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Abstract

The planetary coronae (or exospheres) are poorly known in their outer parts, since neutral
densities are low compared with the instruments detection capabilities. The exospheric mod-
els are thus often the main source of information at such high altitudes. We investigate here
the importance of a specific exospheric population, i.e. satellite particles, which are usually
neglected in the models. These particles are indeed produced through rare collisions in the
exospheres, and may either be negligible or dominate the exospheres of all planets with dense
atmospheres in our solar system, depending on their production and losses.

Here we present a numerical model for estimating the satellite particle density in the
planetary exospheres, which is based on the rigorous calculation of the balance between the
possible sources and losses of these particles in the outer layers of the atmosphere. As a
first step, we applied this model to the Titan environment and to the outermost layers of the
terrestrial atmosphere. We also discuss in detail the results of this modeling.
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Abstract

Les couronnes (ou exosphères) planétaires sont mal connues dans leur partie externe, en
l’absence de mesures limitées par les seuils de détection des instruments. Les modèles ex-
osphériques sont donc souvent la seule source d’information possible à de telles altitudes.
Nous étudions ici l’importance d’une population exosphérique spécifique, celle des particules
satellites, presque systématiquement négligée dans les modèles. Ces particules sont en effet is-
sues de rares collisions dans les exosphères, et peuvent aussi bien être négligeables que dominer
les exosphères de toutes les planètes du système solaire possédant une atmosphère dense, selon
l’équilibre entre les processus sources et de pertes.

Nous présentons ici un modèle numérique pour estimer la densité des particules satellite
dans les exosphères planétaires, fondé sur un calcul rigoureux de l’équilibre entre les sources et
les pertes pour ces particules dans les couches atmosphériques externes. La première étape de
ce travail fut d’appliquer ce modèle à l’environnement de Titan, ainsi qu’aux couches les plus
externes de l’atmosphère terrestre. Nous discutons également en détail les résultats de cette
modélisation.
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Chapter 1

Introduction

1.1 Planetary exosphere

The uppermost layer of the neutral planetary atmosphere constitutes the exosphere (Cham-
berlain and Hunten (1987)): the region where the collisions between particles are so rare, that
usually they are preferred to be neglected. The graph 1.1 represents the general structure of
the terrestrial atmosphere:

Figure 1.1: Structure of the terrestrial atmosphere.
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8 CHAPTER 1. INTRODUCTION

This region was first discovered at Earth owing to the substantial Lyman α emission1,
which indicates the presence of an extended cloud of atomic hydrogen around the Earth. At
first this region was called planetary corona or simply geocorona in the case of Earth (Banks
and Kockarts (1973)).

The graph 1.2 represents the Earth’s geocorona as viewed from the surface of Moon. This
image was acquired during the Apollo 16 mission (April 1972) with the Naval Research Labo-
ratory’s far-ultraviolet camera/spectrograph (Carruthers et al. (1976)).

Figure 1.2: Lyman α emission (Carruthers et al. (1976)).

The lower limit of an exosphere is usually called exobase (or critical level rc) and is defined
as the altitude, where the mean free path2 of atmospheric constituents is equal to the density
scale height3 (Pierrard (2003)). The classical exosphere usually considers the Maxwellian dis-
tribution for the velocities at and below the exobase and no collisions above that level (Opik
and Singer (1961); Fahr and Weidner (1977); Shen (1963)). Thereby particles entering the ex-
osphere with sufficient energy may escape from the planetary gravitational field into the space.

1Lyman α emission is the emission of a photon by an hydrogen atom when its electron goes from the
state n = 2 to a ground state n = 1 (n is the principal quantum number), which reveals the presence of the
hydrogen atom (Shu (1982)).

2Mean free path is the medium length of a path covered by a particle between subsequent impacts
(Hastings and Garrett (1996)).

3Scale height is the height within which some parameter (pressure or density) decreases by a factor 1/e
in an isothermal atmosphere (Chapman and Cowling (1952)).
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Atmospheric escape determines in many respects the stability of an atmosphere. Therefore
the comprehension of the processes in the exosphere are extremely important for understand-
ing of the evolution of an atmosphere and its stability.

But the planetary corona is much extended region, characterized by very low densities of
its constituents and thus usually poorly observable in its outermost layers due to the instru-
ments detection capabilities. Therefore the exospheric models are often the main source of
information about this region of the planetary surrounding. And in view of the importance
of the macro processes in this region, the precise and reliable models are needed for deeper
investigation of the atmospheric evolution.

Already Chamberlain (1963) showed that the exosphere is not completely collisionless and
due to the presence of rare collisions in the exosphere there exists also a population of ”satellite
particles”. These particles originate from collision in the exosphere and are able to remain on
the orbits around the planet without crossing the exobase.

In spite of this point, most of the past and modern exospheric models continue to accept
the collisionless approach and neglect satellite particles.

The Liouville’s theorem (Liouville (1844)) on the conservation of phase volume states:
The volume V of any domain G of the 6N-dimensional phase space (p, q) (the space of compo-
nents of the moment p = (p1, . . . , pN) and coordinates q = (r1, . . . , rN) of each of the N particles
of a classical system with potential forces of interaction) does not change in the course of time:

V =
∫
〈G〉

dp dq = const (1.1)

if all points of this domain are shifted in accordance with the equations of classical me-
chanics (Hazewinkel and Kvasnikov (2002)). Or simply: ”The density in phase space remains
constant along a dynamical trajectory” (Chamberlain and Hunten (1987)). Following this the-
orem most exospheric models are based on the propagation of the exobase distribution up to
the higher altitudes, and the satellite population is absent from all of them.

However in the present study we develop a model, which allows to estimate the density
profile of the satellite population in the planetary exospheres. Also we apply this model to
the neutral terrestrial exosphere and Titan exosphere and investigate the importance of this
population at the highest altitudes.
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1.2 Satellite particles

Figure 1.3: Particles in the exo-
sphere

If we consider the composition of an exosphere from the
standpoint of the movement of individual particles, then
we will find five different types of particles trajectories
in the exosphere (see the figure 1.3):

1. ballistic,
2. satellite,
3. escaping,
4. coming from infinity and attracted by the gravita-

tional field of the planet,
5. coming from infinity and passing by.

The last two types contribute the density of the plan-
etary atmosphere insignificantly and thus we will neglect
them in the following investigation. Consequently let’s
consider the first main types of the particles in the ex-
osphere more precise. The important difference in the
motions of these particles is that while the ballistic and
escaping particles have their origin below the planetary
exosphere, satellite particles originate solely above the critical level. They appear when col-
lisions between particles transform the velocity vector of essentially ballistic particles so that
they will orbit around the planetary body (see the figure 1.4).

Figure 1.4: Origin of a satellite particle
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Most exospheric models consider the collisionless approach, thus neglecting the satellite
population. However, if we accept the presence of rare collisions, how to estimate the density
of the satellite particles?

The Boltzmann Transport Equation is a conservation equation of particles in space
and describes the statistical distribution of one particle in rarefied gas (Hussein (1997)). It pro-
vides us with an extension of the Liouville’s equation (1.1) for including the effects of collisions.

Therefore a more complex method based on the Boltzmann equation, which takes into ac-
count the balance between production and losses of the satellite particles, allows to investigate
the density of the satellite particles. The solution of the Boltzmann equation can be used for
calculation the velocity distribution function f(r,v) in form (Fahr and Weidner (1977)):

Dfs = P+
s + P−s (1.2)

where Dfs is a differential operator which is applied to fs and where P+
s and P−s are the

local production and loss rates per unit phase space volume and time for the particles with
the velocity vs. And since P−s is always proportional to fs can be introduced Ls - the net loss
rate per satellite particle with velocity vs:

vs
dfs
ds

= P+
s − fs · Ls (1.3)

This idea first was proposed by Fahr and Weidner (1977) and later was refined by Richter
et al. (1979). It is the basis of our model and will be described in detailes below in 2.1.

Chamberlain and Hunten (1987) investigated the stability of the planetary atmospheres
and in his book while he had been considering the ”quasi-collisionless exosphere”, he proposed
the method of approximate calculation of the particle density in the exosphere. Already
this commonly used ”Chamberlain formalism” (described in Chamberlain and Hunten (1987))
also proposed an rough method for calculation of the maximum satellite particle density,
assuming an appropriate loss/source balance fulfilling the phase space volume dedicated to
these articles. This approach first demonstrated the importance of the satellite particles at
the highest altitudes, but remains only an approximation, not a precise calculation.
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The Chamberlain method proposes to calculate the density in the exosphere as a product
between the barometric density4 and a partition function ζ, which separates the particles be-
tween different types, mentioned above. This calculation method will be described in details
in 4.2, but here on the figure 1.5 can be seen an example of the partition functions of ballis-
tic, satellite and escaping particles in the terrestrial exosphere up to 100 000 km above the
surface for weak and high solar activity (the temperature of the neutrals at the exosphere is
correspondingly 800 K and 1200 K).

Figure 1.5: Partition functions for particles on ballistic, satellite and escaping trajectories in
the terrestrial exosphere.

It can be clearly seen on the graph, that above certain altitude the satellite population domi-
nates the other. The calculation for the other planetary bodies in the Solar System shows the
same dominance, but certainly it has to be proved by precise calculations. These altitudes of
theoretical predominance can be found on the table 1.1.

4Barometric density is the density obtained using the barometric law (Chamberlain and Hunten (1987)):

p(z) = p(z0)exp(−z − z0

H
) (1.4)

where H = kT/Mg is a pressure scale height.



1.2. SATELLITE PARTICLES 13

1.2.1 Limitation of the satellite particles orbit

The lower limit for a satellite particle orbit is the exobase. Thus the periapsis of such a
particle will be above the critical level: rp > rex.

The main limitation for the upper limit of the satellite particle orbit is determined by the
Hill sphere radius and by the solar radiation pressure.

The Hill sphere is the region around celestial body, where the gravitational attraction of
this body dominates (Hill (1878)). The Hill sphere radius RHill of one celestial body relative
to another one (which is bigger) can be calculated by:

RHill = a (1− ε) 3

√
m

3M (1.5)

where a is the semimajor axis of the smaller body’s orbit around the bigger one, ε is the
eccentricity of the orbit, m and M are masses of the smaller and bigger bodies respectively.

