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Abstract 
 

Recently, formation flying missions emerge because of their reliability, robustness and 

scalability in operation over single large spacecraft. Depending on the mission requirements 

satellites in a formation have to reconfigure themselves into new formation structure. This 

procedure involves several factors such as fuel optimization, collision and plume avoidance. 

The method which is used in this thesis implements random expansion trees for each satellite 

while taking into account all presented constraints. This method is meant to be executed 

offline. The solution to the problem is asymptotically optimal, that is to say that as iteration 

number goes to infinity the probability of the solution to be optimal becomes one.  

NetSat project which is being developed as 4 CubeSat formation flying mission is considered 

as an example to analyze possible reconfiguration maneuvers. Additionally restriction coming 

from power subsystem was also considered. The algorithm was simulated for several 

reconfiguration maneuvers with added obstacles roaming around. The analyses for the results 

for these example maneuvers are presented. Finally the algorithm’s performance against 

iteration is evaluated. 
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1. Introduction 

There is a trend towards formation flying missions (FFM) in space industry. FFMs are groups 

of satellites which orbit in a close proximity while cooperatively maintaining relative position 

control, guidance and navigation. Satellites in the formation coordinate and share data in 

between to accomplish their mission (Figure 1). FFMs are prone to failures and members can 

be added or replaced whenever it is necessary. Increased reliability and robustness of the 

formation flying mission against single large spacecraft makes them more attractive for 

complex space missions. This by itself brings a lot of new challenges which are waiting to be 

solved for FFMs to be feasible.  

 

Figure 1 CubeSat formation flying illustration 

There are already tested FFMs and some are in the development phase. PRISMA (Prototype 

Research Instruments and Space Mission technology Advancement) designed and developed 

by Swedish Space Corporation (SSC) was launched in 2010 and is currently in orbit servicing. 

Mission objective is guidance, navigation and control demonstration and validation of sensor 

and actuator technologies for formation flying, rendezvous and close range proximity 

maneuvers [1]. Another mission which is planned to be launched in 2018 is Proba-3 mission. 

It is a precision formation flying mission where two satellites will form “large telescope” to 

observe solar corona [2]. One of them will have telescope, while the second one will eclipse 

Sun’s disc (Figure 2). This mission requires extreme precision both in control of relative 

distance and position of two satellites. 
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Figure 2 Proba-3 mission 

Depending on the mission requirements FFMs have to do reconfiguration maneuvers from 

time to time. During this maneuver it is essential to minimize fuel consumption in order to 

lengthen the mission lifetime. On the other hand, especially for the FFM which has small 

baseline, one has to consider collision avoidance between formation members and other 

obstacles in the formation space. Also to protect sensitive parts of the spacecraft from plume 

impingement one must consider it during path planning. Plume impingement can limit some 

of the maneuvers.  

To solve this complex multi-constraint path optimization problem a method based on the 

random expansion trees was utilized in this thesis. The algorithm is based on the search within 

random tree which explores search space towards target configuration (Section 4.2). Random 

trees are generated per satellite continuously while keeping the current best available path. 

This method is meant to be run offline and asymptotically optimal solution is obtained. 

1.1. Thesis Objectives 

The thesis objective is to find optimal solution for the path planning problem of formation 

reconfiguration maneuver with multiple constraints. The found path must account for 

collision and plume impingement avoidance and minimal total fuel consumption. Satellites 

with continuous thrust propulsion are considered for the optimization problem. Another 

objective is to find an asymptotically optimal solution, due to nature of the problem otherwise 

could be impossible.  
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1.2. Thesis Outline 

This thesis describes the problem of optimal formation reconfiguration maneuver and 

presents a solution to this problem considering constraints.  

Chapter 2 summarizes previous work conducted during team design project in the Wuerzburg 

University. This thesis is continuation of that work.  

In Chapter 3 optimization requirements are presented which are divided into mission 

requirements and mission constraints.  

Chapter 4 reviews other path planning methods and their problems with dealing thesis 

problem.  

Chapter 5 will demonstrate solution to the problem. The algorithm chosen to solve the 

problem will be explained thoroughly. All the modifications done to the original algorithm will 

be described in detail. 

An example CubeSat mission being developed in Centre for Telematics, Wuerzburg will be 

presented in the Chapter 6. Several scenarios will be simulated and results will be discussed. 

Chapter 7 will summarize thesis work and propose further developments on this topics. 

2. Previous Work 

During the Team Design Project course in the Wuerzburg University separate study was 

conducted with the topic: Optimal Trajectory Planning for Close Range Satellite Maneuvers. 

A team of four students, Florian Haubner, Peter Hein, Ilham Mammadov and Bastian Scholz, 

were working on this topic under supervision of Julian Scharnagl. After literature research it 

was decided to implement RRT based solution to find optimal path. The path was optimized 

considering several constraints such as, fuel consumption, collision avoidance, plume 

impingement and maneuver time. For the comparison, well known bang-off-bang (BOB) 

method was adapted to account for the constraints. In this work several scenarios including 

complex ones were simulated. 

BOB method was based on finding two thrust vectors, one in the beginning and the other one 

at the end to match final velocity. The path generated must satisfy all the constraints while 



Chapter 2. Previous Work  

4 
 

minimizing cost function which is the sum of constraints. This method returned path quickly 

with the low cost but it was not an optimal one. There was no guarantee that BOB method 

will always return a path. Counter example scenarios with complex obstacles and structures 

were simulated where BOB method did not gave any solution. However rapidly exploring 

random tree (RRT) method is more flexible than BOB in terms of maneuvers and can do 

several maneuvers to bypass obstacles, especially in the complex scenarios. 

 

Figure 3 RRT vs BOB method, x-y plane 

RRT method is based on growing random trees from initial state to cover all of the search 

space. Original RRT [3] method was adapted to randomly sample not in the state space but in 

the control space. For this purpose at each node a random control input was applied which 

was sampled uniformly in all directions. This sampling strategy grows tree in all direction and 

tree branches are distributed uniformly. However due to nature of the orbit dynamics, in 

plane motion is easier than out of plane motion. For that reason, tree mostly grows around 

the orbit plane. Growing tree explores the whole search space starting from initial state, thus 

whenever tree enters the target region, the path is considered to be “found”. After finding 

the first path it continues to find the other lower cost paths. This method is guaranteed to 

find a path to the target region if there is one. RRT is considered to be offline method, search 

time depends on the search space. 

For simple scenarios RRT solutions converges to the BOB solutions. Figure 3 and Figure 4 

shows simulation results for both methods. In this scenario spherical obstacle was put 

between initial and target states. The cost of RRT solutions were almost always higher than 
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that of BOB. The reason for this is that RRT does several maneuvers using more fuel than BOB. 

Thus RRT method does not return optimal path. RRT is probabilistically complete, which 

means that, if number of samples goes to infinity, then probability of finding an existing 

solution becomes one [4]. The reason why RRT is not optimal is that the paths are not 

modified and the number of branches per node were set to fixed number. The tree grows 

continuously expanding node by node. At each level the number of nodes in the tree increases 

exponentially, which quickly becomes a memory and processing issue. This thesis work is 

meant to improve results of previous work and apply that to the formation reconfiguration. 

 

Figure 4 RRT vs BOB method, x-z plane 

3. Optimization Parameters 

There are several parameters related to the problem described in the Chapter 1. Those can 

be grouped into two categories. Some of the specifications belong to the mission 

requirements, while others can be classified into mission constraints. In the next sections 

those will be discussed in details. 

3.1. Mission Requirements 

Optimization is done on the general formation flying mission. The number of satellites in the 

FFM is not fixed, thus optimization must be suitable for any number of spacecraft. The inter-

satellite distance is usually small being at most in terms of few kms. Generally there are no 
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restrictions in the formation configuration. So it can be composed into any geometrical 

formation in plane or out of plane. 

Also FFM can be in a space where several obstacle are freely floating. Those obstacles are 

required to be checked in the collision avoidance procedure. The initial state of each obstacle 

will be available for the algorithm to compute the future paths when calculating collisions. 

3.2. Mission Constraints 

A number of optimization parameters come from mission constraints. Those can be divided 

into spacecraft and orbit related constraints. Each one of those introduce new inputs to the 

optimization algorithm. Following sections will describe them in detail. 

3.2.1. Spacecraft Constraints 

Type of the spacecraft and its thrusters are important factors affecting solution of the 

optimization problem.  Shape of the spacecraft affects collision and plume impingement 

avoidance constraints in the problem. To simplfy their effect spacecraft model is considered 

as a central body (cubic, cylinderical) which can be encompassed into sphere including safety 

distance into it. So this sphere can be thought as having spacecraft inside it and if nothing 

passes into this sphere, then spacecraft can be considered as safe. This concept is illustrated 

in the Figure 5. In context of this thesis satellites will be considered as a spherical bodies which 

embeddes a safety distance between obstacles. 

 

Figure 5 Satellite in the sphere 

Location of the thrusters on the satellite define in which axes can it be controlled. Instead of 

finding three thrust vectors for each axes, to reduce the search space dimensions, only one 
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thruster is considered in this thesis. To apply random thrust vector, satellite attitude can be 

changed according to thrust vector direction and required magnitude can be applied with one 

thruster. As it was stated that continuous thrust propulsion systems will be used in this thesis, 

several other parameters also emerge from that. The magnitude of the thruster M can be in 

predefined range <Mmin, Mmax> and thruster operation times Ton also can be limited to a range 

of <Tmin, Tmax>. Those parameters must be input by the user to the algorithm.  

3.2.2. Orbit Constraints 

To find global optimal reconfiguration maneuver one must consider several orbit related 

parameters. Satellite’s state in the orbit can be defined by 6 dimensions (3D position and 3D 

velocity). So to find optimal path, for each satellite initial and target 6 states must be defined. 

These states also depend on the maneuver start and finish times. In other words, total 

maneuver time Tm is required to be predefined. Tm cannot be set free because final formation 

configuration is calculated according to this time duration. 

In thesis context orbit of the formation is taken as nearly circular elliptic orbits where well 

known Hill-Clohessy-Wiltshire (HCW) equations can be applied to the orbit dynamics.  

4. Path Optimization Methods 

In recent years advancements in the path planning algorithms took place in the sampling 

based methods. Sampling based path planning algorithms work by sampling in the state space 

and connecting those states with collision free paths. The practical examples are Probabilistic 

Road Maps (PRM) and Rapidly-exploring Random Trees (RRT), which are considered to be 

probabilistic complete.  

Probabilistic Completeness: An algorithm ALGO is probabilistic complete if for any motion 

planning problem where a path χ exists for a given χinit and χgoal states then probability of 

finding it becomes one as number of samples goes to infinity. 

PRM and RRT guarantee to find a path but it is not an optimal one. RRT is more efficient than 

PRM and that was one of the reasons why it was chosen for implementation in the previous 

work. Optimal version of RRT (RRT*) was developed by Karaman et al. 2011 [5]. RRT* provides 

asymptotic optimality. 
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Asymptotic Optimality: An algorithm ALGO is asymptotically optimal if, for any given path 

planning problem (χinit, χgoal) with the cost function where optimal solution χ* with a cost of 

c* exists, then probability of finding optimal solution becomes one as number of samples goes 

to infinity. 

PRM and RRT algorithms require some predefined functions of dynamics in order to solve 

them. There are also other tree based algorithms which do not require much of dynamics and 

work with only forward propagation.  

4.1. RRT* 

An overview of the algorithm is shown in the Table 1.  RRT* samples states and stores them 

in tree format. At each iteration it samples a new state and makes changes to the tree. There 

are several functions involved in the algorithm.  

Sampling: This function randomly samples a state in the obstacle free region of the state 

space. 

Nearest Neighbor: Given tree Ƭ and a state z, it returns nearest node in the tree in terms of 

distance function. 

Distance: Returns cost of the path connecting two states in the tree. 

Collision detection: Checks whether a path lies within obstacle free region. 

InsertNode: Given current tree Ƭ, existing node zp and new sample znew, InsertNode(zp, znew, 

Ƭ) inserts znew  to the tree Ƭ and assigns zp as a parent to the znew . 

Steer: (x, u, T) ← Steer(z1, z2). This function solves and returns control input u: [0, T] and a 

path x which connects two states z1 and z2. 

ChooseParent: Assignment of the parent to the new node is done by evaluating each node in 

the Znear set and the one with the lowest cost is returned as a parent to new node znew. 

Rewire: Given a tree Ƭ and near node set Znear, each node in the set znear is checked whether 

it will less costly to reach that node through going znew, if so then the new parent of znear is 

assigned as znew.  
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Table 1 RRT*  

Algorithm 1: RRT* 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 

Ƭ ← InitializeTree() 
Ƭ ← InsertNode(∅, zinit, Ƭ) 
for i=1 to i=N do 
 zrand ← Sample(i); 
 znearest ← Nearest(Ƭ, zrand); 
 (xnew, unew, Tnew) ← Steer(znearest, zrand); 
 If CollisionFree(xnew) then 
  Znear ← Near(Ƭ, znew, |V|); 
  zmin  ← ChooseParent(Znear, znearest, znew, xnew); 

  Ƭ  ← InsertNode(zmin, znew, Ƭ); 
  Ƭ  ← Rewire(Ƭ, Znear, zmin, znew,); 
 end if 
end for 
return Ƭ 

 

The last two functions ChooseParent() and Rewire() is the main difference between RRT and 

RRT*. ChooseParent() allows to choose the parent which will result in the lowest cost path 

rather than having the closest one as parent node. On the other hand Rewire() procedure 

maintains the tree makes sure that each node in the tree will have the lowest path to the root 

node.  

To sum up the algorithm samples a new random state in the state space, then chooses near 

neighbor set in the tree. It checks in this set each node for potential parent. Then does 

maintenance on this set to have each node the lowest path to the root. Once a new sample 

is randomly sampled in the goal region a path is found. But algorithm continues to find better 

quality paths where cost of the path is also decreasing [6]. 

RRT* is very efficient algorithm in finding optimal path for the robot with given dynamics. 

However the key point regarding the problem described in Chapter 1 is the function Steer(). 

The path returned by this function must also be an optimal one. Thus any given two 6 

dimensional states in the problem we have to find control input which brings first state to the 

second one. In our problem using continuous force thrusters and orbit dynamics there is no 

closed form solution available to solve these problems. So solving Steer() function becomes 

as difficult as the problem itself.  

Additionally Distance() function is also not straight forward in this case. In robotics where 

motion in 2D is required standard Euclidean distance is mostly satisfying function for 
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Distance(), shorter path will have less cost. But in orbital dynamics physical closeness does 

not correlate with less Distance() value. Therefore to find near neighbors is also not so easy 

problem as in the case of Euclidean distance.  

