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Abstract. A method proposed by P. E. Hydon for determining discrete
symmetries of ordinary differential equations once the Lie symmetry alge-
bra is known is considered. It is also used to determine the real discrete
point symmetries of some equations. We give also a brief overview of con-
tinuous symmetry transformations as well as a discussion about symmetries
in general. Finally, a new type of discrete and nonlocal symmetry intro-
duced by N. Euler, T. Wolf, P.G.L Leach and M. Euler connected to the
generalized Sundman transformation is investigated, namely the Sundman
symmetry.
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CHAPTER 1

Introduction

The behavior of nature is usually modelled with differential equations in
various forms. Depending on the constrains and the accuracy of a model, the
connected equations may be more or less complicated. For simple models we
may use linear equations but in general we have to deal with nonlinear ones
since from a physicists point of view nature seems to be nonlinear. Today
this is a very active research area, known as Nonlinear Mathematical Physics.
Research is mainly concentrated on finding the general solutions to different
types of differential equations, but still today there exists no general method to
solve nonlinear differential equations. Several tools have been developed and a
very important method for nonlinear differential equations is the applications
of symmetry methods [Anc02] [Hyd00b] involving infinitesimal transforma-
tions and the corresponding property of invariance. These methods have their
origin in the work of S. Lie and E. Noether initiated a century ago. Another
important concept is integrability or the existence of a general solution of dif-
ferential equations. The use of Lie symmetries and first integrals are ways to
define integrability [Lea01] which can also be defined by using Painelvé anal-
ysis [CT02]. Another preferable approach towards integrability of nonlinear
differential equations is to linearize the equations by the use of some kind of
transformation, such as point or non-point transformations [Eul02].

I was introduced to the symmetry methods by Professor P.G.L Leach and
became very fascinated by this subject, especially in the symmetries them-
selves. At about the same time Professor S. Fredriksson held a lecture about
the CPT-symmetries in his course on particle physics and instead of being con-
tinuous they were discrete symmetries. With our standard model of today, the
fundamental particles and their forces, may in some rare cases violate the CPT-
symmetries and therefore I felt it was important to investigate and get a deeper
understanding of discrete symmetries.

In this extended essay we investigate a method proposed by P. E. Hydon
to determine the discrete point symmetries of ordinary differential equations in
an algorithmic way by considering the known Lie symmetry algebra. The use
of this method on different types of differential equations gives the set of real
discrete point symmetries and in some rare cases very interesting results such as
infinitely many symmetries. But as we shall see the calculations are sometimes
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2 1. INTRODUCTION

far from simple, since it involves systems of partial differential equations. How-
ever, before starting with the main part on discrete symmetries I also discuss
the concept of symmetries in a more general way and give an introduction to
the Lie symmetries for the more interested reader.

Finally, we also consider a kind of non-local symmetry, namely Sundman
symmetries, arising from the linearization of nonlinear differential equations
[Eul02] by using a generalized Sundman transformation, and we try to de-
termine the Sundman symmetries of different classes of linearizable equations.
Since the Sundman symmetry is connected to the coefficient functions related
to the generalized Sundman transformation as we will see in Chapter 5, one
should be able to extend the ideas to include other kind of transformations
such as point transformations. This can lead to an alternative and complement
to P. E. Hydons method.



CHAPTER 2

The Concept of Symmetries

The general concept of symmetries is used when describing objects that
tend to have regular forms or patterns. A starting point could be the human
body which appears to be symmetric viewed form the outside where we have
left and right parts that are similar. The cosmos in a whole on the other hand is
dominated by spherical forms such as all the planets and stars are more or less
spherical and tend to move in spherical orbits. As seen, symmetries depend on
the settings and a very common and useful approach to understand symmetries
is by using simple geometrical objects such as an equilateral triangle or a circle.
As seen in Fig. 2, if an equilateral triangle is rotated by 2π/3 the new triangle

Figure 1. An equilateral triangle and its symmetries. Either
the triangle could be rotated by multiples of 2π/3 or flipped
about the three axes.

looks the same as the original one or if it is flipped about one of the marked
axes. Each of these transformations are in fact geometrical symmetries. The
trivial symmetry corresponds to a mapping of the object to itself, a rotation by
2π of the equilateral triangle. In total, the triangle actually only has six distinct
symmetries which we refer to as discrete symmetries. An infinitesimal rotation
of a circle would be a continuous symmetry since we can use a continuous
parameter describing the transformations, there are no distinct steps. Besides
that a geometrical symmetry must leave the object unchanged there are also
some other requirements such as each symmetry has an unique inverse, which
also in a symmetry, and the transformation must be structure-preserving. Using
our triangle, the structure is related to what the triangle is made of. Depending
on if it is made of solid or elastic sides we may construct different classes of
symmetry transformations. A rigid triangle could not be stretched since it
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4 2. THE CONCEPT OF SYMMETRIES

would break the structure while it would be possible with an elastic one. We
summarize a symmetry as:

(i) The transformation preserves the structure.
(ii) The transformation is a diffeomorphism, a smooth invertible

mapping whose inverse is also smooth.
(iii) The object maps to itself by the transformation.

In physics, a symmetry, corresponds to a mapping of physical states of a
system which leaves the dynamics invariant, or unchanged. Different kind of
mappings could be described in various way such as translations, rotations and
reflections.

example 2.1. From the second pair of Maxwell’s classical equations the
magnetic and electrical field could be described as

B = ∇× A, E = −∇φ − 1

c

∂A

∂t
, (2.1)

where the scalar and vector potentials φ(x, t) and A(x, t) are not uniquely
defined, since the transformations, where f(x, t) is an arbitrary function,

φ → φ′ = φ +
1

c

∂f

∂t
, A → A′ = A −∇f, (2.2)

leave the fields B and E unchanged. This kind of transformation is referred to as
a gauge transformation in the literature and it is a local symmetry. The fields,
B and E, are used to describe all observable quantities which actually then
requires that all theories formulated in terms of potentials must be invariant
under such transformations.

example 2.2. Consider the reduced differential equation arising in Newton
gravity for the two body problem [Lea01], videlicet

d2r

dt2
= −µ

r

r3
, (2.3)

where r = |r| and µ is an constant. Under the rescaling transformation

t̂ = t3α, r̂ = r2α, (2.4)

with α ∈ R\{0} the law of motion (2.3) is covariant. Thus, equation (2.3) de-
scribing orbiting particles is invariant under the given rescaling transformation.

From the physicists point of view the symmetries can be seen as constrains
when one wants to formulate a description of a given physical system. In particle
physics these symmetry principles are used to a large extent, if a symmetry is
observed in an experiment it is built into the theory or a symmetry is imposed in
the theory, its consequences are worked out and observed. The paper published
by E. Noether in 1918 [Noe18] had a great impact on symmetries and their
importance. In physical terms its consequences can be stated as:
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Every symmetry in nature yields a conservation law and the
conversely every conservation law reveals an underlying sym-
metry.

The previous discussion of E. Noether work can be realized with some few
examples.

example 2.3. Homogeneity of time implies time translation as an invari-
ance and this invariance corresponds to the conservation of energy. The prop-
erty of isotropy space give rotational invariance and the angular momentum is
the conserved quantity. Finally, the conservation of momentum is related to
the property of homogeneity of space with the translation invariance.

On the other hand from a mathematical point of view we could ask our-
selves the following question: How can the symmetries of a physical system be
determined from the differential equations describing the system, and can they
be used to solve the equations?

The work initiated by S. Lie and and E. Noether a century ago on contin-
uous groups of geometrical transformations and the connected invariance has
developed and today one is able to solve differential equations by using their
Lie group of continuous symmetry transformations and their invariants, see for
example [Anc02] [Hyd00b] [Lea01]. The methods are very successfully used
in several branches of physics such as quantum field theory, classical mechan-
ics and physical chemistry. However, we cannot solve all systems with these
methods and therefore there is a lot of on going research in how one could ex-
tended the class of transformations, both non-local and discrete. This enables
the possibility of solving a wider class of problems.

Could we extend our theories by using these non-continuous symmetry
transformations? What if these proposed symmetries could be used in the
same manner as the the continuous ones or do they only say something about
the physics?

example 2.4. In quantum field theory the Lagrangian density is invariant
under the continuous Lorentz transformations [Sha84] but in addition there
exists discrete symmetries as C (charge conjugation), T (time reversal) and P
(parity). This is a very active research area, involving the CPT-symmetries,
since all fundamental forces nowadays except the weak interaction obeys these
symmetries. A famous experiment is the decay of neutral K mesons [BP99],
which shows CP violation.

Different kind of methods have been proposed to find discrete symmetries of
both ordinary and partial differential equations [Hyd00b], see Chapter 4. How-
ever, the use of some other transformations such as the generalized Sundman
transformation (GST) [Eul02] can also reveal so-called non-local symmetries
Sundman symmetries, see Chapter 5. The transformation by itself is very in-
teresting since nonlinear ordinary differential equations could be linearized to
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X ′′′ = 0 and makes the solving procedure easier. The symmetries related to the
GST are of interest and we can pose the following question: ”In what sense are
the Sundman symmetries connected to the GST are there similar symmetries
for other types of transformations?”



CHAPTER 3

Continuous Symmetry Transformations

In the analysis of differential equations and their solutions, the theories
originating from S. Lie and E. Noether are crucial knowledge. The theories
include S. Lies work on continuous groups of transformation and E. Noether
studies of the invariance of variational-problems. For a historical overview I
recommend [Haw00].

In the following subsections I present the basics behind continuous transfor-
mations by only considering one parameter and n independent variables. But
in general we can have r parameters, n independent and m dependent variables.
I will also consider the basic notations of a Lie algebra since the algebra will be
used later on when discussing non-continuous transformations such as discrete
symmetries. Finally, different types of symmetries such as point, contact and
non-local are defined. For further reading I recommend [Anc02] [Eul00].

