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 8. Conclusion, page 54, read “20% regarding polluted soil volume with a power 

change” instead of “20%regarding power with a power change”. 
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provided data and financed it and the LTU department of Applied Geology. 
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2 Abstract 
 
Precise and accurate delineation of polluted sites is an important stake among soil remediation 
professionals. Information available for estimation is often incomplete and/or heterogeneous. 
That usually leads to the discovery of unexpected polluted volumes during remediation phase 
and costs overrun. On the opposite, certain projects may be wrongly judged too expensive due 
to an overestimation of the pollution. Different tools are used today in order to estimate 
pollution as accurately as possible. Though, the spatial variability of the pollution, if not 
reproduced properly, induces unrealistic contamination delineation. Consequently a model 
appropriate to the concerned site is necessary to evaluate the pollution consistently. 
 
To give solutions to these issues, this master thesis considered the use of Inverse Distance 
Weighted (IDW) and Ordinary Kriging (OK) in order to estimate two polluted sites in 
Norrbotten, Sweden: Solgårdarna and Tväråns såg area. Both methods can not be applied 
without hypotheses verification, as the second order stationarity of data for OK; the 
estimation method should therefore be chosen regarding the specificities of the site and their 
adequacy to these hypotheses. It has been shown that some method parameters such as the 
power or the search neighbourhood ellipsoid of IDW have a non negligible impact on results 
(more than 20%) and should be chosen carefully. Also transformation of data helps to make 
them more stable reducing the impact of outliers but, if not applied properly, may lead to 
results different of more than 45%. The different methods have been compared by cross-
validation. Limitations of the cross-validation method have been examined. 
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3 Introduction 
 
The industrial development has for more than a century lead to multiples pollutions of the 
ground from different origins -accidental or diffuse-. The understanding of the sanitary risk 
introduced by these pollutions appeared three decades ago after serious accidents with 
important media coverage (USA, 1979, 20,000 tonnes of toxic wastes have been discovered 
after discharge along years from Hooker Chemical Company in the Love Canal. It was the 
first emergency funds ever to be approved for a disaster which origin was not natural. Source: 
United States Environmental Protection Agency). 
 
Whatever the use of a site is the owner is responsible for it not to be a source of jeopardy 
through pollution for the residents or the users of the site. Even if some pollutants are obvious 
by their smelling or their colour, most are invisible without a sampling investigation and 
chemical analyses. Consequently when pollution is suspected, a method has to be found to 
evaluate if the pollutant(s) exceeds a sanitary level and the volume of polluted soil which is 
concerned.  
 
Deciding the remediation of a whole site because of one or two high polluted samples without 
any quantification of the polluted soil is surely a waste of time and money. The way to 
proceed from an assumption of pollution to its quantification is not straightforward and varies 
among soil remediation professionals. The accuracy of the result is not lacking in importance 
as it is directly correlated to remediation costs. Indeed if the pollution has been 
underestimated, discovering unexpected polluted volumes causes an overrun of costs and may 
lead to interrupt the project. On the contrary overestimating the pollution may cancel projects 
due to the high remediation price they imply. 
 
Finding an accurate way to estimate polluted soil is a major stake as it concerns 80,000 sites 
in Sweden where there have been operations that may have caused contamination. 
Approximately 23,500 sites represent today a human health and environmental risk and imply 
important remediation costs (Source Swedish Environmental Protection Agency). Assessing 
polluted sites is not trivial as pollution usually develops itself in heterogeneous and complex 
media with multiples sources along years. Consequently knowing precisely the past activities 
that occurred on a site may help to identify the pollution extension. 
 
Supposing a polluted site on which soil has been sampled, it may be wondered how can be 
known the quality of soil between two samples, one clean and one contaminated. Sampling 
everywhere would be the most accurate way to find precisely the boundaries between clean 
and polluted soils but also the most expensive. An alternate method is to estimate the quality 
of soil from the samples. There are several methods used for polluted soil estimation. Two of 
them which are commonly used are Inverse Distance Weighted (IDW) and Ordinary Kriging 
(OK).  
 
IDW is a deterministic spatial interpolation method based on the assumption that the 
interpolating surface should be influenced most by the nearby points and less by the more 
distant points. The closer a measured value is to the point being estimated, the more influence, 
or weight; it has in the averaging process. 
 
Geostatistical methods aim to describe natural phenomenon correlated in space and time and 
quantify the uncertainty of their estimation. They have various application areas such as 
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mining, oil industry, hydrogeology, topography, meteorology, halieutic, or finance as well as 
environment which is the interest here. Geostatistics provides descriptive tools such as semi-
variogram to characterize the spatial pattern of soil data. A geostatistical interpolation 
technique, Kriging, has been developed by the French mathematician Georges Matheron 
based on the work of Daniel Gerhardus Krige concerning gold grades of the Witwatersrand 
reef complex in South Africa (1950’s). Kriging is a generic name adopted by geostatisticians 
for a family of generalized least-squares regression algorithms; OK is one of them. 
 
The aim of this thesis is to propose a methodology to select appropriate models for polluted 
areas evaluation. It has been considered through the study of two sites polluted by arsenic in 
Norrbotten, Sweden: Solgårdarna and Tväråns såg area. The volume of polluted soil and mass 
of arsenic have been estimated using IDW and OK for each site. A subsequent aim was to 
assess the limitations of IDW and OK with regard to the site specificities. IDW and OK are 
two methods that involve different parameters such as neighbourhood in which samples are 
taken into account for calculation. These parameters have been examined considering their 
impact on results for respective method. Different outputs (figures and maps) have been 
obtained with OK and IDW. A main issue of estimation is to select the results which are the 
closest from reality; this question has been taken into account in the results comparison. 
 

4 Materiel and methods 
 
In a first part the two polluted sites which have been assessed are presented: location, source 
of pollution, previous clean-ups if exist, and way of sampling. Then the methodology used for 
the pollution estimation is discussed. 

4.1 Sites description 

4.1.1 Solgårdarna 
The Mark Radon Miljö (MRM) Consult AB company has performed a feasibility study of this 
site. Site description and original data have been based on this report. 
 
The Solgårdarna site belongs to Boden’s town and was used since 1944 for sawmill 
operations including impregnation activities until 1954. Before storage, impregnation was 
realized with CCA mixture (copper, chromium and arsenic) above the railway sleepers. 
Previous studies have shown that the site is polluted mainly by arsenic. 
The area is now almost open space, flat, gravelled and used by the local residents as 
playground. On north-eastern part of the area there are piles of excavation material consisting 
of soil from parts of the current gravel plan. The “topsoil” is composed of a brown humus-
bearing silt clay/clayey silt from the surface and down to 0.3 meters. Under this layer there is 
a gray silt clay/clayey silt with elements of Fe oxides. 
 
XRF measurements were performed twice per sample in 60 NomSec1 with a Niton 700. 
Before analysis preparation was performed to obtain a representative sample. The method of 
sample preparation consists in fractioning the field test in a test sample of about 50 grams 
after drying and sieving at 2 mm sieve. The average of the two measurements on each sample 
was used for evaluation. 
 
XRF measurements were performed on samples at all points of levels 0-0.25 m; 0.25-0.50 m, 
0.50-0.75 m; 0.75-1.00 m; 1.00-1.25 m and in some cases, 1.25-1.50 m. 31 samples were sent 
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to accredited laboratory for analysis, the results were used to verify the correlation between 
laboratory analysis and XRF measurements. These samples are exactly the same material as 
the one used for XRF measurements. 
 
According to MRM Consult AB’s feasibility study the pollution does not follow any vertical 
regular system. This is partly because an earlier clean-up made in 1991 excavated the top 0.5 
m in a compartment and replaced it by clean soil. Further the area in the east to some extent 
has been excavated and levelled, the excavation material removed can be found in northeast. 
The exact extent of this area is not known. 

4.1.2 Tväråns såg area 
Tväråns såg area belongs to Gällivare town and is located close to railways. The site was used 
between 1953 and 1954 for wood impregnation activities. Impregnation was made using an 
arsenic-based product containing chromium and copper. 
 
Decontamination took place in 2002 with clean-up and refilling of the area. Bothniakonsult 
AB was monitoring the site study and made the sampling. 
 
Remediation is performed through the excavation of 10*10*3 m cubes. Each cube is dug up 
according to pollution estimation. Once a cube is removed, the held down soil pollutant 
concentration is tested in order to avoid leaving polluted soil. The backfill is either a soil from 
another source or the polluted soil after its cleaning. 

4.2 Methodology 
The geographic information system software ArcGIS and especially its Geostatistical Analyst 
extension was used on this study. 
 
The polluted sites of Solgårdarna and Tväråns såg area have been studied through the 
following methodology: 

• Statistical study of the data 
• Inverse Distance Weighted 

 Spatial interpolation 
 Cross validation 

• Ordinary Kriging  
 Structural analysis 
 Spatial interpolation 
 Cross validation 

4.2.1 Statistical study of the data 
The first step before estimation is to describe the behaviour of the sampled dataset. Statistics 
help to understand data distribution, choose an estimator and identify potential restrictions 
that could apply. 

4.2.1.1 Investigating the sample data 
There are many different ways to describe a set of data; the most common are discussed here: 

• The number of samples 
• The mode 

The modal value is the one which occurs most often. 
• The range  
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The range is the difference between lowest and highest values. 
• The interquartile range  

The interquartile range is the range of the central 50% of the sample values; it is calculated by 
the difference between the third quartile (highest 25% of data) and the first quartile (lowest 
25% of data). 

• The median 
The median value is the value below which 50% of values lay. 

• The arithmetic mean 

The arithmetic mean is generally expressed as: ∑
=

=
n

i
ig

n
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1  

Where ig  represents the measured value on sample i, n is the number of samples available 

and g  the average value of those n samples. 
• The geometric mean 

This mean is found by multiplying all of the values together and taking the nth root: 
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Relation between means and median gives a first idea of data distribution symmetry. If they 
are close, it involves that measurements are symmetrically around their value. 

• The variance 

The variance measures the variation of the sample values: ∑
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• The standard deviation 
The standard deviation equals V , which allows having a measure of the variation with same 
units than the data. 

• The coefficient of variation  
The coefficient of variation is the ratio of the standard deviation over the mean. 

• The skewness  
The skewness is a measure of symmetry of the data, calculated as follow: 
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If the data are symmetric around the average value then each positive deviation has a negative 
deviation to balance it. In this case their cubed difference equals zero, so does the skewness. 
The skewness allows identifying when many samples are below (resp. above) the mean and a 
long “tail” into the high (resp. low) values. Cubing the deviations makes the positive (resp. 
negative) values enormously large and can no longer be cancelled by the negative (resp. 
positive) ones. 

