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Abstract

The unification of the fundamental forces in nature, along with the big bang
model, leads to the existence of cosmological phase transitions in the early
universe. These transitions might have important implications for the further
evolution of the universe.

This MSc thesis in Space Engineering concerns the effects of nontrivial vac-
uum configurations called textures, which appear as a consequence of the sponta-
neous breakdown of the electroweak SU(2)×U(1) symmetry in the electroweak
phase transition. The emphasis is on a special kind of texture called homilia
texture, which consists of a network of homilia strings. These are stabilized by
the boundary conditions imposed by the network.

Among the studied effects of electroweak textures are baryon number vi-
olation and creation of primordial magnetic fields. No conclusion is at this
stage possible regarding baryon number violation from homilia textures. More
detailed study of the structure of the homilia network is required.

A homilia texture is capable of producing a magnetic field of about Bmean ≈
10−41 G at 0.1 Mpc scale today, but this is probably too small to have any
important consequences.

The work has been carried out at School of Physics, Faculty of Science, Clay-
ton Campus, Monash University, Melbourne, under the supervision of A/Prof.
Michael Morgan, School of Physics, Monash University.
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Chapter 1

Introduction

Gauge symmetry is one of the most important concepts in particle physics. By
requiring a theory to be invariant under a local gauge transformation, one can
deduce the existence and properties of intermediate vector bosons, mediating
particle interactions. However, in the basic model these vector bosons are mass-
less, and if mass terms are included in the model those terms will break the
symmetry and the theory will not be renormalizable. To allow mass terms, the
symmetry has to be spontaneously broken, which is done in the electroweak uni-
fication model where the mediating particles of the weak and electromagnetic
interactions, the weak intermediate vector bosons and the photon, are deduced
from a local SU(2) × U(1) symmetry, which is spontaneously broken to the
electromagnetic U(1) symmetry.

Spontaneous symmetry breaking is a way of breaking the symmetry in the
ground state of the model but still keeping the full symmetry in the model
itself and hence maintaining renormalizability. The reduction of the symmetry
in the ground state gives rise to a degenerate vacuum state. Depending on
the broken symmetry, various kinds of topological defects, such as monopoles,
cosmic strings, domain walls and textures, arise (Kibble, 1976). The existence
of domain walls is excluded by observation1 (Kobsarev et al., 1974) as is the
existence of a large number of monopoles2 (Abulencia et al., 2006).

Cosmic strings on the other hand are not yet excluded by observations. One
of the proposed consequences of cosmic strings is structure formation; turbulence
induced by moving cosmic strings are expected to create density fluctuations in
the early universe (Vilenkin and Shafi, 1983). These fluctuations grow with the
expansion of the universe and can explain the large scale distribution of galaxies
seen today; however, the measured cosmic background radiation spectrum does
not agree with the spectrum predicted from cosmic string models (Wyman et al.,
2005). This discrepancy constrains the possible abundance and energy of cosmic
strings in the early universe. The main interest in cosmic strings today comes
from the similarities in the dynamics of classical cosmic strings and cosmic
superstrings (Polchinski, 2005).

Textures have also been proposed as a source of structure formation (Turok,
1989), but again the predictions do not agree with the cosmic background radia-

1However, there seems to be ways to get around this, see e.g. Kawano (1990).
2This is interesting since monopoles are predicted in a large group of extensions of the

Standard Model (Preskill, 1979).
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tion data (Fraisse, 2005). Textures have also been proposed as a possible source
of primordial magnetic fields that might explain the observed galactic magnetic
fields (Vachaspati, 1991). In the context of the electroweak phase transition
it is possible that textures played a significant role in the creation of baryon
asymmetry in the universe (Trodden, 1999).

The main purpose of this thesis is to study a special kind of texture, called a
homilia texture (Thatcher and Morgan, 1999). This texture consists of a network
of homilia strings and therefore does not have a localized energy density, as is
the case for the better studied spherical texture3. The study concerns homilia
textures in the electroweak phase transition and their possible implications for
the creation of baryon asymmetry and primordial magnetic fields.

1.1 Spontaneous symmetry breaking

Spontaneous symmetry breaking in quantum field theories is a way for particles
to acquire mass whilst maintaining the gauge invariance and renormalizability
of the theory. The idea is to keep the Lagrangian invariant under the full
symmetry but let some field have a nonvanishing vacuum expectation value
(VEV). The invariance of the Lagrangian leads to a degenerate vacuum state.
The degeneracy is determined by the transformation properties of the field. The
nonvanishing vacuum expectation value results in a smaller symmetry group for
the vacuum than for the Lagrangian, hence the notation of symmetry breaking.

1.1.1 The Goldstone model

One of the simplest models exhibiting spontaneous symmetry breaking is the
Goldstone model. In this model the Lagrangian is given by:

L = (∂µφ̄)(∂µφ)− 1
4
λ(φ̄φ− η2)2, (1.1)

where φ denotes a complex scalar field, φ̄ is the complex conjugate of φ, ∂µ are
partial derivatives with respect to spacetime coordinates xµ, and λ and η are
real parameters. The Lagrangian (1.1) is invariant under the symmetry group
U(1) consisting of the global symmetry transformations φ → eiαφ, where α is a
real parameter denoting a global phase4.

The potential energy of the Lagrangian (1.1), V = 1
4λ(φ̄φ − η2)2, is called

the Mexican hat potential and is minimized for |φ| = η, which therefore is the
vacuum state of the system. Consequently the vacuum state is not invariant
under the U(1) symmetry group. The degeneracy of the vacuum state is seen
from the fact that |φ| = η ⇒ φ = ηeiθ, i.e., the vacuum state is the locus of
points on a circle with radius η. The potential V (φ) = (φ̄φ − 1)2 is shown in
Fig. 1.1, where the circular degenerate minimum of the potential can be seen.
The state φ = 0 is no longer the minimum of the potential and is therefore
referred to as a false vacuum state.

3In the case of a spherical texture; for any energy threshold ε, the volume where the energy
is above ε is a localized sphere; this is not the case for a homilia texture.

4Global means that the phase does not depend on spacetime coordinates, as is the case for
a local gauge symmetry.
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Figure 1.1: The potential V (φ) = (φ̄φ− 1)2, where φ is a complex scalar field.
The bold line marks the minimum of the potential. The nonzero value of φ at
the minimum of the potential as well as the degeneracy of the minimum are
seen.

To quantize this theory we separate the complex field φ into two real scalar
fields: φ = η + φ1 + iφ2 (η is a constant). This gives a new Lagrangian:

L = (∂µφ1)(∂µφ1) + (∂µφ2)(∂µφ2)− 1
4
λ(2ηφ1 + φ2

1 + φ2
2)

2, (1.2)

which after exclusion of all interaction terms (terms of order > 2) gives:

L = (∂µφ1)(∂µφ1) + (∂µφ2)(∂µφ2)− λη2φ2
1. (1.3)

From this it follows that the field φ1 is a boson field with mass
√

λη, while
the field φ2 is a massless boson field called the Goldstone boson field. These
massless bosons are not seen in nature but are proven by Goldstone (1962), to
always appear in similar symmetry breaking schemes.

1.1.2 The Higgs model

The problem of massless bosons was solved by Higgs, who extended the symme-
try from a global to a local gauge symmetry (Higgs, 1964, 1966). This results
in the Lagrangian:

L = (D̄µφ̄)(Dµφ)− 1
4
FµνFµν − 1

4
λ(φ̄φ− η2)2, (1.4)

where Fµν = ∂µAν−∂νAµ is the field strength tensor of the gauge field and Dµ =
∂µ−ieAµ is the gauge covariant derivative. The U(1) symmetry transformations
now take the form:

φ → eiα(x)φ, Aµ → Aµ − 1
e
∂µα(x), (1.5)
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where α(x) is a real scalar function defining a local phase. Again the vacuum
state is defined by |φ| = η (⇔ φ = ηeiθ), which gives the same degenerate
vacuum state as in the Goldstone model. The result of rewriting the field φ as
φ = η + φ1 + iφ2 is the Lagrangian:

L = (D̄µφ1)(Dµφ1) + (D̄µφ2)(Dµφ2)− 1
4
FµνFµν

+e2η2AµAµ − 2eηAµ∂µφ2 − λη2φ2
1, (1.6)

where only terms of order ≤ 2 have been retained.
It is now possible to choose a gauge in which the field φ2 vanishes, which

gives the Lagrangian:

L = (D̄µφ1)(Dµφ1)− 1
4
FµνFµν + e2η2AµAµ − λη2φ2

1. (1.7)

The above expression involves a massive vector boson Aµ and a massive scalar
field φ1 (the Higgs field) and no massless bosons.

1.1.3 Symmetry restoration

Spontaneous symmetry breaking occurs because the Higgs field can minimize
its potential energy by choosing a non-zero VEV 〈φ〉 = η 6= 0. This, however,
means that the vector bosons acquire a mass and hence increase their kinetic
energy. At sufficiently high temperatures the increase in kinetic energy exceeds
the energy gained by the Higgs field by breaking the symmetry; hence the sym-
metry will remain unbroken above some critical temperature. This is consistent
with observations in condensed matter systems that are described by similar
mathematical models5.

1.1.4 First and second order phase transitions

In the hot big bang model, universe is supposed to have started off with very high
temperature, above the critical temperatures for our gauge theories. When the
universe cooled below these critical temperatures we expect that cosmological
phase transitions took place.

Phase transitions are in general classified into first and second order tran-
sitions, and the differences between these two classes might have important
cosmological consequences.

First order phase transition If there is a potential barrier between the false
vacuum state and the real vacuum the transition is classified as a first order
phase transition. This means that the transition will start with the nucleation
of bubbles of the real vacuum state. These bubbles will then grow until they fill
all space.

