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Abstract 
 

When a fluid cannot convey a tensile stress, the phenomenon cavitation occurs. In the areas 

where cavitation occurs, the fluid is a mixture of liquid and gas bubbles. Cavitation may 

occur, in the cases when two surfaces with a thin film of lubrication between the surfaces 

separate from each other. When lubrication systems as the ball in the race in a deep grove ball 

element bearing are modeled, it is important to consider the effect of elastic deformation of 

the contacting surfaces and cavitation inside the fluid. A way to solve a cavitation problem 

with a method for linear complementarity problem was presented recently. An example of 

complementarity is found in contact mechanics. If contact does not occur the contact force is 

zero and if contact occurs the distance between the surfaces is zero. The product of the 

contact force and the distance between the surfaces are in the both cases, zero. 

Complementarity is achieved when this product is zero. To consider the original problem, 

both cavitation and deformation must be considered and a mathematical model must be 

formulated for these phenomena. Is it possible to express the mathematical model as a 

complementarity problem? A general system of equations is formulated as a mixed 

complementarity problem. The proposed systems of equations are comprised by some of the 

following equations: an equation expressed as a linear complementarity problem that is based 

on Reynolds equation, the film thickness and the force balance equation. A few possible 

systems of equations and solution methods are presented. Methods that have been used in the 

test of the methods are successive substitution and Newton-Raphson with use of a globally 

convergent method. Different bearing geometries have been used to verify the models and 

methods. The pocket pad bearing geometry makes it possible to compare with an analytical 

solution for rigid surfaces. The parabolic slider bearing geometry makes it possible to 

compare minimum film thickness for the elastic area, the minimum film thickness used for 

comparison is analytically estimated for some simplified situations. The comparison for 

pocket pad bearing geometry gives correspondence in pressure distribution, the differences 

that arise depends on the sizes of cavitation areas. The comparison for parabolic slider bearing 

geometry gives agreement in minimum film thickness for the tested cases. This implies that 

elastic deformation and cavitation can be modeled and the method Newton-Raphson can be 

used, in the calculation of a solution. For the model used, it is assumed that the viscosity is 

constant. To be able to model the compressibility, a density-pressure relation with constant 

bulk modulus is used. The pressure is assumed to be constant at both the leading and trailing 

edge of the bearing when formulating the boundary conditions. 
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1 Introduction 

When modeling lubrication systems as the three following cases; the ball in the race in a deep 

grove ball element bearing, the roller follower in the cam in cam-mechanism or the piston 

ring-cylinder liner, it is important to consider the effect of elastic deformation of the 

contacting surfaces and cavitation inside the fluid. 

 

Cavitation may occur, when two surfaces with a thin film of lubricant between the surfaces, 

separates from each other. The surfaces have a relative speed to each other and when the 

surfaces separate from each other, the lubricant is subjected to tensile stress. Cavitation occurs 

when the fluid cannot convey the tensile stress. In the areas where cavitation occurs, the fluid 

(lubricant) is a mixture of gas bubbles and liquid. In the cavitation zones, the density is 

unknown and the pressure    is approximately constant. 

 

Recently, new ways of studying cavitation has been developed. Year 2014, it was announced 

[1], a new approach to studying cavitation and year 2013 it was announced how fluid film 

lubrication can be modeled in presence of cavitation. An example of complementarity is 

found in contact mechanics. If contact does not occur the contact force is zero and if contact 

occurs the distance between the surfaces is zero. The product of the contact force and the 

distance between the surfaces are in the both cases, zero. Complementarity is achieved when 

this product is zero. 

1.1 State of the art 

The cavitation problem with elastic deformation can be described by different models.  

The problem may be solvable with one model and solution method and unsolvable with 

another model and solution method. The choice of suitable model and solution method is 

therefore crucial. 

 

Attempts have been made to solve the cavitation problem. According to [2] and [3] the 

Sommerfeld problem is one solution method. In the Sommerfeld problem negative pressure is 

allowed. When a journal bearing is considered, the applied load becomes zero. According to 

[2], pressure lower than ambient pressure occurs rarely in reality, which gives that 

Sommerfeld is not suitable to use. According to [2] and [3], the half-Sommerfeld problem can 

fix the issue with zero in applied load and negative pressure. The method is to set the negative 

pressure to zero and this gives a positive and more correct applied load, see [4] and [3]. The 

way of treating the pressure is called half-Sommerfeld condition. A problem with half-

Sommerfeld is that it may give an artificial source when the pressure is set to zero. In other 

words this solution technique may give discontinuity in mass flow. According to [5], ensured 

mass continuity is mandatory to correctly predict the film rupture and reformation. According 

to [2], the pressure and the pressure gradient are set to zero at the film reformation when the 

Reynolds boundary condition is used. 
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The group in [4] suggested a complementarity model to solve the cavitation problem. With 

this model an artificial source is not used to set the negative pressure to zero. The 

complementarity model is constructed such that no negative pressure arises in the solution. 

This group argues that the density for the area where no cavitation occurs is constant (  ). 

Density varies in the cavitation area and is expressed as       . They define the area where 

no cavitation occurs as the active area. The area where cavitation occurs is defined as the non-

active area. These definitions will be used from now on. As a basis for the model, they took 

the density for the active area minus the density for the non-active area and normalized it with 

the density for the active area,                 , where      . This expression is 

used as a complementarity variable with the pressure  , i.e.     . They assumed that the 

cavitation pressure is zero,     . After assumptions and simplifications they obtained a 

complementary formulation, which is based on the Reynolds equation. 

 

Also another cavitation model has been proposed, see [5]. One complementarity variable is   

(void fraction). The variable   is given by difference between density for the non-active area 

( ) and the active area (  ) and is normalized with density for the active area,   

         . The density for the active area is dependent on pressure and can be expressed as 

         , where    is the cavitation density. Inserting this into the preceding expression 

for   gives a complementarity variable. The complementarity variable   is complementary 

with the pressure  , i.e.     . Inserting the preceding formulation   for the density relation 

into Reynolds equation and assumptions and simplifications gives a complementary 

formulation based on Reynolds equation that can handle cavitation. The complementary 

formulation can be expressed as a linear complementary problem (LCP), if it is linearized 

every iteration step. Their formulation results in a semi-implicit scheme, where the calculated 

pressure from the previous iteration is used, to update, among other things,     . 
 

Another model has been proposed, see [1]. In this model the density is    at cavitation 

pressure   . The density in the active area is taken as                  , where   is the 

pressure and   is the bulk modulus. The dimensionless density or saturation in non-active 

area is      (or  ). The positive difference between the active area density and cavitation 

density normalized with cavitation density becomes                  .  The density in 

the active area is denoted by     . The positive difference between cavitation density and 

non-active area density normalized with cavitation density becomes               
 . In this case the density in the inactive area (cavitation area) is  . These expressions are 

then used to create an expression for density that can be used with Reynolds equation. The 

complementarity variables are   and  ,     . This version of complementary formulation 

based on the Reynolds equation is linear with respect to   and  . This gives that the system 

can be solved as a LCP, without performing additional linearization. An analytical solution is 

derived for the pocket pad bearing geometry. The analytical solution is then used to verify the 

model proposed by [1]. 
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The preceding models that can be solved with an LCP technique do not take the elastic 

deformation of the material that surrounds the fluid into consideration. Force balance/applied 

load should also be taken into consideration, to control if the right film thickness is used. If 

not the applied load is achieved, the film thickness ( ) should be adjusted so that the right 

applied load is achieved. Expressions for the film thickness and force balance have been 

presented in [6]. 

 

In [7] was a model proposed that takes both cavitation and deformation into account. This 

model is expressed as a mixed complementarity model (MCP). In this case, it is searched for a 

stationary solution. The Reynolds equation is expressed as complementary with the fluid 

pressure  . The Reynolds equation is equal to zero in the cavitation area and nonzero after the 

cavitation area. The film thickness equation was rewritten to, the known film thickness minus 

the film thickness with updated deformation and this formulation is complementarity with the 

film thickness. The force balance equation was rewritten to be the known applied load minus 

the integrated pressure and normalized with the known applied load. This system of equations 

was then reformulated so that film thickness is directly incorporated into Reynolds equation. 

This model is based on the incompressible version of Reynolds equation. This gives that the 

density in the cavitation zone is constant. According to [4], this is not correct. The mass is not 

ensured to be conserved when the density is constant in the cavitation zone.  

 

According to [8], there are several large scale solvers/methods for solving MCP and NCP 

(nonlinear complementarity problem). Different solvers have different advantages and 

disadvantages and suits different type of problems. Methods based on a Gauss Newton 

approach uses least squares to find a solution. Other methods can be based on Newton-

Raphson. The methods based on the Newton-Raphson method is solved in a complementary 

way. More details of this are presented in Section 3. MCP and LCP that can be used with 

these solvers is originally variational inequality problem, see [9] and [10]. 

 

A way to verify numerically obtained solutions is to compare it with analytical solutions. An 

analytical solution exists for pocket pad bearing geometry when the fluid is incompressible. 

This model is suggested in [11]. Analytical solutions also exist for other cases as for the 

parabolic slider bearing geometry. In the case of line contact problems the minimum or 

central film thickness could be solved analytically in some simplified situations. These results 

are known as asymptotic solutions. Asymptotic values of the minimum film thickness can be 

found in [12]. In [12] the solution obtained from the derived model is compared with 

asymptotic solution for the minimum film thickness. Asymptotic solutions are also discussed 

in [13]. 

 

The understanding of the EHL problem is relatively good. New models have been proposed in 

[5] and [1], these models use complementarity methods to solve the cavitation problem. It 

exist methods that solves the EHL problem, but those methods are not based on [5] or [1]. 

There are no methods that solves EHL problem based on [5] or [1], to the author’s 

knowledge. 
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1.2 Objectives 

The main task with this thesis is to formulate and construct a mathematical model considering 

those problems/events mentioned in the beginning of this section, for cavitation and elastic 

deformation. The main idea is, if possible express these events in a complementarity form and 

investigate if it is possible to solve this numerically as a (mixed) complementarity problem 

(MCP), or could it be solved numerically in another way. The following questions are 

assessed for this purpose: 

 

 Is it possible to express the mathematical model considering cavitation and elastic 

deformation in complementary form? 

 Can the model be solved numerically as a complementarity problem or is it possible to 

solve it numerically in another way? 

 How well does the obtained solution match analytical solution? 

 

1.3 Limitations and assumptions 

 Film thickness is small in comparison with the contact length. 