Another difficulty with RRT* is that, it is used in motion planning of body inside the bounded 

region. So the samples are taken from these regions only. However we cannot put strict 

boundaries in the orbit, because optimal path region is not known beforehand. Solution for 

this could be having initial boundaries based covering start and goal states and then at each 

iteration enlarging boundaries with some increasing function. Thus the region will be soft-

bounded and will not be limited to certain region. This modification can decrease efficiency 

of the RRT* because density of the samples will not increase as in the bounded region. 

So having complexity in the Distance() function and unavailability of Steer() function makes 

RRT* not suitable to solve thesis problem. To overcome these problems, other methods were 

investigated, as a result an algorithm which relies only on the forward propagation is 

analyzed. 

4.2. Guided EST 

Path planning algorithms which uses random trees, start to grow tree from initial state until 

goal region or state is included into the tree. Having both initial and goal state in the tree, 

path with the lowest cost can be searched efficiently. Algorithms differ only in the process 

where tree is constructed. In the previous section it was shown that RRT* samples in the state 

space and uses Steer() function to solve for the path. The algorithm developed by Phillips et 

al. 2003 [7] called Guided Expansive Spaces Trees (EST) uses only forward propagation. 

Instead of conventional expansive space trees which explores the whole area, guided EST 

focuses search on the low energy area which leads to the goal configuration. Table 2 describes 

steps for the algorithm. Guided EST randomly samples in the control space and uses forward 

propagation to create new waypoint (WP). Initially tree has only root node which is the 

starting WP. Then at each iteration randomly one WP is chosen from tree by 

ChooseWaypoint() and this WP is expanded by applying random control input in the 

ExpandWaypoint(p). After successful expansion newly created WP is added to the tree which 

will have previously chosen WP as a parent. Add_to_tree(n,p) also attempts to connect new 

WP to the goal state thus completing the path from initial to final configuration. 
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Table 2 Guided Expansive Space Trees 

Algorithm 2: Guided Expansive Space Trees 

1 

2 

3 

4 

5 

for i = 0 to N do 

 p  = ChooseWaypoint(); 

 n = ExpandWaypoint(p); 

 Add_to_tree(n,p); 

end for 

 

ChooseWaypoint(): This method is used to select a candidate WP which will be later 

expanded. In other probabilistic tree expansion techniques WP are chosen randomly in order 

to explore the space. In the potential field method WP is chosen such that total cost is the 

lowest. They don’t explore the whole area but do expand in the target direction. To combine 

best of both weighted probabilistic sampling was utilized in the Guided EST. Each WP was 

assigned by weight which is calculated by Equation (1). There are three terms in the weight; 

order(p) is directly proportional to the order WP is selected, in other words most recent WP 

will have more probability to be picked up. Out_degree(p) determines the number of 

expansions done on the WP. So it will not be stuck in selecting one WP. Finally A*cost is the 

sum of the cost from root to current WP and estimated cost to the goal configuration. 

By assigning weights and choosing randomly based on weighted distribution algorithm will 

not be stuck in local minima and will also explore high cost areas with low probability. A*cost 

term focuses search of the global minimum in the low energy area without exploring the 

whole region. 

The way, the weight is calculated, strongly affects tree structure and efficiency of the 

algorithm to find global optimal solution. 

ExpandWaypoint(p): After selecting WP from the tree, random control input is generated. 

Control space consists of thrust magnitude, direction and operation times. Control space is 

sampled uniformly in all dimensions to create simple discrete control. Generated control 

input is applied to the chosen WP and the configuration after the maneuver is returned as a 

 𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤ℎ𝑡𝑡 =  
𝑜𝑜𝑜𝑜𝑜𝑜𝑤𝑤𝑜𝑜(𝐼𝐼)

𝐴𝐴𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐∗ ∙ 𝑜𝑜𝑜𝑜𝑡𝑡_𝑜𝑜𝑤𝑤𝑤𝑤𝑜𝑜𝑤𝑤𝑤𝑤(𝐼𝐼)
  (1) 
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new WP. The cost and weight can be easily calculated based on the control input and the 

parent WP. 

Add_to_tree(n,p): This function first checks whether path from WP p to n is collision free. 

Then total estimated cost to the goal configuration is calculated for the WP n and it is added 

to the tree as an outbranch of the previously selected WP p. Finally algorithm checks if WP n 

can be connected to the goal configuration, if so and the cost of the path is lowest so far, then 

it will be stored as the best path. 

Guided EST removes the need for the steering function and replaces distance function with 

the cost estimation function. In the paper, Phillips addressed spacecraft rendezvous problem 

with impulsive thrusts. For this case cost estimation was done by BOB method. Estimated cost 

was the sum of the delta V (ΔV) required to reach goal configuration and final mismatch of 

the velocity between actual and goal configuration. With the help of the impulsive thrust 

those can be adjusted and estimated cost can be calculated very easily. However it is not 

straightforward in the continuous thrust mode.  

So for the problem stated in this thesis, guided EST can be adapted to construct a tree for 

each satellite in the formation. Each tree will focus on finding optimal path for its satellite 

while also checking for collision and plume impingement. If for any maneuver those 

constraints will not be satisfied, that maneuver can be discarded and algorithm will continue 

to search for better paths. The nature of the algorithm will prevent trees from being stuck in 

local minima.  For example, if the two satellites have their individual optimal paths crossing 

and there is a collision detected, then the global optimal maneuvers for both of the satellites 

will be those bypassing collision area. Guided EST provides this functionality when several 

trees are constructed in close proximity.  

Next chapter will deeply discuss the modifications made to the Guided EST algorithm to adapt 

to the constraints and dynamics given in this problem.  

5. Global Optimal Reconfiguration of the FFM 

This chapter will discuss all the work conducted in this thesis. Being the main chapter of the 

thesis, it will summarize the problem definition, show the dynamics used in problem solving. 

Also control mechanism and adaptations made to the original algorithm will be discussed in 
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detail. Several changes were made to the algorithm in order to efficiently solve the problem 

without disturbing the asymptotic optimality guarantees. Originally algorithm was developed 

for single spacecraft maneuvers, however in this work it was modified to account for multiple 

spacecraft doing maneuvers while avoiding collisions and other maneuver restricting 

constraints. At the end implementation of the algorithm will be given in details. 

5.1. Problem Restatement 

This section will briefly summarize problem statement by listing all constraints and 

assumptions for easiness of further referencing. As discussed earlier, objective of the thesis 

is to provide global optimal reconfiguration maneuver for the formation flying missions 

considering fuel consumption, collision avoidance and plume impingement. FFMs must utilize 

continuous thrust propulsion systems such as electrical propulsion and they will orbit nearly 

circular low earth orbits. To simplify the problem any orbit related perturbations such as 

atmospheric drag, non-symmetric gravitational model are to be neglected. However 

algorithm must account for the obstacles which are passively floating around. Reconfiguration 

maneuver must be completed in the given time. At the end of the maneuver, each spacecraft 

must be in their final configuration. All constraints are enumerated in Table 1. 

Table 3 Problem constraints 

№ Constraints 

1.  Fuel consumption optimization 

2.  Collision avoidance 

3.  Plume impingement avoidance 

4.  Continuous thrust orbit control 

5.  Nearly circular orbits 

6.  Obstacles nearby 

7.  Fixed maneuver time 

 

Spacecraft model is assumed to be a simple rigid body as cube or sphere. Each spacecraft is 3 

axis stabilized and has only one thruster. So in order to have thrust in any direction first 

spacecraft does rotation maneuver using attitude controllers to align thruster in correct 

direction and fires required amount thrust. To be more realistic, thrust magnitude and 
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operation duration are bounded to a predefined range, depending on the spacecraft. 

Assumptions are summarized in Table 4. 

Table 4 Assumptions made in problem solution 

№ Assumptions 

1.  No perturbations 

2.  Simple rigid body 

3.  Single and realistic thruster 

 

5.2. Dynamics 

Local vertical local horizon (LVLH) reference frame is best suited to present relative motion of 

the spacecraft. Figure 6 illustrates one example of this reference frame, some sources also 

call it Hill frame, where mostly Hill-Clohessy-Wiltshire equations are used to give relative 

dynamics of the spacecraft.  

 

Figure 6 LVLH frame 

In the LVLH system shown in Figure 6, 𝑥𝑥� axis points outwards from central body, completing 

radius vector, 𝑦𝑦� axis follows the velocity vector of the spacecraft, while �̂�𝑧 axis completes right 

hand rule. Similar reference frames are also used, but they only change axis directions 

resulting in small changes in the equations of the dynamics.  

HCW equations were derived based on two assumptions [8]: 

- Reference frame is located on the circular orbit 
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- Baseline between spacecraft is much smaller than the orbit radius of the reference 

frame 

Force free variant of HCW equations is shown in (2), where 𝑛𝑛 =  �𝜇𝜇 𝑎𝑎3⁄ . These are derived 

using reference frame described above. Here 𝜇𝜇 is gravitational constant of the central body 

and 𝑎𝑎 is the radius of the orbit. 

The problem is constrained to nearly circular orbits, meaning that orbits can be circular or 

elliptic with very little eccentricity. This condition partly satisfies assumptions made in HCW. 

Baseline of the formation is set to be small in the problem definition, however spacecraft can 

be in slightly elliptic orbits which prevents us using HCW equations directly. To overcome this 

problem virtual chief method can be used which will satisfy both assumptions of HCW. 

Virtual chief: This method is mostly used in rendezvous and docking problems. If target 

satellite and servicing satellite are both in the elliptic orbits then reference frame can be taken 

in circular orbit which is the closest to the target spacecraft’s orbit. After that both spacecraft 

motions can be translated according to the circular reference frame orbit [9]. In case of the 

formation flying in nearly circular orbits, it is possible to select reference frame orbit which is 

the circular version of the formation orbit. Then all spacecraft motions can be represented in 

that frame. Thus virtual chief method becomes virtual center method which is located on the 

circular orbit. The reference frame orbit can be chosen such that relative spacecraft distances 

will remain much less than orbit radius. As a result both conditions for the HCW equation will 

be satisfied if the formation orbit remains close to the reference circular orbit. 

5.2.1. Control 

To control spacecraft orbit simple maneuver model is required. This model must also be a 

building block for complex maneuvers. For this purpose, consequence of the simple thrust 

firings are proposed. Figure 7 illustrates an example model.  

Each maneuver will consist of one thrust firing with the magnitude M in the predefined range, 

firing for T_on duration and turning off for T_off duration. While magnitude can be any value, 

     �̈�𝑥 = 3𝑛𝑛2𝑥𝑥 + 2𝑛𝑛�̇�𝑦 

    �̈�𝑦 =  −2𝑛𝑛�̇�𝑥 

    �̈�𝑧 =  −𝑛𝑛2𝑧𝑧 

(2) 
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it will stay constant during each maneuver. Also thrust direction will remain constant during 

maneuver. T_off can be set from zero to maximum of maneuver duration. 

 

Figure 7 Control model 

This way any kind of complex maneuver can be modelled with the help of series of on-off 

thrust firings. This simplification in the control of the spacecraft decreases search dimensions 

in the optimization problem. It will be enough to find series of these simple maneuvers called 

step maneuver further in this thesis. 

Step maneuver: Each step maneuver consists of on thrust firing with constant magnitude and 

direction for the duration of T_on and then drifting without any control force for the period 

of T_off. 

5.2.2. Forward Propagation 

In this section necessary equations of the state transitions are derived. No force solution of 

(2) is given in (3). Motion in �⃗�𝑥 and �⃗�𝑦 are coupled and called in-plane while along 𝑧𝑧 it is pure 

oscillatory out-of-plane motion. 

 𝑥𝑥(𝑡𝑡) =   (4 − 3 cos𝑛𝑛𝑡𝑡)𝑥𝑥0 +
sin𝑛𝑛𝑡𝑡
𝑛𝑛

�̇�𝑥0 +
2
𝑛𝑛

(1 − cos𝑛𝑛𝑡𝑡)�̇�𝑦0 

𝑦𝑦(𝑡𝑡) = 6(sin𝑛𝑛𝑡𝑡 − 𝑛𝑛𝑡𝑡)𝑥𝑥0 + 𝑦𝑦0 −
2
𝑛𝑛

(1 − cos𝑛𝑛𝑡𝑡)�̇�𝑥0 +
4 sin𝑛𝑛𝑡𝑡 − 3𝑛𝑛𝑡𝑡

𝑛𝑛
�̇�𝑦0 

𝑧𝑧(𝑡𝑡) = 𝑧𝑧0 cos𝑛𝑛𝑡𝑡 +
�̇�𝑧0
𝑛𝑛

sin𝑛𝑛𝑡𝑡 

(3) 



Chapter 5. Global Optimal Reconfiguration of the FFM  

17 
 

Time evolution of the velocities can be obtained by first derivative of the positional parts in 

(3). If the state of the spacecraft is defined like in (4), 

 

𝑆𝑆 =  

⎝

⎜⎜
⎛

𝑥𝑥
𝑦𝑦
𝑧𝑧
�̇�𝑥
�̇�𝑦
�̇�𝑧⎠

⎟⎟
⎞

 (4) 

Then state transition matrix is given as in (5), 

State transition matrix can be simple represented by (6), 

 𝑆𝑆(𝑡𝑡) = 𝐴𝐴(𝑡𝑡) ∙ 𝑆𝑆0 (6) 

Where, 

Time varying matrix 𝐴𝐴(𝑡𝑡), which is also called propagation matrix, can be used to drift satellite 

for a given period without any control forces. To account for external control forces, they 

have to be added to right side of (2), 

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

𝑥𝑥(𝑡𝑡)

𝑦𝑦(𝑡𝑡)

𝑧𝑧(𝑡𝑡)

�̇�𝑥(𝑡𝑡)

�̇�𝑦(𝑡𝑡)

�̇�𝑧(𝑡𝑡)⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

=

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

4 − 3 cos 𝑛𝑛𝑡𝑡 0 0
sin𝑛𝑛𝑡𝑡
𝑛𝑛

2(1 − cos𝑛𝑛𝑡𝑡)
𝑛𝑛

0

6(sin𝑛𝑛𝑡𝑡 − 𝑛𝑛𝑡𝑡) 1 0 −
2(1 − cos𝑛𝑛𝑡𝑡)

