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ABSTRACT 

 

The purpose of this study was to develop a dynamic model to adequately describe an Upflow 

Anaerobic Sludge Blanket (UASB) reactor. To achieve the aim some available models of a 

UASB reactor were studied in order to modify their drawbacks and propose a new improved 

model with less complexity. The developed model was based on a model proposed by Pontes et. 

al[1] in 2006 which was composed of a kinetic model with integration of a hydraulic model. 

According to this model, a UASB rector was divided into three compartments and each 

compartment was assumed to behave as an ideal reactor. Following terms was of importance in 

the developed model: degradation of substrate which is followed by a kinetic model, the non-

idealities of a UASB reactor caused by channeling, dispersion and stagnant points as well as the 

biomass transportation between two compartments. To investigate the validity of the model two 

simulations were performed. According to the simulation results, the developed model was in 

good agreement with experimental data. Moreover, through a sensitivity analysis it was 

concluded that the model was sensitive to variation of kinetic parameters.  
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1. Introduction 

1.1 Background 

Nowadays due to many reasons such as climate change and growth of world population, waste 

water treatment technology has become an important section for development. Advanced 

technologies in this area bring several advantages such as tackling the scarcity of water and 

surviving environment in many undeveloped and developing countries. 

In most wastewater treatment plants, the main processes are comprised of a primary step 

(removal of the suspended material in wastewater) and a secondary step (removal of the soluble 

organic material in the wastewater)
 
[1].  

Since the past decades different kinds of anaerobic digestion processes have been introduced to 

wastewater treatment systems. These processes adds a number of privileges to the treatment 

systems in comparison to an aerobic process; usability at very high loading rates, low operation 

cost, low discharge levies, biogas production and short pay-back times as low as two years are 

some examples[2]. 

  From an operational point of view, anaerobic digesters commonly have three main components; 

sludge, wastewater and generated biogas. Sludge can be defined as agglomerates of the colony of 

bacteria which exists in the reactor. These bacteria then decay forming the sludge materials and 

the decomposition process generates a new kind of residues which are called endogenous 

residues. The Sludge Retention Time (SRT) in the reactor is usually defined as the ratio of the 

sludge mass to the discharge rate of the sludge (day
-1

): 

    
                           

                     
        (1.1) 

Hydraulic Retention Time (HRT) which is often used in this area of science can be defined as the 

mean time that the organic materials remain in a digester. 

 

    
                

                  
                    (1.2) 

The former generation of anaerobic digesters was designed on a basis that the hydraulic retention 

time and the sludge retention time were identical. But in most recent technologies, the sludge 

retention time is considered longer than the hydraulic retention time. (SRT ≥HRT) 

The advantage of these technologies is that the digester volumes can be made considerably 

smaller [1]. The Upflow Anaerobic Sludge Blanket (UASB) reactors and Expanded Granular 

Sludge Bed (EGSB) reactors are two examples of these modern anaerobic digesters. 



 

3 | P a g e  
 

 The concept of the UASB reactor has been introduced firstly in the late of 1970 by Dr. Gatez 

Lettinga and his colleagues at the Wageningen University in the Netherlands. This kind of 

reactor has been used successfully in tropical countries and recently they are also being used in 

subtropical and temperate regions. In a brief description, an UASB reactor can be described as a 

vessel that the influent wastewater is introduced from the reactor bottom by an inflow distributer 

and flows upward through a bed of sludge which is comprised of different bacterial communities 

in the form of granules. The bacteria are granulated by an auto immobilization process which 

means that the sludge granule particles are formed without contribution of any inert particles. 

This characteristic is the most important preference of the UASB reactors compared to the other 

kind of anaerobic digesters. The influent stream consists of organic materials which are degraded 

by different groups of bacteria during a consecutive anaerobic digestion process. Efficiency of 

the organic material removal depends mainly on the amount of active biomass and influent flow 

rate. The result of the degradation of organic material is a production of biogas which is mainly 

consisting of methane and carbon dioxide. Production of methane is one of the most cost 

effective processes in an anaerobic digester. The other benefit of this process is the reduction in 

the volume of sludge which can be considered in an environment protection point of view. 

UASB reactor has been successfully employed in a variety of wastewater treatment systems. The 

main application of the UASB reactors are mostly in breweries and in the beverage industry, 

distilleries and fermentation units, food industry and pulp and paper plants. 

 In the 1990s the EGSB reactor was born as an evolution of the UASB reactor in order to 

improve the efficiency of the UASB reactors. The major difference between the UASB and 

EGSB reactors is that the EGSB reactor has a recycle stream which provides higher upflow 

velocity inside the reactor in comparison to the UASB reactor. The reported value for upflow 

velocity of an EGSB reactor is typically higher than 6 m/h whereas for a UASB reactor this 

value is usually reported in the range of 0.5 to 1 m/h [3]. High upflow velocity enables the 

reactor to separate mature granules from dispersed sludge. Moreover it causes high contact 

between the sludge granules and the wastewater. The other considerable difference is the high 

ratio of the height to the width in an EGSB reactor (nearly 4 to 5) which enhances the contact 

between the sludge and the waste water [3].  

Mathematical modeling is often a convenient approach to optimize the performance of existing 

reactors by studying the influence of different parameters and also it can assist designers to 

design new schemes of the reactor with higher efficiency.  

These models usually consist of flow (or hydraulic) models which are used to determine the flow 

pattern of the fluid through the reactor and kinetic models which are responsible to quantify the 

reaction rate and stoichiometric coefficients [1]. In general, stoichiometry defines the amount of 

reactants which contribute in a chemical reaction. In biochemical processes, existing reactants 

are not limited to only substrates. There are also included different groups of bacteria that 

decompose organic substrates through the metabolic reactions. These reactions are divided into 

anabolic reactions, the reactions in which bacteria grow by consumption of substrates and 
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Hydrolysis 

Acidogenesis 

Acetogenesis 

Methanogenesis 

catabolic reactions in which the consumption of the substrate by the bacteria leads the process to 

production of another substrate. Kinetic models determine how fast metabolic reactions take 

place [1]. 

One of the main drawbacks of mathematical models available for UASB reactors is their 

complexity. There exist several models based on different concepts that include a number of 

parameters. Therefore applicability of these models is limited to availability of the required 

parameters needed for that model. Therefore model development in this area with the aim of 

reducing complexity of the available models can be helpful for better understanding the behavior 

of this reactor.  

1.2 The objective of the thesis 

The objective of this thesis is to present a developed model to describe behavior of an upflow 

anaerobic sludge blanket (UASB) reactor. This model should be able to predict the substrate 

concentration along the reactor. In the present work attempts are focused on minimizing the 

number of parameters contributing in the developed model in order to obtain a simple model. 

This work can assist the designers to optimize the process by studying influence of different 

parameters on the efficiency of the reactor. 

1.3 Anaerobic processes inside an anaerobic digester 

One of the main purposes of using an anaerobic digester is methane production. To achieve this 

aim, transformation of complex macromolecules in the wastewater stream, into the desired end 

products such as methane can be obtained through several consecutive steps. The major reaction 

steps included in an anaerobic digestion process is shown in Fig 1.  

 

 

 

 

 

 

 

Fig1. Consecutive steps of anaerobic digestion [4] 

 

Monomers                                                

(e. g. glucose, amino acids, fatty acids) 

Organic acids, alcohols, ketones 

Acetate, CO2 and H2 

Methane gas 

Complex organic wastes 
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Proteins, carbohydrates and lipids are mainly involved in different kinds of wastewaters and can 

be utilized as initial substrates in the first step. Insoluble large molecules break down to their 

simple soluble constituents, such as amino acids, sugars, long-chain fatty acids and glycerin by 

the action of extracellular enzymes which are secreted from active fermentative bacteria. This 

step is known as hydrolysis and is in most cases recognized as the rate-limiting step through the 

whole anaerobic digestion process. The fermentative bacteria utilize the product of the first step 

and produce a mixture of volatile fatty acids (VFA) such as propionic and butyric acids. This 

step is usually called as acidogenesis step. In the next step which is known as acetogenesis step 

VFA’s are consumed by hydrogen-producing acetogenic bacteria and converted into acetic acid. 

This process is thermodynamically unfavorable unless the hydrogen partial pressure is kept 

below 10
-3

 atm because of the highest efficiency of hydrogen-consuming organisms such as 

hydrogenotrophic methanogens in this range of pressure. Produced acetate, H2 and CO2 are the 

main substrates for methanogenic bacteria. In the last step acetate and CO2 are utilized and 

methane gas is produced as the main end product [5].  

 

1.4 Anaerobic granulation theories 

The granulation process is the most important aspect of a UASB reactor. The auto 

immobilization mechanism in the granulation process enables the reactor to operate in a high 

loading rate at a relatively short hydraulic retention time (HRT). Therefore it causes a reduction 

in reactor size which subsequently decreases the required construction area and investment costs. 

In general anaerobic process demands lower operational cost in compare to aerobic process due 

to absence of an aeration step.  

 High loading rate in an UASB reactor is mainly due to high settling velocity of the granules 

compared to their low upflow velocity. This feature also represents a high solid retention time 

(SRT) in a magnitude of 200 days at a very short hydraulic retention time of only 6 hour.  

In most of the granulation theories three main stages are involved; initial stage, granule 

maturation stage and multiplication stage. A variety of concepts have been proposed to 

adequately describe the granulation mechanism. Available theories can be divided into three 

main categories; physical, microbial and thermodynamical theories [4].  

