event recorded by
TRACE on July 14, 1998. The oscillations in the loop are excited by a
solar flare close to the loop. [16] measures the loop to be about 130 Mm long
and about 2 Mm thick (i.e., the diameter), the time period to be about
4.3 minutes, and a decay time of about 15 minutes.

Aschwanden, De Pontieu, Shrijver and Title [4] measure the geometric
and physical parameters of transverse oscillations in 26 coronal loops recorded
by TRACE, and present 17 of these. Like Nakariakov et al. [16], they find
rapid decay times of the oscillations (3.2− 21 minutes), with periods in the
range of 2− 33 minutes.

What the rapid decay is due to is not clear yet. “Non-ideal effects, such as
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viscous and ohmic damping, optically thin radiaton and thermal conduction,
act to damp wave motion.” (Roberts [18]). According to [18], the damping
effects due to optically thin radiation and thermal conduction are too slow
to explain the observed decay. Further, [18] argues that resonant absorption
effects operate in the system and could explain the decay, and illustrates
this with the related process called phase mixing. Where [18] introduces
scaling laws and is thus able to tune in the models to match the observations.
However, Cally [7] claims that the type of phase mixing used is not consistent
with the pictures observed by TRACE.

Another phenomenon that has the appearance of a damping effect, is
wave leakage, waves that ‘leak’ from one medium to another. In the case of
a magnetic flux tube, leakage may occur through its footpoints (De Pontieu,
Martens, and Hudson [11]). Ofman [17] argues on the other hand that this
type of leakage is not fast enough to agree with observations. It is more
likely that the leakage occurs through the side walls of the tube (Cally [5]-
[7]). However, in both cases, the leaky waves carry energy away from the
tube, hence the tube appears to be damped. For a nice review of possible
leaky (and non-leaky) modes that develop in magnetic flux tubes, see Cally
[7]. Further, Cally [7] examines the available leaky waves and calculates
an asymptotic decay rate formula for the principal leaky kink mode. The
formula seems to work for very thick (or very short) loops. However, Cally’s
work does not represent the whole picture, since it is a discussion of the
normal modes, which decay exponentially in time.

A general approach when studying waves and oscillations in a plasma, is
a linearization of the equations describing the situation, since the equations
are non-linear. One often studies the case when the system is perturbed by
small amplitudes, which yields a set of linear partial differential equations.
For instance, consider a cylindrical magnetic flux tube, and adopt cylindri-
cal coordinates (r, θ, z). Then, in the search for dispersion relations of the
linearized equations, one often assumes that the oscillating quantities are
proportional to exp (i(kz + mθ − ωt)) (with time t, frequency ω, longitudi-
nal wavenumber k, and integer azimuthal order m). The system then reduces
to a set of ordinary differential equations in r (see any plasma physics liter-
ature, for example Chen [10]).

A common thing in most theoretical studies of coronal loop oscillations is
the assumption that the normal modes drive the loop motions, and that the
magnetic flux tube is in a stationary state. As often seems to be the case,
the loop motions are triggered by the action of a flare. The flare may cause
a wavefront in the external medium, which propagates towards the magnetic
flux tube and eventually ‘hits’ it. This ‘impact’ causes a movement of the
tube.
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Figure 1.2: Picture of coronal magnetic loops, taken by TRACE on March
23, 2000 (TRACE website [23]).

The purpose of this Thesis is to model the situation mentioned in the lat-
ter paragraph, to study how the kink modes of a perturbed straight uniform
magnetic flux tube evolves with time, and hopefully to find an answer for the
observed decay. A powerful tool that can be used to tackle this problem is
the Laplace transform, which has several advantages. For example, it allows
one to introduce an inititial value into the system quite simply, the trans-
formed differential equation can be solved algebraically, and an analysis of
the situation in the complex frequency plane can be made. The latter feature
is of special interest here. In Cally [7], the normal modes appear as poles
in the complex frequency plane, where the leaky modes are, as mentioned
above, characterized by an exponential decay. When dealing with the initial
value problem (or the IVP), then, according to [7], transient solutions will
appear (associated with branch cuts), and these decay algebraically in time.
An algebraic decay may be initially more rapid than the exponential, and
can very well be the answer for the observed decay.

Ruderman and Roberts [19] argue on the other hand that there are no
wave energy leakage from coronal loops, and hence other damping mecha-
nisms must cause the rapid decay observed by TRACE. However, Cally [8]
shows that their statement are in fact incorrect.
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Through the approach with the Laplace transform, it is possible not only
to determine whether transient effects are important when modelling coronal
loop kink waves, but also to confirm the existence of leaky kink waves. An
analytical solution in the time domain is not given in this Thesis, so a recently
developed numerical technique (Abate and Valkó [1]) for finding the Laplace
inversion is applied here.

The outline of this approach can be summarized as follows: A set of
three partial differential equations, describing the displacement of a per-
turbed magnetic flux tube, are derived from the basic MHD1 equations in
chapter 2. A fourth equation describing the total pressure perturbation is
derived as well, which is in terms of the displacement equations. Then a
Laplace transformation of the time component is applied to the set of equa-
tions. Two general solutions (one for the tube, and one for the surrounding)
of the total pressure perturbation in the Laplace domain are thereafter de-
rived. The external solution is excited by an initial value function, which
represents the solar flare, and then matched to the internal solution with
appropriate matching conditions.

An analysis of the total pressure perturbation in the complex frequency
plane is presented in chapter 3, as well as the numerical technique for finding
the Laplace inversion. The chapter ends with a presentation of the methods
used for interpreting the numerical results.

The results of the numerical Laplace inversion algorithm are given in
chapter 4. Nine different cases are studied, where physical properties of the
magnetic flux tube are varied (i.e., thickness, length and strength).

The Thesis ends with a summary of the results, discussion and conclu-
sions.

1MagnetoHydroDynamics

7





Chapter 2

Model and Equations

A presentation of significant assumptions and equations is given in this chap-
ter. It is comprised of four sections, where the first two form a little ‘warm-up’
for the reader, and hopefully assist in understanding what is happening when
dealing with the real case in sections 2.3 and 2.4. The three cases presented
in sections 2.1-2.3 are in a way analogous to each other. A solution of the
total pressure perturbation for a straight cylindrical magnetic flux tube are
derived section 2.4.

2.1 The Two-Dimensional Membrane

Consider an infinite two dimensional membrane in which a central disk with
radius r < R has a different sound speed c than the remainder. Using polar
coordinates, the two dimensional wave equation for the non-axisymmetric
case is (Kreyszig [14], p. 629)

Utt(r, t) = c(r)2
[
Urr(r, t) +

1

r
Ur(r, t)− m

r2
U(r, t)

]
, (2.1)

where U(r, t) is the velocity of propagation at radius r and time t, m is the
azimuthal wave number, Utt = ∂2U/∂t2, Urr = ∂2U/∂r2 and Ur = ∂U/∂r.
Hereafter, a subscript t represents the first time derivative of a function, tt
the second time derivative, r the first radial derivative, and rr the second
radial derivative. However, let c(r) in this case be equal to c if r < R, and
ce if r > R.

Taking the Laplace transform of the time component in equation (2.1)
yields (R̊ade and Westergren [20], p. 326)



s2u(r, s)− sU(r, 0)− Ut(r, 0) =

= c(r)2

[
urr(r, s) +

1

r
ur(r, s)− m2

r2
u(r, s)

]
, (2.2)

where

u(r, s) ≡ L{U(r, t)} =
∫ ∞

0
U(r, t) e−st dt, (2.3)

where L represents the Laplace transform operator. Equation (2.2) can be
rewritten to

urr +
1

r
ur −

[
s2

c(r)2
+

m2

r2

]
u = − 1

c(r)2
[sU(r, 0) + Ut(r, 0)]

︸ ︷︷ ︸
≡f(r)

. (2.4)

Equation (2.4) is an inhomogeneous modified Bessel equation, which has a
homogeneous solution equal as ([20], p. 269)

uh(r, s) = C1Km (rs/c(r)) + C2Im (rs/c(r)) , (2.5)

where Im (rs/c(r)) and Km (rs/c(r)) are the modified Bessel functions of, re-
spectively, the first and second kind. C1 and C2 are integration constants. A
particular solution to equation 2.4 can be determined by using the variation-
of-parameters method (Adams [3], p. 1020), which yields:

up(r, s) = −Km (rs/c(r))
∫

Im (xs/c(r))
f(x)

W (x)
dx +

+Im (rs/c(r))
∫

Km (xs/c(r))
f(x)

W (x)
dx. (2.6)

W (x) is the Wronskian, which is equal to x−1 (Abramowitz and Stegun [2],
p. 375).