 Reynolds number is small. 

 Isothermal conditions are assumed. 

 The viscosity is assumed to be constant. It is assumed to be constant to obtain 

numerical stability. 

 Fluid body forces are negligible. 

 Fluid viscous forces dominate over fluid inertia forces. 

 The fluid flow is assumed to be laminar. 

 The fluid is assumed to be a Newtonian fluid. The oil is a non-Newtonian fluid, this 

will cause a modeling error. For a Newtonian fluid, density, viscosity and pressure are 

not depending of velocity. This is assumed because it gives numerical stability. 

 The oil (fluid) density (compressibility) is approximated by a model that uses constant 

bulk modulus in the density pressure relation. This approximation is made to obtain a 

linear model. This model is more suitable for low pressure than high pressures. 

 The boundary conditions are assumed to be constant. 

 No rough surfaces are considered. 

 The considered lubrication regime is elastohydrodynamic lubrication (EHL). In this 

work, it is always a film between the surfaces. 
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2 Theory 

To be able to model the physical behavior of the system under investigation, there is a need 

for governing equations (see Section 2.1). The system under investigation is a thin film and 

the surrounding material can deform elastically. Example of a system is the piston ring – 

cylinder liner, for more examples see Section 1. There is a thin film between the cylinder liner 

and piston ring to reduce friction. There is a need to model the behavior of the thin film, to 

predict its performance. This is usually done with the thin film approximation which is the 

Reynolds equation, see [6] and [5]. This equation does not consider some important 

properties. This work particularly focuses on two of them. The focus has been directed at the 

elastic deformation of the surfaces and cavitation of the lubricant. The force balance equation 

(applied load) must also be considered in cases when the applied load is known or is of 

interest. 

 

It is important to preserve mass flow, to be able to predict film rupture and reformation as 

accurate as possible, see Section 2.2. Equations formulated as complementarity problem have 

therefore been introduced (see [1] and [5]) to preserve mass flow when cavitation is taken into 

account, see Section 2.3. In the previous mentioned section, a complementarity formulation of 

the Reynolds equation is presented in order to take the cavitation into account. This 

complementarity formulation introduces two new variables. Therefore, when the film 

thickness and force balance is considered, they must be rewritten to include these new 

variables.  

2.1 Governing equations 

The physical system that will be simulated in this work is a bearing with full film lubrication. 

Cavitation and elastic deformation also occurs in the bearing. According to [6], [14] and [7], 

the mathematical model can be based on the Reynolds equation, film thickness equation and 

the force balance equation. These equations will be stated in accordance with [6] in the 

following subsections. 

 

Some additional equations that are used to describe the fluid as compressibility and viscosity 

are also stated in the following subsection. 

2.1.1 The Reynolds equation 

Assumptions that are made to derive the Reynolds equation are that the relation between film 

thickness and contact length is small enough and that the Reynolds number is small, see [5]. 

In [6], a derivation of the Reynolds equation for isothermal conditions is used. In this 

derivation it is also assumed that viscosity does not vary over film thickness. The Reynolds 

equation for non-Newtonian fluids is expressed as: 

 

   
 

  
        

   

   
                    

(2.1.1) 

 

where    is referred as the non-Newtonian slip factor [6].  
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The stationary Newtonian case yields the equation: 

 

      
   

   
                  

(2.1.2) 

 

2.1.2 The film thickness equation 

 

 
Figure 2.1. An illustration of the film thickness function       . The film thickness is the distance between upper red 

and lower blue surface.1 

A common way to express the film thickness equation is to include global film thickness, 

surface roughness and a deformation term [6]: 

 
                                        (2.1.3) 

 

An illustration of the film thickness is shown in Figure 2.1. The expressions         and 

        are due to roughness of the surfaces. The expression         describes the global film 

thickness including the geometry. The expression         describes the deformation of the 

geometry. The stationary case without surface roughness is expressed as: 

 
                  (2.1.4) 

 

For a general case the stationary global film thickness equation is given by: 

 
                 (2.1.5) 

 

where     represents the global separation of two surfaces (minimum film thickness) and 

      represents the geometry of the surfaces. Elastic deformation       is governed by 

Boussinesq approach [6].  

  

                                                 
1
The figure is taken from [6]. 
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Boussinesq approach in two dimensions is expressed as: 

 

                          
 

  

 
(2.1.6) 

 

where the kernel K is given by 

 

        
 

   
         

(2.1.7) 

 

Boussinesq approach in three dimensions is expressed as: 

 

                                   

 

  

        
(2.1.8) 

 

where the kernel K is given by  

 

               
 

   

 

        
         

 
  

(2.1.9) 

 

The effective modulus of elasticity for the two and three dimensional case is given by: 

 

 

  
 

    
 

  
 

    
 

  
  

(2.1.10) 

 

where    and    is modulus of elasticity for the materials. The variables    and    are 

Poisson’s ratios for the materials. 

 

2.1.3 The force balance equation 

For some bearing models and simulation models there is a need to use force balance criterion 

or maybe a momentum equation. They could not be simulated without these extra criteria. 

Example of these models are rolling element bearings and pivoted thrust pad bearings, see [6]. 

The force balance equation makes the minimum film thickness (or global separation)        
and pressure distribution        to dependent variables. This criterion implies that        and 

       should be adjusted until the force balance criterion is fulfilled. The variables        
and        can be used to measure the response from applied load, which depends on film 

thickness and pressure. Force balance for the two dimensional case (Newton’s second law in 

film thickness height direction), see [6] and [14]: 

 

         
 

       
(2.1.11) 

 

where      is the applied load in the two dimensional case and its dimension is [N/l.u.].  
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In the stationary case (2.1.11) is reduced to  

 

       
 

    
(2.1.12) 

 

Force balance in three dimensions: 

 

             
 

       
(2.1.13) 

 

where      is the applied load in the three dimensional case and its unit is [N]. In the 

stationary case (2.1.13) is reduced to 

 

               
 

    
(2.1.14) 

 

As an example, when modeling a rolling element bearing, the Reynolds equation (2.1.1) and 

force balance criterion (2.1.11) needs to be satisfied simultaneously in order to achieve a 

physically correct pressure distribution, see [6]. Other models that do not have the force 

balance criteria demand could be simulated with a constant minimum film thickness. Then 

must the minimum film thickness be adjusted so that the desired applied load   is achieved. 

2.1.4 Lubricant compressibility 

There exist several models that could describe the lubricants compressibility. One of the 

models uses constant bulk modulus, see [6], [5], [1] and [15]: 


   
  

  
  

(2.1.15) 

 

Integration gives: 

 

        
    

   
(2.1.16) 

 

Equation (2.1.16) rewritten to a dimensionless form, could be expressed as: 

 
    

  
  

    
   

(2.1.17) 

 

The preceding expression rewritten to have pressure as a dependent variable and use of (2.3.1) 

and (2.3.5) gives the following relation: 

 
                (2.1.18) 

 

where u is a dimensionless quantity. A convenient expression that will be used later on is 

 

           (2.1.19) 

 

where   is the inverse of  , i.e.      . 
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2.1.5 Lubricant viscosity 

Lubricant viscosity can be modeled in several different ways. One way is to model it as a 

constant viscosity, which is the Newtonian (iso-viscous case), see [6]: 

 
            (2.1.20) 

Another model that could be used is Barus semi-empiric equation, see [6], [5] and [7]: 

 
                 (2.1.21) 

In this work, the fluids are assumed to be iso-viscous and (2.1.20) is used as viscosity model. 

2.2 Conservation of mass flow 

In some computations the predicted pressure can be lower than the vapor pressure. Lower 

pressure than vapor pressure is not allowed when considering cavitation. A way to treat this is 

to set all the predicted pressures lower than vapor pressure    to vapor pressure, this is known 

as the half-Sommerfeld boundary condition, see [4]. This gives discontinuity in the mass 

flow. An improvement to this is the Reynolds boundary condition. According to [2], the 

Reynolds boundary condition consists by two parts. In the first part the pressure gradient 

vanishes at the film rupture. In the second part pressure is set to vapor pressure at the film 

rupture. According to [5] page 62, “A commonly shared result is that ensuring the mass 

continuity is mandatory to correctly predict the film rupture and reformation, especially where 

cavitation and reformation occur several times”. It is therefore important to use mass 

conservation methods to mimic physically reasonable pressure distribution. 

2.3 Cavitation 

Cavitation is an important physical phenomenon that must be considered in order to obtain a 

physically correct prediction of the given problem. In [1] page 2, it is assumed that “In areas 

where cavitation takes place, the fluid will be a mixture of liquid and gas bubbles (cavities) 

and the pressure is more or less constant, i.e.     ” Pressure distribution and density varies 

in the non-cavitation area. Some definitions that is used in [5] and [4] and given in Section 1 

will be repeated here for clarity. It is stated that the cavitation area is called the non-active 

area and the area without cavitation is called active area. 

 

In models suggested by [5], [1], [16] and [4] is a homogeneous mixture of gas and liquid 

assumed to have varying density and constant pressure. This might be an inadequate 

representation of a real mixture of air bubbles and oil film mentioned earlier. In these models, 

the boundaries of the non-active area are unknown and must be determined. All these models 

are based on the Reynolds equation. In the recent works [5] and [1], a linear complementarity 

problem (LCP) formulation is used to determine the boundaries of the non-active area 

(cavitation area). In [5] and [1], a semi-implicit method respectively an implicit method is 

employed. In the LCP formulation is the problem reformulated so that two new variables are 

introduced. These variables are complementary throughout the whole domain. Therefore, 

when the film thickness and force balance is considered, they must be rewritten to include 

these new variables. 
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In this work, a Reynolds equation based model is developed. The Reynolds equation based 

model presented in Section 2.1 does not treat cavitation. It must therefore be modified to 

enable simulation of problems where cavitation occurs. The formulation in [1] is used and the 

reformulated the Reynolds equation, film thickness and force balance are presented in the 

following subsections. 

 

The following assumptions give the dimensionless “density” relations in the active area and 

the non-active area. According to [5], [1] and [16] the dimensionless density      in the 

active area can be obtained by the expression: 

 
                              (2.3.1) 

 

where    is density at cavitation pressure   ,   is the density in the active area and it depends 

on the pressure. The pressure is assumed to be constant in the cavitation area, see [1] and [16], 

    . The dimensionless density (or unknown saturation)   in the non-active area can be 

obtained from the expression: 

 
                        (2.3.2) 

 

In this case is   the density in the non-active area. 