1.4.1 Physical theories  

In this category, attempts are focused on how physical properties of different components 

contribute in granulation process. According to these theories, the upflow velocity of the gas and 

liquid phase has the major impact on the granulation process. 
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Selection pressure theory (1983)
 

This theory suggests that a continuous process takes place in the reactor in order to select the 

sludge particles in a specific size range. The selection pressure is mainly formed by the upflow 

velocity. At a high selection pressure the heavy sludge particles are settled mostly due to their 

high gravitational force and the light sludge particles with low settling characteristics are 

continuously washed out. Therefore in absence of the small aggregates the growth of bacterial 

species mainly occurs by growth of a limited number of nuclei. The size of these nuclei increase 

until it reaches a certain maximum value and then the buoyant force will detach some part of the 

formed granules and produce new generation of growth nuclei. The first generation of nuclei is 

expected to become denser due to growth of bacterial groups inside and outside of the granules. 

In contrary under conditions of low upflow velocity the selection pressure is also low and the 

granulation is mostly dependent on growth of dispersed sludge. The produced sludge is in a bulk 

form with very poor settling characteristics [4]. 

Growth of colonized suspended solids (1994) 

This theory describes the granulation process on the basis that the size enlargement of a granule 

is only due to bacterial growth. This theory also states that the observed concentric layers on 

sliced granules are caused by change in growth condition. The initiation step of the granule 

formation is performed by two mechanisms; colonizing microorganism suspended in influent 

stream and growing the fine particles created by attrition process. According to this theory the 

effective factor on the granule size distribution is removing the surplus granules in different 

sizes. Therefore, internal gas production and shear forces have no effect on the granule 

dimensions and they have only influence on granule attrition mechanism [4]. 

 

1.4.2 Microbial theories
 
 

Microbial theories usually describe the granulation process with respect to the characteristics of 

certain microorganisms. The structure of these microorganisms and their microbiological 

characteristics are the mainly constituents of these theories. 

 

The spaghetti theory (1987) 

 The spaghetti theory was proposed by Wiegant for treatment of acidified waste water. 

According to this theory, the granulation process is initiated by formation of precursors which 

are mainly composed of dispersed solid particles. Filamentous Methanotrix bacteria then attach 

to these precursors due to turbulence generated by the gas production and form a matrix which is 

able to trap other types of bacteria such as Methanosacrina and subsequently form microbial 

nuclei. In this phase, growth of bacteria together with the shear forces forms spherical 
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aggregates. The appearance of granules is like a ball of spaghetti. In further process 

multiplication of different bacteria present in aggregates forms the final shape of the mature 

granules [4]. 

 

Multi-layered granules with Methanothrix aggregates as nucleation centres (1990) 

According to this model the microbiological composition of the granule varies in different layers 

inside the reactor. McLeod et al. proposed a model which states that Methanothrix bacteria 

aggregate as the nucleation centers initiates granulation process. These aggregates form the inner 

layer of the granules. Acetate producers, including H2-producing acetogens adhere to these 

aggregates and form the middle layer. The produced acetate by acetogens in this layer is mostly 

consumed by methanogens in the inner layer. Thereafter fermentative bacteria attach to the 

acetogens and form the outermost layer around the spherical aggregates. In this layer acidogens 

are mostly in contact with substrates available in bulk of liquid and fermentation process 

produces volatile fatty acids which can be utilized by acetogens in the middle layer. The 

structure of a granule which is corresponded to this hypothesis is shown in Fig 2. 

 

 

 

 

 

 

 

 

Fig2. Dominant composition of layers within a sludge granule according to multi-layer model 

 

Moreover, Fang suggests that granules do not develop randomly. He believed that the bacteria 

search for the right positions in order to access to the substrate and remove the product. He also 

believes that size enlargement of granules is only stopped when the interfacial area between 

bacteria and mixed liquor is decreased to a critical level which fermentation and hydrolysis could 

not occur longer. According to recent research a large dark non-staining centers can be observed 

in the core of granules which are metabolically inactive. These centers might be formed due to 

decay of biomass and inorganic materials [4]. 

Carbohydrate 

VFA 

CH3 COOH 

H+ 

CH4 , CO2 

Hydrogenic acidogens 

Sulfate-reducers              

H2 –using methanogens 

Hydrogenic acetogen   

H2 –using methanogens           

Methanosaeta Spp.           
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1.4.3 Thermodynamical theories  

 Proton translocation-dehydration theory (2000) 
 

     Theory development 

On the base of the electron transport chain, a theory for anaerobic granulation was formed. The 

final aim of this process is energy generation by synthesizing of the Adenosine triphosphate 

(ATP) molecule. The respiratory chain (electron transport chain) of bacteria can describe the 

anaerobic granulation process in four different phases; dehydration of bacterial surfaces, 

embryonic granule formation, granule maturation and post maturation phase. 

    Dehydration of bacterial surfaces 

The hydrophobic interaction between the bacterial surfaces might be an important initiation 

factor for the granule formation. Under the natural physiological conditions the surface of 

bacteria are mostly hydrophobic. During the respiratory chain of bacteria, the electron transport 

mechanism activates three types of proton pumps. This mechanism creates a proton gradient 

between the inner and outer surface of cellular membrane. The water molecule in the hydration 

layer surrounding the bacterium surface can form the hydrogen bond with the relatively negative 

part of membrane surface. Therefore the hydrophobic bacterium surface will be dehydrated and 

then can be exposed to the liquid bulk [6].  

 

    Embryonic granule formation 

Utilization of organic compounds by acidogens results in the VFA’s needed for growing the 

acetogens and methanogens. Moreover, hydrodynamic shear forces cause attachment of nearly 

neutral or hydrophobic acidogens, acetogens, and methanogens to each other and forms initial 

granules which known as embryonic granules.  

  

 

 Granule maturation 

Some other dispersed bacteria adhere to those embryonic granules and form a dense granule. The 

continuous growth of embryonic granules and multiplication of bacteria form well-organized 

bacterial consortia as the mature granules. 

  

http://en.wikipedia.org/wiki/Adenosine_triphosphate
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    Post-maturation 

Respiratory chain of the mature granules forms a stable hydrophobic bacterial surface. 

Remaining of the bacteria surfaces in hydrophobic state is facilitated by mechanism of proton 

translocation-dehydration. Moreover, the existing space between microorganisms within the 

granules can be filled only by multiplication of acidogens, acetogens and methanogens. During 

the post-maturation stage an extracellular polymeric layer outside of a granule is formed and 

avoids attaching the granules to the gas bubbles [6]. 

 

1.5 Kinetic models 

Growth of bacteria 

Bacterial groups such as any living organisms have a life cycle. As shown in Fig 3, different 

phase of bacteria culture can be seen through their entire life cycle. The phases are as follows: 

                                                       Net growth rate 

1) Lag phase :                 zero 

2) Acceleration phase:   increases 

3) Exponential phase:    exponential 

4) Retardation phase:     decreases 

5) Stationary phase:        zero 

6) Phase of decline:         negative 

 

Fig3. General growth curve of bacterial species [7]
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The exact shape of the growth curve is dependent on various factors such as, ambient conditions, 

kind and concentration of substrate, bacteria type and initial concentration of bacteria. 

The cells in inoculums introduced to the new culture usually require some time to adjust to the 

new environment. Therefore a lag phase is needed for reparation or adaptation of the new cells. 

After the first stage and during the acceleration phase, cell division occurs until the maximum 

growth rate achieved. 

 The growth phase is mostly accomplished within the exponential phase. During this phase the 

growth rate of bacteria is almost exponential. The exponential phase continues unless one of the 

following occurs; nutrients are completely depleted, toxic metabolic substances are accumulated, 

ionic equilibrium or pH value is changed. In the next phase which is called stationary phase the 

rate of cell division is the same as the rate of cell death so that the number of viable cell will be 

constant.  After that, the growth curve enters the next phase which is known as the death phase. 

In this phase microorganism dies and died biomass could be substrate for the other viable cells 

[7]. 

 

Mathematical models for bacterial growth 

Several kinetic models have been proposed to describe the growth of bacteria during their life 

cycle. These models are based on the data on bacterial growth. In all models, the focus is on the 

important factors that influence the growth rate of bacteria.  

 

 

 Monod model(1949) 

 Michaelis and Menten, two German biochemists proposed a kinetic model in early 1913. 

According to this model the activity of an enzyme depends on the concentration of the substrate. 

Later on, in 1940 Monod revealed that this dependency is also valid for growth of bacteria, 

because this process is actually an autocatalytic reaction. This correlation can be formulated as 

following: 

       
 

    
                            (1.3) 

where µ (h
-1

)is the specific growth rate of the bacteria and S (kg/m
3
) is the limiting substrate 

concentration in which the exhaustion of that substrate leads the growth rate to terminate. The 

parameter Ks (kg/m
3
) represents the concentration of substrate when the specific growth rate 

reaches half of its maximum value (µm/2).  Under the extreme conditions when the concentration 

of the limiting substrate is much larger than Ks, the specific growth rate tends to its maximum 
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μ max 

KS 

μ max /2 

value (µm), and when the substrate is almost depleted the specific growth rate approaches zero. 

This correlation between specific growth rate and substrate concentration is shown in Fig 4. 

 

 

 

 

 

 

 

 

Fig 4.Correlation between specific growth rate and the substrate concentration [7]  

In general, due to the reason that Ks cannot be zero, µ is always less than its maximum value. 