An example of a temperature dependent potential describing a first order
phase transition is:

V (φ, T ) = (T 2 − T 2
C)|φ|2 − T |φ|3 + |φ|4, (1.8)

where φ is a complex scalar field. The behaviour of the potential V (φ, T ) =
(T 2 − 1)|φ|2 − 2.3T |φ|3 + |φ|4 is shown in Fig. 1.2.

5For a review of the similarities between condensed matter systems and cosmology, see e.g.
Volovik (1997).
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Figure 1.2: The potential V (φ, T ) = (T 2 − 1)|φ|2 − 2.3T |φ|3 + |φ|4, which gives
a first order phase transition, is shown as a function of temperature and the
scalar field φ. The bold line marks the minimum of the potential for different
temperature. The discontinuity in the minimum associated with the potential
barrier in a first order transition is seen.

Second order phase transition If there is no potential barrier there is a
second order phase transition. In this case the real vacuum state is continuously
separated from the false vacuum as the temperature decreases below the critical
temperature.

A second order phase transition can be obtained by excluding the third order
term in Eq. (1.8):

V (φ, T ) = (T 2 − T 2
C)|φ|2 + |φ|4, (1.9)

The behaviour of this potential for different temperatures T is shown in Fig. 1.3
(with TC = 1).

1.2 Topological defects

As discussed in Sec. 1.1 the idea of spontaneous symmetry breaking is linked
to a degenerate vacuum state. The set of vacua in a theory is referred to as
the vacuum manifold, M. In a cosmological phase transition all points in space
acquire randomly chosen VEVs from M. Depending on the topology of M there
might occur configurations that cannot be continuously transformed into a triv-
ial vacuum configuration, i.e., a configuration with the same VEV everywhere.
These topologically nontrivial configurations are called topological defects (Kib-
ble, 1976). For a review of the possible consequences of various topological de-
fects, see Vilenkin and Shellard (2001). For a review of the topological ideas in
physics, see e.g. Nakahara (1990).

The classification of topological defects is made from the homotopy theory,
which is briefly reviewed in Appendix C. The relationship between homotopy
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Figure 1.3: The potential V (φ, T ) = (T 2 − 1)|φ|2 + |φ|4, resulting in a second
order phase transition, as a function of temperature and the scalar field φ. The
bold line marks the minimum of the potential. The minimum shows an abrupt
but continuous departure from zero at the critical temperature.

groups and topological defects and their spatial dimensions is shown in Ta-
ble 1.1. A nontrivial homotopy group corresponds to the possible existence of
a topological defect.

If the zeroth homotopy group π0(M) is nontrivial we have a disconnected vac-
uum manifold, which allows the existence of two–dimensional walls of trapped
false vacuum, called domain walls. The existence of a domain wall can be seen
by considering a path between two points with VEVs in two unconnected parts
of M. The only way to maintain continuity along this path is by a continuous
interpolation that leaves M. Thus we have a point of false vacuum somewhere
along the path. The set of all possible paths in three–dimensional space reveals
the two–dimensional structure of the defect.

The circular vacuum manifold of the Goldstone and Higgs models corre-
sponds to a nontrivial first homotopy group, π1(M), and hence gives rise to line
defects called cosmic strings, i.e., lines of trapped false vacuum. To reveal the
existence of a string, we encircle it by a loop and look at the corresponding loop
in the vacuum manifold. If the loop in the vacuum manifold winds around the
circle a nonzero number of times, the existence of a string in coordinate space
can be seen by contracting the loop. To maintain continuity there has to be a
point of false vacuum inside the loop. If the loop is translated along the string
the string-like property of the defect becomes obvious.

A nontrivial second homotopy group, π2(M), corresponds to the existence
of monopoles. In this case we have a point of false vacuum caused by the
requirement of continuity in the middle of a spherical region with a full winding
of the vacuum manifold at the boundary. It is interesting to note that monopoles
are expected to exist in a large class of possible Grand Unified Theories (GUTs).
This comes from a theorem stating that if we have a symmetry breaking scheme

6



Homotopy Group Spatial dimension of defect Topological defect
π0(M) 2 domain walls
π1(M) 1 cosmic strings
π2(M) 0 monopoles
π3(M) - textures

Table 1.1: The homotopy groups and their corresponding topological defects.
The defect might exist if the corresponding homotopy group is nontrivial. The
dimensionality refers to the dimension of the region of trapped false vacuum
associated with the defect (note that textures do not trap any false vacuum).
The vacuum manifold is denoted by M .

G → H and G is compact, it follows that π2(G/H) is isomorphic to π1(H).
Since in the Standard Model the electromagnetic U(1) symmetry is unbroken
(i.e., π1(H) is nontrivial), it follows that in any extension to the Standard
Model where a compact symmetry group is spontaneously broken there will be
monopoles (Preskill, 1979; Vilenkin and Shellard, 2001). Monopoles do not exist
in the Standard Model itself because the broken symmetry SU(2)×U(1) is not
compact.

1.3 Textures

Textures are defects corresponding to a vacuum manifold with a nontrivial third
homotopy group, π3(M). Unlike lower dimensional defects, textures are not
trapped regions of false vacuum but regions with a nontrivial winding, which is
not possible to unwind without leaving the vacuum manifold. The energy of the
texture comes from the gradient of the field. Localized textures are expected to
be unstable because of Derrick’s theorem (Derrick, 1964). Consider a localized
solution φ(x) in D dimensions. The energy of this solution can be written as:

E =
∫ [

1
2
(∇φ(x))2 + V (φ(x))

]
dDx ≡ I1 + I2. (1.10)

A radial rescaling of the solution φ(x) → φ(αx) gives:

Eα = α2−DI1 + α−DI2. (1.11)

It is evident that the total energy of the solution decreases if the scale of the
solution is reduced. Therefore a texture will shrink until it vanishes.

1.3.1 Textures in broken SU(2) symmetries

The symmetry breaking scheme SU(2) → I has a corresponding third homotopy
group π3(SU(2)) ∼= π3(S3) ∼= Z, which means that textures should exist (Bryan
et al., 1994). This can be described by the Lagrangian:

L = ∂µΦ†∂µΦ− λ

4
(
Φ†Φ− η2

)2
, (1.12)

where Φ denotes a complex isodoublet, and η and λ are real parameters asso-
ciated with the shape of the symmetry breaking potential. Since in this case
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we are dealing with a global symmetry the resulting textures are referred to as
global textures.

To elucidate the idea of textures in this model we look at the spherically
symmetric texture (Turok and Spergel, 1990). To study this kind of texture we
use a spherically symmetric ansatz:

Φ = η

(
sin a(t, r) sin θ cos ϕ + i sin a(t, r) sin θ sin ϕ
sin a(t, r) cos θ + i cos a(t, r)

)
. (1.13)

At this stage we have decomposed the components of the isodoublet Φ into a
total of four real fields. The number of degrees of freedom has been reduced
by two units by imposing spherical symmetry and by one unit by requiring6

Φ†Φ = η2.
Substituting the ansatz (1.13) into the Lagrangian (1.12) gives the effective

Lagrangian:

L = η2

(
∂µa(t, r)∂µa(t, r)− 2 sin2 a(t, r)

r2

)
. (1.14)

From this we can derive the equation of motion:

∂µ∂µa(t, r) +
sin 2a(t, r)

r2
= 0. (1.15)

Equation (1.15) with boundary conditions a(t, r = 0) = 0 and a(t, r →∞) = π
has the solution (Turok and Spergel, 1990):

a(t, r) =





2 arctan
(−r

t

)
, t < 0,

2 arctan
(

r
t

)
+ π, t > 0, r < t,

2 arctan
(

t
r

)
+ π, t > 0, r > t.

(1.16)

From this solution one can see how a(t, r) decreases as t goes from −∞ to 0
and then unwinds (for t > 0, a(t, r = 0) = π). After the unwinding we get an
expanding shell of Goldstone bosons.

1.3.2 Gauge textures

To study gauge textures in the SU(2) → I symmetry breaking scheme we use
the Lagrangian:

L = DµΦ†DµΦ− 1
4
Tr(FµνFµν)− λ

4
(
Φ†Φ− η2

)2
, (1.17)

where Φ denotes a complex isodoublet, η and λ are real parameters associated
with the shape of the symmetry breaking potential, Dµ = ∂µ− iqAµ and Fµν =
∂µAν−∂νAµ−iq[Aµ, Aν ]. Aµ is a sum of the gauge fields defined as Aµ = Aa

µσa,
where {σa} are the Pauli spin matrices, defined as:

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (1.18)

6The requirement Φ†Φ = η2 is an approximation. The solution will not satisfy the equa-
tions of motion determined from the Lagrangian (1.12), see e.g. Borrill et al. (1992). However,
this model still retains the main properties of a texture.
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In the context of gauge textures there are two winding numbers describing
the texture; the Higgs field winding number NH and the winding number of the
gauge field, known as the Chern-Simons number NCS (Turok and Zadrozny,
1990), which are given as:

NH = − 1
24π2

∫
εijkTr(∂iΦ†∂jΦ∂kΦ†Φ)d3x, (1.19)

NCS =
1

16π2

∫
εijk(FijAk + 2

3 iqTr(AiAjAk))d3x. (1.20)

These winding numbers are not gauge invariant, but the difference NH −NCS

is fully gauge invariant.
The gauge fields have some important consequences for the gauge texture;

unlike global textures, gauge textures can decay in two ways: either the Higgs
fields unwind, or the gauge fields line up with the texture to cancel the covariant
derivative. The latter scenario leads to a configuration where both NH and NCS

are nonzero but the energy of the configuration is still zero. In this case we have
a topologically nontrivial gauge transformation of the vacuum7, known as a
pseudoparticle or an instanton (Belavin et al., 1975). To see how the gauge
fields cancel the energy from the texture, consider the following configuration:

Φ = g(x)Φ0, Aµ =
−i

q
g−1∂µg, (1.21)

which gives both DµΦ = 0 and Fµν = 0. The energy of this solution is therefore
zero and it is a proper vacuum state; but if g(x) has a nontrivial winding both
NH and NCS are nonzero (however NH −NCS = 0).