• The kurtosis  
The kurtosis is a measure of whether the data are peaked or flat relative to a normal 

distribution: ∑
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The kurtosis is based on the size of the tails of a distribution and provides a measure of how 
likely the distribution produces outliers. The kurtosis of a normal distribution is three. 
Distributions with relatively thick tails are "leptokurtic" and have kurtosis greater than three. 
On the contrary with relatively thin tails they are "platykurtic" and have a kurtosis less than 
three. 
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• The normal QQ plot 
A normal QQ plot illustrates how far the data distribution is from a normal distribution. As it 
is illustrated Figure 1, it is created by plotting data values with the value of a standard normal 
where their cumulative distributions are equal. 
 

 
Figure 1: Calculation of a normal QQ plot, for a quantile value the data value correspondent is plotted on 
the y-axis and the normal value correspondent is plotted on the x-axis. This allows comparing data 
distribution to a normal one. 
 
The quantiles of the standard normal distribution are plotted in the normal QQ plot on the x-
axis and the quantiles of the dataset are plotted on the y-axis. On the example above, the plot 
is close to a straight line. Comparing this line with the dots on the normal QQ plot indicates 
the distribution of data i.e. the dots deviate from the line when it is far from a normal 
distribution. 

4.2.1.2 Statistical inference 
To be able to assess a polluted area based on soil samples, estimation allows predicting the 
pollutant concentration at unsampled locations, from the sampled measurements.  
 
The statistical inference is the use of statistics to draw conclusions about the unknown data 
(the unsampled locations) using inferences drawn from the behavior of the sampled data. 
Therefore the study should start with standard statistics in order to estimate the homogeneity 
of the population. 
 
Though such descriptive study of data does not consider their spatial behavior whereas the 
objective is to produce “maps” at unsampled locations. One should be aware of the spatial 
characteristics of sampling strategy that was applied: if changes have occurred during the 
sampling campaigns, if the area contains homogeneous soil, if some sampling areas have been 
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favoured. Therefore, assumptions described by Clark et al. (2000) are necessary before 
applying statistical theory on a potential measurement of the population: 

• Sample values are precise and reproducible 
• Sample values are accurate and represent the true value at that location 

These assumptions are extremely unlikely and, even if possible, costly to check. Though, they 
have an impact on estimation techniques. 

• The samples taken constitute a physically continuous, homogeneous population of all 
possible samples. 

• The values at unsampled locations are related to the values at sampled location.  
If the values are completely random, the unknown value at an unsampled location is another 
number drawn at random from all possible samples. 
 
A relationship which depends on the location of the samples is assumed between values. This 
relationship should then be reproduced by the estimation method as accurately as possible. In 
this study two methods are considered: a deterministic method, Inverse Distance Weighted 
and a geostatistical method, Ordinary Kriging. 

4.2.2 Inverse Distance Weighted (IDW): a deterministic method 
In mathematics, a deterministic system is a system in which no randomness is involved in the 
development of its future states. Deterministic models thus produce the same output for a 
given starting condition. 
 
IDW is a deterministic spatial interpolation method based on the assumption that the 
interpolating surface should be influenced most by the nearby points and less by the more 
distant points. The closer a measured value is to the point being estimated, the more influence, 
or weight; it has in the averaging process. 
 

The calculation formula for IDW is: 

∑

∑
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Where v0 is the estimated concentration at (x0, y0, z0), vi is a neighbouring data value at (xi, yi, 
zi), di is the distance between (x0,y0,z0) and (xi,yi,zi), P is the power, and N(v0) is the number 
of data points in the neighbourhood of v0. 
 
IDW allows controlling the impact of known points on the interpolated values based on their 
distance from the output point. By defining a higher power (P), more emphasis is placed on 
the nearest points. A power of two is most commonly used with IDW. 

4.2.3 Ordinary Kriging: a geostatistical method 
Geospatial estimation methods can not generate exact values. Error associated with 
measurement and calculations is inevitable; and it is important to estimate its size. 
Geostatistics give not only an estimated value but also measurement of the estimation 
accuracy with the kriging variance. 

4.2.3.1 Regionalized variable theory 
Geostatistics has been defined by G. Matheron as “the application of probabilistic methods to 
regionalized variables”, which designate any function displayed in a real space. Unlikely 
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conventional statistics, whatever the complexity and the irregularity of the real phenomenon, 
geostatistics search to exhibit a structure of spatial correlation. This accounts for the intuitive 
idea that points close in the space should be likely close in values.  
 
The observed value for each spatial point x can be described by regionalized variables; they 
correspond to variables with a random distribution at the local scale and a structured 
distribution at the global scale. They are considered as results z(x) of random variables Z(x). 
Where no measurement has been performed, z(x) values are defined but unknown and also 
results of corresponding random variables Z(x). The set of all these random variables is a 
random function. Relationship between a random function and one of its random variables is 
the same than the relationship between a random variable and one of its draws. A random 
function is characterized by its spatial law, i.e. by the set of laws of random variables Z(x1), 
Z(x2), Z(xk), for each k and for each spatial point x1, x2.. xk. 
 
As it has been noticed by Armstrong et al. (1997) to enable the statistical inference, the 
random function has to be stationary i.e. its law does not vary by spatial transfer. In that way, 
the phenomenon studied is stationary on the neighbourhood used for the estimation. 
Generally, those conditions are not satisfied and the verification is made only for the intrinsic 
hypothesis: the function Z(x) has mean and variance increments that exist and are independent 
from the point x (are stationary). It is illustrated Figure 2. 
 

 
Figure 2: According to the intrinsic hypothesis, the function Z(x) has mean and variance increments that 
exist and are independent from the point x (are stationary). The function γ(h) is called semi-variogram, it 
is the base tool for structural interpretation and estimation. 
 
Wackernagel (2004) pointed out that the increments stationarity does not imply the 
stationarity of the random function. 
 
The first part of a geostatistical study is to identify the structure of the local fluctuations over 
the global trend. This part is called structural analysis. 

4.2.3.2 Structural analysis 
The structural analysis can be divided in three parts: 

• Data study 
• Experimental semi-variogram calculation 
• Fitting of a mathematical model to experimental semi-variogram 

 
First of all, as it is reminded by Armstrong et al. (1997), it is crucial to determine if the data 
verify the intrinsic hypothesis, what is their support, and if they are additive. 
 
The intrinsic hypothesis allows the statistical inference as it has been explained previously. 
 
The support is the representative volume of a measurement. It is quite important to be aware 
that increasing the support reduces the variance, but does not change the mean. Indeed, if the 
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repartition of samples is made on a smaller volume, their values are more variable. It is 
illustrated by a diagram and an example (Figure 3 and Figure 4). 
 

 
Figure 3: Difference of distribution between the same values on different sampling support. Larger is the 
support, smaller is the variance. The mean is the same whatever is the support. From Wackernagel (2004). 
 

 
Figure 4: Example showing that increasing the support reduces the variance, but does not change the 
mean. 
 
Changing the size of support between sampling and estimation may cause a “support effect” 
due to the change of variance. Neglecting the support effect may lead to a systematic over-
estimation when data above a certain threshold are considered because increasing the volume 
from sampling support to estimating support decreases the variance.  
 
Considering the precedent example Figure 4 with a less fine sampling grid (one on five 
samples) and a threshold of 5; it appears on Figure 5 that the second bloc is considered as 
polluted when it is not. Using the sample measurements for bloc-size estimation with a 
change of support may lead to an over-estimation if data above a certain threshold are 
considered. 
 

 
Figure 5: A less fine sampling grid shows that the increase of support from sampling to estimation may 
lead to an over estimation if data above a certain threshold (here threshold of 5) are considered, it is the 
case of the second bloc. 
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As calculating the quantity of polluted soil implies considering assessed values above the 
legal pollutant concentration, care should be taken to the necessity of modifying the support 
model. 
 
Armstrong et al. (1997) pointed out that geostatistical applications require additive variables. 
Indeed the arithmetic mean of values from an additive variable is their average. It is not true if 
variables are not additive and it is then necessary to weight the calculation. An example is 
presented to illustrate the additivity notion: 
 
Considering two narrow polluted soil volumes, the first one has an extent of 10centimetres 
and is polluted with a concentration of 500mg.kg-1 and the second one has an extent of 
40centimetres with a concentration of 100mg.kg-1. The mean thickness of this pollution is 
25centimeters (40+10)/2. However the mean concentration is not 300mg.kg-1 (500+100)/2 but 
its weighted mean: (10*500+40*100)/(10+40) = 120mg.kg-1 
The concentration of pollutant is not an additive variable contrary to the thickness. 
 
Spatial patterns can be described using the experimental semi-variogram which is computed 
as half the average squared difference between the data pairs of the random intrinsic function 

z distant of h: [ ]∑
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h is called the lag and N(h) is the number of lags.  
Considering the points in Figure 6, the semi-variogram is calculated for a lag value of 14m 
(h=14). There are 5 lags, so N(14) = 5 
 
γ(14) = [1/(2*5)] *[(7-13)² + (8-17)² + (9-15)² + (7-14)² + (6-12)²] = 24 
 

 
Figure 6: Example of semi-variogram calculation for h=14m 
 
The semi-variogram has been calculated for lag values from 1 to 9m and plotted Figure 7. 
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Figure 7: Plot of a semi-variogram calculated from the points Figure 6 for lag values 1 to 9m. 
 
As points are usually not separated by an exact h distance, software allows taking into account 
more points increasing the search area, Appendix 1. 
 
Clark et al. (2000) insist on the fact that the semi-variogram graph is an illustration of the 
variance of differences in sample values. The graph is stable only if the standard deviation is a 
sensible measure for the variability of the values. Also, if the data are highly skewed (for 
example if they follow a lognormal distribution), the variance is a measure of skewness not of 
variability. This enlightens the importance of studying the data distribution. In case of a 
highly skewed distribution, it is necessary to perform a transformation that allows studying 
variability of the data and not their skewness through the semi-variogram. 
 
Using information brought by the experimental semi-variogram, a theoretical function can be 
proposed for the distribution of values within the whole population: this function is an 
algebraic formula for the relationship between values at specified distances.  
 
There are many possible different models for fitting the experimental semi-variogram 
(spherical, exponential, and gaussian are the more used examples, they are shown in 
Appendix 2: examples of semi-variogram models). 
 