𝑛𝑛
4 sin 𝑛𝑛𝑡𝑡 − 3𝑛𝑛𝑡𝑡

𝑛𝑛
0

0 0 cos𝑛𝑛𝑡𝑡 0 0
sin𝑛𝑛𝑡𝑡
𝑛𝑛

3𝑛𝑛 sin 𝑛𝑛𝑡𝑡 0 0 cos𝑛𝑛𝑡𝑡 2 sin 𝑛𝑛𝑡𝑡 0

−6𝑛𝑛(1 − cos𝑛𝑛𝑡𝑡) 0 0 −2 sin𝑛𝑛𝑡𝑡 4 cos𝑛𝑛𝑡𝑡 − 3 0

0 0 −𝑛𝑛 sin𝑛𝑛𝑡𝑡 0 0 cos 𝑛𝑛𝑡𝑡⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

𝑥𝑥0

𝑦𝑦0

𝑧𝑧0

�̇�𝑥𝑐𝑐

�̇�𝑦0

�̇�𝑧0⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

 (5) 

 

𝐴𝐴(𝑡𝑡) =  

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

4 − 3 cos 𝑛𝑛𝑡𝑡 0 0
sin 𝑛𝑛𝑡𝑡
𝑛𝑛

2(1 − cos 𝑛𝑛𝑡𝑡)
𝑛𝑛

0

6(sin 𝑛𝑛𝑡𝑡 − 𝑛𝑛𝑡𝑡) 1 0 −
2(1 − cos𝑛𝑛𝑡𝑡)

𝑛𝑛
4 sin𝑛𝑛𝑡𝑡 − 3𝑛𝑛𝑡𝑡

𝑛𝑛
0

0 0 cos𝑛𝑛𝑡𝑡 0 0
sin𝑛𝑛𝑡𝑡
𝑛𝑛

3𝑛𝑛 sin𝑛𝑛𝑡𝑡 0 0 cos𝑛𝑛𝑡𝑡 2 sin𝑛𝑛𝑡𝑡 0

−6𝑛𝑛(1 − cos𝑛𝑛𝑡𝑡) 0 0 −2 sin 𝑛𝑛𝑡𝑡 4 cos𝑛𝑛𝑡𝑡 − 3 0

0 0 −𝑛𝑛 sin 𝑛𝑛𝑡𝑡 0 0 cos 𝑛𝑛𝑡𝑡⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

 (7) 

   �̈�𝑥 − 3𝑛𝑛2𝑥𝑥 − 2𝑛𝑛�̇�𝑦 = 𝑈𝑈𝑥𝑥 

  �̈�𝑦 + 2𝑛𝑛�̇�𝑥 = 𝑈𝑈𝑦𝑦 

  �̈�𝑧 + 𝑛𝑛2𝑧𝑧 = 𝑈𝑈𝑧𝑧 

where  𝑈𝑈��⃗ = �
𝑈𝑈𝑥𝑥
𝑈𝑈𝑦𝑦
𝑈𝑈𝑧𝑧
� (8) 



Chapter 5. Global Optimal Reconfiguration of the FFM  

18 
 

Here 𝑈𝑈��⃗  is acceleration vector applied to the spacecraft. From 5.2.1, it is assumed that applied 

thrust magnitude and direction remains constant and so does the acceleration vector 𝑈𝑈��⃗ . 

Using these assumptions closed form solution for forced motion can be obtained by Laplace 

transformation. 

There are two parts in the (9), homogenous solution and force related part. After substituting 

force-free solution, (9) is rewritten in (10), 

Again time variation of the velocity part can be obtained using first derivative in (9). Solutions 

are further simplified in (11), where 𝐴𝐴(𝑡𝑡) is propagation matrix shown in (7), while 𝐵𝐵(𝑡𝑡) is 

given in (12), 

 
𝑥𝑥(𝑡𝑡) =   (4 − 3 cos 𝑛𝑛𝑡𝑡)𝑥𝑥0 +

sin 𝑛𝑛𝑡𝑡
𝑛𝑛

𝑥𝑥0̇ +
2
𝑛𝑛

(1 − cos 𝑛𝑛𝑡𝑡)𝑦𝑦0̇ +
1 − cos 𝑛𝑛𝑡𝑡

𝑛𝑛2
𝑈𝑈𝑥𝑥 +

2(𝑡𝑡 − sin𝑛𝑛𝑡𝑡
𝑛𝑛 )

𝑛𝑛
𝑈𝑈𝑦𝑦  

𝑦𝑦(𝑡𝑡) = 6(sin 𝑛𝑛𝑡𝑡 − 𝑛𝑛𝑡𝑡)𝑥𝑥0 + 𝑦𝑦0 −
2
𝑛𝑛

(1 − cos𝑛𝑛𝑡𝑡)𝑥𝑥0̇ +
4 sin𝑛𝑛𝑡𝑡 − 3𝑛𝑛𝑡𝑡

𝑛𝑛
𝑦𝑦0̇ −

2 �𝑡𝑡 − sin𝑛𝑛𝑡𝑡
𝑛𝑛 �

𝑛𝑛
𝑈𝑈𝑥𝑥     

+ �
4
𝑛𝑛2

(1 − cos𝑛𝑛𝑡𝑡) −
3
2
𝑡𝑡2�𝑈𝑈𝑦𝑦  

𝑧𝑧(𝑡𝑡) = 𝑧𝑧0 cos𝑛𝑛𝑡𝑡 +
𝑧𝑧�̇�𝑐
𝑛𝑛

sin𝑛𝑛𝑡𝑡 +
1 − cos 𝑛𝑛𝑡𝑡

𝑛𝑛2
𝑈𝑈𝑧𝑧 

(9) 

 
𝑥𝑥(𝑡𝑡) =   𝑋𝑋𝐻𝐻(𝑡𝑡) +

1 − cos 𝑛𝑛𝑡𝑡
𝑛𝑛2

𝑈𝑈𝑥𝑥 +
2(𝑡𝑡 − sin 𝑛𝑛𝑡𝑡

𝑛𝑛 )
𝑛𝑛

𝑈𝑈𝑦𝑦 

𝑦𝑦(𝑡𝑡) = 𝑌𝑌𝐻𝐻(𝑡𝑡) −
2 �𝑡𝑡 − sin𝑛𝑛𝑡𝑡

𝑛𝑛 �
𝑛𝑛

𝑈𝑈𝑥𝑥     + �
4
𝑛𝑛2

(1 − cos𝑛𝑛𝑡𝑡) −
3
2
𝑡𝑡2�𝑈𝑈𝑦𝑦 

𝑧𝑧(𝑡𝑡) = 𝑍𝑍𝐻𝐻(𝑡𝑡) +
1 − cos 𝑛𝑛𝑡𝑡

𝑛𝑛2
𝑈𝑈𝑧𝑧 

(10) 

 𝑆𝑆(𝑡𝑡) = 𝐴𝐴(𝑡𝑡) ∙ 𝑆𝑆0 + 𝐵𝐵(𝑡𝑡) ∙ 𝑈𝑈 (11) 

 

𝐵𝐵(𝑡𝑡) =

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

1 − cos 𝑛𝑛𝑡𝑡
𝑛𝑛2

2 �𝑡𝑡 − sin𝑛𝑛𝑡𝑡
𝑛𝑛 �

𝑛𝑛
0

−
2 �𝑡𝑡 − sin𝑛𝑛𝑡𝑡

𝑛𝑛 �
𝑛𝑛

�
4
𝑛𝑛2

(1 − cos𝑛𝑛𝑡𝑡) −
3
2
𝑡𝑡2� 0

0 0
1 − cos𝑛𝑛𝑡𝑡

𝑛𝑛2
sin𝑛𝑛𝑡𝑡
𝑛𝑛

2(1 − cos𝑛𝑛𝑡𝑡)
𝑛𝑛

0

−2(1 − cos𝑛𝑛𝑡𝑡)
𝑛𝑛

4 sin 𝑛𝑛𝑡𝑡
𝑛𝑛

− 3𝑡𝑡 0

0 0
sin𝑛𝑛𝑡𝑡
𝑛𝑛 ⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

 (12) 
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In the context of the thesis 𝐵𝐵(𝑡𝑡) will be called force propagation matrix and it also is time 

varying as 𝐴𝐴(𝑡𝑡). For force free motion of the spacecraft (6) can be used by inputting time and 

initial conditions. If there is any thrust firing, then (11) can be utilized which needs the time 

period where thruster is operating and the acceleration vector. Considering control model 

described in section 5.2.1 and example step maneuver in Figure 8, state propagations can be 

computed using equations in (13).  

 

Figure 8 Step maneuver 

Here initial states 𝑆𝑆0 are drifted and force propagation is added to get state  𝑆𝑆(𝑡𝑡1) at time 𝑡𝑡1. 

Then these states are drifted again for (𝑡𝑡2 − 𝑡𝑡1) period. At the end 𝑆𝑆(𝑡𝑡2) defines spacecraft 

state after finishing step maneuver at 𝑡𝑡2. 

5.3. Guided EST Adaptations 

Original guided EST (GEST) was used for the spacecraft rendezvous and docking maneuver 

optimization. The main change to the GEST is done by changing impulsive thrust to continuous 

thrust (CT) system. This modification significantly alters equations of motion. In case of 

impulsive thrust, cost estimation was done with BOB method where final configuration was 

achieved in two thrust firing. However CT does not allow for such approximate maneuvers 

resulting with no closed form solution for reaching exact configuration at any point during the 

maneuver. It also brings necessity to alter cost estimation method used in original algorithm 

since BOB method is meant for impulsive thrust maneuvers and cannot be applied to CT.  

 𝑆𝑆(𝑡𝑡1) = 𝐴𝐴(𝑡𝑡1) ∙ 𝑆𝑆0 + 𝐵𝐵(𝑡𝑡1) ∙ 𝑈𝑈 

𝑆𝑆(𝑡𝑡2) = 𝐴𝐴(𝑡𝑡2 − 𝑡𝑡1) ∙ 𝑆𝑆(𝑡𝑡1) 
(13) 
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Furthermore, changing cost estimate method will affect weight calculation of WPs. There is 

𝐴𝐴𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐∗  term in the denominator of the weight. It is the sum of the cost from the root and cost 

estimate to the target configuration. As already mentioned weight is very important factor in 

tree evolution. Weight determines the direction of the tree growth. That is why the effect of 

the new cost estimation method is investigated deeply to optimize search area exploration. 

5.3.1. Cost Estimation 

To recall BOB method, it was used to estimate cost of reaching exact configuration from a 

given state. The original GEST algorithm used ΔV notation as the cost parameter. For 

impulsive maneuvers applied ΔV is directly proportional to propellant mass used and the 

output of the BOB cost estimation was sum of the two ΔVs, one to reach the goal position and 

another one to match the goal velocity. However continuous force thrusters do not have 

linear relationship in thrust versus propellant mass characteristics. For this purpose ΔV 

notation must be changed to propellant mass. Consumed propellant mass is also one of the 

optimization parameters. So both cost of the path from the root and cost estimate must be 

calculated in terms of the used propellant mass. 

Cost of the path from root node to current node can be easily calculated when applied control 

inputs and mass to thrust force characteristics are available. At the end each node will have 

cost of the path from root to itself stored in it. 

Cost estimation to the target configuration must be carefully selected to be close to the actual 

cost. For that purpose, an approach similar to BOB method is used. Firstly, thrust vector is 

calculated which will take spacecraft from current configuration to the target position. 

Required propellant mass for this maneuver is the first part of the cost estimation. Then at 

the target position difference between actual and target velocities are converted to mass. For 

this conversion orbital dynamics are approximated to linear motion, where  

relationship is used. Here 𝑡𝑡 stands for time, 𝑜𝑜𝑑𝑑 is velocity difference and 𝑈𝑈 stands for 

acceleration. 𝑈𝑈 is the average thruster acceleration which can be extracted from the thruster 

profile. With the help of (14), 𝑡𝑡 is calculated. To account for the fuel mass, 𝑡𝑡 and 𝑈𝑈 are 

converted to the propellant mass according to thrust vs. propellant mass characteristics. This 

 𝑡𝑡 =  𝑜𝑜𝑑𝑑 𝑈𝑈⁄  (14) 
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approach is similar to BOB method except approximation done for the impulsive maneuvers. 

In case of CT, ΔV is not applied instantenously, but its accumulated over time. As it is required 

to estimate approximate cost, not actual cost, the approximations done by this method 

quickly estimates cost to the target configuration.  

5.3.2. Evolution of the Tree 

The direction in which tree explores the search space is mainly controlled by the weights 

assigned to each WP in the tree. Expanding WPs are selected based on these weights. The 

most efficient way of the optimization is achieved by making the tree to explore the whole 

low energy area between initial and target configurations. In order to accomplish such 

characteristics Equation (1) must be carefully analyzed. The most important part in the weight 

calculation is the 𝐴𝐴𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐∗ . It is the sum of the cost from root and cost estimate. As the goal is to 

find cost minimum path, 𝐴𝐴𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐∗  must be dominant in the weight. The out_degree(p) parameter 

is there to limit expanding the same WP. So a slowly increasing function such as logarithmic 

one can be used. It will start from 1 and logarithmically increase towards infinity as number 

of the expansions done on current WP is increasing. Order(p) parameter was used in the 

original paper, to mostly select recent WPs to expand. However, several case scenarios were 

tested in the scope of this thesis on order(p) parameter. It was revealed that when increasing 

function was used for this parameter, tree tends to grow mostly in the target area while 

having a few branches near initial configuration. On the other hand, decreasing function 

explores the initial region very well while poorly covering the area towards target.  

This characteristics is obvious from weight calculations. Increasing function in the order(p) 

quickly makes it dominant in the weight calculation. Thus tree grows into target area very fast 

and for the rest of the time, remains there exploring that area. As the result part of the low 

energy area close to the initial region remains poorly explored. This poor development of the 

tree near initial configuration, decreases efficiency of the optimization process.  

In the case of the decreasing function in the order(p), recent WPs will have less weight than 

first few WPs when their 𝐴𝐴𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐∗   are close to each other. Thus this will mostly give preference 

to expand WPs created in the beginning rather than expanding newly created better WPs. As 

a result, tree will mostly remain near the initial configuration and with less probability will 

grow to the target region. Here again efficiency of the optimization will decrease significantly. 
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Considering declines in the efficiency when using increasing or decreasing order(p) 

parameter, the best way to explore equally the whole low energy area between initial and 

target regions, is to have order(p) equal to constant. In the implementation order(p) 

parameter was replaced with “1”. New weight function is described in Equation (15) where 𝑛𝑛 

is number of expansions done on the WP.  

By making these changes, tree will mostly be in the low energy area between initial and target 

configurations. The distributions of the tree in this area will be close to the uniform 

distribution. 

