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Abstract 

Gears used in gearboxes and those used in rear axles are subject to constantly increasing demands for 

reliability, performance and efficiency. To meet the requirements of the future market computer aided 

engineering, CAE, is becoming more and more vital in order to understand the onset and cause to 

failure and to optimize for best possible performance. The aim of this master thesis was to pave the 

way for numerical modelling as a complement to testing and to give insight in how the problem of 

simulating gears with oil and surface roughness incorporated can be addressed. Moreover, as part of 

this, the work was to be conducted in order to give insight in possibilities as well as shortcomings with 

present tools. Therefore a numerical tool which is capable of indicating the load carried by the 

asperities and the separating lubricant film during the event of a gear mesh has been developed. Several 

contact mechanics codes and different EHL formulas has been studied in order to provide alternative 

foundations to the gear simulation model. The model accounts for real surface topographies, different 

oil formulations as well as operational conditions and gear designs. Results show that the model 

visually correlates to test gears subjected to similar conditions in terms of critical areas on the gear 

flank. Even though validation is required to reveal model accuracy, at present, the model can be 

utilized to indicate how different conditions affect the asperity and lubricant load share and thus what 

combination that is most beneficial in terms of better performance and prolonged service life. In 

addition, a local scale asperity simulation where single asperities have been subjected to numerous 

collisions has also been developed. Results show that there is very promising potential in terms of 

future development as the model comprises the ability to potentially capture the initial state on the 

formation and development of a micropit. 
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1 Introduction 

This master thesis project has been initiated and conducted in collaboration with the Technical 

Simulations group within the Division of Axle Development at Scania CV AB Södertälje, and the 

Division of Machine Elements at Luleå University of Technology. Moreover, this master thesis has 

been written as a part of the final project for the Master of Science in Engineering degree, with 

specialization in Engineering Mechanics, at Luleå University of Technology (LTU). Scania is one of 

the world’s leading manufacturers of heavy trucks and buses with approximately 38,600 employees 

worldwide. Scania’s Head Office is located in Södertälje, Sweden, where a total of 5,800 people work 

with sale as well as administrative and other tasks and about 3,300 work with research and 

development. Scania’s Axle development group is working to develop axles and related components in 

which the subgroup, Technical Simulations, is the calculation group which uses FE-based (Finite 

Element) tools for calculations and optimizations. 

1.1 Background 

Gears used in the gearbox and those used in the rear axle on trucks are subjected to high loads during 

operation. These kinds of gears have high demands on reliability as well as low noise and efficiency. 

As manufacturing methods and simulation methods are constantly evolving, optimization of gear 

design is in constant development to meet the requirements of the future market. Traditionally in gear 

development at Scania, testing has been the primary way of determining gear design and manufacturing 

methods but with increasing demands, detailed numerical analyses are required in order to optimize for 

the best possible combination. In general, machine elements such as gears survive their predicted life, 

but since machine elements that fail prematurely or unexpectedly may cause trouble and great harm to 

the machine, it is important to understand the onset and cause to failure. One mode of gear tooth failure 

is due to a phenomena called micro pitting (or grey staining) [1]. Micro pitting is caused by cracks 

induced by asperity contacts. The surface initiated small shallow pits are in the micron rage, resulting 

in a greyish pattern. Micro pitting can appear early in service life, even after running in under reduced 

load [2]. Micro pitting may arrest, however if micro pitting continuous to propagate it may result in 

reduced gear tooth accuracy, increased dynamic loads and noise. If it does not arrest and continuous to 

propagate, it can develop into other more severe modes of failure like macro pitting and tooth breakage 

and in the end catastrophic failure [3]. The number of possible variations in surface roughness and 

topography, oil formulation, material interaction and influence of load and speed are too large to cover 

with only testing. Numerical methods able to screen out some of these variations as a substitute to 

testing are therefore needed. In addition, numerical methods are also needed for understanding failure 

mechanisms with complicated sequences and interdependencies and thus enabling to optimize for best 

possible performance. 
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1.2 Purpose and objectives 

The purpose of this project was to pave the way for numerical modelling as a complement to testing in 

a heavy truck gear application. The work was to be conducted using available software on the basis of 

highlighting possibilities as well as shortcomings with present tools and thereby enable for future 

improvements to be proposed. The ultimate objective was to provide Scania with a numerical tool 

involving tribological simulations with the accuracy of resolving contact mechanics on asperity level 

during a gear mesh. The main objectives of this master thesis is summarized accordingly 

 The work should give insight in what previously has been done in the analysis and modelling on 

the performance of gears and how the problem can be addressed.  

 The work should examine available numerical tools on the basis of highlighting possibilities as 

well as shortcomings 

 A numerical gear contact tool able to indicate the load carried by the asperities for various gear 

designs, surface topographies as well as operational conditions should be proposed 

 Ultimately, using outputs predicted by the gear contact simulation, a local scale asperity 

simulation that reveals possible amount of deformation colliding asperities may be subjected to 

during a gear mesh should be performed 

1.3 Delimitations 

The full numerical problem for the prediction of film thickness has been outlined but empirical 

formulas have been adopted in this study for simplicity. The contact mechanics codes adopted has been 

used directly as is and no effort has been put in considering the exact methods that they were based 

upon. In the gear contact simulation an infinite supply of oil to the contact and hence the assumption of 

fully flooded channel apply. Effects inside the contact, such as deformation of the asperities due to oil 

film pressure as well as wear have been neglected. In addition, all effects outside the gear flank will be 

neglected, thus only the gear mesh itself will be considered. Hypoid and other advanced gear designs 

will not be considered and only cylindrical gears will be considered for simplicity. One part of this 

master thesis is to investigate present methods that can be utilized to address the onset and cause to 

surface fatigue related damages. Actual crack initiation and propagation and other effects such as phase 

shift in the material has not been included in the models proposed. Also, in the finite element model 

artificial surface has been constructed to resemble a real surface, in reality the asperities are not 

perfectly spherical as assumed. 
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1.4 Literature review 

People have known for more than hundred years that lubricating gears may lower friction and 

temperature and thus prevent premature failure modes such as pitting. However, it was not until the last 

century researchers started to realize that it is possible to hold a lubricant film even at such high 

pressure occurring in a elasto-hydrodynamic (EHL) contact (typically in the range of 1-3 GPa). The 

classical EHL theory which can explain the protective fluid films between the lubricated gear surfaces 

has been developed during the past seven decades. The EHL theory is mainly based upon 

understanding two aspects, i.e., the rapidly increase of fluid viscosity, which increase several orders of 

magnitude with pressure, and the elastic deformation of the mating surfaces[4]. Mathematically, the 

behavior of the lubricant film can be described by the well-known Reynolds equation which is derived 

from the Navier-Stokes and the continuity equation [5]. However, due to the working conditions 

occurring in gear applications (the load, the speed, the slide to roll ratio etc.) and the surface profiles 

etc. which constantly changes during the gear mesh, a fully developed fluid film fails to be established 

and the gears thus operates in the so called mixed lubrication regime. Mixed lubrication refers to the 

lubrication state were both the EHL film and the asperities in the contact region contribute in carrying 

the applied load. The Reynolds equation is not however sufficient in describing the fluid flow 

interrupted by the asperities and therefore an alternative approach is required [4].  

Rough surface EHL have been studied in the last decade mainly by considering two types of 

approaches, i.e., the statistic and the deterministic approach. In the statistic approach various statistical 

parameters of the surface topography where used to describe the roughness effect on contact 

performance. This approach where mainly applied in the early days of rough surface EHL when the 

scientists lacked advanced algorithms and computational power. As computers and advanced numerical 

algorithms have evolved the deterministic approach has been more frequently adopted. With this 

approach roughness information is expressed in the model explicitly and thus details of asperity 

deformation and interaction can be captured [6]. According to [6] surface contact and lubrication can 

be modelled simultaneously by for instance applying a dry contact model for the asperity contact areas 

and the Reynolds equation to the areas where the lubricant is separating the surfaces. However, some 

drawbacks with this approach is that it may be difficult to determine borders and handle boundary 

conditions  between contact and lubricant areas, especially when random or irregular surface roughness 

is involved. Another approach is a unified approach proposed by Hu and Zhu [7]. In this approach the 

dry contact is considered a special case of a lubricated contact at ultra-low viscosity or speed and 

therefore the dry and lubricated contact can be considered simultaneously as long as the numerical 

solver is sufficiently robust to handle the ultra-low viscosity and speed consideration.  

In the late 50’s Dowson and Higginson presented computed solutions for the isothermal EHL problem 

for a wide range of speeds, loads and material properties [8]. They applied their numerical EHL model 

to gear applications by considering engaging tooth surfaces as two interacting cylinders forming a line 

contact that expanded infinitely in the direction of the width. This simplification reduces the problem 

into a planar two dimensional contact and has been adopted for most models that considers spur gears 

ever since. Since then, the lubrication performance of spur gears has been studied extensively, 

especially in the last decades [9]. 
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In the early 1980’s, Wang and Cheng [10] developed a comprehensive model predicting the variations 

of dynamic load, surface temperature as well as the lubricant film for several points along the contact 

path during the  engagement of a pair of involute spur gears. In this model surface roughness was not 

considered and the mating gear surfaces where considered as two perfectly smooth surfaces. The 

dynamic load was modelled using the equation of motion and the finite element method (FEM). 

Thermal effects was included by implementing a three dimensional finite element heat conduction 

analysis for the equilibrium temperature and a simplified energy equation using limiting shear concept 

for the heat dissipation. The lubricant minimum film thickness was based on a transient EHD analysis 

which included the squeeze-film effect and the elastic deformation was approximated by that of a 

smooth dry Hertzian contact. These quantities where solved simultaneously using an iterative process. 

However, the transient gear parametric effects where not fully included in this study. 

Larsson presented a numerical solution for transient, two dimensional elastohydrodynamic tooth 

surface contact in 1997 [11]. According to [12] this was the first complete numerical solution in the 

application of involute spur gears. Larsson used the transient Reynolds equation to calculate the 

minimum film thickness, pressure and friction in the contact between the gear teeth in an involute spur 

gear at different points along the line of action. Furthermore the non-Newtonian effect of a limiting 

shear strength was incorporated to give a better estimate of the gear teeth friction and power efficiency. 

The Dowson and Higginson pressure-density relationship and the Roeland’s pressure-viscosity 

relationship was adopted to describe the influence of pressure on density and viscosity. The gear teeth 

where assumed to be rigid and the tooth-tooth load distribution at the gear mesh was modelled as a step 

function. This model lacked the implementation of surface roughness and to account for thermal 

effects. 

In a similar manner as Larsson, Wang, et al [13] suggested in 2004, a two dimensional numerical 

solution for elasto-hydrodynamic tooth flank contact with the assumption of the teeth being perfectly 

rigid and smooth. However, they assumed the fluid being Newtonian and adopted a dimensionless 

Reynolds equation for a transient thermal line contact to calculate film thickness, pressure, friction and 

temperature rise along the line of action. In their study they concluded that thermal effects have a 

significant effect on the film thickness for various points along the line of action. 

More recently, progress in the development of mixed EHL theory has opened up the possibility of 

conducting research of gears with engineering rough surfaces [14]. Holmes et al. [15] applied the 

unified approach to calculate the elasto-hydrodynamics and the effects of mixed friction within the 

tooth flank contacts. In their paper they focused attention to the strong side leakage effects that takes 

place at the edges of contacts that have a surface finish transverse to the direction of rolling and sliding, 

such as in conventional involute gears. The EHL problem was discretized using the finite difference 

method and specified by the elastic deflection equation which they developed in a previous study, see 

[16]. They modelled the fluid using the non-Newtonian Reynolds equation where the nonlinear 

dependence of viscosity and density on the pressure where modelled using the Roelands and Dowson 

and Higginson relationships, respectively. Their model did not account for thermal effects and the 

meshing along the line of action could not be calculated transiently.  
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In 2008 Akbarzadeh and Khonsari [17] proposed a statistical thermo-elasto-hydrodynamic analysis of 

spurs gears with consideration of surface roughness. They replaced the teeth width contact of two 

rollers and calculated the friction coefficient under the mixed lubrication regime. Moes’ empirical 

formula for central film thickness was adopted to evaluate the fluid film [18] and Johnsons load sharing 

concept was utilized to incorporate roughness [19]. A thermal reduction factor developed by Hsu and 

Lee [20] was adopted to account for thermal effects. Moreover, the lubricant viscosity change with 

pressure and temperature was described using the Roeland’s equation. In 2014 Akbarzadeh et al. [21] 

extended this model for bevel gears where the Tredgold approximation was employed to simplify the 

contact of bevel gear teeth with contact of spur gears. Again film thickness, the load carried by the fluid 

film and the friction coefficient are calculated along the line of action. 

Li and Kahraman has put a lot of effort in studying the gear problem in the last couple of years. In 

2010, they presented a non-Newtonian mixed EHL model for involute spur gear contacts [22]. In 

similarity to Holmes et al.’s study, the unified numerical approach was adopted for handling of the 

asperity interaction. They assumed that the spur gear pair can be characterized as a line contact and 

applied a unified transient Reynolds equation system of equations to govern the flow in the region with 

fully separated surfaces as well as were asperity interaction is present. The pressure-viscosity 

relationship was modeled using a method proposed by Goglia et al. [20] and in addition the lubricant 

was considered compressible by utilizing a pressure-density model proposed by Dowson and 

Higginson [23]. However the static load distribution was predefined in this model. In 2011 they 

performed a study where the impact of gear dynamics on tribological behaviors was examined, using a 

purely torsional dynamic model [24]. Furthermore in a study conducted in 2013, they coupled the 

mixed EHL model with the torsional dynamic model [25]. Still this model was confined by the 

assumption of isothermal conditions and thus lacked to include thermal effects. 

In a very recent paper conducted in 2014, a model considering temperature analysis of involute gears, 

based on mixed lubrication EHL theory also considering tribodynamic behavior, was suggested by 

Dong et al. [14]. In this model, film stiffness, viscous damping as well as the friction force are taken 

into account. By assuming viscous dissipation being uniform across the film and by neglecting  

compression, convection and side flow effects a simplified heat transfer model was adopted to account 

for the thermal effects. As in many studies before, Roeland’s and Dowson-Higginson’s equations 

where used to model the viscosity and density change with pressure. A two dimensional Reynolds 

equation for finite line contact was utilized to account for the fluid film and coupled to the 

tribodynamic model and the system of temperature equations. The load sharing concept initially 

proposed by Johnson and later adopted by Akbarzadeh and Khonsari, among others, was used in the 

tribodynamic model to account for surface roughness and to solve for the dynamic meshing force. They 

concluded that due to the varying dynamic load and the changing slip-to-roll ratio, the temperature 

distribution exhibit dissimilar characteristics along the line of action. Moreover, they suggested that the 

machined technology and sliding velocity are crucial factors in the temperature rise within the contact 

region, as rougher surfaces leads to more asperity contact and consequently more heat generation. 
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2 Theory 

In this section the basic concept regarding cylindrical gears is initially provided. This is followed by 

some basic theory regarding contact classifications and EHL theory which can be applied when 

modelling the event of a gear mesh. Failure modes due to improper lubrication are described and theory 

behind the contact mechanics solvers is outlined. 

2.1 Gears 
Gears have been used for more than three thousand years to transmit motion from one shaft to another. 

Today gears are a common type of machine element found in most types of machinery [26]. In a truck 

driveline, gears can be found in a number of locations such as engine, gearbox and rear axle to mention 

a few. According to [26], in technically correct terms, a gear is a toothed wheel that is usually, but not 

necessarily, round with the purpose to transmit motion from one shaft to another by either a uniform, or 

accompanied by changes in direction, speed and shaft torque. Gear operation depends on various 

parameters including meshing conditions, lubricant rheology and surface topography. Moreover gears 

operate under the so called elasto-hydrodynamic lubrication regime where pressures can undergo rapid 

rise from atmospheric pressure to over one GPa in less than one milliseconds. At this same time, the 

fluid undergoes shearing which leads to heat generation that can reach several hundred Celsius degrees. 

In addition, rapid variations in sliding speed and load are also occurring as the gear pass along the line 

of action [27]. These are concepts that will be further discussed throughout the theory section of this 

report. 

2.1.1 Basics 

In this study the focus will be on the most common types of cylindrical gears, i.e. involute spur and 

helical gears. For involute gears the profile of the teeth has been designed from the involute of a circle. 

The main difference between these types of cylindrical gears are that the teeth are cut at an angle with 

the axis of rotation regarding helical gears, see Figure 1 for illustration of spur and helical gears. 

However, by letting the helical angle approach zero degrees, the spur gear can actually be considered as 

a special case of the helical gear [28]. Typically the gear pair consists of a smaller driving wheel and a 

larger driven wheel which usually are referred to as pinion and wheel (or gear) respectively. This is the 

most common configuration in automotive generally because it usually is desirable to shift down speed 

in order to take out high torque [28]. 
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Figure 1. Illustration of spur gears (left) and helical gears (right) where the smaller driving wheels are the pinion and the larger 

driven wheels are referred to as the wheel. 

Because most that applies to helical gears also applies to spur gears [28], and due to its simplicity, spur 

gears will be considered from now on. In Figure 2 some of the most essential terminology in terms of 

circular gears is illustrated. 

 

Figure 2. Illustration showing common geometrical definitions of a gear. 

As can be seen from the figure, the teeth extend from the root, or dedendum to the tip, or addendum. 

The pitch circle may be defined as the diameter of a circle which by pure rolling action would produce 

the same motion as the toothed gear wheel [29]. The pitch line is the line separating the dedendum and 

the addendum. The portions of the tooth which are meshing with the mating gear are referred to as the 

flank. The width of the gear, measured along its axis is referred to as the face width. 
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2.1.2 Geometry and kinematics 

During a gear mesh the contact point is following a path of a straight line, usually referred to as the line 

of action (LOA). In Figure 3 the actual contact point Y between the pinion (index 1) and the wheel 

(index 2) is depicted. It is located between the start of active profile (SAP), i.e. contact point A, and the 

end of active profile (EAP), i.e. contact point E, in a certain meshing position 𝑔𝑌 along the line of 

action [3].  

 

Figure 3. Definition of contact points on the line of action [3]. 

The nomenclature depicted in Figure 3 is sufficient to define the contact point on the LOA during a 

gear mesh and involve the following geometrical parameters: 

o The Y-circle diameters, 𝑑𝑌,1,2 

o The tip diameters, 𝑑𝑎1,2  

o The base diameters, 𝑑𝑏1,2  
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o The pitch diameters, 𝑑𝑤1,2 

o The centre distance, a 

o The pressure angle at the pitch cylinder, 𝛼𝑤𝑡 

o Transverse radius of curvature, 𝜌𝑡,1,2,𝑌 

Over the LOA, the contacting gears experience a number of time varying parameters [6] and one of 

these are the transverse radius of curvature. As depicted in Figure 3, when the tooth of the pinion 

initiates the contact with its mating tooth, the pinions radii of curvature, 𝜌𝑡,1 has its minimum value. As 

the meshing continuous, 𝜌𝑡,1 increases until reaching its maximum at the tip. The methodology to 

calculate the kinematics occurring during a gear mesh is extensively described in for instance in [3]. 

Another feature during a gear mesh is that the contacting surfaces exhibit mixed rolling and sliding 

motion, and thus two quite different speeds are important. The first one is the mean tangential velocity 

(rolling velocity), also referred to as the entrainment speed. This speed is important from a lubrication 

point of view as it entrains lubricant into the contact. The entrainment speed is defined as half the sum 

of the tangential velocities, i.e. 

�̃� =
𝑣𝑟1+𝑣𝑟2

2
           (2.1) 

The second is the sliding velocity which is defined as the difference between the tangential velocities of 

the pinion and the gear accordingly 

 𝑈𝑠 = 𝑣𝑟,1 − 𝑣𝑟,2          (2.2) 

At any point below the pitch circle the tangential velocity of the pinion, 𝑣𝑟,1 is smaller than that of the 

wheel, 𝑣𝑟,2 and consequently the sliding velocity is negative [6]. Above the pitch cylinder the contrary 

applies. At the pitch point, the tangential velocities are equal and thus the sliding velocities are zero. 

The ratio between sliding velocity and mean rolling velocity is referred to as the slide to roll ratio, 𝑆, 

and can be expressed as 

𝑆 =  
𝑈𝑠

�̃�
           (2.3) 

The sliding and rolling speed over the line of action has a significant influence on the lubricant film 

thickness and consequently on the performance and life time of the gear, as will be further discussed in 

the next coming sections. 

2.1.3 Contact Classification 

The surface contact between mechanical components in a tribological system can typically be 

categorized into two different types of classifications, i.e. conformal and non-conformal contacts. In a 

conformal contact, the mating surfaces have their curvature matching each other so that the load is 

carried over a relatively large area. On the contrary, a non-conformal contact is formed by two mating 

surfaces that do not match and consequently a relative small contact area is formed leading to high 

contact pressures. Typical components including conformal contacts involve journals and thrust 

bearings, piston skirt/cylinder liner systems whereas non-conformal contacts can be found in rolling 

element bearings, cam/follower systems and gears [30]. During a gear mesh a non-conformal contact is 
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formed between the two curved surfaces. Furthermore, with the high loads occurring in the contact, the 

contact zone is deformed due to elastic deformation and its size and resulting contact pressure can be 

estimated by the well-known line approach of the Hertzian theory [2]. The Hertzian formulas are 

derived on the basis of the following assumptions [2] 

1) The interacting bodies only exhibit elastic deformation. 

2) The stress distribution is not affected by the finite dimensions of the contacting bodies because 

the contact width is considered much smaller than the radius. 

3) The surfaces are assumed to be frictionless so that only a normal pressure is transmitted. 

To adopt this Hertzian approach the engaging tooth surfaces can be considering as two interacting 

cylinders, see Figure 4. The radius representing body one and two, i.e. 𝑟1 and 𝑟2, in Figure 4, then 

represent the transverse radius of curvature for the pinion and wheel respectively, as depicted in Figure 

3. 

 

Figure 4. Two interacting cylinders forming a Hertzian contact zone [30]. 

The main formulas involved in Hertzian line contact theory usually involves the Hertzian pressure 

distribution and the half contact width as can be seen to the right in Figure 4. Two other important 

formulas are the combined modulus of elasticity and the combined radius of curvature which are based 

on the assumption of combining the mating cylinders into one cylinder on a flat plane. The half contact 

width for the line contact problem can be calculated according to [31] 

𝑎 = √
2∙𝑤∙𝑅

2𝜋
           (2.4) 

And the Hertzian contact pressure can be calculated according to 

𝑃ℎ = √
𝑤∙𝐸𝑟

2𝜋∙𝑅
           (2.5) 

where 𝑤 is the applied load per unit width. The reduced modulus of elasticity can be determined 

according to equation (2.6), i.e. 

𝐸𝑟 = 2 ∙ (
1−𝜈1

2

𝐸1
+
1−𝜈2

2

𝐸2
)
−1

         (2.6) 
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where 𝐸1 and 𝐸2 are the modulus of elasticity and 𝜈1 and 𝜈2 are the Poisson’s ratio for the pinion and 

wheel respectively. The combined radius can be calculated according by the following expression 

𝑅 =
𝑟1∙𝑟2

𝑟1+𝑟2
           (2.7) 

2.2 Elastohydrodynamic Lubrication 
In general, some form of lubrication is added to a system encountering rolling and sliding motion. This 

lubrication may involve liquids, solids or a mixture of the two and commonly, oils and greases are 

used. The main purpose of a lubricant is to separate the surfaces by adding an easily sheared material to 

reduce friction, wear and contact fatigue [32]. In order to maintain this separation, a number of 

parameters both involving the lubricant, but also involving the operational conditions and the machine 

element design, are of great importance. In this section the fundamental concepts of the 

elastohydrodynamic contact will be discussed.  