Although the Monod model was acknowledged as an accurate model for a pure culture and a 

simple substrate, it was shown that for a heterogeneous medium, with more than one substrate, 

the Monod model may not be reliable [7] .Moreover, the lag phase is not anticipated in this 

model. Therefore a number of modifications have been already done to improve this model. 

Table 1 shows some of these attempts such as the models proposed by Moser (1958) and 

Andrews (1968). 

 

 

Table1. Models for bacterial growth     

Author Model 

Monod    1949 
       

 

    
 

Moser    1958 
       

  

     
 

Contois  1959 
       

 

      
 

Andrews,1968 
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  Moser model (1958) 

In order to make the Monod model more convenient, Moser described growth rate by a modified 

form of the Monod model. He introduced a parameter n (usually n>1) to include the 

microorganism adapting to the stationary phase. Therefore in this model the lag phase is also 

taken into consideration [7]. 

Contois model (1959) 

Contois proposed his model based on the fact that in some cases, such as for certain filamentous 

bacteria, the bacterial growth rate is dependent on the concentration of both substrate and 

bacterial cells. It seems that Contois model can be widely used in biotechnological processes 

such as antibiotic production since filamentous microorganisms can be found commonly in 

fermentation processes. 

 In this model, KC which is Contois saturation constant is proportional to microorganism 

concentration. This author states that the specific growth rate decreases with substrate depletion 

and under extreme condition when substrate is depleted completely the specific growth rate is 

inversely proportional to the cell concentration. 

 

Andrews model(1968) 

Andrews equation is a modified form of the Haldane model. The Andrews model (eq. 1.4) states 

that the specific growth rate of bacteria is a function of the substrate concentration, maximum 

specific growth rate and inhibition constant (KI). The inhibition constant used in Andrews model 

is defined as the substrate concentration at which the bacteria growth rate is decreased to half of 

its maximum value due to substrate inhibition effect [7].  

       
 

     
  

  

             (1.4) 

Figure 5 shows a schematic curve of the specific growth rate against the substrate concentration. 

In general, this model is more convenient than Monod model when the inhibitory effect of the 

substrate has the considerable effect on bacterial growth rate. Acetic acid as a substrate is one of 

the examples in which substrate inhibition can be counted as the main factor to terminate the 

growth of bacteria.  
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Fig5.Correlation between specific growth rate and substrate concentration proposed by Andrews 

 

Both Monod and Andrews models are commonly used to describe the anaerobic digestion 

process with satisfactory results. 

 

 

1.6 The UASB reactor 

Structure 

The UASB reactor can be described as a cylindrical vessel in which the wastewater is pumped 

into the bottom of the reactor and flows up through a bed of granulated sludge. The bacteria 

living in the sludge degrade the organic materials contained in waste water and transform them 

into biogas. This zone which is called sludge bed is composed of microorganisms in granule 

form which allows the bacteria to be retained inside the reactor due to their high settling velocity. 

Above the bed zone, finely dispersed sludge particles and flocs form a distinct zone which is 

known as sludge blanket zone. The upper part of the blanket zone mostly contains treated water 

and is equipped with a separator. This device, called the Gas Liquid Solid (GLS) separator, is 

designed to separate the solid particles from the gas bubbles so that the lifted sludge granules 

settle back to the bed zone. Therefore a high solid retention time (SRT) can be expected in a 

relatively short hydraulic retention time (HRT). Treated water then exits the reactor as effluent 

and biogas is collected at the top of the reactor. [1] 

Substrate concentration 

𝜇  𝜇𝑚𝑎𝑥 
𝑆

𝐾𝑆  𝑆  
𝑆2

𝐾𝐼

 

KI KS 
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In general, the sludge bed zone occupies approximately 30% to 60% of the total reactor volume, 

20% to 30% of the reactor volume is occupied by the sludge blanket zone and 15% to 30% is 

occupied by the GLS separator [8].  

 

 Operation  

During the startup phase, the sludge bed is initially consisting of a thick slurry of dispersed cells. 

At this phase, the microorganism population is relatively low and gas production is negligible 

which causes very low turbulence in the reactor. The dominant turbulence is formed by the 

influent stream that fluidizes and mixes the portion of the sludge bed closest to the bottom. When 

operation approaches steady-state, the active biomass is slightly accumulated at the bottom of the 

reactor whereas the suspended particles and inactive biomass are gradually washed out by 

increasing the loading rates [9]. 

 

Limitations of a UASB reactor 

Low sludge yield of microorganisms is one of the drawbacks of this process. Therefore a long 

start-up time is required to reach the desired concentration of biomass in the reactor. To reduce 

this time, inoculated biomass can be introduced to the system during the start-up phase. The 

other limitation factor of a UASB reactor is low efficiency as regarding removal of Biological 

Oxygen Demand (BOD). BOD can be defined as the amount of oxygen that microorganisms 

need to degrade the organic matter. In a UASB reactor BOD removal efficiency rarely exceeds 

80% due to low specific growth rate of bacteria so that the risk of hazardous organic material 

exiting with the effluent stream is relatively high. 

 

1.7 Non-idealities accounted for in a reactor 

In non-ideal reactors different flow parameters influence the flow behavior of the reactor.  

Bypass flow and dead zones are two measures for representing the non-ideality of a reactor. So 

called dead zones or stagnant regions refers to areas where the degree of mixing is negligible. 

The effect of dead zone is reducing the effective reactor volume where the chemical reactions 

occur.  

By pass flow is usually used for accounting for unfavorable path of reactants through the reactor 

that makes a deviation in ideal flow behavior of the reactor. The magnitude of deviation is 

unknown and it can only be estimated by some methods. One of the important methods for 

estimating the degree of dispersion is a tracer study. In this method an inert tracer is injected to 

the reactor and the outlet concentration of the tracer is analyzed.  
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1.8 Axial dispersion model 

A dispersion model can be used to describe a non-ideal reactor. In this model, there is an axial 

dispersion phenomenon, which is quantified by an analogy to Fick’s first law of diffusion, 

superimposed on the flow. According to this model the mass transport is conducted by both bulk 

flow and molecular diffusion. The difference between the ideal plug flow and dispersed flow is 

illustrated in Fig 6.    

 

 

 

     

(a)      (b)   

Fig 6.The apparent difference between the plug flow (a) and dispersed flow (b) [10] 

According to this model, in addition to bulk flow molecular diffusion mechanism is also 

responsible for transportation of components through any cross section of the reactor. Therefore 

the molar flowrate of each component by convection and dispersion mechanisms can be written 

as: 

      
   

  
           (1.5) 

where D is dispersion coefficient(m
2
/s) , CA is the concentration of component A (mol/dm

3
),W is 

the superficial velocity (m/s) and A is the cross sectional area of the reactor (m
2
). In the left hand 

side of eq. (1.5) the terms represent the diffusion and convection respectively. Different 

correlations exist in the literature to estimate the dispersion coefficient and some of them will be 

discussed in this section. 

 A mole balance on the component can be expressed as: 

 
   

  
   

   

  
      (1.6) 

By substituting F M from eq. (1.5) for eq. (1.6): 

   

  
  

    

   
  

   

  
          (1.7) 

In eq. (1.7) the term on the left hand side is the accumulation term. On the right hand side of this 

equation the terms represent dispersion and convection, respectively. Solving this equation needs 

two boundary conditions. Different forms of boundary conditions can be applied. Danckwerts 

correlation is one example [10]. Figure 7 shows a closed-closed vessel in which it is assumed 
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that there is no dispersion at the entrance and exit sections of the vessel and between the two 

boundaries dispersion reaction occurs. In order to hold mass continuity at the entrance and exit 

lines following boundary conditions can be written: 

    |0−     |0+   
   

  
|0+                       0  (1.8) 

   

  
 0                                                                                     (1.9) 

 

 

 

 

 

 

 

 

Fig7. Danckwerts boundary conditions for a closed-closed vessel [10] 

 

1.8.1 Estimation of dispersion coefficient in a UASB reactor 

In a UASB reactor, gas induced flow together with low upflow velocity (<30mh
-1

) are two 

important factors resulting in mixing. In several available models of the UASB reactors it can be 

seen that the dispersion coefficient is one of the parameters that has to be determined. For 

example, the dispersive term appears in the governing equation proposed by Wu et al [11] for the 

upper part of the UASB reactor. 

 To estimate the dispersion coefficient, several empirical correlations can be found in literature. 

One of these correlations is proposed by Narnoli and Mehrotra (1997) [12] .Equation 1.10 shows 

this correlation between the dispersion coefficient (D) and the surface gas production rate (q, 

m
3
m

-2
hr

-1
):  

          
( 

  

 
)
 2    (1.10) 

where    and    are empirical coefficients with values of 20(m) and 0.55(m
3
m
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), respectively. 

C
o

n
ce

n
tr

at
io

n
 (

S b
) 



 

17 | P a g e  
 

The other correlation was proposed by Zeng, Y. et al [13]. They state that the dispersion 

coefficient is a function of the upflow velocity and the height of the reactor: 

         0 00   ⁄   (1.11) 

where L is the height of plug flow reactor z is the vertical position and    is an empirical 

coefficient with a value of 10
-3

(m) and finally W is the upflow velocity(m/hr).  