1. Lie Group of Transformations

definition 3.1. Let x = (x1, x2, ..., xn) lie in D ⊂ Rn. The set of transfor-
mations

x̂ = X (x, ε) , (3.1)

defined for each x in D and parameter ε in S ⊂ R, with the law of composition
of parameters φ(ε, δ) in S, forms a one-parameter group of transformation on
D if the following holds:

(i) For each ε in S the transformations are one-to-one onto D.
(ii) S with the law of composition φ forms a group G.
(iii) For each x in D, x̂ = x when ε = ε0 corresponds to the

identity of G.
(iv) If x̂ = X (x, ε) and x̌ = X (x̂, δ) then

x̌ = X (x, φ(ε, δ)) .

definition 3.2. A one-parameter Lie group of transformations must, be-
side satisfying Definition 3.1 , also satisfy:

(v) ε is a continuous parameter, S is an interval in R, and ε = 0
corresponds to the identity element.

(vi) X is infinitely differentiable with respect to x in D and
an analytical function of ε in S.

(vii) φ(ε, δ) is an analytical function.

7



8 3. CONTINUOUS SYMMETRY TRANSFORMATIONS

We expand a one-parameter Lie group of transformations around the iden-
tity

x̂ = x + ε

(

∂X(x, ε)

∂ε

∣

∣

∣

∣

ε=0

)

+ O
(

ε2
)

,

and let

ξ(x) ≡ ∂X(x, ε)

∂ε

∣

∣

∣

∣

ε=0

. (3.2)

The transformation

x̂ = x + εξ(x), (3.3)

is called the infinitesimal transformation of the Lie group of transformations
and the components ξi(x) are called the infinitesimals.

One of the achievements of S. Lie is stated in his First Fundamental The-
orem, see for example [Anc02], which shows that the essential information
for determining a one-parameter Lie group of transformation is contained in
the infinitesimal transformations. More precisely it states that we can re-
parameterize a given group in terms of a parameter τ , such that the law of
composition becomes φ(τ1, τ2) = τ1 + τ2, and that the one-parameter Lie group
of transformations is obtained by solving the system

dx̂

dε
= ξ(x̂) with x̂ = x at ε = 0. (3.4)

definition 3.3. The operator

X = X(x) ≡
m

∑

j=1

ξj(x)
∂

∂xj
, (3.5)

is called the Lie group generator.

The one-parameter Lie group of transformations can be determined by using
its infinitesimal transformations, but it can also be determined by its infinitesi-
mal generator. The use of the infinitesimal generators gives an algorithmic way
of determining the one-parameter Lie group of transformation.

theorem 3.4. The one-parameter Lie group of transformations is equiva-
lent to

x̂ = eεXx =
∞

∑

k=0

εk

k!
Xkx. (3.6)

where X is the Lie group generator defined by (3.5) and

Xkf(x) = X
(

Xk−1f(x)
)

, k = 1, 2, ... . (3.7)

definition 3.5. The series (3.6) is known as the Lie series.
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example 3.6. Consider the Lie group generator

X = −x2
∂

∂x1
+ x1

∂

∂x2
+ (1 + x2

3)
∂

∂x3
. (3.8)

and determine the corresponding transformation group. Using the Lie series
for x1, we obtain

x̂1 = eεXx1 = x1 + εXx1 +
ε2

2!
X2x1 + O

(

ε3
)

= cos(ε)x1 − sin(ε)x2. (3.9)

In the same manner we obtain

x̂2 = sin(ε)x1 + cos(ε)x2. (3.10)

Finally, the initial-value problem

dx̂3

dε
= ξ3(x̂) ⇒ dx̂3

dε
= 1 + (x̂3)

2 with x̂3(0) = x3,

gives

x̂3 =
tan(ε) + x3

1 − tan(ε)x3
, (3.11)

and we have the Lie transformation group of the given Lie group generator.

In summary there are two different ways to find a one-parameter Lie group
of transformations with identity ε = 0, group composition φ(ε, δ) = ε + δ and
inverse ε−1 = −ε, by one of the Lie group generator:

(i) Solve the initial value problem (3.4).
(ii) Exponentiate the Lie group generator and calculate the Lie series.

2. Lie Group of Symmetry Transformations

In Chapter 2 we discussed the concept of symmetries which introduced the
important property of invariance.

definition 3.7. A surface F (x) = 0 is an invariant surface for a one-
parameter Lie group of transformations if and only if

F (x̂) = 0 when F (x) = 0. (3.12)

theorem 3.8. A surface F (x) = 0 is an invariant surface for a one-
parameter Lie group of transformation if and only if

XF (x) = 0 when F (x) = 0, (3.13)

where X is the Lie group generator.

definition 3.9. A one-parameter Lie group of transformations which sat-
isfy the invariance condition, given by Theorem 3.8, is called a one-parameter
Lie group of symmetry transformations.
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These symmetry transformation can be used successfully when solving dif-
ferential equations and the methods are discussed in, for example, [Hyd00b]
and [Lea01].

example 3.10. Consider the differential equation

ẍ = tnx2, n ∈ Q, (3.14)

where ˙≡ d

dt
. The equation (3.14) admits the Lie symmetry generator

X = t∂t − (n + 2)x∂x, (3.15)

and from the system






Xr(t, x) = 0

Xs(t, x) = 1,

we have the canonical coordinates

r = tn+2x, s = ln(t). (3.16)

Thus we can write

ds

dr
=

(

ẋtn+3 + (n + 2)xtn+2
)

−1
,

or equivalent

ẋ =

(

ds

dr

)

−1

t−(n+3) − (n + 2)xt−1. (3.17)

Inserting the previous equation into (3.14) and setting w ≡ ds

dr
gives

dw

dr
+ (2n + 5)w2 +

(

r2 − (n2 + 5n + 6)r
)

w3 = 0, (3.18)

and the order of the original differential equation (3.14) is reduced by one. The
reduced equations becomes

dw

dr
+ (r2 − r)w3 = 0, (3.19)

for the special case n = −5/2, and we have obtained a solvable separable
differential equation. The general solution of the starting equation (3.14), for
n = −5/2, can now be determined by first solving (3.19) and then the canonical
coordinates (3.16) are used to transform the solution of w back to the original
coordinates t and x.
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3. Lie Algebra

So far we only considered the one-parameter Lie group of transformations.
However, differential equations may be invariant under more that one Lie group
generator.

example 3.11. The free particle equation, a second order ordinary differ-
ential equation,

ẍ = 0, ˙≡ d

dt
, (3.20)

admits eight Lie symmetry generators

X1 = ∂x X2 = ∂t X3 = t∂t X4 = xt∂t + x2∂x

X5 = t∂t X6 = x∂t X7 = x∂x X8 = t2∂t + xt∂x.
(3.21)

Therefore, in general we must work with the r-parameter Lie group of trans-
formations and the generators Xr which leads to an additional structure. The
previous theories can be extended to include r parameters, see for example
[Anc02]. Since each parameter belong to an infinitesimal generator, these gen-
erators will span an r-dimensional vector space, called the commutator.

definition 3.12. The Lie bracket, or commutator, of two infinitesimal gen-
erators X and Y is defined as

[X, Y ] = XY − Y X. (3.22)

theorem 3.13. The commutator of any two infinitesimal generators of an
r-parameter Lie group of transformations is a Lie group generator for one of
its one-parameter subgroup. In particular

[Xα, Xβ] =

r
∑

γ=1

Cγ
αβXγ , α, β, γ = 1, ..., r, (3.23)

where Cβ
αβ are constants called structure constants.

Theorem 3.13, known as the Second Fundamental Theorem of Lie, can be
used to show that the Jacobi’s identity as well as the anti-symmetry property
holds and is stated by the following theorem, known as the Third Fundamental
Theorem of Lie.

theorem 3.14. The structure constants Cβ
αβ satisfy the following relations

Cβ
αβ = −Cβ

βα, (3.24)

r
∑

ρ=1

[

Cρ
αβCδ

ργ + Cρ
βγCδ

ρα + Cρ
γαCδ

ρβ

]

= 0, (3.25)

which are equivalent to the anti-symmetry property, respectively Jacobi’s iden-
tity.
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definition 3.15. A Lie algebra L is a vector space over R, or C, with
a bracket operation, the commutator (3.22), satisfying the properties (3.23),
(3.24) and (3.25).

So, in the study of differential equations it is equivalent and more conve-
nient to use the infinitesimal generators and the structure of the Lie algebra
instead of the corresponding r-parameter Lie group of transformations. As we
saw in the previous sections the corresponding generator for the one-parameter
Lie group of transformations contains all the essential information about the
transformations and now it is also a subgroup of the multi-parameter case. This
discovery requires one to only consider invariance of the differential equation
under one-parameter Lie groups of transformations. Therefore, in the study of
differential equations and their solutions a very successful starting point is the
corresponding Lie symmetry algebra that may exist. The Lie symmetry algebra
can also be used when trying to determine possible discrete symmetries. This
will be discussed in Chapter 4.

4. Different Types of Lie Symmetry Transformations

Depending on the coefficients of the Lie group generator, see Definition 3.3,
the symmetry transformations can be divided into four different groups:

• Point

The transformation is a point symmetry if the coefficient functions
of X depend on n independent and m dependent variables and no
derivatives. Examples of point symmetries are translations, scalings
and rotations.

• Contact

The transformation is a contact symmetry if the coefficient func-
tions of X, besides depend on n independent and m dependent vari-
able, also depend on the first derivative in such a way that the first
prolonged coefficient is independent of the second derivative, see for
example [Anc02].