1.4 Supersymmetry

Supersymmetry is a symmetry between fermions and bosons introduced to solve
a number of problems in the Standard Model (Wess and Zumino, 1974). One of
the reasons for the interest in supersymmetry is the possibility of stabilizing the
Higgs mass against self energy contributions including heavy fermions; the so-
called hierarchy problem (Murayama, 2000). Another reason is the appearance
of the generator of spacetime translations in the algebra of the supersymmetry,
which allows for the possibility of including gravity in the theory.

In this thesis our main interest is in the possibility of having a strongly
first order electroweak phase transition, i.e., a transition with a high potential
barrier. This is not possible in the Standard Model but is possible in super-
symmetric extensions of the Standard Model. Without an electroweak phase
transition there can be no electroweak textures.

1.4.1 Supersymmetry generators

The idea of the supersymmetry is to relate fermions and bosons. Therefore we
have generators Qα, α = 1, 2, of the symmetry with the following properties:

Qα|fermion〉 → |boson〉, Qα|boson〉 → |fermion〉. (1.22)
7A gauge transformation that changes the topology of the vacuum and hence cannot be

obtained by a series of infinitesimal gauge transformations.
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The Hermitian conjugate of Qα, (Qα)† = Q̄β̇ , is also a generator of the symme-
try. Both Qα and Q̄β̇ are fermionic operators with spin 1

2 , and they must obey
the commutation and anticommutation relations:

{Qα, Q̄β̇} = 2σµ
αβ̇Pµ, (1.23)

{Qα, Qβ} = {Q̄α̇, Q̄β̇} = 0, (1.24)

[Qα, Pµ] = [Q̄α̇, Pµ] = 0, (1.25)

where Pµ is the energy momentum tensor, σµ
αβ̇ are the Pauli spin matrices and

[X,Y ] and {X, Y } means, respectively, commutator and anticommutator.

1.4.2 Superfields

The most elegant formalism for supersymmetric models is the superfield for-
malism (Salam and Strathdee, 1974). We first introduce the anticommuting
(Grassmann) variables θα and θ̄β̇ . The superalgebra can be written in terms of
these variables as:

{θQ, Q̄θ̄} = 2θσµθ̄Pµ, (1.26)
{θQ, θQ} = {Q̄θ̄, Q̄θ̄} = 0. (1.27)

Note that θQ = θαQα = θαQβεαβ , where εαβ is totally antisymmetric and
ε12 = 1.

We now define the superspace as ordinary spacetime extended by these vari-
ables θα and θ̄β̇ . Supersymmetry transformations can be interpreted as trans-
formations in superspace and can be written (Nilles, 1984):

S(x, θ, θ̄) = ei(θQ+Q̄θ̄−xµP µ). (1.28)

A superfield φ(x, θ, θ̄) can now be defined as a field with the supersymmetry
transformation property (Nilles, 1984):

S(y, α, ᾱ)[φ(x, θ, θ̄)] = φ(x + y − iασµθ̄ + iθσµᾱ, θ + α, θ̄ + ᾱ). (1.29)

The particle content of these superfields can be seen by expanding them in
power series of the variables θα and θ̄β̇ . When φ is independent of θ̄β̇ , we have
a scalar superfield, or chiral superfield8, of the form:

φL(x, θ) = ϕ(x) + θαψα(x) + θαθβεαβF (x), (1.30)

where ϕ(x) and F (x) are complex scalar fields and ψ(x) is a Weyl fermion9.
If we instead expand in both θα and θ̄β̇ we get a representation that can be

reduced to (Nilles, 1984):

V (x, θ, θ̄) = −θσµ
¯θV µ + iθθθ̄λ̄− iθ̄θ̄θλ +

1
2
θθθ̄θ̄D, (1.31)

where V µ is a spin 1 field, λ is a Weyl fermion and D is a real scalar field. This
superfield is denoted a vector superfield or gauge superfield.

8This means that we have a superfield in the L representation, which satisfies D̄φL =

− ∂φL
∂θ̄

= 0, see e.g. Nilles (1984) for details.
9A Weyl fermion is a fermion where the left- and righthanded components have been

separated.
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1.4.3 Supersymmetric Lagrangian

In order to construct a supersymmetric Lagrangian we start by including the free
energy terms associated with the matter fields, i.e., the chiral supermultiplets10.
Denoting the Weyl fermions by ψi and the complex scalars by φi and Fi, we
have:

Lfree = −∂µφ̄i∂µφi − iψ†iσµ∂µψi + F̄ iFi. (1.32)

In order to determine the most general interaction potential it is convenient
to introduce the superpotential W as an analytic function of the fields φi. The
only allowed terms in the Lagrangian containing the fields Fi and F̄i turn out
to be F̄ iFi + W iFi + W̄ iF̄i, where Wi = ∂W

∂φi
(Martin, 1997). This leads to the

equations of motion for the fields Fi:

Fi = −W̄i, F̄i = −Wi. (1.33)

This can be substituted into the Lagrangian to exclude the fields Fi. Fur-
thermore the superpotential can in general be written as (Martin, 1997):

W = Liφi +
1
2
M ijφiφj +

1
6
yijkφiφjφk, (1.34)

where M ij is a mass matrix for the fermions and yijk are Yukawa couplings.
The parameters Li are not allowed in the Minimal Supersymmetric Standard
Model (MSSM) and are therefore ignored in this discussion.

With the notations: Wi = ∂W
∂φi

and Wij = ∂2W
∂φi∂φj

the total Lagrangian for
the chiral supermultiplets becomes:

Lchiral = −∂µφ̄i∂µφi−iψ†iσµ∂µψi− 1
2

(
W ijψiψj + W̄ijψ

†iψ†j
)
+W̄ iWi. (1.35)

We now include terms involving the gauge supermultiplets. In this case we
work with the gauge fields Aa

µ with associated Weyl fermions λa and real scalar
fields Da. The free field part of the Lagrangian for the gauge supermultiplets
is:

Lgauge = −1
4
F a

µνF aµν − iλ†aσµDµλa +
1
2
DaDa, (1.36)

where Fµν = ∂µAa
ν − ∂νAa

µ − iqfabcAb
νAc

ν and Dµλa = ∂µλa − gfabcAb
µλc. The

replacement ∂µ → Dµ = ∂µ−gAa
µT a, where T a are the gauge symmetry genera-

tors, in the Lagrangian of the chiral supermultiplets gives the gauge interactions.
There are actually some more interaction terms that are renormalizable and

therefore allowed, and they involve the superpartners of the gauge fields and the
chiral supermultiplets. These terms are (φ̄T aψ)λa, λ†a(ψ†T aφ) and (φ̄T aφ)Da.
The coefficients for these terms turn out to be, respectively, −√2g, −√2g and
g (Martin, 1997).

10A supermultiplet denotes the collection of particle fields in a superfield.
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The equations of motion for the fields Da are now Da = −g(φ̄T aφ), and
therefore Da can be eliminated, which gives the full Lagrangian (Martin, 1997):

L = −D̄µφ̄iDµφi − iψ†iσµDµψi

−1
2

(
W ijψiψj + W̄ijψ

†iψ†j
)

+ W̄ iWi

−1
4
F a

µνF aµν − iλ†aσµDµλa

−(
√

2gφ̄T aψ)λa −
√

2gλ†a(ψ†T aφ)− g2
a

2
(φ̄T aφ)2. (1.37)

1.4.4 Soft supersymmetry breaking

Since no light supersymmetric partners to the particles in the Standard Model
have been observed in nature, the supersymmetry must be spontaneously bro-
ken. This symmetry breaking is usually modelled by adding soft symmetry
breaking terms, only containing parameters with positive mass dimension. The
reason for this is that the supersymmetry breaking terms otherwise would create
a new hierarchy problem (Murayama, 2000).

The possible soft symmetry breaking terms are of the form (Martin, 1997):

1
2
Maλaλa,

1
2
bijφiφj ,

1
6
aijkφiφjφk, (m2)i

j φ̄
iφj , tiφi, (1.38)

and complex conjugates of these terms.
Currently there is no firm understanding of how supersymmetry is broken,

i.e., where those soft symmetry breaking terms come from. Since the breaking of
supersymmetry is not of primary interest for this thesis we just assume that su-
persymmetry is spontaneously broken at some scale larger than the electroweak
one.
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Chapter 2

Electroweak theory

In the sixties physicists tried to create a quantum field theory for the weak
interaction. It turned out that if the weak interaction is unified with quantum
electrodynamics (QED) it is possible to get a consistent theory. The result was
the electroweak unification model, which was supported by the discovery of the
W± and Z bosons at the large electron-positron collider (LEP). The ultimate
challenge to the theory is the discovery of the Higgs boson, which is vital to the
theory in order to give the vector bosons and the fermions their masses. For a
detailed discussion of the electroweak unification model, see e.g. Greiner and
Müller (1993).

2.1 The electroweak model

The electroweak unification model is a gauge theory based on a SU(2) × U(1)
symmetry group. This symmetry is spontaneously broken to the electromagnetic
U(1) symmetry by the Higgs mechanism. The symmetry breaking gives the
intermediate vector bosons their masses, thereby leading to the separation of
the weak and electromagnetic interactions.