When the disk is in its stationary state, the internal solution is

uin(r, s) = C2Im (rs/c(r)) , (2.7)

10



since Km(rs/c) →∞ as r → 0 and therefore is unphysical at the origin.
The external region is treated in a similar way. Let the integration con-

stants be C3 and C4 instead of C1 and C2. For the homogenous part, the
second term on the right in equation (2.5) is dropped, since Im(rs/ce) →∞
as r →∞ and therefore unphysical. The external solution is thus

uex(r, s) = C3Km (rs/ce) + up(r, s), (2.8)

where the particular solution up(r, s) is

up(r, s) = −Km (rs/ce)
∫ r

R
Im (xs/ce)

f(x)

W (x)
dx +

+Im (rs/ce)
∫ ∞

r
Km (xs/ce)

f(x)

W (x)
dx. (2.9)

The next step is to specify an arbitrary initial value function f(r), which
can excite the external region. The internal and external solutions are then
matched at r = R with appropriate matching conditions. For instance, the
velocity and the acceleration have to be continuous across R, that is

uin(R, s) = uex(R, s), (2.10)

∂uin(r, s)

∂r

∣∣∣∣
r=R

=
∂uex(r, s)

∂r

∣∣∣∣
r=R

. (2.11)

A matching, further analysis and an inversion of this case are, however, not
made in this Thesis.

2.2 The Acoustic Tube

The circular membrane in the previous section is here extruded to a three-
dimensional cylinder, with its centre running along the z-axis. Two different
fluids are also introduced into the model. One is placed on the inside of the
cylinder, and the other one on the outside. The needed equations to solve
the situation here are the three basic equations of hydrodynamics (Kivelson
et al. [13], pp. 43, 47):
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∂ρ

∂t
+∇ · (ρu) = 0, (2.12)

which is the continuity equation (or the mass conservation equation), where ρ
is the mass density and u is the velocity of the fluid; the momentum equation

ρ

(
∂u

∂t
+ (u · ∇)u

)
= −∇p, (2.13)

where p represents the pressure, and the adiabiatic energy equation:

∂p

∂t
+ u · ∇p =

γp

ρ

(
∂ρ

∂t
+ u · ∇ρ

)
, (2.14)

where γ is the ratio of specific heats. The coefficent γp/ρ on the right-hand
side of equation (2.14) is the square of the local speed of sound waves. Let c
denote the internal sound speed, and ce the external, and assume that they
are uniform in their respective regions. Assume also γ to be uniform in each
region.

The three equations (2.12−2.14) are non-linear partial differential equa-
tions. However, these can be linearized. Assume therefore that the system
is slightly perturbed from a stationary state. Let

u = 0 + u1, (2.15)

p = p0 + p1, (2.16)

ρ = ρ0 + ρ1. (2.17)

Assume p0 and ρ0 to be uniform. Neglecting terms of smaller order, the
equations (2.12−2.14) become:

∂ρ1

∂t
+ ρ0∇ · u1 = 0, (2.18)

ρ0
∂u1

∂t
= −∇p1, (2.19)

∂p1

∂t
= c2 ∂ρ1

∂t
. (2.20)

Solving equation (2.18) for ∂ρ1/∂t and substituting the result into equation
(2.20) then yields
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∂p1

∂t
= −c2ρ0∇ · u1. (2.21)

Differentiating equation (2.21) with respect to time and solving equation
(2.19) for ∂u1/∂t then turns equation (2.21) into

∂2p1

∂t2
= c2∇ · (∇p1). (2.22)

Assume that p1 is

p1(r, θ, z, t) = p̂(r, t)ei(kz+mθ),

where i is the complex number
√−1 and k the longitudinal wavenumber. By

some vector algebra, equation (2.22) then becomes

∂2p1

∂t2
= c2

[
∂2p1

∂r2
+

1

r

∂p1

∂r
−

(
m2

r2
+ k2

)
p1

]
. (2.23)

A Laplace transform of the time component yields

∂2p̃

∂r2
+

1

r

∂p̃

∂r
−

(
λ2 +

m2

r2

)
p̃ = − 1

c2

[
sp1(r, 0) +

∂p1

∂t

∣∣∣∣
t=0

]
, (2.24)

where p̃ is defined as

p̃(r, s) ≡ L
{
p1(r, t)

}
=

∫ ∞

0
p1(r, t)e

−stdt,

and λ is

λ ≡ 1

c

√
s2 + c2k2. (2.25)

Equation (2.24) is of the same form as equation (2.4) and can be treated
in a similar manner. Define the right-hand side of equation (2.24) as f(r).
A general homogeneous and particular solution to equation (2.24) is
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p̃h = C1Km (λr) + C2Im (λr) , (2.26)

p̃p = −Km (λr)
∫

Im (λx)
f(x)

W (x)
dx +

+ Im (λr)
∫

Km (λx)
f(x)

W (x)
dx. (2.27)

A solution for the internal region is

p̃in(r, s) = C2Im (λr) r < R. (2.28)

A solution for the external region is

p̃ex(r, s) = C3Km (λer) + pp(r, s) r > R, (2.29)

where λe is defined as

λe ≡ 1

ce

√
s2 + c2

ek
2. (2.30)

The particular solution p̃p in equation (2.28) can be determined to

p̃p = −Km (λer)
∫ r

R
Im (λex)

f(x)

W (x)
dx +

+ Im (λer)
∫ ∞

r
Km (λex)

f(x)

W (x)
dx. (2.31)

The Wronskian W (x) is, as in the previous section, equal to x−1. The next
step is to specify an initial value function f(r), which can excite the external
region. The internal solution is thereafter matched to the external one with
appropriate matching conditions. Clearly, the pressure p has to be continu-
ous, because otherwise there would be infinite accelerations of the interface.
The radial component of the velocity u has to be continuous as well. Since γ
is assumed continuous across R, and the pressure must be continuous across
R, then it follows from equation (2.20) that c2∂p1/∂r must be continuous.
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Thus

p̃i(1, s) = p̃e(1, s), (2.32)

c2∂p̃in

∂r

∣∣∣∣
r=1

= c2
e

∂p̃ex

∂r

∣∣∣∣
r=1

. (2.33)

A matching, further analysis and an inversion of this case are, however, not
made in this Thesis.

2.3 The Magnetic Flux Tube

The next step is to introduce some magnetic fields into the model. Consider
a stationary and uniform magnetic field in the form of a magnetic flux tube
with radius R, centred on the z-axis. Assume that the magnetic field is
in the z direction, i.e. B = (0, 0, B). Further, the tube is embedded in
a surrounding with an external magnetic field, defined as Be = (0, 0, Be),
where Be is a constant. The continuity equation (2.12) and the adiabatic
energy equation (2.14) remain unchanged here. However, the momentum
equation (2.13) has to be modified in adding a term containing the magnetic
force exerted on the plasma. Neglecting gravity and other possible forces,
then equation (2.13) becomes (Kivelson et al. [13], p. 43):

ρ

(
∂u

∂t
+ (u · ∇)u

)
= −∇p + j×B, (2.34)

where j is the current density. From Ampere’s law within electromagnetism,
the current density can be solved in terms containing the magnetic field
(see any literature about electromagnetism, for example Wangsness [24]).
Neglecting the displacement current term in Ampere’s law, which is valid
when the plasma speed is much slower than the speed of light ([13], p. 65),
then j can be expressed as

j =
1

µ
∇×B, (2.35)

where µ is the magnetic permeability. Substituting j in to (2.34) yields

ρ

(
∂u

∂t
+ (u · ∇)u

)
= −∇p +

1

µ
(∇×B)×B, (2.36)
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Figure 2.1: The magnetic flux tube, with length L, radius R, internal mag-
netic field strength B, internal pressure p, internal density ρ, external mag-
netic field strength Be, external pressure pe and external density ρe. ξ rep-
resents the displacement vector when the magnetic flux tube is slightly per-
turbed from its stationary state.
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The equations (2.12), (2.14) and (2.34) contain four unknowns. Thus a fourth
equation is needed. Introducing the Induction equation ([13], p. 66) for
an ideal MHD plasma (i.e., an MHD plasma in which Ohmic diffusion is
neglected) completes the set of equations:

∂B

∂t
= ∇× (u×B). (2.37)

As in the previous section, a linearization of the equations (2.12), (2.14),
(2.36) and (2.37) is convenient since they are non-linear. Let the significant
quantities be slightly perturbed from their stationary state. Assume that
the density ρ0 and the pressure p0 are both uniform, and neglecting terms
of smaller order. Then the four equations (2.12), (2.14), (2.36) and (2.37)
become:

ρ1t + ρ0∇ · u1 = 0, (2.38)

p1t = c2ρ1t , (2.39)

ρ0u1t = −∇p1 + 1
µ
(∇×B1)×B0, (2.40)

B1t = ∇× (u1 ×B0). (2.41)

Rewriting the second term on the right-hand side of equation (2.40), using
some vector algebra ([13], pp 522-523) yields

ρ0u1t = −∇p1 − 1

µ
∇(B1 ·B0) +

1

µ
(B0 · ∇)B1. (2.42)

Defining (B1 ·B0) /µ as the magnetic pressure perturbation pB1 (Chen [10],
p. 204), then equation (2.40) can be written as

ρ0u1t = −∇ptot +
1

µ
(B0 · ∇)B1, (2.43)

where ptot is the total pressure perturbation, that is p1 + pB1 .
In this case, it is more convenient to deal with the displacement of the

tube, rather than the velocity. Defining the displacement vector be as ξ ≡
(ξ, η, ζ), where u1 = ∂ξ/∂t. Equations (2.38), (2.41) and (2.43) become
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ρ1t + ρ0∇ · ξt = 0, (2.44)

ρ0ξtt = −∇ptot + 1
µ

(B0 · ∇)B1, (2.45)

B1t = ∇× (ξt ×B0) . (2.46)

Integrating equation (2.46) with respect to time and substituting B1 into
equation (2.45) yield

ρ0ξtt = −∇ptot +
1

µ
(B0 · ∇) (∇× (ξ ×B0). (2.47)

Assume that the perturbation quantities are proportional to ei(kz+mθ), and
B0 = (0, 0, B0), where B0 is a constant, then the r-, θ- and z-components of
equation (2.47) are

ξtt = −a2k2ξ − 1
ρ0

ptotr , (2.48)

ηtt = −a2k2η − im
ρ0r

ptot, (2.49)

ζtt = a2
(
− ik

r
(rξ)r + mk

r
η
)
− ik

ρ0
ptot, (2.50)

where a = B0/
√

ρ0µ is the local Alfvén speed (see Chen [10] for further
details, p. 138). Solving equation (2.44) for ρ1t , substituting it into equation
(2.39) and integrating the result with respect to time yields

p1 = −c2ρ0∇ · ξ. (2.51)

Adding the magnetic pressure perturbation pB1 to equation (2.51), substi-
tuting B1 for ∇× (ξ ×B0) (i.e., by integrating equation (2.46) with respect
to time) give an equation for the total pressure perturbation:

ptot = −c2ρ0∇ · ξ +
1

µ
∇× (ξ ×%mathbfB0) ·B0 =

= −ρ0(a
2 + c2)

(
1

r
(rξ)r +

im

r
η
)
− ρ0c

2ikζ. (2.52)
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By using equation (2.52), then equation (2.50) can be rewritten as

ζtt = −c2
T k2ζ − ikc2

ρ(a2 + c2)
ptot. (2.53)

The factor cT on the right-hand side of equation (2.53) is defined as ac/
√

a2 + c2,
and is called the Tube speed (Cally [5]). It is smaller than both a and c.

A Laplace transform of the time component in equations (2.48), (2.49,
(2.52) and (2.53) yields

ξ̃(r, s) =
[
sξ(r, 0) + ξt(r, 0)− 1

ρ0
p̃r

]
(s2 + a2k2)

−1
, (2.54)

η̃(r, s) =
[
sη(r, 0) + ηt(r, 0)− im

ρ0r
p̃
]
(s2 + a2k2)

−1
, (2.55)

ζ̃(r, s) =
[
sζ(r, 0) + ζt(r, 0)− ikc2

ρ0(a2+c2)
p̃
]
(s2 + c2

T k2)
−1

, (2.56)

p̃(r, s) = −ρ0(a
2 + c2)

[
1
r
(rξ̃)r + im

r
η̃
]
− iρ0c

2kζ̃, (2.57)

where

ξ̃(r, s) ≡ L{ξ(r, t)} =
∫ ∞

0
ξ(r, t)e−stdt,

η̃(r, s) ≡ L{η(r, t)} =
∫ ∞

0
η(r, t)e−stdt,

ζ̃(r, s) ≡ L{ζ(r, t)} =
∫ ∞

0
ζ(r, t)e−stdt,

p̃(r, s) ≡ L{ptot(r, t)} =
∫ ∞

0
ptot(r, t)e

−stdt.

Substituting equations (2.54−2.56) in to equation (2.57) yields

p̃rr +
1

r
p̃r −

(
λ2 +

m2

r2

)
p̃ = f(r), (2.58)

where λ is defined as

λ ≡
√√√√(s2 + a2k2)(s2 + c2k2)

(s2 + c2
T k2)(a2 + c2)

. (2.59)
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f(r) in equation (2.58) is

f(r) = − 1

a2 + c2

{
sptot(r, 0) + ptott(r, 0)−

− iρ0c
2k3(a2 − c2

T )

s2 + c2
T k2

[sζ(r, 0) + ζt(r, 0)]
}
. (2.60)

The total pressure perturbation results in an inhomogeneous modified
Bessel equation. Hence a general homogeneous and particular solution to
equation (2.58) can be written as

p̃h = C1Km(λr) + C2Im(λr),

p̃p = −Km(λr)
∫

Im(λx)
f(x)

W (x)
dx + Im(λr)

∫
Km(λx)

f(x)

W (x)
dx,

where the Wronskian W (x) is equal to x−1.
From now on, p̃, a, c, cT and ρ will represent the internal region. Further,

let p̃e, ae, ce, cTe , ρe and λe represent the external region, where

λe ≡
√√√√(s2 + a2

ek
2)(s2 + c2

ek
2)

(s2 + c2
Te

k2)(a2
e + c2

e)
. (2.61)

As in the two previous sections, a solution for the internal region has the
form

p̃(r, s) = C2Im(λr) r < R, (2.62)

and the external region

p̃e(r, s) = C3Km (λer) + pp(r, s) r > R, (2.63)

where
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p̃p(r, s) = −Km(λer)
∫ r

R
Im(λex)

f(x)

W (x)
dx +

+ Im(λer)
∫ ∞

r
Km(λex)

f(x)

W (x)
dx. (2.64)

The internal solution is matched to the external one with the conditions

p̃(R, s) = p̃e(R, s), (2.65)

1

ρ(s2 + a2k2)

∂p̃

∂r

∣∣∣∣
r=R

=
1

ρe(s2 + a2
ek

2)

∂p̃e

∂r

∣∣∣∣
r=R

. (2.66)

Clearly, the total pressure perturbation must be continuous for the same
reason as stated in the previous section. The radial component of the velocity
also has to be continuous, hence equation (2.66).

2.4 The Initial Value Function and Matching

Solutions

An appropriate initial value function, which is able to excite the external
region, is introduced under this section. Also, a matching according to the
conditions in equations (2.65)−(2.66) is done and a derivation of p̃(r, s) is
achieved.

An appropriate function that can represent a solar flare in the model is
an impulse-like function, which is best represented by a Dirac delta function.
Therefore, let the external region be excited by a Dirac delta function at a
distance d (> R) from the origin and set f(r) = δ(r − d)/d. For a ‘nicer’
expression of p̃(r, s), the Dirac delta function is here divided by d. It only
results in a scaling of the amplitude. However, p̃p(r, s) is determined to

p̃pe(r, s) = −Km(λer)
∫ r

R
Im(λex)

f(x)

W (x)
dx +

+ Im(λer)
∫ ∞

r
Km(λex)

f(x)

W (x)
dx =
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= −Im(λed)Km(λer)U(r − d) +

+ Km(λed)Im(λer)U(d− r), (2.67)

where U is the unit step function (also known as the Heaviside function). A
solution for the external region is thus

p̃e(r, s) = C3Km(λer)− Im(λed)Km(λer)U(r − d) +

+ Km(λed)Im(λer)U(d− r). (2.68)

Matching the equations (2.62) and (2.68) at r = R according to the matching
conditions in equations (2.65)−(2.66) yields

C2Im(λR) = C3Km(λeR) + Km(λed)Im(λeR), (2.69)

C2I
′
m(λR) = Dλe(s2+a2k2)

λ(s2+a2
ek2)

(C3K
′
m(λeR) + I ′m(λeR)Km(λed)) , (2.70)

where D is defined as the density contrast, i.e., D ≡ ρ/ρe. The prime on
the modified Bessel functions in equation (2.70) denotes the derivatives with
respect to their arguments. However, because the interest is in what happens
with the magnetic flux tube when perturbed by the incoming wavefront, one
only needs to solve the equation system above for C2. Solving equation (2.69)
for C3 and substituting the result into equation (2.70) yield

