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ABSTRACT

The aim of this thesis is to present a novel quaternion based control scheme for the

attitude control problem of a quadrotor equipped with Variable Pitch Propellers. A

quaternion is a hyper complex number of rank 4 that can be utilized to avoid the inher-

ent geometrical singularity when representing rigid body dynamics with Euler angles or

the complexity of having coupled differential equations with the Direction Cosine Ma-

trix (DCM). In the presented approach the quadrotor’s attitude model, Variable Pitch

model and the proposed non-linear Proportional squared (P 2) control algorithm have

been implemented in the quaternion space, without any transformations nor calculations

in the Euler angle space nor the DCM space. Throughout the thesis, the merits of the

proposed novel approach are being analyzed and discussed, while the efficiency of the

suggested novel quaternion based controller and the use of Variable Pitch Propellers are

being evaluated by extended simulation and experimental results.
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ABBREVIATION LIST

x, y, z : Cartesian unit vectors

q : Quaternion notation

q0, q1, q2, q3 : Components of the quaternion

ω : Rotational rate of the quadrotor [rad/s]

ω0, ω1, ω2 : Components of ω [rad/s]

u : Rotation vector for quaternion rotation

u : Control signal

α, φ, θ, ψ : Angles [rad]

Ω1, Ω2, Ω3, Ω4 : Rotational rate of the engines [rad/s]

Ω : Rotational rate of an engine [rad/s]

F1, F2, F3, F4 : Force produced by the engines [N]

F : Force generated by an engine [N]

τ : Time constant [s]

m : Mass [kg]

a : Acceleration [m/s2]

t : Time [s]

Icm : Moment of inertia around the center of mass [kg ·m2]

Ixx, Iyy, Izz : Diagonal components of the moment of inertia [kg ·m2]

acm : Acceleration of the center of mass [m/s2]

Pq, Pω : Controller gains

V : Volt [V]

A : Ampere [A]

W : Watt [W]

P : Power consumption [W]

s : Laplace derivation operator
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θp : Propeller pitch [rad]

AF : Force model constant

AP : Power consumption model constant

BP : Power consumption model constant

CP : Power consumption model constant

AΩ : Rotational rate model constant

BΩ : Rotational rate model constant

Au : Control signal to pitch model constant

Bu : Control signal to pitch model constant

Ωs : Reference rotational rate [rad/s]

τΩ : Time constant for engine rotational rate [s]

θs : Reference propeller pitch angle [rad]

τθ : Time constant for propeller pitch angle [s]

tΩ : Rise time of engine rotational rate [s]

tτ : Rise time of propeller pitch angle [s]

DCM : Direction Cosine Matrix

AC : Alternating Current [V]

DC : Direct Current [V]

ESC : Electronic Speed Controller

IR : Infra Red

PCB : Printed Circuit Board

ADC : Analogue to Digital Converter

I/O : Input/Output

PPM : Pulse Period Modulation

USB : Universal Serial Bus

CSV : Comma Separated Value
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CHAPTER 1

Introduction

The area of Unmanned Aerial Vehicles (UAV) and especially the one of having the capa-

bility for Vertical Take-Off and Landing (VTOL) as the quadrotor, has been in the focus

of the research and development efforts, mainly due to their efficiency in accomplishing

complex missions [1].

For achieving the desired performance most frequently the trajectory generation prob-

lem is being divided into two subproblems: a) the attitude problem and b) the translation

problem, while as it has been proven [2, 3], these systems can be cascade interconnected,

while the mechanical aspect of the control problem currently only uses Fixed Pitch Pro-

pellers and thrust ant torque is generated by changing the rotational rate of the mo-

tors. For the examined case of a quadrotor UAV, the position controller (translation)

is generating reference attitude set–points for the attitude controller and thus the con-

trol problem of quadrotors has been confronted using several different approaches from

research–leading teams worldwide, with famous works to include linear [4, 5, 6], and

nonlinear controllers [7, 8, 9, 10, 11], however none of these have examined the case of

redefining the fundamental mechanical constraints of a quadrotor by changing the Fixed

Pitch Propellers into Variable Pitch Propellers.

Although it has been proved that the aforementioned control strategies manage to sta-

bly navigate a quadrotor, the problem of designing optimized controllers that will be

able to: a) provide fine–smoothed control actions for attitude stabilization and trajec-

tory tracking, b) make use of model–knowledge for more accurate navigation, c) preserve

robustness against sudden and unpredictable external disturbances, is still an open chal-

lenge. One of the constrains that the control engineers are facing, when dealing with the

attitude problem is still a fundamental problem in dynamics due to the fact that finite

rotation of a rigid body does not obey the laws of vector addition, e.g. commutativity,

while the attitude characteristics of the rigid body cannot be extracted by integrating

the body’s angular velocity.

However, when working with rotations, whether it’s estimators or controllers, there has

been one approach utilized more than any other, when creating models: the Newton–
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Euler equations [12], which is able to describe the combined translational and rotational

dynamics of the rigid body. Although this modeling approach is considered a fundamental

one, still it has three drawbacks. Firstly, it is solely based on Euler angles, which have the

merit of being intuitive, but per definition these angles cannot define certain orientations

as it suffers from singularities that result in an problem know as “gimbal lock” [13].

This problem is the loss of one degree of freedom in a three-dimensional space that

occurs, when two of the rotational axes align and locking together. Secondly, it is very

computationally expensive. Calculating sines and cosines takes a lot of performance

and can very fast become unmanageable especially if it’s being implemented on low cost

hardware. Thirdly, when creating estimators or controllers that is necessary to utilize

the Jacobian of the system states, the computational cost is even greater, as during these

calculations some times all the matrix elements will have one or more sines or cosines to

compute, which quickly can overwhelm the system.

For overcoming these problems, three solutions can be followed: a) guarantee that the

system will keep inside the bounds of Euler angels, b) the utilization of a Direction Cosine

Matrix (DCM) approach, and c) the quaternion approach. If the quadrotor has been only

designed for simple stable flight, the first one might work, but in the case that unknown

external disturbances (e.g. wind gusts) are being applied on the vehicle and result in

flipping the aircraft (turning it upside-down), the Euler angle approach would not be

able to compensate this. For the second approach DCM is constructed by translating

the x, y and z body fixed coordinate system in a 3 × 3 matrix, while no matter of how

this coordinate frame has been rotated, the matrix will still represent this transformation

as the most significant merit of this approach is the non-suffering from the singularities

that the Euler angles have. However, the DCM suffers from the constraint that each axis

must be orthogonal to the other axes and should also be of a unit length. When rotating

a DCM it must be multiplied with another DCM and the derivative of the DCM results

in a 3×3 matrix and into a system of nine coupled differential equations (states) to solve

(six if the 3rd axis is calculated from the cross product of the other two).

In the quaternion approach the previous mentioned limitations do not exist as one can

directly translate a quaternion into a DCM and vice versa, however the quaternion and its

corresponding derivative have four values and the only constraint is that it must be of unit

length. This translates into a system of only four coupled differential equations/states,

greatly decreasing the computational cost and keeping the overall complexity low [14].