• Bäcklund

The transformation is a generalized symmetry transformation or
known as a Bäcklund symmetry and is an extension of the contact
symmetry since the coefficient functions may include higher deriva-
tives.

• Non-local

The transformation is a non-local symmetry if it contains unsolved
integrals. The opposite is a local symmetry without any unsolved in-
tegrals.

remark 3.16. In this essay the coefficient functions are set to only depend
on one independent and one dependent variable and is mainly concentrated on
discrete point and non-local Sundman symmetries.



CHAPTER 4

Discrete Symmetry Transformations

Symmetry transformations that can not be described by infinitesimal oper-
ations do exist. Instead the symmetry operations are given by distinct steps, or
discrete. The use of continuous symmetry transformations can not solve every
differential equation and this fact strongly suggests the use of other methods
as pointed out in Chapter 2.

How could discrete symmetries be found and what role do they play?
Maybe, we can use them to obtain particular or general solutions of differ-
ential equations? A well-motivated reason to study discrete symmetries arises
in physics. In particle physics we have three unique and interesting symmetries,
namely reflections in space, reflections in time, as well as particle-antiparticle
symmetry. They seem to be discrete in the sense that there are distinct steps
related to those properties and an example is the electron-positron symmetry,
where the particles are distinguished by the negative and positive charge.

example 4.1. We consider the following equation which was proposed in
[Eul02]

...
x − 6t−2ẋ + αt−1ẋ2 − α2

18
ẋ3 = 0 where α ∈ R. (4.1)

and the overdot denotes differentiation with respect to the independent variable
t. A trivial symmetry transformation is

x 7→ x̂ = x, t 7→ t̂ = −t,

and it is a discrete transformation, or a reflection in time. Does there exist any
more discrete symmetries and how could these be calculated?

A method, which uses the knowledge of the Lie symmetries, discussed by
P. E. Hydon in several papers [Hyd98b] [Hyd01] [Hyd00a] [Hyd98a] is con-
sidered as a way to calculate the discrete symmetries in an algorithmic fashion.

remark 4.2. The focus is on discrete point symmetries and not on more
general ones. The advantage of point symmetries is the possible geometrical
interpretations and the fact that Lie point symmetries have been studied widely
by others. Methods to find discrete contact symmetries, see [Hyd98b].

13



14 4. DISCRETE SYMMETRY TRANSFORMATIONS

1. Discrete Point Symmetries

1.1. The Basics. A point symmetry of a given differential equation

x(n) = E(t, ẋ, ẍ, ..., x(n−1)), n ≥ 2 (4.2)

is a diffeomorphism, or a smooth invertible transformation, in the (t, x) plane
that maps the set of solutions of the differential equation to itself. We adopt
the convention that

Γ : z 7→ ẑ, (4.3)

describes an arbitrary point symmetry. This enables us to deal with both
discrete and Lie symmetries. The variable z denotes the n independent and m
dependent variables.

remark 4.3. The caret over a function or operator means that z is replaced
by ẑ.

proposition 1 ([Hyd00b]). The action of any point symmetry

Γ : z 7→ ẑ, (4.4)

on an arbitrary smooth function F admits the following property

ΓF (z) = F (Γz) = F (ẑ). (4.5)

The proposed method of P. E. Hydon uses the knowledge of the Lie algebra L
of point symmetry generators of the given differential equation (4.2). Therefore
we restrict ourselves to second and higher order since first order differential
equations usually have infinitely many point symmetries. A very important
result when classifying invariant solutions is used, namely the optimal system
of generators [Hyd00b].

lemma 4.4 ([Hyd98a]). Assume that the differential equation (4.2) admits
a r-dimensional Lie algebra L of one-parameter Lie point symmetry generators,
where X is a generator that belongs to L. Then for an arbitrary point symmetry
of (4.2)

Γ : z 7→ ẑ, (4.6)

where z denotes the dependent and independent variables, we can conclude that

X̂ = ΓXΓ−1, (4.7)

is a generator of the one-parameter Lie group of point symmetries

Γ̂(ε) = ΓΓ(ε)Γ−1, (4.8)

for (4.2). Γ(ε) denotes the one-parameter Lie group of point symmetries for
(4.2) generated by X.
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Proof. L consists of the basis generators

Xi = ξs
i (z)∂zs , i = 1, ..., r, (4.9)

and each generator X ∈ L can be written as

X = κiXi, (4.10)

where κi is a constant. Γ(ε), a one-parameter Lie group of point symmetries,
is generated by X

Γ(ε) : z 7→ eεXz. (4.11)

If F is an arbitrary smooth function, using (4.5),

X̂F (ẑ) = ΓXF (z) = ΓXΓ−1F (ẑ), (4.12)

and we have

X̂nF (ẑ) =
n

∏

[

ΓXΓ−1
]

F (ẑ) = ΓXnΓ−1F (ẑ). (4.13)

Finally we can form the Lie series, assuming convergence,

Γ̂(ε)F (ẑ) = eεX̂F (ẑ) = eεΓXΓ−1

F (ẑ) =

ΓeεXΓ−1F (ẑ) = ΓΓ(ε)Γ−1F (ẑ), (4.14)

so the equations (4.12) and (4.14) show that

X̂ = ΓXΓ−1, (4.15)

is the generator of the one-parameter Lie group of point symmetries

Γ̂(ε) = ΓΓ(ε)Γ−1. (4.16)

This proves the statement. �

The consequence of the previous lemma is, if X ∈ L, then

X̂ = ΓXΓ−1, (4.17)

generates a one-parameter Lie group of point symmetries of the given differential
equation (4.2). However, the Lie algebra L is the set of all Lie point symmetries

and therefore X̂ ∈ L. The same apply to the basis generators of X̂, namely

X̂i = ξs
i (ẑ)∂ẑs , i = 1, ..., r (4.18)

are in L. This set of generators is actually a basis for L, or just simply the
original basis generators with z replaced by ẑ. Thus, each Xi can be written as
a linear combination

Xi = bl
iX̂l, (4.19)

where the coefficients bl
i are determined by the symmetry (4.6). It is useful, for

later on, to regard the coefficients as elements of a matrix

B ≡ (bl
i), (4.20)

which is r × r and non-singular.
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lemma 4.5 ([Hyd00b]). The structure constants given by

[Xi, Xj ] = ck
ijXk, (4.21)

are preserved by the transformation Xi 7→ X̂i, i.e.

[X̂i, X̂j ] = ck
ijX̂k, (4.22)

which is a symmetry of the Lie algebra.

Proof. The structure constants, ck
ij , are determined by

[Xi, Xj ] = ck
ijXk. (4.23)

It follows that

[X̂i, X̂j ] = X̂iX̂j − X̂jX̂i = ΓXiΓ
−1ΓXjΓ

−1 − ΓXjΓ
−1ΓXiΓ

−1 =

ΓXiXjΓ
−1 − ΓXjXjΓ

−1 = Γ (XiXj − XjXi) Γ−1 =

Γ[Xi, Xj ]Γ
−1 = Γck

ijXkΓ
−1 = ck

ijΓXkΓ
−1 = ck

ijX̂k,

and we have
[X̂i, X̂j ] = ck

ijX̂k, (4.24)

which proves the statement. �

The results obtained so far can be summarized in the following lemma:

lemma 4.6 ([Hyd01]). Every arbitrary point symmetry Γ of the given dif-
ferential equation (4.2) induces an automorphism of the Lie algebra L of all
generators of one-parameter Lie point symmetries of (4.2). For each Γ there
exists a constant non-singular r × r matrix B = (bl

i) such that

Xi = bl
iX̂l. (4.25)

All structure constants are preserved by the automorphism.

Now we are provided with a basic tool for calculating the discrete point
symmetries of a given differential equations once we know its Lie algebra of
point symmetries. The basic method can be described by the following steps:

Step I: Create a system of determining equations
Use Lemma 4.6 to obtain the following partial differential equations

Xiẑ = bl
iX̂lẑ, i = 1, ..., r, (4.26)

of the given differential equation (4.2). The solutions of ẑ are obtained
in terms of z, bl

i and some constants of integration.
Step II: Find discrete point symmetries

The symmetry condition is used to factor out the unwanted solu-
tions that may exists from the previous step that do not correspond to
a symmetry transformation or if the given differential equation (4.2)
holds so must

x̂(n) = E(t̂, ˙̂x, ¨̂x, ..., x̂(n−1)), n ≥ 2. (4.27)
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As we already know the Lie point symmetries can be factored out at
any convenient stage of the calculations and the remaining solutions
correspond to the discrete point symmetries.

remark 4.7. The two-step basic method works in principle but when it has
several disadvantages at this stage:

• The calculations are fairly simple for lower dimensional L but not for
higher dimensional L, since more coefficients bl

i must be considered
and we get a larger system of determining equations.

• If a Lie point symmetry would be a translation it could be more eas-
ily factored out at some stage then other more complicated Lie point
symmetries, since it only involves one arbitrary constant that must be
set to zero. But as seen in Chapter 3 there exists more complicated
Lie point symmetries and to factor them out at some convenient stage
can be non-trivial.

• Differential equations without a Lie symmetry algebra can not be con-
sidered since the method require such an algebra.

1.2. Improvements. The determining equations of the basic two-step
method includes the unknown coefficients bl

i of a r × r matrix B. But, when
the Lie algebra L is non-abelian the elements of B can be reduced.

lemma 4.8 ([Hyd00b]). The elements of the matrix B, or (bl
i), satisfy the

nonlinear constrains

cn
lmbl

ib
m
j = ck

ijb
n
k , 1 ≤ i < j ≤ r, 1 ≤ n ≤ r. (4.28)

Proof. The structure constants given by

[Xi, Xj ] = ck
ijXk (4.29)

are preserved under the transformation Xi → X̂i, see Lemma 4.5, i.e.