The solar radiation pressure is the force exerted by the solar photons on objects and
is equal to one third of the energy density (Rybicki and Lightman (1979)). This force may
change the orbital parameters of particles orbits, in particular at high altitudes where the
acceleration due to radiation pressure is larger than the gravitational acceleration. Therefore
it has a strong dependence on the solar activity and this limitation is especially important for
the exospheres of the planets close to the Sun.
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1.2.2 Satellite particles in the Solar System

The table 1.1 below presents the characteristic distances for all planetary bodies in the
Solar System, which host sufficiently dense atmosphere:

• Radius of the planet;

• Exobase distance from the center of the planet;

• The limit for the gravitational influence (Hill sphere radius);

• The distance where the acceleration due to the radiation pressure becomes larger that
the gravitational one: for low, middle and high solar activity respectively;

• The distance where the satellite particles may become dominant with the maximum
Chamberlain approximation;

• Considered species for possible satellite particles.

As it can be seen on the table, all these planetary coronae may be dominated by the satel-
lite populations at certain altitude with an appropriate balance between losses and sources of
satellite particles. But here is represented only the Chamberlain approximation.

Consequently, the precise calculation of this population is required to investigate their
eventual dominance at the high altitudes in the exospheres.
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Titan Mars Earth Venus Jupiter Saturn Uranus Neptune

Radius (km) 2575 3389,5 6367,4 6052 71400 60000 25560 24764

Exosbase distance (km) 4000 3569,5 6867,4 6225 73400 63500 31560 27764

Hill sphere radius (km) 5,09E+04 9,83E+05 3,26E+05* 1,00E+06 5,06E+07 5,84E+07 6,68E+07 1,15E+08

Lim. rad. pressure dom(km)low sun 5,31E+05 1,76E+05 3,53E+05 2,30E+05 3,28E+07 3,12E+07 2,59E+07 4,42E+07

Lim. rad. pressure dom(km)mid sun 4,05E+05 1,34E+05 2,69E+05 1,75E+05 2,50E+07 2,38E+07 1,97E+07 3,37E+07

Lim. rad. pressure dom(km)high sun 3,40E+05 1,13E+05 2,26E+05 1,47E+05 2,10E+07 1,99E+07 1,66E+07 2,83E+07

Dist Lim pop sat dom (km) 1,18E+04 1,28E+04 2,35E+04 1,09E+05 1,28E+06 9,70E+05 1,90E+05 3,94E+05

Considered species H2 H \ O H O H H H H

Table 1.1: Characteristic distances for the planets in the Solar System (Garnier (2007))

* The Hill sphere radius for Earth relative to the Moon equals 326 000 km and relative to the Sun it is equal to 1 470 000 km.



Chapter 2

Description of the model

In the present chapter will be explicitly described the calculation method which is used in our
model for estimation of the satellite particle density profile in the planetary exosphere.

2.1 The calculation method

The calculation method of the satellite particles density profiles in our model is based on the
idea proposed by Richter et al. (1979), where the Boltzmann equation (1.2) is used for calcu-
lating the balance between the production and loss processes the satellite particle. Thereby,
the satellite particle distribution function is obtained from the integration of the production
and loss rates over an elliptical orbit of a particle:

fs (r, v) =
∮
P+′
s · exp

(∫ s′
s(r) L

′′
s
ds′′

v′′s

)
ds′

v′s

exp
(∮
L′s

ds′

v′s

)
− 1

(2.1)

Figure 2.1: The critical angle θc

Therefore the satellite particle density at a certain al-
titude may be obtained by integration of the distribution
function over the velocity space (in a spherical polar coor-
dinate system; see the figure 2.1):

n(r) =
∫ 2π

0
dΦ

∫ vmax(r)

vmin(r)
v2
∫ π−θc

θc(r,v)
fs(r, v) sinθ dθ dv (2.2)

where θc is the critical angle, determined by the min-
imum angular momentum required to fulfill rp > rex for
a particle with velocity v, since the satellite particles are
only existing in a range of polar angles θc < θ < π −
θc.

16
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The critical angle θc is derived from the dependence of θc on v at the boundary case
characterized by rp = rex (Richter et al. (1979)):

θc(r, v) = arcsin

{
rex
r · v

√
v2 + 2GM

( 1
rex
− 1
r

)}
(2.3)

where r is the current distance of the particle from the center of the planet, v is the current
velocity of the particle, G is the gravitational constant, M is the mass of the planet and rex is
the location of the exobase.

The laws of the orbital mechanics ordain that the satellite particle will reach its maximum
velocity at the periapsis of its orbit, and the minimum velocity at the apoapsis. Consequently,
to determine the minimum velocity admissible for a satellite particle at an exospheric point r,
the altitude r should be considered as an apoapsis of the particle trajectory. Chobotov (2002)
determined the velocity at the apoapsis as:

vap =

√√√√µ(1− ε)
a(1 + ε) (2.4)

where µ is the standard gravitational parameter µ = GM , ε is the eccentricity and a is
the semi-major axis of the particle’s orbit. Then using the expressions for the minimum and
maximum distance: rper = a(1− ε) and rap = a(1 + ε), we can obtain the following formula for
the velocity at its apoapsis:

vap =

√√√√2GM
(

1
rap
− 1
rap + rper

)
(2.5)

And since the velocity at the apoapsis will be smaller than the periapsis will be placed
lower, we should take the lowest possible altitude for the periapsis: the exobase, which is also
corresponds to the determination of the critical angle as θc = 90◦. Thereby the final expression
for the minimum velocity of a satellite particle at the altitude r is:

vmin(r, θc = 90◦) =
√

2GM
(1
r
− 1
r + rex

)
(2.6)
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Since the orbit of the ”new born” satellite particle may be highly elliptical, its apoapsis
may be placed even above the maximum possible altitude, which is determined by the up-
per limits of the gravitational binding region (Hill sphere radius) and the dominant radiation
pressure effect (which affects the orbits of the exospheric particles). These two limits are thus
introduced in the model. As a graphic example the orbits of the two satellite particles are
demonstrated on the figure 2.2:

Figure 2.2: Loss of a satellite particle, when the apoapsis of the particle’s orbit exceeds the
limit altitude.

The apoapsis of the first particle’s orbit is located below the upper limit and thus this
particle may remain on its orbit for the several revolutions (until it will be removed by an
another loss process), but the apoapsis of the second particle’s orbit is located well above the
limit altitude and thus this particle will be lost.
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2.2 Satellite particles distribution function

For the numerical calculation of the satellite particles distribution function Richter et al. (1979)
proposed in their article the integration over the entire orbit using the true anomaly changes.
So, 2.1 transforms into:

fs (r, v) =
p2

rpvp

∫ Ω0+2π
Ω0

P+′
s · exp

(
p2

rpvp

∫ Ω′
Ω0

L
′′
s

(1+ε cosΩ′′)2dΩ′′
)

dΩ′
(1+ε cosΩ′)2

exp
(

p2

rpvp

∫ Ω0+2π
Ω0

L′s
(1+ε cosΩ′)2dΩ′

)
− 1

(2.7)

where rp and vp are the distance and velocity to the center of the planet respectively at the
periapsis of the particle’s orbit, p is the focal parameter, Ω is the true anomaly and Ω0 is the
initial value of the true anomaly from which the integration starts, it determines by the current
position of the particle.

Figure 2.3: Orbital elements for satellite particle distribution function.

Ω0 is calculated from the orbit equation:

Ω0(r) = arccos

1
ε

(
p

r
− 1

) (2.8)

But to avoid the appearance of the singularities during the process of integration, for
instance at the points like Ω = π, we implemented in our model the new integration method,
which is described below.
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2.2.1 Integration of the production and loss rates over an elliptical
orbit

Now let’s consider more precise how the integration of the production and loss rates over an
elliptical orbit is performed. First of all it is necessary to determine the orbital parameters of
the particle’s elliptic trajectory, for which the distribution function will be calculated.

Owing to the triple integration in the main equation 2.2 which will be used for the calcu-
lation of the satellite particle density, the distribution function should be each time calculated
based on the three initial characteristics: an altitude r, velocity v and critical angle θ. These
three characteristics determine one certain orbit, for which it is possible to estimate all its
orbital parameters, namely p, ε, a, Ω0, rap, rper:

The focal parameter of the orbit was calculated using the following formula:

p = r2v2sinθ2

GM
(2.9)

Eccentricity:

ε =
√

1 +
(
v2 − 2GM

r

)
r2v2sinθ2

G2M2 (2.10)

Semi-major axis:
a = p

1− ε2 (2.11)

True anomaly:
Ω0(r) = arccos

(1
ε

(
p

r
− 1

))
(2.12)

Radius at the apoapsis:
rap = a(1 + ε) (2.13)

Radius at the periapsis:
rper = a(1− ε) (2.14)

Using these six orbital parameters we can completely describe the movement of the particle
and can calculate the increment ds of the particle’s path along the orbit which corresponds to
the increment of the true anomaly dΩ. Then we can calculate the distribution function with
the formula (2.1) directly.

But here instead of increment of the true anomaly dΩ we will use the increment of the
central angle dt, which is in the end, corresponds to an integration over the true anomaly from
Ω0 to Ω0 + 2π, as it was proposed by Richter et al. (1979).
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On the figure 2.4 the basic orbital elements are shown, which are used in the calculation
of the differential length of the orbit ds. Here r1 is the distance to the current position of the
particle from the center of the planet, Ω and t are the true anomaly and the central angle
for the current position respectively, F is the center of the planet (focus), P is the particle’s
position, a is the semi-major axis and p is the focal parameter.

Figure 2.4: Orbital elements.

Therefore we can proceed the calculation of the satellite particle distribution function (2.1).
Below is presented detailed explanation of the integration along an elliptical orbit, using the
increment of the central angle.

Integration steps

First of all for each angle Ω one calculates the current distance r1 from the focus to the
particle current position along the orbit:

r1 = p

1 + ε cosΩ (2.15)

If r1 is larger than the upper limit, then particle is leaving the exosphere and will never
come back (see the figure 2.2).

After that should be calculated the central angle t, which is then given by:

t = atan

(
(1− ε2)sinΩ
ε+ cosΩ

)
(2.16)
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And finally the length of the arc of an ellipse s can be expressed as:

s = a
∫ t2

t1

√
1− ε2cos2t dt (2.17)

Therefore, ds can be calculated using this expression. It is important to mention here,
that each altitude (distance r1) corresponds to different production and loss rates (due to their
dependence on the densities, which of course are varying with altitude) as well as different
velocities of the particle varying from its maximum at the periapsis to its minimum at the
apoapsis. As a consequence, at the each point along the trajectory these parameters will be
different (except when the particle’s orbit is circular).