In our analysis of the electroweak interaction we will ignore the terms in the
Lagrangian containing leptons, since they do not play any significant part in
the elucidation of textures. The Lagrangian is then given by (Thatcher, 2000):

L = DµΦ†DµΦ− 1
4
Tr(FµνFµν)− 1

4
HµνHµν − λ

4
(
Φ†Φ− η2

)2
, (2.1)

where Φ denotes a complex isodoublet with a positively charged upper compo-
nent and an electrically neutral lower component, η and λ are real parameters
associated with the shape of the symmetry breaking potential, Dµ = ∂µ−iqAµ−
iq′Bµ is the gauge covariant derivative, Fµν = ∂µAν − ∂νAµ − iq[Aµ, Aν ] and
Hµν = ∂µBν − ∂νBµ are the field strengths of the gauge fields. Aµ is a sum of
the gauge fields defined as Aµ = Aa

µσa where {σa} are the Pauli spin matrices.
Bµ is the gauge field for the electroweak U(1) symmetry. “Magnetic” fields
associated with the Bµ field are called hypermagnetic fields.

The physical vector bosons can be defined from Aµ and Bµ as (Greiner and
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Müller, 1993):

W+
µ =

A1
µ − iA2

µ√
2

, (2.2)

W−
µ =

A1
µ + iA2

µ√
2

, (2.3)

Zµ = cos θW A3
µ − sin θW Bµ, (2.4)

Aµ = cos θW Bµ + sin θW A3
µ, (2.5)

where θW is the Weinberg mixing angle, introduced since the singlet current
of the U(1) symmetry is not equal to the electroweak current. The coupling
constants q and q′ are related via q′ = q tan θW and the vector bosons have
masses given by (Greiner and Müller, 1993):

MW± =
qη

2
, (2.6)

MZ =
qη

2 cos θW
, (2.7)

MA = 0. (2.8)

The nonzero VEV acquired by the Higgs field during the spontaneous sym-
metry breaking can always be gauge rotated to the form:

Φ =
(

0
η

)
, (2.9)

which is referred to as the unitary gauge.
From the Eqs. (2.2)-(2.5) it follows that the photon field Aµ does not cou-

ple to the lower component of the Higgs field (Greiner and Müller, 1993) and
therefore remains massless; the electromagnetic U(1) symmetry is not broken.
The electromagnetic coupling constant e is given by e = q sin θW .

2.2 Electroweak textures

The symmetry breaking scheme; SU(2) × U(1) → U(1), gives the third ho-
motopy group as π3(SU(2) × U(1)/U(1)) ∼= π3(S3) ∼= Z (∼= denotes isomor-
phism) (Bryan et al., 1994). This means that there should be texture solutions
associated with the electroweak symmetry breaking1. Since the electroweak
SU(2) × U(1) symmetry is a gauge symmetry the resulting textures will be
gauge textures.

If formed, electroweak textures are expected to decay, either by collapse
and unwinding or from the gauge fields lining up and canceling the energy of
the texture. The result is the possibility of topologically nontrivial vacuum
configurations called instantons (Belavin et al., 1975). Although these are just
gauge transformations of the trivial vacuum it turns out that they are important
in the creation of a baryon asymmetry in the electroweak phase transition, see
Sec. 4.2.

1Whether there exists an electroweak phase transition in which textures can form is another
question.
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2.3 The electroweak phase transition

There has been many attempts to mathematically describe the electroweak
phase transition. The first attempts used thermodynamic perturbation the-
ory to calculate the temperature dependence of the electroweak potential. With
this approach it was first established that there should be a phase transition at
all, and that the critical temperature should be TC ≈ 100−1000 GeV (Kirzhnits
and Linde, 1972; Weinberg, 1974).

In the early papers on the subject it was assumed that the phase transition is
second order or weakly first order, e.g., Linde argued that most phase transitions
on grand unified scale are strongly first order, but he also claimed that the
electroweak transition is probably second or weakly first order (Linde, 1981).
However Dine et al. (1992) and Anderson and Hall (1992) proved the existence
of a third order term in the electroweak potential, which would make the phase
transition first order. The problem, realized by Dine et al. (1992), is that the
thermodynamic perturbation analysis used to derive this result does not work if
the mass of the Higgs boson is larger than the masses of the W± and Z bosons.
Since this is known to be the case (Yao et al., 2006) we need nonperturbative
methods to continue this investigation.

The nonperturbative methods used in this case are numerical lattice cal-
culations, and the result is somewhat surprising. There is no phase transition
at all, it has been replaced by a continuous crossover (Kajantie et al., 1996;
Aoki, 1997). There are also analytic results supporting this, see e.g. Tetradis
(1997) and Huber et al. (1999). The conclusion is that with a Higgs mass larger
than the experimentally excluded, the Standard Model has no electroweak phase
transition. However, in supersymmetric models it is possible to have a strongly
first order phase transition with Higgs masses not yet excluded (Ham et al.,
2004; Cline and Moore, 1998; Laine and Rummukainen, 1998).

2.4 The Minimal Supersymmetric extension of
the Standard Model

The Minimal Supersymmetric extension of the Standard Model (MSSM) is a
supersymmetric model with minimal field content, containing all fields of the
Standard Model of particle physics (SM). For a review, see e.g. Martin (1997);
Murayama (2000).

All the SM fermions are included in chiral supermultiplets and hence have
scalar bosons as superpartners. These scalars are named as their SM fermion
superpartners with an “s” (acronym for scalar) in the beginning and they are
denoted with the same symbols as the SM fermions with a tilde, so the electron
superpartner is called “selectron” and is denoted by ẽ.

SM bosons are included in gauge supermultiplets and thus have fermionic
superpartners. A superpartner has its superpartner’s name with an “ino” ex-
tension and is denoted with a tilde.
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2.4.1 The Higgs sector

For reasons of anomaly cancellation the MSSM needs two Higgs doublets (Mu-
rayama, 2000):

H1 =
(

ϕ0
1

ϕ−1

)
H2 =

(
ϕ+

2

ϕ0
2

)
. (2.10)

The doublets both acquire nonzero VEVs, and it is possible to gauge rotate
them so that only the neutral components acquire VEVs. We can write the
VEVs as:

〈H1〉 =
(

v1

0

)
〈H2〉 =

(
0
v2

)
. (2.11)

Since only the neutral components of the Higgs fields acquire VEVs the U(1)
symmetry of the electromagnetism is preserved and the photon remains massless
as required.

From the two Higgs doublets a number of Higgs particles arise. The to-
tal number of degrees of freedom in the two doublets is eight since we have
four complex fields. However, similar to the standard electroweak model, three
of these degrees of freedom are absorbed by the massive intermediate vector
bosons, W± and Z. This leaves five degrees of freedom to be considered as
Higgs particles. These are the charged Higgs particles H±, the CP odd neutral
Higgs particle A0 and the two CP even neutral Higgs particles H0 and h0, where
h0 is considered the lighter one. For a review and derivation of these fields, see
Hollik et al. (1991)

2.4.2 Textures in the MSSM

The necessity of two Higgs doublets in the MSSM gives rise to the following
question; Is it possible to have two independent textures in these doublets?

To explore this possibility let us start by looking at the Higgs potential in
the MSSM (Martin, 1997):

V = (µ2 + m2
ϕ2

)(|ϕ0
2|2 + |ϕ+

2 |2) + (µ2 + m2
ϕ1

)(|ϕ0
1|2 + |ϕ−1 |2)

+[b(ϕ+
2 ϕ−1 − ϕ0

2ϕ
0
1) + compl. conj.]

+
1
8
(q2 + q′2)(|ϕ0

2|2 + |ϕ+
2 |2 − |ϕ0

1|2 − |ϕ−1 |2)2

+
1
2
q2|ϕ+

2 ϕ̄0
1 + ϕ0

2ϕ̄
−
1 |2. (2.12)

The terms proportional to b, m2
ϕ2

and m2
ϕ1

are soft supersymmetry breaking.
To minimize V in Eq. (2.12) we take the partial derivatives with respect to ϕ−1
and ϕ0

1.
2 The same result can be found by taking the derivatives with respect

to ϕ̄0
2 and ϕ̄+

2 . These are given by:

∂V

∂ϕ−1
= (µ2 + m2

ϕ1
)ϕ̄−1 + bϕ+

2 − ϕ̄−1
1
4
(q2 + q′2)(|ϕ2|2 − |ϕ1|2), (2.13)

∂V

∂ϕ0
1

= (µ2 + m2
ϕ1

)ϕ̄0
1 − bϕ0

2 − ϕ̄0
1

1
4
(q2 + q′2)(|ϕ2|2 − |ϕ1|2). (2.14)

2We use here the fact that for a real-valued function f of a complex variable z = x + iy
the chain rule gives: ∂f

∂z
= ∂f

∂x
∂x
∂z

+ ∂f
∂y

∂y
∂z

= ∂f
∂x
− i ∂f

∂y
; since ∂f

∂x
and ∂f

∂y
are both real, this

means that if ∂f
∂z

= 0 then both ∂f
∂x

= 0 and ∂f
∂y

= 0 and hence the function is minimized.
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Because of gauge invariance the terms |ϕ2|2 and |ϕ1|2 have to be constant in the
vacuum manifold, and hence the requirement ∂V

∂ϕ−1
= ∂V

∂ϕ0
1

= 0, gives the result:

ϕ+
2 = −Cϕ̄−1 , (2.15)

ϕ0
2 = Cϕ̄0

1, (2.16)

where C is a constant given by bC = (µ2 + m2
ϕ1

)− 1
4 (q2 + q′2)(|ϕ2|2 − |ϕ1|2).

From Eqs. (2.15) and (2.16) we see that the vacuum states of ϕ1 and ϕ2 are
strongly coupled, so that any texture in one of them will be exactly “reflected”
in the other. Hence it is not possible to have two independent textures in the
MSSM.