Three parts of a semi-variogram are noteworthy (Figure 8: Three remarkable parts of a semi-
variogram, the sill, the range and the nugget effect. From Marcotte (2006). and their relative 
values give a greater understanding of data spatial structure: 

• The nugget effect C0 represents the difference between very close samples and is 
inherent to the variability of data or could also be due to sampling errors. 

• The range is the distance beyond which pairs of sample values are unrelated. 
• The sill is the value the graph reaches at the range. It is theoretically the population 

variance of measured values σ2. 
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Figure 8: Three remarkable parts of a semi-variogram, the sill, the range and the nugget effect. From 
Marcotte (2006). 
 
Consequently an experimental semi-variogram interpretation determine the distance on which 
data can be assumed to be continuous (the range), what is the variability of data (the sill) and 
which part of this variability is inherent to values (the nugget effect) comparing to the part 
due to distance. 
  
If the range differs depending on the direction, it is called anisotropy. The data are 
consequently more spatially continuous along one direction. This can not be studied with an 
omnidirectional semi-variogram, different directions should be computed and compared to see 
if the semi-variogram obtained have different ranges. 

4.2.3.3 A geostatistical interpolation technique: kriging 
Kriging is a generic name adopted by geostatisticians for a family of generalized least-squares 
regression algorithms. There is a wide palette of kriging methods available e.g. simple, 
ordinary, universal or with a trend, cokriging or kriging with an external drift. 
 
As pointed out by Wackernagel (2004), the aim of the kriging method is to weight samples on 
an optimal way, which means by minimising the variance. Contrary to IDW, the kriging 
estimator weights do not depend only on distance between samples but reflect the spatial 
correlation of data. 
 
Considering the problem of estimating the value of a continuous attribute z at any unsampled 
location x using only z-data {z(xi), i = 1,….,n}. The estimated value Z*(x) is defined as: 

[ ]∑
=

−=−
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* )()()()()(
xn

i
iii xmxZxxmxZ λ  

Where λi(x) is the weight assigned to z(xi) interpreted as a realization of the random variable 
Z(xi) and located within a given neighbourhood W(x) centred on x. The n(x) weights are 
chosen so as to minimize the estimation error variance σ2

E(x)=Var{ Z*(x) – Z(x)}under the 
constraint of unbiasedness of the estimator. This constraint is verified using weights of unit 
sum equal to 1. They are calculated by solving a system of linear equations which is known as 
‘kriging system.’ 
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The error variance is also called the kriging variance and is a measure for estimation 
uncertainty as long as data under study verify a second order stationarity (Heuvelink et al., 
2002; Goovaerts, 1998). That signifies that the mean is constant and independent from its 
location, and that covariance between two points depends only on the distance between these 
points and not on their location. As Armstrong et al., (1997) noticed, often these conditions 
are not satisfied. 
 
The strength of kriging estimation is that the model of spatial continuity considered in 
calculation is specific to the site and variables studied. 
 
The differences between kriging methods reside in the model considered for the trend m(x) in 
expression above: 

• Simple kriging considers the mean m(x) known and constant throughout the study 
area. 

• Ordinary kriging accounts for local fluctuations of the mean by limiting the domain of 
stationarity of the mean to the local neighborhood W(x). Unlike simple kriging, the 
mean here is deemed unknown. 

 
In this study only ordinary kriging (OK) has been considered as it was expected to be the most 
straightforward method that could be applied to polluted soils: due to the sample value 
heterogeneity, the local fluctuations of the mean should be taken into account. 
 
With the same spatial interpolation method, different estimations can be produced by 
changing values of parameters, or treatment of data. A method that allows comparing them, as 
well as comparing estimations from different methods, is the cross validation. 

4.2.4 Cross validation 
The cross validation process consists in discarding temporarily a sampled point and 
calculating its value with estimated neighbouring points. The error is known by the difference 
between the estimated value and the original sampled value. The operation is done on all the 
samples. 
 
Results of cross validation are the mean of the errors obtained and the “root mean squared 
error” (RMSE). Positive and negative errors discard themselves in the mean calculation. For 
this reason RMSE by squaring errors allows summing negative and positive errors; the root of 
their mean is calculated in order to have a result comparative to the values estimated. 
 

5 Results 
 

5.1 Statistical approach of the data 
Within the framework of this study, there was no possibility to verify the two first 
assumptions allowing the statistical inference i.e. the sample values are precise and 
reproducible; and the sample values are accurate and represent the true value at that location. 
These assumptions have been assumed to be true. The laboratory verification performed in the 
case of Solgårdarna gives however more confidence about the previous assumption for this 
site. This information is unknown for Tväråns såg area. 
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Effort has been made to consider only data that verify the two other assumptions: samples 
taken constitute a physically continuous, homogeneous population of all possible samples; 
and areas with values that could be random have been avoided. 

5.1.1 Solgårdarna 
As the north-eastern area has earlier been excavated and filled with clean soil, the soil has 
been displaced and mixed in the area, the arsenic data were expected to be random and no 
spatial interpolation was done. Points belonging to the filled area have been excluded from the 
estimation study in order to fulfil the previous assumptions. 
 
It is important to notice that arsenic concentration is not an additive variable. It seems 
therefore necessary to transform it in accumulation (= concentration * thickness), which is 
additive. However, it is not needed in the case of Solgårdarna as every sample has been 
prepared from the same thickness of soil. The concentration can be studied as it is, as its 
transformation in an accumulation variable would have been only the multiplication of each 
value by 0.25m (thickness of samples). 
 
ArcGIS has been used to perform the statistical study of the data. 
 
Table 1: Global descriptive statistics of Solgårdarna‘s sampling dataset. 
 
Analyte Arsenic concentration 
N 674 
Minimum  2 
Maximum 9 174 
Range 9 172 
Mean 153 
Median 18 
Standard Deviation 734 
Variance 539 196 
Interquartile Range 12 
Skewness 9 
Kurtosis 101 
 
Looking at the global set of data available for the Solgårdarna site, it can be observed that 
there is a wide range of data and they have high variance and standard deviation (Table 1). 
The median is low compared to the mean so the data must spread out for the high values. 
 
This can also be shown looking at the kurtosis value which is very high (99) compared to the 
kurtosis of a normal distribution (3) which indicates a long tail, the distribution is called 
leptokurtic. The positive value of skewness indicates a great number of low values and a long 
tail of high positive values. This can be confirmed by the histogram of data, Figure 9. 
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Figure 9: Histogram of Solgårdarna‘s sampling dataset showing a highly positive skewed distribution. 
 
It can be concluded that the majority of data is low (third quartile is 28 and 90th percentile is 
150 whereas maximum is 9174) with a small proportion of very high values. 
 
A normal QQ plot shows the dissimilarity of the distribution from a normal one, Figure 10. 
 

 
Figure 10: Normal QQ plot of Solgårdarna‘s sampling dataset showing the dissimilarity of its distribution 
from a normal one. 
 
As ArcGIS does not allow working in three dimensions, queries have been done for each 
interval sampled: 0-0.25m, 0.25-0.5m, 0.5-0.75m, 0.75-1m, 1-1.25m, 1.25-1.5m, Table 2. 
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Table 2: Descriptive statistics for each layer of Solgårdarna‘s sampling dataset. 
 
Analyte Arsenic concentration 
Interval 0-0.25 0.25-0.5 0.5-0.75 0.75-1 1-1.25 1.25-1.5 global 
N 139 146 128 121 121 19 674 
Minimum  2 2 3 11 11 13 2 
Maximum 1772 8670 8670 9174 2399 2285 9 174 
Range 1770 8668 8667 9163 2388 2272 9 172 
Mean 58 156 313 140 73 333 153 
Median 18 17 19 18 16 35 18 
Standard Deviation 206 792 1116 841 282 645 734 
Interquartile Range 8 10 29 12 7 232 12 
Skewness 7 9 5 10 6 2 9 
Kurtosis 57 95 36 112 47 6 101 
 
Every interval has same characteristics as the global study of values: low interquartile range 
comparing to the global range, higher mean than median, high standard deviation, kurtosis 
and skewness values. So, each interval presents a great number of low values and a long tail 
of high positive values. 
 
Though it can be noticed that this phenomenon is less strong for the intervals 0-0.25m and 
1.25-1.5m as they have lower maximums. The interval 1.25-1.5m presents only 19 samples as 
it can be seen Figure 11. It has not been judged enough to perform a spatial interpolation. 
 

 
Figure 11: Visualization of samples belonging to the layer 1.25-1.5m (brown ones) which is not sampled 
densely enough to allow a spatial interpolation. 
 
The distribution of the sample data is highly skewed. It has to be taken into account before 
estimating the pollution. It has been demonstrated by Clark et al. (2000) that using arithmetic 
mean calculations with highly skewed data can produce seriously erroneous results.  



 - 16 - 

 

5.1.2 Tväråns såg area 
The variable studied in Tväråns såg area can not be the arsenic concentration as it is not an 
additive variable and measurements have not been realized on sample of same thickness. The 
value studied is the accumulation. 
 
A first overview of the totality of sample gives an idea of the global behaviour of data, shown 
by a histogram (Figure 12) and descriptive statistics (Table 3). 
 

 
Figure 12: Histogram of Tväråns såg area‘s sampling dataset showing a positive skewed distribution. 
 
Table 3: Global descriptive statistics of Tväråns såg area‘s sampling dataset. 
 
Analyte Arsenic accumulation 
N 635 
Minimum  1 
Maximum 480 
Range 479 
Mean 27 
Median 9 
Standard Deviation 59 
Interquartile Range 19 
Skewness 5 
Kurtosis 32 
 
The same conclusions as for Solgårdarna can be drawn but in a less extent. Table 3 shows a 
wide range of values comparing to the interquartile range, which let suppose that data spread 
out for the high values as the third quartile is only 23mg.kg-1.m-1 when the maximum is 
480mg.kg-1.m-1. The median is low comparing to the mean and there are high values of 
kurtosis and skewness. 
 
Figure 12 the histogram confirms a distribution shape similar to Solgårdarna’s, but less 
extended in the high values.  
 
The same study has been achieved for each interval. 
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Concerning Tväråns såg area, the split of sample measurements in different intervals is not as 
easy as for Solgårdarna. Indeed, samples have been taken from different thicknesses of soil 
and these intervals are overlapping themselves (Table 4). 
 
To split data in different interval, the extent of soil sampled is considered. Samples are 
divided into few groups considering their position and thickness. 
 