The inner integral in the numerator of 2.1 is calculated between Ω0 and current Ω′ for the
initial interval from Ω0 to Ω0 + 2π with the same calculation method.

At the altitudes close to the exobase the production and loss rates are much higher than
at high altitudes, due to larger densities and larger relative velocities between the particles.
Consequently for highly elliptical orbit may take place such situation, that loss rate L′s at
very high altitudes becomes extremely small. For the calculations this leads to the case, when
exp

(∮
L
′
s
ds′

v′s

)
will equal to 1.

Because of that, equation 2.1 was transformed into a more convenient form for calculations
(to avoid the situation where the exponential becomes numerically infinite):

fs (r, v) =
∮
P+′
s · exp

(∫ s′
s(r) L

′′
s
ds′′

v′′s
−
∮
L
′
s
ds′

v′s

)
ds′

v′s

1− exp
(
−
∮
L′s

ds′

v′s

) (2.18)

And exactly this final equation 2.18 was used in our model for the calculation of the satel-
lite particles distribution function.

The description of the calculation method for the production and loss rates is presented in
the next section 2.3 below.
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2.3 Production and Loss rates

Sources and losses of the satellite particles depend on a variety of physical processes occur-
ring in the planetary exosphere. The most important of them - elastic and charge-exchange
collisions between the particles as well as photoionization1 - will be considered in our model.
Obviously, these processes are varying between the exospheres of the different planets due to
differences in the chemical composition and other exospheric characteristics, and because of
that they should be determined independently for each case. But the main algorithm, de-
scribed here, is common for every exosphere.

For the calculation of the production rate it is needed to determine the density profile of
the satellite particle candidates - H0

2: the particles on ballistic trajectories which did not suffer
any collisions before arriving at the altitude r and which perhaps could undergo a collision
and become a satellite particle above.

If we will take the distribution function of the particles, which arrived upward to certain
altitude f+ and the distribution function of the particles, which arrived downward to the same
altitude (see the figure 2.5):

Figure 2.5: Ballistic trajectory of the H0 particle.

1Photons with short enough wavelengths may photoionize a neutral molecule or an atom (Shu (1982)).
For example, the photons with wavelengths shorter than 912 Å may photoionize an hydrogen atom.

2The H0 letters refer to any species, but originate from the Earth case where hydrogen was considered at
first. Thereby for the exosphere of Titan H0 will mean H20 .



24 CHAPTER 2. DESCRIPTION OF THE MODEL

Then the density of the exospheric H0 can be obtained from the integration of their distri-
bution function fH0 over the locally possible velocity space volume:

NH0(r) = 2π
∫ vmax(r)

0
v2
{∫ θc

0
f+
H0sinθdθ +

∫ π

π−θc

f−H0sinθdθ

}
dv (2.19)

where f+
H0 / f−H0 are the distribution function of upward/downward particles (see the figure

2.5).

The distribution function fH0 at an exospheric point r is given as the product of the exobasic
distribution function and the probability for H0 particle to reach r collisionfree with velocity
vs along a ballistic orbit from the exobase distance rex. Independently of which distribution we
assumed at the exobase (for instance, Maxwellian or non-thermal), the distribution function
of the satellite particles candidates can be represented as:

fH0(r, v) = f(rex, vex) · exp
(
−
∫ s

sex

P−s · ds
vs

)
(2.20)

wheref(rex, vex) is the distribution of H0 particles at the exobase, s is the length of path
over the ballistic trajectory from the rex to the altitude r and P−s represents the sum of the
collision frequencies of the H0 particles (which has the velocity vs) with other species until
it will reach the altitude r (consequently, P−s depends on the characteristics of the particular
exosphere).

To estimate the mentioned above probability we have to integrate P−s
vs

over the ballistic
trajectory s of H0 particle. For this purpose the following method was implemented3.

3It should be mentioned here, that here and below P−
s denotes the loss rate of the satellite particles

candidates over the ballistic trajectory in contrast to P+
s , which denotes the production rate of the satellite

particles.
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2.3.1 Integration of the loss rate over the ballistic trajectory

Following the idea described in Valeille (2009), the path ds along the ballistic trajectory is
equal to the product of the time of flight of the particle and its mean speed on this segment.
The time of flight of the particle from the exobase to the apoapsis of its orbit is given by:

t0 =
∫ rap

rc

dr

v||(r)
(2.21)

where v||(r) is the radial velocity at the current altitude. Using the expression for v||(r),
described in Valeille (2009), the following formula was obtained:

t0 = 1
vex

∫ rap

rex

rdr√
−(rexsinθ0)2 + (X0rex)r + (1−X0)r2

(2.22)

where vex is the velocity of the particle at the exobase:

vex =
√
v2 − 2GM

(1
r
− 1
rex

)
(2.23)

while r is the distance from the center of the planet (altitude) and rap is the maximum
altitude of the ballistic trajectory:

rap = r ·
X0 +

√
X2

0 − 4sin2θ0 (X0 − 1)
2 (X0 − 1) (2.24)

with the escape parameter X0, which allows to distinguish the escaping and non-escaping
particles (X0 > 1), calculated as the square of the ratio between the escape velocity of the
particle and the particle speed at the exobase:

X0 =
(
vmax
Vex

)2
(2.25)
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Figure 2.6: Integration over the ballis-
tic orbit

Then we can calculate the time of flight dt12 from
the point s1, placed at the altitude r1, to the point
s2, at the altitude r2 with:

dt12 = dr12

vex ·
√

1−X0 +X0
rex

r2
−
(
rex

r2
sinθ

)2
(2.26)

where dr12 is the difference between the altitudes
r1 and r2 (see the figure 2.6). Consequently, the dis-
tance ds12 between the point s1 and s2 can be ex-
pressed as:

ds12 = dt12 · v̄12 (2.27)

where v̄12 is the mean value of the particle’s veloc-
ity between the altitude r1 and r2. Therefore using
(2.21) - (2.27) leads to the final expression for the H0

distribution function:

fH0(r, v) = f(rex, vex) · exp
(
−
∫ s

sex

P−s · ds
vs

)

= f(rex, vex) · exp
(
−
∫ s

sex

P−s · dt · v̄(s)
vs

)

= f(rex, vex) · exp

− ∫ s

sex

P−s · v̄(r) · dr

vs · vex ·
√

1−X0 +X0
rex

r
−
(
rex

r
sinθ

)2


(2.28)

Since production and loss rates depend, among other things, on the elastic collisions be-
tween particles, we have to estimate the collision frequency between the neutral particles. The
method of calculation and obtained values used in our model are presented below (see the
following section 2.3.2).
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2.3.2 Cross-sections

The simplest model of an atomic interaction is the elastic collision of the rigid spheres of the
radii ri and rj (Chapman and Cowling (1952); Banks and Kockarts (1973); Westlake et al.
(2011)), where the collision cross section σij is:

σij = π(ri + rj)2 (2.29)

Then the collision frequency νij(ω) of the particle type i with a particle of the type j can
be determined as:

νij(ω) = njωσ (2.30)

where ω is the relative velocity between the particles.

This approach is used in our model, since the main production/loss process is the elastic
collisions between the neutral molecules.

The molecules’ radii were estimated using the kinetic molecular diameter4 (Chapman and
Cowling (1952); Westlake et al. (2011)). The values for these diameters were taken from Breck
(1973).

Therefore we obtained the collision cross sections for all collisional processes needed. The
results for the Titan model are presented in the following table (2.1):

Molecule ”Radius” of the molecule Reaction Cross section
H2 1.3× 10−10 m H2 +H2 σH2−H2 = 2.12× 10−19 m2

N2 1.57× 10−10 m H2 +N2 σH2−N2 = 2.58× 10−19 m2

CH4 1.62× 10−10 m H2 + CH4 σH2−CH4 = 2.68× 10−19 m2

CH5 1.65× 10−10 m H2 + CH+
5 σH2−CH+

5
= 2.73× 10−19 m2

C2H5 1.75× 10−10 m H2 + C2H
+
5 σH2−C2H

+
5

= 2.92× 10−19 m2

CH3 1.6× 10−10 m H2 + CH+
3 σH2−CH+

3
= 2.64× 10−19 m2

C3H5 1.8× 10−10 m H2 + C3H
+
5 σH2−C3H

+
5

= 3.02× 10−19 m2

HNCH 1.85× 10−10 m H2 +HNCH+ σH2−HNCH+ = 3.12× 10−19 m2

H 1.15× 10−10 m H2 +H+ σH2−O+ = 1.89× 10−19 m2

O 1.2× 10−10 m H2 +O+ σH2−H+ = 1.96× 10−19 m2

Table 2.1: Molecules’ radii and corresponding cross sections for the Titan exosphere

4Kinetic molecular diameter is equal to the smallest distance between two molecules collided with zero
initial kinetic energy (Breck (1973)).



Chapter 3

Description of the Programming Code

To perform described above calculations, the original code was created using the MatLab
software, version 7.7. In the present chapter can be found general overview of the program,
its structure and detailed description of all functions, which were written for realization of the
described above calculation method.

3.1 Structure of the program

On the figure 3.1 the general structure of the program is presented. This graph visualizes,
how every function calls another one and it should be helpful for using our model for the next
calculations.

On this graph the white bars indicate the main functions and blue bars indicate additional
functions.

It should be mentioned here, that for modeling of the Titan exosphere some additional
functions are also included in the code (see the appendix A.1 for the additional two graphs,
one represents the structure of the program if we assume Maxwellian distribution and second
one represents the slightly changed program, needed for calculations based on the non-thermal
distribution.)

28
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Figure 3.1: Structure of the program
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3.2 Main functions

Main_Richter

Main_Richter is the main function in the code, from here the whole program can be
run and here all the parameters and constants are determined.

On the tables 3.1 and 3.2 below are represented some important initial parameters, which
were used for our calculations. Note, the maximum altitude for the calculations should be
smaller, than the upper limit due to Hill sphere or solar radiation pressure, minus the radius of
the planet, since "altitude" means the distance from the surface of the planet. Consequently,
everywhere, where it is needed, the radius of the planet should be added.

As it can be seen on the figure 3.1 several additional functions are called from Main_Richter .
Whose functions are needed for forming of the arrays (each element in an array corresponds to
a certain altitude) with possible minimum and maximum velocities of the particles, ion tem-
perature, initial densities of the particles in the exospheres and also the integration sampling
and cross-section for collisions in case of Titan.