5.3.3. Connecting to Target Configuration 

Up to now, algorithm was adapted to grow tree and explore towards target area. But reaching 

exact target configuration remains as open problem. In contrary to impulsive maneuvers, 

where any state can be acquired with two thrust firing (BOB), dynamics for the continuous 

thrust maneuver does not provide closed form solution for such maneuvers. Tree generated 

by the algorithm is the combination of the branches where each of them is single step 

maneuver. It is reasonable to have final optimized path also as the integration of the step 

maneuvers. Also any general maneuver can be represented with step maneuvers. So to reach 

goal configuration exactly, it is required to find last step maneuver to complete the path. 

Looking back to dynamics of the step maneuver (13), nonlinearity of the equations and having 

bounds on the parameters makes it impossible to solve for closed form solution. Also there is 

no guarantee that all the six states of the target configuration can be reached with the step 

maneuver. However, by applying search based solution, it is possible to find step maneuver 

resulting in the closest state to the target configuration. 

Figure 9 illustrates example step maneuver to connect to target configuration (T) from current 

WP (C). Remaining time for the maneuver in the current WP defines total time for the last 

step maneuver. There are 4 equations: three position equations from (13) for target position 

and remaining time equation shown in Figure 9. However unknowns from (13) are five: 𝑈𝑈��⃗  

vector, 𝑡𝑡1 and 𝑡𝑡2. By choosing one of them as free variable, search can be conducted to find 

which combination of the inputs returns closest target configuration. If the resolution of the 

 𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤ℎ𝑡𝑡 =  
1

𝐴𝐴𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐∗ ∙ (1 + log𝑛𝑛)
  (15) 
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free variable is kept reasonable small, then found final configuration will be very close to 

actual target configuration. 

 

Figure 9 Target connecting maneuver 

To finish the path each new generated WP is tested, if it can be connected to target state 

better than previously selected best path. In that way search is responsible for both, to find a 

path which reaches very close to the target configuration and also to optimize the path 

considering all constraints introduced in the problem.  

5.3.4. Multiple Guided EST 

Original paper used GEST algorithm only for one spacecraft. But the nature of the algorithm 

does not limit it to only one spacecraft. Algorithm itself develops tree using forward 

propagation and each branch in the tree are checked against constraints. If any of the 

constraints fails, then new branch is not added to the tree. In the similar way multiple 

spacecraft can also be checked against constraints. To adapt GEST algorithm for the FFM, a 

tree per spacecraft is constructed. It is sufficient to add checking of the collision detection and 

the plume impingement avoidance with other satellites in the formation. These additional 

steps to the original algorithm are performed at each branch generation. To check for the 

collision with other spacecraft and plume impingement, it is necessary to know the location 

of other spacecraft. As the algorithm will always have the current best path for each satellite, 

this information can be used to extract location of the spacecraft at any exact time.  That is 

to say when finding a new best path for the satellite it will be checked against the other 

spacecraft’s current best paths. So at any time, each spacecraft will have the best path where 

each of them will satisfy the satellite collision and the plume impingement avoidance in 

addition to other constraints. With this changes GEST algorithm can easily be applied to FFM 

to optimize any reconfiguration maneuver. 
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5.4. Implementation 

The adapted version of the GEST was implemented using C++ in QT framework developed by 

Julian Scharnagl. Following sections discuss in detail the implementation and how 

encountered problems were solved to make algorithm run efficiently. 

Steps described in the Table 2 are followed at each iteration of the algorithm. Contrary to 

single spacecraft tree, this time at each iteration those steps in the algorithm are repeated 

for each spacecraft in the formation. So after each iteration new WP is generated for each 

spacecraft and it is checked whether new branch in the tree satisfies constraints.  

Usually formation structure, where several spacecraft are involved, are made of a symmetric 

geometry. Thus reconfiguration maneuvers can also be symmetric. Another characteristics of 

the random tree generations is that sometimes better solution could be found very fast. In 

case of several spacecraft doing symmetric maneuvers, some of them can get low cost paths 

faster than the others. By using this information it is possible to further optimize search 

process. Instead of running algorithm on each satellite in every iteration, it can be balanced 

to randomly select one satellite each time. Spacecraft will be sampled based on the cost 

weighted distribution. This will result mostly selecting the one with higher cost and spending 

effort on finding lower cost path for that satellite. This will reduce algorithm run time by the 

number of the satellites on average. This functionality is included in the implementation as 

option for the symmetric maneuvers. 

5.4.1. Selection of the WP 

WPs are randomly chosen based on the weighted distribution. The efficient way of doing it is 

by using max-heap like array to hold weights of the WPs. After choosing WP, the new weight 

has to be calculated because, this WP will be expanded later. So in the weight calculation (1) 

out_degree(p) requires to be updated based on the selected function. As discussed in Section 

5.3.2 out_degree(p) is represented by slowly increasing logarithmic function, such as the one 

in equation (16) where expansion is the number of times WP is selected for the expansion. 

 After changing out_degree(p) parameter the array containing weights needs to be updated 

in order to maintain max-heap data structure. 

 𝑜𝑜𝑜𝑜𝑡𝑡_𝑜𝑜𝑤𝑤𝑤𝑤𝑜𝑜𝑤𝑤𝑤𝑤(𝐼𝐼) =  1 + log(𝑤𝑤𝑥𝑥𝐼𝐼𝑎𝑎𝑛𝑛𝐼𝐼𝑤𝑤𝑜𝑜𝑛𝑛)  (16) 
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5.4.2. Expansion of the WP 

When the first step of the GEST algorithm is finished, selected WP is passed to the second 

step for the expansion. If the current WP has already used all the time required for the 

maneuver, then there is no need for the expansion and by assigning maximum cost to it, it 

will be algorithmically removed from further selections. However when there is still time left 

on this WP, then random step maneuver is generated. To accomplish that unit vector is 

randomly formed based on uniform distribution. This vector is transformed into thrust vector 

by multiplying it with the thrust range. Maneuver times are also sampled from uniform 

distribution. The end of the step maneuver defines position and velocity of the new WP and 

the trajectory followed from parent WP determines the path. After checking all the 

constraints, if the path to the new WP fails any of the constraints then it is discarded at this 

step and is not forwarded to the next step. On the other hand if all constraints are satisfied 

then new WP is successfully generated and cost is assigned to it. At this step new WP is ready 

to be added to the tree. 

5.4.3. Addition to the Tree 

Third step in the GEST algorithm is the addition of the newly generated WP to the tree. After 

generating new WP and fulfilling all the constraints, it is added to the tree while previously 

selected WP is assigned as parent to it. This also requires new WP to be added to max-heap 

data structure for the first step of the GEST algorithm.  

When new WP is generated, the weight for it is calculated and added to max-heap array. Here, 

as described in Section 5.3.2, order(p) is replaced with “1”. Other two parameters in the 

weight are calculated straightforwardly; out_degree(p) is also equal to 1, while 𝐴𝐴𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐∗  is just 

sum of cost and cost estimate. After adding it to the heap array, it is maintained to be max-

heap. 

This step also encompasses another most important step of the algorithm. Till now GEST tries 

to explore space towards target configuration. To complete path it is required to reach target 

configuration. This step also tries to connect the new WP to the target state. For the 

connection, it is checked whether new WP connects to target state when it is drifted without 

any thrust till the maneuver time is out. After this, search based solution described in the 

Section 5.3.3 is applied. These steps are performed on each generated new WPs. As this 
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method does not connect exactly to target configuration, newly formed WPs are called target 

candidates.  

5.4.4. Target Candidates 

Connection of the WP to the target configuration is crucial and path completing step of the 

algorithm. Thus it is necessary to carefully select methods utilized in the connection process. 

Target configuration itself defines initial state for the future path of each individual spacecraft 

in the formation. Therefore it is necessary to be as closer as possible to target state to keep 

further integrity of the formation. There are mainly two factors concerning the target 

candidate. One is the cost of the path and the other one is how “close” it is to the target 

configuration.  

Cost of the path is already calculated up to now and does not need any further modifications. 

However “closeness” to the target configuration is essential. Only position and velocity of the 

target configuration are considered for the closeness. Usually in path planning problems 

closeness is defined by Euclidean distance between states. This method is used in static 

environments. But the problem dealt here contains differential constraint dynamics. This 

means that, slight difference in at least one of the states could result in completely different 

future path. For example, slight difference in the along-track velocity will result in drift motion 

which is mostly undesirable in keeping the formation. Most usual formation configurations 

involve periodic motion of the spacecraft where they keep inter-satellite distance within some 

range. So here “closeness” is determined mostly by mission related aspects rather than 

physical proximity. At this point it is logical to call it orbital closeness. If elliptical relative orbit 

is considered as an example formation mission of two spacecraft, then it will be reasonable 

to have slightly different elliptical motion and even with small oscillations in out-of-plane 

motion rather than having drifting motion between spacecraft which will result in always 

increasing relative distance. 

So to find orbital close target candidates Euclidean distance is not enough. Another cost 

function is formed to include other necessary parts satisfying orbital closeness. This function 

will have the cost of the path up to now, Euclidean distance and “future distance”. Because 

the motions in the formation are periodic, one can easily check integrity of the formation by 

calculating future paths of the spacecraft. Ideally after N orbit periods, where N is any positive 
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integer number, the spacecraft must be at the same state in LVLH reference system. By 

utilizing this information “future distance” can be defined as how far is the spacecraft after N 

orbit periods compared to the target position. After including all described terms new cost 

function is formed in (17). 

It is used in the selection of the target candidates. This cost function needs to be balanced in 

order to optimize search process. If the ideal case is examined, where target candidate 

matches target exactly, then Euclidean and future distance both will be zero. This will leave 

only cost of the path for the optimization. On the other hand if N term in the future distance 

is kept large (e.g., >10), any difference between target candidate and actual goal states which 

results in drifting motion will drastically increase future distance and thus cost of the target 

candidate. This will filter out all target candidates which are not likely to be close to the target 

configuration. With the help of this selective cost function the algorithm will tend to connect 

to target states smartly. It will prefer target candidates which will follow almost the same path 

as the required goal configuration. 

5.4.5. Cost Function 

At each new WP generation, a cost is assigned to it. This cost is the sum of parent’s cost and 

cost of the new path connecting parent to its new child. Also newly generated path must 

satisfy all the constraints defined in Table 3. However the “quality of satisfaction” will differ 

from path to path. For instance, some paths will bypass obstacles very closely, while others 

will be completely in obstacle free region. Also in terms of fuel consumption, they must be 

differentiated according to spent propellant mass. Considering the quality of the path, a cost 

function accounting for all these quality related issues is introduced. It will represent a value 

which is a sum of the main constraints in the Table 3, namely fuel consumption (F), collision 

(C) and plume impingement (P) avoidance (18). 

Fuel consumption: As described before in Section 5.3.1, fuel consumption is represented in 

terms of spent propellant mass. For each step maneuver applied, from the control input it is 

 𝐶𝐶𝑜𝑜𝐼𝐼𝑡𝑡𝑐𝑐𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑐𝑐 𝑐𝑐𝑡𝑡𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡𝑐𝑐𝑡𝑡 = 𝐶𝐶𝑜𝑜𝐼𝐼𝑡𝑡𝑝𝑝𝑡𝑡𝑐𝑐ℎ + 𝐸𝐸𝑜𝑜𝐸𝐸𝐸𝐸𝑤𝑤𝑜𝑜𝑤𝑤𝑎𝑎𝑛𝑛.𝑜𝑜𝑤𝑤𝐼𝐼𝑡𝑡𝑎𝑎𝑛𝑛𝐸𝐸𝑤𝑤 + 𝑓𝑓𝑜𝑜𝑡𝑡𝑜𝑜𝑜𝑜𝑤𝑤.𝑜𝑜𝑤𝑤𝐼𝐼𝑡𝑡𝑎𝑎𝑛𝑛𝐸𝐸𝑤𝑤 (17) 

 𝐶𝐶𝑜𝑜𝐼𝐼𝑡𝑡𝑝𝑝𝑡𝑡𝑐𝑐ℎ = 𝐹𝐹 + 𝐶𝐶 + 𝑃𝑃 (18) 



Chapter 5. Global Optimal Reconfiguration of the FFM  

28 
 

necessary to calculate consumed propellant mass. This value can be stored in each WP and it 

can be used when calculating cost of the last branch. 

Collision avoidance: It is necessary to differentiate paths in order of the closeness to the 

obstacles and other satellites. Just making binary statement whether there is a collision or 

not will result in poor qualification. For example, even if there is no collision, the path that 

comes as near as a few meters to the obstacle will fall into the same category as the one 

which continuously moves away from the obstacles. It is reasonable to introduce some kind 

of function to assign individual values for each path in terms of how safe they are. The value 

of the function must be inversely proportional to the distance from the obstacles. It is 

necessary to include safety distance (discussed in Section 3.2.1) here. When the distance to 

the obstacle is equal or less than safety distance then collision is detected and maximum cost 

is assigned to WP. This path will be eliminated later in the algorithm. A simple example for 

the collision detection function is given in (19). 

 

Figure 10 Safety function 

As seen from Figure 10, the value of the collision detection function (19) quickly decreases to 

near zero values. It also increases towards infinity when the distance between objects 

becomes dangerous.  

 𝐶𝐶𝑜𝑜𝐸𝐸𝐸𝐸𝑤𝑤𝐼𝐼𝑤𝑤𝑜𝑜𝑛𝑛 =  
1

(𝑜𝑜𝑤𝑤𝐼𝐼𝑡𝑡𝑎𝑎𝑛𝑛𝐸𝐸𝑤𝑤𝑐𝑐𝑜𝑜𝑐𝑐𝑐𝑐𝑡𝑡𝑐𝑐𝑜𝑜𝑡𝑡 − 𝑜𝑜𝑤𝑤𝐼𝐼𝑡𝑡𝑎𝑎𝑛𝑛𝐸𝐸𝑤𝑤𝑐𝑐𝑡𝑡𝑠𝑠𝑡𝑡𝑐𝑐𝑦𝑦)
 (19) 
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To assign safety value for the path, it is necessary to calculate collision value with (19) 

throughout the path. As there is no discrete function representing the path, it will be 

impossible to integrate it in order to find the closest point to any obstacle. Instead of that a 

path can be sampled with some resolution in time. After sampling, collision value is calculated 

at each step in the path and the maximum value on the path can be saved as the safety value. 

By this method approximate safety value is calculated for the path, higher resolution will 

result in better approximations. Also it is important to mention that, this method also requires 

sampling period as an input defined by user. Upon completion of the path, safety parameter 

in the cost function will be the one taken from the closest point to any obstacle. 