Table 4: Repartition of samples considering depth and thickness of soil sampled in order to split them in 
layers. 
 

Number of samples Zmean (m) Thickness (m) Extent (m) 
180  0.1 0.2 0-0.2 
101  0.3 0.2 0.2-0.4 
4  0.2 0.4 0-0.4 
93  0.25 0.5 0-0.5 
138  0.5, 0.6, 0.7,0.8, 0.9 0.2 0.4-1 
27  0.8 0.5 0.55-1.5 
8  0.5 1 0-1 
46  1, 1.1, 1.2, 1.3 0.2 0.9-1.4 
2 1 2 0-2 
13 1.5, 1.7, 1.9, 3.6, 3.8 0.2 1.4-3.9 
23 2.3, 2.8, 3.3 0.5 2.05-3.55 

 
The previous table shows that distributing the samples in a lot of intervals would lead to 
numerous intervals of few samples that concern overlapping areas of soil. Three intervals 
have been achieved trying to be consistent with soil sampled and to reduce as much as 
possible the overlapping, Table 5. Ten samples (extension 0-1m and 0-2m) have been 
removed from this distribution as their extension is wider than the other intervals considered. 
 
Table 5: Intervals studied, achieved considering the extent of soil sampled. 
 
Number of samples Zmean (m) Thicknesses (m) Extent (m) Middle (m) 
378  0.1, 0.2, 0.25, 0.3 0.2, 0.4, 0.5 0-0.5 0.25 
211 0.5, 0.6, 0.7,0.8, 0.9, 

1, 1.1, 1.2, 1.3 
0.2, 0.5 0.4-1.5 0.95 

36 1.5, 1.7, 1.9, 2.3, 2.8, 
3.3, 3.6, 3.8 

0.2, 0.5 1.4-3.9 2.65 

 
Table 6 presents descriptive statistics which have then been performed for each of the three 
intervals. 
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Table 6: Descriptive statistics for each layer of Tväråns såg area‘s sampling dataset. 
 
Analyte Arsenic accumulation 
Interval 0-0.5 0.4-1.5 1.4-3.9 global 
N 378 211 36 635 
Minimum  1 1 2 1 
Maximum 464 480 417 480 
Range 463 479 415 479 
Mean 24 20 99 27 
Median 9 6 110 9 
Standard Deviation 54 43 116 59 
Interquartile Range 17 15 105 19 
Skewness 6 6 2 5 
Kurtosis 38 63 5 32 
 
The two intervals 0-0.5m and 0.4-1.5m are similar to the global distribution. The interval 1.4-
3.9m is different and is the nearest from a normal distribution; though the small number of 
samples (only 36) have to be considered. It may be asked if 36 samples are enough to realize a 
spatial interpolation. Moreover, several samples are on the same vertical axis and samples 
included in this layer concern in fact only ten different locations (Figure 13). Therefore, no 
spatial interpolation has been performed. 
 

 
Figure 13: Visualization of samples belonging to the layer 1.4-3.9m (green ones) which is not sampled 
densely enough to allow a spatial interpolation. 

5.2 Inverse Distance Weighted 
Performing an IDW on the two sets of data raised several questions. First concerning the 
choice of the parameter P, the power; literature says that usually 2 is taken but is it the optimal 
value? Then is the shape of the area in which samples are considered for calculation: how 
large, what shape, how many samples?  
 
A neighbourhood is defined as an area around the point in which data values are used to 
estimate the concentration value. Data values outside the neighbourhood are excluded. 
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The neighbourhood is always defined by a search ellipse that can be manipulated in shape, 
size, and orientation to include or exclude various data (see Appendix 3: neighbourhood 
search ellipsoid). A compromise has to be found between a wide enough neighbourhood that 
allows taking a representative number of sample but also short enough to avoid 
overestimation due to high values influence. 
 
The two sites present highly positively skewed data. In order to perform estimations on 
populations closer from normal distribution, the impact of a log transformation has been 
studied.  

5.2.1 Solgårdarna 
IDW has first been performed without any transformation. Interpolations with different axes 
sizes for neighbourhood ellipsoid search, minimum number of samples taken into account, 
and power have been done. A cross validation has been calculated for each of them. 
 
The RMSE is obtained by discarding one sample and calculating its value from estimated 
points. The high values have a stronger weight on the RMSE figure; and it may lead to 
interpretation problems if these high values are surrounded by low ones. Indeed the RMSE is 
low only if data around high measured values are high too. It is a problem if there are low 
values in the neighbourhood, because the errors they could cause in this case are low 
comparing to errors caused by high values. That implies that choosing the lower RMSE figure 
may introduce an overestimation risk. 
 
An example is given below to illustrate this point with two prediction maps calculated with 
different parameters from IDW calculation. 
 

1:      2:   
 
Arsenic concentration 21 mg.kg-1 1772 mg.kg-1 

Predicted 41 mg.kg-1 19 mg.kg-1 Map 1 Error 20 mg.kg-1 -1753 mg.kg-1 
Predicted 45 mg.kg-1 21 mg.kg-1 Map 2 Error 24 mg.kg-1 -1751 mg.kg-1 

 
The RMSE is calculated by squaring the errors and then taking the root of their mean. 
Case 1  
RMSE = )/2 (-1753)  20( 22 +  

RMSE = 2 / ) 3073009  (400 +  

RMSE = 2 / 3073409  
RMSE =1240mg.kg-1 
 
Case 2  
RMSE = )/2 (-1751)  24( 22 +  
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RMSE = 2 / ) 3066001  (576 +  

RMSE = 2 / 3066577  
RMSE =1238 mg.kg-1 
 
From case 1 to case 2 there is an increase of 19% for the sample 21 mg.kg-1 error and a 
decrease of 0.1% of the sample 1772 mg.kg-1 error. Considering that, case 1 seems to be 
preferable. Though, the lower RMSE which is the one that should indicate less error is 
obtained for case 2. This is because 1772 mg.kg-1 has more influence in the RMSE calculation 
than 21 mg.kg-1. 
 
This case illustrates the lack of robustness of RMSE to high isolated points.  
 
A way to solve this problem would be to discard high isolated values from cross validation 
(but not from estimation). It does not seem to be allowed by ArcGIS. 
Consequently the relevance of cross validation in case of highly positive skewness of value 
can be questioned and, at least, considered cautiously. 
 
The layer 0-0.25m has been used to illustrate the impact of the minimum number of samples 
and the semi-axis length of the neighbourhood search ellipsoid (description in Appendix 3: 
neighbourhood search ellipsoid). The RMSE results have been compared to the extent of 
measurements (Table 7), so the proportion of the maximum value (1172mg.kg-1 here) is 
given. 
 
Table 7: Results of cross-validation calculated from an IDW interpolation on the layer 0-0.25m for 
different number of minimum number of samples and semi-axis length of the neighbourhood search 
ellipsoid. 
 
Minimum number of 
samples Semiaxis (m) 5 10 30 

Mean errors (mg.kg-1) 10 5 9 1 RMSE (mg.kg-1) 264 (15%) 249 (14%) 232 (13%) 
Mean errors (mg.kg-1) 8 8 8 3 RMSE (mg.kg-1) 235 (13%) 235 (13%) 231 (13%) 
Mean errors (mg.kg-1) 10 10 10 5 RMSE (mg.kg-1) 230 (13%) 230 (13%) 230 (13%) 

 
The minimum number of samples considered and semi-axis length have been chosen for an 
intermediate RMSE (249 mg.kg-1).  
 
Considering the first soil layer, 0-0.25m, the visualisation of the values higher than 40mg.kg-1 
allows identifying the shape of the polluted area. This zone is longer than wider and concerns 
25 samples, Figure 14. 
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Figure 14: Visualization of the shape (black line) of the polluted sample values (blue points) of the layer 0-
0.25m. 
 
This exercise has been made for each layer and the same shape has been observed (Table 8). 
 
Table 8: Characteristics of the shape of polluted samples for each soil layer of Solgårdarna site. 
 

Highest polluted zone Other pollution Interval 
(m) Length Width Direction Samples  
0-0.25 200 m >5m 

<50m 
160degrees 25 samples to 

1772 mg.kg-1 
Other isolated points 

0.25-0.5 215 m >5m 
<30m 

165degrees 23 samples to 
8670 mg.kg-1 

One other isolated point 

0.5-0.75 195 m >5m 
<50m 

160degrees 38 samples to 
8670 mg.kg-1 

Two other isolated points

0.75-1 200m >5m 
<45m 

165degrees 26 samples to 
9174 mg.kg-1 

Two other isolated points

1-1.25 Not a continuous shape, 15 samples to 2399 mg.kg-1 that are aggregates on up to 
45m wide on a direction of 160 degrees. 

 
This pollution shape has been taken into account in the choice of the neighbourhood search 
ellipsoid. Though it has to be kept in mind that the IDW gives same weight to two samples 
with same distance from the estimated point as soon as they are in the search ellipsoid. So, 
even if the search ellipsoid takes into account more samples in a direction than in another, at 
same distance same weights are given in both directions. It is in that sense that IDW does not 
consider spatial structure of data contrary to geostatistical methods. 
 
The impact of an oriented and anisotropic neighbourhood can be illustrated with two 
interpolations for the layer 0.5-0.75m, Figure 15. The left-hand one has been made with an 
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ellipsoid of 10m semi-axes. The right hand one has been made with an ellipsoid 160 degrees 
oriented of 10m and 2.5m semi-axes (same ratio as 200m and 50m). 
 

 

 
Figure 15: Spatial interpolation of the layer 0.5-0.75m with IDW. The left-hand graph has been performed 
with an isotropic ellipsoid (10m semi-axis) and the right-hand graph with an oriented and anisotropic one 
(160 degrees oriented of 10m and 2.5m semi-axes). 
 
Without any calculation it could be supposed that there is an overestimation by the left-hand 
interpolation comparing to the right-hand one. The cross-validation seems to confirm it as the 
anisotropic ellipsoid has a lower RMSE (945 against 1123mg.kg-1 for isotropic ellipsoid). 
These figures have to be compared to data values extent: 8670mg.kg-1, so about 11 and 13% 
respectively. Yet, the mean of this errors is larger in absolute value (-40 against 8 for isotropic 
ellipsoid). 
 
These two maps show how a shape data interpretation can affect the spatial interpolation of 
data. They also present wide area of influence of the highest values. This problem arises with 
a highly positive skewed distribution and can be explained through the following example.  
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If IDW is the method chosen to estimate the blue point the following formula is applied: 
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where v0 is the estimated concentration at (x0, y0, z0), vi is a neighbouring data value at (xi, yi, 
zi), di is the distance between (x0,y0,z0) and (xi,yi,zi), P is the power, and N(v0) is the number 
of data points in the neighbourhood of v0. 
 