2.2.1 Introduction 

There are two types of lubrication conditions that may occur, i.e. hydrodynamic lubrication (HL) and 

the elastohydrodynamic lubrication (EHL). Hydrodynamic lubrication is encountered in conformal 

contact applications where the fluid is being dragged in and pressurized due to nature of the contact 

having a converging gap shaped appearance. This pressure build up generates the possibility of 

separating the surfaces and is utilized in for instance journal and thrust bearings. The pressure in these 

types of bearings typically are in the mega Pascal range, which generally not is enough to cause a 

significant elastic deformation to the interacting surfaces [33]. Elastohydrodynamic lubrication is 

encountered in non-conformal contacts. This type can be considered a specialized form of 

hydrodynamic lubrication with the main difference in having a significant physical interaction between 

the contacting bodies and the lubricant [34]. Machine components operating under elastohydrodynamic 

lubrication typically exhibits contact pressures in the Gigapascal range. By the influence of pressure on 

the elastic deformation of the solid bodies, and on the viscosity of the lubricant, non-conformal 

contacts with lubrication included can be divided into four different regimes. These four regimes 

involve [33];  

 The iso-viscous rigid regime where the pressure generated in the film is too low to significantly 

alter the geometry of the solid bodies, or the viscosity of the lubricant relative to the thickness 

of the film. 

 The piezo-viscous regime where the pressure generated in the film is high enough to 

significantly alter the viscosity of the lubricant but not the geometry of the solid bodies. 

 The iso-viscous elastic regime where the pressure generated in the film is high enough to alter 

the shape of the solid bodies but not the viscosity of the lubricant. This regime is often referred 

to as soft EHL and can be found in systems where the solid bodies are made of materials with 

low elastic modulus and possibly when lubricant viscosity is insensitive to pressure. 

 The piezo-viscus elastic regime where the pressure generated in the film is high enough to 

significantly alter both the lubricant viscosity and the solid bodies in relation to the fluid film 

thickness. 
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The piezo-viscous elastic regime is often referred to as hard EHL and involves machine components 

such as gears and rolling element bearings which encounter high pressure build up due to a small 

contact area. According to [33], the reason that machine elements can carry such high loads occurring 

under EHL conditions without suffering catastrophic wear can mainly be contributed to two effects. 

The first one is that the viscosity reaches a nearly exponential increase with pressure which in addition 

results in an increase in load carrying capacity. The second reason is due to the fact that the elastic 

deformation in the EHL contact is several orders of magnitude greater than the minimum film thickness 

leading to an increase in contact area and a gap for the lubricant to pass through. This gap (or lubricant 

film thickness) can be considered as one of the primary properties in terms of EHL applications 

because it describes the separation of the mating surfaces and consequently the surfaces protection 

against wear, surface fatigue and high friction.  

2.2.2 The EHL contact 

In Figure 5, an illustration of a piezo-viscous elastic elasto-hydodynamic line contact in the form of 

two mating cylinders is depicted. The dashed extensions of the profiles represent the undeformed 

profiles whereas the full drawn line represents the elastically deformed surface profiles under 

lubricated operation. The 𝑢1 and 𝑢2 are the surface velocities of the contacting bodies, h(x) is the fluid 

film which varies in the x direction of the contact and w is the load per unit width. As being discussed 

in the previous section, the pressure distribution under dry contact conditions shows a hemispherical or 

ellipsoidal profile according to classical Hertzian theory. This is being demonstrated together with the 

lubricated pressure distribution in the above part of the figure. In the presence of a piezo viscous 

lubricant such as oil and relative motion between the surfaces the lubricant is being dragged, or 

entrained, in to the contact forming a flat and narrow region due to elastic deformation of the 

interacting surfaces. The pressure profiles are quite similar with the greatest changes occurring in the 

inlet and the outlet regions of the contact. At the entry region the hydrodynamic pressure is lower than 

the value predicted by Hertzian theory which has been demonstrated in numerous experiments [34]. At 

the lower part of the figure the flow profiles at three positions of the contact is shown. The fluid 

characteristics in thin film flow are represented by two components, i.e. the Couette flow (or surface 

driven flow), with constant flow in the y direction of the contact, and the Poiseuille flow (or pressure 

driven flow) with parabolic shaped flow profile. The Poiseuille flow is dominating near the inlet and 

outlet due to the high pressure gradients [33]. At the inlet of the contact the Poiseuille flow is 

counteracting the Couette flow whereas at the outlet both profiles are in the same direction. However, 

due to the continuity requirements the total flow must be the same at all positions of the contact.  
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Figure 5. Illustration of the EHL line contact in the form of two mating cylinders. Top part showing dry and lubricated pressure 

profiles, mid part showing the contact deformation and lowest part showing the Poiseuille and Couette flow [35]. 

Within the contact region the opposing surfaces are almost parallel and planar and the film thickness is 

often referred to as the central film thickness, i.e. ℎ𝑐 as depicted in the figure. The lubricant exhibits a 

dramatic increase in viscosity as it is being entrained into the contact. In fact with sufficiently high 

pressure, the lubricant will undergo phase transition into solid glassy state. Consequently it will be 

more difficult for the lubricant to be squeezed out from the contact [35].This is followed by an even 

sharper decline to ambient magnitude as the lubricant escapes the contact at the exit. In order to 

compensate for the loss of lubricant viscosity, and because continuity of flow must be withheld, a 

constriction is formed near the exit of the contact. This constriction is usually referred to as the 

minimum film thickness, ℎ𝑚𝑖𝑛 , as seen in the figure. On the upstream side of the constriction a 

pressure peak is generated which usually is larger than the maximum Hertzian contact pressure. On the 

downstream side however, the pressure rapidly declines to less than the dry Hertzian pressure [34]. The 

entrained amount of velocity controls the film thickness in the central part of the contact as well as at 

the closing gap, and is thus one of the most important parameters for film thickness. Furthermore, since 

the elasto-hydrodynamic and the dry pressure profiles are in relatively close correlation, the Hertzian 

theory is often adopted for calculation of the pressure in EHD contacts [33]. 
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2.2.3 EHL governing equations 

The mathematical solution of the isothermal elasto-hydrodynamic lubrication problem, for the 

determination of the lubricant pressure and film thickness within the contact, involves simultaneous 

solution of five different equations [31]. The first one involve the Reynold’s equation which is derived 

on the basis of the thin film approximation from the full Navier-Stokes equation [36]. This equation is 

modelling the continuity of the flow within the contact, and for the EHL line contact problem as 

illustrated in Figure 5 above, the Reynolds equations can be expressed on the following form [37] 

𝜕

𝜕𝑥
(
𝜌ℎ3

12𝜂

𝜕𝑝

𝜕𝑥
) =

𝑢1+𝑢2

2

𝜕(𝜌ℎ)

𝜕𝑥
          (2.8) 

where 𝜂 and 𝜌 denotes the viscosity and density, respectively, ℎ is the fluid film thickness, 𝑝 the 

pressure and the term involving 𝑢1 and 𝑢2 is the mean velocity. The left hand side is accounting for the 

pressure driven flow and the right hand side for the surface driven flow, hence they are usually referred 

to as the Poiseuille and Couette term respectively. In order to complete any differential equation, 

proper boundary conditions need to be specified. The boundary conditions for equation (2.8) normally 

are 𝑝(𝑖𝑛𝑙𝑒𝑡) = 𝑝(𝑜𝑢𝑡𝑙𝑒𝑡) = 0 and 𝑝 > 0 for all x. By solving this partial differential equation the 

pressure is obtained. The second equation is used to model the geometry of the surface and how the 

fluid film thickness profile varies along the contact. This equation is referred to as the film thickness 

equation and involves the central film thickness, hc, a parabolic approximation to represent the 

undeformed cylindrical geometries and the deformation of the surfaces 𝛿(𝑥), i.e. 

ℎ(𝑥) = ℎ𝑐 +
𝑥2

2𝑅
+ 𝛿(𝑥)         (2.9) 

where R is the combined radius of curvature according to equation (2.7). The deformation expression is 

describing the elastic deformation of two elastic half spaces along the contact and can be expressed as 

𝛿(𝑥) = −
4

𝜋𝐸𝑟
∫ 𝑝(𝑥′)𝑙𝑛|𝑥 − 𝑥′|
𝑜𝑢𝑡𝑙𝑒𝑡

𝑖𝑛𝑙𝑒𝑡
𝑑𝑥′       (2.10) 

where 𝐸𝑟 is the effective elastic modulus defined according to equation (2.6). The forth equation 

needed is a relation to model the dependency of lubricant viscosity, 𝜂, on pressure 

𝜂 = 𝑓(𝑝)           (2.11) 

For an accurate solution to be obtained an additional equation modelling the pressure dependency on 

the density, 𝜌, should also be included but this generally has a small effect on the solution in 

comparison to other factors [31]. One comprehensive equation, commonly adopted in EHL analysis, 

that includes simultaneous effect of temperature and pressure on the viscosity, is the following form of 

the Roelands equation [36] 

𝜂𝑅 = 𝜂0𝑒
𝛼⋆𝑝           (2.12) 

where 𝜂0 is the viscosity at oil sump temperature and the 𝛼⋆𝑝 term can be expressed as 
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𝛼⋆𝑝 = [ln(𝜂0) + 9.67] {(
𝜃−138

𝜃0−138
)
−𝑆0

[(1 +
𝑝

𝑝0
)
𝑍

− 1] }     (2.13) 

where 𝜃 and 𝜃0 are the film and ambient temperature in Kelvin’s respectively, p is the pressure in 

Pascal’s, 𝑝0 = 1.98 ∙ 108Pa and 𝑍 and 𝑆0 are constants which can be obtained by the following 

expressions 

𝑍 =
𝛼

5.1∙109[ln(𝜂0)+9.67]
          (2.14) 

and 

𝑆0 =
𝛽(𝜃0−138)

ln(𝜂0)+9.67
          (2.15) 

The additional 𝛼 and 𝛽 parameters are the pressure-viscosity and the pressure-temperature coefficients 

respectively which normally can be obtained for well known oils [36]. A commonly applied relation 

describing the pressures impact on the density is the Dowson-Higginson density-pressure relationship, 

i.e. 

𝜌 = 𝜌0 (1 +
0.6∙𝑝

1+1.7∙𝑝
)          (2.16) 

where 𝑝 is in GPa and 𝜌0 is the lubricant atmospheric density. The final required equation for the full 

mathematical model includes and expression describing the load balance. That is, the applied load must 

be balance by the lubricant film pressure 

𝑤′ = ∫ 𝑝𝑑𝑥
𝑜𝑢𝑡𝑙𝑒𝑡

𝑖𝑛𝑙𝑒𝑡
          (2.17) 

These system of equations cannot be solved analytically and a numerical procedure most be adopted. 

Simultaneous solution of equation (2.8) to (2.17) yields the film thickness and the pressure of the 

lubricant film across the contact [31].  

2.2.4 Regression EHL formulas 

Now, having stated the governing equation of the EHL problem it is possible to devise dimensionless 

groups which explain the behavior of the EHD contact. One considerable advantage with this approach 

is that a number of external variables are reduced. The dimensionless groups may be found without 

solving the actual equations by straightforward dimensional analysis, using for instance Rayleigh’s 

method or Buckimham’s 𝜋-theorem, or from the governing equations. The latter is adopted in [36] 

where a thoroughly description is given for the line contact problem. Three of the most important 

dimensionless groups found are the material parameter, G, the speed parameter, U, and the load 

parameter, W. The material parameter, G, accounts for the influence of the reduced modulus of 

elasticity, 𝐸𝑟, and the pressure-viscosity coefficient, 𝛼, i.e. 

𝐺 = 𝐸𝑟 ∙ 𝛼           (2.18) 
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The velocity parameter, U, takes into account the lubricant viscosity at inlet temperature, 𝜂0, the mean 

velocity, �̃�, the reduced modulus of elasticity, 𝐸𝑟, and the reduced radius of curvature, 𝑅, accordingly 

𝑈 =
𝜂0�̃�

𝐸𝑟∙𝑅
           (2.19) 

The dimensionless load parameter, W, involve the applied normal load intensity, 𝑤, the reduced radius 

of curvature, 𝑅, the reduced elastic modulus, 𝐸𝑟 and the contact length, L, according to equation (2.20). 

𝑊 =
𝑤

𝐸𝑟∙𝑅∙𝐿
           (2.20) 

From repeated numerical solutions of the EHL problem over a wide range of contact and material 

conditions and by performing regression analysis of the data, many empirical expressions describing 

the EHL thickness has been developed over the years. For generality, most of these solutions employ 

these three non-dimensional groups [31]. One very early regression formula accounting for the central 

film thickness was developed by Grubin in the late 1940’s [38]. Grubin was the first to take into 

account the elastic deformation and the lubricant viscosity simultaneously and the formula developed 

can be expressed in dimensionless form accordingly 

𝐻𝐶𝑖𝑠𝑜𝑇 = 1.95 ∙ 𝑊−
1

11 ∙ (𝑈 ∙ 𝐺)
8

11        (2.21) 

This formula well describes the nearly constant film thickness in the central region of the EHL line 

contact and has proven to be in reasonably good agreement with experimental data, especially under 

heavy load conditions [39]. Another EHL line contact formula for heavy loading conditions found in 

literature is the Dowson & Higginson formula which describes the minimum film thickness in the 

contact zone, i.e. 

𝐻𝑀𝑖𝑠𝑜𝑇
= 1.6 ∙ 𝑅 ∙ 𝐺0.6 ∙ 𝑈0.7 ∙ 𝑊−0.13       (2.22) 

This formula was developed by Dowson and Higginson in the early 1960’s. In 2003 AGMA (American 

Gear Manufacturers Association) published a paper where the Dowson and Toyoda central EHL 

equation in applications of cylindrical gears was adopted [40]. The Dowson and Toyoda equation was 

initially developed in the late 1970’s and can be expressed as follows  

𝐻𝐶𝑖𝑠𝑜𝑇 = 3.06 ∙ 𝑊−0.10 ∙ 𝑈0.69 ∙ 𝐺0.56        (2.23) 

Later Pan & Hamrock developed an EHL line contact formula in the late 1980’s which can be 

expressed accordingly 

𝐻𝐶𝑖𝑠𝑜𝑇 = 2.922 ∙ 𝑊−0.166 ∙ 𝑈0.692 ∙ 𝐺0.470       (2.24) 

The above presented formulae’s account for idealized EHL contacts with no side leakage effects, fully 

flooded channel, i.e. no oil starvation is accounted for, iso-thermal conditions throughout the contact, 

perfectly smooth surfaces and non-Newtonian fluids. Very recently, in the late 2014, the 

ISO/TR15144-1, which is a standard used for calculation of pitting load capacity in cylindrical gears, 
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employs an extended version of the Dowson & Higginson minimum film thickness formula but with an 

additional sliding parameter, 𝑆𝐺𝐹 [3], i.e.  

𝐻𝑚 = 1.6 ∙ 𝐺0.6 ∙ 𝑈0.7 ∙ 𝑊−0.13  ∙ 𝑆𝐺𝐹
0.22       (2.25) 

This EHL formulae is in contrast to the other presented EHL equations accounting for thermal effects 

in terms of the sliding parameter, which is given by 

𝑆𝐺𝐹 =
𝛼𝜃𝐵∙𝜂𝜃𝐵

𝛼𝜃𝑀∙𝜂𝜃𝑀
           (2.26) 

where 𝛼𝜃𝐵, 𝛼𝜃𝑀, 𝜂𝜃𝐵 and 𝜂𝜃𝑀 is the pressure-viscosity coefficient and dynamic-viscosity at local 

contact temperature (index 𝜃𝐵) and bulk temperature (index 𝜃𝑀), respectively. The local contact 

temperature, 𝜃𝐵 is the sum of the local flash temperature and the bulk temperature, see [3] for 

definition. Hence the sliding parameter accounts for the influence of local sliding on the local 

temperature. This temperature influences both the local pressure-viscosity coefficient, 𝛼𝜃𝐵, and the 

local dynamic viscosity an thus the local lubricant film thickness [3]. The dimensional form of the film 

thickness can be obtained by simply multiplying with the reduced radius of curvature, i.e. 

ℎ𝐶𝑖𝑠𝑜𝑇 = 𝑅 ∙ 𝐻           (2.27) 

2.2.5 Thermal correction of the film thickness 

In most engineering applications where EHL conditions occur, heat will be generated due to shear 

heating leading to a reduction in lubricant viscosity at the inlet to the contact and consequently the film 

thickness will decrease in comparison to the isothermal case [41]. Hence it is not realistic to assume 

isothermal conditions and it is thus necessary to correct equation (2.21-2.24) for viscous heating of the 

lubricant. There are many different expressions available in the literature for thermal correction. Some 

examples are those developed by Greenwood and Kauzlarich [42] and Wilson and Sheu [43]. In this 

report a more general expression developed by Grupta [44] will be used. Grupta’s empirical 

formulation for thermal correction is based on the work conducted by Cheng [45] and Wilson and Sheu 

and is expressed accordingly 

𝐶𝑇 =
1−13.2∙(

𝑃ℎ
𝐸𝑟
)∙𝐵𝑟0.42

1+0.213∙(1+2.23∙𝑆0.83)∙𝐵𝑟0.64
        (2.28) 

where 𝑃ℎ is the Hertzian pressure, see equation (2.5), 𝐵𝑟 is the Brinkman number, defined as 

𝐵𝑟 = (−
𝜕𝜂

𝜕𝑇
)
�̃�2

𝐾
≈

−𝛽𝜂0�̃�
2

𝐾
         (2.29) 

where 𝛽 and 𝐾 are the temperature-viscosity coefficient and the thermal conductivity respectively and 

𝑆 is the slide to roll ratio, see equation (2.3). Now, the thermally corrected central film thickness, ℎ𝐶𝑡ℎ, 

can be obtained by multiplying equation (2.27) with the thermal correction factor according to equation 

(2.30), i.e. 

ℎ𝐶𝑇 = 𝐶𝑇 ∙ ℎ𝐶𝑖𝑠𝑜𝑇          (2.30) 
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2.3 Friction coefficient in lubricated contacts 

A common approach to characterize a lubricated contact is by employing the Stribeck curve and the so 

called lubrication regimes which essentially provide an indication of how much asperity contact that is 

present. However before this concept can be described the surface on microscopic scale needs to be 

considered. In this section the fundamental concepts of a surface on microscopic scale is initially 

outlined followed by a brief discussion on the hydrodynamic lubrication regimes that can be utilized to 

characterize the severity of a lubricated contact. 

2.3.1 Micro scale contact 

The theory discussed so far has only considered smooth surfaces on macroscopic scale. In fact a 

tribological surface can be observed at different scales, i.e. macroscopic scale and microscopic scale. 

The macroscale contact provides global information of the mating surfaces such as if the contact is 

non-conformal or conformal, as previously discussed, whereas the micro scale gives local information 

within the contact [46]. A contact may appear smooth at macro scale but quit different at micro scale 

with a rough and uneven appearance, see Figure 6 for illustration. Consequently the apparent contact 

area is much larger than the real contact area between the two mating surfaces. The real contact area is 

defined as the sum of a large number of small areas where the surface peaks of the mating surfaces, 

usually referred to as asperities, get into contact.  

 

Figure 6. Illustration showing the macroscopic and the microscopic scale of two mating surfaces subjected to normal and tangential 

load [47]. 

As two mating surface move in relative motion, the applied load will be carried by the interacting 

asperities and consequently give rise to high local pressures and temperatures within individual 

asperities. As a result, a resisting friction force between the two bodies in relative motion is formed. 

Commonly, friction is divided into dry and viscous friction, where dry friction occurs between two 

bodies under dry conditions and viscous friction under lubricated conditions resulting in a more or less 

separation between the bodies. The global coefficient of friction is defined as the friction force, 𝐹𝑇, 

over the applied normal load, 𝐹𝑁, as depicted in Figure 6, and can be expressed as 

𝜇 =
𝐹𝑇

𝐹𝑁
            (2.31) 

The surface roughness can be described using the standard deviation, or variance 𝜎, of the distribution 

of the roughness height, z(x), with regards to the mean line, see Figure 7 for illustration. 
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Figure 7. Rough surface profile showing the mean line drawn between the local rough summits z(x) [47]. 

The standard deviation is also referred to as the arithmetic mean, Rm, the root mean square, Rq, or the 

RMS-roughness and can be expressed as [2] 

𝜎 = 𝑅𝑚 = 𝑅𝑞 = 𝑅𝑀𝑆 = √
1

𝐿
∫ 𝑧(𝑥)2𝑑𝑥
𝐿

0
       (2.32) 

where L is the length of the measured profile and x is the length direction. A more commonly used 

method to describe the surface roughness is the arithmetic mean average, Ra, also called ‘Centre Line 

Average’, CLA, which can be expressed as 

𝑅𝑎 = 𝐶𝐿𝐴 =
1

𝐿
∫ 𝑧(𝑥)𝑑𝑥
𝐿

0
         (2.33) 

In three dimensions a surface is generally examined by a magnified cross-section of the surface of the 

machine-part considered. The surface may have roughness, waviness, flaws and some pattern or 

directional pattern depending on the process used to design the surface. These features are commonly 

characterized as the surface, surface texture [48]. The features of the surface texture are depicted in the 

schematic shown in Figure 8. 

,  

Figure 8. Illustration of features characterizing the surface texture [48]. 

In the same manner as for the two dimensional case where the surface profile is considered, the 

arithmetic mean average can be employed to describe the surface roughness in three dimensions 

according to the following equation [49] 
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𝑆𝑎 =
1

𝐿
∙
1

𝐵
∫ ∫ 𝑧(𝑥, 𝑦)𝑑𝑥𝑑𝑦

𝐵

0

𝐿

0
        (2.34) 

The roughness of a surface is determined by the material characteristics and the process used to 

produce the surface. The waviness is defined as the deviations of much larger spacing which are 

occurring due to work deflection, vibration, heat treatment and other factors from the machining 

process. In general, surface roughness is superimposed on the waviness. The lay is the predominant 

direction or pattern of the surface texture and is also a result from the manufacturing method adopted to 

generate the surface. Irregularities on the surface such as cracks, scratches and inclusions are usually 

referred to as flaws. In contrary to the waviness and the lay, flaws are not characteristics of the process 

but are usually caused by non-uniformity of the material or by damage of the surface after processing. 

There are several methods available to determine the surface finish level of a surface and some 

processes are inherently capable of producing better surface than others. Some processes recognized for 

good surface finishes involve honing, lapping, polishing and super finishing, see [48] for methodology 

outline. Other processes that can be adopted for altering the surface characteristics are grinding and 

shot peening, see [50] and [51] respectively for description of the process methodology. 

2.3.2 Lubrication regimes 

Lubrication is added to a tribological system in order to reduce friction by separating the two surfaces. 

Ideally, the fluid film is thicker than the height of the asperities so that no metal to metal interaction 

occurs. A system operating under those conditions would result in a low friction coefficient only 

attributed to the shearing of the lubricant as the surface moves in relative motion, and virtually no wear 

would occur at all [33]. However with too low speeds, too low lubricant viscosity, too high loads 

applied, or too rough surfaces to mention some of the parameters affecting the fluid film thickness, 

asperities will penetrate the lubricant film causing a raise of friction and wear. For all forms of 

lubricated contacts, regardless if the contact conditions are conformal or non-conformal and thus 

operates under hydrodynamic or EHL conditions respectively, three different regimes can be specified, 

i.e. boundary lubrication, mixed lubrication and full film lubrication. These regimes describe how thick 

the fluid film is with regards to the surface roughness of the interacting surfaces [32]. A common 

approach to specify in what lubrication regime a tribological system is running in, is to apply the film 

parameter, 𝜆, i.e. 