Due to the fact that the quaternion is a complex number it’s sometimes hard to get

an intuitive feeling for what it represents, but the direct coupling to a DCM makes the

translation easy.

The other challenge control engineers face is the limitations of the quadrotor itself,

in the case of using Fixed Pitch Propellers it can only react as fast as the engines can

accelerate and decelerate its rotational rate and the efficiency of the system is only as

good as the motor-propeller combination with no room for changes except applying more

voltage for a greater rotational speed. However if the motor rotates fast enough an
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effect know as blade stall comes into effect that dramatically lowers the performance of

the propeller by the airflow not being laminar. Due to the fact that it’s not possible

to increase the rotational speed for ever another approach can be considered; changing

the pitch of the propeller. By changing the pitch of the propeller it’s possible to have

complete control over the thrust generated and the power consumed by adding another

degree of freedom.

The novelty of this thesis stems from proposing three changes a) a quaternion based

non-linear P 2 controller, for solving the attitude problem of a quadrotor equipped with

b) Fixed Pitch Propellers and c) Variable Pitch Propellers. In the proposed methodology,

both the quadrotor modeling and the controller design will be made in the quaternion

space, without the utilization of Euler angles or DCM. Until now in the relative scientific

literature, only a few references are available utilizing quaternions controllers for the

attitude stabilization problem as it has been described in [15], [16] and the references

there in. These approaches do however convert the quaternion error back to Euler angles

and regulate on these angles instead of regulating on the quaternion directly. Moreover,

the drawback of these approaches is the fact that they suffer from the non–linearities

and singularities of Euler angles, plus the extra processing power needed to convert the

Euler angles to quaternions and vice versa. As it is going to be analyzed, the suggested

novel control scheme does not suffer from these shortcomings, can be applied in the full

three dimensional rotational domain, while it can be generalized as it is independent of

the rigid body.

To take into consideration the rigid body, forces acting upon it and how much power

being consumed both Fixed and Variable Pitch Propellers can be examined. The idea of

using variable pitch is quite old, for example in helicopters and propeller based airplanes,

this comes from the fact that their engines can change the rotational rate fast enough

to provide the desired thrust and maneuverability and the act of changing pitch is much

faster and provides the fast dynamical changes needed. In the case of quadrotor UAVs

the electric motors are much faster in this aspect but it’s still much more efficient to

change pitch from a thrust point of view and an optimal set of pitch and rotational rate

can be used to maximize flight time or provide the fastest response.

The novelty and objectives of this thesis are:

• Propose a full quaternion based attitude controller.

• Model the dynamics of the variable pitch actuator and extract models of Force

versus Pitch/Rotational rate and Power consumption versus Pitch/Rotational rate.

• Propose an extended controller that takes into consideration the effects of Fixed

and Variable Pitch Propellers.

• Design and evaluate experiments to experimentally produce models for Variable

Pitch Propellers.
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• Compare Fixed and Variable Pitch Propellers to find optimal operating points.

• Propose a full quaternion based attitude controller with Variable Pitch Propellers.

The rest of the thesis is structured as it follows. In Section 2.1 of Chapter 2 the

fundamental properties and the corresponding algebra of the quaternion mathematics

are being presented, while in Section 2.2 the quaternion based quadrotor modeling is

analyzed. In Section 2.3 the full quaternion based control scheme is established and in

Section 2.4 extended simulation results that prove the efficiency of the proposed scheme

are depicted, however without the Variable Pitch Propellers. In Chapter 3 the experimen-

tation and modeling that leads to the models for Variable Pitch Propellers are presented,

in Chapter 4 the optimal operating points depending on thrust and power consumption

requirements are examined and in Chapter 5 simulations that prove the efficiency of us-

ing the Variable Pitch versus Fixed Pitch Propellers are presented. Finally, in Chapter 6

conclusions are drawn.



CHAPTER 2

Fixed Pitch Quaternion based
Modeling and Control

2.1 Quaternion Algebra
For consistency reasons, and for building the mathematical background for following the

proposed modeling and control scheme, this section is going to present the basic algebraic

concepts behind the idea of quaternions. For a more comprehensive analysis and an

in depth description of this mathematical tool, the reader is refereed to the following

publications [17] [18].

A quaternion is a hyper complex number of rank 4, which can be represented in many

ways, while equations (1–2) represent two of the most popular approaches. The quater-

nion units from q1 to q3 are called the vector part of the quaternion, while q0 is the scalar

part.

q = q0 + q1i + q2j + q3k (2.1)

q =
[
q0 q1 q2 q3

]T
(2.2)

Multiplication of two quaternions p, q is being performed by the Kronecker product,

denoted as ⊗, and the outcome is presented in the following equations. If p represents

one rotation and q represents another rotation p⊗q represents the combined rotation. It’s

important to note that quaternion multiplication is non-commutative, just as rotations

5
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are non-commutative.

p⊗ q =


p0q0 − p1q1 − p2q2 − p3q3

p0q1 + p1q0 + p2q3 − p3q2

p0q2 − p1q3 + p2q0 + p3q1

p0q3 + p1q2 − p2q1 + p3q0



p⊗ q = Q(p)q =


p0 −p1 −p2 −p3

p1 p0 −p3 p2

p2 p3 p0 −p1

p3 −p2 p1 p0



q0

q1

q2

q3



= Q̄(q)p =


q0 −q1 −q2 −q3

q1 q0 q3 −q2

q2 −q3 q0 q1

q3 q2 −q1 q0



p0

p1

p2

p3


The norm/length of a quaternion is defined, just as for any complex number, as depicted

in equation (2.3). All quaternions in the presented approach are assumed to be of unitary

length and thus are called unit quaternions.

Norm(q) = ‖q‖ =
√
q2

0 + q2
1 + q2

2 + q2
3 (2.3)

The complex conjugate of a quaternion has the same definition as the normal complex

numbers. The sign of the complex part is switched as in equation (2.4).

Conj(q) = q∗ =
[
q0 −q1 −q2 −q3

]T
(2.4)

The inverse of a quaternion is defined in equation (2.5), as the normal inverse of a complex

number. Moreover, if the length of the quaternion is unitary then the inverse is the same

as its conjugate.

Inv(q) = q−1 =
q∗

‖q‖2 (2.5)

The derivative of a quaternion requires some algebraic manipulation and can be repre-

sented [18]: a) as in equation (2.6) in case that the angular velocity vector is in the fixed

frame of reference, and b) as in equation (7) if the angular velocity vector is in the body

frame of reference. It’s important to note that these notations have been provided with

respect to the left hand notation, and that for having them in the right hand notation

the ω quaternion must be conjugated.

q̇ω(q, ω) =
1

2
q ⊗

[
0

ω

]
=

1

2
Q(q)

[
0

ω

]
(2.6)

q̇ω′(q, ω′) =
1

2

[
0

ω′

]
⊗ q =

1

2
Q̄(q)

[
0

ω′

]
(2.7)
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where ω = [ωx, ωy, ωz]
T . If a quaternion is a unit quaternion it can be used as a

rotation operator. However the transformation is not built up by only one quaternion

multiplication but two, the normal and its conjugate, as shown in equation (2.8). This

rotates the vector v from the fixed frame to the body frame represented by q.

w = q ⊗
[

0

v

]
⊗ q∗ (2.8)

This rotation in equation (2.8) can be rewritten by replacing v with the x, y and z axis,

as it is being displayed in the following equations (2.9-2.10) and (2.11).