Distances from the blue point are: 8.65m for samples 532 and 7032, 8m for sample 710 and 
9.4m for sample 531. If a power 2 is chosen, then the blue point value is 389mg.kg-1. 
 
Even if the sample 531 is the farthest and has the smallest weight in the calculation, its value 
is so high comparing to the other ones that the blue point value is nearer from the sample 
531’s value than from the other points. And this influence can be visualized by the map 
calculation, Figure 16. 
 

 
Figure 16: Influence of a high isolated sample on the neighbourhood estimated points. 
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In order to reduce the influence of the highest points it is possible to minimize the search 
ellipse and the minimum number of samples required for the calculation. The problem in this 
case is the risk to obtain a mosaic map where the sample value is attributed on an area around 
it (Figure 17, the blue point value is 24mg.kg-1) ; which is quite far from what is expected 
from an estimation map. 
 

 
Figure 17: Mosaic map obtain by minimizing the minimum number of samples and the size of the search 
ellipsoid neighbourhood. 
 
Another way could be to increase the power as the higher the power of IDW function, the 
more weight is given to closer samples. Two maps have been calculated from the previous 
oriented neighbourhood maps, Figure 18. The left-hand one has been made with a power of 1. 
The right hand one has been made with a power of 3. 
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Figure 18: Spatial interpolation of the layer 0.5-0.75m with IDW. The left-hand graph has been performed 
with a power of 1 and the right-hand graph with a power of 3 (ellipsoid 160 degrees oriented and 
10m/2.5m semi-axes). 
 
These two maps show how the choice of the power parameter can affect the spatial 
interpolation of data. It illustrates that a higher power could counteract the strong influence of 
highest values. It could be notice that the power 1 calculation presents a RMSE of 956mg.kg-1 
(11%) and a mean of -18 whereas the RMSE is 952mg.kg-1 (11%) and the mean is -58 for 
power 3.  
 
Transforming data to make them behave as normal has been considered as another way to get 
round this problem. 
 
The log transformation: Y(s) = ln(Z(s)), for Z(s) > 0 
 
The histogram of Solgårdarna dataset after a log transformation is shown Figure 19. It 
illustrates that log-transformation reduces the range of data. 
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Figure 19: Histogram of Solgårdarna’s dataset after its log-transformation.  It is closer from a normal 
distribution. 
 
Descriptive statistics (Table 9) and a normal QQ plot (Figure 20) have been performed to 
visualize the impact of log-transformation on data distribution. 
 
Table 9: Comparison of the descriptive statistics of raw and log-transformed datasets. 
 
Analyte Arsenic concentration 
Interval Raw data Log transformed data 
N 674 674 
Minimum  2 0.7 
Maximum 9 174 9.1 
Range 9 172 8.4 
Mean 153 3.3 
Median 18 2.9 
Standard Deviation 734 1.2 
Interquartile Range 12 0.5 
Skewness 9 2 (0 for normal data) 
Kurtosis 101 8 (3 for normal data) 
 

 
Figure 20: Normal QQ plot of Solgårdarna’s dataset after its log-transformation.  
 
Even with a log transformation, descriptive statistics and normal QQ plot show that data are 
not normally distributed.  
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However it has been judged interesting to study the impact of such a transformation on the 
data as it reduced a lot difference between mean and median as well as skewness and kurtosis. 
 
Two maps have been calculated from the previous oriented neighbourhood maps with a power 
of 3, Figure 21. The left-hand one has been made without any transformation. The right hand 
one has been made with a log transformation. 
 
ArcGIS does not allow transforming directly values calculated from spatial interpolation, a 
raster has first to be created. However, its representation is not the same as graphs produced 
and would have complicated the visual comparison. So it has been decided for IDW to present 
the interpolation of log-transformed data, with a colour scale which is the same as the raw 
values (but log transformed). 
 
For OK this problem did not happen as ArcGIS integrate the log and back transformation in 
the calculation. The only point is that it is not possible to visualize the OK interpolation or 
perform a cross validation before “back transformation”. 
 

 

 
Figure 21: Spatial interpolation of the layer 0.5-0.75m with IDW. The left-hand graph has been performed 
on the raw dataset and the right-hand graph after its log-transformation (power of 3, ellipsoid 160 degrees 
oriented and 10m/2.5m semi-axes). Scale values of the right-hand graph correspond to log values of the 
left-hand colour scale. 
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The problem caused by high values has been decreased by log-transformation as they were 
relatively less high than the raw ones. The same reasoning could be made for cross-validation: 
it is a more consistent tool used comparing not (or few) skewed data. 
 
Here the RMSE of log-transformed data is 1.46 and the mean is 0.04. Measures go to 9.1, so 
RMSE represents 16% (11 % for raw data). 
 
It has also been judged interesting to compare log transformed data with and without an 
oriented and anisotropic neighbourhood (Figure 22). The RMSE then decreased (1.27 so 
14%) but the mean increases (0.06). 
 

 

 
Figure 22: Spatial interpolation of the layer 0.5-0.75m with IDW after log-transformation of the dataset. 
The left-hand graph has been performed with an isotropic ellipsoid (10m semi-axis) and the right-hand 
graph with an oriented and anisotropic one (160 degrees oriented of 10m and 2.5m semi-axes). 
 
Contrary to the other choice between transformed and non-transformed data, the decision here 
seems to be more subjective. It implies two different pollution spreads and should be 
accredited through hydrological study. 
 



 - 29 - 

More than that, it has to be considered that the greatest differences between methods occur in 
under sampled areas. On the following map Figure 23, there are five squares where the 
interpolation gives completely different results according to the use or not of an oriented and 
anisotropic neighbourhood. So here the question at issue concerns the under sampled areas as 
it does not seem relevant to take into account these areas. 
 

 

 
Figure 23: Influence of the parameters chosen on the under-sampled areas. 
 
The impact of log-transformed data on polluted soil volume calculation has been measured. A 
mask has been created to avoid taking into account areas that have been judged under-
sampled. It concerns about 500m3 of soil per layer that have been considered as “uncertain”. 
 
Calculation of the volume of polluted soil: in order to make this calculation as accurate as 
possible, the volume of arsenic in each cell of the estimation grid exceeding the acceptable 
level of 40 mg.kg-1 arsenic concentration has been calculated and then these cells have been 
summed. As cells have all the same volume, the number of cells exceeding the limitation 
multiplied by the cell volume is the volume of polluted soil.  
 
As the thickness of the cells is the thickness of soil which has been sampled, it has been 
considered that the support of samples is approximately the same as the estimation support 
and that a change of support is not needed. It is an approximation as the area of each cell is 
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wider than the area of sampling. But the extent of each cell (0.5*0.5m) has been chosen small 
enough to make this approximation acceptable. 
 
This calculation has been performed for four models: 

• An isotropic ellipsoid search of 10m semi-axis, a power of 3, a minimum number of 
samples of 1. 

• An anisotropic ellipsoid search 160 degrees oriented of 10m major semi-axis and 2.5m 
minor semi-axis, a power of 3, a minimum number of samples of 1. 

• An anisotropic ellipsoid search 160 degrees oriented of 10m major semi-axis and 2.5m 
minor semi-axis, a power of 1, a minimum number of samples of 1. 

• An anisotropic ellipsoid search 160 degrees oriented of 10m major semi-axis and 2.5m 
minor semi-axis, a power of 3, a minimum number of samples of 1 and log-
transformed data. 

Results are presented Table 10. 
 
Table 10: Quantification of the arsenic pollution of the Solgårdarna site with an IDW estimation. 
 
Depth 
interval 

Search ellipsoid 
and 
transformation 

Volume of 
polluted soil 
(m3) 

Mass of 
polluted soil 
(ton) 

Mass of 
As (kg) 

Average 
concentration 
(mg/kg) 

0 – 0.25 1104 1988 334 168 
0.25 – 0.5 1161 2090 1173 561 
0.5 – 0.75 1681 3026 2238 740 
0.75 – 1 1132 2037 886 435 
1 – 1.25 

10m semi-axis 
No 
transformation 
Power of 3 

747 1344 450 335 
      
0 – 0.25 1054 1898 408 215 
0.25 – 0.5 1094 1969 1319 670 
0.5 – 0.75 1614 2905 2440 840 
0.75 – 1 1177 2118 926 437 
1 – 1.25 

10/2.5m semi-
axes, 160 
degrees oriented 
No 
transformation 
Power of 3 813 1464 472 322 

      
0 – 0.25 1207 2173 395 182 
0.25 – 0.5 1351 2432 1367 562 
0.5 – 0.75 1805 3249 2500 769 
0.75 – 1 1291 2324 935 402 
1 – 1.25 

10/2.5m semi-
axes, 160 
degrees oriented 
No 
transformation 
Power of 1 891 1605 482 300 

      
0 – 0.25 838 1508 232 154 
0.25 – 0.5 825 1486 702 472 
0.5 – 0.75 1343 2417 1566 648 
0.75 – 1 933 1680 484 288 
1 – 1.25 

10/2.5m semi-
axes 160 
degrees oriented 
Log 
transformation 
Power of 3 582 1047 242 231 
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5.2.2 Tväråns såg area 
The Tväråns såg area has been studied in the same manner: first the distribution of values, 
then the impact of the power parameter and finally consequences of log transformation. 
 
The question rose if it is necessary to consider an additive variable for IDW. Supposing no, 
then two measurements at same distance from the estimated point, one concerning 0.2m of 
soil the other 0.5m, would have the same weight on the calculation. It does not seem relevant 
to give them the same importance as they are not representative from the same quantity of 
soil. Consequently, arsenic concentration should not be studied but its accumulation.  
Then a problem arises: how is it possible to consider the limitation of 40mg.kg-1 after the 
interpolation of accumulation? It is necessary to interpolate the thickness too and then to 
consider only area for which the accumulation/thickness is up than 40mg.kg-1. 
 
When there are several values at the same place, ArcGIS allows only visualizing the upper 
value. So for each layer a projection of data has been studied in order to identify an eventual 
shape of the pollution (global example Figure 24). 
 

 
Figure 24: Trend analysis of the Tväråns såg area’s polluted values: spatial repatition of the accumulation 
values (mg.kg-1.m-1) 
 
It seems that the centre of the grid is polluted for the two first intervals. It is necessary to take 
into account the rotation of the grid in the definition of the search ellipsoid. 
The third interval does not have enough samples for an interpolation. 
 