𝜆 =
ℎ𝑚𝑖𝑛

√(𝑅𝑞,𝐴
2 +𝑅𝑞,𝐵

2 )
           (2.35) 

where ℎ𝑚𝑖𝑛 is the minimum film thickness and the square of the 𝑅𝑞 values represent the composite 

surface roughness of the surfaces, where 𝑅𝑞 can be obtained by equation (2.32). Now, having defined 

the friction coefficient and the film parameter a common approach to describe the friction behavior and 

the regimes in a lubricated contact is to employ the Stribeck curve. The Stribeck curve describes the 

ratio between the velocity and viscosity times the load i.e., 𝜂𝑈/p, as a function of the friction 

coefficient, but can also be expressed in terms of the 𝜆 parameter, see Figure 9. 
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Figure 9. Schematic showing friction force versus the 𝝀 parameter with the different lubrication regimes [32]. 

Each regime is briefly described below, note however that at present this approach is only a rough 

model describing the characteristics of a hydrodynamic lubricated contact. The intention of this work is 

partly to improve the accuracy of the assessment of what regime a gear is operating in. 

2.3.2.1 Boundary Lubrication Regime 

When tribo-system operates in the boundary lubrication regime, as seen to the far left of the figure, the 

𝜆 value is below 1 and almost the entire load is carried by the asperities. The hydrodynamic 

contribution is almost negligible due to the poor amount of lubricant present. Still the presence of 

lubricant is crucial in this regime because a lubricant usually is engineered with additives that react 

physically or chemically to produce boundary films that reduced friction and wear [33]. The boundary 

lubrication regime is characterized by low speeds and high loads which in return results in too low 

hydrodynamic pressure build up to separate the mating surfaces leading to high friction.  

2.3.2.2 Mixed Lubrication Regime 

With increasing speed the hydrodynamic pressure increases and the tribo system enters the mixed 

lubrication or partial (elasto) hydrodynamic lubrication regime. The mixed lubrication regime is a 

combination of the boundary lubrication regime and the full film regime with a 𝜆 value between 1 and 

3. In this regime the surface roughness is in the same order of magnitude as the separating film 

thickness and the load is partly carried by the asperities and partly by the fluid film. This regime is 

characterized by a sharp drop of friction coefficient which is governed by the amount of fluid film 

thickness and the asperity interaction. Lubricant properties are still important in terms of supporting the 

contact with necessary additives to reduce wear [46].  

2.3.2.3 Full Film Lubrication Regime 

To the far right of Figure 9, the tribological system has entered the full film regime and the 𝜆 value is 

above 3. This regime is characterized by a full separation of the mating surfaces resulting in all load 

being carried by the fluid film. The coefficient of friction is very low and mainly governed by the 

lubricant and thermal properties [33]. If the load is not high enough to elastically deform the surfaces, 

such as in conformal contacts, the full film regime is referred to as hydrodynamic lubrication. However 

if the load is high enough to elastically deform the mating surfaces, such in non-conformal contacts, the 

regime is referred to as elasto-hydrodynamic lubrication. Due to the elastic deformation of the surfaces 
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a full separation of the surfaces can be obtained even with a thin lubricant film. Consequently, because 

of the friction coefficient being governed by the shearing of the lubricant and because of the less 

amount of lubricant present in the contact, the EHL curve is showing a lower friction coefficient in 

comparison to the HL curve. 

2.4 Rough contact modeling 

In order to incorporate roughness in lubricated contacts, approaches such as the surface contact 

stiffness and the load sharing concept have been adopted over the years. In this section, basic contact 

mechanics theory is initially outlined which is then followed by a description of the contact stiffness 

and the load sharing concept. 

2.4.1 Contact mechanics, basic equations 

Whether if the interest in studying the interaction between two surfaces is in terms of wear, friction or 

lubrication, it is essential to understand the surface traction acting at the interface of two mating 

surfaces. Many engineering surfaces are macroscopically smooth, i.e. the surface roughness on micro 

scale is small relative to the macroscopic geometry of the component. As a result the normal 

component of traction can be considered without the need of incorporating the frictional component in 

the normal direction. Thus most studies of rough contacts employ initially the assumption of 

frictionless surfaces when calculating the normal pressure distribution. The calculated pressure can 

then be used to, for instance, calculate subsurface stresses, predict interfacial friction and wear [52]. 

One way of describing rough contact problem is with the definitions of notations as depicted in Figure 

10.  

 

Figure 10. Definition of notation used in describing the model of rough contact [52]. 

Assuming one-dimensional problem for simplicity, the rough contact mechanics problem can 

mathematically be described in compliance with Figure 10 by the following equation 

𝑔𝑖 = ℎ𝑖 + 𝑢𝑖 − 𝑢0          (2.36) 

where 𝑔𝑖 is the gap or separation of the bodies after application of the load, ℎ𝑖 is the initial gap between 

the bodies before the application of the load, 𝑢𝑖 is the total deformation of both surfaces and 𝑢0 is the 

overall approach of the contacting bodies. Moreover, a widely established approach is to consider the 

two bodies as linear elastic with the surface deformation compared to that of an elastic half space. In 

case of line loading on an elastic-half space and by knowing the pressure distribution, the deflection of 

a surface can be found on any surface point x by the equation (2.36) as shown below [53]. 
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Figure 11. Illustration of the 1D half space [53]. 

 

𝑢𝑧 = (
2(1−𝜈2)

𝜋∙𝐸
)∫ 𝑝(𝑠)𝑙𝑛|𝑥 − 𝑠|𝑑𝑠

𝑏

−𝑏
+
(1−2𝜈)∙(1+𝜈)

2∙𝐸
{∫ 𝑞(𝑠)𝑑𝑠

𝑥

−𝑏
− ∫ 𝑞(𝑠)𝑑𝑠

𝑎

𝑥
}  (2.37) 

where p(s) and q(s) are the pressure distribution in the normal direction and the shearing in the 

tangential direction respectively, see Figure 11 for illustration. Assuming friction less interface, i.e. 

neglecting the shearing component, equation (2.37) reduces to 

 𝑢𝑧 = (
2(1−𝜈2)

𝜋∙𝐸
)∫ 𝑝(𝑠)𝑙𝑛|𝑥 − 𝑠|𝑑𝑠

𝑏

−𝑏
        (2.38) 

Now, invoking the the combined Young’s modulus which is used to model the combined stiffness of 

the contacting bodies, i.e. 

𝐸′ =
2

1 −𝜈1
2

𝐸1
+
1 −𝜈2

2

𝐸2

          (2.39) 

and for simplicity, by assuming the two surfaces to have the same material parameters, equation (2.39) 

can be reduced to 

𝐸′ =
𝐸

1 −𝜈2
           (2.40) 

Then by solving for the elastic modulus and substituting into equation (2.38), the superposition of the 

deflection of the two surfaces can be expresses as 

𝑢 = (
2

𝜋𝐸′
) ∫ 𝑃(𝑠)𝑙𝑛|𝑥 − 𝑠|𝑑𝑠

𝑏

−𝑏
        (2.41) 

The transformation from two contacting surface to one equivalent surface, resulting in the super 

positioning of the deflection, is illustrated in Figure 12. The red lines indicate the deflection of the 

surfaces and the blue line represents the contact pressure distribution. 
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Figure 12. Transformation from two contacting surface to one equivalent surface. 

Considering an infinite long length domain, equation (2.41) can now be reduced to the Boussineq’s 

equation which states that the elastic deformation under normal load assuming a frictionless interface is 

given by [54] 

𝑢(𝑥) = ∫ 𝐾(𝑥 − 𝑠)𝑃(𝑠)𝑑𝑠
∞

−∞
         (2.42) 

where the kernel is 

𝐾(𝑥 − 𝑠) =
2

𝜋𝐸′
𝑙𝑛|𝑥 − 𝑠|         (2.43) 

In order to discretize equation (2.43) a discrete domain need to be specified. Let 

 𝑥 ∈ [𝑠𝑝, 𝑒𝑝] = Ω          (2.44) 

Then the domain length in x-direction is given by 

 𝐿 = 𝑒𝑝 − 𝑠𝑝           (2.45) 

where 𝑒𝑝 and 𝑠𝑝 are the end and start point of the domain respectively. The uniform element lengths 

can be expressed as the length of the domain over the number of elements, i.e. 

Δ𝑥 =
𝐿

𝑁−1
           (2.46) 

where N is the number of nodes. The node positions along x are given by 𝑥𝑖 = 𝑠𝑝 + 𝑖Δ𝑥, where 

𝑖 = 0…𝑁 − 1.  

 

Figure 13. Discretization domain for the pressure. 
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By assuming the pressure 𝑃𝑖 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 in the domain [𝑥𝑖 −
Δ𝑥

2
, 𝑥𝑖 +

Δ𝑥

2
] as depicted in Figure 13, the 

deflection can be discretized according to 

𝑢𝑖 = 𝑢(𝑥𝑖) =
2

𝜋𝐸′
∫ 𝑙𝑛|𝑥𝑖 − 𝑠|𝑃(𝑠)𝑑𝑠
∞

−∞
≈

2

𝜋𝐸′
∑ {∫ 𝑙𝑛|𝑥𝑖 − 𝑠|𝑑𝑠

𝑥𝑗+
Δ𝑥

2

𝑥𝑗−
Δ𝑥

2

}𝑁−1
𝑗=1  𝑃𝑗  (2.47) 

The assumption of constant pressure in the stated interval enables that the pressure can be taken out of 

the integral and thus a simpler integral only involving the kernel can be performed. Hence by letting 

𝑖 = 1 the first row of the kernel matrix can be integrated accordingly 

𝐾1𝑗 =
2

𝜋𝐸′
∫ 𝑙𝑛|𝑎 − 𝑠|𝑑𝑠
𝑏+𝑐

𝑏−𝑐
  

= ((𝑎 − 𝑏 + 𝑐) ln(𝑎 − 𝑏 + 𝑐) + (−𝑎 + 𝑏 + 𝑐) ln(𝑎 − 𝑏 − 𝑐) − 2𝑐    (2.48) 

Where 𝑎 = 𝑥1,  𝑏 = 𝑥𝑗  and 𝑐 =
Δ𝑥

2
 

Hence the discretized deflection can be reduced to the more convenient equation 

𝑢𝑖 ≈
2

𝜋𝐸′
∑ 𝐾𝑖𝑗
𝑁−1
𝑗=1 𝑃𝑗           (2.49) 

The kernel, 𝐾(𝑥 − 𝑠), denoted in the discrete form, 𝐾𝑖𝑗, is the influence coefficient relating the normal 

deformation at point x owing to a unit load acting on position 𝑠 [55]. Equation (2.49) indicates that the 

calculation of normal surface deformation includes two steps: 

1. Determine the influence coefficients 𝐾𝑖𝑗 

2. Calculate the multisummation 

To obtain the influence coefficient and to perform the multisummation, several numerical approaches 

are available. In [55] a comprehensive summary of some of the available methods are given. For 

instance; Green’s function based scheme, a constant function based scheme and a linear interpolation 

based scheme are different interpolation functions proposed in order to determine the influence 

coefficients. Having obtained the influence functions, Wang et al. also propose several numerical 

methods to perform the multisummation, i.e. the direct summation (DS) method, the discrete 

convolution method, the fast fourier transform method (DC-FFT) and the multilevel multi-integration 

(MLMI) method. In terms of the frictionless elastic rough contact problem, equation (2.36) must be 

solved with the constraints that no adhesion is present in the contact and that no penetration of the 

contacting bodies occurs [52]. Moreover, by defining a set, 𝐼𝑐, contain the grid points in contact, the 

problem can be stated as a linear complimentary problem (LCP), i.e.  

𝑔𝑖 = 0 and 𝑃𝑖 > 0 when (𝑖) ∈ 𝐼𝑐        (2.50) 

𝑔𝑖 > 0 and 𝑃𝑖 = 0 when (𝑖) ∉ 𝐼𝑐        (2.51) 
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In general, the complimentary conditions are non-linear and must therefore be solved with an iterative 

scheme. In order to solve LCP’s, a numerical solution procedure named Lemke’s algorithm can be 

applied [54]. 

2.4.2 Contact stiffness 

A classical approach to model the lubrication regime and thus the severity of the contact is by adopting 

the lambda ratio as previously has been discussed. In order for a more exact analysis and to gain access 

to pressure exchange between the lubricant film and the mating surfaces, a different approach is 

required. Using numerical simulations based on the contact mechanics theory, and by incorporating the 

real surface topographies of two mating surfaces, it is possible to determine the contact pressures 

arising as well as the gap separating the surfaces at specific locations within the contact. For every 

unique pair of mating surfaces, a relationship between the applied nominal pressure and the average 

interfacial separation of the contacting surfaces, after deformation, is evident. This relation is usually 

referred to as the surfaces contact stiffness, and can mathematically be expressed as [56] 

𝑓(ℎ̅) = 𝑃𝑛𝑜𝑚           (2.52) 

where ℎ̅ is the averaged deformed separation and 𝑃𝑛𝑜𝑚 is the applied nominal pressure, see Figure 14 

for illustration of the definition of ℎ̅. 

 

Figure 14. Definition of �̅� in the mixed lubrication regime [57]. 

The average separation can be calculated by summing the separations of all nodes in the discrete 

domain and dividing with the number of nodes, i.e. 

ℎ̅ =
1

𝑁
∑ ℎ𝑖
𝑁
𝑖            (2.53) 

A so called contact stiffness curve can then be established by computing several average interfacial 

separations from a given corresponding range of nominal pressures. One example of a model that can 

be used to calculate the stiffness curve is the one presented by Sahlin et. al [58]. This model takes a 

measure surface topography as input and returns the corresponding stiffness curve for a specified range 
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of applied nominal loads. In Figure 15, an illustration of the establishment of a stiffness curve is 

depicted, and the event can briefly be describe accordingly 

a) The surfaces are fully separated yielding no contact pressure 

b) The surfaces are pressed together and the contact pressure increases 

c) The surfaces are completely pressed together resulting in completely smooth interfaces 

 

Figure 15. Illustration of the applied nominal load as a function the mean separation. 

2.4.3 Load sharing concept 

The separation between the interacting surfaces is important because it is a volume that potentially 

could hold lubricant in a lubricated contact [56]. The concept of load sharing states that in a tribological 

system operating in the mixed lubrication regime part of the load is carried by the lubricant and part of 

the load is carried by the asperities in contact. In mathematical terms, this can be described as 

𝑃𝑡𝑜𝑡 = 𝑃𝑎 + 𝑃𝑙           (2.54) 

where 𝑃𝑡𝑜𝑡 is the total applied load, 𝑃𝑎 is the load carried by the asperities and 𝑃𝑙 is the load carried by 

the lubricant. The load sharing concept was initially developed by Johnson et al. [53] and has been 

widely used in the study of rough contact problems, see for instance reference [59] for a very recent 

study conducted in 2014. In Johnsons load sharing concept the elasticity of the lubricant and the 

asperities are consider as two coupled springs which are dependent on one and another. In a study 

conducted by [56] and another by [57] a similar approach was conducted but the asperities and the 

lubricant was considered uncoupled. In their studies, which also are the concept that has been adopted 

in this study, the average separation obtained from the contact stiffness function is assumed to be equal 

to the central or minimum film thickness, i.e.  

ℎ̅ = ℎ𝐶  (𝑜𝑟 ℎ𝑚𝑖𝑛)          (2.55) 
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Hence equation (2.51), (2.53) and (2.54) forms a system of equations that can be solved numerically by 

an iterative procedure, one example of such a procedure is for instance the Newton Rapson’s method. 

2.5 Gear failure 
Gears may fail in service from tooth surface damage related failure modes or tooth breakage related 

failure modes. According to the AGMA national standard, ANSI/AGMA 1010-E95 [60], gear failure 

characteristics can be broken down and classified into seven types of classes i.e. wear, scuffing plastic 

deformation, Hertzian (contact) fatigue, cracking, fracture and bending fatigue. Hertzian contact 

fatigue, wear and scuffing can be further classified as lubrication related failure modes whereas non-

lubrication related failure modes include cracking, fracture and bending fatigue [61]. Pitting or scuffing 

for instance, which are a form of contact fatigue occurring when the lubricant film is not sufficient to 

fully carry the load, may cause gear teeth to deteriorate leading to dynamic forces. These in turn may 

cause the gear teeth to fail due to bending fatigue. In these kind of situations, pitting is the primary 

mode to failure whereas the bending fatigue is a result of pitting and not directly related to lubrication 

and therefor a secondary failure mode. In this study the main focus will be on primary lubrication 

related failure modes and hence the following failure modes will be further discussed 

 Hertzian contact fatigue (including pitting and micropitting) 

 Wear (including adhesion, abrasion and polishing) 

 Scuffing 

There exists several more general modes of failure and some of those influenced by lubrication involve 

corrosion, fretting-corrosion, cavitation and electrical discharge damage. However these modes will not 

be further discussed in this study because these failure modes occur relatively rarely in gear teeth [61]. 

For a summarized list of failure classifications and for a detailed description of each respective mode, 

readers are referred to [60]. 

2.5.1 Hertzian contact fatigue 

Hertzian contact fatigue is caused by repeated contact stresses that cause surface or subsurface stress 

cracks and detachment from the gear tooth surface. From Hertz theory it is known that at the pitch line, 

where the rolling action dominates, the shear stresses are greatest at the subsurface [2]. With repeatable 

loading, this stress concentration can ultimately lead to sub surface crack initiation, removal of 

material, formation of cavities and finally crack propagation. As already stated, damage of this type is 

classified as fatigue damage and not wear. 

2.5.2 Pitting 

Pitting or sometimes called macro pitting is a fatigue phenomenon that occurs when a fatigue crack 

starts either at or below the surface of the active flank of the gear tooth [62]. Usually the crack 

propagates for a short distance, roughly parallel to the tooth surface, before it branches to the surface. 

As the cracks grow to the extent that they separate pieces of surface material, pits are formed. So called 

beach marks may be evident on the crater bottom and cracks may be seen near the boundary of the pit 

[60]. Figure 16 shows a cross-section of a surface or near surface initiated pit. 
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Figure 16. Cross section through a tooth flank showing how a pit develops below the surface [60]. 

Moreover, pitting can be further categorized as non-progressive, progressive, flake or spall by 

emphasizing the nature and severity of the damage. See the figure series below for illustration of each 

form respectively. Non-progressive macropitting normally consists of pits smaller than one millimeter 

in diameter. These small pits usually occur in local areas and tend to redistribute the load more evenly 

by removing high asperities. Consequently, as the load is more evenly distributed the macropitting tend 

to stop. Progressive macropitting normally consist of pits which are significantly larger than in the non-

progressive case. This type of pitting may, at an increasing rate, continue to grow until a significant 

portion of the tooth surface has pits of various shapes and sizes.  

 
Figure 17. Initial pitting [60]. 

 
Figure 18. Progressive pitting [60]. 

 
Figure 19. Flake pitting [60]. 

 
Figure 20. Spalling [60]. 

 

Flake macropitting is characterized by pits with a large area but with a relatively shallow depth. In this 

case, thin flakes of material break out forming a triangular crater. These shapes arise due to fatigue 
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cracks growing from the origin in a fan shaped manner. Finally, spall macropitting is a progressive type 

of macropitting that occurs when pits coalesce and form irregular craters that cover a significant area of 

the tooth surface. Methods to prevent macropitting can be summarized accordingly [62] 

 Reduce contact stresses by reducing loads or optimize gear geometry. 

 Use clean steel, properly heat-treated to 58 HRC minimum hardness (HRC-Rockwell scale), 

preferably by carburizing. 

 Use smooth surfaces produced by careful grinding or honing. 

 Use an adequate amount of cool, clean and dry lubricant of adequate viscosity. 

2.5.3 Micropitting 

To the naked eye, micropitting appears frosted, matte, or gray-stained. However, under magnification, 

the surface appears to be covered by very fine pits which normally are in the micron range, see Figure 

21. Micropitting may occur anywhere on the active profile of the tooth and the cracks grow opposite 

the sliding direction at an inclination angle of less than 45 degrees [62]. As discussed earlier, the 

sliding velocity is negative below the pitch point at the addenda and the contrary above the pitch point. 

The cracks consequently converge near the pitch line from the addendum and dedendum respectively 

and in addition, the dedendum usually have much more micropitting. Micropitting reduces gear tooth 

accuracy, increases noise, and can progress into full-scale macropitting and even gear failure. Hence, 

understanding the morphology of micropitting is essential to determine the primary failure mode and 

root cause to failure [63]. 

 

Figure 21. Detail of tooth surface showing micropitting [60]. 

Micropitting may occur wherever the EHL film is interrupted; hence EHL film thickness is the most 

important parameter that influences micropitting [62]. Gear teeth with rough surfaces, and especially 

when they are lubricated with low viscosity oil, are most prone to exhibit damage because of film 

breakage. Hence, to prevent micropitting it is desirable to operate the gear so that a smaller portion of 

the load is carried by the asperities and thus a greater portion of the load is carried by the lubricant film. 

This can be achieved by a smooth gear tooth surface, high viscosity lubricant and run the gear at high 

speeds. Some actions for preventing micropitting, summarized by [62] reads 

 Use smooth tooth surfaces produced by careful grinding or honing. 
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 Use an adequate amount of cool, clean, and dry lubricant of the highest viscosity permissible. 

 Run the gear at as high speed as possible. 

 Use carburized steel with proper carbon content in surface layers. 

2.5.4 Wear 

Wear is a term describing change to a gear tooth surface involving the removal or displacement of 

material, due to mechanical, chemical, or electrical action. Wear can be classified into ten wear 

mechanisms i.e. adhesion, abrasion, polishing, corrosion, fretting corrosion, scaling, cavitation, erosion 

electrical discharge and rippling [60]. Moreover, wear can be categorized into the specific modes or 

degreases; mild, moderate or severe type of wear. The severe type of adhesion is termed scuffing and 

will be dealt with separately. Mild wear is considered normal in some applications and moderate, and 

sometimes even severe wear, are considered acceptable in some applications [60]. Because of the 

nature of the studied application, adhesive, abrasive and polishing will be in main focus in this section. 

2.5.5 Adhesion 

Adhesive wear, or sometimes also referred to as sliding wear, occurs when the gear teeth slide against 

each other. Adhesion is confined to surface films and oxide layers on the tooth surface and it is caused 

by transfer of material from one tooth surface to another due to micro welding and tearing as the fluid 

film breaks [60]. When the attractive forces between the two mating surfaces become high enough a 

volume of material breaks loose from the softer surface, junctions shear off in the sub-surface of the 

weaker surface whereby material may transfer from the weaker to the stronger surface [56]. The risk of 

encountering adhesive wear increase with increased load and sliding speed. Furthermore, the risk also 

increases with increased intermolecular forces which may be enforced by using similar mating 

surfaces. In short, the mechanism of adhesive wear can be illustrated according to the steps shown in 

the figure series given below [64]. 

 
Figure 22. a) Asperity-asperity contact. 

 
Figure 23. b) Asperity level adhesion. 

 
Figure 24. c) Formation of junction. 

 
Figure 25. d) Formation of adhered fragment. 

 

Now with the aid of the above figure, an adhesive event can be described accordingly; a), asperity-

asperity contacts are formed due to film breakage, b) asperity micro welds occur due to high adhesive 

forces, interfaces exhibits plastic deformation and sub surfaces exhibits elastic deformation, c) 
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junctions are formed in the plastic zone, and finally d) a formation of an adhered fragment is 

transferred from the softer to the harder surface as the sliding proceeds. Mild adhesion typically occurs 

during running-in where it smooth the tooth surfaces by removing minor imperfections through local 

wear before it subsides. If some or all of the machining marks are removed from the active surface of 

the tooth adhesion is classified as moderate. Visually mild adhesion is hard to distinguish as the tooth 

surface appears undamaged with the original machining marks still visible. Under the microscope 

however, smooth micro plateaus can be seen between the machining grooves. As a worst case, 

adhesion will continuously remove the lubricant film resulting in severe wear or scuffing [60]. 