The result above can be put in a more general form: Suppose we have an
extension to the Standard Model where we have at least two Higgs doublets H1

and H2 with independent VEVs. Since both H1 and H2 have one electrically
charged and one neutral component it is always possible to make a gauge rota-
tion so that the VEV of the charged component of H1 vanishes. However, since
H1 and H2 have independent VEVs the charged component of H2 will have a
nonvanishing VEV in this gauge. The same happens if H2 is rotated so that
the charged VEV vanishes; in this case H1 has a nonvanishing charged VEV.

The conclusion is that in any gauge at least one of the Higgs doublets has
a charged component of its VEV, and since the photon field couples to the
electrically charged components, the electromagnetic U(1) symmetry will be
broken and the photon will be massive.

This shows that in any extension of the Standard Model it is impossible to
have two or more independent textures. (The existence of independent textures
requires the existence of independent VEVs.)
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Chapter 3

Homilia string network

The idea of the homilia texture is to create a texture with dynamics similar to
that of a cosmic string network (Thatcher and Morgan, 1999; Thatcher, 2000).
This is done by creating two kinds of strings that are stabilized by the presence
of a string network of the other kind. The total string network constitutes a
texture that is not localized and thus obviates Derrick’s theorem. The name
homilia is derived from a Greek word meaning “communion” and emphasizes
the need of both kinds of strings for the texture to be topologically stable.

3.1 Global homilia textures

The homilia texture in a global SU(2) → I symmetry breaking scheme consists
of two kinds of strings, α and β strings. To study these we use the ansatz
(Thatcher and Morgan, 1999):

Φα =
(

f1(r1)eiθ1

f2(r1)eic1

)
, (3.1)

for the α string, where c1 is a constant, θ1 is a partial winding of the vacuum
manifold and f1(r) and f2(r) are real scalar fields. The ansatz for the β string
is given by:

Φβ =
(

f1(r2)eic2

f2(r2)eiθ2

)
, (3.2)

where again c2 is a constant (independent of c1) and θ2 is a partial winding
of the vacuum manifold. The stability of the network is a consequence of the
boundary conditions imposed by the neighbouring strings. The windings of θ1

and θ2, given continuity at the centre of each string, require that f1 = 0 in the
centre of an α string and f2 = 0 in the centre of a β string. The symmetry
breaking also requires that |Φ| 6= 0, which means that f2 6= 0 in the centre of a
α string and f1 6= 0 in the centre of a β string.

The consequence of the above boundary conditions is that in the case of an
α string surrounded by β strings, the value of f1 has to be zero in the centre of
the α string, but nonzero in the centre of the surrounding β strings. If we have
a single α string alone in the universe, f2 would go to zero in the entire universe
and hence the α string would disappear. However, the surrounding β strings
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prevent this from happening by requiring f2 6= 0. The conclusion is that the
surrounding β strings stabilize the α string from decay. A β string surrounded
by α strings is stabilized in the same way and hence the homilia network is
stabilized as a network and constitutes a texture.

3.2 Electroweak homilia textures

To study gauge homilia textures we start with the ansatz (Thatcher, 2000):

Φα =
(

cos b(r) sin b(r)einθ

− sin b(r)e−inθ cos b(r)

)(
0
1

)
, (3.3)

Φβ =
(

cos b(r) sin b(r)einθ

− sin b(r)e−inθ cos b(r)

) (
1
0

)
, (3.4)

where we have rescaled the variables according to: t → δt, ~x → δ~x, Φ → ηΦ,
Aµ → ηAµ and q → q(λ/2)1/2, where δ = (η2λ/2)−1/2. To get consistency at
the origin we require b(0) = 0. b(r) is a real function, that describes the radial
structure of the string and n is an integer that can be thought of as a winding
number.

Transforming this to the unitary gauge gives for the α string1:

Ar(r, θ) =
i

q

db(r)
dr

(
0 einθ

−e−inθ 0

)
, (3.5)

Aθ(r, θ) =
n sin b(r)

qr

(
sin b(r) − cos b(r)einθ

− cos b(r)e−inθ − sin b(r)

)
. (3.6)

In the context of the electroweak SU(2) × U(1) → U(1) symmetry breaking
scheme, this can be interpreted from the definitions of the intermediate vector
bosons (2.2)-(2.5), which gives the nonvanishing vector boson fields as:

W+
r =

i√
2q

db(r)
dr

einθ, (3.7)

W−
r = − i√

2q

db(r)
dr

e−inθ, (3.8)

W+
θ =

−n sin 2b(r)√
8qr

einθ, (3.9)

W−
θ =

−n sin 2b(r)√
8qr

e−inθ, (3.10)

Zθ =
n sin2 b(r) cos θW

qr
, (3.11)

Aθ =
n sin2 b(r) sin θW

qr
. (3.12)

From this we can see that the homilia string can be interpreted as a vortex in
the Z and A boson fields. The W± fields on the other hand have a constant

1The gauge transformation required for this change of gauge is topologically nontrivial,
which means it cannot be decomposed into infinitesimal gauge transformations. However,
excluding the existence of anomalies the physics should be the same in any gauge.
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direction in space, which is perpendicular to the homilia string, and they can
be thought of as the mediating field of the stability mechanism of the homilia
network.

3.3 Decay of an electroweak homilia texture

Since a homilia texture is not localized it cannot shrink until it unwinds in the
same way as a spherical texture can. However, the gauge field can still line up
with the Higgs field to cancel the energy of the texture.

To study this process we use the following initial conditions (Thatcher, 2000):

Φα = h(r)
(

cos b(r) sin b(r)eiθ

− sin b(r)e−iθ cos b(r)

) (
0
1

)
, (3.13)

Ar(r, θ) = ρ(t, r)
i

q

db(r)
dr

(
0 −eiθ

e−iθ 0

)
, (3.14)

Aθ(r, θ) = ρ(t, r)
n sin b(r)

qr

(
sin b(r) cos b(r)eiθ

cos b(r)e−iθ − sin b(r)

)
. (3.15)

The function ρ is initially zero (i.e., we have a homilia α string), and when time
goes to infinity ρ → 1. In the unitary gauge the decay of the homilia string
network is described as the decay of the massive intermediate vector bosons
from which the network is constructed.

At zero temperature the predicted lifetime τH of the network is (Thatcher,
2000):

τH ≈ π√
8qη

≈ 10−27s. (3.16)

This value also puts an upper limit on the length scale ζ of the homilia texture.
The reason for this is that if ζ > τH the network will decay before it has the
time to form. The result is:

ζ < 10−16cm. (3.17)
It is important to note that the above estimation is made at zero temperature.
It is expected to change near the critical temperature of the electroweak phase
transition.

3.4 Birefringence

A medium is birefringent if photons propagate differently through the medium,
depending on their polarization. This turns out to be the case with a homilia
texture.

A photon propagating through a homilia texture is expected to interact
with the intermediate vector bosons that constitute the texture (Thatcher and
Morgan, 2002). To study this effect we use the equation of motion for the photon
field without the lepton part:

0 =
1
2
(∂µ∂µAν − ∂µ∂νAµ) + ie(∂µW−

ν − ∂νW−
µ )W+µ

−ie(∂µW+
ν − ∂νW+

µ )W−µ + ie∂µ(W+
µ W−

ν −W−
µ W+

ν )

+e2(2W+
µ W−µAν −W−

µ W+
ν Aµ −W−

µ W+
ν Aµ)

+eq cos θW (2W+
µ W−µZν −W+

µ W−
ν Zµ −W−

µ W+
ν Zµ). (3.18)
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3.4.1 Birefringent toy model

To see the effect of nonzero intermediate vector boson fields, we study a toy
model, with (Thatcher and Morgan, 2002):

W+
z = W−

z = −1
q

db(z)
dz

, (3.19)

where b(z) is a real function. Substituting Eq. (3.19) into the equation of motion
(3.18) gives:

∂µ∂µAν − ∂µ∂νAµ − 4 sin2 θW

{[
db(z)
dz

]2

Aν − db(z)
dz

∂νb(z)Az

}
= 0. (3.20)

We now consider a photon propagating in the y-direction. In the Lorentz gauge
(∂µAµ = 0 ⇒ ∂µ∂νAµ = ∂ν∂µAµ = 0) we get:

∂µ∂µAx − 4 sin2 θW

[
db(z)
dz

]2

Ax = 0, (3.21)

∂µ∂µAz = 0. (3.22)

This means that the photon propagates freely if polarized in the z-direction but
has an imaginary pseudo-mass, Pγ , if polarized in the x-direction. Pγ is given
by:

P 2
γ = −4 sin2 θW

[
db(z)
dz

]2

. (3.23)

The ansatz Aν = ενei(ky−ωt) gives the dispersion relations:

ω2 =
{

k2 ν = z,
k2 + P 2

γ ν 6= z.
(3.24)

From this the refractive index can be calculated:

nν =
k

ω
=

√
1− (1− δνz)

P 2
γ

ω2
. (3.25)

This result shows that the refractive index is different depending on whether
the photon is polarized in the same direction as the W± fields or not, i.e., the
nonvanishing vector boson fields exhibit birefringence.

3.4.2 Birefringent homilia textures

To study the birefringent property of a homilia texture we start with the descrip-
tion of a homilia string in the unitary gauge, i.e., Eqs. (3.7)-(3.12). To extract
the birefringent effects, the electromagnetic field is decomposed into two parts;
one due to the homilia texture, AH

µ and another describing a propagating pho-
ton, AP

µ . AH
µ is assumed to satisfy the equation of motion (3.18). The equation

for the propagating photon is then (Thatcher and Morgan, 2002):

1
2
(∂µ∂µAP

ν − ∂µ∂νAP
µ ) + P 2

1 (AP
ν −AP

r ) + P 2
2 (AP

ν −AP
θ ) = 0, (3.26)
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where

P 2
1 = − sin2 θW

[
db(r)
dr

]2

, (3.27)

and

P 2
2 = −

[
n sin θW sin 2b(r)

2r

]2

. (3.28)

From this it is clear that the propagation of a photon will depend on the polar-
ization of the photon compared to the polarization of the W± fields. Since the
homilia network is not expected to have an orientation, the total effect of the
birefringence is a refractive index.