Rx(q) = q ⊗


0

1

0

0

⊗ q∗ =

q2
0 + q2

1 − q2
2 − q2

3

2(q1q2 + q0q3)

2(q1q3 − q0q2)

 (2.9)

Ry(q) = q ⊗


0

0

1

0

⊗ q∗ =

 2(q1q2 − q0q3)

q2
0 − q2

1 + q2
2 − q2

3

2(q2q3 + q0q1)

 (2.10)

Rz(q) = q ⊗


0

0

0

1

⊗ q∗ =

 2(q1q3 + q0q2)

2(q2q3 − q0q1)

q2
0 − q2

1 − q2
2 + q2

3

 (2.11)

It should be noted that in the examined case, only the vector part of the quaternion has

been extracted, resulting in a rotation matrix, which rotates a point in a fixed coordinate

system, as depicted in equation (2.12). When rotating a coordinate system, the angle

sign changes and provides equation (2.13), while the same result arises when conjugating

the quaternion in equation (2.8).

R(q) =
[
Rx(q) Ry(q) Rz(q)

]
(2.12)

R(q) =

Rx(q)T

Ry(q)T

Rz(q)T

 (2.13)

The rotation can also be represented using a rotation vector as denoted in equation (2.14),

where u is the rotation axis (unit vector) and α is the angle of rotation. Using this

notation can have many benefits when creating an error or specifying a reference as it

has a direct physical connection.

q = cos
(α

2

)
+ u sin

(α
2

)
(2.14)
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Finally, for representing quaternion rotations in a more intuitive manner, the conversion

from Euler angles to quaternion and from quaternion to Euler angle can be performed

by utilizing the following two equations respectively. This property is very useful in case

that the aim is to represent an orientation in angles, while retaining the overall dynamics

of the system in a quaternion form.

q =


cos(φ/2) cos(θ/2) cos(ψ/2) + sin(φ/2) sin(θ/2) sin(ψ/2)

sin(φ/2) cos(θ/2) cos(ψ/2)− cos(φ/2) sin(θ/2) sin(ψ/2)

cos(φ/2) sin(θ/2) cos(ψ/2) + sin(φ/2) cos(θ/2) sin(ψ/2)

cos(φ/2) cos(θ/2) sin(ψ/2)− sin(φ/2) sin(θ/2) cos(ψ/2)

 (2.15)

φθ
ψ

 =

atan2(2(q0q1 + q2q3), q2
0 − q2

1 − q2
2 + q2

3

asin(2(q0q2 − q3q1))

atan2(2(q0q3 + q1q2), q2
0 + q2

1 − q2
2q

2
3)

 (2.16)

2.2 Quaternion Based Quadrotor Modelling
For modelling the attitude dynamics of the quadrotor, as the one depicted in figure 2.1,

it has been assumed that the structure is rigid and symmetrical, the center of gravity

and the body fixed frame origin coincide, the propellers are rigid, the bias throttle to

counteract the effect of gravity can be neglected and only the differential forces created

by the propellers has an effect on rotation.

Figure 2.1: A sketch of the Lule̊a University of Technology Quadrotor without propellers at-

tached. Ω1−4 denotes the rotational speed of each motor, F1−4 is the force generated by each

motor and x, y and z is the body fixed coordinate system.

For modeling the physics of the quadrotor two alternative approaches could be fol-
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lowed: a) the full physical model can be derived by the utilization of Newtons’ laws of

motion and producing a frame dependent model, or b) to use the Euler-Newton equa-

tions for translational and rotational dynamics of a rigid body, as in equation (2.17).

The utilization of the second approach greatly simplifies the derivation of the model as

the only unknown in the derived model is the connection from the control signal and the

corresponding torque. [
F

τ

]
=

[
m 0

0 Icm

] [
acm
ω̇

]
+

[
0

ω × (Icm · ω)

]
, (2.17)

where ω is defined as:

ω =

ωxωy
ωz


For deriving the full dynamics of the quadrotor’s rigid body rotations, the right hand

quaternion derivative from equation (2.7) should be combined with the rotation dynamics

from equation (2.17), which results in an equation system describing the entire rotation

dynamics of the Quadrotor on a quaternion form, as it has been also presented in equa-

tion (2.18): q̇ = −1

2

[
0

ω

]
⊗ q

ω̇ = I−1
cm · τ − I−1

cm [ω × (Icm · ω)]

(2.18)

When modeling the control signal to torque relation, various linear and non-linear sys-

tem approximations [12] have been proposed. In the presented approach this relation

has been simplified to identity matrix. A more detailed approach, taking under consid-

eration the physics behind rotors’ dynamics can be taken under consideration without

loosing the impact of the presented approach. The obtained results in this Section can

be directly generalized for modeling the attitude dynamics of other types of UAV frames

than the Quadrotor, as long as the control signal to torque relationship can be found.

2.3 Quaternion Attitude Controller
In this section a feedback control scheme for the attitude stabilization of the quadrotor

aircraft will be presented. Initially and in order to be able to propose a proper control

scheme, the inputs and outputs of the system must be a priori known. The system

presented in equation (2.18) suggests that measurements of the quaternion and angular

rates are needed in order to measure the system’s state and calculate the necessary driving

torque to rotate it.

One of the novelties of this thesis stems from proposing a control scheme for the attitude

problem of a quadrotor completely in the quaternion space. In the proposed approach, all
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the measurements and the calculations have been made by utilizing quaternions, while no

transformation to Euler angles and rotations have been executed. The resulting controller

has no issues with singularities and can be straightforward implemented, while retaining

simplicity.

For utilizing quaternions in the error calculation between the desired qref and the

measured quaternion based response of the quadrotor qm, an error quaternion, denoted

as qerr, should be calculated. This is done by multiplying the reference, qref , with the

conjugate of the estimated quaternion, qm, as it will be presented in equation (2.19).

This Kronecker product will calculate the difference quaternion, which can be utilized to

produce the error around each axis of rotation or:

qerr = qref ⊗ q∗m (2.19)

The vector part directly connects the quaternion to the sine of the error from equa-

tion (2.14), which results in an axis error as depicted in equation (2.20). In case that the

reference is demanding a rotation more than π radians, the closest rotation is the inverted

direction and this is found by examining q0. If q0 < 0 then the desired orientation is more

than π radians away and the closest rotation is the conjugate of qerr, negating the axis

error in equation (2.20).