2.3.1 Complementarity formulation for the Reynolds equation 

To be able to use an LCP formulation, the complementarity variables needs to be determined. 

To start with some definitions need to be made. The positive normalized density difference in 

the active area is: 

 

     
          

  
           

(2.3.3) 

 

and the positive normalized density difference in the non-active area is: 

 

  
    

  
            

(2.3.4) 

 

The relation in (2.3.3) can be rewritten by use of (2.3.1) to yield: 

 

                           (2.3.5) 

 

The relation in (2.3.4) can be rewritten by use of (2.3.2) to yield: 

 
                 (2.3.6) 

or (see [1]) 

 

       
           

             
   

(2.3.7) 
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The density for both the active and non-active area is a combination of (2.3.1) and (2.3.2), 

which gives: 

 

        
         

      

   
(2.3.8) 

 

Equations (2.3.5) and (2.3.6) can be used to express density in an alternative form: 

 

           
           
       

   
(2.3.9) 

 

 

The preceding equation can also be expressed as: 

 
            

                

(2.3.10) 

 

The formulation that is based on the stationary Reynolds equation and holds for cavitation is 

expressed as: 

 

     
                  

   
   

  

 
         

 

 
         

  

 
         

                 

(2.3.11) 

 

where 

            
 

     
  

(2.3.12) 

 

Use of constant Bulk modulus for the compressibility in the formulation that is based on the 

Reynolds equation, i.e. equation (2.1.17) and (2.3.5) inserted into (2.3.11), can be expressed 

as: 

 

      
   

   
   

  

 
         

 

 
         

  

 
         

                 

 

(2.3.13) 

 

see [1] for more detailed derivation of (2.3.13). The complementary formulation that is based 

on the time dependent Reynolds equation could then be expressed as: 

 

   
     

  
 

    

  
 

     

  
    

   

   
   

  

 
         

 

 
         

  

 
       

                 

(2.3.14) 

 

where the time dependent part is shown in (2.1.1) and the density is given by (2.3.10). 
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2.3.2 Modified film thickness equation 

The modification of Reynolds equation to include cavitation has introduced new variables   

and  . The film thickness equation needs therefore be modified, but only the elastic deflection 

needs to be rewritten. The expression for the new variable   (see equation (2.3.5)) is used to 

rewrite the equation (2.1.19) for the pressure. This can be expressed as: 

 

                                        (2.3.15) 

 

The preceding expression in (2.3.15) for pressure into (2.1.16) for the two dimensional case 

gives the elastic deformation: 

 

                               
 

  

 
(2.3.16) 

 

for the two dimensional case. The expression in (2.3.15) for pressure inserted into (2.1.8) for 

the three dimensional case gives the elastic deformation 

 

                                        

 

  

       
(2.3.17) 

 

for the three dimensional case. 

 

2.3.3 Modified force balance equation 

The new variables   and   in equation (2.3.11) does it necessary to modify the force balance 

equation. Equation (2.3.15) into (2.1.12) for the 2D case and (2.1.14) for the 3D case implies 

that the applied load can be expressed as: 

 

            
 

    
(2.3.18) 

for the 2D case and 

                    
 

   
(2.3.19) 

for the 3D case. 
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3 Method 

In the theory section, an LCP technique is presented to be able to solve the cavitation 

problem. In this work, the elastic deformation should also be taken into account. The previous 

mentioned LCP method does not take the elastic deformation into account. To find a model to 

the given problem, LCP is studied. LCP is a special case of the MCP (see [9] and [17]), which 

in turn is a special case of variational inequality (see [9] and [10]). In Section 3.1, it is shown 

how variational inequality can be used to formulate MCP. 

 

MCP can be solved by using a variety of techniques, see Section 3.3. In Section 3.4, some 

systems of equations are formulated so that it should be possible to model the cavitation 

problem when elastic deformation is taken into account. One way to test linearity of the 

equations is presented in Section 3.2. In the development of a model, it is good to know and 

take into account any errors that may occur. Some different errors that may occur are 

presented in Section 3.5. 

 

The next step in the solution procedure is to define the mesh (Section 3.6), the geometries 

(Section 3.7) and boundary conditions (Section 3.8) that will be used in the calculations for 

the cavitation problem when elastic deformation is also taken into account. In section 3.9, the 

discrete formulations are shown for the equations that constitute the proposed system of 

equations in Section 3.4. 

 

In this work, the next step is to test and verify models, see Section 3.10. This is done through, 

among other things, to set up a procedure scheme to calculate the numerical solutions and 

present analytical solutions used in comparison with the numerical solutions. Thereafter, 

methods to test and verify models are presented. 

3.1 A formulation of the mixed complementarity problem 

The equation (2.3.13), that is based on the Reynolds equation is an LCP if the film thickness 

(h) is constant, it is not an LCP if the film thickness is not constant. It is nonlinear because of 

the    term in equation (2.3.13), see Section 3.4.4 for further details. As is evident from the 

equations (2.1.4) to (2.1.7), the film thickness is not constant it depends on the pressure. 

Therefore there is a need to express the system of interest in a different way, than LCP. Both 

the film thickness equation (2.1.4) and the force balance equation (2.1.18) are needed to fully 

describe the problem of interest, see Section 2.1 and Section 2.3. Perhaps a possibility is to 

express it as an MCP (Mixed complementarity problem). According to [9] and [17], MCP is a 

generalization of LCP. Both LCP and MCP is special cases of variational inequality, see [9] 

and [10]. According to [10] and [18], variational inequality is given by:        ,      

find      which satisfy 

 
                    (3.1.1) 

 

where        . The varibles   and   are        with           , where   is the 

dimension of the problem.  
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This implies 

 
                     (3.1.2) 

 

If         then          and       which satisfy 
 

                         (3.1.3) 

Let 

         (3.1.4) 

 

where    is the identity matrix. The relation in (3.1.4) into (3.1.3) gives the expression: 

 

    
 
         (3.1.5) 

 

The diagonal elements in identity matrix are always equal to one. Equation (3.1.5) then gives 

that       must be nonzero, which can be expressed as: 

 
         (3.1.6) 

The expression      inserted into equation (3.1.3) provides: 

 
              (3.1.7) 

and     inserted into equation (3.1.3) provides: 

 
                (3.1.8) 

 

Both equation (3.1.7) and (3.1.8) must hold, this implies that for          and      , the 

resulting equation is expressed as: 
 

              (3.1.9) 

 

and the boundaries for       is given by equation (3.1.6). The resulting system is stated for 

clarity: 
 

              
                  

(3.1.10) 

 

The CP form is now given by the equation (3.1.10), which has similarities with [10] and [8]. 

Another case is when         , which gives          , see (3.1.1), which satisfy: 
 

                          (3.1.11) 

Let 

         (3.1.12) 
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The relation in (3.1.12) inserted into (3.1.11) gives: 
 

    
 
         (3.1.13) 

this gives: 
 

         (3.1.14) 

 

Let 

         (3.1.15) 

Use the relation (3.1.15) and put it into (3.1.11), which is expressed as: 
 

     
 
         (3.1.16) 

 

this gives: 
         (3.1.17) 

 

Equation (3.1.14) gives that       is nonnegative and equation (3.1.17) gives that       is 

nonpositive, which provides that       must be zero. The resulting conditions for       and 

   can be expressed as: 

 

                  (3.1.18) 

when         . According to [7] and [10], (3.1.18) is a second equation that is used 

together with (3.1.10) to build up a system of equations in MCP form. In the preceding 

calculations the dimension of the problem is  . According to [7] and [10], it is possible to 

divide the dimension used into partitions. A system of three partitions is used in the following 

calculations. The partitions are  ,   and  . If             and     let  ,   and   be 

partitions of  , this implies that   is a subset of  ,    ,   is a subset of the remaining part 

after  ,       and   is a subset of the remaining part after  ,        . The 

preceding statement gives a partitioned system where partition   can be given by (3.1.10) and 

partition   and  can be given by (3.1.18), which can be expressed as: 

 

     
    

  
   

     

     
    

               
     

     
    

               
     

 

 

 

(3.1.19) 

 

and 
  
     

              (3.1.20) 

The later equation is evident from (2.3.10) and (2.3.18). A similar system of equations as 

shown in (3.1.19) and (3.1.20) are presented in [7], but it has two partitions. 
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3.2 Linear and non-linear equations 

A function is linear in a geometrical sense if it can be described by a first-degree polynomial. 

This straight line equation can be expressed as: 

 
           (3.2.1) 

where   is the slope and   is a constant. According to [19], a mapping of a function is linear 

under: 

 
                  (3.2.2) 

where   and   is the independent variables and 

 
             (3.2.3) 

 

where   is a constant. According to equation (3.2.2) and equation (3.2.3), the relation in 

(3.2.1) is not a linear mapping under current form. Then rewrite equation (3.2.1) to work 

around the problem, which can be expressed as: 

 
             (3.2.4) 

this gives: 

 
             (3.2.5) 

 

which holds for (3.2.2) and (3.2.3) if      has a constant term equal to  . The variable   can 

correspond to the right hand side in a system of equations. To clarify, if the function of 

interest could be expressed according to (3.2.5) in order to eliminate the constant, (3.2.2) and 

(3.2.3) could be used to test for linearity. 
 

3.3 Solution methods 

The system of equations to be solved can be based on complementarity. Therefore there may 

be a need to solve the system of equations with techniques developed for complementarity 

problems. The systems of equations can be linear or nonlinear, this affect how the problem 

can be solved. An LCP is linear complementarity problem, for more information see [9]. The 

MCP (mixed complementarity problem) can have nonlinear equations. If the system is linear 

it could be solved with pivoting technique, such as Lemke’s algorithm. A nonlinear system of 

equations can be solved with an iterative scheme that gives an approximation at each iteration 

step. There is a need for conditional break criteria to stop the iterations when a converged 

solution has been achieved.  