Xi = bl
iX̂l. (4.30)

The commutator (4.29) can be written as,

bl
ib

m
j [X̂l, X̂m] = ck

ijb
n
kX̂n,

or

cn
lmbl

ib
m
j = ck

ijb
n
k . (4.31)

The structure constants are antisymmetric and

cl
ij = 0 if i = j,

so the cases when i < j are only needed to be considered, which finally proves
the statement. �
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The nonlinear constrains (4.28) by themselves provide some simplification
of the matrix elements bl

i. But a combination of the nonlinear constrains to-
gether with equivalence transformations is even more powerful as we shall see.
The equivalence transformations enable us to factor out the Lie symmetries
of the non-abelian Lie algebras L, before trying to solve the system of partial
differential equations (4.26) obtained with the basic two-step method.

definition 4.9 ([Eul00]). If Xi ∈ L, the adjoint action is an operator that
maps Yj to [Xi, Yj ]

Ad(Xi)Yj
7→ [Xi, Yj ], (4.32)

or a linear transformation of L onto itself.

The adjoint action of the one-parameter Lie group of point transformations
generated by Xj on the set X1, ..., Xr of basis generators, can be described by
a r × r matrix

A(ε, j) = eεC(j) where (C(j))k
i = ck

ij . (4.33)

Therefore, we have an equivalent transformation, generated by Xj , to the group
generated by

X̃i = Ad(eεXj )Xi = Xi−ε[Xj , Xi]+
ε2

2!
[Xj , [Xj , Xi]]−... ≡ (A(ε, j))p

i Xp, (4.34)

and the relation (4.25) can be written as

X̃i = b̃l
iX̂l with b̃l

i = (A(ε, j))p
i b

l
p. (4.35)

In other words the previous equation is equivalent to

Xi = b̃l
iX̂l, (4.36)

under the group generated by Xj . The matrix B can now be replaced by
A(ε, j)B, or BA(ε, j), and we have the freedom to choose ε to be a value which
simplifies the replaced matrix.

Now, we have a tool for factoring out the Lie point symmetries at an early
stage of the calculations. This is done by calculating each A(ε, j) for each
generator Xj of L, of the given differential equation (4.2), and using each A(ε, j)
to factor out the corresponding Lie point symmetry. The order in which the
matrices A(ε, j) are used does not affect the classification. Any order gives the
same final form as long as the parameters ε are chosen appropriately.

remark 4.10. If a generator Xj of the given Lie algebra of point symmetries
L is in the center it can not be factored out, since its adjoint action on L is the
identity mapping. This will be illustrated later on.

lemma 4.11 ([Hyd00b]). The nonlinear constrains (4.28) are not affected
by any equivalence transformation.
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Proof. The nonlinear constrains, Lemma 4.8,

cn
lmbl

ib
m
j = ck

ijb
n
k , (4.37)

holds under the transformation Xi → X̂i. Any equivalence transformation,
using A(ε, j), only maps bl

i → b̃l
i when Xi → X̂i or

Xi = b̃l
iX̂l where b̃l

i = (A(ε, j))p
i b

l
p. (4.38)

The commutator (4.29), using the previous equation, gives after straightforward
calculations

cn
lmb̃j

i b̃
m
j = ck

ij b̃
n
k . (4.39)

This shows that the nonlinear constrains (4.37) are invariant under the mapping

bl
i → b̃l

i and the statement is proved. �

remark 4.12. As the nonlinear constrains are not affected by any equiv-
alence transformation, Lemma 4.11, we can drop the tildes as soon as the
transformation is done. The matrix (bl

i) can still be regarded as (bl
i) under any

equivalence transformation without any loss of generality.

The previous results regarding the nonlinear constrains show that the most
convenient order, using the constrains or equivalence transformation, can be
used when simplifying the elements bl

i of the matrix B. How the results so far
can be used are shown with the following examples where we consider a three-,
four- and seven dimensional Lie symmetry algebra.

example 4.13 (3-dimensional Lie symmetry algebra). Assume that a dif-
ferential equation possesses a Lie algebra of point symmetries with the following
commutators

[X1, X2] = 0, [X1, X3] = X1, [X2, X3] = 0. (4.40)

Then the non-zero structure constants are

c1
13 = 1, c1

31 = −1. (4.41)

From the nonlinear constrains (4.28) we obtain the following,

n = 3 : 0 = ck
ijb

3
k = c1

ijb
3
1 + c2

ijb
3
2 + c3

ijb
3
3 ⇒

b3
1 = 0

n = 2 : 0 = ck
ijb

2
k = c1

ijb
2
1 + c2

ijb
2
2 + c3

ijb
2
3 ⇒

b2
1 = 0.

The matrix B is simplified to

B =





b1
1 0 0

b1
2 b2

2 b3
2

b1
3 b2

3 b3
3



 , (4.42)
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with b1
1 6= 0, since B must be non-singular. The last nonlinear constrains, n = 3,

yields

n = 3 : b1
1b

3
2 = b3

1b
1
2

b1
1b

3
3 − b3

1b
1
3 = b1

1

b1
2b

3
3 = b3

2b
1
3,

resulting in b3
2 = b1

2 = 0 and b3
3 = 1, thus

B =





b1
1 0 0
0 b2

2 0
b1
3 b2

3 1



 . (4.43)

As stated earlier the matrix B must be non-singular and therefore b1
1 6= 0 and

b2
2 6= 0. The next step is to calculate the matrices A(ε, j). We have

Ad
(

eε1X1

)

X1 = X1 − ε1[X1, X1] + ... = X1

Ad
(

eε1X1

)

X2 = X2 − ε1[X1, X2] + ... = X2

Ad
(

eε1X1

)

X3 = X3 − ε1[X1, X3] +
ε2

2!
[X1, [X1, X3]] − ... =

X3 − ε1X1,

or written in matrix form

A(ε1, 1) =





1 0 0
0 1 0

−ε1 0 1



 . (4.44)

In the same manner we obtain

A(ε2, 2) =





1 0 0
0 1 0
0 0 1



 , A(ε3, 3) =





eε3 0 0
0 1 0
0 0 1



 . (4.45)

The equivalence transformation B̃ = A(ε1, 1)B with ε1 = b1
3/b1

1 gives

A(ε1, 1)B =





1 0 0
0 1 0

−ε1 0 1









b1
1 0 0
0 b2

2 0
b1
3 b2

3 1



 =





b1
1 0 0
0 b2

2 0
−ε1b

1
1 + b1

3 b2
3 1



 =
{

ε1 = b1
3/b1

1

}

=





b1
1 0 0
0 b2

2 0
0 b2

3 1



 (4.46)

and A(ε3, 3)B̃ with ε3 = − ln |b1
1| finally gives

B =





β 0 0
0 b2

2 0
0 b2

3 1



 , β ∈ {−1, 1}. (4.47)
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As one can see, we have now simplified the matrix B to only contain two
unknown elements and factored out the two Lie point symmetries corresponding
to X1 and X3. However, X2 is in the center of the Lie algebra and we cannot
factor out the corresponding Lie point symmetry as stated in Remark 4.10.
It is even more clear from the equivalence transformation, A(ε2, 2)B, since it
corresponds to the identity matrix I.

example 4.14 (4-dimensional Lie symmetry algebra). Assume that a dif-
ferential equation possesses a Lie algebra of point symmetries with the following
commutators

[X1, X2] = [X1, X3] = [X2, X4] = [X3, X4] = 0

[X1, X4] = X1, [X2, X3] = X2.
(4.48)

Then the non-zero structure constants are

c1
14 = −c1

41 = 1, c2
23 = −c2

32 = 1. (4.49)

From the nonlinear constrains (4.28) we obtain in the same manner as in Ex-
ample 4.13 the following,

n = 4 : b4
1 = b4

2 = 0

n = 3 : b3
1 = b3

2 = 0.

But, for n = 2 and n = 1 the left hand side of (4.28) is not zero because of the
non-zero structure constants (4.49),

n = 2 : b2
i b

3
j − b3

i b
2
j = c1

ijb
2
1 + c2

ijb
2
2 ⇒

b1
1b

4
3 = 0

b1
1b

4
4 = b1

1

b1
2b

4
3 = b1

2

b1
2b

4
4 = 0

b1
3b

4
4 − b4

3b
1
4 = 0

n = 1 : b1
i b

4
j − b4

i b
1
j = c1

ijb
1
1 + c2

ijb
1
2 ⇒

b2
1b

3
3 = 0

b2
1b

3
4 = b2

1

b2
2b

3
3 = b2

2

b2
2b

3
4 = 0

b2
3b

3
4 − b3

3b
2
4 = 0.
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The matrices A(ε, j) are calculated in the same manner as in Example 4.13,

A(ε1, 1) =









1 0 0 0
0 1 0 0
0 0 1 0

−ε1 0 0 1









, A(ε2, 2) =









1 0 0 0
0 1 0 0
0 −ε2 1 0
0 0 0 1









,

A(ε3, 3) =









1 0 0 0
0 eε3 0 0
0 0 1 0
0 0 0 1









, A(ε4, 4) =









eε4 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









.

(4.50)

First we examine the case when b1
1 6= 0. The equivalence transformation

A(ε1, 1)B with ε1 = b1
4/b1

1 give b1
4 = 0 and the nonlinear constrains for n = 2

give

b4
2 = b1

2 = b1
3 = 0, b4

4 = 1. (4.51)

A(ε3, 3)B with ε3 = − ln |b2
2| gives b2

2 ≡ α ∈ {−1, 1} and the nonlinear con-
strains for n = 3 give

b2
1 = b3

4 = b2
4 = 0, b3

3 = 1. (4.52)

So far the simplified matrix B can be written as

B =









b1
1 0 0 0
0 α 0 0
0 b2

3 1 0
0 0 0 1









, α ∈ {−1, 1}.