The third formula that can be used to estimate the dispersion coefficient is proposed by M.R 

Pena et al [14].In this study, the author present a correlation between dispersion coefficient and 

upflow velocity as well as gas production rate related to the dispersion coefficient:
 

    0                 (1.12) 

where    and    are empirical coefficients with values of 8.4 (m hr
-1

) and 0.3 (m
-3

hr). q g is the 

gas production rate(m
3
/hr). 

 The Peclet number (Pe) is a dimensionless number which relates the rate of advection to the rate 

of diffusion or dispersion: 

   
    

 
    (1.13) 

Therefore this number can be considered as a measure to evaluate the degree of dispersion in a 

UASB reactor. When the dispersion coefficient is very large the Peclet number tends to zero and 

vice versa. 

 

1.9 Diffusion-reaction model 

The concept of this model is diffusion of substrate into the spherical granule particle. Substrate 

diffusion is usually limited to a thin shell of the granule; because in most cases the substrate is 

entirely depleted in this layer. By considering one dimensional substrate diffusion and applying 

Fick’s second law to a perfect spherical granule, the following correlations will be derived: 

  

  
   

 

  

 

  
  2   

  
                (1.14) 

where S is the concentration of substrate inside the granule (kg/m
3
), DA is the effective diffusion 

coefficient (m
2
/s) and r is the radius of the granule (m).If the reaction term is also taken into 

consideration then the governing equation will be changed into: 

  

  
   (

   

   
 

2

 

  

  
)          (1.15) 



 

18 | P a g e  
 

where  RS is the rate of substrate consumption. Two boundary conditions and an initial condition 

should be determined for solving the governing equation. Different models exists to describe the 

rate of substrate consumption by microorganisms and one of widely used model in this area is 

the Monod kinetic model described previously. 

 

1.10 Frequent terms used in modeling of a UASB reactor 

A number of terms and parameters are frequently used in available models of UASB reactors. 

Therefore it might be useful to present their definition before reviewing the available models.  

Organic loading rate 

The organic loading rate (OLR) is the mass of organic material that is daily entered to the 

treatment system per unit volume of reactor: 

                            (1.16) 

where Fin is the volumetric flow rate of waste water per 24 hours(m
3
/d), Sin is the concentration 

of organic matter (kg/m
3
) and V is the volume of the reactor (m

3
). 

Upflow velocity 

This term is one of the most frequent terms used in the UASB reactor modeling which can be 

represented as the ratio between the influent flow rate and the cross sectional area of the reactor: 

                               (1.17) 

 Or alternately it can be obtained by dividing the height of the reactor by the hydraulic retention 

time:  

    
 

   
                              (1.18) 
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Settling velocity 

Settling velocity, νs is the mean value of the velocity of the solid particles at which sludge 

granules moving downward along the reactor due to their gravitational force and can be 

calculated by applying the Stokes’s law for laminar flow: 

     2                (1.19) 

where R is the radius of the sludge particle (m), g is the gravitational constant (m/s
2
),   ,    are 

the density of the sludge particles and water (kg/m
3
) respectively and finally    is the viscosity of 

the liquid (kg. s/m
2
). 

 

 

2. Examples of existing models for UASB reactors 

In the previous section, attempts were focused on describing the structure and operation of a 

UASB reactor and also some theories about the granulation process in an anaerobic digester was 

discussed. In this section, three different available dynamic models of UASB reactors will be 

studied. 

 

2.1 Model I: (May M. Wu and Robert F. Hickey) 

Model description 

Wu and Hickey (1997) proposed a dynamic model for a UASB reactor in which the granules 

inside the reactor were assumed to be mainly composed of methanogens [11]. 

According to this model, biogas production and influent flow cause a fully mixed regime in the 

bottom of a UASB reactor. Therefore a non-ideal continuously stirred tank reactor (CSTR) was 

used to describe this zone. Upward flow of the produced gas bubbles generates turbulence in the 

upper part of the reactor so that this region was assumed as a dispersed plug flow reactor.  

  In this study an impulse tracer injection was performed to estimate the hydraulic parameters of 

the reactor and an acetate impulse injection was done to examine the validity of the proposed 

dynamic model. Lithium chloride and Sodium acetate were used as the inert tracer and substrate 

respectively. The result of tracer study was used for estimating the working volume of the CSTR, 

dead volume and dispersed plug flow reactor as 91, 7 and 2% of the total reactor volume 

respectively. Also the bypass flow was estimated 14% of the total reactor flow. The schematic of 

this model can be seen in Fig. 8. 
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Fig 8.Schematic figure of the UASB model proposed by Wu and Hickey [11] with a non-ideal 

CSTR followed by a dispersion plug flow reactor 

 

According to this model, the process of a UASB reactor can be described by considering 

utilization of substrate within the active biofilm layer inside the granules, mass transfer and 

transport within the bed and blanket zone, and mass transport through the clarifier zone. 

Substrate transport within the bed and blanket zone are mainly due to mass transfer between the 

liquid bulk and boundary layer around the granules and then diffusion of substrate into the 

granules. In the clarifier, the concentration of biomass is very low in comparison to the bed and 

blanket zone, therefore only dispersed sludge particles can be found in this zone. 

For simplicity, internal mass transfer of the substrate into the granules can be neglected. 

Illustrated in Fig 9 is the schematic of a methanogenic granule and the corresponding 

coordination system to achieve the governing equation. 

 

 

 

 

 

 

 

 

Fig 9.Schematic figure of a granule surrounded by a liquid boundary layer [11]  

The following assumptions are made to obtain the governing equation for utilizing the substrate 

within the granules: 
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(1) All granules have a spherical shape with a radius of 1.5 mm. 

(2) Substrate diffuses into the granules through a biofilm layer with a thickness of δ in which 

at the inner surface of this layer, the substrate gradient reaches zero. 

(3) Degradation of acetate can be described by the Monod model. 

(4) Acetate utilizers are evenly distributed throughout the entire active layer δ. 

(5) Growth of acetate-utilizing methanogens is neglected due to its low growth rate and 

relatively short period of disturbance to the system. 

(6) Mass continuity is held between bulk liquid and liquid boundary layer and also between 

the boundary layer and granule surface. 

(7) There is no substrate transported in or out of the dead zone. 

(8) Substrate utilization rate in the clarifier zone is negligible. 

 

By applying mass balance on the substrate over a granule particle and considering the diffusion 

and reaction terms, the governing equation for utilization of substrate within a granule can be 

written as: 

    
  

  
   (

   

    
2

   

  

  
)  

     

    
                                                     (2.1) 

where R is the granule radius (mm), km is the specific substrate utilization rate (g acetate/g VS-

d), Ks is the half rate constant (mM), DA is the effective diffusion coefficient (m
2
/s), X  is the 

active acetate utilizer biomass density within the outer layer δ (g VS/cm
3
), S is the acetate 

concentration (mM) inside the granule and finally xϵ (0, δ) is the spatial variable within the 

active layer where x=0 represents the outer surface and x=δ represents the inner surface. 

In order to solve eq. (2.1) initial and boundary condition have to be applied: 

Initial condition:                                      

    0             0                                                                  (2.2)     

where Ss represents the acetate concentration in the steady-state condition within biofilm (mM). 

The initial substrate concentration within biofilm [S(x, 0)] is equal to the concentration of 

substrate at steady-state condition (SS).  

 Boundary conditions for the governing equation (2.1) can be expressed as following: 

      
  

  
              0                                                     (2.3)             

     
  

  
 0                                                                                   (2.4)      



 

22 | P a g e  
 

The left hand side of the equation (2.1) represents the accumulation of substrate within the active 

layer. The first term in the right hand side, corresponds to the diffusion rate of substrate into the 

active layer and the last term of the equation states the utilization rate of substrate. 

In order to determine the initial condition, equation (2.1) should be solved at steady-state: 

  (
   

    
2

   

  

  
)  

     

    
                    (2.5) 

Boundary conditions: 

      
  

  
         0     0     (2.6) 

     
  

  
 0                                                                       (2.7) 

where S b0 is the acetate concentration in bulk liquid at steady-state condition (mM). 

 Mass balance equation on the bed and blanket zone is consisting of three significant terms:      

(1) substrate entering the reactor bed; (2) substrate leaving the bed; (3) substrate consumed 

within the active biofilm. The governing equation for substrate in bed and blanket zone can be 

formed by considering those three terms: 

  
   

  
         0                0                           (2.8) 

The initial condition and input function for substrate impulse are as following: 

        0    0                                                                             (2.9) 

     {

  

     
       0       

0                       
                                                      (2.10) 

Axial dispersion model can be used for the simulating the settler zone. In the absence of the 

reaction term, the transport phenomena can be governed by convection and dispersion: 

   

  
 

 

  

    

    
 

 

   

  
            0   0                                (2.11) 

Initial condition: 

     0    0                                        (2.12) 

Boundary condition: 

   0                                                                                          (2.13) 
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where S d is the substrate concentration in the clarifier zone (mM), L is the length of plug flow 

reactor(m), D is the dispersion coefficient (m
2
/min) and W is the upflow velocity. 

The first term in the right hand side of equation (2.11) corresponds to the dispersion phenomenon 

and the last term represents transport of substrate by advection.  

As a summary of this model it can be concluded that despite the simplicity of this model, most 

important terms which may influence the reactor performance, such as diffusion, mass transfer 

and reaction kinetic are involved. Although some preferences can be accounted for this model a 

few drawback also exists. For instance, in this model the interactions between different phases 

are completely ignored. During the operation of a UASB reactor, the effect of produced gas on 

the biomass transport between two compartments may not be negligible. Moreover, some of the 

assumptions especially assumption number 1 and 5 may not be reliable during operations over 

extended times, because the growth of bacteria has influence on the diameter of the granules and 

the substrate utilization rate.  