It is possible to estimate the average refractive index with the help of the
approximate solution b(r) = πr

2ζ , where ζ is the length scale of the homilia
network (Thatcher and Morgan, 2002):

nave ≈ 1− 1
2

P 2
γ

ω2
, (3.29)

where Pγ is the average pseudo-mass given by:

P 2
γ ≈ − sin2 θW

ζ2
. (3.30)

3.5 The detection of a homilia texture with the
Large Hadron Collider

If a homilia texture can be detected it would be strong evidence that cosmolog-
ical phase transitions actually occur. To explore this possibility, we look at the
possibilities to detect a homilia texture in the Large Hadron Collider (LHC),
which is scheduled to be ready for its first run in late 2007. The LHC is located
at the CERN Laboratory in Geneva. It will collide ultrarelativistic protons and
ions in order to achieve high enough energy densities to constrain or verify the
existence of Higgs bosons and supersymmetric partners of the known particles.
For a report on the progress of the LHC project, see e.g. Brüning (2006).

There are several effects associated with the homilia texture that might be
detectable, although most of them are likely to be very small.

Birefringence It could be possible to detect the average refractive index as-
sociated with the birefringence of the homilia strings as discussed in Sec. 3.4.2.

Decay products The homilia network is expected to decay very quickly after
creation, and the result of this should be a cloud of weak vector bosons and
photons. If this can be demonstrated to be different in some way from other
production channels of weak vector bosons and photons it could constitute a
detection signature.

Magnetic fields It is expected that the homilia texture will possess a mag-
netic field (see Sec. 5.3), and if this is strong enough it could be detectable.
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Baryogenesis In supersymmetric models it is possible that a homilia tex-
ture can make a contribution to the creation of a baryon asymmetry in the
electroweak phase transition (see Sec. 4.4) and this might be detectable.

The first thing to investigate is whether the LHC can create the required
temperature to restore the electroweak symmetry. Calculations of the expected
temperature in lead–lead collisions in the LHC yields a maximum temperature
of about 850 MeV (Vitev, 2004), which is far from the 100-1000 GeV required
for an electroweak symmetry restoration. However, the expected energy per
nucleon in the beam for lead ions is 2.76 TeV (Yao et al., 2006), while the
proton energy in proton–proton collisions will be 7 TeV (Yao et al., 2006), so it
might be possible to achieve a higher temperature in that case. However, the
possible increase in temperature is far too small to reach 100-1000 GeV.

The conclusion is that we cannot expect the electroweak symmetry to be
restored in the LHC, and hence there will be no electroweak homilia textures
produced.
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Chapter 4

Baryogenesis in the
electroweak phase
transition

It is well known that the universe consists almost exclusively of particles rather
than antiparticles (Cline, 2006). In the first cosmological models this was taken
as an initial condition. However, with the invention of the inflation model this
idea breaks down; the matter density observed today requires that the particle
fields dominated the energy density of the universe at the beginning of inflation
and that is incompatible with the inflation theory where the energy density
must be dominated by the inflaton field (Dolgov, 1992).

One of the first attempts to explain the baryon asymmetry was made by
Sakharov (1967). He argued that the violation of CP symmetry together with
some violation of baryon number conservation and departure from thermal equi-
librium can explain the baryon asymmetry. This has lead to the assumption
that there are three requirements that need to be fulfilled in a model in order
to explain a baryon asymmetry: baryon number violation, C and CP violation
and departure from thermal equilibrium. It was later realized that all these con-
ditions are met in the standard electroweak model, and since the electroweak
model is considered to be rather well understood (compared to, e.g., Grand Uni-
fied Theories) it is one of the most popular scenarios for baryongenesis (creation
of baryon asymmetry).

C and CP violation in the electroweak model It is well known that
both the C and the CP symmetry are broken in the standard electroweak model
(Yao et al., 2006). The violation is however too small to be responsible for the
observed baryon asymmetry (Trodden, 1999). This is one of the reasons for
considering the MSSM and other supersymmetric extensions to the Standard
Model. Sypersymmetric extensions might give enough CP violation for effective
baryogenesis (Trodden, 1999).

Departure from thermal equilibrium The required departure from ther-
mal equilibrium appears in a strongly first order phase transition. As we have
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mentioned earlier, such a phase transition is not possible in the standard elec-
troweak model but is possible in its supersymmetric extensions (see Sec. 2.3).

4.1 The chiral anomaly

The violation of baryon number in the standard electroweak model is a sur-
prising effect arising from the chiral anomaly. By counting triangle diagrams,
Adler proved that the lepton and baryon currents are not conserved after the
quantization of the electroweak theory (Adler, 1969).

The chiral anomaly is a quantum anomaly in the currents resulting from
the chiral symmetry ψ → eiγ5αψ. The conservation of the corresponding axial
vector current, jµ

5 = ψ̄γµγ5ψ, is violated and the divergence takes the form:

∂µjµ
5 =

1
4π2

εµνκλ∂µ[FνκAλ + 2
3 iqTr(AνAκAλ)]. (4.1)

From this one can see that the violation of baryon number is related to the
winding number of the gauge fields NCS . It was realized by ’t Hooft that a
change of NCS by one, corresponds to the production of three quarks and one
charged lepton of each family of particles (’t Hooft, 1976).

4.2 The vacuum structure of the electroweak
model

As mentioned earlier there are topologically nontrivial gauge transformations
of the trivial vacuum, which correspond to nonzero NH and NCS . This gives
a degenerate vacua structure and the possibility for transitions between these
distinct vacua. The tunneling probability for these transitions is, however, very
low. It is suppressed by a factor e−4π sin2 θW /α (Kuzmin et al., 1985).

There might, however, be a way around this strong suppression. It has been
proven that there are unstable solutions to the electroweak model which consist
of regions of false vacuum and are saddle points for the potential energy of the
fields. These configurations are called sphalerons (Manton, 1983). The energy
of a sphaleron is equal to the barrier height of the energy barrier between two
topologically distinct vacua and is estimated to be around 10 TeV (Klinkhamer
and Manton, 1984). More importantly; the sphaleron energy is proportional to
the Higgs VEV (Dolgov, 1992), which means that at temperatures where the
electroweak symmetry is restored, sphalerons are commonly produced. This
means that above the critical temperature for the electroweak phase transition
baryon number violation is unsuppressed. This is the idea of the electroweak
baryogenesis.

The degenerate vacua structure of the electroweak model is illustrated by
Fig. 4.1.
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Figure 4.1: The vacua structure of the electroweak model. The minima occur
when NCS is an integer. The potential barriers between the minima correspond
to sphaleron configurations.

4.3 Electroweak baryogenesis

The pieces required for the electroweak baryogenesis were first put together
by Kuzmin et al. (1985). For more recent reviews, see e.g. Dolgov (1992),
Trodden (1999) and Cline (2006). The following is meant to give some idea of
the principles of electroweak baryogenesis. The main interest of this thesis is
the role of textures for baryon number violation.

To picture the ideas of the baryogenesis let us assume we have a first order
electroweak phase transition, i.e., the transition occurs through bubble nucle-
ation. In the wall of the bubble there will be CP-violating processes that create
an over-abundance of right-handed particles (and left-handed antiparticles) in
front of the wall and left-handed particles behind the wall. In the symmet-
ric phase sphalerons are commonly produced, and since they only couple to
left-handed particles, they will produce left-handed particles to eliminate the
asymmetry between left-handed particles and antiparticles in front of the wall.

The created particles will diffuse into the broken symmetry phase, and there
sphaleron production is suppressed so the particles will not be annihilated by
sphaleron produced antiparticles. The result is the baryon asymmetry observed
today. It is also worth noticing that the same processes are expected to wash
out any baryon asymmetry created before the electroweak phase transition.
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4.4 Baryon number violation from a homilia
texture

The role of the homilia texture in the context of baryogenesis is the possible cre-
ation of sphalerons and hence baryon number violation from a homilia network1.
In a homilia string network, sphalerons form when α and β strings intersect.
These sphalerons are non-axially symmetric, and to investigate the implications
from homilia textures on baryon number violation it is necessary to know the
energy of these non-axially symmetric sphalerons and compare it to the energy
of the sphalerons studied by e.g. Manton (1983).

The complexity in the construction of a homilia texture makes it difficult to
calculate the value of NCS in different regions of the string network. To allow for
baryon number violation we need a nonzero average NCS in the network, and it
is not obvious that this is possible. It is also necessary to investigate how NCS

changes in different regions during a sphaleron transition. It is possible that
many sphaleron transitions only move the gauge field winding without changing
the total NCS .

1In this case we are talking about a homilia texture where the gauge fields have “lined up”
with the Higgs field to cancel all energy, i.e. strictly speaking “homilia instantons”.
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Chapter 5

Primordial magnetic fields

The existence of magnetic fields in both galaxies and galaxy clusters have been
revealed by measurements of, e.g., Zeeman splitting of spectral lines, varia-
tions in synchrotron radiation emitted from relativistic electrons and Faraday
rotation of electromagnetic waves due to plasma interactions (Grasso and Ru-
binstein, 2001). The origin of these fields is not known and this has led to the
search for primordial magnetic fields. The idea is that fields created in the early
universe are preserved in the cosmic plasma. Since the plasma is expected to
have very high electric conductivity, the magnetic field could have been frozen
into the plasma and hence survived until the time of galaxy formation (Grasso
and Rubinstein, 2001).

5.1 Magnetic fields from Higgs field equilibra-
tion

One possibility to generate a primordial magnetic field is to exploit the dynamics
of the Higgs VEV within the electroweak phase transition.