C2 =
R−1D(s2 + a2k2)Km(λed)

∆(s)
, (2.71)

where

∆(s) ≡ λ(s2 + a2
ek

2)I ′m(λR)Km(λeR)−

− Dλe(s
2 + a2k2)Im(λR)K ′

m(λeR). (2.72)
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The internal solution for the total pressure perturbation in the Laplace do-
main is thus

p̃(r, s) =
R−1D(s2 + a2k2)Km(λed)

∆(s)
Im(λr). (2.73)

The poles of equation 2.73 can be located by solving the dispersion equation
(Cally [5], [6]):

φ ≡ λ

s2 + a2k2

I ′m(λR)

Im(λR)
= D

λe

s2 + a2
ek

2

K ′
m(λeR)

Km(λeR)
≡ ψ. (2.74)

The physical parameters are poorly known, especially the densities (Cally
[7]). However, the density contrast D can be expressed in terms of Alfvén and
sound speeds, and γ. Consider a pressure equilibrium between the internal
and the external regions:

p + pB = pe + pBe , (2.75)

which can be rewritten as

ρc2

γ
+

ρa2

2
=

ρec
2
e

γ
+

ρea
2
e

2
. (2.76)

Hence

D = ρ/ρe =
a2

e + 2c2
e/γ

a2 + 2c2/γ
. (2.77)
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Chapter 3

Analysis

An analysis of the significant expressions derived in chapter 2 is presented
in this chapter. The figures (3.1)−(3.4) and (3.8) have been made using the
software Mathematica 5.

Two of the parameters introduced in chapter 2 are set to be standard: The
ratio of specific heats, γ = 5/3, corresponding to a fluid in thermodynamic
equilibrium in a three-dimensional system, and the azimuthal wavenumber,
m = 1, which corresponds to the kink modes. These modes are the only
ones where the tube moves from its axis (i.e., the z-axis) (Cally [7]). An
appropriate ordering of the different speeds introduced in chapter 2 is as
follows: ce < c < a < ae, which corresponds to a hot coronal loop embedded
in a cooler surroundings with roughly equal magnetic field strength ([7]).

3.1 Branch Points and Branch Cuts

Before the analysis of the branch points and branch cuts start, the outgoing
radiation condition at r → ∞ has to be ensured. Cally [8] suggests that
“an appropriate radiation condition at r →∞ is that the group velocity be
outgoing, since this determines the direction of energy propagation.” To sat-
isfy this, s and the radial wavenumber λe have to be in the same quadrant,
which according to [8] guarantees the outgoing radiation condition. In equa-
tion (2.61), λe is always on the right-hand side of the complex plane, which
makes the whole left half s plane is completely unphysical. λe is therefore
written as

λe =

√
s + iaek

√
s− iaek

√
s + icek

√
s− icek

(a2
e + c2

e)
√

s + icTek
√

s− icTek
. (3.1)



λe now lies in the same quadrant as s. The whole complex s plane is physical,
and the outgoing radiation condition at infinity is ensured throughout. λ in
equation (2.59) is changed as well, now written as

λ =

√
s + iak

√
s− iak

√
s + ick

√
s− ick

(a2 + c2)
√

s + icT k
√

s− icT k
. (3.2)

The new definitions of λe and λ in equations (3.1) and (2.61) are used in all
graphical work and numerical calculations presented below.

Consider the solution for the total pressure perturbation derived in section
2.4, i.e., equation (2.73). Possible branch points in play here are at
s = ±icTek, ±icek, ±iaek, ±icT k, ±ick, ±iak. These may be classified either
as square root or logarithmic branch points. Note that the modified Bessel
function of the second kind contains a logarithmic term in its expansion series,
unlike the first kind (Abramovitz et al. [2]). Using a graphical method for
locating these branch points, with their associated branch cuts, is a powerful
tool. It may save a lot of time.

As a first illustration of the situation here, consider equation (2.72) de-
rived in section 2.4. Selecting the values k = 1, R = 1, ce = 1, c = 2, a = 4,
ae = 10, cTe = 10/

√
101 ≈ .995, and cT = 8/

√
20 ≈ 1.789. Then, as can

be seen in Figure (3.1) (which consists of four contour plots of ={∆(s)}1),
the branch points with their associated branch cuts appear very clear. The
branch cuts run parallel to the negative real axis towards −∞. ∆(s) is actu-
ally symmetric over the real axis, which can be easily verified by producing
the same contour plots, but for negative values of =(s).

However, this method is not only effective when looking for branch points
and branch cuts. It is also handy in locating possible zeros, poles or other
singularities in the complex plane. It may give a good starting guess when
using iterative root finders, if it is desired to have the exact location of the
root. The right plot of figure (3.2) is a contour plot, with the same parameter
values as in figure (3.1), of log|∆(s)|. In this plot, a few equally spaced poles
appear in the left-hand side of the complex plane, and may be trigonometric
and infinitely many. The left plot is a magnification of the lower part in the
right plot.

one is the same (3.2) (note the branch cut at
The important thing regarding the poles, is that all of them are located

in the left-hand side of the complex frequency plane. Hence this is a first
implication that the solution in the time domain is stable and decaying.

1={} denotes the imaginary part of a complex number or function
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Figure 3.1: Contour plots of ={∆(s)}, where s = x+iy, k = 1, R = 1, ce = 1,
c = 2, a = 4, ae = 10, cTe = 10/

√
101 ≈ .995, and cT = 8/

√
20 ≈ 1.789. Top

left: Region around the branch points at s = icTek and s = icek and their
cuts. Top right: Region around the branch points at s = icT k, s = ick and
s = iak and their cuts. Bottom: Region around the branch point at s = iaek
and its cut.
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Figure 3.2: Contour plots of log|∆(s)|, where s = x + iy, showing some of
the poles (black spots). The plot to the left is a magnification of the one to
the right. Here k = 1, R = 1, ce = 1, c = 2, a = 4, ae = 10, cTe ≈ .995,
cT ≈ 1.789. The white spot at s = 10i is a branch point followed by its
branch cut, which run parallel to the negative real axis.

Changing the values of the parameters, results in a shifting of the branch
points along the imaginary axis. The branch cuts are shifted as well, still
running parallel to real axis towards −∞. Figure (3.3) contains three contour
plots with other values of ce, c, a and ae, showing a clear shift of the branch
points and the cuts.

It is not sure that the branch points of equation (2.72) exist when consid-
ering equation (2.73), because some of the branch points may cancel. If so,
it may simplify things when inverting the solution back to the time domain.
Figure (3.4) contains three contour plots of ={p̃(1, s)}. The plots cover the re-
gions around the branch points considered above. Clearly, the branch points
associated with the tube characteristics (i.e., the internal Alfvén, sound and
tube speed) have cancelled, while those associated with the characteristics
of the surrounding (i.e., the external Alfvén, sound and tube speed) are still
there.
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Figure 3.3: Contour plots of ={∆(s)}, where s = x + iy, k = 1, R = 1,
ce = 3, c = 8, a = 10, ae = 20. Top left: A plot of the region around cTek
and cek, showing branch points and their cuts. Top right: A plot of th region
around cT k, ck and ak, showing branch points and their cuts. Bottom: A
plot of the region around aek, showing a branch point and its cut.
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Figure 3.4: Contour plots of ={p̃(R, s)}, where s = x + iy, k = 1, R = 1,
ce = 1, c = 2, a = 4, ae = 10. Top left: A plot of the region around cTek and
cek, showing branch points and their cuts. Top right: A plot of the region
around cT k, ck and ak. Bottom: A plot of the region around aek, showing a
branch point and its cut.
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Figure 3.5: Bromwich contour for a function f(s) (where s = x + iy), no
branch point and cut present.

3.2 The Laplace Inversion

Once the branch points and their cuts in the complex plane are located, it is
time to set up an appropriate integral contour in finding a Laplace inversion
to equation (2.73). If f(s) = L{F (t)}, then the general complex inversion
formula for the Laplace transform is (Spiegel [21], p. 201)

F (t) =
1

2πi

∫ v+i∞

v−i∞
estf(s)ds, (3.3)

where t > 0. The integral in equation (3.3) is evaluated along a line s = v
(v real) in the complex plane, where s = x + iy. v is chosen so that the line
s = v lies to the right of all singularities that f(s) may have.