 

2.2 Model II: (Ricardo F.F. Pontes, Jose M. Pinto) 

 Model description 

This model is proposed by Ricardo F.F Pontes et al [1] based on a flow model which has earlier 

proposed by Bolle et al [15]. They propose a compartmental model for a UASB reactor. 

Denotations 1, 2, 3 refer to the three distinct reactor sections; bed, blanket and settler 

respectively. In this study the reaction term is also integrated to describe utilization rate of 

substrate and growth rate of biomass in a UASB reactor. To test the kinetic model experimental 

data obtained from experiments conducted by Kalyuzhnyi and Davlyatshina[16] were compared 

with the simulation results based on this model. Kinetic parameters are the same as the 

parameters used by Kalyuzhnyi [17].  

The substrate was a mixture of  glucose(G), ethanol(E), butyric acid(B), acetic acid(AA) and the 

bacteria groups were fermentor(F), ethanol user acetogens(AE), butyric acid user acetogens(AB), 

acetoclastic methanogens(MA) and hydrogenotrophic methanogens(MH). 

 Figure 10 illustrates the flow scheme of this model. Two bypass flows are assumed so that SF1 

refers to the fraction of influent stream that by-passes the bed and SF2 is the fraction of influent 

stream that by-passes the bed and blanket. 
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Fig 10.The arrangement of the reactors to model different zones of a UASB reactor 
 

These two by-pass streams can be quantified by the following correlations [18]: 

     (     )    0      0     0       0                                         (2.14) 

   2   (     2    )   0    2
2               0      

2                 (2.15)            

where νsg is the superficial velocity of biogas bubbles, h1 and h2 are the height of bed and blanket 

zone. 

These empirical equations are based on experiments. More correlations can be found in 

literature. 

Compared to the previous model more governing equations are involved in this model but a 

major drawback of this study is determining a large number of parameters which might be very 

difficult. 

Applying a mass balance on the bacterium i for the bed zone (m=1) results: 

      

  
              

             2                                   (2.16) 

i= F, AE, AB, MA and M    ,    

   is defined as dragging coefficient the with following definition: 

   
       

     
    (2.17) 

The terms of equation (2.16) can be described as following. The left hand side of the equation 

represents the rate of accumulation of bacterium i-th in the bed section. The first term in the right 

hand side of this equation, is the amount of bacterium i-th that is entered to the bed with the feed 

inlet stream. The second term represents the amount of bacterium i-th which leaves the bed due 
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to buoyant force. The third term is the amount of bacterium i-th that settles back to the bed. The 

fourth term states the amount of bacterium i-th which is produced by anabolism in the bed and 

finally the last term is the amount of bacterium i-th that disappears in the bed. 

The mass balance on the bacterium i-th for the blanket (m=2) zone yields: 

 
      

  
     

             2                2    2     2   2 2       2 2        (2.18) 

where the terms can be described as follows: 

             2    2 : amount of bacterium i-th that is not returned by the settler 

   2   2 2 : amount of bacterium i-th that is generated by anabolism in the blanket 

     2 2 : amount of bacterium i-th that is decayed in the blanket. 

In this work the endogenous residue which is produced through metabolism of bacteria is also 

taken into account. A mass balance on microorganisms can be considered for endogenous 

residue and the same equation can be written.  

In order to describe how the bed volume varies in transient section (the section between bed and 

blanket zones) the following equation has been proposed: 

   
    

  
   

   

  
   

   

  
 ∑

      

                                               (2.19) 

The density of biomass in each compartment is assumed constant, hence fore 

   

  
 

 

  
∑

      

  
                                                                             (2.20) 

The total volume of the UASB reactor can be calculated as following: 

       2                                                                              (2.21) 

 

  By considering a constant settler volume and differentiating of above equation:   

           2                                                                (2.22) 

It means that when the bed zone expands (dV1>0) the blanket zone contracts (dV1+dV2=0). 

Therefore, small portion of substrate j is transported between the bed and blanket zone. Pontes et 

al [1]
 
proposed the following term to express the amount of substrate which is gained /lost due to 

variation of the bed/blanket volumes in transient state. This term can be defined as follows: 

[               ]   

  
    (2.23) 
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where λ is the auxiliary variable whose value is: 1 if dV1>0; 0 if dV1<0. Hence, the mass 

balance on substrate j for the bed zone: 

 
      

  
                                        

[               ]   

  
        (2.24) 

where: 

                   The amount of substrate j that enters the bed through the feed stream 

                    The amount of substrate j that leaves the bed to the blanket 

                      The amount of substrate j that is consumed in the metabolic reactions 

 Mass balance on the substrate for blanket zone can be expressed as following:   

      

  
 

                      2                2       2      2 2  
[               ]   

  
    

(2.25) 

where: 

                  :        The amount of substrate j that enters the blanket from the bed 

         2            : The amount of substrate j that enters the blanket by the fraction of the 

feed stream that bypasses the bed 

       2       2  :    The amount of substrate that leaves the blanket to the settler 

        2 2 :          The amount of substrate that is consumed through the metabolic reactions 

 

No reaction takes place in the settler zone, and a mass balance on bacterium i (including 

endogenous residue) and substrate j in this zone are as following: 

      

  
           2       2                    (2.26) 

      

  
      2       2    2                  (2.27) 

  

where η is the settler efficiency that can vary between 0.95 and 1. 
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The following weaknesses can be counted for in this model. The empirical formulas used in the 

model might introduce an extent of uncertainty to the model. The correlation of the dragging 

coefficient is one of the examples.  

Moreover according to this model the diffusion of the substrate into the granules as well as the 

mass transport resistance from the bulk to the liquid boundary layer around the granules and the 

role of dispersion are totally neglected which may impose a degree of uncertainty to the model.  

 

 

 

 

 

2.3 Model III: (Larisa Korsak) 

 Model description: 

The present model proposed by Larisa Korsak in 2008
 
[19] describes the physical and biological 

processes in a UASB reactor by a novel one-dimensional model. According to the present model 

biological reactions which result in degradation of substrate and production of biogas take place 

within the granules. The author introduces the granule structure as a perfect spherical biocatalyst 

so that the substrate diffuses into the granule through a thin stagnant liquid layer around the 

granule surface. Microorganisms available in the granule decompose the substrate and 

consequently methane gas is produced. One of the important assumptions in this model is 

assuming the granule as perfect spherical biocatalyst particles with a porous structure which 

allow the substrates to diffuse into these vacant sites. 

 The mass transport phenomenon along the reactor is described by a dispersion-advection 

mechanism.  The change in substrate concentration along the reactor is governed by eq. (2.28).  

The chemical reaction constant (K) is determined directly by the governing equation of 

degradation of substrate inside the granule which follows first order reaction kinetic. As can be 

seen in Fig 11, mass balance on the substrate over a longitudinal element of the reactor can be 

written as: 

   

  
  

    

     
   

  
                               (2.28) 
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Fig 11.The scheme of conceptual model suggested by Korsak [19]
 

where Sb is the substrate concentration in the bulk liquid, D is the dispersion coefficient and W is 

the vertical velocity of wastewater and L is the height of the reactor. To solve this equation the 

following initial and boundary conditions may be used: 

Initial condition: 

     0    0                                                (2.29) 

Danckwerts Boundary conditions: 

              | =0+   
   

  
| =0              (2.30) 

      
   

  
 0 , Z=L                (2.31) 

 Illustrated in Fig 12 is a schematic figure of a granule particle. To determine the chemical 

reaction constant (K) a mass balance on substrate over a granule particle at steady state condition 

can be expressed as: 
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Fig 12.Schematic of a spherical biocatalyst particle [19] 

          2                    2        2   0       (2.32) 

where FAR(r) is the mass flux on the particle surface of radius r and RA is the rate of reaction 

within the biocatalyst particles. If Δr tends to zero, by dividing equation (2.32) by 4πΔr: 

 

  
  2      2                                                                                (2.33) 

  where          (First order reaction is assumed for substrate depletion inside the granule 

pores) 

By considering the Fick’s first law, FAR can be replaced by following term: 

       
  

  
                                          (2.34) 

 

Linking equation (2.33) and (2.34) yields: 

 

  

 

  
( 2   

  
)  

 

  
                                                              (2.35)               

where DA is the effective diffusion coefficient of the substrate within the granule and S is the 

concentration of substrate inside the granule and k is the substrate volumetric conversion rate. 

By considering the mass transfer resistance for diffusion of substrate into stagnant film around 

the granules the following boundary conditions can be used: 

      
  

  
                      at      r=R            (2.36) 

        is finite            at     r=0       (2.37) 

where kL is the mass transfer coefficient in liquid film. 

An analytical solution for equation (2.35) can be obtained as follows: 
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By applying the boundary conditions to the analytical solution one can obtain: 

 

  
 

 

 

          
 

 
 

                                
                           (2.39) 

where     √
 

  
   is Thiele modulus 

The mass flux of the organic substrate on the surface of one biocatalyst particle results: 

         2   

  
| =     2     

                    

                               
  (2.40) 

 

 The number of particles for the entire sludge bed (NP) and the fraction of the bed covered by 

granules (θP ) can be related to each other as following: 

   
  

 

 
   

                                                            (2.41)     

The correlation of chemical reaction constant can be written as:     

     2   
                    

                               
             (2.42) 

 

Finally by linking between eq. (2.41) and eq. (2.42): 

     
  

 
 

                    

                               
                         (2.43) 

   

To test the validity of the model a simulation work was performed. The parameters used in 

simulation were obtained from the literature.  