Plume impingement: when active propulsion systems are used, there is exhausted propellant, 

when directed towards sensitive parts of spacecraft, can cause damage to it. This damage is 

called plume impingement and it is highly important to avoid such maneuvers. To calculate 

its effect on nearby spacecraft it essential to model the process. 

Firstly as it is stated in the mission constraints, electric-ion propulsion system is utilized in the 

spacecraft. Usually in case of chemical and cold gas propulsion systems, exhausted material 

is modelled as conus shape where density of the propelled mass is significant to cause damage 

in case of plume impingement. But regarding the electric propulsion the material that leaves 

the thrusters are the ions with high velocities. Typical exhaust velocities for the electric-ion 

propulsion systems are in terms of several 10,000 km/sec which gives higher specific impulses 

than chemical and cold gas propulsion systems. This is very high velocity compared to the 

relative distances between spacecraft which is less than 1km. It is possible to model 

exhausted ions as a narrow beam of light leaving thruster in the thrust direction. 

Figure 11 illustrates proposed model for the electric propulsion vs other spacecraft 

relationship. It will only cause problem if the ion beam is directed straight onto other 

spacecraft. When this beam deflects from spacecraft then the probability of damage to it 

decreases significantly.  

It is possible to represent this damage with some value, in the same way as it was done for 

the collision detection. But instead of distance the important factor here is the direction of 

the beam. Here using spacecraft model for the plume impingement avoidance will complicate 

the problem. Like in the collision detection, the same safety distance concept can be used 
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here. Approximating spacecraft to a safety sphere around it does not restrict search space 

considerably. But instead, a simple mathematical expression can be used to evaluate damage 

caused by plume impingement. 

 

 

Figure 11 Electric propulsion model 

 

Figure 12 Plume impingement calculation 

Figure 12 illustrates the necessary factors for the calculation. Each spacecraft is encircled with 

safety sphere. Distance vector is drawn from primary satellite to secondary. Ion beam points 

into the thrust direction. Angle α is the angle between ion beam and distance vectors. Plume 

impingement will occur if only ion beam will fall into safety sphere of the second satellite. So 

minimum allowable angle for α is when ion beam is tangent to safety sphere (20). 
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Here, 𝐷𝐷𝑐𝑐𝑡𝑡𝑠𝑠𝑡𝑡𝑐𝑐𝑦𝑦 represent safety distance, while 𝐷𝐷��⃗  is the distance vector and | | is the 

magnitude operator. Angle α can also be represented using ion beam vector and distance 

vector. Using dot product α is recalculated (21) where 𝐼𝐼 stands for ion beam vector. 

Then by substituting (21) into (20) condition for plume impingement avoidance is defined. 

To evaluate damage caused by plume, another function is required here. As described before, 

damage is maximum when condition (22) is not satisfied, and it diminishes as (α – αmin) 

increases. Logically if the beam is directed into opposite direction then there cannot be any 

damage to secondary satellite. So for α > 𝜋𝜋
2
 damage is zero. This can be formulated using 

function which is inversely proportional to α. The characteristics between α and damage is 

accomplished with Equation (23). Relationship between damage and α is shown in Figure 13. 

 

Figure 13 Plume damage modelling 

 αmin = asin
𝐷𝐷𝑐𝑐𝑡𝑡𝑠𝑠𝑡𝑡𝑐𝑐𝑦𝑦

|𝐷𝐷��⃗ |
  (20) 

 
α = acos

𝐷𝐷��⃗  ∙ 𝐼𝐼
|𝐷𝐷��⃗ | ∙ |𝐼𝐼|

 (21) 

 
acos

𝐷𝐷��⃗  ∙ 𝐼𝐼
|𝐷𝐷��⃗ | ∙ |𝐼𝐼|

≥ asin
𝐷𝐷𝑐𝑐𝑡𝑡𝑠𝑠𝑡𝑡𝑐𝑐𝑦𝑦

|𝐷𝐷��⃗ |
  (22) 

 𝑜𝑜𝑎𝑎𝑑𝑑𝑎𝑎𝑤𝑤𝑤𝑤 =  ∞ 

𝑜𝑜𝑎𝑎𝑑𝑑𝑎𝑎𝑤𝑤𝑤𝑤 =  
1

(α − αmin)2    
 

𝑜𝑜𝑎𝑎𝑑𝑑𝑎𝑎𝑤𝑤𝑤𝑤 = 0 

for α < αmin, 
 

for αmin < α < 𝜋𝜋
2
  

 

for α > 𝜋𝜋
2
 

(23) 
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Also similar to the collision detection, the effect of plume impingement will be calculated on 

the path sampled by the same time period. The maximum value of the damage will be tracked 

as the current damage level for the path. This way damage of the plume impingement is 

evaluated like collision detection in the cost function.  

Another important aspect related to the cost function is the balancing of its terms. Cost 

function in (18) lacks weights on the terms. But the nature of its factors is so that, they become 

dominant if only there is a danger of collision or damage due to the plume impingement. 

Apart from that the last two terms in the cost function become insignificant compared to the 

fuel consumption. Another advantage of using such cost function can be understood when a 

path with more fuel consumption can have less cost than the path which consumes less fuel 

but passes very near to the obstacles imposing danger to itself. 

6. Simulations and Results 

After developing adapted version of the GEST algorithm, in this chapter several simulations 

are conducted in order to justify its performance. An example mission will be discussed before 

proceeding to simulations. In the mission new constraint coming from power subsystem is 

introduced to the algorithm. This also demonstrates flexibility of the algorithm for any 

number of the constraints defined in the problem. Later several simulation results are 

presented and discussed. Simulations are conducted on general interesting maneuvers for 

the formation flying missions. At the end, the performance of the algorithm is evaluated. 

6.1. NetSat 

To test algorithm, NetSat project which is being developed by Centre for Telematics, 

Wuerzburg is considered [10]. The main objective of this mission is to demonstrate feasibility 

of a formation of small satellites (CubeSat). It includes four cubesats which are equipped with 

electrical propulsion system for orbit control and formation keeping. Considering this factors 

it can be said that mission best suits as an example for GEST testing. Although it is in the 

development phase and the final design cannot be guessed here, a simple 1U CubeSat model 

is considered as a spacecraft. CubeSats will have only one thruster on one of its surfaces. Their 

orbit is thought to be elliptic orbit with small eccentricity. In that case it possible to place LVLH 

reference frame on the circular orbit near it thus letting us to apply GEST algorithm for circular 
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orbits. But before it, it is required to set initial condition of the NetSat mission. Usually a set 

of CubeSats are launched piggybacked where they share the same orbit but are separated by 

true anomaly. So as an initial state of the mission, one can consider them as a sequence of 

CubeSats lined up in the orbit as shown in Figure 14. This type of configuration is called in-

track formation. 

 

Figure 14 NetSat initial conditions 

The center of the LVLH reference frame can be anywhere near those satellites depending on 

the maneuver. Each satellite’s state is defined as [0,𝑦𝑦𝑐𝑐 , 0, 0, 0, 0] where they differ by only 

their position on �⃗�𝑦 axis only. All other state variables are set to zero to have in-track 

formation. 

6.2. Formation Configuration 

Another required input for the GEST algorithm is the profile of the propulsion system. 

Cubesats in the NetSat will be equipped with electric ion thrusters developed by TU Dresden. 

These are miniaturized version of the field emission thrusters which are called NanoFEEP. 

Four thrusters are planned to be installed on one side of the CubeSat achieving 2 axis attitude 

control and orbit control. Those thrusters are capable of providing thrusts from 8μN up to 

22μN each. Performance of the thruster were tested against provided 𝐼𝐼𝑐𝑐𝑝𝑝 (specific impulse) 

and consumed power [11].  
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Figure 15 𝐼𝐼𝑐𝑐𝑝𝑝   vs thrust of NanoFEEP, [11] 

This data is used to approximately calculate required propellant mass according to (24). 

Here 𝑈𝑈 stands for applied thruster acceleration, 𝑀𝑀 is spacecraft mass which is taken as 1kg 

(standard for 1U CubeSat), 𝑤𝑤0 is Earth’s gravitational acceleration on its surface and 𝑡𝑡 stands 

for the time thrust is applied. As seen from Figure 15 the relationship of 𝐼𝐼𝑐𝑐𝑝𝑝 with thrust force 

is non-linear, large forces are less efficient in terms of propellant mass than small thrusts. This 

is the main reason behind changing cost calculations from 𝛥𝛥𝑑𝑑 notation to mass calculations 

in GEST algorithm. 

Operation of the NanoFEEP is also highly depended on the available power. Thus it is 

necessary to analyse whether power consumption can put any limitations on the maneuvers.  

Figure 16 illustrates power consumption against applied thrust force. Nonlinear 

characteristics also reveal that NanoFEEP works efficiently in high thrusts compared to lower 

thrusts in terms of power consumption. Also it is important to track battery charge level 

throughout maneuver to be able to provide minimum charge level for other subsystems to 

function. To account for it a new constraint based on the power subsystem must be 

introduced to the GEST algorithm.  

 𝑑𝑑 =
𝑈𝑈 ∙ 𝑀𝑀
𝐼𝐼𝑐𝑐𝑝𝑝 ∙ 𝑤𝑤0

 𝑡𝑡 (24) 
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Figure 16 Thrust vs Power of NanoFEEP, [11] 

 

Before forming new constraint battery subsystem needs to be modelled first. For this, data 

described in Table 5 is approximately formulated from current data available for NetSat 

mission. At the beginning of the maneuver, batteries of each spacecraft will be considered to 

have an initial charge level. If no thrusters are operating, then it will be charging with defined 

average rate of 0.5W. On the other hand if there is any thrust firing then in parallel to charging 

battery, thrusters will also consume power from batteries according to test data in Figure 16. 

Table 5 Battery profile 

Parameter Value 

Minimum allowed charge [Wh] 9 

Typical initial charge [Wh] 15 

Total capacity [Wh] 18 

Average (loading-charging) rate [W] 0.5 

 

In order for the satellite to function safely, minimum charge level of the batteries must be 

satisfied during mission lifetime. To better understand battery charge dynamics two example 

charge profiles are generated. Figure 17 shows sets of thrust firings which alter battery charge 

level but it always remains above minimum level. However Figure 18 demonstrates the case 
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where large magnitude thrust force causes battery to discharge below minimum level. So in 

this situation the third thrust firing shall not be allowed.  

 

Figure 17 Battery charge profile A 

 

Figure 18 Battery charge profile B 

To account for this dependence on the power subsystem, new constraint is introduced. Each 

generated random maneuver in the GEST algorithm will be also checked if it will discharge 

battery below the allowed minimum level. For this purpose, each WP will need to track 

battery charge level in order to check feasibility of new maneuvers. If generated random 

maneuver fails to satisfy minimum battery level then it will be discarded. Otherwise new WP 

will contain updated state of the battery. In this way the optimal path will be guaranteed to 

have at least the minimum charge level throughout the maneuver. This does not alter 

performance of the algorithm but demonstrates its flexibility on adding new constraints.  
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Based on this changes inputs for the GEST algorithm can be formulated. First of all initial and 

target states of all satellites along with their sizes must be provided. Then thruster profile 

which contains ranges for the on-time and thrust acceleration are required. The last required 

input is the battery profile. All inputs are summarized in Table 6. 

Table 6 Inputs of GEST 

Input parameters 
Initial states [x y z vx vy vz] 
Target states [x y z vx vy vz] 
Size 
Thruster on-time [min max] 
Thruster acceleration [min max] 
Battery [minimum, typical, maximum] level and average (charging-loading) rate 

 

After formulating thruster profiles and battery profiles, the last factors remaining in the input 

set is the initial and target states. Those states must be defined based on the required 

maneuvers. Next section will discuss typical formation configurations and how to set initial 

and final states. 

6.3. Test Maneuvers 

It was already mentioned that one of the main mission objectives for the FFM is to keep the 

formation in the desired structure. Usually formations move in a periodic motion following 

the same trajectory in the LVLH reference frame. The most important factor here is to cancel 

drifting motion coming from the solution of the HCW equations. It is useful to once again 

mention HCW solutions (25). 

While motion in the 𝑧𝑧 axis is pure oscillatory motion, �⃗�𝑥 and �⃗�𝑦 contain secular growth terms. 

Those will result in drifting motion in the LVLH frame. It is essential to cancel them in order to 

keep the formation. Oscillatory motion in all axis can be achieved if the initial states are 

 𝑥𝑥(𝑡𝑡) =   (4 − 3 cos𝑛𝑛𝑡𝑡)𝑥𝑥0 +
sin𝑛𝑛𝑡𝑡
𝑛𝑛

𝑥𝑥0̇ +
2
𝑛𝑛

(1 − cos𝑛𝑛𝑡𝑡)𝑦𝑦0̇ 

𝑦𝑦(𝑡𝑡) = 6(sin𝑛𝑛𝑡𝑡 − 𝑛𝑛𝑡𝑡)𝑥𝑥0 + 𝑦𝑦0 −
2
𝑛𝑛

(1 − cos𝑛𝑛𝑡𝑡)𝑥𝑥0̇ +
4 sin𝑛𝑛𝑡𝑡 − 3𝑛𝑛𝑡𝑡

𝑛𝑛
𝑦𝑦0̇ 

𝑧𝑧(𝑡𝑡) = 𝑧𝑧0 cos𝑛𝑛𝑡𝑡 +
𝑧𝑧�̇�𝑐
𝑛𝑛

sin𝑛𝑛𝑡𝑡 

(25) 
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chosen correctly. Considering the first and the second equations of (25) the condition for the 

cancelling secular growth terms are derived in (26). 

 By substituting (26) into (25) relative oscillatory motion is obtained (27).  

Looking at the motion in the x-y plane, it can be observed that this motion can be described 

by 

 𝑥𝑥2 + �
𝑦𝑦
2
�
2

= 𝐶𝐶2 (28) 

Where, 

It draws elliptical trajectory in the x-y plane centered in the LVLH frame. It forms an interesting 

configuration for the formation because when the reference point is on the Earth then 

spacecraft will be seen in a periodic linear motion. So one of the reconfiguration maneuvers 

can be done to change in-track formation to in-plane elliptical formation configuration. If 

satellites are supposed to be separated by equal phase then spacecraft can be positioned on 

the intersection points of x and y axis with the ellipse. Figure 19 illustrates relative elliptical 

orbit both in x-y and y-z plane where both 𝑧𝑧0 and �̇�𝑧0 are set to zero. 

To achieve this maneuver, initial conditions for the spacecraft will be their states in the in-

track formation, while target configuration will be states noted with green dots in Figure 19. 