 

2.5.6 Abrasion 

Abrasion is characterized by the removal or displacement of material due to the presence of hard 

particles, e.g. metallic debris from initial pitting, scale, rust, sand or abrasive powder suspended in the 

lubricant or embedded in the flanks of the mating teeth [60]. The mechanism behind abrasive wear 

involves hard particles, hard embedded particles or hard free particles between to mating gear surfaces. 

The first two can be classified as two body abrasive wear whereas the latter can be classifies as three 

body abrasive wear, see Figure 26 for illustration [65]. 

 

Figure 26. Illustration of two body abrasive wear (left) where a harder surface scratches a softer surface, and three body abrasive 

wear (right), where an embedded particle is scratching both surfaces [65]. 

Two body abrasive wear refers to a rough surface of which the asperity summits plough into the 

relatively softer counter surface. Three body abrasion refer to hard particles between two sliding 

surfaces where at least one of the surfaces are subjected to ploughing due to the harder particles. Two 

body abrasion may actually results in three body abrasion when hard wear particles are formed that 

subsequently contribute to the wear process [65] Gear teeth worn due to abrasion show scratches and 

gouges on the tooth surface that are oriented in the direction of sliding. Normally abrasion appears at 

the addendum and the deddendum where sliding motion occurs, whereas abrasion (or wear in general) 

is less severe near the operating pitch where the rolling motion is dominating [60]. As can be seen 

under SEM magnification, scratches appears as parallel smooth and clean furrows, see Figure 27. 
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Figure 27. The diagonal line is showing abrasion furrow cut by a hard particle showing smooth, clean appearance. The vertical lines 

are the original grind marks [60]. 

Abrasion is classified as mild if it consists of scratches that are not numerous or deep enough to remove 

significant material from the tooth surface whereas abrasion is classified as moderate if remnant of the 

original machining still is visible on the tooth surface. In addition, abrasion is classified as sever if all 

original machining marks of the active surface of the tooth is removed. Wear steps at the end of the 

active face and the addendum may appear. Also, in some instances, the tip of the tooth may be reduced 

to a sharp edge and the tooth thickness may be reduced significantly. In Figure 28, a case of severe 

abrasion is illustrated. 

 

Figure 28. Case of severe abrasion on the active surface of the tooth [60]. 

 

2.5.7 Polishing 

Polishing is a fine-scale form of abrasion shown as a bright, mirror like appearance to the gear teeth 

[60], see Figure 29. If the contacting surface operates in the mixed lubrication regime, such as for 

instance during running-in, irregularities of the active tooth flank are gradually smoothed and the 

surface become mirror like. Due to the smoothed surfaces obtained under the running in stage the 

lubricating conditions improves and the elasto-hydrodynamic lubrication can set in [2]. The gear tooth 

surface may appear as smooth and wavy with local bumps. Subjected under magnification, the surface 

appears to be covered by fine scratches that are oriented in the direction of the sliding [60]. 



35 

 

 

Figure 29. Image showing a case of severe polishing [60]. 

If polishing is confined to the peaks of the surface asperities, the classification type is referred to as 

mild. This occurs during the running-in stage and cease before the original machining marks are 

removed from the tooth surface. If remnants of the original machining is still visible, or if all of the 

original machining marks are removed from the active surface of the tooth, polishing is referred to as 

moderate and severe respectively [60]. Although polished wear may look desirable with its mirror like 

appearance, polishing wear is undesirable because it generally reduces gear accuracy by wearing tooth 

profiles down from its ideal form. Furthermore, polishing is promoted by chemically active lubricant 

that are contaminated with fine abrasives, hence using a clean oil with less chemically active additives 

can prevent polishing wear [62]. As for all wear types susceptible to sliding motion, polishing wear can 

be slowed down by improving the hydrodynamic operational conditions with, for example, higher 

viscosity oil, lowering of temperature or decreasing the contact load [2]. 

2.5.8 Scuffing 

Scuffing is as already mentioned, severe adhesion that causes transfer of metal from one toot surface to 

another due to welding and tearing. Scuffing may occur instantaneously; for instance a single 

momentarily overload may initiate scuffing by breaking down the lubricant film and damage the 

surface so that the protective lubricant film cannot recover. In fact, gears are most vulnerable to 

scuffing when the surfaces are new and has not been smoothed by running in [62]. Moreover, scuffing 

is usually accompanied with an increase of friction and frictional heating [2]. In appearance, the 

scuffed areas typically show a rough or matte, torn and plastically deformed texture and the damage 

typically appear in the addendum or dedendum region where the slide to roll ratio is highest, see the 

figure series below.  
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Figure 30. Fine scuffing [60]. 

 
Figure 31. Moderate scuffing [60]. 

 
Figure 32. Severe scuffing [60]. 

 
Figure 33. Severe scuffing [60]. 

 

If scuffing is occurring only on small areas of the teeth and is confined to the peaks of the surface 

asperities, it is classified as mild. If however scuffing occurs in patches that cover significant portions 

of the teeth, or at the entire addendum and dedendum, scuffing is classified as moderate and severe. 

These both types are usually progressive if no action is taken [60]. Adding EP-additives (extreme 

pressure additives) in the lubricant, provide smooth gear surfaces and prevent stress concentrations are 

some of the action that may be taken to prevent scuffing [2]. 
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3 Method 

Three main simulation tools has been adopted in this study, i.e. Matlab , Helical 3D and Abaqus. The 

Helical 3D software has been adopted to simulate a global gear contact simulation. Matlab has been 

utilized to couple the Helical 3D software to incorporate EHL film thickness as well as surface 

roughness. In addition, the finite element software Abaqus was used to simulate the asperity interaction 

on local scale. A schematic outline of the approach is demonstrated in Figure 34.  

 

Figure 34. Schematic showing numerical tools utilized in this study. 

Moreover, different available contact mechanics codes where evaluated in terms of capability to handle 

EHL conditions before the full numerical model was developed. In addition the empirical EHL 

formulas were solved along the LoA for different cases to provide a better understanding of the 

solutions. The overall methodology that has been performed in this study can be summarized according 

to the following list 

1. A performance study on different contact mechanics (CM) algorithms has been conducted to 

reveal the accuracy and if they are capable of handling EHL problems. 

2. The different EHL formulas have been compared along the LoA and in addition a parameter 

study has been conducted to illustrate how various parameters affect the solution. 

3. Surface topographies from gears manufactured with different manufacturing methods have been 

acquired using 3D measuring tools and taken as input to a CM code for the development of the 

surface roughness stiffness. 

4. A gear contact simulation based on the load sharing concept with EHL film thickness and the 

measured surface topographies taken as inputs has been developed. 
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5. A local finite element simulation with the aim to investigate the interaction between local 

asperities has been performed with realistic values obtained from step 4. 

The setup for each of these steps will be described in this section starting with the performance study of 

the contact mechanics codes followed by the evaluation of the EHL film thickness equations, the setup 

for the gear contact simulation and finally the local asperity simulation. 

3.1 Performance study CM-codes 

Five different contact mechanics codes were found available that potentially could be used in order to 

incorporate surface roughness in the EHL problem. Throughout the report these models will be referred 

to as the LTU-CM-, Contlab-, pk-main-, cg-main and the chol-main -contact mechanics model. The 

aim with the performance study of the CM-codes was not to in detail examine the underlying methods 

that the models are based upon, but merely to examine the accuracy of the solutions and the 

performance with different grid sizes and load conditions. For detailed description of the LTU-CM and 

the Contlab codes readers are referred to [58] and [66] respectively. Moreover, the pk-meain,cg-main 

and the chol-main codes are thoroughly described in [52]. In order to reveal the accuracy of the CM 

codes a spherical shape, i.e.  a smooth ball was generated and pressed against a flat counter surface. In 

this way a Hertzian pressure distribution was generated which thus could be compared against the 

Hertzian circular contact theory for validation.  

3.1.1 Smooth ball generation and inputs 

The smooth ball was generated according to the following equation 

𝑍 = √(𝑟2 − 𝑋2 − 𝑌2) − 𝑟         (3.1) 

where r is the radius of the ball and X and Y are the computational 2D grid representations of the x and 

y axis in the 1D domain. The length of the x and y vectors, i.e. Lx and Ly, was generated from –Lx/2 to 

Lx/2 and –Ly/2 to Ly/2 with N and M number of node respectively. The 2D grid representations where 

generated by using the ndgrid command in Matlab. An example of a smooth ball on a flat plane with 

128 number of nodes in x and y direction and with a radius of 10 mm and a computational size of 0,5 

mm in x and y direction respectively is shown in Figure 35. 
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Figure 35. Smooth ball against a flat counter surface used for validation of the contact mechanics codes against the Hertzian theory. 

By pressing the ball against the flat surface a pressure distribution P was obtained that could be 

compared to the Hertzian pressure 𝑃ℎ. The pressure for the Hertzian circular case was calculated with 

the following expression [2] 

𝑃ℎ = 1.5 ∙ (
𝐹

𝜋∙𝑏2
)

1

3
           (3.2) 

where F is the applied force and b the half contact width which is given from 

𝑏 = (
3∙𝐹∙𝑅

𝐸
)

1

3
            (3.3) 

The effective radius was calculated according to equation (2.7) and the effective elastic modulus was 

calculated according to equation (2.6). In order to run the codes some different inputs were required for 

the different solvers. Contlab-, pk-main-, cg-main and the chol-main all took the ball surface Z directly 

as inputs whereas the LTU-CM code required the input geometry to be structured column wise in a .txt 

file (or similar file format) with the computational grids converted to vector form. For that purpose the 

reshape command was utilized in matlab to reshape the X, Y and Z grids into vectors which was stored 

as required. All codes required the elastic modulus, the Poisson’s ratio and applied load to be specified. 

3.1.2 Approach 

For a numerical model to be valid the solution must converge with a sufficiently fine mesh. For that 

purpose each individual code was subjected to a mesh study where several different mesh sizes where 

applied. For each mesh configuration the calculated pressure was compared to the Hertzian case to 

reveal the accuracy of the solution. The relative error was calculated as 
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𝑅𝑒𝑙. 𝐸𝑟𝑟𝑜𝑟 =
𝑃𝑐𝑎𝑙𝑐−𝑃ℎ

𝑃ℎ
∙ 100         (3.4) 

In addition for each solution the computational time was stored for comparison in terms of highlighting 

the solver efficiency. All codes were also subjected to EHL pressures (up to 3 GPa) in order to reveal if 

the codes are sufficiently robust to be incorporated in EHL simulations. The results are presented as 

plots and tables in the result section. 

3.2 Evaluation EHL equations 

In order to reveal differences in predicting the film thickness with the formulas presented in section 

2.2.4 Regression EHL formulas, each different formula is solved during a gear mesh along the LoA. In 

this section the methodology to calculate the EHL film thickness during a gear mesh according to 

equation (2.21-2.24) is outlined. Equation (2.25) is calculated in compliance to the ISO/TR 15144 

standard, for a detailed step by step description of the approach, interested readers are referred to [3].  

3.2.1 Calculation of the velocity parameter, 𝑼𝒀, and the material parameter, 𝑮𝒀  

The first step in calculating the actual contact point Y in a certain meshing position 𝑔𝑌 along the line of 

action, as depicted in Figure 3, is to discretize the line of action into a number of elements. The LoA 

can be discretized as follows. Let 

𝑥 ∈ [𝑆𝐴𝑃, 𝐸𝐴𝑃] = Ω          (3.5) 

where SAP (start of active profile) and EAP (end of active profile) are point A and E in Figure 3 

respectively. Then the domain length in Y-direction is given by 

𝑔𝛼 = 𝑔𝐸 − 𝑔𝐴           (3.6) 

By letting 𝑔𝐴 = 0, the length of path of contact can be calculated as follows [3] 

𝑔𝛼 =
1

2
∙ (√𝑑𝑎1

2 − 𝑑𝑏1
2 +√𝑑𝑎2

2 − 𝑑𝑏2
2 ) − 𝑎 ∙ 𝑠𝑖𝑛 (

𝜋

180
𝛼𝑤𝑡)     (3.7) 

where 𝑑𝑎1,2 is the tip diameter 𝑑𝑏1,2 is the base diameter, a is the centre distance and 𝛼𝑤𝑡 is the 

pressure angle at the pitch cylinder, see [67] for definitions.  The uniform element lengths can be 

expressed as the length of the domain over the number of elements, i.e., 

Δ𝑌 =
𝑔𝛼

𝑁−1
           (3.8) 

where N is the number of nodes. The node positions along x are given by 

 𝑔𝑌 = 𝑔𝐴 + 𝑔𝑌Δ𝑌 

 where 𝑌 = 0…𝑁 − 1. The length domain is illustrated in the Figure 36. 
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Figure 36. Illustration showing the discretized line of action. 

The Y-circle diameter of pinion, 𝑑𝑌1 and the wheel, 𝑑𝑌2 can be calculated along the full path of contact 

according to the following expression 

𝑑1,2,𝑌 = 2 ∙ √
𝑑𝑏1,2

4
+ (√

𝑑𝑎
2
1,2

4
−
𝑑𝑏1,2
2

4
− 𝑔𝛼 ∙ 𝑐𝑣1 + 𝑐𝑣2 ∙ 𝑔𝑌)

2

    (3.9) 

where 𝑐𝑣1 and 𝑐𝑣2 are computational constants which applies to the following statements 

𝑓𝑜𝑟 𝑑𝑌1, {
𝑐𝑣1 = 1
𝑐𝑣2 = 1

          (3.10) 

𝑓𝑜𝑟 𝑑𝑌2, {
𝑐𝑣1 = 0
𝑐𝑣2 = −1

          (3.11) 

The transverse radius of curvature can be calculated by applying the Pythagoras theorem, i.e. 

𝜌𝑡,1,2,𝑌 = √0.25 ∙ (𝑑1,2,𝑌
2  − 𝑑𝑏1,2

2 )        (3.12) 

were 𝜌𝑡,1,𝑌 and 𝜌𝑡,2,𝑌 are the transverse curvature of the pinion and wheel respectively. The tangential 

velocities at a specific mesh point Y, can be calculated according to the following equation 

𝑣𝑟1,2,𝑌 = 2𝜋 ∙
𝑛1

60
∙
𝑑𝑤1,2

2000
∙ 𝑠𝑖𝑛(𝛼𝑤𝑡) ∙ √

𝑑1,2,𝑌
2 −𝑑𝑏1,2

2

𝑑𝑤1,2
2 −𝑑𝑏1,2

2       (3.13) 

where 𝑛1 is the rotational speed of the pinion and 𝑑𝑤1,2 is the pitch diameter, see Figure 3. With the 

transverse radius of curvature and the tangential velocities defined along the full path of contact, it is 

possible to calculate the transverse radius of curvature, and the mean velocity according to equation 

(2.7) and (2.1) respectively along the full path of contact, hence 𝑅𝑌, and 𝑈�̃� are retrieved according to  

𝑅𝑌 =
1

2

√(𝑑1,𝑌
2  −𝑑𝑏,1

2 ) ∙√(𝑑2,𝑌
2  −𝑑𝑏,2

2 )

√(𝑑1,𝑌
2  −𝑑1,2

2 )+√(𝑑2,𝑌
2  −𝑑𝑏,2

2 )
        (3.14) 

𝑈�̃� =
𝑛1∙𝜋∙𝑠𝑖𝑛(𝛼𝑤𝑡)

12000
∙ (𝑑𝑤1 ∙ √

𝑑1,𝑌
2 −𝑑𝑏1

2

𝑑𝑤1
2 −𝑑𝑏1

2 + 𝑑𝑤2 ∙ √
𝑑2,𝑌
2 −𝑑𝑏2

2

𝑑𝑤2
2 −𝑑𝑏2

2 )     (3.15) 
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The effective modulus of elasticity is calculated according to equation (2.6). Thus the dimensionless 

velocity parameter, can be calculated for each point along the line of action by substituting equation 

(3.14) and (3.15), into equation (2.19), i.e. 

𝑈𝑌 =
𝜂0𝑈�̃�

𝐸𝑟∙𝑅𝑌
           (3.16) 

The material parameter is calculated by substituting the effective modulus of elasticity according to 

equation (2.6) into equation (2.18), i.e. 

𝐺𝑌 = 2𝛼 ∙ (
1−𝜈1

2

𝐸1
+
1−𝜈2

2

𝐸2
)
−1

         (3.17) 

3.2.2 Calculation of the load parameter, 𝑾𝒀 

According to [40] the dimensionless load parameter can be calculated by considering the local load 

sharing factor in equation (2.20) in the following manner 

𝑊𝑌  =
𝑋𝑌∙𝑤𝑌

𝐸𝑟∙𝑅𝑌
           (3.18) 

where 𝑋𝑌 is the local load sharing factor with no tooth flank modification and spur gears considered, 

defined as 

𝑋𝑌 =

{
 

 
1

3
+
1

3
∙
𝑔𝑌

𝑔𝐵
       𝑓𝑜𝑟 𝑔𝐴 ≤ 𝑔𝑌 ≤ 𝑔𝐵

1.0                  𝑓𝑜𝑟 𝑔𝐵 ≤ 𝑔𝑌 ≤ 𝑔𝐷
1

3
+
1

3
∙
𝑔𝑌

𝑔𝐵
      𝑓𝑜𝑟 𝑔𝐷 ≤ 𝑔𝑌 ≤ 𝑔𝐸

       (3.19) 

The load intensity, 𝑤𝑌, is calculated according to  

𝑤𝑌  =
𝐹𝑡

𝑐𝑜𝑠(𝛼𝑤𝑛)∙𝑐𝑜𝑠(𝛽𝑤)∙𝑏
         (3.20) 

where 𝛼𝑤𝑛 and 𝛽𝑤 are the normal pressure angle and operating helix angle respectively and 𝐹𝑡 and 𝐿 is 

transverse tangential load at the reference cylinder and the contact length respectively, see [40] for 

definitions. 

3.2.3 Calculation of the thermal correction factor, 𝑪𝑻 

The thermal correction factor is calculated according to equation (2.28) and is restated here for 

convenience, i.e. 

𝐶𝑇,𝑌 =
1−13.2∙(

𝑃ℎ𝑌
𝐸𝑟

)∙𝐵𝑟𝑌
0.42

1+0.213∙(1+2.23∙𝑆𝑌
0.83)∙𝐵𝑟𝑌

0.64        (3.21) 

The Hertzian pressure along the path of contact can be calculated according to the following expression  

𝑃ℎ,𝑌 = √
𝐸𝑟∙𝐹𝑡∙𝑋𝑌

2𝜋∙𝑏∙𝑅𝑌∙𝑐𝑜𝑠((
𝑝𝑖

180
)∙𝛼𝑡)∙𝑐𝑜𝑠((

𝑝𝑖

180
)∙𝛽𝑏)

       (3.22) 
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where 𝛽𝑏 is the base helix angle and 𝛼𝑡 is the transverse pressure angle, see [3] for definitions. The 

Brinkman number, 𝐵𝑟, is calculated according to equation (2.29) with the mean velocity calculated 

according to equation (3.15) and the slide to roll ratio, 𝑆𝑌, calculated according to equation (3.13) and 

(3.15) inserted in equation (2.3), i.e. 

𝑆𝑌  =  2 ∙

𝑑𝑤2∙√
𝑑2,𝑌
2 −𝑑𝑏2

2

𝑑𝑤2
2 −𝑑𝑏2

2 −𝑑𝑤1∙√
𝑑1,𝑌
2 −𝑑𝑏1

2

𝑑𝑤1
2 −𝑑𝑏1

2

𝑑𝑤1∙√
𝑑1,𝑌
2 −𝑑𝑏1

2

𝑑𝑤1
2 −𝑑𝑏1

2 +𝑑𝑤2∙√
𝑑2,𝑌
2 −𝑑𝑏2

2

𝑑𝑤2
2 −𝑑𝑏2

2

        (3.23) 

The thermally corrected central film thickness, ℎ𝐶𝑇,𝑌 is finally calculated according to equation (2.30), 

for each point along the line of action, i.e. 

ℎ𝐶𝑇,𝑌 = 𝐶𝑇,𝑌 ∙ ℎ𝐶𝑖𝑠𝑜𝑇,𝑌         (3.24) 

Equation (3.24) is solved for equation (2.21-2.24) and equation (2.25) is solved in compliance to 

ISO/TR 15144 standard along the line of action using Matlab. 

3.2.4 General outline of parameter study 

A parameters study was performed to reveal the sensitivity of the formulas by varying operational and 

lubricant parameters. The general outline of the Matlab code for the parameter study is depicted in 

Figure 37.  

 

Figure 37. Illustration of methodology to perform parameters study of the empirical EHL equations. 

The code can be divided into four main sections, i.e. inputs, pre-processing, solver and post-processing. 

In the input section, one of equation (2.21-2.25) is selected to apply in the calculation and geometrical 

and material data, governing the gear geometry for the pinion and gear, are assigned. Furthermore, 

number of nodes governing the computational domain, range of operational conditions and lubricant 

data are specified, see 4.2 Evaluation EHL equations in the results section for numerical values. In the 
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pre-processing part matrices to be used within the loops are pre-allocated in order to reduce 

computational time and thus to make the numerical procedure more effective. As seen in Figure 37, the 

solver part contains of several loops where solutions are obtained for a variety of different values of 

operating as well as lubricant data. In the upper part of the solver section, solution is retrieved for a 

broad range of torques, 𝑇1 and speed, 𝑛1. The procedure can be summarized accordingly 

1. Initiate the outer loop and solve equation (3.24) for the first value specified in the torque range 

i.e., let the indices 𝑖 = 𝑗 = 1 so that ℎ𝐶𝑇(1,1) = 𝑓(𝑇1(1)). 

2. Initiate the inner loop and calculate equation (3.24) for j=1 to M number of nodes in the rpm 

range, i.e. let ℎ𝐶𝑇(1, 𝑗) = 𝑓(𝑛1(𝑗)) for 𝑗 = 1,2,3, … ,𝑀. 

3. Take one step in the torque range, i.e., let 𝑖 = 2 and repeat step 2. 

4. Repeat step 2 and 3 until the entire torque and speed range has been calculated, i.e. for 𝑖 =

1,2,3, … ,𝑁 and 𝑗 = 1,2,3, … ,𝑀. 

As the parameter study is finished for the operational data, the code proceeds with calculation of the 

film thickness along the LoA for the pre specified range of lubricant parameters. The parameter study 

of the lubricant parameters involve thermal conductivity, 𝐾, viscosity 𝜂0, pressure-viscosity coefficient 

𝛼𝑃𝜂 and viscosity-temperature coefficient, 𝛽𝜂𝑇. Mathematically, this can be described accordingly 

5. Calculate ℎ𝐶𝑇(𝑘) = 𝑓(specific lubricant parameter) for 𝑘 = 1,2,3, … , 𝐿. 

With executed simulation, data is stored and sent to post-processing for visualization. Film thickness 

for the different EHL formulas are retrieved and compared over the LoA in 2D. Solutions of film 

thickness versus speed and torque and the lubricant parameters along the LoA are visualized in 2D as 

well as 3D, see Results section. 

3.3 Gear contact simulation 

The methodology for the development of the gear contact simulation with film thickness and surface 

roughness incorporated is presented in this section. Surface topographies was acquired using 3D 

measuring tools and the surfaces contact stiffness’s was obtained using contact mechanics tools as 

previously have been discussed. 