 

There are several methods/techniques to solve nonlinear complementary problems. Some of 

the methods are Miles, Path, NE/SQP, and QPCOMP all of the methods has advantages and 

disadvantages, see [8]. Another MCP method that can be used is a Levenberg-Marquardt 

method, see [20]. Methods like NE/SQP and QPCOM can use a Gauss-Newton approach 

which uses the least square method in the solution procedure. In points where the derivative is 

not well defined a linear approximation is created. An advantage is that a solution can be 

found even if the derivative is not well defined.  
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A disadvantage for the NE/SQP method, is that it can find a local minimum. For the 

QPCOMP method, a perturbation technique is used to escape a local minimum. In the case of 

the Levenberg-Marquardt method, a Levenberg-Marquardt algorithm solves a least square 

problem, see [20]. Miles use a version of Josephy-Newton approach to calculate a solution, 

see [8]. Path is generally faster than Miles, see [21]. The Path method, see [22], is based on 

the Newton-Raphson method. A disadvantage with Newton-Raphson is that it is sensitive for 

singular Jacobian, an advantage is that it has not the same problem with local minimum. The 

Path solver can use a technique based on proximal perturbations to escape a singular 

Jacobian, see [21]. Path uses a merit function     . Depending on the merit function used, it 

can improve the ability to solve a problem, a good merit function provides a higher solving 

rate. See the reference [23] for an example of a merit function. 

 

Another technique that can be used to solve complementary problems is a Multigrid based 

method, see [3]. In this method a solution can be calculated separately for each node in the 

grid. In Multigrid, a Newton-Raphson method is used to estimate the new value at the nodes, 

when the problem is non-linear. In this solution technique an explicit method is used to 

calculate the solution at each node. An advantage with Multigrid is that it uses different mesh 

sizes to reduce the error more effectively. However it does not consider the complementarity 

in the same manner, as it is done for the Path method. For example, in Path a CP pivoting 

technique is used in the estimation of a solution. In the Multigrid method a pressure lower 

than vapor pressure is set to vapor pressure. The next calculation step is then based on the 

modified pressure. 

 

As mentioned in the previous paragraph, Multigrid can use a Newton-Raphson method for 

each node. Another method that may be used is Newton-Raphson for several dimensions, see 

[24]. This gives rise to the Sommerfeld problem and the predicted load carrying capacity will 

be zero, see [2] and [3]. One possible workaround is to apply the half-Sommerfeld condition. 

This implies that an artificial source is introduced which leads to a positive load carrying 

capacity. The Jacobian can be calculated in many ways. One way is to calculate it 

analytically, another way is to calculate it with finite difference method and a third way is to 

calculate it with Broyden's method, see [25] and [26] for information about Broyden's 

method. 

 

If the method that is used to solve the proposed system of equations uses fixed point method 

or successive substitution as a base, it is important to keep track of the iteration error. A 

solution to the problem may be considered as found if the iteration error is decreased and 

convergence can be achieved, if the iteration error is sufficiently low. The iteration error is 

presented in Section 3.5.3. It is possible to obtain a complementary solution with the fixed 

point method or successive the substitution method, if for example, the equations are solved 

with a method for LCP. The fixed point iteration method and successive substitution method 

are described in the following subsections. The system of equations that approximates the 

problem must be expressed in certain ways when a method for MCP is used. One way to 

express MCP for solvers is presented in a following subsection. 
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3.3.1 Fixed point iteration and successive substitution 

A fixed point iteration technique in one dimension is based on intersection by a straight line   

and a function     , 

 
        (3.3.1) 

In discrete form (3.3.1) can be expressed as: 

 

            (3.3.2) 

 

where the superscript   stands for the current iteration and the superscript     stands for the 

next iteration. This can be used to discrete problems, by invoking (3.3.2) for every node on 

the grid. The current error is related to next error by the expression, see [27]: 

 

  
           

   (3.3.3) 

 

This implies that         to ensure convergence. For several dimensions, convergence is 

ensured if: 

 

                                (3.3.4) 

 

where   is a constant,      , see [28]. Another method that can be used to solve 

nonlinear equations is successive substitution. In this method the system is expressed by   

equations, which are all equal to zero: 

 
                

                
 

                

  

 

(3.3.5) 

 

see [27]. Each of the equations in (3.3.5) is solved for a variable   ,        . This is 

repeated until the system has converged if it converges at all. 

3.3.2 The Newton method 

The Newton method is an iterative root search method. The function is expressed as a root 

that is     and the function can also be expressed in vector form   . Let    be a     

dimensional vector (       ) that depends on the variable        . Let the elements of 

the vector    be defined as      
  ,          , where superscript   stands for the current 

iteration and subscript   stands for which node it is. The same notation is used for  , i.e.   
  

and          . Let the variables for next iteration be                 , where   is 

the difference between     and      . The expression         gives    at current step and 

          gives    at next step. Assume that    is sufficiently smooth, to be able to calculate the 

second order derivative. 
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A second order Taylor approximation gives: 

 

     
          

    
      

  

      
   

      
  

 
 

  
  

        
   

            
   

      
     

      
          

 

 

(3.3.6) 

 

If a Newton-Raphson method is used, the part containing second order derivative can be 

assumed small enough to be neglected hence assumed to be zero. In this case a first order 

approximation for   is obtained, viz. 
 

     
          

      
      

  

      
   

      
          

 

 

(3.3.7) 

Equation (3.3.7) rewritten in matrix form, can be expressed as: 

 

                                           (3.3.8) 

 

The vector valued function            is the solution to the problem and assumed to be zero. 

The matrix   is the Jacobian matrix which will be defined later. Hence equation (3.3.8) 

becomes: 

 

                                    (3.3.9) 

 

Equation (3.3.9) can be rewritten as: 

 

               
  

                (3.3.10) 

 

this gives the next step towards a solution, if the system converges. The elements of the 

Jacobian in the preceding equation are: 

 

   
  

        

   
  

(3.3.11) 

 

where subscript   represents which node the function is evaluated at and subscript   represents 

which node the derivative taken with respect to. The expression in (3.3.10) gives possible 

solution method. 
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3.3.3 The Jacobian of the systems of equations 

The Jacobian of the systems of equations is given by (3.3.11), the Jacobian for a three 

dimensional system, is given by: 

 

  

 
 
 
 
 
 
 
        

   

       

   

       

   

       

   

       

   

       

   

       

   

       

   

       

    
 
 
 
 
 
 
 

  

 

 

 

(3.3.12) 

 

According to (3.3.10) and (3.3.11), the Jacobian of the systems of equations must be 

calculated for all iterations. 

 

A way to calculate the Jacobian is to calculate the derivatives analytically if it is possible. 

Another alternative is to use the finite differences approximation of the derivatives. The 

Jacobian in tensor format is given by (3.3.11), a discrete formulation is expressed as: 

 

   
  

  
          

     
      

  
  

(3.3.13) 

 

Where    is the finite difference step and          is the variable    that is under perturbation, 

               . If the system contains   nodes; there are   required function evaluations. 

3.3.4 Implementation of the complementarity formulation 

One way of defining a formulation for MCP solution methods, see [29] and [17], follows 

here. Given a function         and bounds       
 

, find     ,       
  

 
          (3.3.14) 

       (3.3.15) 

          (3.3.16) 

            (3.3.17) 

 

It should be possible to express complementarity formulated equations formulated in other 

sections using the previous equations. The preceding equations are a way to formulate the 

systems of equations for complementarity problem. 
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3.4 Some possible system of equations 

The physical system is modeled by approximating it with a system of equations. The system 

can consist of complementary equations and equations which is not complementary. The 

systems could be linear and nonlinear, which requires different solution techniques. If the 

system of equations is expressed as complementarity systems of equations, all its equations 

must also be complementary. The equations that will be a part of a system of equations 

expressed in complementary form and is not complementary must be rewritten to a 

complementary form. Some relations for a complementary equation will be given in the 

following subsections. Formulation of complementary system of equations and rewritten film 

thickness and force balance equation to complementary form is given. Also some propositions 

of system of equations will be given in following subsections. 

 

Let   be the variable or variables that describes the physical properties and behaviors. The 

letter   can represent several variables: 

 
                      (3.4.1) 

 

Let      be an general operator         that gives an solution   that could be dependent 

on  : 

 
           (3.4.2) 

 

Let   be an operator         that gives the root: 

 
        (3.4.3) 

where   is an equation or system of equations. For the case when   is      ((3.4.2) inserted 

into (3.4.3)), it can be expressed as: 

 

                     (3.4.4) 

 

The equations (3.4.2) to (3.4.4) can be used to develop a model that approximates the physical 

system. 

3.4.1 Complementarity systems of equations formulation 

Assume that the operator   in (3.4.2) where      can be used together with the variables 

that describes the physical properties,   defined in (3.4.1). The dependence can sometimes be 

written as: 

 
        (3.4.5) 
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According to (3.1.19) and (3.1.20) a partitioned function can be complementary with its 

variables  . The partition function becomes: 

 

      

            

            

            
   

(3.4.6) 

 

where          are the partitions and          is complementary variables that describes 

physical properties. Equation (3.1.19), (3.1.20) and (3.4.6) implies that   ,    and    must all 

be expressed with its dependence on the complementary variables   if the problem is 

expressed as an MCP, 

 

              
 
    

              
 
    

             
     

  

 

(3.4.7) 

 

The complementarity conditions must be fulfilled to ensure that the obtained solution is 

correct according to the model. Equation (2.3.11) is an example of an equation where the 

complementarity conditions must be fulfilled. 

3.4.2 Rewritten film thickness equation and force balance equation 

The Reynolds equation cannot alone represent a model of the physical system. There is also a 

need to take the elastic deformation into account through the film thickness equation. The 

force balance must be considered to take the applied load into account. Let the film thickness 

equation be represented by (3.4.2). Film thickness equation (2.1.4) and (2.1.5) inserted into 

the   operator equation (3.4.4) can be expressed as: 

 

                                                  
 

  

    
(3.4.8) 

 

where   is defined as the film thickness relation and   is the inverse of      (see Section 2). 