Furthermore if center of the LVLH frame is located in the center of the in-track formation then 

resulting maneuver will be symmetric and total fuel consumption will also be minimum 

compared to when LVLH frame is defined otherwise. 

 𝑦𝑦0̇ = −2𝑛𝑛𝑥𝑥0 

𝑦𝑦0 =
2�̇�𝑥0
𝑛𝑛

  
(26) 

 𝑥𝑥(𝑡𝑡) =   
�̇�𝑥0
𝑛𝑛

sin𝑛𝑛𝑡𝑡 + 𝑥𝑥0cos𝑛𝑛𝑡𝑡 

𝑦𝑦(𝑡𝑡) =
2�̇�𝑥0
𝑛𝑛

cos𝑛𝑛𝑡𝑡 − 2 𝑥𝑥0sin𝑛𝑛𝑡𝑡 

𝑧𝑧(𝑡𝑡) =
�̇�𝑧0
𝑛𝑛

sin𝑛𝑛𝑡𝑡 + 𝑧𝑧0 cos𝑛𝑛𝑡𝑡 

(27) 

 
𝐶𝐶2 = 𝑥𝑥02 + �

�̇�𝑥0
𝑛𝑛
�
2

 (29) 
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(a) 

 
(b) 

Figure 19 Relative elliptical orbit, (a) x-y plane, (b) y-z plane. 

Another important configuration for the formation, is so called Projected Circular Orbit (PCO). 

It is actually elliptical orbit but its projection to y-z plane forms circular motion, when looking 

from ground spacecraft are seen as circling around the center of LVLH frame. To accomplish 

this motion �⃗�𝑦 and 𝑧𝑧 motions must be circular. 

By introducing this condition to (27) further constraints are found for initial conditions to form 

circular motion (31). 

Here important factor is that signs must be the same for both 𝑧𝑧0 and �̇�𝑧0. The resulting orbit is 

demonstrated in Figure 20. 

 
       (a) 

 
        (b) 

 𝑦𝑦2 + 𝑧𝑧2 = 𝑜𝑜2 (30) 

 𝑧𝑧0 = ±2𝑥𝑥0 

�̇�𝑧0 = ±2�̇�𝑥0 
(31) 
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       (c) 

Figure 20 PCO orbit, (a) x-z plane, (b) x-z plane, (c) y-z plane 

Again here satellites are placed in equal phase separation. The second example maneuver for 

the simulations will be the one changing from in-track formation to PCO formation. 

6.4. Simulation of Scenarios 

In this section example maneuvers will be simulated on different number of spacecraft. To 

plot resulted trajectories, a MATLAB script was written which plots obstacles and their 

trajectories, spacecraft and their paths. Also all candidate paths were also drawn in order to 

visualize the performance of the algorithm. By using safety distance concept, each object is 

plotted in the spherical shape. The baseline for the simulation is taken in order of few 

hundreds of meter. 

Before simulating the full size formation, for the sake of understanding plots and results only 

one spacecraft is simulated.  

Scenario 1: Test spacecraft is placed on the �⃗�𝑦 axis and the maneuver is done to form elliptical 

orbit centered in the LVLH frame. With 100,000 iterations output of the software is illustrated 

in Figure 21. The left graph displays trajectories generated by algorithm, the right-top one is 

the global cost versus iteration number graph and thrust profile is depicted at the right-

bottom.  

Asymptotical decrease characteristics in the global cost is roughly seen in it. For this simple 

simulation, only one stationary obstacle was considered which is located in the center of LVLH 

frame. Algorithm input is described in Table 7. Throughout the thesis the sampling period for 
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the algorithm will be taken as 10 seconds if otherwise is not stated. Also the reference frame 

is the one described in section 5.2. 

 

Figure 21 Scenario 1 output 

Table 7 Scenario 1: Inputs 

To better understand the trajectories, the graph is shown separately in Figure 22. Here the 

paths colored by yellow represent previous target candidates. After few iterations they are 

directed mostly into target region. The red path is the final selected path which is the closest 

to the target state. The trajectory colored in pink shows the path for 10 orbit periods after 

maneuver time is finished. In the ideal case the desired trajectory is the elliptical path which 

intersects �⃗�𝑥 axis at [-50, 50] and �⃗�𝑦 axis at [-100, 100]. Although the desired state is not 

acquired exactly, the algorithms finds a path which is very close to ideal one in shape. Even 

though drift cancellation is not perfect, in this case it is reduced to sub-meter level.  

The parameters of the found target candidate is shown in Table 8. The battery charge level is 

seen to decrease but it remains well above the minimum threshold. At the end of the 

Maneuver: From in-track to elliptical orbit Orbit radius [km]: 7000 
Iteration#: 100,000 Maneuver time [periods]: 1 
Satellite 1 
Initial state [x, y, z, vx, vy, vz] [0, 100, 0, 0, 0, 0] 
Target state [x, y, z, vx, vy, vz] [0, -100, 0, -0.0539, 0, 0] 
Size [m] 3 
Thruster on-time range [1, 1000] 
Thruster magnitude range [0.0000003, 0.00008] 
Battery profile [min, typ., max, rate] [9, 15, 18, 0.5] 
Obstacle profile:  [x, y, z, vx, vy, vz]  Size [m] Obstacle definition 

1)  [0, 0, 0, 0, 0, 0] 20 Center large stationary obs. 
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maneuver the cost of the path mostly consists of the fuel consumption only. It can be seen 

from Figure 22 where obstacle remains far from trajectory and as a result of it, value of the 

safety parameter diminishes making fuel consumption dominant in the cost function. 

 

Figure 22 Scenario 1 trajectories 

Table 8 Scenario 1: target candidate 

6.4.1. Elliptical Maneuver 

Scenario 2: For the second simulation number of satellites are increased as well as the 

obstacles which will roam around maneuver region. Two satellites are placed 200 m apart 

from each other on �⃗�𝑦 axis. In this maneuver it is required that from their in-track formation 

they must change to relative elliptical orbit. This ellipse will pass from their original positions. 

The satellites are also required to be on the opposite sides of ellipse. In addition to the central 

stationary obstacle two roaming obstacles are added which passes through satellites’ paths. 

Inputs for the algorithm is formulated in Table 9. 

Satellite 1 target candidate 
Position (x, y, z) [m] Velocity (vx, vy, vz) [m/s] 

6.61432e-06  -100  2.80769e-07 -0.051897 3.73128e-06 0.00541743 
Time [seconds]: 5828.52 Fuel [mg]: 4.73337 

Safety: 0.00144335 Plume: 0 
Battery [Wh]: 14.0019 Cost: 4.73481 
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Table 9 Scenario 2: Inputs 

The resulting paths are symmetrical because both initial and target states are in equal 

distance from origin. This also gives an opportunity to use the best found maneuver for both 

of the satellites by just changing signs in the control input. Target candidates are shown in 

Table 10.  

Table 10 Scenario 2: Target candidates 

Resulted path after 100,000 iterations is shown in Figure 23. Here obstacle trajectories are 

depicted with black lines and obstacles are located at their final position when maneuver 

ends. 

In this simulation two spacecraft are placed on the opposite sides of the ellipse and hence 

there is no probability of collision between them. Also found maneuvers does not cause any 

Maneuver: From in-track to elliptical orbit Orbit radius [km]: 7000 
Iteration#: 100,000 Maneuver time [periods]: 1 
Satellite 1 
Initial state [x, y, z, vx, vy, vz] [0, 100, 0, 0, 0, 0] 
Target state [x, y, z, vx, vy, vz] [0, -100, 0, -0.0539, 0, 0] 
Size [m] 3 
Thruster on-time range [1, 1000] 
Thruster magnitude range [0.0000003, 0.00008] 
Battery profile [min, typ., max, rate] [9, 15, 18, 0.5] 
Satellite 2 
Initial state [x, y, z, vx, vy, vz] [0, -100, 0, 0, 0, 0] 
Target state [x, y, z, vx, vy, vz] [0, 100, 0, 0.0539, 0, 0] 
Size [m] 3 
Thruster on-time range [1, 1000] 
Thruster magnitude range [0.0000003, 0.00008] 
Battery profile [min, typ., max, rate] [9, 15, 18, 0.5] 
Obstacle profile:  [x, y, z, vx, vy, vz]  Size [m] Obstacle definition 

1)  [0, 50, 0, 0, 0.01, 0] 10 Roaming obstacle 
2)  [0, -50, 0, 0, -0.01, 0] 10 Roaming obstacle 
3)  [0, 0, 0, 0, 0, 0] 20 Center large stationary obs. 

Satellite 1 target candidate 
Position (x, y, z) [m] Velocity (vx, vy, vz) [m/s] 

-2.96891e-06  -100  2.72937e-07 -0.0530011  -9.99517e-05  0.00178683 
Time [seconds]: 5828.52 Fuel [mg]: 4.97185 

Safety: 0.00711423 Plume: 9.68606e-05 
Battery [Wh]: 13.7477 Cost: 4.97906 

Satellite 2 target candidate 
Position (x, y, z) [m] Velocity (vx, vy, vz) [m/s] 

-7.04405e-06  100  -4.18635e-08 0.0534284  4.25246e-05  0.0043746 
Time [seconds]: 5828.52 Fuel [mg]: 3.63936 

Safety: 0.0071146 Plume: 3.43702e-05 
Battery [Wh]: 15.1874 Cost: 3.6465 
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plume impingement to the spacecraft. Fuel consumption differs for the satellites, the second 

one has less fuel consumption compared to the first one. When checking their trajectories it 

is seen that the second one also has closer orbit to actual target configuration. So the 

maneuver of the second satellite can also be used for the first one by changing appropriate 

signs in the control input as both of them have to do symmetric maneuvers. 

 

Figure 23 Scenario 2: Trajectories in x-y plane 

Although in Figure 23 it is seen that obstacles cross the path of the satellites, they are actually 

not colliding. Distance between satellite and closest obstacle which crosses its path is shown 

in Figure 24. During maneuver first obstacle gets away from satellite but later satellite catches 

up by decreasing range between them. Closest distance is at the end of the maneuver which 

is more than 20 meters. If future paths are considered then the distance will always increase 

because of the drifting motion of the obstacle. 

If the inter-satellite distance is analyzed for maneuver period, then it can be seen that the 

closest distance is approximately 100 m where both of them cross �⃗�𝑦 axis. Figure 25 

demonstrates how the distance between them changes during maneuver. 
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Figure 24 Scenario 2: Distance between satellite and its closest obstacle 

 

Figure 25 Scenario 2: Inter-satellite distance 

Scenario 3: As the last scenario for elliptical maneuvers, full size formation is simulated 

including obstacles. In-track formation which lies on the �⃗�𝑦 axis, is required to make maneuver 

to form relative elliptical orbit.  

Target states for the satellites selected such that their maneuvers will be symmetric and thus 

approximately their fuel consumption will be balanced. Their initial positions are separated 

by 100m and are located [-150, -50, 50, 150] on �⃗�𝑦 axis respectively. If ellipse is centered on 

the origin of the reference frame and its major and minor axis lie on  𝑦𝑦���⃗  and �⃗�𝑥 axis respectively, 

then target positions are chosen to be the intersection of axis with the ellipse.  
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Obstacles are selected such that they remain close to maneuver area. Four obstacles are 

placed in the vicinity to limit search space for the algorithm. Considering the target elliptical 

trajectory, one of them is put in the PCO to remain inside the ellipse, another one is in the 

elliptical orbit surrounding target orbit. Also two more obstacles are inserted in such a way 

that they will cross satellite paths. The setup for this scenario is displayed in Figure 26. 

 
(a) 

 
(b) 

Figure 26 Scenario 3: Setup, (a) x-y plane, (b) y-z plane 

 

Figure 27 Scenario 3: Isometric view of the setup 

An isometric view of the setup is shown in Figure 27. Input set for the algorithm is described 

in Table 11. 
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Table 11 Scenario 3 Inputs 

After million iterations the results are displayed in Figure 28. For simplicity target candidate 

paths are removed from figure as it becomes hard to interpret the plot. As number of 

iterations increases compared to previous simulations, the resulting trajectories become 

much closer to the target orbits. As seen from figure the inner satellites try to enter elliptical 

orbit before reaching their target positions. GEST algorithm also checks if it finds another state 

in the ellipse which by just drifting comes closer to the target state then it is also considered 

as a target candidate.  

All target candidates for scenario 3 are detailed in Table 12. It is worth to mention that the 

outer satellites, 3rd and 4th ones, both found almost the same results, because similarity 

Maneuver: From in-track to elliptical orbit Orbit radius [km]: 7000 
Iteration#: 1,000,000 Maneuver time [periods]: 1 
Satellite 1 
Initial state [x, y, z, vx, vy, vz] [0, 50, 0, 0, 0, 0] 
Target state [x, y, z, vx, vy, vz] [0, -100, 0, -0.0539, 0, 0] 
Size [m] 3 
Thruster on-time range [1, 1000] 
Thruster magnitude range [0.0000003, 0.00008] 
Battery profile [min, typ., max, rate] [9, 15, 18, 0.5] 
Satellite 2 
Initial state [x, y, z, vx, vy, vz] [0, -50, 0, 0, 0, 0] 
Target state [x, y, z, vx, vy, vz] [0, 100, 0, 0.0539, 0, 0] 
Size [m] 3 
Thruster on-time range [1, 1000] 
Thruster magnitude range [0.0000003, 0.00008] 
Battery profile [min, typ., max, rate] [9, 15, 18, 0.5] 
Satellite 3 
Initial state [x, y, z, vx, vy, vz] [0, 150, 0, 0, 0, 0] 
Target state [x, y, z, vx, vy, vz] [50, 0, 0, 0, -0.1078, 0] 
Size [m] 3 
Thruster on-time range [1, 1000] 
Thruster magnitude range [0.0000003, 0.00008] 
Battery profile [min, typ., max, rate] [9, 15, 18, 0.5] 
Satellite 4 
Initial state [x, y, z, vx, vy, vz] [0, -150, 0, 0, 0, 0] 
Target state [x, y, z, vx, vy, vz] [-50, 0, 0, 0, 0.1078, 0] 
Size [m] 3 
Thruster on-time range [1, 1000] 
Thruster magnitude range [0.0000003, 0.00008] 
Battery profile [min, typ., max, rate] [9, 15, 18, 0.5] 
Obstacle profile:  [x, y, z, vx, vy, vz]  Size [m] Obstacle definition 

1)  [0, 100, 0, 0.0155, 0, 0] 10 Drifting obstacle 
2)  [0, -100, 0, -0.0155, 0, 0] 10 Drifting obstacle 
3)  [-25, 0, 50, 0, 0.0539, 0] 10 Obstacle in PCO 
4)  [-100, 0, 0, 0, 0.2156, 0] 20 Obstacle in elliptical orbit 
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between results of the symmetric maneuvers increases as the algorithm is iterated more. 