The remaining two equivalence transformations can be used to make two more
simplifications where A(ε2, 2)B with ε2 = b2

3/α gives b2
3 = 0 and A(ε1, 1)B with

ε2 = − ln |b1
1| gives b1

1 ≡ β ∈ {−1, 1}. For the case b1
1 6= 0 we have simplified

the matrix B to

B =









β 0 0 0
0 α 0 0
0 0 1 0
0 0 0 1









, α ∈ {−1, 1}, β ∈ {−1, 1}, (4.53)

and factored out all Lie point symmetries.We also need to consider the case
b1
1 = 0 and in the same manner we obtain another simplified matrix B but it is

singular since its determinant is equal to zero. Therefore, the simplified matrix
to be used with the Lie symmetry algebra (4.48) is given by (4.53).

example 4.15 (7-dimensional Lie symmetry algebra). The ordinary differ-
ential equation

...
x = 0 admits the Lie point symmetry generators

X1 = ∂t, X2 = ∂x, X3 = t∂x, X4 = t2∂x, X5 = t∂t, X6 = x∂x

X7 = t2∂t + 2tx∂x,
(4.54)
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which is a seven-dimensional Lie symmetry algebra with the commutator table:

X1 X2 X3 X4 X5 X6 X7

X1 0 0 X2 2X3 X1 0 2X5 + 2X6

X2 0 0 0 0 X2 2X3

X3 0 0 −X3 X3 X4

X4 0 −2X4 X4 0
X5 0 0 X7

X6 0 0
X7 0

It would be of interest if we knew the discrete point symmetries of the given
differential equation but we are faced with a 8 × 8 matrix B, or 64 elements,
and a complicated Lie symmetry algebra structure. To simplify the matrix B
or even factor out some of the Lie point symmetries is not as easy as with the
previous examples and using some kind of computer algebra would be helpful.
The problem is still unsolved but it is a very good example how complicated
the calculations can be.

Using the basic two-step method together with the improvements discussed
and presented in this subsection provides a final algorithm to determine all
discrete point symmetries of the given differential equation (4.2).

1.3. Algorithm. The algorithm obtained for determining the discrete point
symmetries of the differential equation (4.2), videlicet

x(n) = E(t, ẋ, ẍ, ..., x(n−1)), n ≥ 2

is explained in the following steps.

Step I: Determine the Lie point symmetries of (4.2)
The Lie group of point symmetries L is determined for the given

differential equation (4.2).
Step II: Nonlinear constrains

The elements of the matrix B, or (bl
i), satisfy the nonlinear con-

strains given by (4.28).
Step III: If L is non-abelian

Calculate each A(ε, j), given by (4.33), corresponding to each basis
of the Lie algebra L. This enables one to factor out the corresponding
Lie symmetries in the next step.

Step IV: Simplify the matrix B
The nonlinear constrains obtained in Step II can be used to sim-

plify the matrix B whenever the Lie algebra L is abelian or not. How-
ever, if L is non-abelian the elements bl

i may also be simplified by
multiplying each A(ε, j) with B, where ε each time is chosen to be
some proper constant. Unless A(ε, j) is the identity the corresponding
Lie point symmetry is factored out. There is no particular order how
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the nonlinear constrains or the equivalence transformations are to be
used, the most convenient order can be chosen.

Step V: Create the determining equations of ẑ
Use Lemma 4.6 to obtain the following partial differential equations

which each arbitrary point symmetry must satisfy

Xiẑ = bl
iX̂lẑ, i = 1, ..., r. (4.55)

where bl
i are the coefficients of the simplified matrix B. The solutions

of ẑ are obtained in terms of z, bl
i and some constants of integration.

Step V: Determine the discrete point symmetries
The symmetry condition is used to factor out the unwanted solu-

tions that may exists from the previous step that do not correspond to
a symmetry transformation or if the given differential equation (4.2)
holds so must

x̂(n) = E(t̂, ˙̂x, ¨̂x, ..., x̂(n−1)), n ≥ 2. (4.56)

As we already know the Lie point symmetries can be factored out at
any convenient stage of the calculations and the remaining solutions
correspond to the discrete point symmetries.

2. Using the Method

In the introduction of this chapter we considered a differential equation with
a trivial discrete point symmetry and asked a question about the existence of
other discrete symmetries. However, the equation is only a special case of a
more general class of differential equations

...
x + f1(t)ẋ + f2(t)ẋ

2 + f3(t)ẋ
3 + f0(t) = 0, (4.57)

which could be linearized to X ′′′ = 0 using the generalized Sundman transfor-
mation [Eul02] if the arbitrary functions fi(t) satisfy the following conditions:























f3(t) = c, c ∈ R\{0}

f̈2(t) + (9c)−1f3
2 (t) − 3cf0(t) = 0

f1(t) = (3c)−1f2
2 (t).

(4.58)

remark 4.16. Under the generalized Sundman transformations there also
exits some associated symmetries. These so-called Sundman symmetry trans-
formations will be discussed later.

example 4.17. The differential equation (4.57) can be rewritten as

...
x + (3c)−1f2

2 (t)ẋ + f2(t)ẋ
2 + cẋ3 + (3c)−1f̈2(t) + (27c2)−1f3

2 (t) = 0, (4.59)
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by using the conditions (4.58) which makes it linearizable. The Lie point sym-
metry generators are

X1 = ∂t − (3c)−1f2(t)∂x, X2 = ∂x,

X3 = t∂t −
(

(3c)−1

∫

[

ḟ2(t)t + f2(t)
]

dt

)

∂x

(4.60)

with the following commutator relations:

[X1, X2] = 0, [X1, X3] = X1, [X2, X3] = 0. (4.61)

This Lie symmetry algebra was discussed in Example 4.13. The determining
equations for the discrete symmetries are given by the system





X1t̂ X1x̂
X2t̂ X2x̂
X3t̂ X3x̂



 = B





X̂1t̂ X̂1x̂

X̂2t̂ X̂2x̂

X̂3t̂ X̂3x̂



 , (4.62)

where B is the simplified matrix (4.47). The following systems of PDEs are
obtained for each transformed variable











































∂t̂

∂t
− (3c)−1f2(t)

∂t̂

∂x
= β

∂t̂

∂x
= 0

t
∂t̂

∂t
− (3c)−1

(
∫

ḟ2(t)t + f2(t)dt

)

∂t̂

∂x
= t̂

(4.63)











































∂x̂

∂t
+ (3c)−1f2(t)

∂x̂

∂x
= −β(3c)−1f2(t̂)

∂x̂

∂x
= b2

2

t
∂x̂

∂t
− 1

3c

(
∫

[

ḟ2(t)t + f2(t)
]

dt

)

∂x̂

∂x
= b2

3 −
1

3c

(
∫

[

ḟ2(t̂)t̂ + f2(t̂)
]

dt̂

)

∂x̂

∂x

(4.64)

The solution to the first system of PDEs (4.63) is

t̂ = βt, (4.65)

and this result together with the second system of PDEs (4.64) yields

x̂ = b2
2x + (3c)−1

∫

b2
2f2(t) − βf2(βt)dt. (4.66)

The next step is to determine whether all the solutions correspond to symme-
tries of the differential equation (4.59). This is done by using the symmetry
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condition, that is if (4.59) holds so must
...
x̂ + (3c)−1f2

2 (t̂) ˙̂x + f2(t̂) ˙̂x2 + c ˙̂x3 + (3c)−1f̈2(t̂) + (27c2)−1f3
2 (t̂) = 0, (4.67)

under the transformation. Straightforward calculations, keeping in mind that
B must be non-singular give

b2
2 ∈ {−1, 1} . (4.68)

The real discrete symmetry transformations of the differential equation (4.59)
are therefore



























t̂ = βt

x̂ = b2
2x + (3c)−1

∫

[

b2
2f2(t) − βf2(βt)

]

dt

β ∈ {−1, 1} , b2
2 ∈ {−1, 1} ,

(4.69)

and by setting the constant of integration to zero the symmetry generated by
X2 is factored out.

The differential equation (4.1) in the introduction of this chapter, namely

...
x − 6t−2ẋ + αt−1ẋ2 − α2

18
ẋ3 = 0 where α ∈ R,

corresponds to (4.59) by setting

f2(t) = αt−1, α2 = −18c,

and the set of real discrete symmetry transformations is

(t̂, x̂) ∈
{

(t, x), (t,−x + 12α−1 ln(t)), (−t, x), (−t,−x + 12α−1 ln(t))
}

. (4.70)

example 4.18. An important equation that arises in the study of band
structure in solid state physics is the Poisson-Boltzman equation

ẍ +
k

t
ẋ + δex = 0, k 6= 0, δ ∈ {−1, 1}. (4.71)

studied in [Hyd00b] by only using continuous symmetries. Equation (4.71) is a
second order nonlinear differential equation with a one-dimensional Lie algebra
L of point symmetries

X1 = t∂t − 2∂x. (4.72)

It is more convenient to work in canonical coordinates (r(t, x), s(t, x)). Those
are obtained by solving the system

X1r(t, x) = 0, X1s(t, x) = 1, (4.73)

since X1 becomes a translation which is much simpler to factor out at some
stage in the calculations. The corresponding canonical coordinates are

r(t, x) = x + ln(t2), s(t, x) = ln(t), (4.74)
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and (4.71) is equivalent to

r′′(s) + (k − 1)(r′(s) − 2) + δer(s) = 0, with X1 = ∂s. (4.75)