According to Spiegel [21] (p. 201), the integral in equation (3.3) is actually
evaluated by considering a closed curve C in the complex plane (see figure
(3.5)):

1

2πi

∮

C
estf(s)ds. (3.4)

The contour C is the Bromwich contour, which is composed of the line AB
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Figure 3.6: Bromwich contour for a function f(s) (where s = x + iy), con-
taining a branch point at s = 0 and a cut running along the negative real
axis.

and the arc Γ of fixed radius R centred at the origin. w in figure (3.5) is√
R2 − v2. Hence

F (t) = lim
R→∞

1

2πi

∫ v+iw

v−iw
estf(s)ds =

= lim
R→∞

(
1

2πi

∮

C
estf(s)ds− 1

2πi

∫

Γ
estf(s)ds

)
. (3.5)

The first term on the right-hand side in equation (3.5) is actually the sum of
the residues of f(s) at the poles enclosed by C ([21], pp. 201-202).

Since a branch point is a certain type of singularity, and a branch cut
is a line of discontinuity in the complex plane, a suitable modification of
the Bromwich contour is necessary. As Spiegel [21] explains, the trick to
overcome this type of problem is to not include the branch points and the
branch cuts into the integral contour, in other words, integrating ‘around’
the branch point and on both sides of the branch cut. For example, if f(s)
has a branch point at s = 0 and a cut running along the negative real axis
towards −∞, then the resulting Bromwich contour will be like the contour
shown in figure (3.6). In practice, this type of modification results in three
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new integrals to evaluate, compared to the case considered previously, where
there is no branch point. The integral along Γ is divided into five integrals:

∫

Γ
estf(s)ds =

∫

BDE
estf(s)ds +

+
∫

EG
estf(s)ds +

∫

GHI
estf(s)ds +

+
∫

IK
estf(s)ds +

∫

KMA
estf(s)ds. (3.6)

Having this discussion in mind, it is time to move on to the ‘real’ case.
As shown with the help of a graphical method, equation (2.73) contains six
branch points placed on the imaginary axis: s = ±icTek, s = ±icek and
s = ±iaek. The six branch cuts run parallel to each other and the negative
real axis towards s = −∞. The resulting Bromwich contour can be seen
in figure (3.7). Applying the same method as above, the integral along Γ
may be divided in to 25 integrals. Determining these integrals analytically
is somewhat complicated. A numerical evaluation of the integrals might be
easier, but would take a lot of time. Therefore, a numerical inversion formula
for the Laplace transform is applied. This powerful numerical algorithm for
finding the inverse Laplace transform and its performance can be studied in
Abate and Valkó [1]. The algorithm is based on the so called fixed Talbot
method, which was developed by Talbot in 1979 (see the reference list of
[1] for further information about that work). The aim of this approach in
“computing the inverse is to deform the standard contour in the Bromwich
inversion integral”. ([1]).

When using numerical techniques in the search for a solution for a given
problem, one often wants to optimize the accuracy to get reliable results. The
problem is, that there often exists a point in numerical algorithms where the
round-off of the numerical values tends to propagate, which causes errors and
the result may not be as reliable as you might think (see any literature about
numerical methods, for example Garcia [12]). According to Abate et al. [1],
this generally occurs when using a fixed-precision computing environment.
“To overcome this problem, one must have the capability to vary the machine
precision at will. This can be achieved by using multi-precision computing
with the level of precision determined by the algorithm.”. ([1]). Therefore,
[1] presents an implementation for Mathematica (available on the Internet,
see [15]), which uses multi-precision.

Consider the complex Laplace inversion formula (3.3). The convergence
of this integral “would be greatly improved if s could take on values with
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Figure 3.7: Bromwich contour for p̃(R, s) (where s = x + iy). The numbers
represent the branch points, 1: s = iaek; 2: s = icek; 3: s = icTe ; 4:
s = −icTek; 5: s = −icek; 6: s = −iaek.

a large, negative, real component.” (Abate et al. [1]). [1] claims that the
integral contour in equation (3.3) can be transformed into any open path
provided f(s) is analytic everywhere to the right of s = v and valid accord-
ing to Cauchy’s theorem (see any literature about complex variable theory,
for example Spiegel [21]). However, Talbot’s contribution here is the trans-
formation. The Laplace inversion formula (3.3) is evaluated along the line

s = vφ(cot φ + i), −π < φ < π. (3.7)

When φ → π in equation (3.7), <{s} → −∞ (< denotes the real part of
complex number or function). A polar plot of the real part of equation (3.7)
can be seen in figure (3.8).

Abate et al. [1] then use the trapezoidal rule (see for example Garcia [12],
p. 319) to actually calculate the value of the Laplace inversion integral in
equation (3.3).
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Figure 3.8: Polar plot of vφ cot φ (the real part of equation (3.7)) in the
xy-plane, when 0 < φ < π, and v = 100.

3.3 Methods for Interpreting the Numerical

Results

A brief presentation of the methods used for interpreting the numerical re-
sults are given within this section.

3.3.1 Curve fitting

Since p̃(R, s) contains branch cuts in the complex frequency plane, as shown
in figure (3.4), ptot(R, t) will contain some kind of an algebraic decay trend,
like t−α. To determine this trend, a least-square approximation of the nu-
merical output data is applied (see for example R̊ade et al. [20], pp. 93-94).
This is done by using Mathematica’s built-in function FindFit, which in a
simple way determines the value of α.

3.3.2 The V −K diagram

In order to determine whether a wave is a leaky one or not, the following
method is used: A discrete Fourier transform (or a DFT) is applied on
ptot(R, t), by use the built-in function Fourier in Mathematica. The trans-
form is performed with Fourier parameters (1,−1), which correspond to sig-
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nal processing. Plotting the square of the absolute value of the DFT yields
a power spectrum, where the frequencies appear as sharp ‘spikes’. How-
ever, analyzing power spectra requires evenly spaced data points. If so, the
frequency ω is given by (Garcia [12], pp. 153-156)

ω =
2π(q − 1)

τN
, (3.8)

where q is the position of a spike in the power spectrum, τ the time step
between the points and N the total number of data points. When a fre-
quency is determined by equation (3.8), the phase speed of the wave can
be determined. Hence one of Cally’s [7] dispersion diagrams for the kink
modes can be used. [7] plots in figure (3.9) the real part of the normalized
phase speed V = <{Ω}/K versus the normalized longitudinal wavenumber
K = kR, where Ω = ωR/ce is the normalized angular frequency. Further, [7]
normalize the sound and Alfvén speeds with respect to the external sound
speed ce. However, using these relations the normalized phase-speed can be
expressed as

V =
ω

kce

. (3.9)

So once a frequency is determined, equation (3.9) is used to map it in to
figure (3.9), hence it is possible to determine whether the wave is a leaky
mode or not, and what type of mode it is. For details and definitions of the
kink modes in figure (3.9), see Cally [5] and [6].
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Figure 3.9: One of the dispersion diagrams for the kink modes, presented
by Cally [7], where c/ce = 1.2, a/ce = 20, ae/ce = 40, Re(Ω) is the real
part of the dimensionless frequency Ω = ωR/ce, and K is the dimensionless
wavenumber (K = kR). The shaded regions are the ones where non-leaky
waves are forbidden. Explanations of the dashed patterns: ——:principal
fast leaky kink mode; — · — · —: first non-leaky B+

+ mode (the principal
fast kink mode); — — —: orphan mode, becoming a B+

+ mode; − · ·−: first
trig mode, becoming a B+

+ mode; −·−: first daughter mode; · · ·: second trig
mode; −−−: second daughter mode; — − —: third trig mode.
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Chapter 4

Results

A presentation of nine studied cases is given in this chapter. An overview
of these can be seen in table (4.1). The size of the tube is varied in Case 1
to 8, while Case 9 represents a stronger tube where the internal sound and
Alfvén speeds are changed. In each case, the longitudinal wavelength λw

corresponds to twice the length of the tube, which yields k = 2π/λw = π/L,
where L is the length of the tube. The characteristics of the surrounding is
kept constant. According to Cally [7], values within acceptable ranges for
the different speeds are: ce = .15 Mm s−1 (corresponding to a temperature
of 1 MK), c = .18 Mm s−1 (1.4 MK), a = 3 Mm s−1, and ae = 6 Mm s−1.
Note that these values correspond to the relationships in figure (3.9). The
distance from the edge of the flux tube to the flare, d, is held fixed at 6 Mm
(the numerical Laplace inversion algorithm seems to be inaccurate for larger
values of d). The time taken for the incoming wavefront to propagate to the

edge of the magnetic flux tube is equal to (d−R)/
√

a2
e + c2

e ≈ 1 s.
The numerical Laplace inversion algorithm seems to be inaccurate in the

excitation phase. ptot(r, t) should be equal to or close to zero during the first
second. The output of the algorithm gives a huge error during this time. It
gives more accurate results after t = 1 s, thus all cases have been inverted
beyond this point of time.