According to (3.4.7),   must have a complementary variable. The complementary variable 

could be the film thickness: 

 

         (3.4.9) 

 

The film thickness   is dependent on deformation which is dependent on pressure. It is 

possible to hold     constant and vary   and    at the same time. This suggests that   

could be used as a complementary variable because   cannot be constant when the pressure 

varies. In [7],   is suggested as a complementary variable to  . If the force balance equation 

in (2.3.18) is inserted into (3.4.4) the following relation is obtained: 

 

                     
 

    
(3.4.10) 

 

where   is the inverse of     , see Section 2. The letter   is defined as the force balance 

equation given in (3.4.10). The force balance   must also have a complementarity variable.  
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If   is not fulfilled, the minimum film thickness     must be changed until the desired load   

is achieved. Therefore is     a suitable complementarity variable to  . The function   is zero 

when right minimum film thickness     is obtained. The complementary variable can be 

expressed as: 

 
        (3.4.11) 

 

3.4.3 Formulation of possible solution system to the cavitation problem 

Some of the equations can be linear and some nonlinear. This implies that it is necessary to 

define different operators for the linear case and nonlinear case. Let    be a general operator, 

    
    , that is defined for calculation of the linear system. That is: 

 
       (3.4.12) 

 

where   are the variables of interest and   is known. Let    be a general operator,     
     

and    , which is defined for a nonlinear system. Use of    implies: 

 

    
              (3.4.13) 

 

where       is formulated in (3.4.6). The superscript   stands for the current iteration and 

    for next iteration. The calculation in (3.4.13) is repeated until the difference between 

     and    is small enough. Let the operator    be built up by the operators     
     

and     
    , where    ,    ,    ,    . In the case when    is built up by one  

   operator and one    operator, the following relationship applies      . The operator 

   is built up by    and   , but a combination of    and    does not necessarily imply   . In 

the case of the operator   , the procedure is: 

 

                (3.4.14) 

The operator    stands for  

 
                                                                                      

                                              

 

(3.4.15) 

 

The procedure for    is: 

 

                   (3.4.16) 

 

The operator    stands for 

 

                                                                                

                                                                                    
                                                                                   
                                        
 

 

(3.4.17) 
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The operators    and    are used to analyze and build up possible system of equations. An 

example where    and    is applied to a function is given next and can be expressed as: 

 

     
       

    
    

      
   

     
       

    
    

      
   

        
      

      
      

   

  

 

 

(3.4.18) 

 

where the third equation takes   
    and   

   , these variables have been calculated by the two 

previous equations. Use the function in (3.4.6) as the system of equations. The function    is 

given by   (3.4.8),    is given by (3.4.9),    is given by   (force balance) (3.4.10) and    is 

given by (3.4.11): 
 

      

            

           

           
   

 

(3.4.19) 

 

The function    is not yet determined and will be determined later on. In the following 

sections propositions on systems of equations will be given. 

 

A thing worth mentioning in beforehand is that    cannot be used for   in (3.4.19) if it is 

referred to the relation in (3.4.7). It is evident that   in (3.4.10) is not directly dependent on 

minimum film thickness    . A change in     causes a change in pressure distribution when 

the updated film thickness is used and hence it is indirectly dependent on the minimum film 

thickness    . This gives that    cannot be used for  , no corrected     will be given when    
is used. 

 

When    in the operator    is used, the derivative can be calculated. There is a restriction of 

the derivatives of the complementary variables   and  . According to (2.3.13) is    and    

complementary in the whole domain. When cavitation occurs,    is equal to zero and when 

cavitation does not occur,    is equal to zero. The derivative of    with respect to   , when 

cavitation does not occur, i.e.    remains zero, is expressed as: 

 
   

   
                                   

(3.4.20) 

 

The derivative of    with respect to   , when cavitation occurs, i.e.    remains zero, is 

expressed as: 

 
   

   
                                   

(3.4.21) 
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The operator for the film thickness (the film thickness is provided by (2.1.4), (2.1.5) and 

(2.3.16)) is expressed as: 

 

                                             
 

  

 
(3.4.22) 

 

where   is the inverse of     , see Section 2. Let (3.4.19) serve as an example for the 

operator    in (3.4.13), this could be written as: 
 

      

  
 

  

   
 

     

  
   

    

   
   

  

 

(3.4.23) 

 

and with    and   : 

 

     
       

        
      

   

        
        

        

      
      

        
       

   

  

 

 

(3.4.24) 

 
where        is used instead of      , because its purpose is to calculate a new   value (film 

thickness). The preceding expression in (3.4.24) can be calculated in many ways, this is 

written in a Jacobi iteration updating scheme, but with a few modifications, it applies to a 

Gauss-Seidel iteration updating scheme. When    is used the equation does not need to be 

complementary; it is only updated to obtain new values. Example on how (3.4.24) can be 

treated will be given. The following examples illustrates that it is possible to set up system in 

other ways, than the proposal which is shown in (3.4.24). Example one, all three equations 

could be calculated separately, i.e. a Gauss-Seidel iteration updating scheme is used. Which 

means that the first equation could be calculated iteratively until a stopping criterion is 

fulfilled and the   
   

 value is obtained. After this, the second and third equation can be 

calculated in the same manner. In example two, the first and the second equation is calculated 

as a system iteratively, until a stopping criterion is fulfilled and the   
   

 and     
 value is 

obtained. The third equation is then calculated in a suitable way. In example three, all three 

equations are calculated iteratively simultaneously to obtain   
   

,     
and    

   , i.e. a Jacobi 

scheme is used. These three equations could be combined in many different ways depending 

on what is suitable for the problem. In example four, the first and third equation can be treated 

as a system of equations to obtain a solution and calculate the second equation afterwards. It 

is not clear from (3.4.24), but if the second example is used,   
   

 and     
 could be used to 

calculate the third equation and obtain    
   . The expressions    and    is denoted with a 

superscript letter if it is a difference in how they are constructed. For convenience, the 

dependence on previous variables is not denoted. A example on this is when   is calculated 

with a secant method, the secant method is used to estimate a value on    , if     , both    

and      is needed, but only dependence of    is denoted.  
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3.4.4 Use of ηo in the solution system to the cavitation problem 

Assume that      , also assume that the operands to the operator    are  ,   and    . If    

acts on  ,   and    ,   is obtained, i.e.              . Because of this must     , the 

complementarity condition in (2.3.13) implies that   is complementary with  . This inserted 

into (3.4.19) gives: 
 

      

           

          

          
   

 

(3.4.25) 

 

If   ,   and   can be expressed as linear equations, an LCP technique can be used to solve the 

problem. The   dependence in   is given by (2.3.13), this and the following equations (3.2.5) 

and (3.2.3) implies: 

 

                
     

   
   

  

 
          

 

 
          

  

 
                   

 

(3.4.26) 

 

Equation (3.2.5) can be used for testing linearity of (2.3.13) with respect to  , this test 

neglects the constant terms which corresponds to r.h.s. in a linear system: 

 

                       
   

   
          

   

 
     

   

 
     

                               

 

(3.4.27) 

 

This gives that this version of complementarity formulation, which is based on the Reynolds 

equation is linear with respect to  . The equation for S in (3.4.8), where    is given by 

(2.3.16) can be expressed as: 

 

                                          
 

  

 
(3.4.28) 

 

nonlinearity will arise in (3.4.28) as can be seen by the following. The expression        
   is given by               , which gives: 

 
                                                      (3.4.29) 

 

The expression in (3.4.29) gives that   is nonlinear with respect to  . The expression for the 

force balance is provided by (3.4.21) and repeated here: 

 

            
 

    
(3.4.30) 

 

This expression also contains           which is nonlinear with respect to  , which can be 

seen in (3.4.29). This means that the system in (3.4.25), composed by (3.4.26) to (3.4.30) is 

nonlinear and should therefore be solved with methods developed for nonlinear problems. 
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 The equation (3.4.13) applied to the equation (3.4.25) implies: 

 

    
  

  

   
 

     
  

  

   
 

     
    

    

   
   

   

 

(3.4.31) 

 

If    is used for first and third equation in (3.4.31) and    is used for second equation in 

(3.4.31), it can be expressed as: 

 

          
        

        

       
        

        

      
             

       
   

  

 

 

(3.4.32) 

 

where        (   is provided by (3.4.26)) is used instead of        , because its purpose is 

to calculate a new   value (film thickness). In the present form of (3.4.32), the film thickness 

is overdetermined. It is over determined because, new values of  ,   and     are calculated 

and the film thickness is calculated according to (3.4.26) (  and     are used in the 

calculation of film thickness), the film thickness is determined twice. In order to avoid an 

overdetermined film thickness,        can be calculated separately, which can be expressed 

as: 

 

          
        

        

      
             

       
   

       
       

          

  

 

 

(3.4.33) 

 

where    is removed from        due to that    is not dependent on   . If (2.3.13) is used to 

obtain a relation between   and  , great care must be taken because of its conditions:    , 

      and      . When using (2.3.13), it must be ensured that it is valid to use.  

 

Proposition 1: The system of equation given by (3.4.33) where its complementary variables 

are   and    . The variable   is updated for all iterations and must be checked so it fulfills the 

condition;      . It must also be tested that the variables     and     fulfill their 

conditions.  

 

An alternative to (3.4.33) can be obtained by calculating       instead of          . When 

      is estimated, a discrete formulation of equation (2.3.13), is solved with a method for 

LCP, which implies that the conditions for   and   are satisfied. A possible reformulation of 

(3.4.33) is obtained by replacing          with       and replacing        with        , 
this can be expressed as: 

 

                
        

                 
        

      
             

       
   

  

 

 

(3.4.34) 
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In (3.4.34) present form, the film thickness is overdetermined. It is overdetermined because, 

new values of  ,   and     are calculated and the film thickness is calculated according to 

(3.4.26) (  and     are used in the calculation of film thickness). This means that in order to 

avoid an overdetermined film thickness, all the three equations in (3.4.34) can be calculated 

separately, which can be expressed as: 

 

                 
        

                

      
                 

       
   

  

 

 

(3.4.35) 

 

where    and    
  are removed from the       equation, because       does not depend on 

these variables (in this case a discrete formulation of equation (2.3.13) is solved with a 

method for LCP and values of   and   are obtained). In (3.4.35),         is calculated first, 

the updated values are then used to calculate      , and finally           is calculated with 

updated values. 

 

Proposition 2: System of equations given by (3.4.35). Calculation of       implies that   and 

  is complementary with each other, the other complementary variables of the system in 

(3.4.35) are   and    . 

 

Another option is that for the equation (3.4.35), replace       with       , this can be 

expressed as: 

 

       
     

        

                

      
                 

       
   

  

 

 

(3.4.36) 

 

Proposition 3: The system of equations is given by (3.4.36). Calculation of       in (3.4.36), 

implies that   and   is complementary with each other, the other complementary variables of 

the system in (3.4.36) is    . The expression    applied to   and    in (3.4.36) gives that 

these equations can be calculated as a system with successive substitution. 

 

3.4.5 Use of uo in the solution system to the cavitation problem 

Another way to express (3.4.19) is to assume that      , also assume that the operands to 

the operator    are  ,   and    . When    acts on  ,   and    ,   is obtained, i.e. 