For IDW calculation, when several samples on the same vertical axes were included in the 
same interval, their mean has been calculated. If ArcGIS would have offered a vertical 
component in the search ellipsoid, it could have been possible to take into account the totality 
of measurements. 
 
The influence of the minimum number of samples and semi-axis length of the neighbourhood 
search ellipsoid has been studied. Except that it is rotated, the sample grid is quite similar 
from the one used in Solgårdarna. So the comparison has been made for same variations of 
the parameters. The values of minimum samples considered and semi-axis length have been 
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chosen for an intermediate RMSE (44mg.kg-1.m-1): 10m search ellipsoid with at least one 
sample. 
 
The sampling grid has been oriented as the same manner as the supposed pollution: with a 
140degrees angle. This orientation has been taken into account in the neighbourhood search 
ellipsoid in the left-hand graph parameters calculation. Though the interpolation obtained are 
very close (same RMSE and difference of mean errors 0.4). 
 
As the pollution does not present any anisotropic shape, contrary to the case of Solgårdarna, 
only isotropic neighbourhood search ellipsoids have been considered (Figure 25). 
 

 

 
Figure 25: Spatial interpolation of the layer 0-0.5m with IDW. The left-hand graph has been performed 
with an isotropic ellipsoid (10m semi-axis) and the right-hand graph with an oriented one (140 degrees). 
 
The value taken as power in the IDW calculation has also been studied. Figure 26, the left-
hand graph has been made with a power of 1. The right hand one has been made with a power 
of 3. 
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Figure 26: Spatial interpolation of the layer 0-0.5m with IDW. The left-hand graph has been performed 
with a power of 1 and the right-hand graph with a power of 3 (ellipsoid 140 degrees oriented). 
 
The same conclusion as for Solgårdarna can be reached: this example illustrates that higher is 
the power of IDW function, the more weight is given to closer samples.  
For power 3, the RMSE is 42mg.kg-1.m-1 and the mean -1.1 mg.kg-1.m-1. For power 1, the 
RMSE is 48mg.kg-1.m-1 and the mean -0.4 mg.kg-1.m-1. RMSE constitute respectively 9% and 
10% of the total extent of data. 
 
The interpretation of the extension of the pollution should help to choose a power value. A 
model in which pollutant spreads would, in this case, prefer a high power. 
 
The Tväråns såg area dataset has a high kurtosis and are positively skewed, so it has been log 
transformed to be closer from a normal distribution. Histogram of log-transformed data is 
presented Figure 27. 
 

 
Figure 27: Histogram of Tväråns såg area dataset after its log-transformation.  It is closer from a normal 
distribution. 
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Even if the distribution obtained can not be considered as normal it is much closer than the 
raw data distribution. It has also been verified with descriptive statistics (especially skewness 
and kurtosis, Table 11) and a normal QQ plot (Figure 28). 
 
Table 11: Comparison of the descriptive statistics of raw and log-transformed datasets. 
 
Analyte Arsenic accumulation 
Interval Raw data Log transformed data 
N 635 635 
Minimum  1 0.2 
Maximum 480 6.2 
Range 479 6 
Mean 27 2.3 
Median 9 2.2 
Standard Deviation 59 1.3 
Interquartile Range 19 1.7 
Skewness 5 0.5 (0 for normal data)
Kurtosis 32 3 (3 for normal data) 
 

 
Figure 28: Normal QQ plot of Tväråns såg area dataset after its log-transformation. 
 
Two maps have been calculated from the previous oriented neighbourhood maps with a power 
of 2 (Figure 29). The left-hand one has been made without any transformation. The right hand 
one has been made with a log transformation. 
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Figure 29: Spatial interpolation of the layer 0-0.5m with IDW. The left-hand graph has been performed 
on the raw dataset and the right-hand graph after its log-transformation (power of 3, ellipsoid 140 degrees 
oriented). Colour scale values of the right-hand graph correspond to log values of the left-hand colour 
scale. 
 
For raw data, the RMSE is 44mg.kg-1.m-1 and the mean -0.7 mg.kg-1.m-1. For log-transformed 
data, the RMSE is 0.6 and the mean -0.002. RMSE constitute respectively 9% and 11% of the 
total extent of data. 
 
This work has also been made for the thickness variable.  
 
It has been decided to measure the impact of log-transformed data on polluted soil volume 
calculation. A mask has been created to avoid taking into account under-sampled areas. 
Consequently 52m3 has been considered as uncertain for the layer 0-0.5m and 84m3 for the 
layer 0.4-1.5m. 
 
Calculation of the volume of polluted soil: the volume of arsenic in each cell has been 
calculated from accumulation and thickness interpolations. Then, the cells exceeding the 
acceptable level have been summed. The volume of polluted soil in each cell is calculated 
from thickness interpolation. Care was taken of samples that are on the same vertical axis in 
order to avoid an overestimation. 
 
The cells have been sized 0.5*0.5m. As for Solgårdarna, the sampled support and the 
estimation support have been supposed to be consistent. No change of support has been 
considered. 
 
This calculation has been performed for three models: 
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• An isotropic ellipsoid search of 10m semi-axis, a power of 2, a minimum number of 
samples of 1. 

• An isotropic oriented ellipsoid search of 25m semi-axis (resp. 15m) for the first (resp. 
second) interval, 140degrees oriented, a power of 2, a minimum number of samples of 
1. 

• An isotropic ellipsoid search of 10m semi-axis, a power of 2, a minimum number of 
samples of 1 and log-transformed data. 

Results are presented Table 12. 
 
Table 12: Quantification of the arsenic pollution of the Tväråns såg area with an IDW estimation. 
 
Depth 
interval 

Transformation Volume of 
polluted soil 
(m3) 

Mass of 
polluted soil 
(ton) 

Mass of 
As (kg) 

Average 
concentration 
(mg/kg) 

0-0.5 3099 5578 810 145 
0.4-1.5 

None 
 1047 1885 200 106 

0-0.5 3520 6336 822 130 
0.4-1.5 

None 140degrees 
oriented ellipsoid 1130 2034 203 100 

0-0.5 2578 4640 621 134 
0.4-1.5 

Log  
435 783 63 80 

5.3 Ordinary kriging 

5.3.1 Solgårdarna 
Before estimation, a structural analysis has been performed. 
 
Kriging as a predictor does not require that data have a normal distribution. However, 
normality is necessary to obtain quantile and probability maps for ordinary, simple, and 
universal kriging. So these kind of uncertainty maps have not been performed for Solgårdarna 
neither for Tväråns såg area as the data are not normally distributed, even after a log-
transformation. 
 
It can be wondered if data allows assuming the intrinsic hypothesis that is to say the variable 
studied has mean and variance increments that exist and are independent from the location. 
 
ArcGIS offers a tool called voronoi map that gives an idea of mean or variance variation. 
Voronoi polygons are created so that every location within a polygon is closer to the sample 
point in that polygon than any other sample point. After the polygons are created, neighbours 
of a sample point are defined as any other sample point whose polygon shares a border with 
the chosen sample point. Using this definition of neighbours, a variety of local statistics can 
be computed. For example, a local mean is computed by taking the average of the sample 
points in a polygon and in its neighbours. This average is then assigned to the central polygon. 
This kind of maps is useful to visualize local smoothing, local variation, local outliers, and 
local influence of a point. 
 
Figure 30 are the voronoi mean maps for XRF and log(XRF) data between 0.75 and 1m. It 
can not be assumed that the increment mean is constant on the whole area. Though, it can be 
assumed that it is constant locally (on a circle of 40m diameter could be a rough evaluation). 
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Figure 30: Voronoi mean map for XRF and log(XRF) data between 0.75 and 1m. 
 
Study of standard deviation voronoi maps lead to the same conclusion. 
 
Considering that geostatistics can be applied to the data, spatial structure is regarded through 
semi-variogram computation.  
 
ArcGIS allows visualizing all the points that enter in the semi-variogram calculation for each 
value of the lag. This is useful in the case of a non-structured or erratic semi-variogram as it 
allows knowing if it is due to a few outlier points. An outlier is a measured sample point that 
has a very high or a very low value relative to all of the values in a dataset. 
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Figure 31: Visualization of samples responsible of high variance values in the experimental semi-
variogram calculation. Points here at issue: 6483, 9174 and 8670 mg.kg-1. 
 
On the Figure 31, three samples have been identified as outliers by their increase of the 
variance in the semi-variogram calculation: 6483mg.kg-1, 9174mg.kg-1 and 8670 mg.kg-1. 
 

 
Figure 32: Visualization of samples responsible of high variance values in the experimental semi-
variogram calculation. Points here at issue: 5069 and 3520mg.kg-1. 
 
Same observation on Figure 32 for 5069mg.kg-1 and 3520 mg.kg-1. 
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Consequently the five highest points are responsible for all the highest values of the semi-
variogram cloud. They are source of aberrant variance values.  
 
It could be interesting to remove them from the semi-variogram computation that is used for 
the kriging calculation but take them into account in the spatial interpolation. Unfortunately, 
ArcGIS does not allow considering different sets of data for these two steps. 
 
Without any normal transformation, it is quite hard to find any structure by studying the 
experimental semi-variogram. The range is not clearly defined and data do not follow a 
constant sill but increase or decrease as distance increases as it is shown for layer 0.25-0.5m 
on Figure 33. 
 

 
Figure 33: Experimental semi-variogram for the layer 0.25-0.5m. Sill, range and nugget effect can not be 
identified. 
 
So the log-transformation of data appeared to be the unique solution to obtain structured 
experimental semi-variograms. For each layer, an experimental semi-variogram has been 
calculated, a model has been fitted to it and the kriging calculation has been performed. An 
example is shown for layer 0.25-0.5m on Figure 34. 
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Figure 34: Model fitting to the experimental semi-variogram for the layer 0.25-0.5m. 
 
Different models have been tried, the ones that have been judged to fit at best the 
experimental semi-variograms and retained for OK are presented below, Table 13. Spherical 
model has been judged the most adapted. 
 
Table 13: Characteristics of semi-variogram models fitting for each layer. 
 