4.1 Case 1

Case 1 represents a magnetic flux tube in the thin tube region. It has a
radius of R = 4 Mm, a length of L = 100π Mm, which yields longitudinal
wavenumber k = .01 Mm−1, and a normalized longitudinal wavenumber
K = .04.

The results from the numerical Laplace inversion algorithm are presented



Table 4.1: List over studied cases.

Case R (Mm) k (Mm−1) K = kR c (Mm s−1) a (Mm s−1)

1 4 0.01 0.04 0.18 3
2 8 0.01 0.08 0.18 3
3 4 0.02 0.08 0.18 3
4 8 0.02 0.16 0.18 3
5 30 0.02 0.60 0.18 3
6 30 0.05 1.60 0.18 3
7 45 0.05 2.25 0.18 3
8 60 0.05 3.00 0.18 3
9 4 0.02 0.08 0.50 5

in figure (4.1). The plot to the left shows the time evolution for the total
pressure perturbation for the first 20 seconds. A rapid decay within a few
periods of time is seen. As shown by the rightmost plot, the oscillations
do not decay completely. A term with one single frequency, without any
decaying trend, becomes dominant after the transient decay. The plot at the
bottom shows the result from the least-square method (dashed line). The
flux tube decays roughly like t−2.87 for the first 15 seconds.

The plot to left and the middle plot in figure (4.1) have different time
steps, respectively, .05 seconds and 2 seconds. Recall that equation (3.8)
requires evenly spaced data points. Hence, one has to split the spectrum in
two pieces in order to determine the frequencies. The spectrum is presented
in figure (4.2).

As seen in the leftmost plot in figure (4.2), two dominant spikes appear
on each side of the spectrum. These two correspond to the same frequency.
This is due to the effect of aliasing (see for example Garcia [12], pp. 156-158,
or any signal processing literature). Actually, the entire right-hand side of a
power spectrum is just a mirroring of the left-hand side, and spikes on each
side correspond to the same frequencies. However, smaller spikes appear in
the leftmost plot as well. But the dominant frequency here is the larger one
appearing far out on the left-hand side of this plot and peaks at q = 5. By
equation (3.8), this spike corresponds to a frequency of about 1.32 rad s−1

(N = 381), which in turn, by equation (3.9), corresponds to a normalized
phase speed of about 880 (recall that it is dimensionless, see equation (3.9)).
This value is outside the dispersion diagram in figure (3.9), though it is in the
upper leaky region and expected to be one of the leaky fast magnetoacoustic
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Figure 4.1: Top left and right: Time evolution of the total pressure pertur-
bation ptot(R, t) for Case 1. Time t in seconds. Bottom: |ptot(R, t)| fitted to
t−2.87 (dashed line). Logarithmic scale on the vertical axis.

waves (that is the orphan, daughter or trig modes in their leaky state). These
are radially propagating waves (see Cally [5], [6]), carrying energy away from
the tube. Further, the smaller spike appearing next to the right of the larger
one peaks at q = 12, which corresponds to a frequency of about 3.69 rad s−1

and thus a normalized phase speed of about 2419. This mode may also be
one of the leaky fast magnetoacoustic waves.

The rightmost plot in figure (4.2) shows only one frequency. The spike
on the left side in this plot peaks at q = 6, which yields a frequency of about
.04 rad s−1 and a normalized phase speed of about 26.8. This phase speed
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Figure 4.2: Power spectrum of Case 1, data point position q versus
|DFT{ptot(R, t)}|2. Left: 1 s < t < 20 s. Right: 20 s < t < 800 s.
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Figure 4.3: Top left and right: Time evolution of the total pressure pertur-
bation ptot(R, t) for Case 2. Time t in seconds. Bottom: |ptot(R, t)| fitted to
t−2.53 (dashed line). Logarithmic scale on the vertical axis.

corresponds to the principal fast kink mode, which is a non-leaky one.

4.2 Case 2

Case 2 corresponds to a magnetic flux tube with a radius of 8 Mm. The length
L is, as in Case 1, equal to 100π Mm, yielding a longitudinal wavenumber
k = .01 Mm−1 and K = .08.

The results from the numerical Laplace inversion algorithm are presented
in figure (4.3). The leftmost plot shows that the flux tube motion decays
within 25 seconds and only in a few periods of time. The rightmost plot
shows the same behavior as Case 1. The flux tube continues to oscillate with
a single frequency. The bottom plot shows that the flux tube motion decays
like t−2.5 for the first 20 seconds.

Figure (4.4) shows the power spectrum of Case 2. The leftmost plot
corresponds to the time interval 1−20 s (τ = .05 s), the rightmost plot to
20−40 s (τ = .25 s), and the bottom plot to 40−700 s (τ = 4 s).

The leftmost plot shows a strong spike far out on the left-hand side. This
spike peaks at q = 3, which corresponds to a frequency of about .66 rad s−1

(N = 381) and thus a normalized phase speed of 440. This phase speed is far
up on the V -axis in the dispersion diagram (3.9), but it is expected to be one
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Figure 4.4: Power spectrum of Case 2, data point position q versus
|DFT{ptot(R, t)}|2. Top left: 1 s < t < 20 s.
Top right: 20 s < t < 40 s. Bottom: 40 s < t < 700 s.

of the leaky fast magnetoacoustic waves. The weaker spikes appearing to the
right of the strong spike corresponds to normalized phase speeds greater than
440, and are also expected to be in the category of leaky fast magnetoacoustic
waves.

The spike appearing on the left-hand side in the rightmost plot in fig-
ure (4.4) corresponds to the zero-frequency (q = 1), which is not a natural
frequency. However, the DFT picks up a weak signal and peaks at q = 5,
which corresponds to a frequency of about 1.24 rad s−1 (N = 81), a nor-
malized phase speed of 827. It is thus expected to be one of the leaky fast
magnetoacoustic waves.

The spike appearing in the bottom plot in figure (4.4) peaks at q = 5,
corresponding to a frequency of about .038 rad s−1 (N = 166) and thus a
normalized phase speed of 25.2. This phase speed is on the line corresponding
to the non-leaky principal fast kink mode in the dispersion diagram (3.9).

4.3 Case 3

Case 3 represents a magnetic flux tube of radius R = 4 Mm and length
L = 50π Mm, yielding a longitudinal wavenumber k = .02 Mm−1 and a
normalized longitudinal wavenumber K = .08.
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Figure 4.5: Top left and right: Time evolution of the total pressure pertur-
bation ptot(R, t) for Case 3. Time t in seconds. Bottom: |ptot(R, t)| fitted to
t−2.9 (dashed line). Logarithmic scale on the vertical axis.

The results from the numerical Laplace inversion algorithm are presented
in figure (4.5). According to the leftmost plot, the flux tube motion decays
within 15 seconds, like t−2.90 as shown in the bottom plot. The rightmost
plot shows that the flux tube continues to oscillate with one frequency.

The power spectrum of Case 3 is presented in figure (4.6). The strongest
spike appearing on the left-hand side in the leftmost plot peaks at q = 4,
corresponding to a frequency of 1.34 rad s−1 (τ = .05 s, N = 281) and a
normalized phase speed of 447. The weaker spikes appearing to the right of
the stronger one are even faster waves. However, all of them are in the leaky
region above V = 40, and are thus expected to be in the category of fast
magnetoacoustic waves.

The rightmost plot in figure (4.5) has different time steps. The time
interval 15 s < t < 140 s has a time step of .5 s, while 140 s < t < 500 s has
a time step of 2 s. Since they show the same frequency, a power spectrum
for the latter time interval is presented here. However, the spike appearing
on the left-hand side in the rightmost plot in figure (4.6) peaks at q = 5,
which yields a frequency of 0.07 rad s−1 (N = 181) and a normalized phase
speed of 23.1. According to the dispersion diagram (3.9) this phase speed
corresponds to the non-leaky principal fast kink mode.
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Figure 4.6: Power spectrum of Case 3, data point position q versus
|DFT{ptot(R, t)}|2. Left: 1 s < t < 15 s. Right: 140 s < t < 500 s.

4.4 Case 4

Case 4 represents a magnetic flux tube of radius R = 8 Mm and length
L = 50π Mm, yielding a longitudinal wavenumber k = .02 Mm−1 and nor-
malized longitudinal wavenumber K = .16.