 The correlation between the Peclet number and dispersion coefficient is applied to determine the 

dispersion coefficient 

      
  

 
                                                                                 (2.44) 

Main parameters which were taken from the literature are Peclet number, vertical velocity and 

bioconversion coefficient.  

This model consists of a limited number of parameters in comparison to the models described 

above. Therefore it can be widely applied to the real cases. However there also exist some 
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weaknesses with this model. For example the assumption of constant diameter of the granule 

particles during the entire process cannot be reliable. These particles are composed of different 

microbial groups which grow and the diameter of the granules will be changed.  

 Moreover this model does not include other phases and species present in the reactor. There are 

a number of parameters regarding the solid and gas phases which influence the reactor 

efficiency. 
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3. Model development 

3.1 Basic concept 

In this section a dynamic model is developed to adequately describe a UASB reactor. This model 

is comprised of bio kinetic and a hydraulic model. The hydraulic model is established to include 

the flow behavior of the UASB reactor and the kinetic model quantifies the growth rate of 

biomass and utilization of the substrate. 

 According to this model a UASB reactor can be divided into three different compartments; bed, 

blanket and settler. The bed zone is located at the bottom of the reactor where granulated sludge 

produces biogas through biodegradation of organic materials. The upper part of the bed zone 

where the concentration of biomass decreased is known as the blanket zone. Concentration of 

microorganisms is still considerable in this region; therefore biogas production is still predicted 

for the blanket zone. The top of the reactor is called settler and mainly contains treated water. 

The concentration of biomass is negligible in this compartment so that biogas production can be 

neglected.  

In a UASB reactor, the influent stream is fed to the bottom of the reactor where consecutive 

biochemical reactions result in a flow of methane and carbon dioxide in the form of gas bubbles 

up in the reactor. Gas bubbles attached to the granules lift the granules to the upper compartment. 

Those granules are detached from the gas bubbles by means of a gas-liquid-solid (G-L-S) 

separator installed in the settler zone. Solid particles settle back into the bed zone and biogas is 

collected in the reactor top. The transient region between the bed and settler is known as blanket 

zone.  

Each compartment of a UASB reactor can be modeled as a separate reactor. Biogas production 

and influent flow create a high degree of mixing in the reactor bottom so that this region can be 

modeled as a CSTR. Fully mixed flow can also be presumed to the blanket zone. Biomass 

transport and rising bubbles are two important factors to form turbulence in this compartment.  

Finally in the reactor top a degree of mixing can be expected due to movement of rising gas 

bubbles. Therefore this zone is modeled as a dispersed plug flow reactor.  

To simplify the mathematical model, the following assumptions were made: 

(1) Substrate consumers are uniformly distributed in the bed and blanket. 

(2) The bed and blanket zones can be modeled by two CSTR’s in series. 

(3) The settler zone is modeled using a dispersed plug flow reactor. 

(4) Biochemical reactions are neglected in the settler zone because of the low concentration 

of biomass. 

(5) A bypass stream that bypasses the bed, a back mixing stream that flows from the blanket 

to the bed and a dead volume are considered in this model to take into account non-

idealities of the reactor. 
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Fin F0 
F12 

F21 

SF1Fin 

Dead volume 

The flow scheme of the developed model is shown in Fig 13. Three compartments are in series 

so that the influent stream enters the bottom of the first CSTR. There is a short-circuit flow that 

bypasses the first CSTR and enters directly the second CSTR, and finally the entire treated waste 

water comes out from a dispersed plug flow reactor.  

 

 

 

 

 

Fig 13.Schematic representation of different compartments of a UASB reactor 

Since the influent flow and bubble gas create mixing in the reactor, predicting a small portion of 

back mixing flow between bed and blanket zone can be reasonable.  There are several empirical 

correlations to compute internal flows in a reactor with different features. In this model, a 

general term is used for determining the back mixing flow and in following an empirical 

correlation is applied to simulate this model. 

 

3.2 Mathematical model 

The governing equations for the bed, blanket and settler zone are obtained from the mass balance 

on the substrate over each compartment. 

For the bed zone as a CSTR, the mass balance can be written as: 

  
    

  
   0     2   2    2                                    (3.1) 

where Sb1 and Sb2 are the concentration of substrate in the bed and blanket zone respectively. In 

this equation F0 is the inlet flowrate to the first CSTR; F12 and F21 are the outlet stream and the 

back mixing flow; V1 is the bed volume (working volume of the first CSTR) and finally Rs1 is 

the utilization rate of substrate in the bed zone. 

The first term in the right hand side of eq. (3.1) represents the amount of substrate entered by the 

inlet stream. The second term implies the amount of substrate that enters the bed from the 

blanket through back mixing flow. The third term reflects the amount of substrate which comes 

out of the bed through outlet stream and the last term is the amount of substrate utilized within 

the bed. 

The mass balance on the substrate over the blanket zone: 

CSTR1 CSTR2 Dispersed PFR 
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 2
    

  
   2                2   2       2    2 2             (3.2) 

where SF1 is the fraction of influent that bypasses the bed zone; Fin is the total influent flow and 

Rs2 is the utilization rate of substrate in the blanket zone. 

 The left hand side of eq. (3.2) represents accumulation of substrate in the blanket zone. The first 

term in the right hand side of this equation is the amount of substrate that leaves the bed zone. 

The second term is the amount of substrate which is received via the bypass stream. The third 

and fourth terms are the amount of substrate which leaves the blanket and the last term implies 

the amount of substrate which is utilized within the blanket zone.  

Finally, the governing equation for the settler zone as a dispersed plug flow reactor can be 

written as following: 

    

  
   

     

       
    

  
                                                          (3.3) 

where Sb3 is the concentration of substrate in the settler zone; D is the dispersion coefficient; Wup 

is the upflow velocity and z represent the position (height) according to the vertical coordinate. 

 The first term in the right hand side of eq. (3.3) represents the dispersion and the second term is 

the advection term.  Initial and boundary conditions for this governing equation can be expressed 

as follows: 

Initial condition: 

                 0    0                        (3.4) 

 

Boundary conditions: 

I.     0      2                       (3.5) 

II. 
          

  
 0                           (3.6) 

where Sb03 is the initial concentration of substrate in the settler zone and h3 is the height of  this 

region. 

 The concentration of biomass in each compartment are dependent on the following terms; 

growth and decay rate of microorganisms and mass transport between two compartments (bed 

and blanket zones). Growth and decay rate of microorganisms can be described by a kinetic 

model such as Monod equation. To quantify the mass transport of biomass, a pseudo-steady state 

can be considered for the solid particles in which dragging flow and settling flow are assumed 

equal: 
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Flow of sludge granules from bed to blanket (dragging)  

= flow of sludge granules from blanket to bed (settling) 

Bolle et al [13]
 
state that the dragging and settling flows can be determined as following: 

                                                                       (3.7) 

where    is drag coefficient on a biomass suspension base; qgb is the volumetric flow rate of 

methane and X1 is the concentration of biomass in the bed zone. 

              
                                   

                     
  

     

  
  

⁄
     (3.8) 

where h2 is the height of blanket;X2 is the concentration of biomass in blanket; A is cross section 

area of the reactor and finally νs is the settling velocity of the granules.  

Therefore in pseudo steady-state the following equation can be considered: 

            2                   (3.9) 

But experiments have shown that only a fraction of the rising bubbles contributes in biomass 

transportation [13].In order to determine the fraction of gas bubbles responsible for transporting 

the sludge particles dragging coefficient (ηdr) was introduced. This value was estimated as value 

of 30% through experiments. The difference between dragging and settling flow results the mass 

transport therefore: 

                                                          2                    (3.10) 

where    is the drag coefficient on a biomass base that indicates how much sludge can be carried 

by every single gas bubble and is defined as [15]: 

   
(       )

       
                                                                      (3.11) 

where         
    are the density of liquid, methane gas and solid particles respectively. 

Although there is no more description about derivation of eq. (3.11), this concept is verified 

through study conducted by Bolle et al [15].  

By considering all mentioned terms the following equations for the biomass can be obtained: 

Mass balance on biomass over the bed zone results: 

  
   

  
  0        

         2                            (3.12) 
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where b is the decay rate constant of bacteria (d
-1

) to account for the effect of cell death of 

bacteria. 

  The first term in the right hand side of eq. (3.12) is amount of biomass enters the reactor by 

influent. Second term represents the amount of biomass moving up by produced gas bubbles due 

to buoyant force. Third term gives amount of biomass settled back from the blanket zone due to 

gravitational force and finally the last term reflects amount of biomass generated/decayed during 

the operation. 

The mass balance on biomass over the blanket zone can be expressed as following: 

 2
   

  
     

         2            2    2    2        (3.13) 

where η is the settler efficiency. In this model to avoid washing out of biomass, based on 

experiments settler efficiency has to be set to a value larger than 99%, otherwise the amount of 

biomass leaving the UASB reactor will be considerable. 
 