             . Because of this is     , this is so because   is complementary with   

(see (2.3.11)). In this case, the system of equations can be expressed as: 

 

      

           

          

          
   

 

(3.4.37) 

 

The system of equations in (3.4.37) is nonlinear. For example:   and   are not directly 

dependent on  , a relation between   and   must be used to take the change of   into account. 
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As is shown for (3.4.28) and (3.4.30),   and   is nonlinear with respect to   and hence a 

nonlinear system. Applying the nonlinear operator    (3.4.13) on (3.4.37) implies: 
 

    

  

  

   
 

     

  

  

   
 

     

    

    

   
   

   

 

(3.4.38) 

 

If    is used for first and third equation in (3.4.38) and    is used for second equation in 

(3.4.38), it can be expressed as: 

 

          
        

        

       
        

        

      
             

       
   

  

 

 

(3.4.39) 

 

where        (   is provided by (3.4.26)) is used instead of       (   is as  , nonlinear with 

respect to  ), because its purpose is to calculate a new   value (film thickness). The equations 

   and   is not directly dependent on  , they depend on  . The variable   is then used instead 

of   for    and  . Special consideration must be given to the calculation of         , 
because    depends on   and the other equations in (3.4.6) depends on  , this is noted as 

  
       . Therefore, the system of equations is expressed as: 

 

  
         

        
        

      
            

       
   

       
       

          

  

 

 

(3.4.40) 

 

where    is removed       , because it does not depend on   . 

 

Proposition 4: The proposition is, if the system in (3.4.40) is possible, the system of equations 

is given by (3.4.40) and its complementary variables are  ,   and    . A relation between   

and   must be used to obtain the    that corresponds to    (   is suggested as a relation that 

uses, among other things,   to obtain  , but at this stage, its formulation is unknown). The 

conditions on   and   must be checked so that they are fulfilled (see (2.3.13)). 
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If    is used for the first equation in (3.4.40), a relation between   and   must be used, to 

obtain the      that corresponds to     . Instead, an LCP calculation of   can be used to 

obtain new values for   and  . In other words,       is used instead of   
       . This can 

be expressed as: 

 

       
     

        

                

      
                 

       
   

  

 

 

(3.4.41) 

 
where    and    

  are removed from the       equation, because       does not depend on 

these variables (in this case a discrete formulation of equation (2.3.13) is solved with a 

method for LCP and values of   and   are obtained). The system of equation in (3.4.41) is the 

same as in (3.4.36). It gives no new possible solution system. 

3.4.6 Rewritten Reynolds equation as a complementary function 

Another way to express    in (3.4.19) is to apply (3.4.4) to (2.3.13), i.e. 

 

                (3.4.42) 

 

where   stands for the complementary formulation, that is based on the Reynolds equation 

and is rewritten to be equal to zero. According to (3.4.7),   must have a complementary 

variable. The complementary variable is chosen to be     , because it is of more physical 

interest than  . Assume that    in (3.4.19) is equal to     , i.e.        . This can be 

expressed as: 

 

      

            

          

          
   

 

(3.4.43) 

 

The system of equations in (3.4.43) is nonlinear, in (3.4.28) and (3.4.30) it has been shown 

that   and   are nonlinear with respect to  . In the formulation of (3.4.43),   is dependent on 

  while   and   are not dependent on  . An simple way to solve this is to calculate   in a 

different way. In this case, it can be tested to calculate   with a method for LCP,   dependes 

on the film thickness  and the film thickness is dependent on   and    . If   or     are 

altered, the film thickness will also be altered and the altered film thickness is used in the 

calculation of  . Let the previous mentioned process be represented by   . This can be 

expressed as: 

 

                  
        

                   
        

      
                 

       
   

  

 

 

(3.4.44) 

 
where    is defined in the text above (3.4.44). The film thickness is overdetermined.  
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To avoid a overdetermined film thickness as in (3.4.44), the equations could be calculated 

separately and         is replaced by       . This can be expressed as: 

 

                  
        

      
               

       
   

       
       

          

  

 

 

(3.4.45) 

 
The variable    is removed from       , because    does not depend on this variable. 

 

Proposition 5: The system of equations is given by (3.4.45) and    is calculated separately. 

An updated film thickness is used in the calculation of   , which is calculated with a method 

for LCP. 

3.4.7 System of equations by root search 

The modified Reynolds equation (2.3.13) depends on   and the film thickness  ,   is related 

to the pressure. The film thickness is dependent on the elastic deformation    and the 

deformation is dependent upon  . A   gives a certain deformation and this deformation will 

cause a pressure change and this will cause another deformation. In the stationary case for the 

physical regime, a pressure distribution should be obtained when the deformation has 

stabilized. This means that a converged pressure distribution has been reached when   in the 

modified Reynolds equation and   in the deformation has the same value. If (3.4.2) is used,   

represents   obtained from the equation (2.3.13) and   is also dependent on  . This can be 

expressed as: 

 
        (3.4.46) 

 

Inserting the expression in (3.4.46) into (3.4.4) gives: 

 

                     (3.4.47) 

 

Let the equations, (3.4.47), (3.4.8) and (3.4.10) build up a system of equations, written in the 

same manner as in (3.4.19): 

 

      

           

          

          
   

               

 

(3.4.48) 

 

If the operator    defined in (3.4.13) is applied to (3.4.48), it results in: 

 

    
  

  

   
 

     
  

  

   
 

     
    

    

   
   

  

 

(3.4.49) 

 

For the calculation of (3.4.49), assume that    can be used for first and third equation and 

that    can be used for second equation.  
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When    is used for the second equation, it is better to use    (see (3.4.26)) the film thickness 

equation instead of  , because it is the film thickness that is of interest. 

 

          
        

        

       
        

        

      
             

       
   

  

 

 

(3.4.50) 

 

In (3.4.50) the film thickness is overdetermined, in an attempt to avoid this,        is solved 

after the other equations. The variables that are not of interest are removed. This can be 

expressed as: 

 

          
        

        

      
             

       
   

       
       

          

  

 

 

(3.4.51) 

 

 

Proposition 6: The system of equation is given by (3.4.51). The equation for    (see (3.4.26)) 

is calculated after the other because the film thickness   is overdetermined otherwise. In the 

calculations of   ,   is obtained by calculate (2.3.13) with a method for LCP. 

3.5 Errors 

In many cases it is not possible to obtain an analytical solution when considering cavitation 

and elastic deformation for the problem piston ring-cylinder liner. In the cases where it is not 

possible to find an analytical solution a numerical solution is calculated. The numerical 

solution is only a approximation, because of this, the errors must be taken into account. The 

error in the numerical solution can be described systematically by modeling errors, 

discretization errors and iteration errors. 

3.5.1 Modeling errors 

Modeling errors originates from inadequate mathematical models. Modeling errors is 

provided by the difference between the real physical phenomenon and the analytical solution, 

see [27]. The analytical solution is the solution that would be obtained if the mathematical 

equations that describe the problem could be solved analytically. An analytical solution 

cannot be obtained when cavitation and elastic deformation of the surrounding surfaces for a 

thin film is considered. This is an important error to measure, a poorly designed model can 

never provide satisfactory results. 
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3.5.2 Discretization errors and approximate error norm 

The discretization error is provided by the difference between the analytical solution and the 

exact solution obtained with the discretized equations, see [27] and [3]. According to [3], the 

equation for the discretization error norm is: 

 

   
 

     
           

       
 

   

   

  

 

(3.5.1) 

 

where   is the number of nodes,   represents the current grid,       denotes the analytical 

solution and   
     

 represents the exact solution obtained with the discretized equations. It is 

difficult to calculate in the cases where no analytical solution is known. 

 

The approximate error norm [3], can be expressed as:  

 

    
 

       
      

    
   

     

   

  

 

(3.5.2) 

 

where   is the coarser grid,    represents the approximate solution to the finer grid and    

denotes the approximate solution to the coarser grid. The approximate error norm can be 

reduced by systematically refine the grids. When the analytical solution is unknown, the 

discretization error is also unknown. The development of the discretization error can be 

followed, by systematically refine the grids. 

3.5.3 Iteration errors 

The iteration error is the difference between the analytical and iterative solution of the 

systems of equations. In the cases where the exact solution is not known the solution can be 

compared between two iterations. According to [30], an approximation to the iteration error 

can be expressed as: 

 

            (3.5.3) 

 

where   
 is the current approximate solution and     

 is the updated approximate solution, 

i.e. the solution that will be used at next iteration. The development of the iteration error can 

be followed, by updating the approximate solution. According to [27], the absolute 

approximate relative error is expressed as: 

 

   
         

      
 

 

(3.5.4) 

 

It is important to know when an iterative computation should be interrupted. The iterative 

computations can be interrupted when a desired criterion is achieved. 
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3.6 Mesh 

Only simple geometries are used in this project. Because of this, finite differences can be used 

to discretize the problem. Each axis of the coordinate system is divided into several elements 

and it is a node at each element border. The coordinate axes are shown in Figure 2.1. Let   be 

the number of elements (    is number of nodes) and   is the length of the object along the 

coordinate axis, this gives the element length: 

 

    
  

  
  

(3.6.1) 

 

where   gives the referred coordinate axis. The coordinates for each node is given by: 

 
  
            (3.6.2) 

 
  is the current node and          .  

3.7 Models of bearing geometries 

Several bearing geometries are used in tests during this project. The function   , which 

describes the geometry of the bearing in the film thickness equation (2.1.15) is presented in 

the following subsections. In this work is 2D bearing geometries used. 

3.7.1 Parabolic slider bearing 
 

 
Figure 3.1. The reduced line contact geometry.2

  

The reduced parabolic slider bearing has a cylindrical shape, see Figure 3.1. The effective 

radius of the cylinder is    and the mathematical description of the geometry becomes 

 

   
  

   
  

(3.7.1) 

 

For more information see [6]. 

 

                                                 
2
 Figure 3.1 is taken from [6]. 
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3.7.2 Double parabolic slider bearing 

A double parabolic slider bearing is a bearing with two spherical bumps. The effective radius 

off the spheres is    and the geometry with respect to a half sphere in 2D is 

 

   

 
 
 

 
         

   
     

 

 

         

   
 

 

 
    

  

 

(3.7.2) 

 

for more information see [6]. 

3.7.3 Pocket pad bearing 

 
Figure 3.2. Illustration of the modeled pocket bearing.3  

A pocket pad bearing is a flat bearing with a pocket just after the inlet. The letter   denotes 

where the pocket and cavitation zone begins,   is where the cavitation zone ends,   is the end 

of pocket and   is the length of the bearing. The letter   denotes the width of the bearing. The 

letter    denotes the minimum film thickness and    is the minimum film thickness plus the 

pocket height. The geometry for the pocket in the 2D case is expressed as: 

 

    
           

         
   

(3.7.3) 

 

see [1] for more details. 