Their fuel consumption are very close to each other. 

 

Figure 28 Scenario 3 trajectories 

Table 12 Scenario 3: Target candidates 

Satellite 1 target candidate 
Position (x, y, z) [m] Velocity (vx, vy, vz) [m/s] 

-1.93266e-06  -100  8.92307e-07 -0.054984  -2.3188e-05  -0.00106546 
Time [seconds]: 5828.52 Fuel [mg]: 5.20021 

Safety: 0.022227 Plume: 0.000127792 
Battery [Wh]: 14.7488 Cost: 5.22257 

 Satellite 2 target candidate 
Position (x, y, z) [m] Velocity (vx, vy, vz) [m/s] 

8.89371e-06  100  -1.93758e-07 0.054123  7.46148e-05  0.00141231 
Time [seconds]: 5828.52 Fuel [mg]: 8.16129 

Safety: 0.00141401 Plume: 0.0498893 
Battery [Wh]: 14.419 Cost: 8.21259 

 Satellite 3 target candidate 
Position (x, y, z) [m] Velocity (vx, vy, vz) [m/s] 

50  -1.08237e-06  6.27381e-08 -0.000708618  -0.107866  -0.000405774 
Time [seconds]: 5828.52 Fuel [mg]: 3.50433 

Safety: 0.00207117 Plume: 0.000120504 
Battery [Wh]: 14.5605 Cost: 3.50652 

 Satellite 4 target candidate 
Position (x, y, z) [m] Velocity (vx, vy, vz) [m/s] 

-50  -3.88637e-07  4.34022e-08 -8.70256e-05  0.107794  0.00160434 
Time [seconds]: 5828.52 Fuel [mg]: 3.01235 

Safety: 0.00137174 Plume: 0.000112195 
Battery [Wh]: 14.4604 Cost: 3.01383 
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Figure 29 Scenario 3: Satellite to obstacle distance 

In this simulation closest distance is between satellite 2 and obstacle 2. Figure 29 displays 

distance plot between their geometrical centers. The closest distance is 40 meters which also 

includes their sizes. The actual distance between their surfaces is 27 meters (by subtracting 

obstacle size 10 meters and satellite size 3 meters). Satellites are always in a safe distance 

from each other because they are separated by 𝜋𝜋
2
 phase in the ellipse.  

At the end of the maneuver fuel consumption remains approximately in the same order for 

all satellites although they have different trajectories.  Also battery charge levels are very 

close to each other and are in the normal operation range. 

Another important factor regarding simulations is that algorithm requires complex input set. 

Before reaching to these results, several try-and-fail simulations were done in order to find 

appropriate input data. Capability of the ion thrusters are limited, so inputs need to be 

calculated accurately at least to have a solution to reach target configuration in a given 

maneuver time. Otherwise output of the algorithm will be unsatisfactory. In this simulations 

maneuver time was selected approximately according to maneuver distance, when the 

distance becomes larger, then it is also required to increase maneuver time. Because, if the 

target position is far away, then it can be impossible to accelerate/decelerate in order to reach 

that position with a given thrusters in 1 orbit period. Even if the target position is reachable 

it can result in difference in the velocity which will cause drifting motion. To successfully 

simulate such situations more maneuver time must be allocated. 
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6.4.2. PCO Maneuver 

In this section simulations will be done for maneuvers converting in-track formation to PCO 

formation. In the PCO formation satellites will be orbiting in the elliptical orbit but the 

projection of their orbit to ground will be circular. In the LVLH reference frame described in 

the section 5.2 ground facing plane consists of �⃗�𝑦 and 𝑧𝑧 axis.  

Firstly, it is necessary to be sure that given input set have a solution to reach target 

configuration. When compared to in-plane motion, out-of-plane motion requires more force 

to move satellites into desired location. Thus the control input range for the algorithm needs 

to be increased. While it is impossible to alter maximum thrust force, its operation time can 

be changed to any number. Also increasing maneuver time gives more flexibility in searching 

correct set of control inputs.  

Scenario 4: Single spacecraft is put on �⃗�𝑦 axis (0, 200, 0) with obstacle in the origin. Setup of 

the target configuration for the simulation is shown in Figure 30. Due to orbital dynamics the 

optimal target position for the given satellite can be the one located at (0, -100, 0). Because 

target position and velocity is included in the usual paths the given satellite would normally 

go if its initial states are slightly disturbed. 

 
(a) 

 
(b) 

Figure 30 Scenario 4: Setup, (a) x-y plane, (b) y-z plane 

Input set for the algorithm is formulated in Table 13. In this case thruster on time is selected 

in range of [1, 3000] and total maneuver time is taken to be 2 orbit periods. 
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Table 13 Scenario 4: Inputs 

Resulting trajectories are displayed in Figure 31. As seen from figures, trajectory of the 

satellite already joins elliptical target path before reaching goal configuration. Also cost of the 

path increased compared to previous simulations. The reason for that is mainly out-of-plane 

motion which requires more fuel. Although resulting maneuver still has small drifting motion, 

overall it is very close to ideal PCO formation.  

Table 14 Scenario 4: target candidate 

 

 
(a) 

 

 
(b) 

Figure 31 Scenario 4: Trajectories, (a) x-y plane, (b) y-z plane 

Maneuver: From in-track to PCO orbit Orbit radius [km]: 7000 
Iteration#: 1,000,000 Maneuver time [periods]: 2 
Satellite 1 
Initial state [x, y, z, vx, vy, vz] [0, 200, 0, 0, 0, 0] 
Target state [x, y, z, vx, vy, vz] [0, -100,  0, -0.0539, 0, 0.1078] 
Size [m] 3 
Thruster on-time range [1, 3000] 
Thruster magnitude range [0.0000003, 0.00008] 
Battery profile [min, typ., max, rate] [9, 15, 18, 0.5] 
Obstacle profile:  [x, y, z, vx, vy, vz]  Size [m] Obstacle definition 

1)  [0, 0, 0, 0, 0, 0] 20 Center large stationary obs. 

Satellite 1 target candidate 
Position (x, y, z) [m] Velocity (vx, vy, vz) [m/s] 

7.24307e-06  -100  -1.73659e-06 -0.0536647  -7.77489e-05  0.101728 
Time [seconds]: 11657 Fuel [mg]: 12.7895 

Safety: 0.00038443 Plume: 0 
Battery [Wh]: 14.6074 Cost: 12.7899 
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6.4.3. Obstacle Avoidance 

In this part, algorithm is tested against obstacle avoidance. Up to now, simulations included 

obstacles which at a given time in maneuver crosses the path of satellite. However, they 

mostly remain far from the satellite. In order to see how algorithm reacts to the obstacles in 

the path new simulations are conducted. It is difficult to predict optimal satellite path in order 

to design the possible collision scenarios. Instead of that, one simple scenario was generated 

without any collision obstacle. At the second attempt a large obstacle is placed such that it 

will roam mostly in the optimal path region which makes previously found solution not 

optimal.  

Scenario 5:  This scenario is generated in order to evaluate obstacle free optimal path which 

will be later used as a comparison for obstacle collision scenario. For simplicity only one 

satellite and one stationary obstacle are included in the formation. The input parameters for 

the satellite is described in Table 15. Satellite is initially located far away such that later a large 

obstacle can be put along its path. The obstacle, which is included here, is stationary one and 

it will not affect its path.  

Table 15 Scenario 5: Inputs 

After running algorithm, a path was found which puts satellite in elliptical orbit centered in 

origin. The resulting path is shown in Figure 32. The satellite moves along the �⃗�𝑦 axis till it 

reaches target position. 

Table 16 Scenario 5: Target candidate 

Maneuver: From in-track to elliptical orbit Orbit radius [km]: 7000 
Iteration#: 1,000,000 Maneuver time [periods]: 2 
Satellite 1 
Initial state [x, y, z, vx, vy, vz] [0, 600, 0, 0, 0, 0] 
Target state [x, y, z, vx, vy, vz] [0, -100, 0, -0.0539, 0, 0] 
Size [m] 3 
Thruster on-time range [1, 1000] 
Thruster magnitude range [0.0000003, 0.00008] 
Battery profile [min, typ., max, rate] [9, 15, 18, 0.5] 
Obstacle profile:  [x, y, z, vx, vy, vz]  Size [m] Obstacle definition 

1)  [0, 0, 0, 0, 0, 0] 20 Center large stationary obs. 

Satellite 1 target candidate 
Position (x, y, z) [m] Velocity (vx, vy, vz) [m/s] 

0.0806851  -108.89 -3.18056 -0.0534384  -0.000274337  0.000681201 
Time [seconds]: 11657 Fuel [mg]: 6.29153 

Safety: 0.000482342 Plume: 0 
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Figure 32 Scenario 5: Trajectory in x-y plane 

Scenario 6: In this scenario it is required to put an obstacle which limits the path found in 

scenario 5. It is worth to mention here that, it is only possible to put stationary obstacles only 

on the �⃗�𝑦 axis. Anything which is not on the �⃗�𝑦 axis will drift. If an obstacle is put on the �⃗�𝑦 axis 

with small initial velocities it will drift along the �⃗�𝑦 axis. 

 

Figure 33 Scenario 6: collision area 

So in order to have a large collision area such as the one shown with blue box in Figure 33, 

one can put a large obstacle whose radius covers this area. Its location would be best on the 

�⃗�𝑦 axis with small drift in the direction of the spacecraft motion.  

Battery [Wh]: 15.5594 Cost: 6.29201 
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Such scenario is generated using the same spacecraft input as in scenario 5. The only 

difference in this case is the obstacle which is initially positioned at (0, 450, 0). It will drift inside 

the blue box pushing out algorithms’ output from previous optimal solution.  

Table 17 Scenario 6: Inputs 

Maneuver: From in-track to elliptical orbit Orbit radius [km]: 7000 
Iteration#: 1,000,000 Maneuver time [periods]: 2 
Satellite 1 
Initial state [x, y, z, vx, vy, vz] [0, 600, 0, 0, 0, 0] 
Target state [x, y, z, vx, vy, vz] [0, -100, 0, -0.0539, 0, 0] 
Size [m] 3 
Thruster on-time range [1, 1000] 
Thruster magnitude range [0.0000003, 0.00008] 
Battery profile [min, typ., max, rate] [9, 15, 18, 0.5] 
Obstacle profile:  [x, y, z, vx, vy, vz]  Size [m] Obstacle definition 

1)  [0, 450, 0, 0, 0.005, 0] 100 Large slightly drifting obstacle 
 

The resulting path after simulation shows that algorithms avoids the collision area by 

bypassing it. Figure 34 shows the output of the algorithm. The blue box in the figure shows 

the previously selected collision area. The found path plotted in red largely avoids this region 

reaching for the target configuration. This shows that even though the optimal path found in 

scenario 5 is not possible here, it finds a new optimal path after introducing collisions to 

previous one.  

  

Figure 34 Scenario 6: Trajectory 

To evaluate effectiveness of the collision avoidance, the distance between them is plotted in 

Figure 35. At the closest point their surfaces are separated by approximately 17 meters. But 
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despite the fact that satellite path passes obstacle closely, its safety parameter remains 

insignificant compared to the fuel consumption. Collision avoidance also increases fuel 

consumption as it was expected. Instead of the cost optimal path found in scenario 5, this 

time algorithm has to take more costly path in order to avoid obstacle. The found target 

candidate is described in Table 18.  

 

Figure 35 Scenario 6: Distance between obstacle and satellite 

Table 18 Scenario 6: Target candidate. 

6.5. Performance of GEST 

One of the main factors affecting the performance of the GEST algorithm is the evolution of 

the tree. In order to understand how the tree is developed in the algorithm, it was simulated 

in simple scenario showing its shape. 

Another important measure for the algorithm is how its performance changes by varying its 

iteration numbers. For this purpose the same setup is run several times for different run 

times.  
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Satellite 1 target candidate 
Position (x, y, z) [m] Velocity (vx, vy, vz) [m/s] 

1.89345e-05  -100  1.0042e-07 -0.0573221  4.68359e-05  -0.00791719 
Time [seconds]: 11657 Fuel [mg]: 12.2344 

Safety: 0.00386309 Plume: 0 
Battery [Wh]: 14.7675 Cost: 12.2383 
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6.5.1. Tree Evolution 

Scenario 7: In this scenario one of the previous setups is simulated to show how the tree 

develops itself towards the target configuration.  A single spacecraft with target maneuver to 

form relative elliptical orbit is selected for this purpose. The input set for the simulation is 

formulated in Table 19. In order to better visualize the tree structure, iteration number is 

reduced to 500. 

Table 19 Scenario 7: Inputs 

Generally what expected from randomly generated tree algorithms is that, tree should 

expand to the whole search region exploring it very well. However the main characteristics 

for the GEST algorithm is that it mainly grows tree in the direction of the target configuration. 

Figure 36 shows typical tree generated by algorithm when correct set of inputs are given.  

 

Figure 36 Scenario 7: Tree structure 

Maneuver: From in-track to elliptical orbit Orbit radius [km]: 7000 
Iteration#: 500 Maneuver time [periods]: 1 
Satellite 1 
Initial state [x, y, z, vx, vy, vz] [0, 200, 0, 0, 0, 0] 
Target state [x, y, z, vx, vy, vz] [0, -100, 0, -0.0539, 0, 0] 
Size [m] 3 
Thruster on-time range [1, 1000] 
Thruster magnitude range [0.0000003, 0.00008] 
Battery profile [min, typ., max, rate] [9, 15, 18, 0.5] 
Obstacle profile:  [x, y, z, vx, vy, vz]  Size [m] Obstacle definition 

1)  [0, 0, 0, 0, 0, 0] 40 Center large stationary obstacle 
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In this simulation initial position is located at (0, 200, 0) position while target position is at (0, 

-100, 0). There is also a stationary obstacle in between. Goal of this simulation is not the path 

generated because iteration number is too low to have any meaningful output. 

Figure 37 show two different regions zoomed. On the left side, the area containing both initial 

and target positions is depicted and on the right side only initial region is focused. There are 

a few branches which go in undesired directions, however they are not expanded further 

because their cost exceeds the others’ which are concentrated in the optimal path region. 

When observing initial region where the root of the tree is located, it is clearly seen that, most 

of the tree branches are directed towards negative �⃗�𝑦 axis where target position is.  