The pair of PDEs is

X1ŝ = b1
1X̂1ŝ, X1r̂ = b1

1X̂1r̂, (4.76)

with general solution

ŝ = b1
1s + g(r), r̂ = f(r), b1

1 6= 0, (4.77)

where g(r) and f(r) are arbitrary functions. The previous solutions give

dr̂

dŝ
=

ḟ r′

b1
1 + ġr′

,
d2r̂

dŝ2
=

b1
1

[

ḟ r′′ + f̈ r′2
]

+
[

f̈ ġ − ḟ g̈
]

r′3

[

b1
1 + ġr′

]3 , (4.78)

where ′ =
d

ds
and ˙=

d

dr
. If (4.75) holds so must

d2r̂

dŝ2
+ (k − 1)

dr̂

dŝ
− 2(k − 1) + δer̂ = 0, (4.79)

which is the symmetry condition and inserting the results from (4.78) yields

b1
1f̈ r′2 + b1

1ḟ
[

−(k − 1)r′ + 2(k − 1) − δer
]

+
[

f̈ ġ − ḟ g̈
]

r′3

+ (k − 1)ḟ
[

b1
1 + ġr′

]2
r′ +

[

δef − 2(k − 1)
]

[

b1
1 + ġr′

]3
= 0. (4.80)

Now each power of r′ is identified:

r′3 : f̈ ġ − ḟ g̈ + (k + 1)ḟ ġ2 +
[

δef − 2(k − 1)
]

ġ3 = 0

r′2 : b1
1f̈ + (k − 1)ḟ2b1

1ġ +
[

δef − 2(k − 1)
]

3b1
1ġ

2 = 0

r′ : −b1
1ḟ(k − 1) + (k − 1)ḟ(b1

1)
2 +

[

δef − 2(k − 1)
]

3(b1
1)

2ġ = 0.

An interesting case is k = 1, since we get infinitely many symmetries, and the
previous system gives the following solutions

g(r) = C1, f(r) = C2r + C3, (4.81)

where Ci are arbitrary constants. Inserting these solutions back into (4.80)
gives

C2 = 1, C3 = −2 ln(γ) with γ ≡ b1
1, (4.82)

and by setting C1 = 0 the translation symmetry of X1 is factored out. The real
discrete set of symmetry transformation in the (t, x) plane yields

(t̂, x̂) ∈ {tγ , x + 2 ln
(

t1−γγ−1
)

}, γ 6= 0. (4.83)

where γ is an arbitrary constant.
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3. Worked Examples

In this section I list some differential equations and their corresponding
discrete point symmetries obtained with the algorithm presented in the previous
sections.

3.1. Second Order Equations.

• The Poisson-Boltzman equation [Hyd00b]

ẍ +
k

t
ẋ + δex, k 6= 0, δ ∈ {(−1, 1)}, (4.84)

admits an one-dimensional Lie symmetry algebra

X1 = t∂t − 2∂x,

and the real discrete set of point symmetries for k = 1 is

(t̂, x̂) ∈ {tγ , x + 2 ln
(

t1−γγ−1
)

}, γ ∈ R\{0}. (4.85)

• The anharmonic oscillator [Ste93]

ẍ + x3 = 0, (4.86)

admits a two-dimensional Lie symmetry algebra

X1 = ∂t, X2 = −t∂t + x∂x,

and the real discrete set of point symmetries is

(t̂, x̂) ∈ {(t, x), (t,−x), (−t, x), (−t,−x)}. (4.87)

3.2. Third Order Equations.

• The generalized Blasius equation [Dav62]
...
x + axẍ = β [ẋ − 1] , a 6= 0, β 6= 0, (4.88)

admits an one-dimensional Lie symmetry algebra

X1 = ∂t,

and the real discrete set of point symmetries is

(t̂, x̂) ∈ {(t, x), (−t,−x)}. (4.89)

• The nonlinear equation [Ibr96]
...
x = Cẍ2ẋ−1, C ∈ R, (4.90)

admits a four-dimensional Lie symmetry algebra

X1 = ∂t, X2 = ∂x, X3 = x∂x, X4 = t∂t,

and the real discrete set of point symmetries is

(t̂, x̂) ∈ {(t, x), (t,−x), (−t, x), (−t,−x)}. (4.91)
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• The nonlinear equation

...
x +

3

x
ẋẍ − 3ẍ − 3

x
ẋ2 + 2ẋ = 0, (4.92)

which is equivalent to X ′′′(T ) = 0 by an invertible point transfor-
mation, see [Ste93]. This equation admits a four-dimensional Lie
symmetry algebra

X1 = ∂t, X2 = x∂x, X3 =
1

x
∂x, X4 = e−t∂t,

and the real discrete set of point symmetries is

(t̂, x̂) ∈ {(t, x)}. (4.93)

• The nonlinear equation
...
x − x−1ẋẍ = 0, (4.94)

is equivalent to X ′′′(T ) = 0 by an generalized Sundman transforma-
tion, see [Eul02]. This equation admits a three-dimensional Lie sym-
metry algebra

X1 = ∂t, X2 = x∂x, X3 = t∂t,

and the real discrete set of point symmetries is

(t̂, x̂) ∈ {(t, x), (t,−x), (−t, x), (−t,−x)}. (4.95)

4. Conclusions

The method has both advantages but also disadvantages. It is very system-
atic and one is able to calculate the complete set of real discrete point symme-
tries. The use of the discrete symmetries to solve a given ordinary differential
equation is still unsolved but they can be used in numerical approximations to
reduce the domain to be investigated. The method is presented in an algorith-
mic way, but calculations so far have shown that it is not always the case, and
therefore implementation of the method into a computer-program can be diffi-
cult. Some other disadvantages are, namely the nonlinear equations connected
to the nonlinear constrains (4.28) that may be hard to solve and the same is
true for the system of PDEs (4.55). Even to check the symmetry condition, see
Step V of the algorithm, can be complicated depending on the complexity of
the transformation. Finally, the dependence on a Lie symmetry algebra creates
restrictions since without an algebra there is no way to use the method. Still,
most of the interesting and physical differential equations posses at least one
Lie symmetry. I summarize:

• The method is depended on the existence of a Lie symmetry algebra of
the given differential equation (4.2). Without an algebra the method
can not be used.
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• As seen in Example 4.15 the more complicated Lie symmetry algebra
structure we have the more complicated algebraic equations must be
solved and even to solve the system of PDEs (4.55) can be difficult.

• The method is not fully systematic and to create a computer-based
program can be difficult. A great achievement would be to have a
program that only could solve the nonlinear constrains (4.28) which
are nonlinear algebraic equations.

• A way to use the discrete symmetries to solve a given differential equa-
tion (4.2) has not yet been accomplished and should be investigated
further.



CHAPTER 5

Generalized Sundman Transformations

Nonlinear science is closely connected to several important issues such as
the symmetry concept, integrability and exact solutions. Besides using the sym-
metry methods that have been developed, mainly initiated by S. Lie a century
ago, the idea of establishing classes of equations that are equivalent to each
other in some manner is an active research area. A preferable proposition is
to linearize a differential equation, especially since linear equations in general
have obtainable solutions, by using some kind of transformation. These trans-
formations may be point or generalized to non-point transformations. A very
interesting and notable feature of these point transformations is that they pre-
serve Lie point symmetries and the same should be true for the discrete point
symmetries introduced in the previous chapter.

definition 5.1. The transformation

T = G(t, x(t)), X = F (t, x(t)), (5.1)

where F and G are arbitrary smooth functions is called a point transformation.
Geometrically, the transformation transforms the points (t, x) of the tx-plane
to points (T, X) in the TX-plane. We assume that the Jacobian

J ≡ ∂(T, X)

∂(t, x)
6= 0 (5.2)

over a region R of the tx-plane and then the transformation (5.1) is called a
invertible point transformation.

In 1896 Tresse [Tres96] showed by using a point transformation (5.1) that

ẍ + Λ3(t, x)ẋ3 + Λ2(t, x)ẋ2 + Λ1(t, x)ẋ + Λ0(x, t) = 0, (5.3)

where overdot denotes differentiation with respect to the independent variable
t, is the most general second order ordinary differential equation that could be
linearized under (5.1) to the free particle equation

X ′′(T ) = 0. (5.4)

31
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where ′ ≡ d

dT
. The functions Λi(t, x) are related to the point transformation

as

Λ3(t, x) = [GxFxx − GxxFx] /H

Λ2(t, x) = [GtFxx + 2GxFtx − 2FxGxt − FtGxx] /H

Λ1(t, x) = [GxFtt + 2GtFtx − 2FtGtx − FxGtt] /H

Λ0(t, x) = [GtFtt − GttFt] /H

(5.5)

where H = GtFx − GxFt 6= 0. Cartan [EC94] also considered this problem
but from a more geometrical point of view and like Tresse he determined the
conditions, sometimes called the Tresse-Cartan conditions, that the functions
Λi(t, x) must satisfy in order to linearize to the free particle equation. These
compatibility conditions could in practice be used to verify if an equation has
the correct form to be linearizable and then the transformation is determined
from the solutions of (5.5).

definition 5.2. A generalization of the invertible point transformation
(5.1) is

dT = G(t, x)dt, X(T ) = F (t, x) (5.6)

where F and G are arbitrary smooth functions and we assume that the Jacobian
is not equal to zero. This transformation (5.6) is called an invertible non-point
transformation or a generalized Sundman transformation [Eul02].