The results from the numerical Laplace inversion algorithm are presented
in figure (4.7). This case behaves in principle the same way as Cases 1−3:
After a rapid transient decay within 20 seconds, the flux tube continues to
oscillate with one single frequency afterwards. The bottom plot shows that
the flux tube decays roughly like t−2.6.

The power spectrum of Case 4 is presented in figure (4.8). The leftmost
plot is the power spectrum of the time interval 1−20 s. The strongest spike
appearing on the left-hand side in this plot side peaks at q = 3, which yields
a frequency of .66 rad s−1 (τ = .05 s, N = 381) and a normalized phase speed
of 220. Hence this frequency falls into the category of fast magnetoacoustic
waves. The weaker spikes appearing in the same plot correspond to fast
magnetoacoustic waves as well.

The rightmost plot in figure (4.8) is the power spectrum for the time
interval 200−600 s. The time interval 20−200 s in figure (4.7) has a time
step of 1 s, while the time interval 200−600 s has a time step of 4 s. However,
they show the same frequency, so the power spectrum of the time interval
20−200 s has been left out. The spike appearing in the rightmost plot peaks
at q = 6, which yields a frequency of .078 rad s−1 (τ = 4 s, N = 101) and
a normalized phase speed of 25.9. Hence it corresponds to the non-leaky
principal fast kink mode.
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Figure 4.7: Top left and right: Time evolution of the total pressure pertur-
bation ptot(R, t) for Case 4. Time t in seconds. Bottom: |ptot(R, t)| fitted to
t−2.6 (dashed line). Logarithmic scale on the vertical axis.
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Figure 4.8: Power spectrum of Case 4, data point position q versus
|DFT{ptot(R, t)}|2. Left: 1 s < t < 20 s. Right: 200 s < t < 600 s.
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Figure 4.9: Top left and right: Time evolution of the total pressure pertur-
bation ptot(R, t) for Case 5. Time t in seconds. Bottom: |ptot(R, t)| fitted to
.23t−1.21 (dashed line). Logarithmic scale on the vertical axis.

4.5 Case 5

Case 5 represents a magnetic flux tube of radius R = 30 Mm and length
L = 50π Mm, yielding a longitudinal wavenumber k = .02 Mm−1 and nor-
malized longitudinal wavenumber K = .6.

The results from the numerical Laplace inversion algorithm are presented
in figure (4.9). The leftmost plot shows a somewhat slower decay rate com-
pared to the earlier cases. Mathematica cannot find a least-square fit for t−α,
and gives α = 38. It finds a better result when running a least-square fit
for two unknown coefficients. The numerical data are here approximated by
βt−α. Mathematica finds α = 1.21 and β = .23, which yield a good fit as
seen in the bottom plot in figure (4.9). The flux tube continues to oscillate
with one frequency after about 100 s, as seen in the rightmost plot.

The power spectrum of Case 5 is presented in figure (4.10). A spike far
out on the left-hand side appears in the leftmost plot. This spike peaks at
q = 2, which yields a frequency equal to .13 rad s−1 (τ = .05 s, N = 981) and
a normalized phase speed equal to 42.7. This speed is just above the non-
leaky region in the dispersion diagram (3.9), and corresponds to the orphan
mode.

The spike appearing in the rightmost plot in figure (4.10) peaks at q = 2,
which yields a frequency equal to .063 rad s−1 (τ = .25 s, N = 401) and a
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Figure 4.10: Power spectrum of Case 5, data point position q versus
|DFT{ptot(R, t)}|2. Top left: 1 s < t < 50 s.
Top right: 50 s < t < 150 s. Bottom: 150 s < t < 500 s.

normalized phase speed equal to 20.9. The mode closest to this speed is the
non-leaky principal fast kink mode.

The spike appearing in the bottom plot in figure (4.10) peaks at q = 5,
which yields a frequency equal to .071 rad s−1 (τ = 2 s, N = 176) and a
normalized phase speed equal to 23.8. This speed corresponds to the non-
leaky principal fast kink mode.

4.6 Case 6

Case 6 represents a magnetic flux tube of radius R = 30 Mm and length
L = 20π Mm, yielding a longitudinal wavenumber k = .05 Mm−1 and nor-
malized longitudinal wavenumber K = 1.6.

The results from the numerical Laplace inversion algorithm are presented
in figure (4.11). Like in the previous case, the numerical data are here ap-
proximated by βt−α. The tube decays roughly like t−1.51 the first 40 s as
shown in the right plot. After about 150 s, the flux tube oscillates with no
obvious decay.

The power spectrum of Case 6 is presented in figure (4.12). The leftmost
plot has a spike that peaks at q = 3, which yields a frequency equal to
.32 rad s−1 (τ = .05 s, N = 781) and a normalized phase speed equal to 42.9.
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Figure 4.11: Top left and right: Time evolution of the total pressure pertur-
bation ptot(R, t) for Case 6. Time t in seconds. Bottom: |ptot(R, t)| fitted to
.22t−1.52 (dashed line). Logarithmic scale on the vertical axis.

This phase speed could correspond to either the first daughter mode or the
orphan mode, since it is somewhat in between them.

Two spikes appear in the rightmost plot in figure (4.12). The stronger
one peaks at q = 4, which yields a frequency equal to .17 rad s−1

(τ = .5 s, N = 221) and a normalized phase speed equal to 22.7. This phase
speed corresponds to the non-leaky principal fast kink mode. The weaker
spike peaks at q = 8, which yields a frequency equal to .40 rad s−1 and a
normalized phase speed equal to 53. This one is in the neighbourhood of the
first daughter mode.

The spike appearing in the bottom plot in figure (4.12) peaks at q = 5,
which yields a frequency equal to .19 rad s−1 and a normalized phase speed
equal to 25.4, and thus could correspond to the non-leaky principal fast kink
mode.

4.7 Case 7

Case 7 represents a magnetic flux tube of radius R = 45 Mm and length
L = 20π Mm, yielding a longitudinal wavenumber k = .05 Mm−1 and a
normalized longitudinal wavenumber K = 2.25.

The results from the numerical Laplace inversion algorithm are presented
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Figure 4.12: Power spectrum of Case 6, data point position q versus
|DFT{ptot(R, t)}|2. Top left: 1 s < t < 40 s.
Top right: 40 s < t < 150 s. Bottom: 150 s < t < 280 s.

in figure (4.13). The numerical data are also here fitted to βt−α. This flux
tube decays as t−1.47, and then continues to oscillate with a single frequency.
It seems like there is some kind of discontinuity around t = 170 s. This must
be due to numerical errors, since there are no poles in the right-hand side of
the complex frequency plane.

The power spectrum of Case 7 is presented in figure (4.14). The spike
appearing in the leftmost plot peaks at q = 4, which yields a frequency equal
to .32 rad s−1 (τ = .05 s, N = 1181) and a normalized phase speed equal to
42.6. This phase speed is close to the speed of the first daughter mode.

Two spikes appear in the rightmost plot in figure (4.14). The stronger
one peaks q = 7, which yields a frequency equal to .17 rad s−1 (τ = .25 s,
N = 881) and a normalized phase speed equal to 22.8. This phase speed
corresponds to the speed of the non-leaky principal fast kink mode. The
weaker spike peaks at q = 12, which yields a frequency equal to .31 and a
normalized phase speed equal to 41.8, which corresponds to the speed of the
first trig mode.
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Figure 4.13: Top left and right: Time evolution of the total pressure pertur-
bation ptot(R, t) for Case 7. Time t in seconds. Bottom: |ptot(R, t)| fitted to
.15t−1.47 (dashed line). Logarithmic scale on the vertical axis.
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Figure 4.14: Power spectrum of Case 7, data point position q versus
|DFT{ptot(R, t)}|2. Left: 1 s < t < 60 s. Right: 60 s < t < 280 s.
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Figure 4.15: Top left and right: Time evolution of the total pressure pertur-
bation ptot(R, t) for Case 8. Time t in seconds. Bottom: |ptot(R, t)| fitted to
.11t−1.44 (dashed line). Logarithmic scale on the vertical axis.

4.8 Case 8

Case 8 represents a magnetic flux tube of radius R = 60 Mm and length
L = 20π Mm, yielding a longitudinal wavenumber k = .05 Mm−1 and a
normalized longitudinal wavenumber K = 3.

The results from the numerical Laplace inversion algorithm are presented
in figure (4.15). The numerical data are fitted to βt−α. The rightmost plot
that the flux tube decays like t−1.44 the first 100 s. Like in Case 7, there is
some kind of discontinuity around t = 200 s. This must be due to numerical
errors, since there are no poles in the right-hand side in the complex frequency
plane.