3.8 Boundary conditions 

The boundary conditions of pressure at the inlet and outlet is assumed to be constant and 

presented more in detail in the following subsections. The boundaries are denoted by   . 

Because of the 2D geometry, the object is assumed to be infinitely wide. Symmetry in the 

width direction (  -direction) is assumed to hold because the geometry is infinitely wide. 

Brief descriptions of boundary conditions are given in the following subsections. 

3.8.1 Inlet 

The pressure at the inlet is assumed to be constant, i.e.     is constant at   . In terms of 

complementarity variables this can be expressed as,     and    , they are constant at   . The 

condition           must also be fulfilled. A relation between     and     is given in 

(2.3.6) and by complementarity, the inlet boundary condition for     can be obtained. 

                                                 
3
 Figure 3.2 is taken from [1]. 
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3.8.2 Outlet 

The pressure at the inlet is assumed to be constant, i.e.     is constant at   . In terms of 

complementarity variables this can be expressed as,     and     are constant at   . The 

condition           must also be fulfilled. A relation between     and     is given in 

(2.3.6) and by complementarity the inlet boundary condition for     can be obtained. 

3.8.3 Lower surface 

The lower surface can move in the    direction with a speed   at   . It is friction between 

the fluid and the surface. This gives movement to the fluid and introduces the possibility for 

pressure generation. Pressure build-up depends on the geometry. The viscous friction force in 

the boundary area is denoted by    . 

3.8.4 Upper surface 

The lower surface can move in the    direction with a speed    at   . It is also friction 

between the fluid and the surface. This gives movement to the fluid and introduces the 

possibility for pressure generation. Pressure build-up depends on the geometry. The viscous 

friction force in the boundary area is denoted by    . 

3.9 Discretization 

Discrete formulations of complementarity formulation (2.3.13) that is based on the Reynolds 

equation, the film thickness and force balance equations are presented in this section. It must 

be rewritten to discrete form in order to be able solve the problem with the finite difference 

method. The discrete equations that build up a matrix system will be given. For a more 

detailed derivation see [1]. The equation (2.3.13) in one-dimensional formulation is expressed 

as: 

 

  
 

  
 
   

   

  

  
 

  

 
    

 

  
 
 

 
    

 

  
 
 

 
      

                 

(3.9.1) 

 

Let 

  
   

   
   

 

 
   

 

(3.9.2) 

 

The notations given in Section 3.6 will be adopted for the discrete formulations. In a discrete 

formulation, equation (3.9.1) can be constructed by the expressions:  
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(3.9.3) 

 

The expressions in (3.9.3) and a discretized version of (3.9.1) give: 

 

  

 
 
 
 
 
 
 
 
       

        

        

     
   

            

         
 
 
 
 
 
 
 

  

 

 

(3.9.4) 

 

  

 
 
 
 
 
 
 
 
      

       

       

     
   

       

         
 
 
 
 
 
 
 

  

 

 

(3.9.5) 

 

and 

 

  

 
 
 
 
 
 
 
            

  
  
 
 

    

              
 
 
 
 
 
 

  

 

(3.9.6) 

 

The equations (3.9.4) to (3.9.6) give an expression in matrix form:  

 
                       (3.9.7) 
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Discrete form of the film thickness equation: 

 
               (3.9.8) 

 

and     is given by: 
 

           

 

  
(3.9.9) 

 

see [6] and [3]. Non discrete formulation of   is suggested in (2.1.7) and a discrete 

formulation of (2.1.7) is expressed as: 

 

      
 

           
  

 
           

  

 
    

        
  

 
           

  

 
       

(3.9.10) 

 

Discrete formulation of the force balance equation: 

 

         
 

         
    

  

 

 

   
       

 
   

 

 

  

(3.9.11) 

 

3.10 Arrangement and verification of methods 

In order to obtain correct solution according to the mathematical model, the complementary 

formulation (2.3.13), which is based on the Reynolds equation must be satisfied. This means 

that the obtained solution must satisfy (2.3.13) and the conditions on   and  , i.e.       
         , must also be satisfied. 

 

In Section 3.4 are the proposed methods given, but not all of them will be tested. The 

proposed methods in Section 3.4 need to be solved with non-linear methods. In the cases, 

presented in Proposition 1 and Proposition 4, a relation between   and   is required. More 

work and studies are needed to investigate how such a relation can be designed and managed 

properly. It is important to keep   complementary with  . Because of  this, these propositions 

are not investigated further, in this work.  

3.10.1 Solution method 

In this work, the equation that provides a new film thickness and the equation that provides a 

new   and is given in the propositions, are grouped together and then solved as a system. 

Based on the previous solution and if a method as Newton-Raphson is used, the system is 

linearized and each iteration provides an update for the pressure and the film thickness. A 

flow chart of the procedure is given in Figure 3.3 c). The obtained pressure results from 

solving (2.3.13) with a method for LCP, the LCP method is given in [31] and the setup used is 

the default. The force balance is calculated when the solution of the pressure and the film 

thickness is found. An estimated new value is given on the minimum film thickness and 

solution to the pressure and film thickness is again searched for, see Figure 3.3 a). The break 

criterion for the force balance i.e.     is     , see Table 3.1.  
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Figure 3.3. Calculation procedure to estimate the minimum film thickness is shown in a). In a) the third equation in 

the propositions given in Section 3.4 is shown as a dotted box with a    to the left of the box. In b) an updating 

procedure of   related to pressure and the film thickness   is shown. The Newton-Raphson method can be used to 

estimate  , the first equation in the Proposition 6 given in Section 3.4 is shown with a dotted box with    to the left of 

the box. The second equation in Proposition 6 is marked with a dotted box with    to the left of the box. In c) an 

updating procedure of   related to pressure and the film thickness   is shown. LCP is used to estimate   and the first 

equation in the Proposition 3 given in Section 3.4 is shown with a dotted box with    to the left of the box. The second 

equation in Proposition 3 is marked with a dotted box with    to the left of the box. 

An example of the updating procedure of   and   is given Figure 3.3 b). Iterate through all 

nodes and do a perturbation on the pressure at the current node. Update the film thickness and 

do an LCP calculation of (2.3.13) or Appendix A (0.4), repeat this for all nodes and create a 

Jacobian. Use the Jacobian in the estimation of a new pressure distribution. This can be done 

by using a Newton-Raphson method. The Newton-Raphson method with global convergent 

strategy used in this work is described in [32]. It is also possible to use a method for MCP 

(mixed complementarity problem), in this work a Levenberg-Marquardt method (see [20]) is 

used to calculate a solution for an MCP. The calculations, which are performed with Newton-

Raphson method are repeated until a stop criterion is achieved. In case of the Newton-

Raphson method, the stopping criterion can be the relative approximate iteration error, this is 

used to determine if the values of   and   have converged, the criterion is     , see Table 3.1 

and (3.5.4). 

 

When a method as Newton-Raphson is used, the derivatives must be calculated and are given 

by respective method; these methods are presented in later subsections. The derivative for the 

force balance equation   is given here. The force balance equation (2.3.18) is not directly 

dependent on the minimum film thickness    . The pressure is dependent on the film 

thickness and film thickness is dependent on    .  
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A change in the minimum film thickness will thereby cause a change in the force balance. 

The calculations will be initiated with two different minimum film thicknesses. The force 

balance for these two cases are then calculated and used to estimate a new minimum film 

thickness. The estimated minimum film thickness should be used to step nearer the solution. 

If a secant method is used to estimate the new minimum film thickness, the expression is: 

 

   
       

  
      

       
  

       
   

(3.10.1) 

 

where    is the force balance in the case when the minimum film thickness is    
  and      is 

the force balance in the case when the minimum film thickness is    
   . 

 
Table 3.1. Stopping criterion for updating procedure of   and   and break criterion for force balance are shown in 

the table.  The variable   is related to the pressure by (2.3.5),   is the film thickness. The function   is given by 

(3.4.10) and   is the applied load. The equation (3.5.4) is used to calculate the stopping criterion. 

Stopping criterion criterion for updating 

procedure of   and  . 
     

Break criterion for force balance .i.e.          

 

An example of the structure of the program which is used is given in the following lists: 

"Main", "Secant method" and "Inner convergence". The program is initiated with settings to 

be able to solve the given problem. After the initiation of the program, a function call to the 

function "Main" is made. "Main" is the main function that calls “Secant method”. "Secant 

method" estimates a new minimum film thickness that gives a desired applied load through 

calls to “Inner convergence”. In "Inner convergence" is a call made to a function that finds the 

solution and the applied load is calculated. 

 

Main 

1. A function call is made to the "Secant method". The "Secant method" calculates new 

values of    ,  ,   and model parameters for the current grid (as nodes locations and 

element length) and save the parameters for calculation of stopping criterion. 

2. Check if step 1 generated any error code. If error has occurred, take care of the error 

and go to step 1 with new parameters if necessary (maybe new guesses of  ,   and 

   ). If the criterion for the "secant method" from step 1 is not meet, a new guess is 

made and step 1 is repeated. 

3. Calculate the stopping criterion of a chosen parameter, which is done each time the 

function "Secant method" returns a solution for which the criterion is meet and a 

previous stored value of the chosen parameter is available. Go back to step 1 if 

stopping criterion is not meet. 

4. Save parameters of interest. 

5. Go back to step 2 if finer grids should be calculated. 

 

Secant method 

1. A function call is made to the function “Inner convergence”. The function "Inner 

convergence" calculates the force balance for the guesses     and     , where   is a 

constant. 

2. Use a secant method to estimate the new value of     with the previous guesses of     

and the calculated force balances. 
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3. Check for errors from step 2. If     is negative and should be positive,     is 

recalculated to a positive value. Depending on the error, the calculation is stopped or 

step 2 is recalculated with a new guess of    . 

4. Calculate the break criterion     and go back to step 2 if the break criterion is not 

meet. 

 

Inner convergence 

1. Initiate the variables and parameters that are needed for the current grid. 

2. Calculate a solution for the initial guesses of   and  . This is done by making a 

function call, to a function that is specified by the user, this function should update the 

values of   and  . 

3. If the stopping criterion is not meet, generate an error code. 

4. Go back to step 1 if it exists a finer grid. Interpolate the solution to obtain the same 

number of nodes, as for the finer grid. 