3.3.1 Surface topography 

The contact stiffness approach and the load sharing concept, as described in section 2.4 Rough contact 

modelling, has been adopted in the numerical model. Real 3D surface topographies has been acquired 

and used as input to the LTU-CM code to obtain the stiffness curves. Several methods are available to 

measure and acquire real surface topographies. For instance methods such as vertical scanning 

interferometry, confocal microscopy and atomic force microscopy have been used by [57] in a similar 

study but on the piston cylinder liner surface texture. In this thesis the methodology adopted is the so 

called confocal microscopy, see Figure 38 for illustration. 
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Figure 38. Schematic showing working principle of a confocal microscope [57]. 

The working principle of the confocal microscopy can be described accordingly. A laser beam is sent 

through a beam splitter and further through two rotating scanning mirrors which are used to scan the 

beam through the microscope over the surface. As can be seen in the figure, the sample is scanned in 

the z-direction and as each point comes into focus the intensity of the reflected light increases. When 

the intensity is at a peak for a given point the height of the specimen can be ascertained through the 

detector [57]. As the confocal microscope only images one discrete point at a time, a computer is 

required to build up and store the full image pixel by pixel. The specimens measured in this study 

involved moulds from gear flanks as well as actual gear flanks. The moulds had to be flipped before 

processed in the contact mechanics code as the measured texture actually depicted the valleys as peaks 

and vice versa. Furthermore, as the gear flank has a concave shape, the acquired surface topographies 

were post-processed using the SensoMap Plus software where missing points from the measurement 

were restored as well as the concave shape was removed. The processed surface topographies were 

then taken as input to a contact mechanics code for the development of the surfaces contact stiffness’s. 

The LTU-CM code was adopted for convenience as the solver already outputted the desired results in 

terms of mean separation from a given nominal load. Note however that the solver only incorporated 

the option of including one rough surface against a flat counter surface, which in reality not is the case. 

3.3.2 Global scale contact analysis 

The commercial available finite element based spur and helical gear program Helical 3D has been used 

as the contact analysis tool for the simulation of the smooth surface gear mesh. The program uses a 

combination of the finite element method away from the contact with a surface integral formulation, 

i.e. a half space model for the deformations within the contact zone [68]. The contact analysis model 

comprises a special setup for the element grids inside the instantaneous contact zone. A schematic of 

the automatically generated contact grid which is capturing the entire contact zone is depicted in Figure 

39 a).  
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Figure 39. Figure (a) showing the moving grid for the contact zone, figure (b) showing the moving grid setup that the Helical 3D 

program uses [69]. 

The generated mesh is much finer than the regular size finite element mesh which is applied elsewhere 

on the tooth and hence provides a time efficient and accurate contact analysis. In Figure 39 b) a 

schematic is shown for the finer grid cells within the contact zone. As can be seen, 2n+1 division’s 

forms the discretized contact zone along the face width and within each division a principal contact 

point 𝑞 is present if contact occurs. Moreover in the profile direction, 2m+1 grid cells are formed 

within each division which account for the potential contact points present due to tooth deflection and 

local surface deformations. Within each grid cell and over the full gear flank variables such as effective 

radius, rolling and sliding velocities as well as contact pressure are calculated and then exported to 

Matlab for implementation and coupling to the EHL equations, the contact stiffness and the load 

sharing concept for rough surface gear analysis. For a complete description of the underlying theory of 

the simulation tool, readers are referred to [69]. Note however that for simplicity, all variables from the 

Helical 3D simulation has been averaged in the j direction, as seen in Figure 39 b), to form a contact 

line rather than a contact area before used in the full numerical model, as will be described in the next 

coming section. 

3.3.3 Outline of code 

An algorithm that coupled the Helical 3D program, the EHL formulas and the load sharing concept 

with the contact stiffness curves as input was developed according to Figure 40. The algorithm is 

intended to simulate the gear mesh with surface roughness incorporated and with a fluid film separating 

the mating teeth’s. Note that the surface topographies acquired are considered to represent each node 

along the 𝑖 directions as depicted in the figure. Also, wear has not been implemented in the model, 

hence the simulation is intended to analyse the asperity-lubricant pressure distribution over one mesh 

cycle. In order to simulate many cycles wear must be included which in turn will alter the surface 

stiffness curves for each time the specific gears are coming into contact. 
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Figure 40. Illustration of the contact mechanics algorithm used to simulate the gear contact with EHL lubrication and rough surfaces 

incorporated. 

The overall simulation procedure can be summarised accordingly 

1. The simulation starts at element 𝑖 = 1 and 𝑗 = 1 

2. Gear geometry and operational parameters required by the EHL formulas are called for and 

taken from the Helical 3D program into the film thickness solver for the calculation of the fluid 

film thickness. At the initial iteration the contact pressure carried by the fluid is assumed to be 

equal to the total applied pressure in order to start the iteration procedure. 

3. The calculated film thickness is used as input to the roughness stiffness function where the 

asperity pressure is extracted. 

4. The load sharing concept is applied where load balance is maintained. If load balance is not 

fulfilled, the lubricant pressure is corrected and a new film thickness is calculated. When the 

load balance conditions is fulfilled the correct asperity and lubricant load share is considered to 

be found and a new element is analysed, i.e. 𝑖 = 𝑖 + 1 until 𝑖 = 𝑁. 

5. As all elements along the contact line has been calculated, i.e. when 𝑖 = 𝑁, the contact analysis 

proceeds one step along the LoA, i.e. 𝑗 = 𝑗 + 1 and step 2 to 5 is repeated until the full gear 

mesh has been analysed, i.e until 𝑗 = 𝑀 + 1. 

As the Helical 3D software provided both geometrical as well as operational data, not many equations 

needed to be defined in terms of the EHL formulas. The Helical 3D program provided tangential 

velocities for each point along the gear width and for each point along the LoA, hence the entrainment 

speed, the sliding speed and the slide to roll ratio could be calculated directly as they appear in equation 

(2.1), (2.2) and (2.3). Moreover the reduced modulus of elasticity was calculated according to equation 

(2.6) and the reduced radius of curvature could be taken directly from the program. Both the Pan & 

Hamrock and the ISO/TR 15144-1 formula was implemented in the code. The Pan & Hamrock film 

thickness was calculated as outlined in the theory section with the exception of the load parameter 

which was defined according to the definition given in [3], i.e. 

𝑊𝑌  =  
2𝜋∙𝑃𝑙

2

𝐸𝑟
2            (3.25) 
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where 𝑃𝑙 is the contact pressure carried by the lubricant in a specific element and hence also the 

parameter used in the iterative procedure. The additional 𝑆𝐺𝐹 parameter regarding the ISO/TR 15144-1 

formula was calculated according to the methodology given in [3]. The load balancing iteration 

procedure iterates until the difference between the total applied load and the sum of the load carried by 

the asperities and the lubricant in a specific element is in harmony. More specifically, the conditions is 

described as 

𝑃𝑒𝑟𝑟(𝑖) = 𝑃𝑡𝑜𝑡(𝑖) − [𝑃𝑎(𝑖) + 𝑃𝑙(𝑖)]        (3.26) 

where the routine was considered complete if the calculated error, 𝑃𝑒𝑟𝑟, was less or equal to the 

tolerated error, 𝑡𝑜𝑙𝑒𝑟𝑟, defined in Matlab as 

𝑖𝑓 𝑎𝑏𝑠(𝑃𝑒𝑟𝑟)  <=  𝑡𝑜𝑙𝑒𝑟𝑟   

𝑑𝑜𝑛𝑒 =  1  

𝑒𝑛𝑑  

For stability reasons, an error of less or equal to one percent of the total applied load at each element 

was accepted in the simulation. If the calculated error was outside the specified tolerance, 𝑡𝑜𝑙𝑒𝑟𝑟, the 

lubricant contact pressure was corrected according to 

𝑃𝑙(𝑖 + 1) = 𝑃𝑙(𝑖) + 𝐶𝐹(𝑖)         (3.27) 

where 𝐶𝐹 is a correction factor calculated as 

𝐶𝐹(𝑖) = 𝑃𝑙(𝑖) ∙
𝑃𝑒𝑟𝑟(𝑖)

𝑃𝑙(𝑖)+𝑃𝑎(𝑖)
          (3.28) 

Since the correction factor depend on the magnitude of the error in combination with the current load 

carried by the lubricant it will relatively quickly converge. To avoid over compensating 𝑃𝑙 in terms of 

negative pressure an additional condition was specifies as follows 

𝑖𝑓 𝑃𝑙  <  0  

𝑃𝑙(𝑖)  =  0.01 ∙ 𝑃𝑡𝑜𝑡(𝑖)  

𝑒𝑛𝑑  

That is, if the lubricant part of the pressure distribution is less than zero, then let the lubricant pressure 

be equal to one percent of the total applied load. This condition ensures that the lubricant part never 

will become negative, which otherwise would imply underpressure which in addition not is realistic in 

this application. 

3.4 Local Scale Simulation 

In order to investigate the interaction between local asperities a finite element simulation using the FE 

software Abaqus version 6.14 was performed. The aim with this study was to provide an indication 

how much colliding asperities will deform under similar conditions as present in the gear contact 



49 

 

simulation. That is, the geometrical domain of the asperities has been modelled in the same order of 

magnitude as what the measured surface topographies showed and in addition film thickness and fluid 

contact pressure has been taken from the gear contact simulation for realistic values. A schematic 

drawing showing two mating surfaces with artificial asperities is presented in Figure 41 where 

geometrical parameters used to define the model as well as boundary conditions are shown. As can be 

seen, the lower surface has a clamped boundary condition on each side whereas the upper surface is 

free to move in x direction. Fluid pressure acting on both surfaces has been included and the upper 

surface has been given a displacement in positive x direction. The surfaces has been given a friction 

coefficient, 𝜇, and the elastic modulus, 𝐸, and the poisons ratio, 𝜈, accounts for the material properties. 

In addition for simplicity, isothermal conditions have been assumed and no wear is accounted for in the 

model. The analysis has been performed on the basis of a large deformation approach with an implicit 

solver and a surface to surface contact algorithm included. 

 

Figure 41. Schematic showing the setup of the local scale simulation that has been conducted in the finite element software Abaqus 

6.14. 

A table explaining the variables that has been used to define the model is given in Table 1. Note that all 

numerical values are given in the corresponding results section.  
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Table 1. Variable’s used to define the local asperity model. 

Quantity Symbol 

Length of surfaces 𝐿1 
𝐿2 

Width of surfaces 𝐵1 
𝐵2 

Upper surface total 

displacement 
𝛿 

Asperity wavelength 𝜆 

Twice amplitude of asperities 2𝐴 

Lubricant pressure 𝑃𝐿 

Film thickness ℎ 

Friction coefficient 𝜇 
Module of elasticity 𝐸1 

𝐸2 
Poisson’s ratio 𝜈1 

𝜈2 
 

In order to reduce the discretization error and to obtain a more time efficient solution, the surfaces has 

been meshed with the element density concentrated towards the asperities and with a coarser mesh 

towards the bulk of the surfaces. The undeformed mating surfaces are shown in Figure 42. Note that 

the mesh closer to the asperities has a denser mesh whereas towards the bulk of the surfaces a coarser 

mesh can be seen. The elements used to construct the mesh where of plain strain with 8-node 

biquadratic and reduced integration type. One hundred surface elements per wave length was set to 

yield the element distribution and a total of 17644 and 4638 element was generated for the upper and 

lower surface respectively yielding a total of 22282 elements in the model. 

 

Figure 42. Model with applied mesh. Note that close to the asperities a finer mesh is applied and towards the bulk of the material the 

mesh is less dens. 
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4 Results and Discussion 

In this section the results from the performance study of the contact mechanics codes are initially 

presented, this is followed by the evaluation of the EHL equations and a section presenting the acquired 

surface topographies and the development of the stiffness curves. The gear contact model with surface 

roughness incorporated is presented and finally in the end of the section, results from the locale scale 

asperity collision simulation are given. 

4.1 Performance study CM-codes 

In this section, results from the mesh study of the contact mechanics codes are presented where both 

accuracy and solution time with several different mesh configurations are revealed. Results with the 

ball being subjected to pressures in the giga Pascal range are also presented.  

4.1.1 Mesh study 

In the mesh study a ball was generated with a radius of 10 mm, the length domains in x and y directions 

was set to 0,5 mm and equally amount of nodes was used in x and y direction also. The elastic modulus 

and the Poisson’s ratio for the ball and plane respectivly was set to 206 GPa and 0,3. The ball was 

loaded with a total force of 1.625N which actually was the maximum load that the chol-main solver 

could handle with the 28 number of nodes setup. The Hertzian pressure was calculated to 𝑃ℎ  =

 342,8067 MPa and is the value all solutions in the mesh study are compared against. Each code was 

used within the range of mesh sizes that produced a solution. The results for each solution is initially 

presented in tables and all solutions for all grid sizes are summarized in Figure 43 to illustrate the mesh 

convergence and in Figure 45 to illustrate the computational efficiency. In Table 2 the results obtained 

from the Contlab code is presented for 23 to 27 number of nodes. Beyond these mesh sizes Contlab 

failed to yield a solution. As can be seen in the table, with 23𝑥23 number of nodes (or a total of 64 

computational nodes) the solution yields a relative error from the Hertzian solution with about 77 

percent. With 26 number of nodes the Contlab solver yields a solution with a relative error of 0,6 

percent in 2 second. At the maximum number of nodes the solver could handle the solution is in close 

correlation to the Hertzian solution with an error of 0,03 percent. This accuracy however comes at the 

cost of computational time which increase dramatically from 2 seconds to over 4 minutes when solving 

with 26 to 27 number of nodes respectivly. 

Table 2. Mesh study results from the Contlab solver. Applied force was 1,625 N, ball radius was 10 mm and the computational domain 

was 0,5x0,5 mm. 

Nodes x and y 

dir. 
𝟐𝟑 𝟐𝟒 𝟐𝟓 𝟐𝟔 𝟐𝟕 

Calc. P 

[MPa] 

79.63 335,8 334,0 340,7 342,7 

Rel. Error 

[%] 

76,77 2,04 2,57 0,61 0,03 

Sol. Time 

[s] 

0,16 0,17 0,46 2.0 250 
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The LTU-CM solver could handle the widest range of mesh sizes with a range of 23 to 213 number of 

nodes, see Table 3. The finest mesh setup corresponds more than 67 million nodes in the computational 

domain and resulted in a relative error of 0,14 percent. The solution time with this setup was relativly 

fast in comparison to the other solvers, considering the amount of compuational nodes used, with a 

solution time of about 29 minutes. Still, the LTU-CM solver resulted in a fairly accurate solution with 

an error of about 1,6 percent using only 25 nodes, which in addition only took about 9 seconds. Note 

however that the accuracy of the solution acctually decreases with a finer mesh than 211. 

Table 3. Mesh study results from the LTU-CM solver. Applied force was 1,625 N, ball radius was 10 mm and the computational 

domain was 0,5x0,5 mm. 

Nodes x 

and y 

dir. 

𝟐𝟑 𝟐𝟒 𝟐𝟓 𝟐𝟔 𝟐𝟕 𝟐𝟖 𝟐𝟗 𝟐𝟏𝟎 𝟐𝟏𝟏 𝟐𝟏𝟐 𝟐𝟏𝟑 

Calc. 

Pressure 

[MPa] 

104,0 416,0 348,3 347,8 345,9 344,5 343,7 343,2 343,0 343,2 343,3 

Rel. 

Error 

[%] 

69,7 21,4 1,60 1,46 0,90 0,49 0,26 0,11 0,06 0,11 0,14 

Sol. 

Time 

[s] 

9,3 9,1 9,3 9,5 9,7 10 13 27 82 294 1763 

 

The chol-main solver could resolve a maximum of 28 nodes in order to yield a relevant solution. The 

relative error with this mesh configuration was about 0,5 percent and the solution was obtained in 2,25 

seconds. However, by increasing the mesh size to 29 nodes, the relative error is shown to dramatically 

increase to about 1600 percent, as can be seen in Table 4. This, of corase, is a solution that should be 

diregarded as it sugests that some numerical instabilities is present in the code. 

Table 4. Mesh study results from the chol-main solver. Applied force was 1,625 N, ball radius was 10 mm and the computational 

domain was 0,5x0,5 mm. 

Nodes x and y dir. 𝟐𝟑 𝟐𝟒 𝟐𝟓 𝟐𝟔 𝟐𝟕 𝟐𝟖 𝟐𝟗 
Calc. Pressure 

[MPa] 

104,0 363,3 348,4 347,9 345,9 344,5 5854,05 

Rel. Error 

[%] 

69,7 5,98 1,63 1,49 0,90 0,49 1607 

Sol. Time 

[s] 

0,05 0,05 0,05 0,06 0,19 2,25 3,73 

 

As with the other solvers, the cg-main2 solver yielded a poorly accurate solution with only 23 nodes 

and required atleast 24 nodes to produce a relevant solution, see Table 5. The finest mesh that yielded a 

solution was with the 29 node configuration and resulted in a relative error of 0,29 percent. In this case 

the computational time was about 40 minutes. 
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Table 5. Mesh study results from the cg-main2 solver. Applied force was 1,625 N, ball radius was 10 mm and the computational 

domain was 0,5x0,5 mm. 

Nodes x 

and y dir. 
𝟐𝟑 𝟐𝟒 𝟐𝟓 𝟐𝟔 𝟐𝟕 𝟐𝟖 𝟐𝟗 

Calc. 

Pressure 

[MPa] 

104,0 384,8 348,5 348,1 345,8 344,5 343,7 

Rel. Error 

[%] 

69,7 1,75 1,66 1,54 0,87 0,49 0,26 

Sol. Time 

[s] 

0,03 0,05 0,05 0,12 1,79 39 2452 

 

The pk-main solver could handle the second finest mesh among the solvers, with 211, or more than 4 

million nodes in the computational domain, see Table 6. The relative error with the finest mesh size 

was 0,14 percent an the solution time took about 96 minutes. In addition using 210 nodes the same 

accuracy could be obtained but by shortening the solution time to about 14 minutes. However, in 

contrary to the other solvers, the pk-main solver could not yield a solution with 23 number of nodes. 

Table 6. Mesh study results from the pk-main solver. Applied force was 1,625 N, ball radius was 10 mm and the computational domain 

was 0,5x0,5 mm. 

Nodes x and 

y dir. 
𝟐𝟒 𝟐𝟓 𝟐𝟔 𝟐𝟕 𝟐𝟖 𝟐𝟗 𝟐𝟏𝟎 𝟐𝟏𝟏 

Calc. 

Pressure 

[MPa] 

415,1 348,0 348,0 346,2 344,6 343,6 343,3 343,3 

Rel. Error 

[%] 

21,1 1,51 1,51 0,99 0,52 0,23 0,14 0,14 

Sol. Time 

[s] 

0,3 1,32 3,34 12 28 146 870 5769 

 

In Figure 43 below, the maximum pressure obtained for each solution, and in addition, with each mesh 

size is presented. The Hertzian solution is plotted as a straight line in order to illustrate the correct 

analytic solution. As can be seen all solvers shows a dramatic increase in solution accuracy between 23 

to 24 number of nodes which implies that atleast 24 number of nodes is required for this specific 

problem. Contlab undershot the Hertzian solution at 24 nodes whereas the other solver overshot the 

Hertzian solution. All solvers are within a relevant accuracy at 25 number of nodes but still continues 

to converge with additional nodes applied. 
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Figure 43. Calculated maximum pressure from the different contact mechanics codes with different mesh setups. Note that the 

straight line indicates the analytical Hertzian solution. 

A zoomed in view from 26 number of nodes is given in Figure 44 to further visualize the response of 

the solutions at finer mesh configurations. The Contlab solver shows the most accurate solution with as 

coarse mesh as 27 nodes. Also, with mesh setups for more than 210 number of nodes, a decrease of 

accuracy for the pk-main and the LTU-CM solver can be seen in the far left of Figure 44. 

 

Figure 44. Zoomed in view showing the maximum pressure from the different codes with the finer mesh setups. 
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The corresponding computational time for the solutions is plotted in Figure 45. At mesh configurations 

using 25 nodes the LTU-CM is the slowest solver whereas the cg-main2 and the chol-main solvers are 

the fastest. With a solution time of 9,3 seconds the LTU-CM code is about 190 times slower than the 

two fastest at the specific mesh setup. 

 

Figure 45. Solution time for the different contact mechanics codes with different mesh setups. 

In Figure 46 a zoomed in view from 26 nodes to the finest mesh configuration is shown for the solution 

times. As can be seen, at 213 number of nodes the LTU-CM code is actually faster than the pk-main 

and the cg-main2 solver even though those solvers are solved with a coarser mesh. In addition at 212 

nodes the LTU-CM code is about equally fast as Contlab when solved with the finest mesh setup. From 

these results it can be seen that the LTU-CM code can resolve a fine mesh to a relatively fast time, 

which in addition is promising for rough contact modeling as a considerable amount of nodes is 

required to resolve a rough surface topography. 
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Figure 46. Zoomed in view showing the solution times from the different codes with the finer mesh setups. 

 

4.1.2 Pressure evaluation 

In order to investigate if the solvers where sufficiently robust to handle EHL pressures (1-3 GPa) and to 

what accuracy, the ball was subjected to 1100 Newton which in turn yields a maximum Hertzian 

pressure of 3010 MPa. With this applied force the Hertzian contact width spanned 0.8354 mm in x and 

y direction. Hence the computational domain was increased to 2 mm in the x and y direction in order to 

make sure not to press the ball outside the computational domain. All codes were solved with their 

respective node configuration that yielded the most accurate solution. In Figure 47 and Figure 48 the 

loaded surface and the corresponding pressure distribution, solved with the LTU-CM code for 27𝑥27 

number of nodes, is shown. As can be seen the pressure distribution is taking on a spherical form which 

is in accordance to the Hertzian theory. 
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Figure 47. Ball subjected to 1100 N, solved with the LTU-CM 

code with 𝟐𝟕 number of nodes in x and y direction. 

 
Figure 48. Corresponding pressure distribution. 

 

The maximum pressure solutions for all codes are presented in Table 7. As can be seen the LTU-CM 

code yields the second most accurate solution whereas the Contlab code yields an even more accurate 

solution than was obtained in the mesh study. The chol-main code shows the least accurate solution 

with the specific applied mesh setup and yields a relative error of about 1.4 percent.  

Table 7. Result from pressure evaluation. All solvers has been solved with the node configuration, in x and y direction, that yielded the 

most accurate solution. The ball was subjected to 1100 N which in turn yielded a Hertzian pressure of 3010 MPa. 

CM-Code Nodes in x and 

y direction 

Max Calculated 

Pressure [MPa] 

Relative 

Error [%] 

Sol. Time 

[s] 

LTU-CM 211 3012.5278 0.085016 423 

Contlab 27 3009.5372 0.014337 58 

pk-main 211 3012.2324 0.075205 2453 

cg-main2 29 3018.1723 0.27255 11904 

chol-main 27 3051.4292 1.3774 1.02 

 

In Figure 49 and Figure 50 the validation against the Hertzian solution from the LTU-CM and the chol-

main solver is shown. As can be seen, the pressure solution for the LTU-CM code agrees well with the 

Hertzian solution whereas the chol-main solver yields a spiky appearance which not is in accordance to 

the Hertzian theory. Also, with increasing amounts of nodes, the solver yields an even less accurate 

solution. In fact, using 29𝑥29 number of nodes the chol-main solver yield a relative error in the order of 

10 000 percent, which again reveals that some numerical errors is present in the code. Overall, it is seen 

that all codes retrieves a solution to a relevant accuracy with the present setup, and again as previously 

concluded, the LTU-CM code is capable of resolving a fine mesh to a relatively fast time in 

comparison to the other codes. 
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Figure 49. Hertzian solution from the LTU-CM code showing a 

smooth pressure distribution and a maximum non dimensional 

pressure of 1 and contact width of 2 which is in correlation with 

the Hertzian theory. 