After determining of all input values two important functions are called from here. One
of them, int_N_H0 is used for calculation of the satellite particle candidates density, and
another, Density_Richter_Omegas is needed to start the calculation of the satellite par-
ticles densities. Both of them will be described below. Here we should just mention, that
the function int_N_H0 is called directly from the loop, which calculate the density of the
satellite particle candidates separately for every altitude.

Finally after all calculations the function Main_Richter draws the output graphics. For
the Earth the main algorithm will calculate the satellite particle density twice: for weak solar
activity and for high. Output graphics are in the logarithmic scale.

The slightly different version of this function, namely Main_Richter_Kappa, should
be run if we assume non-thermal distribution at the exobase (it was used for the Titan
case). Also, for the calculations, based on the Chamberlain approximation, should be run
files Main_Richter_Chamb (for Earth), Main_Richter_M_Chamb (for Titan com-
paring with our model, assuming Maxwellian distribution) and Main_Richter_K_Chamb
(for Titan comparing with our model, assuming non-thermal distribution).
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Initial values for Earth (comparison with the results by Richter et al. (1979)) and for Titan:

Parameter Dimension Symbol Value for Earth
Exobase altitude [m] rex 5× 105

Radius of the planet [m] R 6.378× 106

Mass of the planet [kg] Mp 5.9736× 1024

Gravitational constant [N ∗ (m/kg)2] G 6.67428× 10−11

Step [m] STEP 0.5× 105

Integral sampling (1) — resol 31
Hill sphere [m] Rlim(1) 326.25× 106

Weak solar activity:
Temperature of the neutral particles [K] T 800
Photoionization rate* [1/s] Lion 7.5× 10−8

Solar radiation pressure limit** [m] Rlim(2) 353× 106

Exobasic hydrogen density [particle/m−3] NHex 10× 1010

Integral sampling (2) resol2 31
Strong solar activity:
Temperature of the neutral particles [K] T 1200
Photoionization rate [1/s] Lion 9.6× 10−8

Solar radiation pressure limit [m] Rlim(2) 226× 106

Exobasic hydrogen density [particle/m−3] NHex 0.1232× 1010

Integral sampling (2) resol2 181

Table 3.1: Initial values for parameters in the code for Earth

* Mean hydrogen photoionization rate for solar e.u.v. radiation.
** Limit for the apogee due to solar radiation pressure.
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Parameter Dimension Symbol Value for Titan

Exobase altitude [m] rex 1.426× 106

Radius of the planet [m] R 2.575× 106

Mass of the planet [kg] Mp 1.3452× 1023

Gravitational constant [N ∗ (m/kg)2] G 6.67428× 10−11

Step [m] STEP depending on the altitude

Integral sampling (1) — resol 31

Hill sphere [m] Rlim(1) 50× 106

Photoionization rate (middle sun) [1/s] Lion 8.55× 10−10

Solar radiation pressure limit (middle sun) [m] Rlim(2) 405× 106

Maxwellian distribution:

Temperature of the neutral particles [K] T 148.5

Exobasic hydrogen density [particle/m−3] NHex 10× 1010

Non-thermal distribution:

Temperature of the neutral particles [K] T 118.8

Exobasic hydrogen density [particle/m−3] NHex 4.7511× 1011

Table 3.2: Initial values for parameters in the code for Titan
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int_N_H0

This function is needed for the calculation of the density profile of the satellite particle
candidates. It is called from the loop for every certain altitude and its argument is the array
with all possible velocities for the particles on the ballistic trajectories at this altitude, which
possibly can become a satellite particles.

Actually, satellite particle candidates are such particles, which at certain altitude have:

• velocity bigger, than the minimum possible velocity for the satellite particle, and smaller,
than the maximum allowed velocity for the satellite particle;

• the polar angle θ between velocity vector and the exobase in the range of 0 ≤ θ ≤ θc and
π − θc ≤ θ ≤ π, where the critical angle calculated using the function critical_angle.

Thus the elastic collision may lead to the change of the velocity vector direction and such
particle may become a satellite particle. Consequently, another four functions are calling from
this one:

int_N_H0
↓
critical_angle
↓
relative_velocity
↓

df_Max
↓

int_N1

This blog of functions realizes the algorithm for calculation of the following formula 3.1:

NH0(r) = 2π
∫ vmax(r)

0
v2
{∫ θc

0
f+
H0sinθdθ +

∫ π

π−θc

f−H0sinθdθ

}
dv (3.1)

In particular first of all here is calculated a critical angle, afterwards inside of the loop
are calculated proper velocities, relative velocities and collision frequencies for each altitude,
possible for such initial conditions (velocity, determined at certain altitude). Next is the es-
cape parameter (2.25) and the exobasic Maxwellian distribution of the H (or H2 for Titan)
particles. Then is called function int_N1 , which is responsible for calculation of the satellite
particle candidates distribution function.
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In case of non-thermal distribution for Titan should be used function int_N_H0_kappa
instead. Here the algorithm is absolutely the same as in the function int_N_H0 , only the
exobasic distribution of the H2 particles is non-thermal (instead of function df_Max is used
df_kappa).

int_N1

In this function was realized the method, described in the part 2.3.

Here is calculated the distribution function of the particles ”Candidates to satellite”, which
are moving in the exosphere along the ballistic trajectories. Following the idea of Richter
et al. (1979), this distribution function is calculating as a product of the exobasic distribution
(Maxwellian or non-thermal) and the probability of the particle to reach the certain altitude
collisionfree:

fH0(r, v) = f(rex, vex) · exp
{
−
∫ s

sex

(σHOωHONO + σHO+ωHO+NO+ + σHH+ωHH+NH+) ds
vs

}
(3.2)

In the formula 3.1 f+
H0 represent the distribution function of ascending particles and f−H0

- for descending. It is important to mention here, that descending particles are making the
path, which can be much longer than the ascending particles (see figure 3.2).

Figure 3.2: Ballistic trajectory of the H0 particle



3.2. MAIN FUNCTIONS 35

The main difficulty in this part is the calculation of the length of the particle’s path along
the ballistic trajectory, before it arrives at the certain altitude. And for this purpose the
method described by Valeille (2009) was used.

Note 1: In the code for the ascending particles is using the marker sign and only first part
of the function is using. For descending particles is using full function.

Note 2: For descending particles if the apogee radius is placed between two altitudes of
our interests, the collision frequency P−r , needed for calculation of the probability for particle
to fly collisionless from last certain altitude r(k− 1) to the apogee rap, is estimated follow the
rule:

P−rap
= P−r(k−1) −∆P− (3.3)

where

∆P− =
(
P−r(k−2) − P

−
r(k−1)

)
· r(k)− rap
r(k)− r(k − 1) (3.4)

Note 3: For the rap is taken the value rap − 1 to avoid the radial velocity equals 0.

Note 4: Mean velocity on the interval between altitude alt1 and alt2 as well as the collision
probability at this interval are calculated as a mean between the value at the altitude alt1 and
the value at the altitude alt2.

Density_Richter_Omegas

Calling of this function starts the calculation of the satellite particles density: for each
altitude from the exobase to the upper limit of exosphere the maximum and minimum possible
velocities are calculated for distribution function integration from vmin to vmax. To avoid the
division by zero instead of the maximum velocity is taken vmax − 1.

n(r) =
∫ 2π

0
dΦ

∫ vmax(r)

vmin(r)
v2
∫ π−θc

θc(r,v)
fs(r, v)sinθdθdv (3.5)

Current function realizes the integration with respect to velocity in the 3.5. The integration
with respect to the angle θ as well as the calculation of the satellite particles distribution
function is performed with a function fun1_omegas.
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fun1_omegas

This function realizes the integration with respect to the angle θ in 3.5.

Here for the each velocity the critical angle θc is estimated using the function criti-
cal_angle. And before the integration between θc(r, v) and π − θc(r, v) for each pair of
altitude and velocity are calculated (across all possible altitudes and all velocities): Loss rate
array, Collision frequency array, particle Velocities array and Relative velocities array. Also,
for the calculation of the Production rate, appropriate escape parameter and exobasic hydro-
gen distribution are calculated here.

Note, that the Production rate array is calculated in the additional loop, since for calcu-
lation of each value of production rate is needed the all values from the above mentioned arrays.

Remark: For the very first iteration in the loop (which corresponds to the v = vmin), there
is not further calculations, but just assumption, that for this step fs(r, v) = 0, since for the
minimum velocity θc = π

2 and it is impossible to integrate between θc and π − θc.

Calculation of the satellite particles distribution function for every angle θ performed by
the function Dist_fun_Richter_ds_tan.

fun1_omegas_kappa

This function is similar to the previous one (fun1_omegas), the only difference is in
the calculation of the exobasic distribution function for H2 particles: here it is non-thermal
distribution instead of Maxwellian (function df_kappa instead of df_Max).

Dist_fun_Richter_ds_tan

At this point we are working already with the particular orbit, since as an input we have
particular altitude, velocity and polar angle. So, first of all here are calculated the orbital
parameters p, ε, a, Ω0, rap, rper, described this orbit. After that following the method, which
is described in the section 2.2.1, the calculation of the distribution function is made, using the
formula 2.18, let’s recall it here for clearness:

fs (r, v) =
∮
P+′
s · exp

(∫ s′
s(r) L

′′
s
ds′′

v′′s
−
∮
L
′
s
ds′

v′s

)
ds′

v′s

1− exp
(
−
∮
L′s

ds′

v′s

) (3.6)
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Consequently, the functions int2_ds_tan and int1_ds_tan are calling from the func-
tion Dist_fun_Richter_ds_tan. First of them is needed for calculation of the numerator
in 3.6, second - for the integral in the denominator. As it is seen in the formula 3.6, the integral
in the denominator is used also during the calculation of the numerator. Thus, the results of
the function int1_ds_tan will be used twice.

int2_ds_tan

This function is realizing the method, described in the section 2.2.1. Also from here again
is called the function int1_ds_tan, but here the integration is performed only along the
certain part of the orbit.

It should be mentioned here, that since the integration has to be done in the frame from
Ω0 to Ω0 + 2π, in the calculations to distinguish the position of the particle before and after
passing of its periapsis, was introduced the special parameter round (see the figure 3.3 below):

Figure 3.3: Integration over an elliptical orbit, parameter round.

Note: For the calculation of the second integral the number of steps for the integration
varies as m + resol + 2 ∗ NN , there the m determines how big is the integrated part of the
orbit and NN determines how big is the length of the entire orbit in general (as higher the
altitude - as longer is the length of the orbit).
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int1_ds_tan

This function is realizing the method, described in the section 2.2.1.