Depth interval 
(m) 

Angle direction 
(degrees) 

Lag size (m) Nugget effect 
and percentage 
of the sill value 

Major range (m) 

0 – 0.25 165 3 0.2 (21%) 9 
0.25 – 0.5 175 8 0.8 (43%) 17 
0.5 – 0.75 175 7 1.3 (42%) 20 
0.75 – 1 0 6 0.7 (58%) 15 
1 – 1.25 175 8 0.6 (67%) 15 

 
Lag values have been chosen small enough (from 3 to 8m) to be consistent with observations 
made on voronoi map: the intrinsic hypothesis can not be verified on a too wide area (more 
than 40m diameter). 
 
Except for the first layer, the nugget effect is a high part of the sill, which is the variance of 
the sampled data. It shows a high variability of data. 
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Kriging maps calculated from these models are presented in Appendix 4: Ordinary Kriging 
isotropic versus oriented and anisotropic neighbourhood search ellipsoid with an isotropic and 
an oriented and anisotropic search ellipsoid neighbourhood. 
 
Cross validation has been performed for the two methods, Table 14. Unfortunately, it is not 
possible to perform it on log-transformed data after interpolation but only after they have been 
“back transformed”.  
 
Table 14: Results of cross-validation calculated from an OK interpolation performed for each layer on 
log-transformed data with a neighbourhood search ellipsoid isotropic or oriented and anisotropic. 
 
Search ellipsoid 
neighbourhood 

Isotropic  Anisotropic and orientated 

Depth interval RMSE Mean cross 
validation errors

RMSE Mean cross 
validation errors 

0 – 0.25 207 -20 205 -19 
0.25 – 0.5 789 -81 787 -70 
0.5 – 0.75 1065 -131 1023 -111 
0.75 – 1 836 -79 835 -75 
1 – 1.25 282 -34 282 -34 

 
Unexpected values have been found for OK as it is illustrated below, Figure 35. 
 

 
Figure 35: Illustration of the problem lead by OK with log transformation for Solgårdarna, the estimated 
values are higher than the measured values that surround them. 
 
It is important to find out if this problem comes from the method or from the software. 
 
As it is reminded by Clark et al. (2000), the way the data should be “back-transformed” varies 
among Geostatiticians. It is not known how ArcGIS does this back-transformation, but it may 
be implied. 
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5.3.2 Tväråns såg area 
In order to verify the validity of the intrinsic hypothesis, voronoi map have been performed 
with ArcGIS. Some error occurred for the layer 0.4-1.5m and half of the voronoi map is 
white, no explanation was found. 
 
Concerning the first layer, the resulting maps allowed considering mean and variance 
increments constant on a 60m diameter circle. Results were better for the raw data than the 
log transformed ones, whereas the contrary was expected.  
 
Figure 36 is the voronoi standard deviation map for accumulation and log(accumulation) data 
between 0 and 0.5m. 
 

    

 
Figure 36: Voronoi mean map for accumulation and log(accumulation) data between 0.4 and 1.5m. 
 
For each layer, an experimental semi-variogram has been calculated, a model has been fitted 
to it and the kriging calculation has been performed. 
 
Contrary to Solgårdarna, structured experimental semi-variograms have been obtained with 
raw data. Consequently comparison of OK with and without a log-transformation has been 
possible. 
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Table 15: Characteristics of semi-variogram models fitting for each layer. 
 
Depth interval 
(m) 

Angle direction 
(degrees) 

Lag size (m) Nugget Major range (m) 

0-0.5 140 5 800 (13%) 45 
0.4-1.5 None 5 150 (20%) 15 
With log-transformation: 
0-0.5 None 5 0.2 (12%) 45 
0.4-1.5 140 5 0.5 (35%) 20 

 
Cross validation has been performed for each OK interpolation, the log-transformation does 
not cause high changes in the RMSE figures. 
 
Table 16: Results of cross-validation calculated from an OK interpolation performed for each layer on 
raw and log-transformed data. 
 

Raw data Log-transformed data Depth interval 

RMSE Mean RMSE Mean 
0-0.5 46 -0.06 47 -0.27 
0.4-1.5 24 0.18 24 0.56 

 
Illustration for the layer 0.4-1.5m, left-hand is the raw data OK graph and right-hand with log-
transformed values. 
 

 

 
Figure 37: Spatial interpolation of the layer 0.4-1.5m with OK. The left-hand graph has been performed 
on the raw dataset and the right-hand graph after its log-transformation. 



 - 44 - 

 
It is not possible to visualize if the log-transformation lead to the same problem as for 
Solgårdarna because the estimation is made for a mean of samples on a same vertical axis and 
ArcGIS allows visualizing only one of them. 
 
As RMSE are very close what basis could help deciding if the log-transformation is more 
accurate or not? On one hand, log-transforming the data allow it behaving almost as normal 
and should produce a more stable estimation. On the other hand, it has been seen for 
Solgårdarna that “back-transformation” may lead to erroneous results (with ArcGIS?). 
 
Calculating the volume of polluted soil and the corresponding mass of arsenic has allowed, at 
least, evaluating the impact of the neighbourhood and the log-transformation on results. 
The same mask has been used than for IDW in order to discard under-sampled areas. 
 
This calculation has been performed for three models: 

• An isotropic ellipsoid search of 10m semi-axis, a minimum number of samples of 1. 
• An isotropic oriented ellipsoid search of 25m semi-axis (resp. 15m) for the first (resp. 

second) interval, 140degrees oriented, a minimum number of samples of 1. 
• An isotropic ellipsoid search of 10m semi-axis, a minimum number of samples of 1 

and log-transformed data. 
Results are presented Table 17. 
 
Table 17: Quantification of the arsenic pollution of the Tväråns såg area with an OK estimation. 
 
Depth 
interval 

Transformation  Volume of 
polluted soil 
(m3) 

Mass of 
polluted soil 
(ton) 

Mass of 
As (kg) 

Average 
concentration 
(mg/kg) 

0-0.5 3207 5773 815 141 
0.4-1.5 

None 
1095 1971 200 101 

0-0.5 3187 5737 816 142 
0.4-1.5 

Oriented 
ellipsoid search 1109 1996 203 102 

0-0.5 3376 6077 828 136 
0.4-1.5 

Log 
1203 2164 206 95 

 

6 Discussion 
 
The study of the two sites Solgårdarna and Tvärans såg area raised several questions 
concerning methodology that should be used to assess polluted sites. 
 
The comparison of results obtained by IDW and OK or different parameters for the same 
method highlights the impact of the methodology choice: as it is illustrated below it may lead 
to a difference higher than 45% regarding the arsenic mass and almost 30% regarding the 
volume of polluted soil (Figure 38). Such difference is non negligible considering the induced 
remediation costs. 
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Solgårdarna: comparison with isotropic IDW
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Figure 38: Impact of a change of the search ellipsoid neighbourhood and a log-transformation of data on 
an IDW estimation of polluted soil volume and arsenic mass. Solgårdarna results. 
 

 Limitations in the use of IDW and OK 
 
Hypotheses verification 
It has been indicated that the use of IDW or OK implies hypotheses verification. These 
hypotheses have been source of limitations while assessing Tvärans såg area and Solgårdarna.  
For both methods, it has been shown that an additive variable has to be considered if the soil 
volume sampled varies among the measurements. It was the case for Tvärans såg area and the 
arsenic accumulation (= concentration*thickness) was used as it is an additive variable 
contrary to arsenic concentration. 
 
Another method has been thought to get round the additivity issue: on the same vertical axis 
the weighted average of different concentration values is calculated and then is normalized to 
the thickness of the soil layer considered. This method has not been tested by lack of time. 
 
Concerning OK, Armstrong et al. (1997) presented that the intrinsic hypothesis has to be 
verified. The use of voronoi maps has been regarded as the best way to study the spatial 
variation of mean and variance increments. 
 
Uncertainty values can be obtained according to Heuvelink et al., 2002; Goovaerts, 1998 only 
if a second order stationarity is verified, which was not the case in this study. 
 
Data distribution and log transformation 
IDW was affected by highly skewed data; it is not a robust method. This kind of data 
distribution was found on the Solgårdarna site and is likely to cause an over estimation of the 
pollution with IDW interpolation (Figure 16 and Figure 17). 
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Even if the two sites have both highly skewed data, Tvärans såg area did not present an “over-
influence” of high values (at least an obvious one) contrary to Solgårdarna. Two reasons can 
be given to explain this difference:  

• The Tvärans såg area data was not as skewed as the Solgårdarna’s ones.  
• Tvärans såg area presented more spatial continuity in the increase of values than 

Solgårdarna. Solgårdarna’s highest values were surrounded by relatively very low 
ones; these high values are called outliers. Indeed in this case, high values have same 
weights than lower samples at same distance from estimated points and cause high 
results. 

These differences within datasets may be explained by the soil transfers and replacement at 
the Solgårdarna site. It may have increased the variability of the pollution. 
 
Consequently care should be taken to the presence of outliers in the data population and 
solutions have been considered in order to decrease outliers’ impact: changes in IDW 
parameters or log transformation of data. 
 
Whatever the method is; log transformation appeared to be a successful way to reduce 
skewness of data by approximating a normal distribution and showed a positive influence on 
interpolations performed in the case of the Solgårdarna site. Indeed, considering IDW it 
reduced influence of outliers and for OK it allowed identifying a spatial structure which was 
not possible without any log transformation. 
 
The “back-transformation” after IDW interpolation of log transformed data lead to results that 
are far from other methods, Solgårdarna Figure 38. Comparable results have been obtained for 
Tvärans såg area with 40% difference regarding polluted soil volume and 46% regarding 
arsenic mass. IDW results obtained after log transformed data seem to be erroneous; this 
hypothesis is strengthened by the fact that “back-transformation” has been performed on 
estimated data only by an exponential transformation. The “back-transformation” of estimated 
data is not straightforward and controversial in literature. Moreover, it has been shown by 
Clark et al., that it is not the exponential of interpolated data. For example the mean of raw 
values is not the exponential of the logarithmic mean, but one-half of the logarithm variance 
has to be added before performing exponential. So it seems to be better to avoid log 
transformation of data without any proper methodology of “back-transformation”. 
 
OK showed unexpected results after log-transformation, with estimated values higher than the 
surrounding sample points. This calculation should be performed with another software in 
order to determine if ArcGIS “back-transformation” algorithm can be involved in this 
erroneous result. 
 

 Study of parameters influencing IDW and OK results 
The different parameters that are involved in an IDW calculation do not have the same impact 
on the results of the calculation. The number of minimum samples considered for the 
calculation and the size of the search neighbourhood ellipsoid did not seem to be crucial. It is 
not the case of the power value, and the orientation and anisotropy of the search neighbour 
ellipsoid. 
 