Axiserr =

qerr1

qerr2

qerr3

 (2.20)

When designing the controller the simplest form available has been chosen, which is a

non-linear P 2-controller formulation, as it has been depicted in figure 2.2. In the proposed

approach, an inner loop proportional controller Pω for the angular velocity and an outer

loop proportional controller Pq for the angular velocity reference tracking, have been

effectively combined for creating a non-linear P 2-controller for the attitude regulation

problem. The overall mathematical formulation of the proposed P 2 control scheme is

being denoted as it follows:

τ = −Pq ·

qerr1

qerr2

qerr3

− Pω ·
ωxωy
ωz

 (2.21)

It should be noted that equation (2.21) is derivative free and straight forward to be

implemented (low computational cost). Moreover, the noise immunity of this design is

only as good as the measured/estimated quaternion and angular velocity, as the suggested

scheme will directly amplify noise just as much as the corresponding errors. Something

that is worth noting is the fact that the P 2 design will always drive the error to zero

thanks to the double integrator in the non-linear dynamics. This reduces controller

complexity and without an integrator there is no negative phase shift added from the

controller.
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q
ref

q
ref

q
m

q
err

* q   to Axis
transformation

err err Pq

Pω

ωm

qm

τ

Figure 2.2: Block diagram of the full non-linear P 2 quaternion based control scheme.

2.4 Fixed Pitch Simulation Results
All simulations have been carried out on the non-linear quadrotor model presented in [10],

which takes into account a wide set of the aerodynamic forces and moments acting on

the system, including the hub and friction forces, the rolling moments and, up to some

extent, the variations in the aerodynamic coefficients, due to the motion of the quadrotor

inside the atmosphere.

The parameters of the quadrotor model have been set as Ixx = Iyy = 6.5·10−4kg·m2 and

Izz = 1.2 ·10−3kg ·m2. The aforementioned values correspond to the CAD model analysis

presented in figure 2.1, with respect to the analysis provided in [19]. The proposed

quaternion based controller have been evaluated under three fundamental tracking test

cases which are: a) constant rotation - step input, b) periodical reference - sinusoidal

input, and c) complex maneuver - flip. In all the simulated cases additive corrupting zero

mean noise of 0.1 amplitude affecting the measurements have been considered. Bounds

on the control action have been applied, for performing a more realistic evaluation. These

bounds have been set as +/− 4Nm for all the motors, while the gains of the non-linear

P 2 controller have been set as: Pq = 20 and Pω = 4 after small fine tuning in simulations.

In the first case a step response has been considered where an one rad reference step

around each axis has been requested, at different time instances. The results obtained

from each axis are depicted in figure 2.3, while the corresponding control action is pro-

vided in figure 2.4.

From the obtained responses, it can be observed that the proposed control scheme

performs very well with a very small overshoot and a very good reference tracking. All

errors go quickly to zero and no strange effects can be witnessed from the effect of noise

or the non-linearities. To provide a realistic simulated evaluation, bounds on the control

action have been considered. The control signal saturates when the step is introduced

but quickly goes back to its linear region. Although the existence of the corrupting noise,

the quadrotor’s performance has not been significantly been effected mainly to the effect

of the double integrator dynamics of the system.

The second evaluation test-case has considered the problem of tracking a 0.5 radian

amplitude sine wave with a frequency of 1 radian/s. The applied referenced waves were
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Figure 2.3: Fixed Pitch Quadrotor step responses. The reference signal and the system’s re-

sponses have been denoted by the dashed and solid lines respectively. All the graphs have been

indicated in radians for more intuitive display.
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Figure 2.4: Fixed Pitch Controller effort during step responses.



2.4. Fixed Pitch Simulation Results 13

phase shifted on the y and z axis for driving the torques not be in the same phase.

The tracking results obtained are depicted in figure 2.5, while the corresponding control

actions are being displayed in figure 2.6.
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Figure 2.5: Fixed Pitch Controller tracking an 1 rad/s sine wave. Input/output shown in radians

for more intuitive display. The dashed line is reference and the continous line is output.

From the obtained results it is obvious that, as in the previous testing case, the proposed

control scheme is able to provide a very good and fast tracking with a small phase shift

of about 0.5 seconds. Also it should be stated that the proposed controller has the merit

of performing quite big and dynamic changes in the quadrotor’s attitude, without the

problem of saturating the control signals for tracking these fast changes. The effects of

the corrupting noise are more identifiable when the amplitude of the control effort is

small, due to the fact that the gains of the quaternion controller have been fixed, while

this noise has no direct and sever effect on the overall controlled quadrotor.

For the final evaluation test-case, a most popular maneuver has been considered as

well, which is the 360 degree flip. The control signal was generated by ramping from 0 to

2π radians which forces the controller to not take the shortest route, while the simulation

results are depicted in figure 2.7. From observing the response of the quadrotor during

flip it is obvious that the maneuver has been executed without any problem. In the case

of the Euler angles, this flip would have been subjected to massive non-linearities but,

as seen in figure 2.8, the quaternion has no non-linearities nor singularities and thus can

therefore perform the flip without any problem. The control signal does only saturate a
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Figure 2.6: Fixed Pitch Controller control action during tracking.

little and this is because the controller has been tuned for smooth transitions (small gain

values). For a faster flip a more aggressive tuning could be used or a direct control on

the angular velocity reference could be applied until the attitude has made half the flip

and then reconnect the attitude controller.

2.5 Concluding Remarks
In this chapter the full fixed pitch quaterion based model and control has been derived

and simulated as a first approach to solve the attitude problem before continuing with

variable pitch. From the results it’s evident that the convergence of the system is slow,

and while this is fine for slow attitude maneuvers it might not suffice if powerful external

disturbances, such as wind gusts, are applied and for these cases a faster response is

needed. Moreover, these models and simulations does not show how the power consump-

tion of the system changes with thrust and it’s a desirable effect to control to maximize

flight time.

In the next Section, the proposed control scheme will go one step further, by examining

the case of Variable Pitch Propellers. The aim is to improve the response and power

consumption of the proposed system, however to do this experimental models for thrust

and power consumption will be presented.
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Figure 2.7: Fixed Pitch Controller doing a flip. Input/output shown in radians for more intu-

itive display. The dashed line is reference and the continous line is output.
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CHAPTER 3

Variable Pitch Propeller
Experimental Model Derivation

In this chapter the experimentation and theoretical analysis that leads to the Variable

Pitch Propeller models will be presented. The presented analysis will focus on the funda-

mental properties of Variable Pitch Propellers, the hardware setup, the electronics and

the software needed to experimentally derive the model of a Variable Pitch Propeller.

16
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3.1 Experimental Setup

Hardware

Variable Pitch Propeller setup

Figure 3.1: A Variable Pitch Propeller mounted to the experimental base. 1 is the Variable

Pitch assembly, 2 is the servo actuator’s rotating push rod, 3 is the angle measurement and 4

is the printed plastic frame. All black plastic parts were custom manufactured by a 3D-printer.

A Variable Pitch Propeller is a type of propeller system used on out-runner motors that

have a mechanical mechanism to change the pitch of the rotor blades as opposed to

their fixed pitch counterparts. Having this ability gives the system three new degrees

of freedom: a) thrust can be directed in both upward and downward directions utilizing

positive and negative pitch, b) the ability to control the power consumption by utilizing

the optimal combination of pitch and rotational rate, and c) changing pitch, which is

much faster than changing rotational rate, to maximize thrust response.