Production

In case of the terrestrial exosphere there are three different components for the total pro-
duction rate corresponding to the three different types of the production processes (see 4.1).
Consequently there are three components for the total production rate (see 4.1, 4.1 and 4.1).

But since in the Titan’s exosphere was considered only one type of the satellite particle
production process - elastic collision of the H2 0 with another particle, in this case here would
be only one component:

P1(r, vs) = P+
r

4π

∫ 2π

0

{∫ θc

0
f+
H0sinθdθ +

∫ π

π−θc

f−H0sinθdθ

}
dΦ (3.7)

where the P+
r is the collision frequency of the H2 0 (with the velocity vs) with other particles

(N2, CH4, CH+
5 , C2H

+
5 , C3H

+
5 , CH+

3 , HCNH+, H+ and O+). For instance, the collision
frequency of the H2 0 with N2 is estimated by:

PH2−N2 = σH2N2ωH2N2NN2 (3.8)

where σH2N2 gives the cross section for collisions between H2 particle and N2, ωH2N2 is their
relative velocity and NN2 is the density of N2 species.

And for calculation of the distribution functions of the ascending (f+
H0) and descending

(f−H0) H0 (or H20) particles, is called again the function int_N1 , described above.
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3.3 Supporting functions

escape_velocity

This function builds an array of the maximum possible velocities for each of the considered
altitudes, following the well-known formula for the determining of the escape velocity:

vmax(r) =
√

2GM
r

(3.9)

critical_angle

This function is used for the calculation of the critical angle θc, which is determined by
the minimum angular momentum required to fulfill condition rp > rex for a particle with the
velocity v, since the satellite particles are only existing in a range of polar angles θc < θ <

π− θc (see paragraph 2.1). Thereby this function having two arguments, altitude and velocity,
compute the output following the formula 2.3. Let’s recall it here:

θc(r, v) = arcsin

{
rex
r · v

√
v2 + 2GM

( 1
rex
− 1
r

)}
(3.10)

ion_temperature

This function is using to form arrays with temperature profiles of the ions.

minimum_velocity

Calculation of the minimum velocity admissible for a satellite particle at an exospheric
point r connected with θ = 90◦ (see the paragraph 2.1). According to Richter et al. (1979),
this condition ensures that r is the apogee of the particle trajectory:

vmin(r, θc = 90◦) =
√

2GM
(1
r
− 1
r + rex

)
(3.11)

This function is using ones in the very beginning and it forms an array of minimum velocities
for each of the possible altitudes.
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N_element

This function is needed to form arrays with densities for all species in the exosphere.

relative_velocity

This function computes relative velocity between particle i moving with velocity vs with
respect to gas particles of temperature Tj, particle mass mj and distribution function fj(V ),
assuming Maxwellian distribution (see paragraph 4.1 and formulas 4.5). The arguments of this
function are the mass and temperature of the particle j and the velocity of the particle i.

For the non-thermal distribution the function relative_velocity_kappa is using.

relative_velocity_kappa

This function is needed for calculation of the relative velocity of the particle with the
velocity vs with respect to the gas particles, followed non-thermal distribution, described in
paragraph 5.2.2. See this paragraph for the theory, and here it is needed to mention, that this
function have only two arguments - the velocity vs and distribution of the gas particle f(v).

df_Max

First of all this function is using for calculation of the exobasic distribution of the H
particles (this value is using later in the int_N1 for calculation of the production rates or
density profile of the N0 particles). Also in case of Earth this function is used for calculation
of the distribution function of the protons, with is using in the calculation of the production
rates.

fMj
(r, v) = nj(r)

(
mj

2πkTj

)3/2

· exp
(
−mjv

2

2kTj

)
(3.12)
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df_kappa

Like the function df_Max, the function df_kappa is using in mostly in the functions
int_N_H0_kappa and fun1_omegas_kappa for calculation the exospheric distribution
of the H2 particles, which is used later in the function int_N1 for the calculation of the
production rates or density profiles of the satellite particle candidates. Also in case of the
non-thermal distribution current function is using in the calculation of the relative velocities
of the particles (and consequently the values, obtained with this function, are used in function
relative_velocity_kappa).

Since in calculation of the relative velocities based on non-thermal distribution of these
particles is using the integration of the kappa-distribution over the velocity space from 0 to∞,
in the very beginning of the calculations (directly from the function Main_Richter_kappa)
the several arrays (one for each chemical element, which is considered in the model) are formed,
which contained the all possible values of the distribution function of the certain elements re-
garding the certain altitude and certain velocity (it was made to safe the time of the program).

This function realized the formulas 5.1.

cross_sec

This function is needed to determine the cross-sections for elastic collisions in the Titan
exosphere. See the section 2.3.2 for the additional information.
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3.4 Additional functions

A_int_vel, B_int_tet, zeta

These three functions are needed for computing of the particles densities in the exosphere
using the Chamberlain approximation (see paragraph 4.2). These functions are called by turn
from the function Main_Richter_Chamb and they compute the densities of the ballistic,
satellite and escaping particles by formulas 4.10 - 4.16.

PP_ratio

This one was used to calculate the ratio between possible sources and losses of the satellite
particles at every altitude and represent the results in graphical form, such as for instance ??
and 5.10.



Chapter 4

Modeling the terrestrial exosphere

To verify the revised calculation method and developed model, first of all it was applied to
the calculation of the satellite particles density profile of the hydrogen neutrals in terrestrial
exosphere, in order to compare with the results presented by Richter et al. (1979). For this
reason, we took the same input parameters as Richter et al. (1979). These parameters and the
obtained results are described below.

4.1 The exosphere of Earth: input parameters

As it was already mentioned above, the terrestrial exosphere was first discovered and observed
by geocoronal emission due to solar Lyman alpha radiation resonantly scattered in the exo-
sphere (see the figure 1.2). The first images shows an observable geocorona to distances of
about 15 Earth radii (Rairden et al. (1986)). In the Earth’s outer atmosphere the main com-
ponents are atomic hydrogen, oxygen and helium (Bishop (1991)). The exobase is located at
around 500 km above the surface and the Maxwellian distribution is assumed for the particles
below this limit. The temperature of the neutral particles at the exobase strongly depends on
the solar activity and here we will consider two cases:

• weak solar activity with an exobase temperature T = 800 [K];

• strong solar activity with an exobase temperature T = 1200 [K].

The solar activity will also affect the density profiles of the main species in the exosphere,
the photoionization rate and the limit altitude for the satellite particles due to solar radia-
tion pressure. Thereby the final limit for the satellite particle’s maximum altitude will be in
first case determined by Hill sphere radius and in second case - by solar radiation pressure limit.

An overview of all these parameters can be found in the table 4.1 below.
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Production rate.

Since hydrogen is the lightest element in the Earth’s exosphere, it becomes rapidly the
dominant species at high altitudes, and was thus of major interest for Richter et al. (1979).
Among the possible source/loss processes for the satellite particles, the main collision partner
for elastic collisions with hydrogen is oxygen. But besides elastic collisions, charge-exchange
collisions between ions and neutrals (H or O) are important processes. Thereby the main
source processes for the satellite particles in the Earth’s exosphere are:

• H0 −O: elastic collisions of a H0 particle (ballistic, velocity vs) with an O atom;
• H+ −O: charge exchange collision of a proton (velocity vs) with an O atom;
• H+ −H0: charge exchange collision of a proton (velocity vs) with H0 particle.

And the total production rate then will have three components:

P1(r, vs) = σHOωHONO

4π

∫ 2π

0

{∫ θc

0
f+
H0sinθdθ +

∫ π

π−θc

f−H0sinθdθ

}
dΦ (4.1)

P2(r, vs) = σH+OωH+ONOfH+(vs) (4.2)

P3(r, vs) = σH+HωH+HNH0fH+(vs) (4.3)

where NH0 is the density of the satellite particle candidates, f+
H0 and f−H0 are the distribu-

tion functions of the ascending and descending H0 particles respectively, fH+ is the proton
distribution function (assuming the Maxwellian distribution), σXY gives the cross section for
the collisions between the particle of type X with the particle of type Y , and ωXY is the
mean relative velocity between the particles X and Y , which was calculated here assuming
the Maxwellian distribution at the exobase and using the method first proposed by Fahr and
Muller (1967) and described below.

Consequently, the total production rate is the sum of these three components:

P+(r, vs) = P1(r, vs) + P2(r, vs) + P3(r, vs) (4.4)
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The mean relative velocity wij of the species i moving with velocity vs with respect to gas
particles with temperature Tj, mass mj and distribution function fj(V ) is calculated by the
formula:

wij =
∫
|vs −V| fj(V )d3V (4.5)

Introducing the Maxwellian distribution function of the gas particle then leads to the
following expression for wij:

wij =

√√√√2kTj
πmj

exp

(
−mjv

2
s

2kTj

)
+ vs

(
1 + kTj

mjv2
s

)
· erf

(
vs

√
mj

2kTj

)
(4.6)

where the "error-function":

erf(x) = 2√
π

∫ x

0
e−t

2
dt (4.7)

Loss rate.

Using the same method, the following loss processes should be considered:

• Hsat −O elastic collisions;
• Hsat −O+ charge exchange collisions;
• Hsat −H+ charge exchange collisions;
• photoionization by solar EUV radiation (see section 2.3).

And the total loss rate can be expressed as:

P−(r, vs) = fs(r, vs)
{
σHOωHONO + σHO+ωHO+NO+ + σHH+ωHH+NH+ + L̃ion

}
(4.8)

where L̃ion is the photoionization rate.

As it was already mentioned in section 2.3, estimation of the production rate of the satellite
particles needs to determine the density profile of the satellite particles candidates (H0). For
this purpose we calculate the distribution function of the H0 particles (2.20), where P−s is the
collision frequency between the particles on the ballistic trajectory and other species in the
exosphere. Then considering the described above production/loss processes for the Earth’s
exosphere P−s leads to:

P−s = σHOωHONO + σHO+ωHO+NO+ + σHH+ωHH+NH+ (4.9)
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The figures 4.1 and 4.2 shows an example of the production and loss rates, calculated for
one of the orbits of the satellite particles, with periapsis at the exobase and apoapsis at 3000
km above the surface. Two important features can be seen on this graph:

• both production and loss rates have large values at the altitudes close to the exobase
and drop rapidly with increasing altitudes (since the collision probability reduces with
the decreasing of the particles density);

• the production of the satellite particles exceeds the losses at the altitudes close to the
exobase. This means that the biggest part of the satellite particles are produced at these
altitudes and the periapsis of most of the orbits are also located in this region.