The generalization (5.6) was introduced by Duarte et al [DL94] and in
the same manner as above they considered the class of equations that could be
linearized to the free particle equation. In their paper they determined the class
and the compatibility conditions. Recently, N. Euler et al [Eul02] determined
the class of third order ordinary differential equations that could be linearized
under the transformation (5.6) to the case X ′′′(T ) = 0, videlicet

...
x + Λ5(t, x)ẍ + Λ4(t, x)ẋẍ + Λ3(t, x)ẋ3

+ Λ2(t, x)ẋ2 + Λ1(t, x)ẋ + Λ0(t, x) = 0, (5.7)
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with the following relations:

Λ5(t, x) = 3
Fxt

Fx
− 3

Gt

G
− Ft

Fx

Gx

G

Λ4(t, x) = 3
Fxx

Fx
− 4

Gx

G

Λ3(t, x) =
Fxxx

Fx
+ 3

[

Gx

G

]2

− 3
Fxx

Fx

Gx

G
− Gxx

G

Λ2(t, x) = 3
Fxxt

Fx
+ 3

Ft

Fx

[

Gx

G

]2

− 6
Fxt

Fx

Gx

G
− 3

Fxx

Fx

Gt

G
+ 6

Gx

G

Gt

G

−Ft

Fx

Gxx

G
− 2

Gxt

G

Λ1(t, x) = 3

[

Gt

G

]2

+ 3
Fxtt

Fx
− 3

Ftt

Fx

Ftt

Fx

Gx

G
− 6

Fxt

Fx

Gt

G
+ 6

Ft

Fx

Gx

G

Gt

G

−2
Ft

Fx

Gxt

G
− Gtt

G

Λ0(t, x) =
Fttt

Fx
− Ft

Fx

Gtt

G
− 3

Ftt

Fx

Gt

G
+ 3

Ft

Fx

[

Gt

G

]2

,

(5.8)

where FxG2 6= 0. They named the transformation (5.6) a generalized Sundman
transformation, a name which has been widely accepted, and from the symmetry
point of view they also made a remarkable discovery, namely that the system
(5.8) is invariant under the following change of F and G:

F̂ (t, x) = F−1(t, x)

Ĝ(t, x) = F−3/2(t, x)G(t, x).

(5.9)

definition 5.3 ([Eul02]). All third order ordinary differential equations
that could be linearized to X ′′′(T ) = 0 by a generalized Sundman transforma-
tion (5.6) admits the symmetry

F (t̂, x̂) = F−1(t, x)

G(t̂, x̂)dt̂ = F−3/2(t, x)G(t, x)dt,
(5.10)

called a Sundman symmetry transformation.
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example 5.4. Consider the nonlinear third order ordinary differential equa-
tion [Ste93]

...
x +

3

x
ẋẍ − 3ẍ − 3

x
ẋẍ2 + 2ẋ = 0, (5.11)

which only possess the trivial real discrete symmetry transformation (t̂, x̂) →
(t, x) when using the method in the previous chapter. However, this equation
can be linearized to X ′′′(T ) = 0 by a generalized Sundman transformation

dT = etdt, X(T ) = x2, (5.12)

and the corresponding Sundman symmetry is

t̂ = ln

(
∫

x−3etdt

)

, x̂ = x−1, (5.13)

which is a non-local symmetry.

A very interesting feature about the Sundman symmetries, as seen in the
previous example, is the ability to find symmetries that cannot be found by
P. E. Hydons method nor by using the methods regarding the Lie symmetries.
The same questions arises as with the discrete symmetries, that is ”How could
these new symmetries be used and determined?”. Maybe, the Sundman sym-
metry could be a sufficient or even a necessary condition for an equation to be
linearizable? What about other n-th order ordinary differential equations that
can be linearized into X(n)(T ) = 0?

1. The Associated Sundman Symmetry

In their paper N. Euler et al [Eul02] discovered an associated symmetry
with the generalized Sundman transformation as mentioned in the beginning
of this chapter. But how unique is this symmetry? Can there be any other
symmetries and what about other classes of equations that could be linearized
to other linear equations besides X ′′′(T ) = 0? A way to answer these questions
may be to consider the coefficients Λi(t, x) of the classes of ordinary differen-
tial equations that may be linearized. Since the coefficients are dependent on
G(t, x), F (t, x) and their partial derivatives the symmetry conditions

Λ̂i(F̂ , Ĝ) = Λi(F, G), (5.14)

where F̂ = P (F, G) and Ĝ = Q(F, G) with P and Q as arbitrary functions
should give all the possible symmetries of G(t, x) and F (t, x), including (5.9)
for the case X ′′′(T ) = 0. After having determined these symmetries one has the
complete list of Sundman symmetry associated with the corresponding gener-
alized Sundman transformation as

F (t̂, x̂) = P (F (t, x), G(t, x))

G(t̂, x̂)dt̂ = Q(F (t, x), G(t, x))dt
(5.15)
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with P and Q as arbitrary functions. In order to understand the Sundman
symmetry different classes of linearizable equations are considered in the next
sections.

2. Case I: X ′(T ) + k1X(T ) + k2 = 0

A first order ordinary differential equation seems trivial since it only con-
tains a first derivative. However it is very difficult to determine the general
solution of some special types of first order equations or even impossible. The
generalized Sundman transformation may be used in order to find solutions of
first order equations as shown with the following example.

example 5.5. Consider the equation

ẋ = x2 − x

t
, (5.16)

which can be linearized by a Sundman transformation

dT = xdt, X = xt, (5.17)

to
X ′(T ) = X(T ).

The solution of the previous linearized equation is

X(T ) = c0e
T ,

and from the transformation we get

dT =
X(T )

t
dt ⇒

∫

dT

c0eT
=

∫

dt

t
⇒ − 1

c0
e−T = ln t + ln c1,

or

eT = − 1

c0 ln(c1t)
. (5.18)

Thus

X(T ) = c0e
T = − c0

c0 ln(c1t)
= xt,

and the general solution to (5.16) is

x = − 1

t ln(c1t)
. (5.19)

As seen in the previous example the generalized Sundman transformation
can be very useful. However, the associated symmetry is the main point to be
discussed here and we now concentrate on this matter. The class of equations
that can be linearized to

X ′(T ) + k1X(T ) + k2 = 0, (5.20)

by a generalized Sundman transformation is

ẋ + Λ0(t, x) = 0, (5.21)
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with the coefficient

Λ0(t, x) =
Ft

Fx
− k1

F

Fx
G − k2

G

Fx
, (5.22)

where Fx 6= 0. The following Ansatz:

F̂ (t, x) = P (F (t, x), G(t, x))

Ĝ(t, x) = Q(F (t, x), G(t, x)),

(5.23)

where P and Q are arbitrary functions and the symmetry condition (5.14) on
Λ0(t, x) give the set of determine equations as

(i) : PG = 0

(ii) : k1 [FGPF − PQ] + k2 [GPF − Q] = 0,
(5.24)

with PF 6= 0, G 6= 0 and Q 6= 0. The solutions to the previous equations have
various forms depending on the values of the constants ki and the associated
Sundman symmetries are summarized with the Cases I-IV:

I: For k1 = k2 = 0






F (t̂, x̂) = P (F (t, x))

G(t̂, x̂)dt̂ = Q(F (t, x), G(t, x))dt

II: For k1 6= 0, k2 = 0






F (t̂, x̂) = c0e
H(F (t,x)), c0 ∈ R\{0}

G(t̂, x̂)dt̂ = F (t, x)G(t, x)Ḣ(F (t, x))dt

III: For k1 = 0, k2 6= 0






F (t̂, x̂) = H(F (t, x)) + c0, c0 ∈ R

G(t̂, x̂)dt̂ = G(t, x)Ḣ(F (t, x))dt

IV: For k1 6= 0, k2 6= 0














F (t̂, x̂) =
1

k1

[

c0e
H(F (t,x))

]k1

, c0 ∈ R\{0}

G(t̂, x̂)dt̂ = G(t, x) [k1F (t, x) + k2] Ḣ(F (t, x))dt,

where H, P and Q are arbitrary functions of F (t, x) and G(t, x) respectively and

˙≡ d

dF
. It can be seen that that there are infinitely many Sundman symmetries

as with Lie symmetries of first order equations.
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3. Case II: X ′′(T ) + k1X
′(T ) + k2X(T ) + k3 = 0

In the paper of Duarte et al [DL94] they determined the class of linearizable
second order ordinary differential equations that could be linearized to X ′′(T ) =
0 by the generalized Sundman transformation. We consider instead a more
general case, videlicet

X ′′(T ) + k1X
′(T ) + k2X(T ) + k3 = 0, (5.25)

and the class that can be linearized to this equation is

ẍ + Λ2(t, x)ẋ2 + Λ1(t, x)ẋ + Λ0(t, x) = 0, (5.26)

with the coefficients

Λ2(t, x) =
Fxx

Fx
− Gx

G

Λ1(t, x) = 2
Ftx

Fx
− Ft

Fx

Gx

G
− Gt

G
− k1G

Λ0(t, x) =
Ftt

Fx
− Ft

Fx

Gt

G
− k1

Ft

Fx
G − k2

F

Fx
G2 − k3

G2

Fx
,

(5.27)

where GFx 6= 0. We determine the associated Sundman symmetries.
To find the symmetries of G(t, x) and F (t, x) we use the Ansatz:

F̂ (t, x) = P (F (t, x), G(t, x))

Ĝ(t, x) = Q(F (t, x), G(t, x)),

(5.28)

with P and Q as arbitrary functions. The symmetry condition (5.14) of

Λ̂2(F̂ , Ĝ) = Λ2(F, G), (5.29)

gives the following set of determine equations:

(i) : PFF Q − PF QF = 0

(ii) : 2PFGQG − PGQF G − PF QGG + PF Q = 0

(iii) : PGGQG + PGQGG + PGQ = 0

(iv) : PG = 0,

(5.30)

with the conditions that Q 6= 0 and G 6= 0. From set (5.30) we can modify the
Ansatz since P only depends on F to

F̂ (t, x) = P (F (t, x))

Ĝ(t, x) = Q(F (t, x), G(t, x)),

(5.31)
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which makes the calculations less tedious. Using the symmetry condition (5.14)
for each Λi(t, x) in turn and collecting each unique determining equation we end
up with a final set as:

(i) : QPFF − QF PF = 0

(ii) : Q − QGG = 0

(iii) : k1 [G − Q] = 0

(iv) : PF G2 [k2F + k3] − Q2 [k2P + k3] = 0,

(5.32)

with PF 6= 0, G 6= 0 and Q 6= 0. The solutions to the previous equations have
various forms depending on the values of the constants ki and the associated
Sundman symmetries are summarized with the Cases I-VIII:

I: For k1 = k2 = k3 = 0






F (t̂, x̂) = c0H(F (t, x)) + c1

G(t̂, x̂)dt̂ = G(t, x)Ḣ(F (t, x))dt,

where H is an arbitrary function of F (t, x), ci ∈ R, c0 6= 0 and ˙≡ d

dF
.