IDW: neighbourhood 
If a shape exists within the polluted samples, it is important to take it into account in the 
search ellipsoid neighbourhood as it causes different results through IDW calculation. The 
study of the Solgårdarna site (Figure 39) showed that using an oriented and anisotropic 
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ellipsoid rather than an isotropic one may lead to more than 20% difference regarding arsenic 
mass and almost 10% regarding polluted soil volume. 
 

Solgårdarna: comparison with isotropic IDW power=3
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Figure 39: Comparison of IDW results obtained with an isotropic neighbourhood ellipsoid or an 
anisotropic oriented one. Solgårdarna site. 
 
When two methods are compared; if one has a greater impact on high values the results 
difference is seen more on arsenic mass than on volume of polluted soil. On the contrary, if 
the impact is greater on low values it causes a spreading of the pollution and the results 
difference is higher regarding volume of polluted soil than arsenic mass. Finally, if the impact 
concerns the whole data distribution; the difference is approximately equal on arsenic mass 
and volume of polluted soil. 
 
The study of the Tvärans såg area showed that a site with continuous pollutant concentration 
without a well-defined shape does not require an anisotropic search ellipsoid neighbourhood. 
The impact on the results of the orientation of the neighbourhood for Tvärans såg area is 
presented Figure 40. 
 



 - 48 - 

Tvärans såg area: comparison with isotropic IDW power=2
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Figure 40: Comparison of IDW results obtained with an isotropic neighbourhood ellipsoid oriented or not. 
Tvärans såg area. 
 
The change of neighbourhood had less impact on the Tvärans såg area data. The little amount 
of outliers may be in cause. 
 
IDW: power value 
As it has been shown for the two sites (Figure 18 and Figure 26), power value modulates the 
importance of closer samples relatively to farther ones. Consequently, it can be interpreted as 
the ability of the pollutant to spread in the soil, and hydrological observations could help the 
selection of its value. This hypothesis is confirmed by the different results obtained regarding 
the volume of polluted soil site with a decrease of power for Solgårdarna (Figure 41). 
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Figure 41: Comparison of IDW results obtained with two different power values. Solgårdarna site. 
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Comparison of results 
It has been seen that higher is the density of data, lower the differences between IDW 
configurations are. It seemed quite obvious that under sampled areas could lead to erroneous 
results and should be removed from the estimation. 
 
Different results have been obtained from IDW and OK. The problem encountered was to find 
a good way to choose figures and maps which are the closer from the reality. ArcGIS offers 
cross-validation as a comparison method. But, as it has been stressed by Armstrong et al. 
(1997), cross validation statistics are not robust as they are strongly affected by extreme 
values. It was especially the case here as the two sites present highly skewed data and this 
assertion has been verified. Cross validation has been used with more confidence for log-
transformed data. 
 
Considering the problem lead by a skewed distribution for cross validation, more importance 
was attached in the structural analysis than in the RMSE value for the selection of OK results. 
It has been thought that, as the RMSE figures are hard to interpret truly, the best results would 
be obtained with the configuration that is most representative from the data spatial structure.  
 
OK: neighbourhood 
It has been observed with Tvärans såg area that changes in the search ellipsoid had less 
impact on the OK results than in the IDW ones as it has lead to less than 2% differences for 
both arsenic mass and volume of polluted soil (Figure 41). 
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Figure 42: Comparison of OK results obtained with an isotropic neighbourhood ellipsoid or an oriented 
one. Tvärans såg area. 
 

 Comparison of IDW and OK: advantages and limitations 
IDW 
It should be remained that IDW is not a robust method as it is affected by extreme values. If 
the pollution leads to the presence of outliers, a log transformation may be considered if a 
proper method to “back-transform” the data is known. Parameters such as the power or the 
shape of the neighbourhood should be chosen in a way the estimation is consistent with the 
spreading of the pollution. Indeed lower is the power; higher is the spread of the pollution. 
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The shape of the neighbourhood should be consistent with the shape of the pollution: a leak 
from a tank and an impregnation along a railway may lead to different neighbourhood shapes. 
Contrary to geostatistical methods, IDW does not consider any spatial structure of the data. 
Even if the search ellipsoid neighbourhood is anisotropic and oriented, samples at the same 
distance have same weights in the calculation. 
 
OK 
The shape of the neighbourhood does not have as much importance for OK as for IDW. The 
spatial structure of data is studied with the experimental semi-variogram and is taken into 
account in the estimation calculation by the model fitted. Consequently the OK estimation is 
consistent with the pollution shape through the range, the sill and the nugget effect. These 
parameters may be different regarding the direction and so reflect the anisotropy of the 
pollution. 
 
A log transformation of data may be implemented in the software used for the estimation but 
in the case of ArcGIS it has lead to erroneous results. 
 
Use recommendations 
The variable studied should be additive and stationarity hypotheses should be considered for 
the use of geostatistical methods. An estimation is relevant when its characteristics are 
presented and justified: neighbourhood shape and power for IDW; range, sill and nugget 
effect chosen to fit the experimental semi-variogram for OK. The sampling volume and the 
cell volume of the estimation grid should be consistent in order to avoid a support effect. 
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7 Conclusion 
This study highlighted that each site has its own characteristics, and that these specificities 
have to be considered first in the choice of the method and then during its use. 
 
The two sites of Solgårdarna and Tvärans såg area have shown several examples of what 
could differ from one site to another: 

• The population of measured samples (the quality of the sample grid, representative 
volume of sampling versus representative volume of estimation, the distribution of 
data and its likeliness to produce outliers) 

• The necessity to transform the variable studied to make it additive  
• The spatial structure of the data (the existence of a well shape defined pollution or a 

more continuous and scattered pollutant spread) 
• The likeliness to behave as a normal distribution after a log-transformation 

 
The two methods used to evaluate the pollution of these two sites, IDW and OK, can be fitted 
with different parameters and so be consistent with the site studied characteristics. 

• The size, isotropy/anisotropy, orientation of the search neighbourhood ellipsoid for 
both methods – in a less extent for OK. For IDW its shape should be relevant with the 
pollution shape. 

• The power parameter for IDW that influences the weight given to closer samples 
comparatively to farther ones. Its value should be adapted to the spreading of the 
pollution: higher for a lower spreading. 

• For OK the theoretical model calculated from the experimental semi-variogram 
through the function chosen, its nugget effect, its range and its sill. 

The fitting of a model to the experimental semi-variogram is an important advantage of OK 
and more generally geostatistics as it allows taking into account spatial structure of the 
sampled data contrary to IDW. Consequently changes in the neighbourhood shapes were 
negligible for OK (less than 2%) regarding arsenic mass and polluted soil volume. 
 
It has to be kept in mind that IDW is not a robust method and then avoided in case of outliers 
unless a method is used to reduce their impact e.g. log transformation. Here its use for 
Solgårdarna which presented a high amount of outliers showed important variations in results: 
more than 20% difference regarding arsenic mass and almost 10% regarding polluted soil 
volume with a neighbourhood shape change and more than 20%regarding power with a power 
change. 
 
Further research could be done concerning the improvement of polluted soil estimation: 

• A better basis of comparison than cross validation should be found as this method is 
not robust in case of outliers. 

• The “back-transformation” of data after a log transformation is not straightforward and 
might raise problems as it has been the case here for OK and IDW. 

• The use of additive information with lithological samples through co-kriging may lead 
to better estimates. 
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8 Appendix1: software semi-variogram calculation 
As points are usually not separated by an exact h distance, software allows taking into account 
more points with the increase of the search area: 

• A lag tolerance centred about the lag distance 
• A lag angle on either side of the search direction 
• A bandwidth which is the maximum wide of the search cone 

 

 
Figure 43: Samples integrated in the semi-variogram calculation are distant from a lag distance (with a 
certain tolerance) in a search cone whose extension is limited by the bandwith value. This neighbourhood 
selection may be orientated. 
 

9 Appendix 2: examples of semi-variogram models 
 

 
Figure 44: Spherical semi-variogram model, graph and equation. From Marcotte (2006). 
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Figure 45: Exponential semi-variogram model, graph and equation. From Marcotte (2006). 
 

 
Figure 46: Gaussian semi-variogram model, graph and equation. From Marcotte (2006). 

10 Appendix 3: neighbourhood search ellipsoid 
 

 
Figure 47: Representation of the neighbourhood search ellipsoid parameters. If major and minor semi-
axes are different, the neighbourhood is anisotropic; if they are equal, it is isotropic. If the angle is 
different from 0, it is oriented. 
 



 - 54 - 

The angle or direction of the major ellipse axis is measured clockwise from the positive Y 
axis (0 degree is north). The minor elliptical axis is perpendicular to the major axis. 
 

11 Appendix 4: Ordinary Kriging isotropic versus oriented and anisotropic 
neighbourhood search ellipsoid 

 
XRF 0-0.25m 
 

 

 
Figure 48: Spatial interpolation of the layer 0-0.25m with OK after log-transformation of the dataset. The 
left-hand graph has been performed with an isotropic ellipsoid (10m semi-axis) and the right-hand graph 
with an anisotropic and oriented one (165 degrees oriented of 10m and 2.5m semi-axes). 
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XRF 0.25-0.5 

 

 
Figure 49: Spatial interpolation of the layer 0.25-0.5m with OK after log-transformation of the dataset. 
The left-hand graph has been performed with an isotropic ellipsoid (10m semi-axis) and the right-hand 
graph with an anisotropic and oriented one (175 degrees oriented of 10m and 2.5m semi-axes). 
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XRF 0.5 – 0.75 

 

 
Figure 50: Spatial interpolation of the layer 0.5-0.75m with OK after log-transformation of the dataset. 
The left-hand graph has been performed with an isotropic ellipsoid (10m semi-axis) and the right-hand 
graph with an anisotropic and oriented one (175 degrees oriented of 10m and 2.5m semi-axes). 
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XRF 0.75-1 
 

 

 
Figure 51: Spatial interpolation of the layer 0.75-1m with OK after log-transformation of the dataset. The 
left-hand graph has been performed with an isotropic ellipsoid (10m semi-axis) and the right-hand graph 
with an anisotropic and oriented one (0 degree oriented of 10m and 2.5m semi-axes). 
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XRF 1-1.25 

  

 
Figure 52: Spatial interpolation of the layer 1-1.25m with OK after log-transformation of the dataset. The 
left-hand graph has been performed with an isotropic ellipsoid (10m semi-axis) and the right-hand graph 
with an anisotropic and oriented one (175 degrees oriented of 10m and 2.5m semi-axes). 
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