Figure 4.1: P+/P− ratio for the Earth exosphere, weak solar activity

Figure 4.2: P+/P− ratio for the Earth exosphere, weak solar activity
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Temperature profile.

Finally, the ion temperature profile for the terrestrial exosphere is presented on the figure
4.3. It was taken from Richter et al. (1979).

Figure 4.3: Ion Temperature profile for the high solar activity and the low solar activity (data
by Richter et al. (1979)).

Overview of the parameters.

The table 4.1 shows an overview of the parameters in the Earth model:

Parameter Numerical value Comment
σHO 2.5× 10−15 cm2 Liwshitz and Singer (1966)
σHO+ or σH+O (1.5± 0.5)× 10−15 cm2 Banks and Kockarts (1973)
σHH+ 4.8× 10−15 cm2 Storm [1970]
L̃ion for T = 800 K 7.5× 10−8 s−1 Banks and Kockarts (1973)
L̃ion for T = 1200 K 9.6× 10−8 s−1 Banks and Kockarts (1973)
NHex for T = 800 K 1.2× 1011 m−3 Exobasic hydrogen density
NHex for T = 1200 K 6.5× 109 m−3 Exobasic hydrogen density
Rlim(1) 326.25× 106 m Hill sphere radius
Rlim(2) for T = 800 K 353× 106 m Solar radiation pressure limit
Rlim(2) for T = 1200 K 226× 106 m Solar radiation pressure limit

Table 4.1: Parameters for the modeling of the terrestrial exosphere
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4.2 Discussion of the Earth results

Comparison with the results by Richter et al. (1979).

The comparison for the satellite particles densities between our model and the Earth refer-
ence case (Richter et al. (1979)) is presented on the figure 4.4. As it can be seen on the graph,
our results are very close to the original, which confirms our algorithm and allows us to apply
it to other planetary bodies.

Figure 4.4: Comparison between the satellite particles density profiles obtained in our model
and in Richter et al. (1979) for the weak solar activity (temperature of the exobase T = 800
K) and the high solar activity (temperature of the exobase T = 1200 K)

We need to mention here, that a slight difference should appear between the results by
Richter et al. (1979) and those obtained with our model, since this calculation method is very
complex and computer capacities in 1979 were extremely different from today, which means
that the authors of that paper needed to make much more assumptions than we did, which
leads to less accuracy in the results.
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Comparison with the Chamberlain formalism

In this part, we compare our modeling with the Chamberlain formalism (Chamberlain
and Hunten (1987)) for the same exobase conditions. Here the densities of ballistic, escap-
ing and satellite particles were obtained as the product of the barometric density and the
partition function ζ (mentioned in the section 1.1), which can be calculated using the follow-
ing approach.

The most probable velocity of the Maxwellian distribution is:

U =
(

2kT
M

)1/2

(4.10)

where k is the Boltzmann constant, T is the temperature and M is the particle mass. The
escape parameter at the distance r is defined by:

λ(r) = v2
esc

U2 (4.11)

where vesc is the escape velocity. The partition functions ζ(λ) of the ballistic/satellite/escaping
populations can then be expressed as:

ζbal(λ) = 2
π1/2

γ (λ, 3
2

)
−

√
λ2
ex − λ2

λex
exp−ψγ

(
λ− ψ, 3

2

) (4.12)

ζsat(λ) = 2
π1/2

√
λ2
ex − λ2

λexc
exp−ψγ

(
λ− ψ, 3

2

)
(4.13)

ζesc(λ) = 1
π1/2

Γ
(3

2

)
− γ

(
λ,

3
2

)
−

√
λ2
ex − λ2

λex
exp−ψ

(
Γ
(3

2

)
− γ

(
λ− ψ, 3

2

)) (4.14)

where λex is the escape parameter at the exobase, and ψ is given by:

ψ = λ2

λ+ λc
(4.15)

and the incomplete gamma function is determined as:

γ(χ, α) ≡
∫ χ

α
yα−1e−ydy (4.16)
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On the figure 4.5 the lines Nch, NsatCh and NbalCh represent the density profiles, approxi-
mated using Chamberlain formalism, of the total hydrogen population (neglecting the satellite
particles), of the estimated satellite particles population and of the ballistic particles popula-
tion respectively. The figure 4.5 shows that the satellite particles densities, according to our
model, are at least one order of magnitude smaller than the other populations (by comparison
with ballistic + escaping densities for H with the Chamberlain formalism) at such altitudes.
It reveals also that at such altitudes the satellite particles density is actually larger than the
ones expected from the Chamberlain approximation.

Figure 4.5: Comparison between the approximated Chamberlain formalism satellite particles
density and our model (again for weak and high solar activity).
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Application to higher altitudes.

The an analysis of the Chamberlain satellite partition function suggests that the satellite
particle population may dominate above certain altitude (see table 1.1). As an experiment our
model was applied to the terrestrial exosphere again with the same parameters, but up to 100
000 km instead of 3000 km in Richter et al. (1979). The figure 4.6 below shows the density
profiles of the satellite candidates (H0) and of the satellite (Hsat) particles derived with our
model, as well as the BE (ballistic + escaping) and S (estimated satellite) particles density
obtained using the Chamberlain formalism.

Figure 4.6: Comparison of the satellite particles density profiles obtained in our model and
with the Chamberlain formalism for weak solar activity (temperature of the exobase T = 800
K) up to 100 000 km above the surface.

The Hill sphere radius for Earth is equal to 326 × 103 km (relative to the Moon) and the
solar radiation pressure limit for weak solar activity is around 353 × 103 km, so the altitude
100 000 km is located well below the maximum altitude. But here we should also take into
account the location of the terrestrial magnetopause, which is placed around 10 RE towards
the Sun (Shue et al. (1998)). The interaction with the solar wind definitely will influence
on the satellite particle population and it is needed to consider this influence in the future
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development of this model. So, because of that we decided to make the calculations only up
to 100 000 km, but not up to the upper limits mentioned above.

The figure 4.6 demonstrates that both calculation methods yield the same result: satellite
particles may dominate in the outer terrestrial exosphere. For the current exospheric parame-
ters the Chamberlain formalism predicts this dominance from an altitude of 19 000 km where
our more rigorous model leads to such a limit at 25 000 km altitude.

The study of the last observations of the hydrogen Energetic Neutral Atoms (ENAs) from
the Earth’s subsolar magnetopause, which were made during the Interstellar Boundary Ex-
plorer (IBEX) mission, leads to exospheric neutral hydrogen densities of around 4 - 11 cm−3 at
this region (Fuselier et al. (2010)). The comparison with our figure 4.6 leads to the following
remarks:

• we provide here for the first time a modeled profile for H densities at such altitudes (not
only for satellite particles, but also the ballistic and escaping populations), with density
values very close to the Fuselier et al. (2010) observations;

• the HBE profile (without satellite particles) is already consistent with the IBEX lower
values, but adding the modeled satellite particles densities allows to reach the upper
limit observed (10 cm−3).
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Modeling the Titan exosphere

After successful application of our model to the terrestrial exosphere, the satellite particles
density was estimated for the Titan exosphere: at first assuming the Maxwellian distribution
function of the particles’ velocities, and then with the suprathermal distribution function.

5.1 The exosphere of Titan

Titan is the biggest moon of Saturn and the second largest planetary satellite in the Solar
System with the radius 2575km (Mitchell et al. (2005)). It is the only satellite in our system
which hosts a dense atmosphere, characterized by nitrogen, methane and a complex suite of
organic products of these molecules (Elachi et al. (2005)). The Titan environment reminds the
primitive chemistry of young Earth and may reveal a secret of the origin of life in the Solar
System.

Following the research of Waite Jr. et al. (2005) for the current model the exobase of the
Titan’s exosphere is assumed at the altitude 1 426 km and the exosphere itself is extended
up to 50 000 km, i.e. up to the limit of the Hill sphere (since the limit due to the radiation
pressure dominance is located well above in case of Titan, at around 340 000 km during the
high solar activity, see the table 1.1).

The main constituents of the Titan exosphere are the neutral molecules H2, N2, CH4 and
the ionospheric ions CH+

5 , C2H
+
5 , C3H

+
5 , CH+

3 , HCNH+, H+, O+ (Garnier (2007); Brandt
et al. (2011); De La Haye et al. (2007); Toublanc et al. (1995)). H2 is the lightest molecule in
the Titan’s exosphere and we will consider it as the main possible component for the satellite
particle population (Cui et al. (2007)).

53
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Production rate.

Since the occurrence of the H+
2 ions in the Titan’s exosphere is comparatively small, we

can assume that the satellite H2 particles may originate only from the elastic collisions with
other species in the exosphere and thus neglect the charge-exchange collisions. Therefore the
H2 satellite particles in Titan’s exosphere can originate from the following collision processes:

• H2 − N2

• H2 − CH4

• H2 − CH+
5

• H2 − C2H
+
5

• H2 − C3H
+
5

• H2 − CH+
3

• H2 − HCNH+

• H2 − O+

• H2 − H+

Thus the production rate will be calculated using the same principle as for the first compo-
nent of the production rate in case of the terrestrial exosphere (4.1), but consider all mentioned
above elastic collisions. The cross sections for these collisions were obtained using the method,
described in the section 2.3.2.

The analysis of the production rate relative to the altitude (see the figure 5.2) shows, that
the most significant values for the production rate corresponds to the altitudes below 2000
km above the Titan’s surface. And already above the 8000 km production rate are almost
insignificant at all.

Figure 5.1: Production/Loss rates depending on the altitude
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Loss rate.

For the loss rates the same collisions should be taken into account, as were taken for the
calculus of the production rate, and also photoionization rate L̃ion = 8.55× 1010 s−1 (Schunk
and Nagy (2000); P. Garnier, private communication, 2011). It is predictable that the loss
rate strongly depends on the altitude as a production rate. On the figure 5.2 represented the
dependence of the ratio between production and loss rates with altitude.

Figure 5.2: Production/Loss rates depending on the altitude

Thereby the integration over all possible altitudes is made not with the equal samples, but
with progressively increasing. The right panel of the figure 5.3 demonstrate dependence of the
samples on the altitude.

Figure 5.3: Samples for the altitudes in the Titan’s exosphere
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Ion temperature.