The first and second terms in the right hand side of this equation are the same as the second and 

third terms of the eq. (3.12) and are the inlet flow and the flow of biomass which leaves the 

blanket zone respectively. The third term represents the amount of biomass which is not retained 

by the settler. This term can also be neglected due to high efficiency of the settler. Finally the last 

term implies the amount of biomass generated or decayed in blanket zone.  

In the settler zone the amount of biomass is negligible so that there is no equation proposed for 

the settler zone.  

 

3.2.1 Flow parameters 

The hydraulic model is responsible for describing the fluid flow inside the reactor.  The 

important hydraulic parameters appeared in this model are consisting of bypass flow and back-

mixing flow. There exist empirical correlations in literature to determine the bypass flow rate for 

a UASB reactor. In the present study the following empirical equation proposed by Van der 

Meer [20] has been used for bypass flow. According to this equation: 

    0    0                     (3.14) 

where SF1 is the fraction of influent flow that bypasses the bed zone and h1 is the height of bed.
 

Back mixing flow as an internal flow can be considered because in presence of mixing assuming 

an ideal plug flow regime for the reactor may not be reasonable. Therefore, to have a more 

realistic model a back mixing flow is introduced (F21). This stream can be assumed from the 

blanket to the bed zone. 
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In order to quantify back mixing flow an empirical equation is used. Moreover to keep the 

flexibility of the model in term of internal flows, the ratio of F21 to F0 can be taken as a 

parameter. Therefore back mixing flow may be changed in different simulation work to evaluate 

the influence of back mixing flow on reactor performance: 

                  

                
 

  

   
                              (3.15) 

The empirical correlation proposed by Van der Meer [20] was used to calculate the back mixing 

flow. According to his study, the volume of the back mixing stream can be assumed as the same 

volume of the produced methane gas which leaves the bed per unit of time and can be expressed 

as the following term: 

   
   2                                                         (3.16) 

To determine    
  , same empirical equation proposed by Van der Meer [20]

 
can be considered: 

   
     

 0

 0      
                                         (3.17) 

In this case α can be expressed as: 

  
   

  
 

 0

 0      
                                            (3.18) 

where qgb is total amount of methane gas produced in the bed zone and h2, h3 are the height of 

blanket and settler zone respectively. 

Finally the last stream is the outlet flow of the first CSTR which can be obtained by the 

following equation:  

 F12 = F21 +F0                             (3.19) 

The production rate of methane gas can be formulated by the following correlation proposed by 

Pontes [1]
.  

        0         
  

 

                                         
(3.20) 

 
where X is the biomass concentration, μ is specific growth rate and Y is yield coefficient. The 

term of 1-Y takes the amount of substrate which being utilized for anabolic reactions into account 

[1].  
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3.2.2 Kinetic model 

 Monod’s’ kinetic model has been widely used in different dynamic models of UASB reactors 

with satisfactory results. In the present work, this model was used during the first case of 

simulation. The second case of simulation employs Andrews kinetic model since this model were 

in good agreement to the data in the case study.  

In both cases specific growth rate (μ) appears in term of reaction: 

                                                (3.21) 

 

4.  Results and discussion 

4.1 Simulation method 

Simulations were performed in the Matlab 7.11.0 software. The predefined Matlab functions 

mainly used through the simulation task were ODE15s, ODE45 and PDEPE. There exist some 

discrepancies between the reproduced results and the ones that can be found in literature may be 

due to e.g.  difference in software. 

 

4.2 Simulation results and discussion 

In order to test the validity of the proposed model, two simulations were performed. The 

available models selected for comparison with the developed model were model I, proposed by 

May et al [11] and model II, proposed by Pontes et al [1]. For a detailed description of these two 

basic models, see section 2. The method used in the first study is acetate impulse injection so that 

the single substrate is acetate in the form of sodium acetate. The hydraulic parameters involved 

in the proposed model are identical to those presented in model I.  

The bypass flow in this model was computed using eq. (3.14). During the first simulation the 

operation time is relatively short (only 140min). Therefore the biomass concentration can be 

assumed constant. Kinetic and flow parameters are taken from the literature [11]. The simulated 

result was compared with experimental data available in model I. Finally a sensitivity analysis 

will be done to prove the reliability of the model by changing different parameters and analyzing 

the changes.  

In the second Case, model II was used as a reference. In the absence of experimental data, a 

comparison was made between the results obtained from the developed model and the results of 

model II. In these simulations, acetic acid was the single substrate. The kinetic model used 

during this simulation is Andrews model in which non-ionized acetic acid molecules are 

considered as the sole available substrate for acetoclastic methanogens. The logic behind of this 
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hypothesis is that proton the gradient between the inside and outside of the cell membrane should 

be kept constant to maintain a constant pH during the experiment. According to the proton 

translocation theory, proton pumps are activated during the respiration cycle to generate energy 

needs for the viable cell. Therefore only non-ionized acetic acid molecules are free to be 

transported through the membrane and be utilized as a substrate by methanogens. Since acetic 

acid is a weak acid, it can be ionized partly which is dependent on its dissociation factor (KA). 

Consequently, the amount of unionized molecules can be calculated through the following 

equation: 

   
 0−  

    0−                              (3.22) 

where HS (kg/m
3
) is the concentration of non-ionized acetic acid and S (kg/m

3
) is the total acetic 

acid concentration as the primary substrate. Concentration of unionized acetic acid can be 

important due to acid inhibition during operation of a UASB reactor. By assuming non-ionized 

acetic acid concentration as a substrate Andrews kinetic model can be written as: 

  
    

  
  
  

 
  

  

                                      (3.23) 

where KI (Kg/m 
3
) is the inhibition constant and KS (Kg/m 

3
) is the saturation constant which 

both can be obtained from  literature. 

4.2.1 Case I 

 In this case, the model developed in this work is to be compared with the model presented in 

section 2.1. The single substrate is acetate. Also it is assumed that only acetoclastic methanogen 

is present in the UASB reactor. In order to compare the results, kinetic parameters which are 

used in model I and the developed model are taken identical and presented in Table 2:  

Table 2.Kinetic parameters used in Case I 

Parameter Value 

µmax (min
-1

) 2e-5 
 

Ks  (Kg Ac/m
3
) 2.65e-2 

pH 7 

Y (Kg x/Kg Ac) 0.04 

 

 The flow scheme of model I and the present work are shown in Fig. 8 and 13 respectively. Due 

to the short operation time, the concentration of microorganism in the bed and blanket zone can 

be assumed constant. Presented in Table3 are flow parameters used in both models: 
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Table 3.Flow parameters used in Case I 

Parameter Value 

V(Total Reactor volume) 3.1e-3 m
3 

V1(bed volume) 0.0016 m
3 

V2(blanket volume) 0.0014m
3 

V3(Settler volume) 6.2e-5m
3 

Vd(Dead volume) 6.2e-5m
3 

A (Reactor cross section) 0.002m
2 

Fin(Influent flow rate) 4.58e-6 m
3 

/min 

Sin(Inlet Subs. Concentration) 1kg/m
3 

Xin(Inlet biomass Concentration) 0 

Sb01(initial Subs. Conc.  in bed) 1kg/m
3 

Sb02(initial Subs. Conc. in blanket) 1kg/m
3 

Sb03(initial Subs. Conc. In settler) 1kg/m
3 

 The response curves (the outlet concentration of substrate as a function of time) for both models 

are shown in Fig. 14. According to this Figure there is a close agreement between experimental 

data and the simulated data from the model developed in this work. The concentration of 

substrate tends to zero within 90 minutes. The peak of substrate concentration in Fig. 14 

represents the impulse injection. Nonidealities make a delay in that peak. This delay is almost 

equal to the hydraulic retention time of the dispersed plug flow reactor [11]. 

 

Fig14. Simulation of Acetate concentration during Acetate impulse and experimental data 

 

 This Figure also shows that the pulse broaden when it moves along the reactor and becomes 

diluted as the result of dispersion. The factors which produce dispersion are molecular and 
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convective diffusion [10]. Mechanical dispersion can also be another reason to broaden the 

pulse. This kind of dispersion resulted from deviation of pathway of flow which carries different 

components which consequently caused variation in velocity of the components [21]. 

 The area under the response curve in Fig. 14 does not reflect the entire amount of substrate 

injected into the reactor, because the organic materials are degrading by microorganisms through 

biochemical reactions.  

Finally it can be seen that the response curve related to the developed model in Fig.14 (blue line) 

is in a close agreement with experimental data however the simulated peak concentration is 

slightly overestimated by the model. 

In Fig. 15 the effect of flow parameters on UASB reactor modeling is examined. Therefore a 

comparison is made among models including different hydraulic conditions as following: (1) two 

CSTR in series followed by a dispersion PFR without considering reaction term (Hydraulic 

model); (2) the same arrangement as pervious one but with considering the reaction term; (3) two 

CSTR in series followed by an ideal plug flow reactor (4) three CSTR in series.  

 The simulation considering an ideal plug flow model for the settler zone was not able to capture 

the experiments in a good way. This is reasonable since the dispersion term cannot be neglected 

due to the existence of rising gas bubbles which causes some degree of turbulence in the top of 

the reactor.  