 

 
Figure 50. Hertzian solution from the chol-main code showing a 

spiky appearance on the pressure distribution. 

4.2 Evaluation EHL equations 

In this section, solutions for the empirical EHL film thickness equations calculated along the LoA are 

presented. The different formulas, see equation (2.21-2.4) and equation (2.25), are visualized for 

comparison. Furthermore, a parameter study of the Pan & Hamrock formulae is followed where 

operational as well as lubricant parameters are varied. Also, the Pan and Hamrock equation is 

calculated for two mating gears with different size wheels in order to reveal how this affects the 

solution. 

4.2.1 Central formulas, fixed and varying solutions 

In Table 8, geometrical parameters are given to define the two mating gears and in Table 9 material, 

lubricant and operating data are presented. The material and operational data has been chosen in 

compliance to the example provided in the ISO/TR 15144 standard, see [3]. 

Table 8. Geometrical parameters for the two mating gears. 

Quantity Symbol Value Unit 

No. of teeth of pinion 𝑧1 18 [−] 
No. of teeth of wheel 𝑧2 18 [−] 

Normal module 𝑚𝑛 10.93 [𝑚𝑚] 
Tip diameter of pinion 𝑑𝑎1 221.4 [𝑚𝑚] 
Tip diameter of wheel 𝑑𝑎2 221.4 [𝑚𝑚] 

Face width 𝑏 21.4 [𝑚𝑚] 
Helix angle 𝛽 0 [°] 

Normal pressure angle 𝛼𝑛 20 [°] 
Centre distance 𝑎 200 [𝑚𝑚] 

 

In the parameter study the torque and speed is varied from zero to its fixed value and the lubricant 

parameters have been varied within the range of one-tenth to two times its fixed values. The fixed 
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values and the range of the lubricant data has been chosen from values commonly appearing in 

literature of similar studies, see for instance [70]. Note however that the lubricant parameters may not 

vary according to the specified variables in reality, and the purpose of the parameter study is merely to 

examine how these parameters affect the solution. The computational domain has been calculated with 

28𝑥28 number of nodes in all calculations. 

Table 9. Input for material-, lubricant- and operating -data. 

Quantity Symbol Value range Value 

(fixed) 

Unit 

Modulus of elasticity, 

pinion 
𝐸1 𝐸1 2.06 ∙ 105 [𝑁/𝑚𝑚2] 

Modulus of elasticity, 

wheel 
𝐸2 𝐸2 2.06 ∙ 105 [𝑁/𝑚𝑚2] 

Poisson’s ratio, pinion 𝜈1 𝜈1 0.3 [−] 
Poisson’s ratio, pinion 𝜈2 𝜈2 0.3 [−] 

Torque, pinion 𝑇1 0 ≤ 𝑇1 1878 [𝑁𝑚] 
Speed, pinion 𝑛1 0 ≤ 𝑛1 3000 [𝑟𝑝𝑚] 

Thermal conductivity of 

lubricant 
𝐾 𝐾/10 ≤ 𝐾 ≤ 𝐾 ∙ 2 0.14 [𝑊/𝑚𝐾] 

Entry viscosity 𝜂0 𝜂0/10 ≤ 𝜂0 ≤ 2𝜂0 0.01 [𝑁𝑠/𝑚2] 
Pressure-viscosity 

coefficient 
𝛼𝑃𝜂 𝛼𝑃𝜂/10 ≤ 𝛼𝑃𝜂 ≤ 2𝛼𝑃𝜂 1.8 ∙ 10−8 [𝑚2/𝑁] 

Viscosity-temperature 

coeff. 
𝛽𝜂𝑇 𝛽𝜂𝑇/10 ≤ 𝛽𝜂𝑇 ≤ 2𝛽𝜂𝑇 −0.03 [𝑃𝑎𝑠/𝐾] 

Number of computational 

nodes 
𝑁 

𝑀 

𝐿 

𝑁 = 𝑀 = 𝐿 28 [−] 

 

4.2.1.1 Fixed parameters 

Results of the predicted central film thickness formulas for the Pan & Hamrock, Grubin and  Dowson 

& Toyoda formulas are presented for the fixed operational and lubricant data for both the isothermal 

and thermally corrected case, see Figure 51 and Figure 52 respectively. Note that the coordinate system 

along the LoA has been placed in the mid-pont (𝑥 = 0), i.e. point C as depicted Figure 3. Equal to all 

formulas are that the film thickness is showing a uniform increase and decrease between coordinate -25 

to -10 and 10 to 25 mm respectively. Also a sudden drop due to the load sharing of two teeth in contact 

to one tooth in contact at -10 and 10 mm is shown. The Dowson & Toyoda and Grubins formula are in 

closest correlation whereas Pan & Hamrock formula are predicting the thinnest film thickness between 

the central formulas. With the thermal correction factor, see Figure 52, the thickest film occurs at the 

pitch point, i.e. point C on the LoA where pure rolling occurs, which not is the case for the isothermal 

solutions. It is also evident that a generally thinner fluid film is obtained when thermal effects are 

considered. 
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Figure 51. Isothermal Pan & Hamrock, Grubin and Dowson & 

Toyodas central film thickness equation along the LoA. 

 
Figure 52. Thermally corrected Pan & Hamrock, Grubin and 

Dowson & Toyodas central film thickness equation along the 

LoA. 

4.2.1.2 Parameter study 

The parameter study was conducted considering the Pan & Hamrock equation with the purpose to 

highlight the formula’s sensitivity to the choice of lubricant data. A parameter study on the other film 

thickness equations would render into a similar result but with a difference in amplitude. In Figure 53 a 

3D plot of the film thickness along the LoA of speeds ranging from 0-3000 rpm is shown. In Figure 54 

data at five different speeds, i.e., at 𝑛1max = 3000, 0.75 ∙ 𝑛1max, 0.50 ∙ 𝑛1max, 0.25 ∙ 𝑛1max and 

0.05 ∙ 𝑛1max has been extracted and reproduced in a 2D plot along the LoA. In fact all reproduced 2D 

plots corresponding to a 3D plot in this section has been reproduced with the steps of 1.0, 0.75, 0.5, 

0.25 and 0.05 times its maximum value of the varied parameter. As can be seen in Figure 53, the speed 

has a strong impact on the EHL film thickness with an increase of more than 400 percent when 

ramping up the gear from zero to 3000 rpm. Furthermore, the characteristic shape from the thermal 

correction factor is more visible at high speeds than at low speed, with a distinct peak at the pitch point 

for 3000 rpm. 
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Figure 53. Solutions for the thermally corrected Pan & 

Hamrock film thickness equation along the LoA for various 

speeds and with a fixed torque of 1878 Nm. 

 
Figure 54. Solutions for the thermally corrected Pan & 

Hamrock film thickness equation along the LoA for five 

different speeds and with a fixed torque of 1878 Nm. 

 

In Figure 55 a 3D plot of the film thickness for a range of torques on the LoA is presented and in 

Figure 56 the corresponding plot is shown in 2D. At low torques the film thickness shows an 

exponential increase as the torque approaches zero. With increasing torque however the film thickness 

decreases and flattens out. At fairly high torques (approaching 2000 Nm) the solution approaches to 

take on a constant value. From Figure 56 it can be seen that varying the torque has small effect on the 

shape of the curves. 

 
Figure 55. Solutions for the thermally corrected Pan & 

Hamrock film thickness equation along the LoA for various 

torques and with a fixed speed of 3000 rpm. 

 
Figure 56. Solutions for the thermally corrected Pan & 

Hamrock film thickness equation along the LoA for five 

different torques and with a fixed speed of 3000 rpm. 

 

In Figure 57 the film thickness at position C (mid-point) on the LoA is plotted against the torque and 

speed. With speed and torque approaching zero, the film thickness approaches zero. A matter of fact, 

the film thickness is zero for all values of torque if the speed is zero and in addition the solution seem 

to approach infinity with infinite speed and zero torque, which is in agreement with Figure 53 and 

Figure 55. Hence it is evident that speed is required to build a fluid film. 
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Figure 57. Thermally corrected Pan & Hamrock film thickness equation along the LoA for various torques and speeds. 

In Figure 58, the thermal conductivity, 𝐾, is varied within the prescribed range specified in Table 9. 

Small values seem to have high impact on the film thickness whereas with an increase of thermal 

conductivity, the solution seems to take on a constant value. The same applies to the shape of the 

solution with a spiky appearance at low values on thermal conductivity but taking on a more blunt 

appearance with higher values. 

 
Figure 58. Thermally corrected Pan & Hamrock film 

thickness equation along the LoA for various values of the 

thermal conductivity, K. 

 
Figure 59. Thermally corrected Pan & Hamrock film 

thickness equation along the LoA for five different values of 

the thermal conductivity, K. 

 

The solution for a range of inlet viscosities, 𝜂0, along the LoA is shown in Figure 60 and Figure 61. As 

can be seen the film thickness increase several times with an increase in viscosity. Also, as seen in 

Figure 61, the mid-point value shows the thinnest film thickness along the LoA for low inlet viscosities 

but takes on the highest value along the LoA for higher values of the viscosity. 
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Figure 60. Thermally corrected Pan & Hamrock film 

thickness equation along the LoA for various values of the 

inlet viscosity, 𝜼𝟎. 

 
Figure 61. Thermally corrected Pan & Hamrock film 

thickness equation along the LoA for five different values of 

the inlet viscosity, 𝜼𝟎. 

 

As with the inlet viscosity parameter, the pressure-viscosity coefficient, 𝛼𝑃𝜂 shows a large effect on the 

film thickness with different values, see Figure 62 and Figure 63. Low 𝛼𝑃𝜂 values yields a thin EHL 

film whereas higher values dramatically increases the film thickness. 

 
Figure 62. Thermally corrected Pan & Hamrock film 

thickness equation along the LoA for various values of the 

pressure-viscosity coefficient, 𝜶𝑷𝜼. 

 
Figure 63. Thermally corrected Pan & Hamrock film 

thickness equation along the LoA for five different values of 

the inlet viscosity, 𝜶𝑷𝜼. 

 

The viscosity-temperature coefficient, 𝛽𝜂𝑇, is varied and plotted along the LoA versus film thickness in 

Figure 64 and Figure 65 below. As can be seen, varying the viscosity-temperature gradient has a great 

impact on the solution in terms of the shape. Higher values yield a smoother appearance and thicker 

film thickness whereas a lower value produces a thinner film thickness with a more spiky appearance. 

In addition, with lower values of the viscosity-temperature coefficient the highest value of the film 

thickness along the LoA appears in the mid-point which not is the case for higher values. 
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Figure 64. Thermally corrected Pan & Hamrock film 

thickness equation along the LoA for various values of the 

viscosity-temperature coefficient, 𝜷𝜼𝑻. 

 
Figure 65. Thermally corrected Pan & Hamrock film 

thickness equation along the LoA for five different values of 

the viscosity-temperature coefficient, 𝜷𝜼𝑻. 

 

In Figure 66 an attempt to visualize the impact on the EHL film thickness by varying the different 

lubricant parameters is presented. The curves represent the film thickness at the mid-point on the LoA 

versus its corresponding normalized lubricant parameter. The range of lubricant data is normalized 

against its corresponding fixed value, see Table 9 for value range and the fixed values for each specific 

lubricant parameter. The point, 𝑓(𝑥 = 1) = 1, corresponds to the solution with the fixed lubricant 

inputs and the function range 1/10 ≤ 𝑥 ≥ 2 corresponds to the range of lubricant data. As can be seen, 

the thermal conductivity of the lubricant, 𝐾, and the viscosity-temperature coefficient 𝛽𝜂𝑇 shows a 

relatively small impact on the solution for the specified range whereas the inlet viscosity, 𝜂0, and the 

pressure-viscosity coefficient, 𝛼𝑃𝜂, yields an increase with almost 60 and 40 percent respectively at the 

maximum range of the specified data. In addition, the 𝜂0 and 𝛼𝑃𝜂 values shows an even greater impact 

on the fluid film thickness at the minimum limit-range with a decrease of the film thickness with about 

78 and 66 percent respectively.  
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Figure 66. Solutions for the thermally corrected Pan & Hamrock film thickness equation for the various lubricant parameters. 

As has been shown so far, a gear is working under dynamic conditions, thus operational and lubricant 

parameter change during operation due to heating, contact pressure and certainly other factors that not 

has been considered here. This will consequently have an impact on the film thickness and thus affect 

the lubrication regime. As can be seen in Figure 66, the lubricant parameters 𝜂0 and 𝛼𝑃𝜂 have a 

significant effect on the solution and the film thickness increase (or decrease) several times by varied 

within the prescribed range. Hence for applying equation (2.21-2.4) with the thermal correction factor 

it is of great importance to choose values for these parameters for the specific application. In addition, 

to make the model more realistic the lubricant viscosity change with pressure and temperature could be 

modelled using the Roeands equation as was discussed in the theory section.  

4.2.2 Minimum formulas, Dowson & Higginson vs ISO/TR 15144-1 solution 

The solutions of the minimum film thickness formulas are shown in Figure 67. Both solutions are 

solved with the operational, geometry and material data as seen in Table 8 and Table 9. The ISO/TR 

15144-1 methodology requires some additional lubricant and material data to be specified and these are 

given in Table 10. 
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Table 10. Input for material-, lubricant- and operating -data. 

Quantity Symbol Value Unit 

Specific heat conductivity of gear material 𝜆𝑀 45 [𝑊/𝑚𝐾] 
Density of gear material 𝜌𝑚 7800 [𝑘𝑔/𝑚3] 

Specific heat capacity of gear material 𝐶𝑀 440 [𝐽/𝑘𝑔𝐾] 
Lubricant inlet/oil sump temperature 𝑇𝑂𝑖𝑙 90 [−] 

Density of lubricant at 15 deg. Celsius 𝜌15 895 [𝑁𝑚] 
Kinematic viscosity of lubricant at 40 deg. 

Celsius 
𝜈40 210 [𝑟𝑝𝑚] 

Kinematic viscosity of lubricant at 100 deg. 

Celsius 
𝜈100 18.5 [𝑊/𝑚𝐾] 

 

The Dowson & Higginson isothermal formula is showing a similar appearance as the isothermal central 

formulas with a distinct decrease in film thickness at coordinate -10 to 10 along the LoA, see Figure 51 

for comparison. The difference between the Dowson & Higginson and the ISO 15144-1 formulas are 

the 𝑆𝐺𝐹 parameter, see equation (2.22) and equation (2.25) respectively. As can be seen in the figure, 

the 𝑆𝐺𝐹 parameter lowers the film thickness at the initial and the end point of the line of action but 

leaves the mid-point unaffected. The shape however looks similar to the shapes produced by the 

thermal correction factor, with an increase of film thickness close to the pitch point, especially for the 

solutions with high values for 𝐾 and 𝛽𝜂𝑇 or low values for the 𝜂0 and 𝛼𝑃𝜂 parameters, see the 

parameters study. In addition, note that the predicted minimum film thickness generally is about 0.2-0.3 

micrometers thinner than predicted by the central formulas. 

 

Figure 67. Comparison ISO/TR 15144-1 and the Dowson & Higginson (same but no sliding parameter) minimum film thickness 

equation along the LoA. 
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4.2.3 Effect of different gear wheels 

In order to reveal how the film thickness behaves with different mating gears, the isothermal Pan & 

Hamrock EHL equation is plotted along the LoA for a gear set of 35 number of teeth for the pinion and 

138 for the wheel. All relevant geometrical data is given in Table 11 and the lubricant and material data 

has been used according to Table 9. In this case the speed and torque on the pinion was set to 300 rpm 

and 500 Nm respectively. 

Table 11. Geometrical inputs for the solution with different gear wheels. 

Quantity Symbol Value Unit 

No. of teeth of pinion 𝑧1 35 [−] 
No. of teeth of wheel 𝑧2 138 [−] 

Normal module 𝑚𝑛 2 [𝑚𝑚] 
Tip diameter of pinion 𝑑𝑎1 74.0 [𝑚𝑚] 
Tip diameter of wheel 𝑑𝑎2 278.9 [𝑚𝑚] 

Face width 𝑏 50 [𝑚𝑚] 
Helix angle 𝛽 0 [°] 

Normal pressure angle 𝛼𝑛 20 [°] 
Centre distance 𝑎 172.5 [𝑚𝑚] 

Addendum mod. coeff. 𝑥1 0 [−] 
Addendum mod. coeff. 𝑥2 -0.26 [−] 

 

The film thickness is plotted in blue and the corresponding maximum Hertzian pressure for the pinion, 

for each point along the LoA, is plotted in green. As can be seen, the film thickness increases along the 

entire LoA except for the distinct drop in film thickness when one tooth is fully carrying the load. The 

Hertzian pressure shows an initial increase as approaching the -1 mm region, where only one teeth is 

carrying the load, followed by a distinct increase in magnitude before it drops at about 1 mm along the 

LoA. The lowest magnitude of the Hertzian pressure occurs at the end of the gear mesh, i.e. at about 

5.6 mm along the LoA where in addition the thickest value on the fluid film can be found. In contrary 

to the solutions with equal size gears which yielded symmetrical solutions over the LoA, a tilted EHL 

solution is to be expected when running two different size gears. 
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Figure 68. Isothermal Pan & Hamrock central film thickness equation for different mating gears, and the corrsponding maximum 

Hertzian pressure acting on the pinion. 

 

4.3 Surface Topographies 

In this section four different measured surface topographies acquired using confocal microscope is 

presented. This is followed by the surfaces being loaded into a contact mechanics code for the 

development of the surfaces stiffness curves. All surfaces are shown in the undeformed state as well as 

at two different loaded states. Furthermore, the corresponding pressure distribution for the shown load 

stages as well as the stiffness curves is presented. 

4.3.1 Confocal measure 

The processed surface topographies acquired with the confocal microscope is presented. All surfaces 

shown has been subjected to form removal in order to eliminate the shape from the gear flank and in 

addition missing point has been filled in using the pre-processing tool SensoMap Plus. Four different 

surfaces where measured, i.e. two shot peened surfaces, referred to as Shot peened 1 and 2 respectively, 

and one ground and polished surface topography. The ground, polished and the shot peened 1 surface 

was measured on moulds made on tooth flank and hence needed to be flipped before analysed in the 

CM-code. The shot peened 2 surface however was directly measured on a gear flank and hence could 

be taken directly. In addition, the Shot peened 1 and 2 and the ground surface was measured with 100 

times magnification whereas the polished surface was acquired with 50 times magnification. In Table 

12 the acquired length domain in x, y and z direction as well as the arithmetic mean deviation, Sa, is 

given for each surface topography respectively. As can be seen, the Shot peened 1 surface has the 

largest length domain in the x direction between the surfaces. The reason for that is that it was mirrored 

in the pre-processing program in order to better represent the global surface topography. As suggested 

by the arithmetic mean deviation values, i.e., the Sa values, the polished surface is the smoothest 
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surface with the smallest Sa value, whereas the shot peened surfaces are the roughest with the SP2 

being the roughest among the two. 

Table 12. Spatial magnitude for the Shot peened 1, ground, shot peened 2 and the polished surface topographies. 

Surface Length domain 

X direction 

[𝝁𝒎] 
 

Length domain 

Y direction 

[𝝁𝒎] 

Length domain 

Z direction 

[𝝁𝒎] 

Arithmetic 

mean deviation 

Sa [𝝁𝒎] 

Shot peened 1 

(SP1) 

1260.7 

 

496.01 

 

6.623 0.75365 

Ground 356.28 

 

267.33 

 

2.5483 0.36408 

Shot peened 2 

(SP2) 

583.31 

 

439.24 

 

58.315 0.83163 

Polished 483.39 362.54 

 

7.027 0.050045 

 

The surfaces are shown in the figure series below. In Figure 69 the mirrored SP1 surface is shown 

where the rough asperities clearly can be seen. Also a straight grinding mark from before the shot 

peening process can be outlined along the surface. In Figure 70 the ground surface with distinct 

grinding marks along the surface is depicted. The SP2 surface is showing a similar appearance as the 

SP1 surface with distinct asperity summits produced from the shot peening spheres, see Figure 71. The 

polished surface in Figure 72 has a smooth appearance over the topography with the exceptions of 

some grinding marks across the length. 
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Figure 69. The processed shot peened 1 topography with a 

Sa value of 0.75 𝝁𝒎. 

 

 
Figure 70. The processed ground topography with a Sa value 

of 0.36 𝝁𝒎. 

 

 
Figure 71. The processed shot peened 2 topography with a 

Sa value of 0.83 𝝁𝒎. 

 

 
Figure 72. The processed polished topography with a Sa 

value of 0.05 𝝁𝒎. 

 

4.3.2 Contact mechanics simulation 

As shown in the performance study of the contact mechanics codes, the LTU-CM code could resolve a 

large number of nodes at a fairly efficient time to a very good accuracy. In addition because the solver 

already outputted the desired results in terms of mean separation from given nominal loads, it was 

convenient to adopt this code in the development of the stiffness curves. In this section the results of 

running the acquired surface topographies in the LTU-CM code is presented. The deformed surfaces at 

two load stages as well as the corresponding asperity pressure distribution and the developed stiffness 

curve is shown for each surface respectively. The main settings for all surfaces used in the LTU-CM 

code are given in Table 13. The elastic modulus and the Poisson’s ratio for the two mating surfaces 

have been chosen for regular gear material and are equal for both the surfaces. Gear material shows a 

hardness of 700 HV in the Vickers hardness test, which in addition corresponds to about 6.825 GPa, 

see [71] for conversion methodology. A uniform computational grid was applied with (29 + 1) ∙ (29 +

1), or summarized as about 263 thousand number of nodes. The additional +1 node was used because 

of the FFT periodicity requirements coming with the methodology that the LTU-CM code is based 

upon. In order to save computational time, all surfaces were limited to be subjected to 16 applied 

nominal pressures when constructing the stiffness curves. Each surface was subjected to pressures close 

to the maximum limit of what the code could handle with the specified setup.  
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Table 13. General setting used in the LTU-CM code for all surfaces when developing the stiffness curves. 

Quantity Symbol Value Unit 

Elastic modulus 𝐸1 
𝐸2 

206𝑒9 
206𝑒9 

[𝑁/𝑚𝑚^2] 
[𝑁/𝑚𝑚^2] 

Poisson’s ratio 𝜈1 
𝜈2 

0.3 
0.3 

[−] 
[−] 

Hardness 𝑝𝑝 6.825 [𝐺𝑃𝑎] 

Computational grid 𝑁𝑐 
𝑀𝑐 

29 + 1 
29 + 1 

[−] 
[−] 

Number of applied 

nominal pressures 
𝑁𝑃 16 [−] 

 

4.3.2.1 SP1 

The shot peened 1 (SP1) surface was subjected from 1 Pa to 3000 MPa distributed over 16 steps. The 

reason for not applying any more pressure was because the surface was reaching the relative clearance 

limit which was set to 0.01 in the code. Hence after that limit the surface is considered completely 

compressed. In the figure series shown below, the surface subjected to load stage 6 and the final load 

stage with their corresponding pressure distributions is depicted. At load stage 6, 200 MPa is applied 

yielding a mean separation of 0.92 𝜇𝑚. This can be seen in Figure 73 where only the highest asperities 

have been deformed. The corresponding asperity pressures can be seen in Figure 75 where only a few 

asperities have come into contact. Even though the surface is subjected to a relatively light load at this 

load stage it is evident that many of the asperities are reaching the plasticity limit with the present 

setup. At the final load stage the surface is almost completely compressed and is thus showing an 

almost completely flat appearance, see Figure 74. The corresponding pressure distribution is showing a 

much higher density as a result of the many asperities in contact. The mean separation at this load stage 

was 0.046 𝜇𝑚 with an applied nominal pressure of 3000 MPa. 
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Figure 73. Shot peened 1 surface subjected to 200 MPa 

using the LTU-CM code.  