The density profiles of the main constituents in the Titan’s exosphere and the ion tempera-
ture profiles up to 3000 km were calculated, based on the model by Garnier (2007) and on the
data obtained during the CASSINI mission (Crary et al. (2009)). For the higher altitudes the
ion temperature was interpolated, using the data obtained during the Voyager I Titan Flyby
in 1980 (Sittler Jr. et al. (2004)): proton temperature Tp = 210 eV and O+ temperature is
TO+ = 2.9 keV .

Figure 5.4: Ion temperature profile for the Titan exosphere
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5.2 Discussion of the Titan results

5.2.1 Maxwellian distribution

First application of our model to the Titan’s exosphere was made assuming the Maxwellian
distribution of the particles’ velocities, as it was done in case of Earth. Following the research
by Waite Jr. et al. (2005); Dandouras et al. (2009); Garnier et al. (2007) the temperature
of the neutrals at the exobase was chosen 148.5 K. On the figure 5.5 is shown the satellite
particles density profile, obtained with our model.

Figure 5.5: Density profiles for Titan, Maxwellian distribution

And despite the Chamberlain formalism suggests the dominance of the satellite particles
from the altitude 9 500 km above the Titan surface, our more rigorous calculation did not
confirm it. The figure 5.6 demonstrate the densities of the ballistic, satellite and escaping
particles in the Titan exosphere estimated using the Chamberlain approximation (see the
paragraph 4.2 for this calculation method).
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Figure 5.6: Chamberlain’s approximation for the Titan’s exosphere.

On the figure 5.7 is shown the comparison of the density profiles obtained with the rigorous
calculation method and with the Chamberlain formalism.

Figure 5.7: Density profiles for Titan, Maxwellian distribution vs. Chamberlain formalism

On the figure 5.7 the line H2 ch represents the neutral hydrogen density, calculated using
the Chamberlain formalism (neglecting the satellite population), Hch sat represents the Cham-
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berlain approximation of the satellite particles density and Hch bal represent the Chamberlain
approximation of the ballistic particles density.

Here the Maxwellian distribution was assumed at the exobase, but during the last several
years already number of researches pointed to the suprathermal distribution at the Titan’s
exobase (De La Haye et al. (2007)). Therefore another modeling of the Titan’s exosphere was
made, this time assuming the non-thermal velocity distribution of the particles at the exobase.

5.2.2 Non-thermal distribution

Recent CASSINI observations of the Titan’s upper atmosphere were attributed to the presence
of a significant suprathermal population, deforming the velocity distribution by increasing its
suprathermal tail at the exobase. These observations of the non-thermal density profiles in the
Titan’s upper atmosphere (De La Haye et al. (2007); Yelle et al. (2008)) were concluded with
determination of the large molecular hydrogen fluxes at the exobase (twice Jeans escape) and
with the large fluxes of molecular nitrogen and methane.

Possible interpretation of these observations could be the hydrodynamic escape of the light
species (for molecular or atomic hydrogen) and for heavy species (N , N2 or CH4) either hy-
drodynamic escape or non-thermal mechanisms (such as sputtering, pickup ions, dissociative
recombination, chemistry, etc.).

As a next step in the developing of the model it was decided to adjust and apply the
calculation method to the assumption of the non-thermal velocity distribution of the exospheric
species. Introducing of the non-thermal distribution leads to the change of the input densities
of the species in the exosphere, to the different relative velocities between particles and to the
lower neutral temperature at the exobase. The description of these new parameters can be
found in the section 5.2.2 below.
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Kappa distribution and relative velocities

The non-thermal distribution function can be determined using the following formula:

fk(r, v) = n(r)Γ(κ+ 1)
κ3/2π3/2ω3

0Γ(κ− 1/2)

(
1 + v2

κω2
0

)−κ−1

(5.1)

where

ω2
0 = 2kT

m

κ− 3/2
κ

(5.2)

and the gamma function is:

Γ(κ) =
∫ ∞

0
e−ttκ−1dt (5.3)

As a visual demonstration of the difference between Maxwellian and non-thermal distri-
bution on the figure 5.8 represents the comparison in the logarithmic scale of the velocity
distribution in the Titan exosphere for methane molecules in two cases: assuming Maxwellian
distribution and assuming non-thermal distribution with a parameter κ = 4.26. Here the
smallest value indicated by De La Haye et al. (2007) was chosen for the parameter κ, since
the non-thermal distribution tends to thermal when the κ goes to infinity. Because of that we
decided to consider here an extreme case, which should lead to the biggest difference in the
final results.

Figure 5.8: Maxwellian distribution vs. Kappa distribution for CH4 in the Titan’s exosphere
for the different altitudes
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It is demonstrated on the graph, that non-thermal distribution is characterized by higher
number of particles, whose velocity is higher than mean velocity, so-called ”suprathermal tail”.
Respectively, the mean relative velocity between particle of types i with velocity vs and gas
species of type j(4.5) in case of non-thermal distribution can be expressed as:

wij = 2π
∫ ∞

0
f(v)v2

∫ π

0

√
v2 + v2

s − 2vvs cos γ sin γdγdv (5.4)

From which we can derive more convenient expression, introducing β = − cos γ and dβ =
sin γ:

wij = 2π
∫ ∞

0
f(v)v2

∫ 1

−1

√
v2 + v2

s − 2vvsβdβdv (5.5)

Initial values

For the calculation of the density profile of the satellite population of H2 particles in the
Titan exosphere (assuming kappa-distribution) were used the density profiles of H2, N2 and
CH4, which are based on the data obtained by Cassini mission during the Tb egress-flight and
which were extrapolated afterwards up to 30000 km above the Titan’s surface using Chamber-
lain formalism (Garnier (2007)).

Thereby for the calculation of the satellite particles density profile based on the non-thermal
distribution, there were made several changes in the initial values, namely:

• Density profiles for H2, N2, CH4;
• Temperature for the neutral particles: 118.8 K (instead of 148.5 K for Maxwellian dis-

tribution);
• Value of kappa: Kappa = 4.26;
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Results

The figure 5.9 represents the density profiles obtained for the Titan exosphere assuming
non-thermal distribution.

Figure 5.9: Density profile for the Titan exosphere, non-thermal distribution

The satellite particles population is still not the dominating one. The reasons of this dis-
crepancy with a prediction by the Chamberlain approximation may be an inaccuracy of the
initial data (for instance, the density profiles or the cross sections for the elastic collisions),
or unaccounted collision processes, for example it may be reasonable to consider as additional
process, which may yield the satellite particles, the charge exchange collision of the H2 ions
with H20 particles (satellite particle candidates), the analogous process to the 4.3 in case of
Earth.
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The analysis of the ratio between sources and losses of the satellite particles in the exosphere
of Titan (see the figure 5.10), with the initial parameters described above, shows that the
production rate exceeds the loss rate only at the very few kilometers above the assumed
exobase. This ratio is however not large enough to provide the dominance of the satellite
population in the higher altitudes, as it was the case at Earth.

Figure 5.10: P+/P- ratio for the Titan exosphere.

Cui et al. (2011) provided an analysis of the location of the exobase for molecular hydrogen
at Titan and suggested an altitude between 1 380 km and 1 690 km, depending on the flybys
conditions. Consequently, including a more precise location of the exobase is needed, since the
placement of the exobase several tens of kilometers below or above the current value (1 426
km) may change significantly the ratio between production and loss rates for the molecular
hydrogen satellite particles.

The comparison of the results, obtained assuming non-thermal distribution (the lines
H2 Kappa, H2 0 Kappa and H2 sat Kappa) and Maxwellian (the lines H2 Max, H2 0 Max

and H2 sat Max) is demonstrated on the figure 5.11.
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Figure 5.11: Density profile for the Titan exosphere, Maxwellian distribution vs. non-thermal
distribution.

Consequently the further development of the model should consider more precisely the
possible sources of the satellite particles and use more accurate parameters determined the
exobase and the exosphere of Titan in general. But even though our model did not confirm
the dominance of the satellite population in the outer atmosphere of Titan as expected by
Brandt et al. (2011), it still shows the significance of the density of these particles, which could
help deeper understanding of the different processes in the exosphere of this moon. And one
of the most interesting questions nowadays in this field is the understanding of the origin of
the large flux of the energetic neutral atoms (ENA) from the Titan exosphere. In the next
section (5.3) an overview of this topic is given.
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5.3 Comparison with MIMI/INCA observations

Figure 5.12: Brandt et al. (2011)

The Cassini Magnetoshperic Imaging In-
strument (MIMI) observed the interaction of
the Titan exosphere with the Saturn mag-
netosphere during flybys of Titan TA, TB

and T5 in 2004 (Mitchell et al. (2005);
De La Haye et al. (2007)). The MIMI
Ion and Neutral Camera (INCA) continu-
ously imaged the energetic neutral atoms
(ENA) generated by charge exchange re-
actions between the energetic, singly ion-
ized trapped magnetospheric ions and the
cold neutrals from the exosphere of Ti-
tan.

In the paper by Brandt et al. (2011) new
observations of the Titan H2 exosphere were
studied, based on the ENA images, and was it
demonstrated, that the Titan H2 exosphere ex-
tends out to the Hill sphere limit ( 50000 km)
and consists of either escaping or satellite H2

particles.

The results, obtained by Brandt et al. (2011), are presented on the figure 5.12: the ENA
images of the extended Titan corona (panel a), up to the Hill sphere radius; derived approxi-
mate H2 neutral profiles by inversion (panel b) of the images; azimuthal and elevational pixel
averages (9o and 11o respectively) over the image data and the simulations for selected val-
ues of k-index (panel c). Images were fitted with various power law profiles for H2 (with
k = 1.6, 1.8, 2.0, 2.2, 2.4), leading to a best fit for k = 2.0.

The index value suggested that satellite particles dominate the extended corona, since
k = 2.5 corresponds to ballistic particles, whereas k = 2.0 corresponds to either satellite or
escaping particles. Since the escaping particles always are negligible compared to ballistic
populations, the inversion of ENA images suggests that the satellite particles dominate.
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Conclusion

The exospheric satellite particles cannot be calculated as easily as the other populations in
the exosphere, since they may originate from the rare collisions in the corona, thus detailed
calculation of the loss/source balance is needed.

This population is poorly known and most often neglected is the exospheric models.
Nonetheless, the Chamberlain approximation for these particles suggests that they may domi-
nate (depending on the real loss/production balance) in most exospheres in our Solar System.