If figure 3.1 an example of a Variable Pitch Propeller system and which has been utilized

in this thesis providing the experimental data is being depicted. As it is presented in

this figure, there is a rod going though the center of the electric motor connecting the

variable pitch mechanical system to a servo-actuator controlling the pitch. There is as

well a sensor that measures the angle of the servo-actuator, which is located below the

servo-actuator, and a sensor that measures the rotational rate of the motor (not seen in

this picture).
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The electric motor used is of brushless design and this implies that it’s an 3-phase

Alternating Current (AC) synchronous motor and driving it directly from Direct Current

(DC) voltage, as with a normal brushed motor will not work because it needs three

approximately sinusoidal voltages with 120° phase shift from each other.

Electronic Speed Controller

Figure 3.2: The Electronic Speed Controller used in the system.

Converting DC to the three sinusoidal signals is handled by the Electronic Speed Con-

troller (ESC) that effectively works as an 3-phase inverter that can control the frequency

of the sinusoids in order to control rotational rate, since this frequency is directly pro-

portional to the rotational rate of the motor. A normal ESC has an digital low-pass

filter in the input, but this one is specially made for quadrotors and it doesn’t have the

input filter which increases the thrust response. Because of the ESC being controlled by

a micro controller, the throttle response is linear.

Measuring Thrust, Rotational Rate and Pitch Angle

The system to measure thrust is presented in figure 3.3. This system is designed to ensure

simplicity of parts and simple calculations. As seen in the figure it consists of the motor

and sensor assembly with the Variable Pitch Propeller on one of the tubes, while the other

end of the tube is pressing against a scale to measure thrust and a weight to counteract

the weight of the motor and the sensor assembly. Distance from the rotational point to

the motor and to the scale is the same, since the mass measured directly corresponds to

the thrust being generated. In order to guarantee that the tilting system won’t introduce
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errors, it was suspended in low friction ball-bearings, while it has been assumed that

negligible counter torque is produced in the rotation point.

Figure 3.3: A Variable Pitch Propeller mounted to the complete experimental setup.

To measure the rotational rate of the motor, a simple optical sensor measures the time

it takes for the motor to complete one turn and this is then converted to rotational rate

using Ω = 2πT−1
s . The optical system has a built in noise reduction circuitry in order to

reduce the noise and jitter of the measurements plus the use of oversampling techniques

reduces noise and increases accuracy even more.

The pitch is measured using an analog potentiometer, as best seen below the servo-

actuator in figure 3.1. The signal out from this measurement system directly corresponds

to the pitch of the propeller and the inherit simplicity of this measurement ensures

accuracy and minimizes the effect noise.
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Measuring Power Consumption

Figure 3.4: The Turnigy Power Meter being used to measure power consumption.

To produce a reliable and accurate reading of power consumption, a commercial tool was

used. The Turnigy Power Meter can measure currents up to 130 A and power with a

resolution of 0.1 W, while it can be mounted in series between the battery and ESC.

The power measurement and the thrust were the only measurements that could not be

automated in the measurement procedure, however the manual acquisition is just as

accurate.

Electronics

Optical Rotational Rate Sensor

In order to measure rotational speed an optical measurement system was designed and

developed, as depicted in figures 3.5 and 3.6. The optical sensor gives out a voltage,

depending on how much reflected Infra Red (IR) light is absorbed, but the desired signal

is a square wave in order to measure the time elapsed between two pulses, the same as

one revolution. This demand has been achieved using a comparator built as a Schmitt

Trigger with variable set voltage and an hysteresis of 50 mV. The hysteresis has been

used to remove unwanted noise in the signal to produce very clean measurements.
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Figure 3.5: Functional sketch of the rotational rate sensor.

Figure 3.6: The built rotational rate sensor with the Schmitt Trigger in the center and the

optical sensor to the right.

Pitch Angle Sensor

The measurement of pitch requires another approach compared to measuring rotational

rate, since the signal is analogue due to the voltage divider as depicted in figure 3.7.

The output signal from the sensor is directly proportional to the pitch angle, hence

it’s desired to measure the signal directly. This can be done using the analogue input
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channels in the data acquisition system. The capacitor in the schematic is used together

with oversampling to lower the output noise of the sensor.

Figure 3.7: Functional sketch of the pitch angle sensor.

Data Acquisition

Acquiring the signals from the sensors, convert it to a usable format and sending it to the

host computer is done by the data acquisition board as depicted in figure 3.8. It consists

of a printed circuit board (PCB) populated with an Atmel AVR ATMega168 micro

controller with eight analog input channels, 14 digital Input/Output (I/O) channels of

which two are being used to emulate the Pulse Period Modulation (PPM) signals used

to control the ESC and servo-actuator, serial Universal Serial Bus (USB) interface and

an precision 50 ppm crystal oscillator.

A measurement sequence is initiated over a serial console, where the user can input

the number of samples for oversampling, the number of data points and the type of

measurement. The system will set rotational rate and pitch angle in increasing steps,

from minimum to maximum, until the desired number of measurements set has been

reached. After this step the system returns a Comma Separated Values (CSV) file with

the data points and the system resets the rotational rate and pitch.
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Figure 3.8: Design of the signal acquisition system.

3.2 Experimental Results and Models

Static Results

From the results in figure 3.9 and 3.10 it’s safe to conclude that the result gathered have

very little noise and seem to follow some trend. The big difference between them is that

power consumption does not go towards zero as pitch goes to zero, suggesting the two

results must have different models. Both show signs of a second degree polynomial in

the rotational rate, however in pitch there are differences.
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Figure 3.9: Experimentally measured thrust versus pitch and rotational rate.

It’s important to notice in figure 3.9 how thrust seems to decrease at high rotational

rate, this effect is due to the concept of blade stall which is the situation when the airflow

over the propeller is no longer laminar and turbulence makes the propeller loose efficiency

and lift. In this case, the collected data points are outside the operating area and will

not be included in the analysis of the models. The same can be said for very low pitch, it

barely creates any thrust and is outside the operating area, hence the higher pitch values

will carry more weight in the models.

In each experiment the same throttle signal was applied. However it resulted in different

rotational rate, which suggests that the ESC is an open-loop system or a controller

without integral action (it’s specified in its datasheet that the throttle response should

be linear).
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Figure 3.10: Experimentally measured power consumption versus pitch and rotational rate.

Static Models

Using the data points, from figures 3.9 and 3.10 that are inside the operating area of

the system, experimental models of thrust and power consumption can be generated. To

create the plane fit models, Least-Squares solution methods were used, however these

can only find the constants in a model – not the model itself. To find the characteristic

equations for the models some insight into the physics of propellers is needed and multiple

trail and error approaches.

To find the thrust model, work done by [12] was used, that suggests that propellers

have a quadratic relationship from rotational rate to thrust. Using this and the insight of

that the amount of air being moved by propellers should be directly proportional to the

amount of air-mass the propeller blades intersect (F = ma) during one revolution, this

gives almost equation (3.1) but without the sine-squared. However that model always

fell short in simulations, perfect in rotational rate but some higher order polynomial was

missing in pitch and hence the sine-square was added and the model coincided very well

with experimental data and resulted in the mesh in figure 3.11.