 
(a) 

 
(b) 

Figure 37 Scenario 7: Zoom, (a) target region, (b) initial region 

Due to orbital dynamics and according to defined LVLH reference frame, the motion in the 

direction of negative �⃗�𝑦 axis will always be in the positive �⃗�𝑥 region. So when looking at the 

Figure 37(a) the trajectories must follow in the clockwise direction. That is why tree is also 

generated in the same way. Also it is seen that tree branches almost uniformly cover the 

region where the typical optimal path lies. This type of tree generation increases efficiency in 

the sampling of the search space. Focusing tree in the optimal path direction increases 

convergence speed to optimal solution. But generated tree shape highly depends on the input 

set. Although in the beginning it is very hard to guess an approximate optimal solution, it is a 

good idea to try several tree generations for the input set. Thus before simulating actual 

scenario, one needs to test input set by try-and-fail methods to get correct type of tree 

generation. To test for the tree a few iterations are necessary (e.g. around 500). After 

obtaining correct set of inputs, one can proceed with running algorithm to get an optimal 

solution.  
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6.5.2. Performance against Iteration 

This section analyzes the performance of the GEST algorithm. In order to converge to the 

optimal solution fast, it is necessary to investigate how output of the algorithm changes with 

the iterations done. To see effect of the running time, the same scenario is run with different 

iterations.  

Scenario 8: For the sake of simplicity, one of the setups with only one satellite is used in this 

scenario. Table 20 describes input set for the algorithm. The same setup is simulated with 103, 

104, 105 and 106 iterations. Only one obstacle is placed in the center of the reference frame. 

Table 20 Scenario 8: Inputs 

The resulting four trajectories are displayed in Figure 38. It is clearly seen that as the number 

of iterations increase, the final shape of the trajectory becomes more close to that of actual 

target trajectory, the relative elliptic orbit.   

 
(a) 103 iterations 

 

 
(b) 104 iterations 

Maneuver: From in-track to elliptical orbit Orbit radius [km]: 7000 
Iteration#: 103, 104, 105, 106 Maneuver time [periods]: 1 
Satellite 1 
Initial state [x, y, z, vx, vy, vz] [0, 150, 0, 0, 0, 0] 
Target state [x, y, z, vx, vy, vz] [0, -100, 0, -0.0539, 0, 0] 
Size [m] 3 
Thruster on-time range [1, 1000] 
Thruster magnitude range [0.0000003, 0.00008] 
Battery profile [min, typ., max, rate] [9, 15, 18, 0.5] 
Obstacle profile:  [x, y, z, vx, vy, vz]  Size [m] Obstacle definition 

1)  [0, 0, 0, 0, 0, 0] 20 Center large stationary obstacle 
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(c) 105 iterations 

 

 
(d) 106 iterations 

Figure 38 Scenario 8: Trajectories 

Algorithm running time also affects cost of the path. As mentioned previously, in the context 

of the thesis, it was necessary to find asymptotically optimal solution. To observe dependency 

of the global cost to the iteration number, the results of the scenario 8 are combined to form 

graph shown in Figure 39. Here blue dots represent costs of the target candidates found for 

the trajectories shown in Figure 38. The graph is plotted using log scale in �⃗�𝑥 axis and linear 

scale for �⃗�𝑦 axis. Also a line is drawn using curve fitting to represent descent in the cost. As it 

is clearly seen from the figure, cost of the path decrease asymptotically to a value near zero. 

In ideal case, optimal global cost function value must only contain cost of the path as a non-

zero value while Euclidean distance and future distance terms are zero. In the conducted 

simulations, even the best found solutions still have these parameters greater than zero. So 

if algorithm continues to run infinitely, then they will also diminish to zero.  

 

Figure 39 Scenario 8: Iteration vs Cost 
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These scenario shows that, global cost returned by the algorithm somehow exponentially 

depends on the iteration number, the longer algorithm runs the better the output is. But 

practically, when running algorithm for very long times, outputs will not improve too much. 

After certain iterations (which depends on the scenario and the inputs) one can see that the 

global cost is in the vicinity of the optimal value and by continuing to run it will get only slightly 

better. Considering practical aspects, it will be reasonable to stop algorithm if current cost is 

near the optimal one.  

7. Conclusion  

To sum up, this thesis dealt with finding optimal path for formation reconfiguration 

maneuvers. Path planning method was required in order to optimally change formation 

structure from initial form to new target formation. Number of satellites are not limited to 

any number. Formation can be any size and at any form. Also it was required that while 

optimizing path algorithm should also account for the factors such as minimizing overall fuel 

consumption, avoiding collision with any object around and finally avoiding plume 

impingement to any spacecraft in the formation. Finally the main constraint for the algorithm 

was the usage of the electric-ion propulsion systems for the orbit control. This significantly 

makes calculations for the orbit control complex, without having any closed form solution to 

optimally connect two states in the state space. 

Considering all provided constraints a path planning algorithm called Guided Expansive 

Spaces Trees (GEST) was introduced. This method is based on randomly exploring search 

space by only making forward propagations. Thus available dynamics equations for forward 

propagation can be utilized directly. Also algorithm randomly samples in the control space 

rather than state space as other sampling based algorithms do.  

GEST algorithm was further modified to fit with all constraints introduced in the thesis 

problem. Firstly, orbital dynamics equations were changed to that of continuous force thrust. 

Also cost estimate method used in the original paper was not suitable for this case, because 

ΔV notation is not directly proportional to the propellant mass in the case of the electric-ion 

thrusters. That is why new method was developed to estimate cost of the path to the target 
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candidate at a given state. To finalize path to the target configuration, a method based on the 

cost function was used to find best optimal way of reaching to target state.  

Based on these modifications algorithm was able to find an optimal path connecting two given 

states while also considering constraints introduced. The solution provided by algorithm was 

asymptotically optimal, that is to say, when algorithm runs infinitely then the probability of 

the solution to be optimal becomes 1. Algorithm was tested on an example mission, NetSat, 

which also required an addition of the new constraint into path planning problem. Adding 

new constraint also demonstrated that algorithm is flexible for any number of constraints in 

the problem. Simulations were done in order to evaluate performance of the algorithm. As 

algorithm is allowed to run enough the solutions found were practically acceptable. This in its 

turn, eliminates the need to run it infinitely, because at some point the improvements in the 

output will diminish to insignificant levels.  

7.1. Future Work 

Although algorithms works for simulated cases, there are still some aspects which are open 

for further developments. For example, cost estimate method used in this thesis can be 

improved to better direct trees towards final configuration. This will lead to better 

convergence speeds to optimal solution. 

Also as it was already mentioned out-of-plane motions differs from in-plane motions due to 

orbital dynamics. Thus tree generation is not the same in all direction. As a future work, 

algorithm can be improved to deal with all kind of maneuvers in the same level. The 

development in this part of the algorithm will make input set less complex. 
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Appendix A. GUI Description 

This appendix describes GUI of the implemented GEST algorithm. It was implemented in C++ 

using QT framework developed by Julian Scharnagl. When running it first mode selecting 

window appears (Figure 40). “Formation Flying” forwards to the algorithm discussed in this 

thesis. 

 

Figure 40 GUI - 1 

The next window illustrated in Figure 41 brings main GUI for the GEST algorithm. The first two 

lines here are for the directory configuration files of formation and obstacles. Internal 

structure of those files are presented in Appendix B. Input File Description. 

 

Figure 41 GUI – 2 
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The numbered sections are as following: 

1. Radius of the main reference circular orbit in [km] 

2. Number of iteration defines how many steps will algorithm run before stopping 

3. Sampling period in time [sec] is used for the collision and plume impingement 

avoidance. 

4. Maneuver time is inputted in terms of the orbit periods for the sake of easiness. 

5. The default reference frame is the LVLH system described in Section 5.2. The second 

option is the one described in Appendix C. Dynamics for Different LVLH Notation. 

6. By checking this option, it activates dynamic selection of satellites per iteration based 

on the distribution of their current cost of the path. This increases efficiency of 

optimizing global cost for symmetric maneuvers. 

7. This field displays status for the algorithm. Updates in this field are seen in Figure 42 

and Figure 43. The first line represents current status, the second one shows current 

iteration number and last line displays current global cost. 

 

Figure 42 GUI – 3 

8. This field is for the selection of what type of files are to be outputted. Default option 

is “Best path” which outputs found best path and other auxiliary files to be plotted in 

the MATLAB. The “Tree” option apart from the first one also writes the whole search 
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tree into memory. It must be used with low value of the iteration number (typically 

<1000) because the tree may consist of too many files which will slow down machine. 

“Tree” option is used only for testing purposes. 

The buttons on the bottom are for, 

MATLAB plot: to run plotting script for the MATLAB. It will display output graphs in MATLAB 

if there MATLAB version installed on the machine. 

Default values: It resets all the values in the GUI to their default values. 

Start: Starts algorithm to run. It is deactivated when pressed. 

Stop: Stops algorithm before it is finished. It is activated after starting algorithm. 

 

Figure 43 GUI - 4 
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Appendix B. Input File Description 

In this appendix internal file structure of the formation and obstacle configuration files are 
described. Example files are generated when running code each time. Below sample for the 
formation configuration file is displayed. It is self-explanatory with comments in it.  

According to rules described in “REAM ME!” section, user can create new formation 
configuration of any number of satellites. 

Obstacles are introduced to the system with the help of obstacle configuration file. The first 
line displays labels for each column: position, velocity and size of the sphere in [m] 
encompassing obstacle. Each objects initial states for position and velocity are added as a 
new line and the last column is for the size of the obstacle. 

  

2                               #Number of satellites in the formation 
1st satellite 
0 -100 0 0 0 0 #initial configuration of 1st satellite 
-50      0 0 0 0.1078 0 #final configuration of 1st satellite 
3      #size of satellite (sphere radius) 
1 1000                        #range for thruster on time of 1st satellite in seconds 
0.0000003 0.00008          #range for thruster acceleration magnitude of 1st satellite in m/s^2 
9   15  18  0.5             #Battery level[minimum initial maximum] in [Wh] and avg(charging - loading)rate [W] of the satellite 
2nd satellite 
0 100     0 0 0 0 
50 0       0 0 -0.1078 0 
4 
1 1000 
0.0000003 0.00008 
9   15  18  0.5 
 
READ ME! 
How to write configuration file: 
1. Values must be separated with either by space or tab. 
2. The structure of the satellite configuration must be as shown in the below example, replace variables with values 
3. First line contains number of satellites which must be updated whenever satellites are added or deleted from formation. 
4. Satellite configuration are separated with name line, nothing else. 
Example starts here: 
n # Number of satellites in the formation 
Name of the satellite 
x y z vx vy vz      #initial configuration of 1st satellite 
x y z vx vy vz      #final configuration of 1st satellite 
size                        #size of satellite (sphere radius) 
T_on_min T_on_max        #range for thruster on time of 1st satellite in seconds 
U_min U_max               #range for thruster acceleration magnitude of 1st satellite in m/s^2 
min init max charg_rate     #Battery level[minimum initial maximum] in [Wh] and avg(charging - loading)rate [W] of the 
satellite 
Name of the satellite 

x y z vx vy vz size 
0 50 0 0    0.0115  0    10 
0    -50 0    0    -0.0115 0    10 
-25   0    50   0    0.0539  0    10 
-100      0   0    0     0.2156 0 20 

Figure 44 Formation configuration file 

Figure 45 Obstacle configuration file 
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Appendix C. Dynamics for Different LVLH Notation. 

Different LVLH reference frame was also implemented. This appendix briefly discusses it and 

introduce related changes in the dynamics equations.  

Figure 46 shows LVLH reference system where �⃗�𝑥 axis is along the velocity vector, 𝑧𝑧 points into 

center of the central body and �⃗�𝑦 completes right hand rule. There is only rotational change of 

axis here without any translation compared to the LVLH system described in Section 5.2. 

 

Figure 46 Different LVLH notation 

Dynamics equations are also needed to be changed. Change in LVLH only affects 𝐴𝐴(𝑡𝑡) and 

𝐵𝐵(𝑡𝑡) matrices. Those matrices are introduced in (32) and in (33) respectively. 

 

 

𝐴𝐴(𝑡𝑡) =  

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

1 0 −6(sin 𝑛𝑛𝑡𝑡 − 𝑛𝑛𝑡𝑡)
4 sin 𝑛𝑛𝑡𝑡 − 3𝑛𝑛𝑡𝑡

𝑛𝑛
0

2(1 − cos 𝑛𝑛𝑡𝑡)
𝑛𝑛

0 cos𝑛𝑛𝑡𝑡 0 0
sin𝑛𝑛𝑡𝑡
𝑛𝑛

0

0 0 4 − 3 cos𝑛𝑛𝑡𝑡 −
2(1 − cos𝑛𝑛𝑡𝑡)

𝑛𝑛
0

sin𝑛𝑛𝑡𝑡
𝑛𝑛

0 0 6𝑛𝑛(1 − cos𝑛𝑛𝑡𝑡) 4 cos𝑛𝑛𝑡𝑡 − 3 0 2 sin𝑛𝑛𝑡𝑡

0 −𝑛𝑛 sin𝑛𝑛𝑡𝑡 0 0 cos𝑛𝑛𝑡𝑡 0

0 0  3𝑛𝑛 sin𝑛𝑛𝑡𝑡 −2 sin𝑛𝑛𝑡𝑡 0 cos 𝑛𝑛𝑡𝑡 ⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

 (32) 
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𝐵𝐵(𝑡𝑡) =

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛�

4
𝑛𝑛2

(1 − cos 𝑛𝑛𝑡𝑡) −
3
2
𝑡𝑡2� 0

2 �𝑡𝑡 − sin𝑛𝑛𝑡𝑡
𝑛𝑛 �

𝑛𝑛

0
1 − cos𝑛𝑛𝑡𝑡

𝑛𝑛2
0

−
2 �𝑡𝑡 − sin 𝑛𝑛𝑡𝑡

𝑛𝑛 �
𝑛𝑛

0
1 − cos𝑛𝑛𝑡𝑡

𝑛𝑛2
4 sin𝑛𝑛𝑡𝑡

𝑛𝑛
− 3𝑡𝑡 0

2(1 − cos𝑛𝑛𝑡𝑡)
𝑛𝑛

0
sin𝑛𝑛𝑡𝑡
𝑛𝑛

0

−2(1 − cos 𝑛𝑛𝑡𝑡)
𝑛𝑛

0
sin𝑛𝑛𝑡𝑡
𝑛𝑛 ⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

 (33) 
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Appendix D. Source Code 

The source code of the implementation and the results of the simulations are all included in 

DVD disk attached to this thesis. It also contains soft copy of the thesis. 