It was first pointed out by Vachaspati that gradients in the Higgs field created
in the electroweak phase transition can create a magnetic field (Vachaspati,
1991). To see this we need a gauge invariant definition of the electromagnetic
field strength tensor (the ordinary definition works only in the unitary gauge).
The definition used by Vachaspati is:

F em
µν = ∂µAem

ν − ∂νAem
µ − i4q sin θW

qη2
[(∂µφ)†∂νφ− (∂νφ)†∂µφ]. (5.1)

We see that in the unitary gauge we get back the ordinary definition, but even if
the field Aem

µ vanishes, a nonconstant Higgs field can give rise to a nonvanishing
magnetic field. It is always possible to transform the system to the unitary
gauge1 and that will make the Higgs gradient vanish. This, however, cannot
change the value of the magnetic field since F em

µν is gauge invariant.
After the electroweak phase transition the Higgs field is assumed to be un-

correlated over distances larger than some correlation length, ξ. This means
that moving around in space will correspond to a random walk in the vacuum

1At least as long as there are no points of false vacuum present.
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manifold and this gives the gradient of the Higgs field required to generate a
magnetic field. The magnetic field generated by Higgs field dynamics in bubble
collisions in a first order electroweak phase transition was discussed by Ahonen
and Enqvist (1998).

5.2 Z-strings

Although the electroweak theory does not allow stable topological defects (other
than textures) there are unstable defect solutions. These can form in the phase
transition but will unwind quickly after formation. The most well known such
defect is the Z-string (Nambu, 1977).

The structure of a Z-string is somewhat similar to a homilia β string, but in
contrast to the β string it contains a region of false vacuum in the core of the
string:

ΦZ−string =
(

0
f(r)eiθ

)
. (5.2)

Since this structure is not topologically stable it is possible for the string to
terminate in magnetic monopoles, so we have a finite string with a monopole
attached to each end, each of which with the magnetic flux in opposite directions.
The resulting configuration is stable against collapse if it is spinning fast enough
(Nambu, 1977).

The core of the Z-string does not contain magnetic flux, but it contains a
Z-flux. The hypermagnetic flux component of the Z-flux cannot terminate when
the string terminates, and it cannot continue as Z-flux after the termination of
the Z-string because in the real vacuum the Z boson is massive. Hence it has
to continue as magnetic flux (Achúcarro and Vachaspati, 2000). This is the
reason the monopoles terminating the Z-string are magnetic monopoles, and
this is why Z-strings are interesting in the context of primordial magnetic fields
(Grasso and Riotto, 1998).

5.3 Magnetic fields from a homilia texture

Nontrivial configurations of the Higgs VEV created in the electroweak phase
transition can generate a magnetic field. This leads to the question: can a
homilia texture give rise to a magnetic field?

5.3.1 The magnetic field of a homilia string

To calculate the magnetic field associated with a homilia string we do not need to
go to a gauge invariant description of the electromagnetic field strength tensor.
The magnetic field can be calculated directly from the electromagnetic vector
potential (in the unitary gauge). For the α string this gives :

~B = ∇× ~A =
1
r

∂(rAθ)
∂r

ẑ =
n sin θW

qr
2 sin b(r) cos b(r)

db(r)
dr

ẑ. (5.3)
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To get the total magnetic flux from an α string we integrate this for 0 ≤ r ≤ ζ
where ζ is the length scale of the homilia network:

Φ =
∫ 2π

0

∫ ζ

0

n sin θW

qr
sin 2b(r)

db(r)
dr

rdrdθ =
2πn sin θW

q

[
−cos 2b(r)

2

]ζ

0

. (5.4)

The requirements b(0) = 0 and b(ζ) = π
2 now give:

Φ =
2πn sin θW

q
. (5.5)

The β string gives almost the same result. The gauge field configuration of
the β string (in the unitary gauge) is related to the gauge field configuration of
the α string in the following way:

Aβ
µ =

(
0 1
1 0

)
Aα

µ

(
0 1
1 0

)
, (5.6)

which means that the electromagnetic vector potential, and hence the magnetic
field, has the same strength as for the α string but with the opposite direction,
i.e., the −ẑ direction.

5.3.2 Structure of the Higgs VEVs in a homilia texture

The ansatz for the homilia strings as given by Eqs. (3.1 and 3.2), assumes a
single string in the universe with the boundary conditions:

φα(r = ζ) =
(

eiθ1

0

)
, φβ(r = ζ) =

(
0

eiθ2

)
. (5.7)

In the presence of an entire homilia network the equations for the strings have
to be modified due to the influence of neighbouring strings.

The first observation is that the phase of the lower(upper) component of
the Higgs doublet around an α(β) string will not be constant but will depend
on the windings of the surrounding β(α) strings. Looking at the network of
α(β) strings, we can consider it as a cosmic string network in the phase of
the upper(lower) component of the Higgs doublet. The two networks are then
stabilized by the structure of the modulus of the upper and lower component of
the Higgs doublet.

The second effect comes from the fact that the lower(upper) component of
the Higgs doublet will be zero at r = ζ, only if there is a β(α) string in that
particular direction. This means that the function b(r) should be replaced by
b(r, θ), i.e., the radial structure of the Higgs doublet has to depend on the angle
θ. The θ dependence will add a new term to the angular part of the gauge fields
for the α string. The term is given by:

A
b(r,θ)
θ (r, θ) =

i

qr

db(r, θ)
dθ

(
0 einθ

−e−inθ 0

)
. (5.8)

This term does not contribute to the electromagnetic field and hence not to the
magnetic field.

The conclusion is that the total magnetic flux from a homilia string network
is the sum of the fluxes from the individual strings, as given by Eq. (5.5) directed
in ẑ(−ẑ) for α(β) strings2.

2There is another effect that influences the strength of the magnetic field: The function,
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5.3.3 Calculation of the partial windings in the upper and
lower component

To calculate the average magnetic field from a homilia network, let us consider
a circular disc C in space, with boundary δC. For simplicity we start by only
dealing with the phase of the upper component of the Higgs doublet, i.e., we
only consider the network of α strings3. We also choose C so that there are no
α strings at the boundary of C.

Let us define the parameter nα as the sum of the values n for the α strings
intersecting C in the positive direction minus the sum of the values n for strings
intersecting in the negative direction. Of course, at this stage we have no defi-
nition of positive and negative direction, but that is not a problem since we can
choose either direction perpendicular to C as the positive one. The result will
be the same regardless of the choice.

The first thing to notice is that the strings intersecting C will point in all
directions, i.e., the total magnetic flux perpendicular to C will not be the sum
of the fluxes given by Eq. (5.5) for all the strings. To deal with this we can
average the flux component perpendicular to C:

Φave =
1

2πΦ2

∫
Φsin2 θΦ2dθdφ =

π

4
Φ. (5.9)

The total magnetic flux from the α strings through C in the “positive” direction
is now given by nαΦave.

In order to calculate nα let us look at the total winding of the phase of
the upper component of the Higgs doublet at the boundary of C. We call this
quantity θδC . If there is only one string intersecting C the winding on the
boundary is θδC = ±2πn, where the sign depends on whether the string is in
the positive or negative direction. We will now prove that for any closed path
x on C it holds that θx = 2πnα. To do this we use induction on the number of
strings N intersecting C inside x.

Step 1: The case N = 1. If only one string intersects C inside x it follows
from Eq. (3.3) that θx = ±2πn = 2πnα.

Step 2: Induction assumption. We now assume that if C is intersected by
N strings inside x, then θx = 2πnα(x).

Step 3: The induction step. Let us consider a closed path x enclosing N +1
string intersections on C. The loop x can be divided into the paths a and c, as
shown in Fig. 5.1. We also add the path b, which together with c forms a closed
loop, enclosing one of the string intersections enclosed by x. As a consequence
of this, there are N string intersections enclosed by the loop a + b, and hence
by the induction assumption it follows that4 θa + θb = 2πnα(a + b).

b(r), will not reach π
2

unless there is a neighbouring β(α) string in that direction. This will,
however, only reduce the magnetic flux by a factor in the interval (0.5, 1). Since this is too
small to make any significant difference, we will ignore it for now.

3The analysis for the β string network is exactly the same so the result from this analysis
can be applied to them as well.

4Note that θa+b = θa + θb.
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Figure 5.1: The definition of the paths a, b and c. Both b and c start at point A
and terminate at point B, while a goes from B to A. The dots illustrate string
intersections. The loop a + b encloses N string intersections and loop a + c
encloses N + 1 intersections. Notice the directions of the paths.

Since c−b encloses one string we have θc−θb = ±2πn. Putting this together
gives: θx = θa + θc = θa + θb ± 2πn = 2πnα(x), i.e., also for a path x enclosing
N + 1 string intersections holds: θx = 2πnα(x).

The induction principle finally gives that θx = 2πnα(x) for any number of
string intersections enclosed by x. Specifically θδC = 2πnα, where nα counts for
all strings intersecting C.

This result gives us a way of calculating the number nα from the total
winding at the boundary of C. The next step is to assume that the Higgs VEV
is completely uncorrelated at a length scale ξ. Let us assume that the length
of the boundary of C is L, where L = Nξ, N ∈ Z. We now expect the phase
of the upper component of the Higgs doublet to make a random walk when we
encircle C. Between the uncorrelated points we expect the phase to take the
shortest path in the vacuum manifold between the values in the uncorrelated
points.

If we now start at one of the N uncorrelated points, we will perform a
random walk of N − 1 steps5. Each of these steps can be regarded as adding a
partial winding in the interval6 (−π, π). The total winding will be the sum of
the windings from all the N − 1 steps rounded off to the closest 2πk, where k is
an integer.