II: For k1 6= 0, k2 = k3 = 0






F (t̂, x̂) = c0F (t, x) + c1, ci ∈ R, c0 6= 0

G(t̂, x̂)dt̂ = G(t, x)dt.

III: For k1 6= 0, k2 = 0, k3 6= 0






F (t̂, x̂) = F (t, x) + c1, c1 ∈ R

G(t̂, x̂)dt̂ = G(t, x)dt.

IV: For k1 6= 0, k2 6= 0, k3 = 0






F (t̂, x̂) = c0F (t, x), c0 ∈ R\{0}

G(t̂, x̂)dt̂ = G(t, x)dt.

V: For k1 6= 0, k2 6= 0, k3 6= 0











F (t̂, x̂) = c0F (t, x) +
k3

k2
[c0 − 1], c0 ∈ R\{0}

G(t̂, x̂)dt̂ = G(t, x)dt.
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VI: For k1 = k2 = 0, k3 6= 0







F (t̂, x̂) = c2
0F (t, x) + c1

G(t̂, x̂)dt̂ = c0G(t, x)dt.

where ci ∈ R and c0 6= 0.

VII: For k1 = k3 = 0, k2 6= 0







F (t̂, x̂) = ±c0H(F (t, x))1/2

G(t̂, x̂)dt̂ = ±G(t, x)F (t, x)H(F (t, x))−1/2dt,

where H(F (t, x)) = F (t, x)2 + c1, ci ∈ R and c0 6= 0.

VIII: For k1 = 0, k2 6= 0, k3 6= 0















F (t̂, x̂) = −k3

k2
± 1

k2
H(F (t, x))1/2

G(t̂, x̂)dt̂ = ±G(t, x)c0H(F (t, x))−1/2 [k2F (t, x) + k3] dt,

where ci ∈ R, c0 6= 0 and

H(F (t, x)) = k2
3 + k2

2c
2
0F (t, x)2 + 2k2c

2
0k3F (t, x) + 2k2c0c1.

Most of the determined Sundman symmetries correspond to the trivial iden-
tity symmetry except for Case I, VII and VIII. The following example illus-
trates the Sundman symmetry obtained in Case I.

example 5.6. The differential equation, see [DL94],

ẍ − 2

x
ẋ2 +

2

t2
x = 0, (5.33)

can be linearized to X ′′(T ) = 0 by a generalized Sundman transformation with

F (t, x) = t3x3/2

G(t, x) = tx5/2.

(5.34)

Therefore, using the previous results, the associated Sundman symmetry is






t̂3x̂3/2 = H(t3x3/2)

t̂x̂5/2dt̂ = H ′(t3x3/2)tx5/2dt

(5.35)
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where H is an arbitrary function and H ′ is the derivative with respect to its
argument. The symmetry transformation can be rewritten to

t̂ =

[

3c0 − 3

∫

H−5/3H ′tx5/2dt

]

−1/3

x̂ =

[

H

[

3c0 − 3

∫

H−5/3H ′tx5/2dt

]]2/3

,

(5.36)

with c0 as a constant of integration and (5.33) may be transformed to

¨̂x − 2

x̂
˙̂x2 +

2

t̂2
x̂ = 0, (5.37)

in infinitely many ways by using (5.36).

4. Case III: X ′′′(T ) = 0

In the previous sections we determined the Sundman symmetries for differ-
ent equations to be linearized into such as

X ′(T ) = 0

X ′′(T ) = 0.
(5.38)

Notable is that the class of symmetry transformations gets less arbitrary if
one compares the calculated Sundman symmetries for each equation. It seems
the higher the order the fewer symmetries we have. We consider the case
X ′′′(T ) = 0 to be able to compare the change of the Sundman symmetry and
if we can obtain (5.9) found by N. Euler et al [Eul02].

The class of equations that could be linearized to X ′′′(T ) = 0 is given by
the equation (5.7) where the coefficients Λi(t, x) are stated in (5.8). As with
the second order case (see Section 3) calculations show that the most general
Ansatz to find the symmetries is:

F̂ (t, x) = P (F (t, x))

Ĝ(t, x) = Q(F (t, x), G(t, x)),

(5.39)

with P and Q as arbitrary functions. Using the symmetry condition for each
Λi(t, x) in turn and collecting each unique determining equation we end up with
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a final set as:

(i) : 3PFF Q − 4PF QF = 0

(ii) : Q − GQG = 0

(iii) : PFFF Q2 + 3PF Q2
F − 3PFF QQF − PF QQFF = 0

(iv) : 6PF QF QG − 3PFF QQG − 2PF QQFG = 0

(v) : 3G2Q2
G − G2QQGG − 3Q2 = 0,

(5.40)

with PF 6= 0, G 6= 0 and Q 6= 0. The solution to the previous system of
equations is

F̂ (t, x) =
9

4
c
4/3
0

∫

[c1F (t, x) + c2]
−2 dF

Ĝ(t, x) =

[

−2

3
[c1F (t, x) + c2]

]

−3/2

G(t, x),

(5.41)

where ci are constants of integration and the Sundman symmetry becomes






















F (t̂, x̂) =
9

4
c
4/3
0

∫

[c1F (t, x) + c2]
−2 dF

G(t̂, x̂)dt̂ =

[

−2

3
[c1F (t, x) + c2]

]

−3/2

G(t, x)dt.

(5.42)

By setting the constants, ci, to

c
4/3
0 ≡ −4

9

(

−3

2

)2

, c1 ≡ −3

2
, c2 ≡ 0,

we can obtain (5.10), namely






F (t̂, x̂) = F−1(t, x)

G(t̂, x̂)dt̂ = F−3/2(t, x)G(t, x)dt.
(5.43)

From the results we can see that in principal this is the algebraic form the
symmetry may have and in general one only has to add some constants. In
Chapter 4 we determined the the set of real discrete symmetries using P. E.
Hydons method of the differential equation (4.1), namely

...
x − 6t−2ẋ + αt−1ẋ2 − α2

18
ẋ3 = 0 where α ∈ R,
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which is only a special case of a more general class of equations (4.57) that can
be linearized to X ′′′(T ) = 0 by the generalized Sundman transformation

X = exp

[

−2
√
−2c

[

x +
1

3c

∫

f2(t)dt

]]

dT = exp

[

−3
√
−2c

2

[

x +
1

3c

∫

f2(t)dt

]]

dt,

(5.44)

under the conditions (4.58). The Sundman symmetry (5.42) takes the form

t̂ = t + k

x̂ = −x − 1

3c

∫

(f2(t) + f2(t + k)) dt,
(5.45)

where k is an arbitrary constant. The special case, considered with P. E Hydons
method, is obtained by setting

f2(t) = αt−2, α = −18c,

and the associated set of Sundman symmetry transformations is

(t̂, x̂) ∈
{

(t + k,−x + 6α−1 ln(t2 + kt))
}

. (5.46)

By setting k = 0 in the previous transformation, we obtain one of the dis-
crete symmetries determined with P. E. Hydons method (4.70). This motivates
further investigations of the Sundman symmetry, since it could lead to an al-
ternative method to find discrete and non-local symmetries.

5. Conclusions

We have shown that it is possible to find Sundman symmetries of other
classes of differential equations namely (5.21) and (5.26) that can be linearized
by a generalized Sundman transformation beyond X ′′′(T ) = 0. The calculations
also reveal an alternative approach to P. E. Hydons method as seen in the
treatment of the ordinary differential equation (4.1) by the use of a generalized
Sundman transformation. This should be further investigated. As seen in
the calculations the symmetries are only connected to the coefficient functions
Λi(t, x) and their invariance. Therefore, it should be possible to determine
similar symmetries when using other kind of transformations such as the point
transformation (5.1). Calculations not stated in this essay show that is the
case. So, the only equations we have to work with is the obtained coefficient
functions Λi(t, x) which is a very promising feature and should also be further
investigated. We discussed the use of a computer-program in the work with P.
E. Hydons method and to determine the Sundman symmetries should also be
possible to implement in some kind of program. The experience indicate that
it can be less difficult to achieve. I summarize:



5. CONCLUSIONS 43

• It is possible to have infinitely many Sundman symmetries as seen in
the cases (see the previous sections):

X ′(T ) + k1X(T )

X ′′(T ) + k1X
′(T ) + k2X(T ) + k3.

• The method can reveal complicated symmetries that are not easy ob-
tainable by other symmetry methods.

• From the calculations it seems the higher the order the fewer Sundman
symmetries but no pattern has yet been discovered.

• We can find some of the discrete symmetries by the Sundman symme-
try approach that are found with P. E. Hydons method. Maybe this
is an alternative method or a kind of complement to Hydons method.

• The Sundman symmetry is determined from the invariance of the co-
efficient functions Λi(t, x) which is interesting since we could use other
transformations beside the generalized Sundman transformation and
find similar symmetries connected to the related coefficient functions.

• A computer-based program should be possible to develop which makes
the procedure to find the symmetries less time-consuming.
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