F (θp,Ω) = AF sin2(θp) Ω2 (3.1)

AF = 1.788 · 10−5 (3.2)
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Figure 3.11: Model fitting of thrust measurements. Crosses denotes measurements and the mesh

is the plane fit.

One thing that is important to note is that it is possible to produce negative thrust

when changing pitch. This can be useful when agile maneuvers or rapid ascents and

descents are needed.

Looking at figures 3.9 and 3.10 there is much similarity in the characteristics of the

data. The only big difference is, as pitch goes to zero, power consumption does not. This

suggests that the pitch part needs to be extended with a constant term. However this

was still not good enough and hence a linear term was added resulting in equation (3.3).

Using equation (3.3 gives the mesh in figure 3.12. Within the operational area of the

system, the model coincided very well with the obtained data.

P (θp,Ω) =
(
AP +BP sin θp + CP sin2 θp

)
Ω2 (3.3)

AP = 0.1570 (3.4)

BP = 0.0406 (3.5)

CP = −0.1444 (3.6)

To create the models the Matlab scripts in Appendix D and E were used.
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Figure 3.12: Model fitting of power consumption measurements. Crosses denotes measurements

and the mesh is the plane fit.

Transient Results and Models

In order to acquire the transfer function of the rotational rate, the system has been

excited with the same step change in rotational rate, with different pitch and the results

are presented in figure 3.13. From the obtained results it’s evident that the time constant

of the system and the maximum rotational rate changes with different pitch, hence a first

order response was fitted to each step change. The time constant versus pitch is presented

in figure 3.14 and the maximum rotational rate versus pitch is presented in figure 3.15.

The resulting models are presented in equation (3.7), (3.8) and (3.9), where 0 ≤ u ≤ 1 is

the control signal.
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Figure 3.13: Experimental result from step response of rotational rate versus pitch. Crosses

denotes measurements and the dashed lines are the curve fits.
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Figure 3.14: Experimental result of time constant vs pitch. Crosses denotes measurements and

the dashed line is the curve fit.
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Figure 3.15: Experimental result of maximum rotational rate versus pitch. Crosses denotes

measurements and the dashed line is the curve fit.

Ω(s) =
Ωs(θp, u)

1 + τΩ(θp)s
(3.7)

τΩ(θp) = AΩ +BΩθ
2
p (3.8)

Ωs(θp, u) =
(
Au +Buθ

2
p

)
u (3.9)

AΩ = 0.1649 (3.10)

BΩ = −0.1029 (3.11)

Au = 1.636 · 103 (3.12)

Bu = −1.974 · 103 (3.13)

The pitch did not show any signs of a variable time constant, however the data transi-

tioned very fast and the signal was small enough that the quatization effect in the Analog

to Digital Converter (ADC) and the sample rate was evident, even at maximum rate and

resolution. However the data obtained was good enough to create a model as presented

in figure 3.16 and in equation (3.14).
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θp(s) =
θs

1 + τθs
(3.14)

τθ = 0.0206 (3.15)
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Figure 3.16: Experimental result from step response of pitch. Crosses denotes measurements

and the dashed line is the curve fit.



CHAPTER 4

Optimizations

When using Variable Pitch Propellers it is desirable to find optimal operating areas de-

pending on different requirements and conditions and there are mainly two optimizations

that can be made: a) minimize power consumption when hovering or b) changing the

thrust vector as fast as possible. In this chapter these two conditions will be examined

resulting in guidelines for changing throttle and pitch, depending on which optimization

constraint is required.

4.1 Optimization of Power Consumption
The optimization of power consumption is evident when low power flight is needed. This

could be realized when hovering, doing slow movements or when the time for attitude

convergence is not critical. Hence, what is desired is to minimize power consumption

depending on the rotational rate and the pitch of the propeller as the first part of equa-

tion (4.1) describes. This, however, is a minimization problem in two dimensions and

simplification of the problem is possible. To minimize power consumption, is the same

as maximizing thrust to weight ratio and the equations for thrust (3.1) and power (3.3)

have already been deduced in Chapter 3. By utilizing these equations the thrust to power

ratio is described in the second part of equation (4.1). Worth noting here is that the

resulting equation has no rotational rate in it, this proves that the optimal thrust to

power ratio is independent of rotational rate and one or more pitch will produce optimal

results. The plot of equation (4.1) is presented in figure 4.1, and at θp = 0.299 rad is the

optimal pitch for the best thrust to power ratio. It also shows that the best achievable

thrust to power ratio is 50.9 mN/W or approximately 4.99 grams/W.

min
θp, Ω

P (F, θp,Ω) = max
θp, Ω

F

P
= max

θp

AF sin2 θp
AP +BP sin θp + CP sin2 θp

(4.1)

31
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Figure 4.1: Thrust to Power ratio as a function of pitch.

However, at the lowest and highest thrusts the motor can’t rotate slow nor fast enough

and the resulting pitch to thrust curve and rotational rate to thrust curve are presented

in figure 4.2, where the thrust is increasing and then remains constant until it must

increase again, and 4.3, where the rotational rate is constant until the pitch has reached

its optimal value and the rotational rate can increase again until it reaches it maximum

bound.

The numerical solution script, constructed in Matlab, is presented in Appendix F.
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Figure 4.2: Optimal pitch as a function of thrust.
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Figure 4.3: Optimal rotational rate as a function of thrust. Minimum rotational rate is 440

rad/s and maximum is 1600 rad/s.
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4.2 Optimization of Force Derivative
When quick and agile moves are required, the quicker the response of thrust is, the

faster torque and acceleration can be changed. Hence, what is desired is to maximize

the derivative of equation (3.1) as shown in equation (4.2) and the peak should come

with as small a delay to the reference change as possible, this will guarantee a fast thrust

response, or:

max
θp, Ω

Ḟ (θp(t), Ω(t)) (4.2)

Considering the force equation in (3.1), it can be rewritten as two functions independent

of each other as in equation (4.3). Deriving this with respect to time gives a result easier

to analyze as shown in equation (4.4).

F (θp(t),Ω(t)) = AF sin2(θp)Ω
2 = AF · Fθ(θp) · FΩ(Ω) (4.3)

Ḟ (θp(t),Ω(t)) = AF

(
Fθ(θp) · ḞΩ(Ω) + Ḟθ(θp) · FΩ(Ω)

)
(4.4)

Using this notation two cases can be considered, one if the pitch is assumed to be

constant and one if the rotational rate is assumed constant and this will effectively

reduce the complexity from a maximization problem in two dimensions to a problem in

one dimension. By using this method it is possible to calculate how much effect each of

the cases have on the derivative, but care should be taken if the derivatives peaks are

close to each other. Then the assumption of two one dimensional problems will not hold

and a combined equation must be examined.

Constant pitch

By assuming constant pitch, the pitch derivative equals zero and only the rotational rate

derivative has to be examined as shown in equation (4.5). The pitch part of the equation

is left out because it is constant.

ḞΩ(Ω(t)) = 2ΩΩ̇ (4.5)

The desired result is the maximum of the derivative and by solving where the second

derivative equals zero gives the maximum as show in equation (4.6).

max
{
Ḟ (θs,Ω(tΩ))

}
= AF sin2(θs)

Ω2
s

2τΩ

, tΩ = ln(2)τΩ (4.6)

Hence the first case has been examined.