The resulting probability distribution of the winding in the first N−1 steps is
5The last step leads back to the point at which we started, and hence that step is determined

by the sum of the other steps.
6We get ambiguity in the point where the winding is ±π, but we will see that this is not

important for the discussion.
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given by the summation of N −1 independent stochastic variables with uniform
distributions on the interval (−π, π). The central limit theorem now gives that
this sum will be approximately a normal distribution. It is now clear that the
behaviour of the distributions in the endpoints is not important since we will
get essentially the same normal distribution in either case.

The standard deviation of a uniform distribution on the interval (−π, π) is
given by σ = π/

√
3. The standard deviation of the distribution for the total

winding is then given by σtot = π
√

(N − 1)/3.
The distribution of the total magnetic flux through C is given by a dis-

cretized normal distribution with mean value 0 and standard deviation; σΦ =
Φave

√
2σtot/2π = Φave

√
(N − 1)/6. The factor

√
2 comes from the fact that

we add the contributions from both the α and the β strings.
The above magnetic flux through C can be regarded as the magnetic field

component in the positive direction of C multiplied by the area, A, of C. This
means that the total average magnetic field strength is found by integrating
over all directions, i.e., we rotate C and integrate over the sphere7. This is
equivalent to calculating the speed distribution for a particle ensemble with
velocities described by a Maxwell-Boltzmann distribution. The resulting mean
magnetic field is Bmean = 2

√
2/πσΦ/A. A can be calculated as A = πR2, where

R is the radius of C, given by 2πR = L = Nξ. The result is A = N2ξ2/(4π).
Accounting for all the contributions and reversing the rescaling of parameters

from Sec. 3.2, we get the average magnetic field strength:

Bmean =
4π3

N2ξ2

sin θW

q

√
N − 1

3π
. (5.10)

It is known that sin2 θW ≈ 0.223 (Yao et al., 2006). The value of sin θW , together
with the electromagnetic coupling constant in natural units, gives q ≈ 0.64.
Finally the correlation length of the Higgs field ξ is expected to be of the order
ξ ≈ M−1

W (Vachaspati, 1991). This gives an average magnetic field of about
Bmean ≈ 1025N−3/2 G.

7In some directions we will get string intersections and therefore singularities in the phases,
at the boundary of C. However, this can be eliminated by infinitesimal deformations of C
and therefore the result is the same.
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5.3.4 Discussion

It is now clear that a homilia texture implies the existence of a magnetic field.
To get some useful estimation we also need to know the length scale beyond
which the magnetic field lines can be frozen into the plasma, i.e., the value of
N . We can approximate the value on a scale of 0.1 Mpc today by the assumption
that the scale of the universe, a, scales as the inverse temperature, a ∝ 1/T ,
and that the magnetic field strength is proportional to 1/a2.8 Using that the
temperature at the electroweak phase transition was about 1015 times higher
than the temperature of the cosmic microwave background today, we get N =
1024 which results in a magnetic field of Bmean ≈ 10−41 G. This is small enough
to be allowed by observations of the cosmic background radiation spectrum but
is also too small to explain the observed magnetic fields in galaxies and clusters
(Durrer, 2006). However, if the magnetic field from a homilia texture is helical9

this might change.
As mentioned in Sec. 3.3, a homilia texture is expected to decay, and there-

fore one might ask whether the magnetic field has enough time to be frozen
into the plasma. Any homilia texture formed in a phase transition must have a
length scale that is at least of the same order of magnitude as the correlation
length of the Higgs field. Since the upper bound on the length scale of the
homilia network (from Eq. (3.17)) is of the same order of magnitude as the
correlation length of the Higgs field, we can expect the homilia texture to decay
about the same time as it forms, and there will never be any stable texture to
form magnetic fields. This might, however, change if the lifetime of the homilia
network is corrected for higher temperature.

8The last assumption is based on the fact that the magnetic flux through a comoving area
in a highly conductive medium is expected to be constant.

9A magnetic field is said to be helical if the helicity, H =
R

~A · ~Bd~x3, is positive. A positive
helicity might allow the magnetic field to increase in strength due to a phenomenon called
inverse cascade, see e.g. Grasso and Rubinstein (2001) and Durrer (2006).
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Chapter 6

Conclusions and future
work

The existence of texture solutions in the standard electroweak model has im-
portant consequences for the physics of the early universe, including possible
baryogenesis and magnetogenesis. In this thesis it has been demonstrated that
any extension of the Standard Model (e.g. supersymmetric extensions) will
posses essentially the same texture solutions as the Standard Model.

One of the texture solutions to the Standard Model is the homilia texture,
and the main objective of this thesis has been to study the implications of a
homilia texture on electroweak baryogenesis and magnetogenesis.

In the case of baryogenesis more work is needed to investigate whether
baryon number violation from the homilia textures can create the observed
baryon asymmetry.

The homilia texture has been demonstrated to posses a magnetic field. How-
ever, the magnitude is expected to be about Bmean ≈ 10−41 G at 0.1 Mpc scale
today, which is too small to explain the observed magnetic fields in galaxies and
clusters. This might change if the magnetic field turns out to be helical.

To investigate the effects of a homilia texture, a better understanding of the
formation of the texture in first and second order phase transitions is required.
It is also necessary to calculate the lifetime of the texture at higher temperature
in order to see whether there is enough time for, e.g., a magnetic field to form.

The possibility of having a homilia texture with an average nonzero winding
number has to be investigated regarding possible implications for electroweak
baryogenesis. The energy of the non-axially symmetric sphaleron also has to be
calculated.

Finally the helicity of the magnetic field created by a homilia texture needs
some investigation.
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Appendix A

A symmetry bestiary

This is a list of some of the symmetries mentioned in this thesis.

C–symmetry: A symmetry that states that if the electric charge of all par-
ticles are conjugated, i.e., + → − and − → +, the physics remains the same.

C–symmetry is broken in the Standard Model (Yao et al., 2006).

CP–symmetry: A symmetry that states that if the electric charge of all
particles are conjugated and space is inverted (P–symmetry), i.e., C–symmetry
and ~x → −~x, the physics remains the same.

CP–symmetry is known to be broken in nature (Yao et al., 2006).

SU(2)–symmetry: SU(2) is the group of all 2 × 2 complex matrices with
determinant 1. The SU(2)–symmetry means that if the isodoublets of a theory
are multiplied by any element of the SU(2) group, the physics is unchanged.
The Pauli spin matrices are generators of the SU(2) group.

U(1)–symmetry: U(1) is the group of all complex numbers with absolute
value 1. The U(1)–symmetry means that if the fields of a theory are multiplied
by any element of the U(1) group, i.e., are rotated in complex space, the physics
is unchanged.

Global and local symmetries: A global symmetry, U , is a symmetry that
does not depend on spacetime coordinates, i.e., U does not depend on x. If the
symmetry depends on x it is denoted a local gauge symmetry, i.e., for a local
gauge symmetry we have U(x).

To maintain invariance under a local gauge symmetry we need to expand
the partial derivative to a covariant derivative, ∂µ → Dµ = ∂µ − iqAµ, where
q is a coupling constant and Aµ is the gauge field, which transforms as Aµ →
UAµU−1 − i

q (∂µU)U−1, under the transformation U .
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Appendix B

Natural units

Throughout most of this thesis, natural units have been used. Natural units are
derived from SI units by setting c = ~ = kB = 1, where c is the speed of light in
vacuum, ~ is the reduced Planck constant and kB is the Boltzmann constant.
When dealing with electromagnetic phenomena, the permittivity of vacuum, ε0,
has been set to unity as well.

To convert natural units to SI units, the following relations can be used
(where e is the elementary charge):

1 GeV =
109e

c2
kg, (B.1)

1 GeV =
109e

kB
K, (B.2)

1 GeV−1 =
~c

109e
m, (B.3)

1 GeV−1 =
~

109e
s, (B.4)

1 GeV2 =
1018e2

c
5
2 ~ 3

2 ε
1
2
0

T. (B.5)

These and other required relations can be derived by dimensional analysis. To
be able to compare values of magnetic fields with values given in the literature,
the unit Gauss (1 G = 10−4 T) is used.
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Appendix C

Homotopy

The following is a brief introduction to the concept of homotopy used to classify
topological defects. From now on we denote the vacuum manifold M . For more
details on the definitions, see Hatcher (2002).

Definition C.1 Two loops f, g : I → M with I = [0, 1] and f(0) = f(1) =
g(0) = g(1) = x0 are homotopic if and only if:

∃ h(s, t) ∈ M h(s, t) continuous

h(0, t) = f(t), h(1, t) = g(t), h(s, 0) = h(s, 1) = x0.

The definition of homotopic is an equivalence relation and therefore all loops
homotopic in M form an equivalence class. The next step is to define an addition
operator for these equivalence classes. Since all elements of one class can be
represented by one member of the class, it is sufficient to define addition of
loops. This is done in the following way:

f ◦ g(t) =
{

f(2t)
g(2t− 1)

0 ≤ t ≤ 1
2

1
2 ≤ t ≤ 1 (C.1)

With this operation we can now define the fundamental group.

Definition C.2 The fundamental group to a manifold M , π1(M) is the group
of homotopy classes on M under the group addition defined in C.1 and with
inverses; f−1(t) = f(1− t). The unit element of the group is the class of loops
homotopic to a point on M .

The definition C.2 can be generalized in the following way (where In is an
n-dimensional cube and ∂In is the set of all corner points of that cube):

Definition C.3 The homotopy group πn(M) is the group of all homotopy classes
of the maps f : In → M such that f : ∂In → x0. I0 is defined as a point and
∂I0 is empty.

In both definitions C.1 and C.3, the homotopy groups turn out to be independent
of the choice of the point x0. This is important since it is the reason we can
ignore the choice of x0 when dealing with the homotopy groups.
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