The power spectrum of Case 8 is presented in figure (4.16). The stronger
spike appearing on the left in the leftmost plot peaks at q = 5, which yields
a frequency equal to .32 rad s−1 (τ = .05 s, N = 1581) and a normalized
phase speed equal to 42.4. The closest mode corresponding to this speed
is the second trig mode in its non-leaky state. The weaker spike appearing
to the right of the stronger one peaks at q = 7, which yields a frequency
equal to .48 rad s−1 and normalized phase speed equal to 63.6. The mode
corresponding to this speed is the the first trig mode.

Three spikes appear in the rightmost plot in figure (4.16). The leftmost
spike peaks at q = 7, which yields a frequency equal to .17 rad s−1
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Figure 4.16: Power spectrum of Case 8, data point position q versus
|DFT{ptot(R, t)}|2. Left: 1 s < t < 80 s. Right: 80 s < t < 300 s.

(τ = 1 s, N = 221) and a normalized phase speed equal to 22.7. The mode
corresponding to this speed is the non-leaky principal fast kink mode. The
middle spike peaks at q = 10, which yields a frequency of .26 rad s−1 and
a normalized phase speed equal to 34.1. This speed corresponds to the first
daughter mode in its non-leaky state. The rightmost spike peaks at q = 15,
which yields a frequency of .40 rad s−1 and a normalized phase speed equal
to 53.1. This speed corresponds to the second daughter mode.

4.9 Case 9

Case 9 represents a somewhat stronger magnetic flux tube. The internal
sound and Alfvèn speeds are changed to c = .5 Mm s−1 and a = 5 Mm s−1.
The flux tube has a radius of R = 4 Mm and length L = 50π Mm, yielding
a longitudinal wavenumber k = .02 Mm−1 and a normalized longitudinal
wavenumber K = .08.

The results from the numerical Laplace inversion algorithm are presented
in figure (4.17). This flux tube has a quite fast decay rate. The motions
decay within 8 seconds, like t−3.47. It behaves like all previous cases, i.e., it
continues to oscillate after the rapid decay.

The power spectrum of Case 9 is presented in figure (4.18). A strong
spike, followed by weaker ones, appears in the leftmost plot. The stronger
peaks at q = 3, which yields a frequency equal to .36 rad s−1 (τ = .05 s,
N = 691) and a normalized phase speed of about 121. The weaker spikes
appearing correspond to a set of faster waves. The dispersion diagram (3.9)
cannot be used here since there are other relationships between the internal
and external sound and Alfvén speeds. However, the upper leaky region is
still at V > 40 (since ae/ce still is equal to 40), but the non-leaky region is
between 33.3 < V < 40 (since a/c is equal to 33.3, see Cally [7]). Hence all
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Figure 4.17: Top left and right: Time evolution of the total pressure pertur-
bation ptot(R, t) for Case 9. Time t in seconds. Bottom: |ptot(R, t)| fitted to
1.07t−3.47 (dashed line). Logarithmic scale on the vertical axis.

spikes in the left plot are fast leaky magnetoacoustic waves.
The spike appearing in the middle plot in figure (4.18) peaks at q = 8,

which yields a frequency equal to .11 rad s−1 (τ = 1 s, N = 99) and a
normalized phase speed equal to 37, which corresponds to the non-leaky
principal fast kink mode.
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Figure 4.18: Power spectrum of Case 9, data point position q versus
|DFT{ptot(R, t)}|2. Left: 1 s < t < 8 s. Right: 8 s < t < 400 s.
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Chapter 5

Discussion and Conclusions

Based on the results presented in chapter 4, a magnetic flux tube in the thin
tube region (Cases 1-4) decays like t−2.75±0.25. The modes associated with
this initial transient decay correspond to those in the category of leaky fast
magnetoacoustic waves. The flux tube is in principle transparent for these.
TRACE is unable to detect the initial rapid decay and the oscillations of the
fast magnetoacoustic waves. The telescope onboard is not capable of seeing
spatial changes on such small time scales. Anyway, since the waves are in
their leaky state, energy is transported away from the flux tube. After the
rapid decay (within 10-20 s), little energy is left over, and the flux tube ends
up oscillating with a frequency corresponding to the non-leaky principal fast
kink mode without any obvious decay. In other words, the flux tube is caught
in the wake of the external wave.

The thicker magnetic flux tubes (Cases 5-8) have a slower decay. The flux
tubes in Cases 6-8 decay roughly like t−1.5. The flux tube in Case 5 decays
like t−1.2. Some of the leaky fast magnetoacoustic waves appear also in these
cases, but their phase speed are here slower. The first daughter mode in its
non-leaky state is identified in Case 8. So even if it is non-leaky, it shows a
transient decay, as seen in figure (4.15). However, also the thicker flux tubes
end up oscillating with the non-leaky principal fast kink mode.

Case 9 has the fastest decay of them all. This stronger magnetic flux tube
decays like t−3.5, and ends up with the non-leaky principal fast kink mode
after about 6 s.

The decay rate is hence due to the thickness, the length and the strength
of the magnetic flux tube. Another parameter that could affect the results
is the parameter d, the distance from the edge of the flux tube to the lo-
cal disturbance. Also the strength of the local disturbance could affect the
results.

Comparing the results presented in chapter 4 to the measurements pre-



sented by Aschwanden et al. [4], two cases here seem to fit their measure-
ments. [4] presents some cases where no obvious decay is detected. One
of these has a kink frequency of .046 rad s−1, which agrees with Cases 1 &
2. The frequency of the non-leaky principal fast kink mode in Case 1 & 2
is determined to, respectively, .04 and .038 rad s−1. Two other cases in [4]
have a kink frequency within the same range, .044 rad s−1 and .034 rad s−1,
but both of them show a decay within 1000 s. Unfortunately, [4] does not
measure the thickness of the loops, which is of interest within this context.
Nakariakov et al. [16], on the other hand, measure the loop that they are
analyzing to be about 2 Mm thick (read diameter) and 130 Mm long, and
find a kink frequency equal to .025 rad s−1. This slow kink mode does not
agree with any of the modes identified in chapter 4.

A remarkable thing here is why the leaky principal fast kink mode does
not appear in any of the cases in chapter 4, especially for the cases with
K > 1. It might be quite hard to excite, the external wave has to propagate
nearly parallel to the magnetic flux tube (Cally [9]).

Ruderman et al. [19] claim that the leaky kink modes are placed on a non-
physical Riemann sheet, i.e., are not physically real and does not contribute
to the initial-value problem. The non-leaky kink modes, on the other hand,
lie on the physical Riemann sheet and are physically real. Hence, [19] argues
that energy leakage is not the explanation of the observed decay, and that
other mechanisms must cause the decay. As shown in this Thesis, leaky kink
modes are physically real and do contribute to the initial value problem.
Cally [8] also shows that all leaky kink modes are physically real and that
[19] is incorrect.

Terradas, Oliver and Ballester [22] present some pure numerical results
on the initial-value problem for a simple one-dimensional slab model. Like in
this Thesis, [22] also excites the external region with an impulse-like function
and finds an algebraic decay of the kink modes. [22] identifies some of the
leaky trig modes. However, also the slab model ends up oscillating with the
non-leaky principal fast kink mode.

Based on this Thesis, the following can be stated: The transient effects
are important and have to be taken into account when modelling coronal
kink waves. They play an important role in the early stage of oscillation.

Assume that one succeeded to excite the leaky principal fast kink mode.
Then, hypothetically, like the faster leaky kink modes, also this kink mode
would have an algebraic decay. If the leaky principal fast kink mode has the
same decay as the other leaky kink modes, then it would fit the TRACE
observations quite well.

As shown, the magnetic flux tubes are in principle transparent for the fast
magnetoacoustic waves. They move through the flux tube fast, and cause
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rapid movements of the coronal magnetic field. According to Maxwell’s equa-
tions (see for instance Kivelson et al. [13], p. 44), a magnetic field varying
with time creates an electric field, which in turn creates electrical currents
in the plasma. This will heat the ionized gas, and cause the temperature to
rise. Hence, energy wave leakage could be a contribution to the heating of
the corona. It should be investigated how much energy that leak out to the
surrounding.

Modelling the motions of coronal loops as in this Thesis, will give us in-
formation about the coronal environment. It is necessary to understand how
the corona works, since the so-called solar wind is produced in the corona.
The solar wind is open magnetic field lines extending throughout the in-
terplanetary space. These magnetic field lines transport charged particles
originating from the sun, which can affect the planets in the solar system,
including the Earth.
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