Moreover, the arrangement of three CSTR’s in series could not also be reasonable for the settler; 

because in this compartment, the amount of microorganisms is not sufficient to produce an 

appreciable amount of biogas which forms a completely mixed flow regime in this zone.  
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  Fig 15.Model comparisons in terms of different arrangement of reactors  

Therefore a degree of dispersion has been accounted for this model. According to this Figure by 

increasing the dispersion, the flow regime is approaching the full mixed flow (CSTR) and the 

area under the response curve is becoming more broadened. On the other hand, by decreasing the 

dispersion the flow regime is getting more similar to the ideal plug flow and then the peak is 

remained sharp. The curve related to the dispersed plug flow regime is placed between these two 

extreme regimes (Ideal plug flow and CSTR). 

 

 

Sensitivity Analysis 

A sensitivity analysis was performed on the model by varying the following parameters; μmax, 

KS, S0, DP/L
2
. The results of this analysis are shown in Fig 16A-D. Variation in the maximum 

specific growth rate can be seen in Fig 16A. Multiplying this parameter by a factor of 1.5, results 

in a 25% reduction in the area under the response curve and that the pulse exits the reactor at 

shorter times than in the experiments. It can be described based on the fact that the substrate 

utilization rate is increased and then the maximum substrate concentration as well as the width of 

the response curve is decreased. The model also shows a degree of sensitivity to the half rate 

constant (KS) (Fig 16B). However, the result of a change in KS is rater small. Decreasing KS by 
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10% results a small reduction in the area under the response curve. This is reasonable because 

the substrate affinity is enhanced so that reaction rate is increased. Also the inverse effect of KS 

increase can be seen in the same Figure.  

 

 

Fig16. Effect of variation μ max, KS, S0 and Dp/L
2
, on a UASB reactor  

Changing the initial substrate concentration (S0) greatly influences the simulated results (Fig 

16C). This Figure shows that substrate depletion is accomplished in a longer time if the initial 

substrate concentration increases as expected. The area under the response curve which 

represents the amount of substrate existing in the reactor becomes larger by increasing the initial 

substrate concentration. Decrease in S0 has an inverse effect on the response curve. Next 

parameter selected for this analysis is dispersion factor which is presented by the term of D p/L
2
. 

The effect of dispersion on the outlet concentration of substrate can be seen in Fig 16D. A large 

dispersion factor results in a well-mixed flow regime with a high substrate utilization rate. 

Therefore the response curve will become smoother and the curve will be similar to the case that 

three CSTR’s are working in series. The result of increasing the dispersion factor from 0.005 to 

0.012 results a reduction in effluent concentration.  In contrary, decrease in the dispersion factor 
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results increasing the peak of substrate and narrowing the response curve so that the behavior of 

the reactor top can be described by an ideal plug flow reactor.  

 As a brief summary on this analysis, the following considerations can be concluded; the 

developed model is most sensitive to the initial substrate concentration and least sensitive to the 

half velocity constant (Ks). A small change in initial substrate concentration alters the response 

curve considerably. The other important parameter is the maximum specific growth rate (μmax). 

Therefore type of bacterial group influences the substrate consumption in a high degree. 

According to this model by increasing the dispersion factor the flow regime of the reactor 

approaches the CSTR. In the other words dispersion can be counted as a factor to form mixing in 

the top of the UASB reactor. In brief, it is concluded that the model developed in this work can 

adequately describe the behavior of a UASB reactor.  

 

4.2.2 Case II 

In the second study, the model presented by Pontes et al [1] was used as a reference model to be 

compared with model developed in this work. The substrate used through the simulation is acetic 

acid. In Table 4 the initial conditions and flow parameters used in this study are presented. 

Table 4.All parameters involved in Case II 

Parameter Value 

V(Total reactor volume) 1600 m
3
 

V1(Bed volume) 910 m
3
 

V2(Blanket volume) 390m
3
 

V3(Settler volume) 300m
3 

A (Reactor cross section) 300m
2
 

η (Settler efficiency) 0.995 

η dr (Dragging efficiency) 0.3 

νsg (Gas flow velocity) 1.25m/h 

νs (Settling velocity) 3.5m/h 

Fin(Influent flow rate) 200m
3
/h 

Sin (Inlet Subs. Concentration) 3kg/m
3
 

Xin (Inlet Biomass Concentration) 0kg/m
3 

Sb01 (Initial Subs. Conc.  in bed) 3kg/m
3
 

Sb02 (Initial Subs. Conc. in blanket) 3kg/m
3
 

Sb03 (Initial Subs. Conc. In settler) 3kg/m
3
 

X1(Initial biomass Conc. In bed) 90kg/m
3
 

X2 (Initial biomass Conc. In blanket) 25kg/m
3
 

X3 (Initial biomass Conc. In settler) 0kg/m
3 
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In order to compare the two models under the same condition, the by-pass flow was set to 14.5% 

of the total incoming flow in both models. The kinetic model in this study follows Andrews 

(modified Haldane) kinetic model which was described previously and the kinetic parameters 

used in this study are listed in Table 5. 

Table 5.Kinetic data used in Case II  

Parameter Value 

pH 7 

μ max 16e-4 h
-1 

KS 0.002 kg Ac/m
3 

KI 0.0158 kg HAc/m
3 

Y 0.04 kg x/kg Ac 

b 1.5e-4 h
-1 

KA 10
-4.5 

The result of the simulation work for the bed zone is shown in Fig17. Although, in absence of 

experimental data, evaluation of the reliability of these models is impossible, the curve obtained 

from the developed model can be compared with the curve resulted from model II. In both 

models it is assumed that the only species of microorganism available in the reactor is 

acetoclastic methanogen. Since operation time is 20 hours, change in biomass concentration may 

influence the performance of the reactor. As can be seen in Fig 17 the two curves are very 

similar and within four hours the operation reaches steady state. This good agreement can be 

expected since the type and volume of the reactors are the same in both models. The sharp 

decrease in substrate concentration is mainly due to intensified biochemical reactions taken place 

in this zone.  

 

Fig 17.Comparison between the two models for the bed zone in a UASB reactor 
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Substrate concentration in the blanket zone is illustrated in Fig 18. In this figure, the two models 

are again in close agreement. Although at the steady state biomass concentration in the bed zone 

is higher than in the blanket zone, the volume of the blanket zone is about one third of the bed 

volume which means that substrate depletion in this zone is more intense than in the bed zone. 

Therefore the slope of the substrate concentration with time is steeper in the blanket zone and as 

can be seen in Fig 18, the total amount of substrate is almost degraded within 3 hours. 

 

Fig 18.Comparison between model II [1] and developed model for the blanket zone 

In a UASB reactor two important factors which cause mixing are known, viz. the influent stream 

and rising gas bubbles. In the settler zone, due to the absence of gas production, rising gas 

bubbles create some degree of mixing. In order to evaluate the effect of dispersion on reactor 

performance, the developed model can be considered in two modes: (1) settler is assumed as an 

ideal plug flow reactor; (2) settler is considered as a dispersed plug flow reactor. 

The outlet concentration of substrate is shown in Fig 19. If the settler zone is simulated as a 

CSTR the response curve will have the closest similarity to model II. The reason is that the 

governing equation used in model II (eq. 2.29) is written for a CSTR. But the settler zone in the 

developed model is assumed as a dispersed plug flow reactor. Therefore the resulting curve for 

the dispersed plug flow is far from the one obtained for model II.  
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 Fig 19.The effect of reactor type used to simulate the settler section on the outlet concentration 

of substrate. 

Since in top of the UASB reactor some physical interactions between gas, liquid and solid phase 

are existed which cause turbulence in this region, modeling the settler zone as an ideal plug flow 

reactor is therefore unrealistic.  

The steady state condition is reached in five hours in all cases except in the case of the developed 

model (dispersed PFR) which steady state reaches in less than five hours. The reason is that in 

the dispersed plug flow regime the change of substrate concentration is more intensive than the 

other mentioned regime and steady state is reached sooner. 

As a brief summary on case II it can be resulted that for the bed and blanket zone model II and 

the developed model are in a close agreement (Fig. 17, 18). The major discrepancy can be seen 

for the settler zone. Figure 19 shows that model II is most similar to the developed model if the 

settler zone is considered as a CSTR. By decreasing the degree of dispersion the settler zone 

behaves as an ideal plug flow reactor.  

In conclusion, according to the results an arrangement of two CSTR’s followed by a dispersed 

PFR can describe the processes involved in an UASB reactor.  
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5. Summary 

The main objective of this thesis was to develop an accurate but simple model which can 

describe a UASB reactor. One of the deficiencies of the available models is that they require a 

large number of parameters to go into the model. In most cases it is difficult to access to all these 

parameters. Therefore in the present work, the focus was also on reducing the number of 

parameters. Moreover, an empirical equation has been tested to estimate the fraction of influent 

flow that bypasses the bed zone and also an empirical equation proposed by Van der Meer [20] 

was used to quantify back mixing flow. Considering the bypass flow, dead volume and back 

mixing flow could take the non-idealities of the UASB reactor into account. To test the validity 

of the model developed in this work, the model was compared to two available models. In both 

cases, the developed model was in a close agreement with the previously reported models. 

In the first study the concentration of biomass was assumed constant during the operation 

because the operating time was very short. But in the second case the role of biomass 

concentration was also considered. Also In the first case the kinetic model was based on the 

Monod model, whereas the second case reaction term followed Andrews kinetic model. 

Furthermore the role of hydraulic model was also studied by changing different arrangement of 

the reactors used through the simulation. A sensitivity analysis was performed for the first case 

to evaluate the sensitivity of the model to different involved parameters. 

In sum results showed that the developed model could be a reliable approach to predict the 

behavior of an UASB reactor.  
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