In this study, we used the analytical approach by Richter et al. (1979) to investigate the
importance of satellite particles in the exospheres of Earth and Titan. Our results for the outer
layers of the terrestrial exosphere confirm the dominance of the satellite population above 25
000 km.

After checking the validity of our code, by comparing it successfully with the original
Richter et al. (1979) results, we obtained the H2 satellite profile for Titan. Their densities are
found negligible compared to the other H2 populations up to the Hill sphere, which appears
in contradiction with the conclusions derived from the inversion of MIMI INCA images of
the Titan extended corona (Brandt et al. (2011)). However, the using of more precise initial
parameters may change this result.
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6.1 Future perspectives

Below several directions of the possible future development of the model are offered:

• Application of the model to Titan with more precise data for collision cross-sections,
temperature profiles, photoionization rate, density profiles of the species and exobase
location;

• Including the effect of the radiation pressure;

• Application of the model to Mars, assuming the Maxwellian distribution at the exobase
and also the non-thermal one (e.g. kappa-distribution);

• Analyzing more ENA images, to confirm or infirm the preliminary results by Brandt
et al. (2011);

• Investigating other planetary bodies;

• Deriving useful approximations for the community.



Appendix A

A.1 Structure of the program for Titan calculations

Figure A.1: Structure of the program for Titan calculations assuming Maxwellian distribution
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Figure A.2: Structure of the program for Titan calculations assuming non-thermal distribution



Bibliography

Banks, P. M. and G. Kockarts (1973). Aeronomy. Academic Press.

Bishop, J. (1991). Analytic exosphere models for geocoronal applications. Planetary and Space
Science.

Brandt, P., K. Dialynas, I. Dandouras, D. G. Mitchell, P. Garnier, and S. M. Krimigis (2011).
The distribution of titan’s high-altitude (out to 50000 km) exosphere from energetic neutral
atom (ena) measurements by cassini/inca. Preprint.

Breck, D. (1973). Zeolite molecular sieves: structure, chemistry, and use. Wiley.

Carruthers, G. R., T. Page, and M. R. R. (1976). Apollo 16 lyman alpha imagery of the
hydrogen geocorona. Journal of Geophysical Research.

Chamberlain, J. W. (1963). Planetary coronae and atmospheric evaporation. Planetary and
Space Science.

Chamberlain, J. W. and D. M. Hunten (1987). Theory of Planetary Atmospheres. Academic
Press.

Chapman, S. and T. G. Cowling (1952). The mathematical theory of non-uniform gases.
Cambridge University Press.

Chobotov, V. A. (2002). Orbital Mechanics. AIAA Education Series.

Crary, F. J., B. A. Magee, K. Mandt, J. H. Waite Jr., J. Westlake, and D. T. Young (2009).
Heavy ions, temperatures and winds in titan’s ionosphere: Combined cassini caps and inms
observations. Planetary and Space Science.

Cui, J., R. V. Yelle, C. F. Muller-Wodarg, P. P. Lavvas, M. Galand, and J. H. Waite Jr. (2011).
The implications of the h2 variability in titan’s exosphere. Journal of Geophysical Research.

Cui, J., R. V. Yelle, and K. Volk (2007). Distribution and escape of molecular hydrogen in
titan’s thermosphere and exosphere. Journal of Geophysical Research.

70



BIBLIOGRAPHY 71

Dandouras, I., P. Garnier, D. G. Mitchell, E. C. Roelof, P. C. Brandt, N. Krupp, and S. M.
Krimigis (2009). Titan’s exosphere and its interaction with saturn’s magnetosphere. Phil.
Trans. R. Soc. A.

De La Haye, V., J. H. Waite Jr., R. E. Johnson, R. V. Yelle, T. E. Cravens, J. G. Luhmann,
W. T. Kasprzak, D. A. Gell, B. Magee, F. Leblanc, M. Michael, S. Jurac, and I. P. Robertson
(2007). Cassini ion and neutral mass spectrometer data in titan’s upper atmosphere and
exosphere: Observation of a suprathermal corona. Journal of Geophysical Research.

Elachi, C., S. Wall, M. Allison, Y. Anderson, R. Boehmer, P. Callahan, P. Encrenaz,
E. Flamini, G. Franceschetti, Y. Gim, G. Hamilton, M. J. W. Hensley S., Janssen, K. Kelle-
her, R. Kirk, R. Lopes, R. Loretz, J. Lunine, D. Muhleman, S. Ostro, F. Paganelli, G. Picardi,
F. Posa, L. Roth, R. Seu, S. Shaffer, L. Soderblom, B. Stiles, E. Stofan, S. Vetrella, R. West,
C. Wood, L. Wye, and H. Zebker (2005). Cassini radar views the surface of titan. Science.

Fahr, H. and K. G. Muller (1967). Ionenbewegung unter dem einfluß von umladungsstußen.
Zeitschrift fur Physik.

Fahr, H. J. and B. Weidner (1977). Gas evaporation from collision-determined planetary
exospheres. Mon. Not. R. astr. Soc..

Fuselier, S. A., H. O. Funsten, D. Heirtler, P. Janzen, H. Kucharek, D. J. McComas, E. M?bius,
T. E. Moore, S. M. Petrinec, D. B. Reisenfeld, N. A. Schwandron, l. J. Trattner, and P. Wurz
(2010). Energetic neutral atoms from the earth’s subsolar magnetopause. Geophysical Re-
search Letters.

Garnier, P. (2007). Etude de l’interaction entre l’exosphère de Titan et la magnétosphère kro-
nienne, à l’aide des données de l’expérience MIMI à bord de Cassini. Phd thesis, Université
Paul Sabatier Toulouse III.

Garnier, P., I. Dandouras, D. Toublanc, P. C. Brandt, E. C. Roelof, D. G. Mitchell, S. M.
Krimigis, N. Krupp, D. C. Hamilton, and H. Waite (2007). The exosphere of titan and its
interaction with the kronian magnetosphere: Mimi observations and modeling. Planetary
and Space Science.

Hastings, D. and H. Garrett (1996). Spacecraft - Environment Interactions. Cambridge Uni-
versity Press.

Hazewinkel, M. and I. A. Kvasnikov (2002). Encyclopaedia of Mathematics. Springer - Verlag.

Hill, G. W. (1878). Researches in the lunar theory. American Journal of Mathematics.



72 BIBLIOGRAPHY

Hussein, E. M. A. (1997). Monte carlo particle transport with the mcnp code. University of
New Brunswick.

Liouville, J. (1844). Sur les classes très étendues de quantités dont la valeur n’est ni algébrique,
ni même réductible à des irrationelles algébriques. C.R. Acad. Sci. Paris.

Liwshitz, M. and S. F. Singer (1966). Thermal escape of neutral hydrogen and its distribution
in the earth’s thermosphere. Planetary and Space Science.

Mitchell, D. G., P. Brandt, E. Roelof, I. Dandouras, S. Krimigis, and B. Mauk (2005). Energetic
neutral atom emissions from titan interaction with saturn’s magnetospher. Science.

Opik, E. J. and S. F. Singer (1961). Distribution of density in a planetary exosphere (2). The
physics of fluids.

Pierrard, V. (2003). Evaporation of hydrogen and helium atoms from the atmospheres of earth
and mars. Planetary and Space Science.

Rairden, R. L., L. A. Frank, and J. D. Craven (1986). Geocoronal imaging with dynamics
explorer. Journal of Geophysical Research.

Richter, E., H. J. Fahr, and H. U. Nass (1979). Satellite particle exospheres of planets: Appli-
cation to earth. Planetary and Space Science.

Rybicki, G. B. and A. P. Lightman (1979). Radiative processes in astrophysics. John Wiley &
Sons, Inc.

Schunk, R. W. and A. E. Nagy (2000). Ionospheres: physics, plasma physics, and chemistry.
Cambridge University Press.

Shen, C. S. (1963). An analytic solution for density distribution in a planetary exosphere.
Journal of the Atmospheric Sciences.

Shu, F. H. (1982). The physical universe: an introduction to astronomy. University science
book.

Shue, J.-H., P. Song, C. T. Russell, J. T. Steinberg, J. K. Chao, G. Zastenker, O. L. Vaisberg,
S. Kokubun, H. J. Singer, T. R. Detman, and H. Kawano (1998). Magnetopause location
under extreme solar wind conditions. Journal of Geophysical Research.

Sittler Jr., E. C., R. E. Hartle, A. F. Vi?as, R. E. Johnson, H. T. Smith, and I. Mueller-Wodard
(2004). Titan interaction with saturn’s magnetosphere: Mass loading and ionopause location.
Proceedings of the International Conference.



BIBLIOGRAPHY 73

Toublanc, D., J. P. Parisot, J. Brillet, D. Gautier, F. Raulin, and C. P. McKay (1995). Pho-
tochemical modeling of titan’s atmosphere. Icarus.

Valeille, A. (2009). On Mars thermosphere, ionosphere and exosphere: 3D computational study
of suprathermal particles. Phd thesis, University of Michigan.

Waite Jr., J. H., H. Niemann, R. V. Yelle, W. T. Kasprzak, T. E. Cravens, J. G. Luhmann,
R. L. McNutt, W.-H. Ip, D. Gell, V. De La Haye, I. M?ller-Wordag, B. Magee, N. Borggren,
S. Ledvina, G. Fletcher, E. Walter, R. Miller, S. Scherer, R. Thorpe, J. Xu, B. Block, and
K. Arnett (2005). Ion neutral mass spectrometer results from the first flyby of titan. Science.

Westlake, J. H., J. M. Bell, J. H. Waite Jr., R. E. Johnson, J. G. Luhmann, K. E. Mandt,
B. A. Magee, and A. M. Rymer (2011). Titan’s thermospheric response to various plasma
environments. Journal of Geophysical Research.

Yelle, R., H. Lammer, and W.-H. Ip (2008). Aeronomy of extra-solar giant planets. Space
Science Review.



74 BIBLIOGRAPHY

A.2 Remercies

Author is grateful to Dr. Philippe Garnier for supervision and overall help and organisation
of this research, to Dr. Andrew Fedorov, Dr. Andrea Opitz, Dr. Frederic Pitout and Dr. D.
Toublanc for helpful disscusions, and to Dr. Iannis Dandouras for inspiration, overall help and
for invitation to the Europeen Geoscience Union General Assemble 2011 in Vienna, Austria
(EGU 2011).

This research was first presented by its author at the EGU 2011 in collaboration with P.
Garnier, D. Toublanc, I. Dandouras, R. Rousseau, P.C. Brandt, K. Dialynas, S.M. Krimigis.