 
Figure 74. Shot peened 1 surface subjected to 3000 MPa 

using the LTU-CM code. 

 
Figure 75. Shot peened 1 asperity pressure distribution when 

subjected to 200 MPa using the LTU-CM code. 

 
Figure 76. Shot peened 1 asperity pressure distribution when 

subjected to 3000 MPa using the LTU-CM code. 

 

The resulting stiffness curve obtained is depicted in Figure 77. The total solution time was 41 minutes 

and 33 seconds on a device with Intel core i7 processor and 16 GB of RAM memory.  As can be seen, 

the applied nominal pressures has been distributed to yield a representation of the stiffness curve which 

easily can be curve fitted with for instance a spline interpolant method in Matlab. To the far right of the 

curve the mean separation is 3.145 𝜇𝑚 with only 1 Pa applied. With increasing nominal pressure the 

surface is moving towards the origo with an exponential raise. Closer to origo the curve takes on an 

almost infinite slope which represents the surface at its most compressed state. 
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Figure 77. Shot peened 1 roughness stiffness curve obtained from the LTU-CM code. 

 

4.3.2.2 Ground 

The ground surface at 200 MPa resulted in a mean separation of 0.64 μm which implies that the ground 

surface is less stiff than the SP1 surface at this specific load stage. The deformed surface subjected to 

200 MPa is shown in Figure 78 and in addition, as can be seen in Figure 80, the pressure distribution is 

taking on the form of straight lines distributed over the length of the surface as a result of the grinding 

lines obtained from the manufacturing process. The plastic limit forming the flatness of the asperity 

pressure is even more distinguishable in comparison to the SP1 surface. In Figure 79 and Figure 81 the 

ground surface and the corresponding asperity pressure distribution at the final load stage, i.e, at 3000 

MPa of applied pressure is shown. The corresponding mean separation at this load stage is 0.096 𝜇𝑚 

which is relatively far from the clearance limit. With higher applied nominal pressures, solution failed 

to be obtained because of reaching the maximum iteration limit which was predefined to 10 000. 

However, as can be seen in the figure, the surface is highly compressed indeed and 3000 MPa should 

be enough for EHL applications.  
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Figure 78. Ground surface subjected to 200 MPa using the 

LTU-CM code. 

 
Figure 79. Ground surface subjected to 3000 MPa using the 

LTU-CM code. 

 
Figure 80. Ground asperity pressure distribution when 

subjected to 200 MPa using the LTU-CM code. 

 
Figure 81. Ground asperity pressure distribution when 

subjected to 3000 MPa using the LTU-CM code. 

 

The ground surface stiffness curve required a total solution time of 40 minutes and 26 seconds and is 

depicted in Figure 82. The initial contact at 1 Pa’s yielded a mean separation of 1.94 μm. As a result of 

the finer surface roughness, the stiffness curve has a higher slope at lower nominal pressure and thus a 

faster increase in comparison to the SP1 surface. However at higher pressures the slope is actually 

reduced and as a consequence, the surface is less deformed than the SP1 surface at the maximum load 

stage. 
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Figure 82. Ground roughness stiffness curve obtained from the LTU-CM code. 

 

4.3.2.3 SP2 

The shot peened 2 (SP2) surfaces is showing similar appearance at 200 MPa of applied nominal 

pressure as the SP1 surface with a few of the highest asperities being deformed. However, solutions 

with as high pressures as 3000 MPa failed to be obtained for the SP2 surface because of reaching the 

10 000 iteration constriction. Good solution was obtained by lowering the pressure to 1750 MPa. 

Hence, as a result the surface is less compressed at the final load stage, as can be seen in Figure 84. 
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Figure 83. Shot peened 2 surface subjected to 200 MPa 

using the LTU-CM code. 

 
Figure 84. Shot peened 2 surface subjected to 1750 MPa 

using the LTU-CM code. 

 
Figure 85. Shot peened 2 asperity pressure distribution when 

subjected to 200 MPa using the LTU-CM code. 

 
Figure 86. Shot peened 2 asperity pressure distribution when 

subjected to 1750 MPa using the LTU-CM code. 

 

The obtained stiffness curve for the SP2 surface is depicted in Figure 87. As can be seen, the initial 

contact is at the furthest distance from a completely compressed state in comparison to the acquired 

surfaces. The mean separation at 1 Pa’s of applied nominal load is 3.7 μm and 0.26 μm at 1750 MPa’s. 

The total solution time for the SP2 surface was 59 minutes and 24 seconds. 
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Figure 87. Shot peened 2 roughness stiffness curve obtained from the LTU-CM code. 

 

4.3.2.4 Polished 

The polished surface has a Sa value of as low as only 0.05 𝜇𝑚 and is thus the least rough surface 

among the analysed topographies. As a result, many asperities is coming in to contact even at low 

pressures, see Figure 88 and Figure 90, which corresponds to 150 MPa’s of applied pressure. The 

polished surface failed to be subjected to pressures in the GPa range and solution was only obtained at 

the maximum of 550 MPa’s in order for the iterations not to exceed the iteration limit. In addition at the 

maximum applied pressure the polished surface was highly compressed with a mean separation of only 

0.008 μm, which is strange because the separation limit in the code was 0.01. In Figure 89 the surface 

at the maximum load stage is depicted, as can be seen, grinding marks is still visible even though the 

surface is almost completely compressed. 
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Figure 88. Polished surface subjected to 150 MPa using the 

LTU-CM code. 

 
Figure 89. Polished surface subjected to 550 MPa using the 

LTU-CM code. 

 
Figure 90. Polished asperity pressure distribution when 

subjected to 150 MPa using the LTU-CM code. 

 
Figure 91. Polished asperity pressure distribution when 

subjected to 550 MPa using the LTU-CM code. 

 

The obtained stiffness curve for the polished surface is shown in Figure 92. At the first 70 % of the 

deformation or, to the point of when the mean separation reaching 0.3 μm, not much pressure increase 

is generated. However after 0.3 μm an exponential increase of pressure is seen until the surface is 

nearly completely compressed. The solution time for the polished surface was the fastest with a total 

solution time of 12 minutes and 33 seconds. 
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Figure 92. Polished roughness stiffness curve obtained from the LTU-CM code. 

 

4.4 Gear contact simulation 

With the evaluation of the different contact mechanics codes, the EHL film thickness equations, the 

development of the stiffness curves and the iterative procedure, a numerical coupling to the Helical 3D 

simulation program for a gear contact simulation with surface roughness incorporated is presented in 

this section. The gear setup consisting of standard FZG gears will initially be presented. As already 

discussed, the LTU-CM code was adopted to conduct the stiffness curves for the measured 

topographies. Note that a spline interpolation function has been adopted in order to extract values along 

the stiffness curves during the iteration procedure. Moreover, both the Pan and Hamrock and the 

ISO15144 EHL equations has been implemented for film thickness results as well as asperity and 

lubricant load share over the full gear mesh. In addition, solutions with the measured surface 

topographies are presented to reveal differences on the asperity and lubricant load share with different 

surface textures. 

4.4.1 Gear setup 

In Table 14 the geometrical parameters defining the two mating gears that have been used in the 

simulation is given. The gear setup represents standard FZG gears witch are commonly used as test 

gears when studying for instance surface fatigue damage in test rigs. 
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Table 14. Geometrical parameters defining the mating gears that has been designed and simulated in the finite element program 

Helical 3D. 

Quantity Symbol Value Unit 

Centre distance 𝑎 91.1 [𝑚𝑚] 
Face width 𝑏 14 [𝑚𝑚] 

Pitch diameter 𝑑𝑤1 
𝑑𝑤2 

73.2 

109.8 
[𝑚𝑚] 
[𝑚𝑚] 

Tip diameter 𝑑𝑎1 
𝑑𝑎2 

82.45 

118.35 
[𝑚𝑚] 
[𝑚𝑚] 

Module 𝑚 4.5 [−] 
Number of teeth 𝑧1 

𝑧2 
16 

24 
[−] 
[−] 

Addendum 

modification factor 
𝑥1 
𝑥2 

0.1817 

0.1715 
[−] 
[−] 

Pressure angle 𝛼 
𝛼𝑤 

20 

22.44 
[°] 
[°] 

Helix angle 𝛽 0 [°] 
 

In Figure 93 the gears created in the finite element program Helical 3D is shown. The upper gear is the 

wheel and the lower (and smaller) is the pinion. Two different types has been analysed, i.e. FZGX and 

FZGC, which is referring to gears with and without tip relief and crowning, respectively. 

 

Figure 93. Simulated gears from the finite element program Helical 3D. 

The gears have been simulated over a gear mesh at load stage LS9 which represents an applied torque 

of 302 Nm. In the figure series shown below, a full gear mesh is depicted at four different time steps 

for the FZGC configuration. The pressure distribution is plotted on the pinion which in fact applies to 
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all plots given throughout this section. At the upper leftmost figure, see Figure 94, the contacting gears 

is located in the pitch point and hence it can be seen that only one tooth is carrying the load. Note that 

the magnitude is given in Megapascals. In addition, because the gears have no crowning, high pressures 

arises at the edge of the teeth. In Figure 95 the simulation has proceeded in time and the pressure 

distribution is shared on two teeth. Also, the red arrows indicate the direction of the sliding velocity at 

the present time step. The upper left figure show no sliding because pure rolling is occurring at the 

pitch point. In the other figures however it can be seen that negative sliding occurs below the pitch 

point and positive at above the pitch point, i.e. at the addendum and dedendum respectively. The result 

of having no tip relief is seen in Figure 95 where a hard impact as the gear mesh gives rise to high 

pressure spikes. 

 
Figure 94. Helical 3D simulation showing the gear mesh at the 

initial time step for the FZG LS9 configuration. Edge effects are 

clearly distinguishable due to no crowning. 

 
Figure 95. Helical 3D simulation at the second shown time step. 

Two teeth are in contact and a high pressure spike can be seen as 

the second tooth is coming into contact. 

 
Figure 96. Third shown time step of the gear mesh in the Helical 

3D simulation. Both positive (left tooth) and negative (right 

tooth) sliding can be seen in the red arrows. 

 
Figure 97. Last time step of the Helical 3D simulation, just before 

only one gear is carrying the load (as seen in the first time step). 

 

The FZGX setup which involves tip relief as well as crowing is shown in the figure series below for the 

same time steps as the FZGC setup just previously described. As can be seen, the effect of having 

crowned teeth results in a perfectly Hertzian pressure distribution across the gear teeth without the edge 

effects that occurs in the FZGC case. Furthermore, due to the tip relief a smoother gearing as two gears 

are coming into contact can be seen in Figure 99 where the high pressure spikes are absent. 
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Figure 98. Helical 3D simulation showing the gear mesh at the 

initial time step for the FZGX LS9 configuration. No edge effect 

are seen because of crowning. 

 
Figure 99. Helical 3D simulation at the second shown time step. 

Due to tip relief a smoother meshing is occurring and no 

pressure spikes are visible at the right tooth. 

 
Figure 100. Third shown time step of the gear mesh in the 

Helical 3D simulation. Both positive (left tooth) and negative 

(right tooth) sliding can be seen in the red arrows. 

 
Figure 101. Last time step of the Helical 3D simulation, just 

before only one gear is carrying the load (as seen in the first time 

step). 

 

Note that due to the requirements of the methodology adopted in the numerical simulation the contact 

pressures as seen in the Helical 3D simulations has been averaged when taken in to the numerical 

model. Hence the contact ellipse used in the numerical model is forming a one element thick contact 

ellipse rather than the pressure distribution depicted in the figures. 

4.4.2 ISO15144 and Pan & Hamrock solver comparison 

The thermally corrected Pan & Hamrock central film thickness equation and the ISO/TR 15144-1 

minimum film thickness equation is solved for comparison over the full gear mesh. The Pan & 

Hamrock equation was solved according to the fixed values presented in Table 9 with exceptions for 

the torque and speed. The ISO/TR 15144-1 formula is solved with the additional lubricant and material 

data as given in Table 10. The FZGC configuration with load case LS9 have been adopted for easier 

comparison to the EHL solutions solved in section 4.2 Evaluation of EHL equations. Moreover in order 

to enhance the different solvers attributes in terms of thermal effects, the gears was run at 5000 rpm 

and the shot peened 1 stiffness curve was used for convenience as it proved to produce thicker film 

thickness solutions in comparison to the ground and polished surface topographies. The total applied 

pressure over the full gear mesh is depicted in Figure 102 and the corresponding pressure contour is 

plotted on the gear flank in Figure 103. In Figure 102, the x axis is actually the roll length which here is 

interpreted and referred to as the line of action and the y-axis is the gear width. The edge effect due to 
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the absence of crowning is clearly seen over the full contact and especially close to the pitch point 

where only on tooth is carrying the load. The pressure is generally high at the beginning of the mesh 

with the overall trend of reduced load as the meshing proceeds. This is actually because more load is 

taken by the other tooth that is coming into contact, as can be seen in the Helical 3D plots, see Figure 

94 to Figure 97. Apart from the edge effects the pressure is ranging from about 1500 MPa at the initial 

meshing point to about 1200 MPa at the end of the gearing with the maximum pressure arising just 

before the pitch point at about 1800 MPa. Also a small decline in pressure close to the pitch line can be 

seen, which is due to the change in effective radius. 

 
Figure 102. Total contact pressure applied along the LoA and 

across the gear width with the FZGC LS9 setup. 

 
Figure 103. Contour of the total applied pressure on the gear 

flank. 

 

The film thickness solutions for the Pan & Hamrock and the ISO/TR 15144-1 EHL equations with their 

corresponding contour plots is presented in Figure 104 and Figure 105, and, Figure 106 and Figure 107 

respectively. As can be seen both solutions can to some extent be interpreted as the mirror image of the 

applied pressure with the general trend of increase in amplitude going from the dedendum to the 

addendum.  As expected, the Pan & Hamrock formula is predicting a generally larger film thickness 

which is ranging from 0.26 to 0.4 microns whereas the ISO/TR 15144-1 solution ranges from 0.12 to 

0.26 microns. Both solutions show a distinct increase of film thickness along the pitch point which 

probably is due to the fact that pure rolling occurring and because of the slight drop in applied pressure. 
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Figure 104. Film thickness predicted using the Pan & Hamrock 

EHL formula with the FZGC LS9 and 5000 rpm setup. 

 
Figure 105. Film thickness from the Pan & Hamrock 

formula illustrated as a contour on the gear flank. 

 
Figure 106. Film thickness predicted using the ISO/TR 15144-1 

EHL formula with the FZGC LS9 and 5000 rpm setup. 

 
Figure 107. Film thickness from the ISO/TR 15144-1 

formula illustrated as a contour on the gear flank. 

 

The pressure distribution carried by the asperities is taking on a very similar form as the total applied 

pressure. A somewhat more distinct drop along the pitch line is evident, especially for the ISO/TR 

15144-1 solution, see Figure 108 and Figure 110. A band of missing points can be seen on the 

addendum which can be an indication of some numerical instability. Note that this band of missing 

points also can be seen in the film thickness solutions in the above figures. As a result of the thicker 

film thickness regarding the Pan & Hamrock equation, the load carried by the asperities amounts to 

about 850 MPa along the pitch line which is about two thirds of the amplitude that the ISO/TR 15144-1 

solution predicts which amounts to about 1300 MPa. Hence it appears as a thinner film yields a higher 

load share on the asperities. 
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Figure 108. Contact pressure carried by the asperities for the Pan 

& Hamrock solution with the FZGC LS9 and 5000 rpm setup. 

 
Figure 109. Asperity contact pressure share with the Pan & 

Hamrock formula illustrated as a contour on the gear flank. 

 
Figure 110. Contact pressure carried by the asperities for the 

ISO/TR 15144-1 solution with the FZGX LS9 and 5000 rpm setup. 

 
Figure 111. Asperity contact pressure share with the ISO/TR 

15144-1 formula illustrated as a contour on the gear flank. 

 

The load carried by the asperities and the load carried by the fluid film must add up to the total applied 

load. Hence the remaining pressure distribution not carried by the asperities must be carried by the 

fluid film. This is also the case, for instance at coordinate x = 0 as seen in Figure 113 and Figure 115 

and at the pitch point, the fluid parts amounts to756 and 859 MPa, and the corresponding asperity parts 

to 317 and 1301 MPa for the Pan & Hamrock and the ISO/TR 15144-1 solutions respectively. The 

relative calculated error is thus only about 0.7 and 0.9 percent over the total applied load respectively 

which at the same point amounts to 1604 MPa. Hence because the ISO/TR 15144-1 solution shows a 

distinct drop in asperity pressure along the pitch line a similar rise is seen for the lubricant pressure, see 

Figure 110 and Figure 114. The same applies to the Pan & Hamrock solution which is showing a flat 

appearance along the pitch line due to that the corresponding asperity part is almost identical to the 

total applied pressure. 
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Figure 112. Contact pressure carried by the lubricant for the Pan & 

Hamrock solution with the FZGC LS9 and 5000 rpm setup. 

 
Figure 113. Lubricant contact pressure share with the Pan & 

Hamrock formula illustrated as a contour on the gear flank. 

 
Figure 114. Contact pressure carried by the lubricant for the 

ISO/TR 15144-1 solution with the FZGX LS9 and 5000 rpm setup. 

 
Figure 115. Lubricant contact pressure share with the 

ISO/TR 15144-1 formula illustrated as a contour on the gear 

flank. 

 

To easier depict the shape of the solutions, the total pressure and film thickness is plotted in Figure 116 

and Figure 118, and the asperity and lubricant share is plotted in Figure 117 and Figure 119 for both 

solutions respectively at the mid-section of the tooth and long the full LoA. The strong influence from 

the 𝑆𝐺𝐹 parameter that was also noticed in the 4.2 Evaluation of the EHL equations section, see Figure 

67, can be seen in Figure 118 with a more distinguishable peak at the pitch point in comparison to the 

thermally corrected Pan & Hamrock solution as shown in Figure 116.  In addition the effect of having 

different size gears are also confirmed in Figure 117 and Figure 119 with an overall increase of film 

thickness and decrease of load over the line of action, see Figure 68 in section 4.2.3 Effect of different 

gear wheels for comparison. As can be seen in Figure 117 and Figure 119 the effect of solving with the 

minimum or the central film thickness equations has a great impact on the fluid and asperity load share. 

For instance the Pan & Hamrock yields and asperity-fluid load share at the pitch point of 53 and 47 

percent whereas the ISO/TR 15144-1 yields a load share of 80 and 20 percent respectively. The overall 

trends predicted by the numerical model and that the asperity load share increases with decreasing fluid 

film thickness does indeed seem reasonable. 
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Figure 116. Total applied contact pressure and the film thickness 

along the LoA and at the mid-section of the width predicted using 

the Pan & Hamrock formula. 

 
Figure 117. Asperity and lubricant contact pressure along the 

LoA and at the mid-section of the width from the Pan & 

Hamrock solution. 

 
Figure 118. Total applied contact pressure and the film thickness 

along the LoA and at the mid-section of the width predicted using 

the ISO/TR 15144-1 formula. 

 
Figure 119. Asperity and lubricant contact pressure along the 

LoA and at the mid-section of the width from the ISO/TR 

15144-1 solution. 

  

4.4.3 Visual comparison test gears 

In order to visually correlate the simulation against real test gears, the simulation was run with the same 

setup as tests that have been conducted at Scania. The setup involves the FZGX setup and load case 

LS9 solved with a speed of 2250 rpm and with a ground surface topography. The Pan & Hamrock 

central film thickness formula was used in this study as it provided the thicker film thickness and hence 

a higher load share to the fluid. In addition, solutions with gears running at 5000 rpm are also shown in 

order to further enhance the load contours and to illustrate the speeds effect on the solution. The total 

load on the pinion, over the full gear mesh appears on the gear flank as shown in Figure 120 and the 

corresponding contour plot is shown in Figure 121. As can be seen, two pressure peaks arises at the 

addendum and the dedendum. The maximum pressure amounts to 2500 MPa and is located at the 

dedendum. Due to the crowning and the tip relief, small amplitude of pressure is seen at outer section 

of the contact.   
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Figure 120. Total contact pressure applied along the LoA and across 

the gear width with the FZGX LS9 setup. 

 
Figure 121. Contour of the total applied pressure on the gear 

flank. 

 

The film thickness for both speed cases are shown in Figure 122 and Figure 124 below. Note that the z 

axis has been reversed in order to better visualize the solution. The film thickness appears very similar 

in shape at both cases and it can be seen that by doubling the speed an overall increase of only about 

0.1 micometers is obtained over the gear flank. Note however that at 2250 rpm the film thickness 

appears somewhat flatter than the 5000 rpm solution. Also, at the edges where the applied load is small, 

the film thickness increases several micometers. As with the FZGC setup, the film thickness appears as 

a mirror deflection of the applied load. 
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Figure 122. Film thickness predicted using the Pan & Hamrock EHL 

formula with the FZGX LS9 and 2250 rpm setup. 

 
Figure 123. Film thickness from the Pan & Hamrock 

formula at 2250 rpm illustrated as a contour on the gear 

flank. 

 
Figure 124. Film thickness predicted using the Pan & Hamrock EHL 

formula with the FZGX LS9 and 5000 rpm setup. 

 
Figure 125. Film thickness from the Pan & Hamrock 

formula at 5000 rpm illustrated as a contour on the gear 

flank. 

 

The asperity and lubricant load share for both solutions are shown in the figures below. At the 2250 

rpm solution it can be seen that pressure peaks occurring at the addendum and dedendum from the total 

applied load is dominating for the asperity part, even though it still can be well distinguished for the 

lubricant load share, see Figure 126 and Figure 127 respectively. At 5000 rpm the effect is even more 

visible and it appears as the lubricant load share at the centre of the tooth has increased in relation to 

the peak seen on the addendum, see Figure 129. 



90 

 

 
Figure 126. Contact pressure carried by the asperities for the 

Pan & Hamrock solution with the FZGX LS9 and 2250 rpm 

setup. 

 
Figure 127. Contact pressure carried by the lubricant for the Pan 

& Hamrock solution with FZGX LS9 and 2250 rpm setup. 

 
Figure 128. Contact pressure carried by the asperities for the 

Pan & Hamrock solution with the FZGX LS9 and 5000 rpm 

setup. 

 
Figure 129. Contact pressure carried by the lubricant for the Pan 

& Hamrock solution with FZGX LS9 and 5000 rpm setup. 

 

The total applied load and the film thickness at the mid-section of the tooth and along the LoA is 

plotted in Figure 130 and Figure 132 for both solutions respectively. In addition the load share in terms 

of the lubricant and the asperity loads are presented in Figure 131 and Figure 133. It can be seen in 

Figure 130 and Figure 132 that at the edges where the total applied load is as lowest the film thickness 

has the thickest magnitude. Moreover, it can be clearly seen that the overall shape of the film thickness 

is in close correlation to the applied load and the asperity load share. Figure 133 shows that by 

doubling the speed, the lubricant load share is carrying almost 50 percent of the applied load which not 

is the case at 2250 rpm where the asperity load share is significantly higher. 
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Figure 130. Total applied contact pressure and the film 

thickness along the LoA and at the mid-section of the width for 

the Pan & Hamrock solution with the FZGX LS9 and 2250 rpm 

setup. 

 
Figure 131. Asperity and lubricant contact pressure along the 

LoA and at the mid-section of the width from the Pan & 

Hamrock solution at 2250 rpm. 