4.2. Optimization of Force Derivative 35

Constant rotational rate

Using the previous technique and constant rotational rate, instead of a constant pitch,

the rate derivative is zero and only the pitch derivative has to be examined as shown in

equation (4.7).

Ḟθ(θp(t)) = sin(2θp)θ̇p (4.7)

By putting the second derivative of pitch equals to zero, to get the desired peak value

of the derivative, results in equation (4.8).

max
{
Ḟ (θp(tθ),Ωs)

}
= AF sin(θs)θs

Ω2
s

2τθ
, tθ =

2τθ
3

(4.8)

Hence the second case has been examined.

Conclusion

To compare the results from equations (4.6) and (4.8), a simplifying approximation can

be made as:

sin(θs)θs ≈ sin2(θs) (4.9)

By using this approximation, two very clear results emerges when the common parts of

both equations are removed. First, as shown in equation (4.10), the greatest peak in

derivative is provided by the transfer function from equation (3.7) and (3.14), with the

smallest time constant. Secondly, at which time the peak is reached as shown in equation

(4.11) is also given by the transfer function with the smallest time constant.

1

τθ
>>

1

τΩ

(4.10)

tθ << tΩ (4.11)

In both cases changing pitch and keeping rotational rate constant provides the fastest

thrust response because of its time constant being approximately one order of magnitude

smaller than the time constant of rotational rate. Hence, this proves that for the fastest

thrust response a change of pitch provides the best result and because of the peaks being

very far apart in time the case when both derivatives combined needs to be examined

was not needed, this comes from the derivatives barely intersecting and can be viewed

as two distinct cases.



CHAPTER 5

Variable Pitch Quaternion
based Control

In order to compare the differences between fixed pitch and variable pitch propellers,

the same simulation models as used in section 2.4 are used but instead of using the

assumption that control signal to torque is an identity matrix (as in figure 2.2) the real

models, deduced in chapter 3, are used resulting in the new system block diagram in figure

5.1. Using this system all the non-linear effects from control signal to torque are included

and the real response of the system can be simulated, analyzed and characterized.
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Figure 5.1: Block diagram of the full non-linear P 2 quaternion based control scheme with Vari-

able Pitch Propellers.

During simulations the response to a step reference was examined in two cases a) using

fixed, optimal pitch and varying the rotational rate and b) using fixed rotational rate

at about 80% throttle and varying the pitch of the propellers. The effect of fixed pitch
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versus variable pitch on rise time is quite evident in figure 5.2, where the variable pitch

case is approximately twice as fast as the fixed pitch.
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Figure 5.2: The roll angle response during a step reference change at t = 1 second. Dashed line

is the fixed pitch case, solid line is variable pitch and dash-doted line is reference.

It was predicted in chapter 4.2 that the force derivative for the variable pitch case

should be approximately one order of magnitude larger than the fixed pitch case and

from figure 5.3 it’s quite evident that the force derivative is much larger for the variable

pitch case over the fixed pitch case, just as predicted. This is what makes the fast change

of roll in figure 5.2 possible, a very large amount of torque is initially produced, as shown

in figure 5.3, to get the system to start rotating. From figure 5.3 it’s quite evident that

the thrust being generated is way outside the maximum from what was measured in

the experiments and this comes from the fact that the propellers have built up inertia

and rotational rate while being at low pitch. When the pitch change comes, the system

responds with enormous thrust until the rotational rate decreases, as show in figures 5.5

and 5.4. This process takes approximately 200 ms, but during these 200 ms the system

can produce thrust much greater that the static measured thrust.

The gains of the controller were changed to Pq = 4 and Pω = 1.2 for the case with fixed

pitch and to Pq = 3 and Pω = 0.6 for the case with changing pitch. The ratio between

the gains are approximately the same as in the first theoretical simulations in Chapter 2,

section 2.4, showing the accuracy of the theoretical simulations. Using the original gains

resulted in excessive overshoot and oscillations and this comes from that the maximum

control signal was +/- 4 and is now +/- 1.
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Figure 5.3: The force generated of two opposite motors during a step reference change at t = 1

second. Dashed line is the fixed pitch case and solid line is variable pitch.
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Figure 5.4: The propeller pitch of two opposite motors during a step reference change at t = 1

second. Dashed line is the fixed pitch case and solid line is variable pitch.
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Figure 5.5: The rotational rate of two opposite motors during a step reference change at t = 1

second. Dashed line is the fixed pitch case and solid line is variable pitch.



CHAPTER 6

Conclusions

In this Master Thesis a full quaternion based attitude controller for a quadrotor using

Fixed and Variable Pitch Propellers has been presented using models deduced from ex-

perimental data and observations. The overall aim and the novelty of the thesis was

to present a modelling and control scheme development approach, fully implemented

in the quaternion space for avoiding the non-linearities, the computational cost usually

connected with the Euler angles and DCMs, while utilizing Variable Pitch Propellers.

The presented approach, has been applied directly to the quaternion error, without any

conversions for solving the attitude problem. Extended simulation and experimental re-

sults have been presented that proved the efficiency of the suggested scheme and the

effectiveness if the proposed propeller assembly.

Future work will include experiments on a full variable pitch quadrotor, where the

biggest problem will be to design a controller which can take into consideration of being

upside down while adjusting pitch and navigation to compensate accordingly.
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APPENDIX A

Plot Data.m

M = csvread('thrust power meas.csv');
M(:,1) = 250000./M(:,1)*2*pi;
M(:,2) = sin(M(:,2).*45/60*pi/180);
M(:,3) = M(:,3)*9.81/1000;
M(:,4) = M(:,4)./10;
[xq,yq] = meshgrid(0:5:max(M(:,1)), 0:0.03:max(M(:,2)));
vq = griddata(M(:,1),M(:,2),M(:,3),xq,yq);
figure;
plot3(M(:,1),M(:,2),M(:,3),'+')
title('Thrust Experiment')
xlabel('Rotational speed [rad/s]')
ylabel('Pitch [rad]')
zlabel('Thrust [N]')
grid on;

[xq,yq] = meshgrid(0:50:max(M(:,1)), 0:0.03:max(M(:,2)));
theta = planeFit(M(:,1),M(:,2),M(:,3))
Z = theta(1)*yq.ˆ2.*xq.ˆ2;

figure;
mesh(xq,yq,Z,'EdgeColor','black');
hold;
plot3(M(:,1),M(:,2),M(:,3),'+')
title('Thrust Fit')
xlabel('Rotational speed [rad/s]')
ylabel('Pitch [rad]')
zlabel('Thrust [N]')
grid on;

theta = planeFit Power(M(:,1),M(:,2),M(:,4));
Z = theta(1)*xq.ˆ2 + theta(2)*yq.*xq.ˆ2 + theta(3)*yq.ˆ2.*xq.ˆ2;
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figure;
plot3(M(:,1),M(:,2),M(:,4),'+')
title('Power Experiment')
xlabel('Rotational speed [rad/s]')
ylabel('Pitch [rad]')
zlabel('Power [watt]')
grid on;

figure;
mesh(xq,yq,Z,'EdgeColor','black');
hold;
plot3(M(:,1),M(:,2),M(:,4),'+')
title('Power Fit')
xlabel('Rotational speed [rad/s]')
ylabel('Pitch [rad]')
zlabel('Power [watt]')
grid on;

figure;
y = M(10:10:end,1);
x = M(10:10:end,2);
plot(x, y, 'x');
hold;
f = fit(x, y, 'a + b*xˆ2', 'StartPoint', [1600, 1.5]);
plot(f,'r−−');
title('Max Control signal, Rotational Speed vs Pitch')
ylabel('Rotational Speed [rad/s]')
xlabel('Pitch [rad]')
legend('off')
grid on;