 
Figure 132. Total applied contact pressure and the film 

thickness along the LoA and at the mid-section of the width for 

the Pan & Hamrock solution with the FZGX LS9 and 5000 rpm 

setup. 

 
Figure 133. Asperity and lubricant contact pressure along the 

LoA and at the mid-section of the width from the Pan & 

Hamrock solution at 5000 rpm. 

 

The asperity and lubricant load contours at 2250 rpm is shown on the gear flank in Figure 134 and 

Figure 135 and the corresponding plots at 5000 rpm is shown in Figure 136 and Figure 137. The two 

critical areas that are arising at the addendum and the dedendum can clearly be seen as a band over the 

width of the tooth, see Figure 134. Even though the overall asperity load is decreasing, the critical areas 

are even more distinguishable at 5000 rpm and it is evident that the most critical area is located at the 

dedendum. The lubricant load share also shows maximums at similar locations even though somewhat 

concentrated towards the mid-section of the tooth. Also, closer to the pitch line the lubricant load share 

is showing a high pressure distribution which in turn is where the asperity load share is showing a 

lower pressure distribution. 
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Figure 134. Asperity contact pressure contour from the Pan 

& Hamrock solution at 2250 rpm and the FZGX LS9 setup. 

 
Figure 135. Lubricant contact pressure contour from the Pan 

& Hamrock solution at 2250 rpm and the FZGX LS9 setup. 

 
Figure 136. Asperity contact pressure contour from the Pan 

& Hamrock solution at 5000 rpm and the FZGX LS9 setup. 

 
Figure 137. Lubricant contact pressure contour from the Pan 

& Hamrock solution at 2250 rpm and the FZGX LS9 setup. 

 

A photo of a real fatigue test conducted on the same type of gears that has been run in the simulation is 

shown, see Figure 138. In addition the gears have been run at 2250 rpm, at load stage LS9 and for 26 

hours with a ground surface topography. Note however that the simulation has been run with a rough 

surface against a smooth counter surface whereas the real gear has been run with two mating ground 

surfaces. Still, a lot of similarities can be depicted, for instance the overall contact ellipse is very 

similar in appearance as the simulated results, especially in comparison to the asperity contour as 

shown in Figure 134. It can also be seen that where the maxima is occurring regarding the asperity 

contour, both on the addendum and especially at the dedendum, micro pitting is evident. As was 

discussed in the theory section, see 2.6.2 Gear failure - micro pitting, micro pitting may occur 

wherever the EHL film is interrupted and thus where the asperities take load. Hence it is desirable to 

operate the gears so that a smaller portion of the load is carried by the asperities, as was shown to be 

the case when running the gears at 5000 rpm. In addition as was shown in the parameter study of the 

EHL equations, see section 4.2.1 Fixed and varying solutions, tailoring the lubricant can also give rise 

to higher film thickness and consequently a smaller load share on the asperities. From the visual 
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correlation, it can be concluded that the model is capable of indicating critical areas on the gear flank 

where micro pitting is likely to occur. 

 

Figure 138. Case of pitting on the tooth flank of a ground FZGX gear subjected to load case LS9 and at 2250 rpm for 26 hours. 

 

4.4.4 Different surface topographies 

In this section results where the ground and the shot peened surfaces with gears operated at 2250 rpm, 

with the FZGX setup and load case LS9 used is presented. As the polished surface was completely 

compressed even after 550 MPa it will not be considered. Solutions with the different surfaces 

incorporated in the simulation are presented below where Figure 139, Figure 140 and Figure 141 depict 

the asperity contact pressure for the ground, SP1 and SP2 surfaces respectively. It can be seen that the 

SP2 surface is taking the overall highest asperity contact share over the flank whereas the SP1 surface 

is taking the lowest share among the considered surfaces. 
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Figure 139. Asperity contact pressure  

contour with FZGX gear operated at  

2250 RPM with LS9 and the ground 

surface topography. 

 
Figure 140. Asperity contact pressure  

contour with FZGX gear operated at 

2250 RPM with LS9 and the SP1 

surface topography. 

 
Figure 141. Asperity contact pressure  

contour with FZGX gear operated at 

2250 RPM with LS9 and the SP2 

surface topography. 

 

The total separation, i.e., at the undeformed state, the calculated film thickness and the deformation that 

the surfaces has been subjected to at the pitch line and half the tooth width is presented in Table 15. 

Moreover, the data is also visualised in the bar diagram shown in Figure 142. 

Table 15. Separation data at the pitch point and half gear width for solutions of FZGX LS9, 2550 rpm and different surface 

topographies. 

Surface Total Separation 

(Undeformed) [𝝁𝒎] 

Film thickness 

[𝝁𝒎] 

Deformation 

[𝝁𝒎] 

Ground 1.194 0.21681 0.97719 

SP1 3.145 0.20125 2.94375 

SP2 3.722 0.25935 3.46265 

 

The total separation is shown in blue, the deformation that the surfaces have been subjected to is shown 

in green and the calculated fluid film thickness is shown in red. The total separation indicates how 

rough the surfaces are and is thus following the same ranking as the Sa values, with the SP2 surface 

being the roughest and the ground surface being the smoothest surface, see Table 12 for the Sa values. 

Hence it comes as a small surprise that the calculated film thickness for the SP2 surface is highest in 

magnitude with about 0.26 micrometers as it initially has the greatest initial separation. However that 

the SP1 surface is yielding a lower film thickness (even though only about 0.05 micrometers smaller 

than the ground surface) is more surprising.  
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Figure 142. Diagram showing the total initial separation, the deformation and the predicted film thickness for the ground and the shot 

peened surfaces. 

The corresponding data for the asperity and lubricant load shares as well as the total applied pressure in 

the specific location on the gear flank is shown in Table 16 and visualised in Figure 143. The error of 

the calculated asperity and lubricant load shares differ with about 0.88, 0.94 and 0.63 percent relative 

the total applied pressure for the ground, SP1 and SP2 surface respectively.  

Table 16. Load share data at the pitch point and half gear width for solutions of FZGX LS9, 2550 rpm and different surface 

topographies. 

Surface Asperity 

pressure 

[𝑴𝑷𝒂] 

Lubricant 

pressure 

[𝑴𝑷𝒂] 

Total pressure 

[𝑴𝑷𝒂] 

Asperity 

share [%] 

Lubricant 

share [%] 

Ground 1501.0995 663.9061 2146.2257 69.9414 30.9337 

SP1 1340.3935 826.0147 2146.2257 62.4535 38.4869 

SP2 1768.8309 390.8784 2146.2257 82.4159 18.2124 

 

Even though the solution for the SP2 surface predicted the thickest film thickness it has the highest 

asperity share with about 82 percent of the load carried by the asperities, see Figure 143. Moreover, the 

asperity share for the ground and SP1 surface amounts to about 70 and 62 percent respectively even 

though the ground surface has the thickest film thickness between the two. One could easily assume 

that the asperity share should be lower for the solutions with the ticker films but that however is not the 

case and the reason can be explained by the stiffness of the surfaces. 
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Figure 143. Asperity and lubricant load share for the ground and the shot peened surfaces where the straight line indicates the total 

applied contact pressure. 

In Figure 144 the spline interpolated stiffness curves that has been used in the simulation is shown. 

Note that the SP2 stiffness curve has been extended in order to manage as high loads as occurring in 

the gear mesh. The data cursors shown indicate the calculated film thickness and the corresponding 

asperity contact pressure for the surfaces evaluated in the simulation. As can be seen, even though the 

calculated film thickness is thickest for the SP2 surface, it has the stiffest curve and thus the highest 

asperity contact pressure. The same applies to the ground surface witch actually is stiffer above 1000 

MPa of asperity contact pressure and thus takes on a higher load share in comparison to the SP1 

surface. In addition, at below 1000 MPa the SP1 surface is actually stiffer and it is likely that the SP1 

surface would carry a higher load share on the asperities if running the gears at lower speed, decreasing 

the applied load or using a thinner viscosity oil. 
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Figure 144. Spline interpolated stiffness curves for the ground and the shot peened surface with the predicted film thickness and the 

corresponding asperity contact pressure shown in the data cursors. 

 

4.5 Local scale simulation 

The gear contact simulation provided the load share between the asperities and the lubricant during a 

gear mesh. However the model does not consider the local deformation of the asperities when 

collisions occur. In this section results from the finite element simulation is presented where artificial 

asperities modelled to resemble real surfaces on micro scale and then subject to collisions is given. The 

wave length and amplitude of the constructed asperities has been chosen to represent the ground 

surface topography as was measured using the confocal microscopy. In addition the contact pressure 

carried by the lubricant and the film thickness has been chosen in the same order of magnitude as 

predicted by the gear contact simulation with the FZGX setup and load case LS9 running at 2250 rpm. 

Note however that the intention of this study is not to exactly simulate the conditions within the micro 

scale of the gear contact but rather to serve as an example and provide indications of how the asperities 

will deform. Four different cases with two different setups for the film thickness and the friction 

coefficient respectively are presented where the amount of asperity deformation is compared. In 

addition, the single asperity that has been subjected to several collisions is given special attention. 

Principal stresses’ showing tension as well as compression is presented in an attempt to describe the 

potential formation of a micro pit. Note that the friction coefficient has been chosen on the basis from 

similar conducted studies, see for instance [72]. All input data used to define the finite element model 

is presented in Table 17. 
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Table 17. Data for the local asperity model. 

Quantity Symbol Value Unit 

Length of surfaces 𝐿1 
𝐿2 

0.1 

0.08 
[𝑚𝑚] 

Width of surfaces 𝐵1 
𝐵2 

0.02 

0.02 
[𝑚𝑚] 

Upper surface total 

displacement 
𝛿 0.6 [𝑚𝑚] 

Asperity wavelength 𝜆 0.20 [𝜇𝑚] 
Amplitude of asperities 𝐴 1 [𝜇𝑚] 

Lubricant pressure 𝑃𝐿 700 [𝑀𝑃𝑎] 
Film thickness ℎ 0.20, 0.50 [𝜇𝑚] 

Friction coefficient 𝜇 0.1, 0.3 [−] 
Module of elasticity 𝐸1 

𝐸2 
206e9 

206e9 
[𝑃𝑎] 

Poisson’s ratio 𝜈1 
𝜈2 

0.3 

0.3 
[−] 

 

4.5.1 Different solutions 

Three solution steps obtained with the setup consisting of a film thickness of 0.2 micrometer and a 

friction coefficient of 0.1 is presented in Figure 145, Figure 146 and Figure 147. The left figure depicts 

the initial collision and the middle and right figure depicts the collision with the following asperities. It 

can be seen that the initial collision forms the most distorted asperity whereas the next coming 

asperities are showing a less distorted appearance. As a matter of fact, this setup provided the solution 

with the largest possible displacement of the upper surface. With an increased friction coefficient, and 

even with an increase of film thickness the mesh of the initial asperity encountered too high distortions 

which in turn lead to that the solver failed due to transcendence of the time step limit. As can be seen, 

in the vicinity of the contact all asperities exhibits a Von Mises stress in the range of 2000 MPa which 

is well above the initial yield limit which is about 1600 MPa. 
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Figure 145. Von Mises stress field at the 

solution step where the first asperity of the 

upper surface collide with the lower 

surface asperity. 

 
Figure 146. Solution step showing the 

second asperity of the upper surface 

collide with the lower surface asperity. 

 
Figure 147. Solution step showing the 

third asperity of the upper surface collide 

with the lower surface asperity. 

 

The entire model at the final solution step is shown in Figure 148. As can be seen all asperities being 

subjected to collision has been flattened due to plastic deformation. In addition, note that the surfaces 

have been separated and the fluid film pressure has been removed in order to show the residual stresses 

which are given in the form of the Von Mises stresses. In the vicinity of the asperities residual stress 

distributions up to about 2000 MPa is still present which indicates that the asperities could be subjected 

to deformation hardening. Hence it is advisable to account for this effect in the model, witch not is the 

case at present. 

 

Figure 148. Solution with a film thickness 0.2 micrometers and friction coefficient 0.1. Note that the lubricant pressure has been 

removed to reveal the residual Von Mises stress field. 

In Figure 149 a comparison on the deformation of asperities subjected to one collision but with two 

different friction coefficients is shown. In both cases a film thickness of 0.2 micrometer has been used. 

The left hand side figure depicts the solution with a friction coefficient of 0.1 and the right and side 

figure depicts solution with a friction coefficient of 0.3. It can be clearly seen that by increasing the 
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friction coefficient three times the asperities are being far more smeared out resulting in an excessively 

deformed mesh which in addition causes the solution to fail at the present time step. 

 

Figure 149. Left figure has been solved with a friction coefficient 0.1 and the right figure with a friction coefficient of 0.3. Both 

solutions have a film thickness of 0.2 micrometers. 

The same friction coefficient, i.e. 0.1 for the left figure and 0.3 in the right figure has been used in the 

solutions depicted in Figure 150 but with a film thickness of 0.5 micrometers. A similar appearance is 

seen with the higher friction coefficient causing the asperities to become more smeared out. However 

one considerable difference between the solutions with the different film thicknesses is that the case 

with a film thickness of 0.2 micrometer seems to smear out the single asperity on the lower body even 

more. 
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Figure 150. Left figure has been solved with a friction coefficient 0.1 and the right figure with a friction coefficient of 0.3. Both 

solutions have a film thickness of 0.5 micrometers. 

To reconnect the results produced in this section to the Stribeck curve, the benefits of operating the 

gear in the full film regime is evident as both a reduced friction coefficient as well as a higher film 

thickness results in a gentler operating environment for the asperities in terms of amount of asperity 

deformation. 

4.5.2 The potential development of a micro pit 

A mechanism for the development of micro pitting has been proposed by Oila [73]. In correlation to 

what the finite element model proposed in this work has shown, Oila suggested that when the asperities 

collide they deform plastically in the direction of the sliding. Moreover, the micro pitting mechanism is 

suggested to start after several load cycles which causes the plastic deformation region (PDF) to change 

in dislocation structure and thus to cause work hardening. At the same time, the temperature is high 

enough to activate the diffusion of carbon and thus form recrystallization within the boundary of the 

plastic zone forming a new phase referred to as dark etching region (DER), see Figure 151. Another 

phase shift due to the martensitic decay is formed within the vicinity of the DER called white etching 

bands (WEB). The exact phenomena behind the development of these phase shifts will not be discussed 

here and readers are referred to Oila for details. With the asperity being subjected to more stress cycles 

the dislocations pile up against the DER boundary forming slip bands by the intrusion/extrusion 

mechanism. The dislocations eventually accumulate in the slip bands to the extent that a crack is 

initiated. With even more stress cycles the crack propagates along the boundary of the dark etching 

region and forms a micro pit, see Figure 152. In addition, the white etching bands provide regions 

where cracks are more likely to occur. Hence crack branching occurs until a complex network of cracks 

forms below the surface. As these branches reach the surface the volume of the material removed 

increases and hence the micro pit widens and deepens. 
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Figure 151. Schematic showing the initial location of a surface 

crack during the development of a micro pit [73]. 

 
Figure 152. Schematic showing the propagation of the surface 

crack during the formation of a micro pit [73]. 

 

Even though the present model does not include the ability to form phase shifts within the material 

structure, following the model proposed by Oila could still be relevant to some extent. In Figure 153, 

the maximum principal stress, i.e. the stress direction showing mostly tension is presented for the lower 

surface asperity from the solution with a film thickness of 0.2 micrometer and a friction coefficient of 

0.1. As can be seen at the circle marked with 1, high tension up to the range of 1200 MPa is present and 

it is possible for a crack to initiate at an inclination angle from the deformed surface. Moreover high 

tensions are also seen at the circles marked with 2 and 3 which are in the range of 800 to 1000 MPa 

respectively. In addition these tensions are acting in the direction for a crack to propagate in x direction 

at 2 and y direction at 3. Hence if a crack would form it is likely that the crack would enter at 1 proceed 

to 2 and exit at 3. 
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Figure 153. Figure showing: 1) potential location for crack initiation, 2) potential area for crack propagation and 3) potential crack 

exit. 

Looking at the minimum principal stresses and hence mostly compressive stresses, it can be seen that a 

lot of compression is formed in the outer region away from the asperity, see Figure 154. If a crack 

would form at 1 as seen in Figure 153, it is likely that it would follow the path to 2 and exit at 3 as 

previously discussed because the compressive stresses acts as a resistance to crack formation which 

thus indicates that the crack would not proceed toward the bulk of the material. Note that the red 

arrows has been manually inserted to mark the potential crack propagation path and thus the potential 

formation of a micro pit, and is not a result of minimum principal stress. 
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Figure 154. Figure showing the potential crack path and formation of a micro pit. 

 

  



105 

 

5 Conclusion 

Using EHL theory together with the Johnson load sharing - and the contact stiffness concept, coupled 

to a gear simulation program, a tool which is able to predict amount of asperity and lubricant load share 

has been developed. Moreover, using geometrical parameters from real surface topographies and 

outputs from the gear contact simulation, a locale scale asperity simulation where several asperities are 

subjected to collisions has been performed. Several contact mechanics codes and different EHL 

formulas has been studied in order to provide alternative foundations to the gear simulation model.  

Results show that all contact mechanics codes investigated are able to produce results to a relevant 

accuracy for a specific setup. However the chol-main code revealed some shortcomings in terms of 

accuracy when subjected to fine grid configurations and a very large error was evident. The Contlab 

code was very accurate but failed to return solutions with fine grid configurations due to memory 

requirements. This indeed is a drawback in terms of rough contact modeling when fine surface texture 

needs to be resolved. The LTU-CM showed promising results for rough contact analysis in terms of 

both accuracy and solution time and was thus employed in the construction of the stiffness curves.  

The roughness of the surfaces has a great influence on the solution time in terms of the development of 

the stiffness curves and a rougher surface generally required more simulation time. A limitation with 

the contact stiffness concept and the LTU-CM code was seen at high pressure where solution failed to 

be retrieved due to the solver reaching the iteration limit. Also that that the polished surface was 

completely compressed at relatively low nominal loads is a major drawback with the method as it could 

not be implemented in the gear contact simulation when running the gears at conditions representative 

to a heavy truck application. 

The gear contact simulation with surface roughness incorporated showed realistic results with the 

highest asperity load share arising at critical areas where micro pitting generally is evident. The results 

also revealed that the surfaces contact stiffness has high influence on the asperity load share and that 

generally a stiffer surface results in a higher pressure distribution carried by the asperities. The film 

thickness solution over the line of action appeared as the mirror imaged of the applied load and the load 

share was distributed with the most part carried by the asperities when running the gears at the same 

conditions as real test gears. Increasing the speed generally resulted in a higher load share carried by 

the fluid film and in addition simulating with the minimum EHL formula resulted in a higher load share 

on the asperities in comparison to the central formulas.  

The main conclusion from gear contact simulation is that it is possible to model the tribological event 

of a gear mesh with surface roughness incorporated using present tools and that the model is capable of 

indicating the magnitude of load carried by the asperities and the fluid film. At present state, the model 

can be used to provide an indication of what surface finish is most beneficial in terms of preventing 

surface fatigue and wear and in addition what lubricant compound is most beneficial in order to 

maintain a lubricant film and thus reduce load carried by the asperities. The overall tendencies of the 

simulated results are in correlation to what can be expected, however of course validation is required in 

order to reveal the accuracy of the simulation. 
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The local scale asperity simulation where asperities were subjected to collisions showed that the 

asperities are deformed in the sliding direction which is in correlation to previous studies. It was also 

shown that the amount of deformation significantly increased with increase in friction coefficient. Even 

though phenomena like crack propagation, phase shift due to martensitic decay and thermal effects has 

not been incorporated in the model, residual maximum and minimum principal stresses suggested that 

the model still comprises the ability to potentially capture the initial state on the formation of a 

micropit. Hence it is evident that the micro scale simulation shows great potential for further 

development in terms of studying the asperity-asperity interaction on local scale. 
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6 Future Work 

Of course there are many improvements that can be added to the numerical models developed in this 

master thesis, however, a choice was made to avoid complexity to the models as no goal has been set 

out to conduct experimental validations anyway. Hence, the gear simulation model can be considered 

as a first order evaluation that merely shows the overall methodology on how the problem of simulating 

gears with oil and surface roughness can be addressed. The main usefulness in this work is not the 

accuracy of the predicted asperity and lubricant load share or the film thickness, but rather the overall 

results that show potential of the suggested approach and that further development indeed ought to be 

considered. 

Regarding the gear contact model, of course the question must be raised how accurate the model is, 

thus validation versus experiment is indeed suggested before even more complexity is added to the 

model. Using for instance some optical technique to measure the predicted film thickness or measuring 

the amount of asperity contact by measuring the voltage could be adopted to serve as a first order 

validation.  

In terms of developing the approach that lies as the foundation for the gear contact model, closest at 

hand is to examine if the area of the measured surfaces is sufficient to truly represent the full gear flank 

or if a greater and more representative area needs to be acquired when constructing the stiffness curves. 

Also, developing stiffness curves from the other contact mechanics codes for comparison in order to 

examine if a similar results are withheld. In addition adding the ability to account for mechanical as 

well as lubricant friction force would be desirable in order to output the power losses that dissipate 

during the gear mesh. 

In order to further enhance the accuracy of the model in terms of resembling the real nature of the gear 

contact, a concept known as amplitude reduction could be included which basically means that the 

asperities actually will become elastically deformed inside the contact due to the high lubricant 

pressure. As a result, the simulation will probably become less crude than the present tool predicts and 

a probable reduction in asperity load share and thus increase in lubricant load share would hence 

become evident. Also, regarding the central EHL formulas, model the lubricant parameters change over 

the gear mesh which at present has been considered constant for simplicity, would result in capturing 

more realistic characteristics and thus further enforce the model credibility.  

These improvements suggested so far could be accomplished by relatively little effort. However, in the 

long term it would be desirable to considered adding the effect of tribolayer growth into the model for 

even further refinements. Also by adding wear and plastic deformation it would be possible to simulate 

several meshing cycles. In addition, this could also lead to the possibility of extending the model to 

serve as a tool for simulations of fatigue tests and thus to work as a optimization tool towards 

lubrication related failure modes such as contact fatigue related damages. 

Following the path of the present approach, the ultimate future improvement would indeed involve 

solving the full numerical EHL problem in terms of adopting the two dimensional Reynolds equation. 

This would render into a more accurate and state of the art approach and in addition open up the 
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possibility of including properties such as side leakage, oil starvation, cavitation and other properties 

related to the EHL contact. 

In terms of the microscale asperity simulation conducted in the finite element program Abaqus, it was 

evident that the model displayed great potential for further development. However, to truly catch the 

initiation and propagation of a crack formation and thus the development of a micro pit, there are some 

physical components that need to be added to the model. 

For instance modelling the martensitic decay and the phase shift in the bulk of the material appeared to 

be a crucial factor that contributes to the micro pit formation according to previous conducted studies. 

Obviously crack propagation also needs to be implemented in the model in order catch the desired 

phenomena. Also, it is likely that high flash temperatures arises as the asperities interact which thus 

could affect the material structure and in turn the formation of micropits. Hence accounting for thermal 

effects is also desirable in order to make the model more realistic.  

It was seen that the mesh was subjected to high distortions with high friction coefficient causing the 

solution to fail. Hence incorporating a re-meshing algorithm that considers regeneration of the mesh 

whenever the mesh gets too distorted would open up the possibility of studying more cases than what is 

possible with the present model. The ultimate desired goal with this model would be to calculate the 

film thickness versus time for an arbitrary roughness and simultaneously calculate the stress in the 

surfaces. Then it might well be possible to study the fluid film build up in detail and thus how this 

would affect the pitting risk. 
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8 Appendix 

Matlab codes available upon request. 