APPENDIX B

Plot Trans.m

clear; clc;

M = csvread('trans meas1.csv');
t1 = M(1:(end−260),1).*0.01;
omega1 = 250000./M(11:(end − 250),2)*2*pi;

M = csvread('trans meas2.csv');
t2 = M(1:(end−260),1).*0.01;
omega2 = 250000./M(11:(end − 250),2)*2*pi;

M = csvread('trans meas3.csv');
t3 = M(1:(end−260),1).*0.01;
omega3 = 250000./M(11:(end − 250),2)*2*pi;

M = csvread('trans meas4.csv');
t4 = M(1:(end−260),1).*0.01;
omega4 = 250000./M(11:(end − 250),2)*2*pi;

M = csvread('trans meas5.csv');
t5 = M(1:(end−260),1).*0.01;
omega5 = 250000./M(11:(end − 250),2)*2*pi;

figure;
plot(t1(1:2:end),omega1(1:2:end),'x');
hold;
plot(t2(1:2:end),omega2(1:2:end),'x');
plot(t3(1:2:end),omega3(1:2:end),'x');
plot(t4(1:2:end),omega4(1:2:end),'x');
plot(t5(1:2:end),omega5(1:2:end),'x');

tau = [0, 0, 0, 0, 0];
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f = fit( t1, omega1, 'a*(1−exp(−b*x))+c', 'StartPoint', [0.1, 0.1, 0.1] );
tau(1) = 1/f.b;
plot(f,'r−−');

f = fit( t2, omega2, 'a*(1−exp(−b*x))+c', 'StartPoint', [0.1, 0.1, 0.1] );
tau(2) = 1/f.b;
plot(f,'r−−');

f = fit( t3, omega3, 'a*(1−exp(−b*x))+c', 'StartPoint', [0.1, 0.1, 0.1] );
tau(3) = 1/f.b;
plot(f,'r−−');

f = fit( t4, omega4, 'a*(1−exp(−b*x))+c', 'StartPoint', [0.1, 0.1, 0.1] );
tau(4) = 1/f.b;
plot(f,'r−−');

f = fit( t5, omega5, 'a*(1−exp(−b*x))+c', 'StartPoint', [0.1, 0.1, 0.1] );
tau(5) = 1/f.b;
plot(f,'r−−');
title('Time contant, \tau, Fit')
ylabel('Rotational speed [rad/s]')
xlabel('Time [s]')
legend('off')
grid on;

figure;
pitch = [4, 8, 12, 16, 20];
pitch = pitch./20*45*pi/180;
plot(pitch, tau,'x');
hold;
f = fit( pitch', tau', 'a + c*xˆ2', 'StartPoint', [0.1, 0.1] )
%f = fit( pitch', tau', 'a*cos(b*x)', 'StartPoint', [0.16, 1] )
plot(f,'r−−');
title('Time contant, \tau, vs Pitch Fit')
ylabel('Time constant, \tau [rad/s]')
xlabel('Pitch [rad]')
legend('off')
grid on;



APPENDIX C

Plot Trans Pitch.m

clear; clc;

M = csvread('trans pitch.csv');
t = (M(:,1) − 3).*0.01;
p = M(:,2)./68*45*pi/180;

figure;
plot(t,p,'x');
hold;

f = fit( t, p, 'a*(1−exp(−b*x))', 'StartPoint', [0.1, 0.1] );
tau = 1/f.b;
plot(f,'r−−');

title('Time contant, \tau, of Pitch Fit')
ylabel('Pitch [rad]')
xlabel('Time [s]')
legend('off')
grid on;
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APPENDIX D

planeFit.m

function theta = planeFit(w,p,F)
% Creates a plane fit

% F = A*wˆ2 + B*p*wˆ2, where w is rotational speed and p is propeller
% pitch

X = [p.ˆ2.*w.ˆ2];
theta = (X'*X)\X'*F;

end
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APPENDIX E

planeFit power.m

function theta = planeFit power(w,p,P)
% Creates a plane fit

% P = A*wˆ2 + B*p*wˆ2 + C*pˆ2*wˆ2, where w is rotational speed and
% p is propeller pitch

X = [w.ˆ2, p.*w.ˆ2, p.ˆ2.*w.ˆ2];
theta = (X'*X)\X'*P;

end
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APPENDIX F

optimize pitch omega.m

clear;
clc;

pitch = linspace(0.001, 45*pi/180, 10000);
force = linspace(0.001, 5, 10000);
optimal = zeros(length(force), 4);

% Find omega
for m = 1:length(force)

[w temp, pitch temp] = find omega vs force(pitch, force(m));

power = zeros(size(pitch temp));
for n = 1:length(pitch temp)

power(n) = power equation(w temp(n), pitch temp(n));
end

[p min, pos] = min(power);

% optimal = [pitch, omega, power, force]
optimal(m,:) = [pitch temp(pos), w temp(pos), ...

p min, force equation(w temp(pos), pitch temp(pos))];
end
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APPENDIX G

find omega vs force.m

function [w, p] = find omega vs force(p, F)
% Pitch−Omega−Force equation
% F[N] = (A*sin(p) + B*sin(p)ˆ2)*wˆ2
% Pitch in radians and Omega in radians/s
% Constants are derived from experimental data
A = 1.7883e−005;

% Calculate omegas
w = sqrt(F./(A.*sin(p).ˆ2));

% Remove imaginary results
sel = (w == real(w));
w = w(sel);
p = p(sel);

% Remove results out of bounds w = [440, 1600]
sel = (w < 1600);
w = w(sel);
p = p(sel);

sel = (440 < w);
w = w(sel);
p = p(sel);

end
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APPENDIX H

force equation.m

function F = force equation(w, p)
% Pitch−Omega−Force equation
% F[N] = A*sin(p)ˆ2*wˆ2
% Pitch in radians and Omega in radians/s
% Constants are derived from experimental data
A = 1.7883e−005;

F = A.*sin(p).ˆ2.*w.ˆ2;
end
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APPENDIX I

power equation.m

function P = power equation(w, p)
% Pitch−Omega−Power equation
% P[W] = (C + D*sin(p) + E*sin(p)ˆ2)*wˆ2
% Pitch in radians and Omega in radians/s
% Constants are derived from experimental data
C = 0.000071413602001;
D = −0.000483817377099;
E = 0.001171121383038;

P = (C + D.*sin(p) + E.*sin(p).ˆ2).*w.ˆ2;
end
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