5. Calculate the force balance and return a solution. 

3.10.2 Comparison of cavitation zone lengths 

In a comparison between the analytically calculated solutions, one solution is calculated for a 

model where the fluid is assumed to be incompressible as suggested by [11], the other 

solution is calculated for a model where compressibility of the fluid is taken into account as 

suggested by [1], the pocket pad bearing geometry is used and the surfaces are assumed to be 

rigid. The pocked pad bearing geometry is shown in Figure 3.2. The analytical solutions of 

length of cavitation zone is calculated and compared with each other and also with the length 

of cavitation zone obtained by numerical calculation of (3.9.7). This comparison is defined to 

verify the numerical solution against analytical solutions. The bulk modulus   is varied to 

verify that the difference is smaller for large  . The length of the cavitation zone is denoted 

by   and according to [11], it can be expressed as: 

 

        
          

 

             
         

 
(3.10.2) 

 

for the model with incompressible fluid, where    is the pocket height,    is the film 

thickness,   is the distance between the inlet and the pocket,     is the pocket length,     is 

the inlet pressure,    is the cavitation pressure and    is the pressure at the end of the pocket 

(       ). The pressure at the end of the pocket is given by: 
 

      
 

 
         

(3.10.3) 

 

where   is the distance between the pocket and the outlet. According to [1], the length of the 

cavitation zone can be expressed as: 

 

  
   

 

   
    

  

  
     

(3.10.4) 

 

where    and    are presented in Appendix C. The length of the cavitation zone for the 

numerical model is the difference between the first point where cavitation occurs and the last 

point where cavitation occurs. 
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3.10.3 Comparison between analytical and LCP calculated solution 

The analytical solution suggested by [1] is compared with a numerical (the LCP algorithm in 

[31] is used) solution for a 2D pocket pad assuming a compressible fluid. In this case, the 

relative error is defined as: 

 

    
          

   
          

   

   

    
          

   

   

  

 

(3.10.5) 

 

where   is the number of elements in the grid. In this case both the analytically obtained 

solution and the numerically obtained solution are calculated for rigid surfaces. This is done 

to test how well the numerically obtained solution agrees with the analytically obtained 

solution. The comparisons are done for constant minimum film thickness          m and 

        . 

3.10.4 Asymptotic values for the minimum film thickness 

In [14], the derived model in the thesis is compared with asymptotic values for the minimum 

film thickness, which it shows good agreement with. Also in [13] and [3] are asymptotic 

values for the film thickness compared with their respective model. According to [12] and 

[14], asymptotic solution for the rigid/isoviscous region with dimensionless minimum film 

thickness      and Moes parameter   for line contact is given by: 

 

             (3.10.6) 

and the elastic/isoviscous asymptote is given by: 

 

                (3.10.7) 

Moes parameter is given by: 

 

          (3.10.8) 

 

for a line contact. Here the parameters    and    are given by the following expressions: 

 

   
  

    
    

 

   
  

(3.10.9) 

 

The minimum film thickness is rewritten to a dimensionless form, with the following 

equation: 

 

            
  

 

     
   

 
    

(3.10.10) 
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3.10.5 Successive substitution method applied to the cavitation problem 

The successive substitution method described in Section 3.3 is a simple method to use. The 

Proposition 3 is partly a successive substitution problem because of    in the first and second 

equation in the systems of equations. For this problem, the first and second equation can be 

solved one time each (see Figure 3.3 c)), this procedure is repeated until the system has 

converged. After this is the third equation calculated and the preceding procedure is now 

calculated again, until the criterion for the third equation is achieved. If the first equation of 

the system of equations will be solved first, the convergence will be determined for  . If the 

second equation of the system of equations will be solved first, the convergence is determined 

for  .The conditions for   and   is fulfilled in the case when   is obtained by calculate a 

solution for the equation (2.3.13) with a method for LCP, i.e.: 

 
         

                       

(3.10.11) 

 
where      is given by (3.4.46) and the preceding text. When a value of   is obtained, the 

pressure distribution can be calculated by means of (2.1.18). The successive substitution 

method are tested for both calculation of   first and   first for varying grid sizes and applied 

loads, in a comparison test. For these test is bearing geometry 2D pocket pad used. The 

solution obtained with successive substitution is also compared with an analytically obtained 

solution, see [1] for the analytical obtained solution. The system of equations is computed 

with a high elastic modulus of the material, to simulate the behavior for the case where no 

deformation occurs. This is compared with the analytical obtained solution to see how well it 

agrees with solution obtained from successive substitution method. Minimum film thickness 

is held constant during this test. The case when no deformation is taken into account in the 

numerical calculations is also tested. This is done to see if there is difference in pressure 

distributions between pressure calculated without deformation and with deformation and high 

elastic modulus. The time it takes to calculate a solution with the successive substitution 

method of various grid sizes is also estimated. This is done to estimate how much time the 

calculation of the Jacobian uses for different mesh sizes. 

 

Tests are also done when the minimum film thickness is estimated. The calculations are made 

for numerical calculated solution, when deformation of surfaces is not taken into account, and 

numerical calculated solution, when deformation of surfaces is taken into account. Large 

elasticity modulus is used for the case with deformation. These tests are done to see if there is 

any difference in the calculated minimum film thickness for the different cases. The pocket 

pad and double parabolic slider bearing geometries are tested to see if successive substitution 

can be used when deformation has big impact on the resulting pressure. 

3.10.6 Pressure difference root search 

A possible solution system for the “pressure difference root search” method is given by 

Proposition 6.  The first and the third equation are computed as a system, see Figure 3.3 b).  

 

The Jacobian for the operator    must be determined when a Newton-Raphson method is 

used. The derivatives needed to estimate the Jacobian uses the old   and the new  . The new 

  is calculated by introducing a perturbation of the old  , see Figure 3.3 b). The perturbed   

is used to update the film thickness, and the updated film thickness is used in the calculation 

of a new  , which is obtained by calculating a solution to (2.3.13) with a method for LCP. A 

finite difference approximation of the Jacobian used, see equation (3.3.13). 
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The obtained solution for previous described system must satisfy the equation (2.3.13), which 

is tested next.    is given by (3.4.47) and should be complementary with  , according to 

(3.4.48). This can be expressed as: 

 
                   (3.10.12) 

 

According to (3.4.47) the parenthesis is equal to zero if the solution is achieved, i.e.: 

 
        (3.10.13) 

The      gives  , which is obtained by calculate a solution for (2.3.13) with a method for 

LCP and (3.10.13) is equal with (3.10.11), which implies      . Thus both   and     fulfill 

the condition: 

 

                 (3.10.14) 

 

when   is the solution obtained from the method presented in Proposition 6. When a value of 

  is obtained, the pressure distribution can be calculated by means of (2.1.18). When the 

pressure distribution is available, the derivative of the force balance equation can be 

calculated, the derivative of the force balance equation is shown in Section 3.10.1. 

 

Use of the equations (3.3.14) to (3.3.17) when     ,    ,    ,     and     , can 

be expressed as: 

 
      (3.10.15) 

       (3.10.16) 

        (3.10.17) 

 

which gives that when    , there is no guarantee that     is zero, i.e.         when 

   . The expression   must be zero to achieve a correct solution. 

 

The solution calculated with the "pressure difference root search" method with help of the 

Newton-Raphson method is compared with a solution calculated with the successive 

substitution method. Calculations for the minimum film thickness are made for comparison 

test between the "pressure difference root search" method with use of Newton-Raphson 

method and the successive substitution method. The number of grid was varied to investigate 

the mesh dependence of the minimum film thickness convergence and values calculated with 

"pressure difference root search" method with use of the Newton-Raphson method is 

compared with values calculated with the successive substitution method. The applied load 

was also varied to see if there is any difference for the minimum film thickness for different 

loads. This is done to see if "pressure difference root search" method with used of the 

Newton-Raphson method is a feasible method. The parabolic slider bearing geometry is used 

in these tests. Tests are also done for the "pressure difference root search" method with use of 

a method for mixed complementarity problem [20]. 
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There is also a comparison with asymptotic values for the minimum film thickness (see 

Section 3.10.4) to verify the “pressure difference root search” method. This test is also done 

with the parabolic slider bearing geometry. 

3.10.7 Film thickness difference root search 

A possible solution system for the “film thickness difference root search” method is given by 

Proposition 2. A direction is calculated for the film thickness equation   (for   see (3.4.8)), a 

complementary formulation (see (2.3.13)), which is based on the Reynolds equation is 

updated to obtain a new  . In Figure 3.3 a), inner iterations is the updating procedure of   and 

 . The outer iterations correspond to calculation of the force balance and updating of 

minimum film thickness, see Figure 3.3 a). 

 

The Jacobian of   is calculated with a finite difference approximation, see equation (3.3.13). 

The derivative of the force balance equation is also needed, the derivative is shown in Section 

3.10.1. 

 

In Proposition 2, the film thickness is obtained from calculation with    and the   is updated 

by calculation with   . This way of calculating   guarantees complementarity with  , i.e. 

     . Because   and   is obtained from an LCP calculation of (2.3.13). When a value of 

  is obtained, the pressure distribution can be calculated by means of (2.1.18). Use of the 

equations (3.3.14) to (3.3.17) when    ,    ,    ,     and     , can be expressed 

as: 

 
     (3.10.18) 

       (3.10.19) 

         (3.10.20) 

 

A solution is found when (3.10.20) is fulfilled and when the film thickness is greater than 

zero. 

 

Calculations of the minimum film thickness should be done to verify the “film thickness 

difference root search” method. The number of grid points used in the calculations, is varied 

to be able to compare the minimum film thickness obtained with the “film thickness 

difference root search” method with use of the Newton-Raphson method, with minimum film 

thickness obtained with the successive substitution method. Also the applied load is varied to 

see if there is any difference for the minimum film thickness for different cases of applied 

loads. The parabolic slider bearing geometry is used in these tests. Test is also done for the 

"film thickness difference root search" method with use of a method for mixed 

complementarity problem [20]. 

 

There is also a comparison with the minimum film thickness obtained from Section 3.10.4. 

This is done to verify the “film thickness difference root search”. This test is also done with 

the parabolic slider bearing geometry. 
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3.10.8 Search of root to the complementary formulation of the Reynolds equation 

The Proposition 5 gives possible solution system where direction is calculated. Calculation of 

direction is mentioned in Section 3.4.3. In this case, the film thickness (see (2.1.4) and 

(2.3.16)) can for example be updated for the latest calculated pressure distribution. The 

updated film thickness is then used for the discrete formulation of (2.3.13) (see section 3.9). 

The discrete formulation is then used to calculate a solution with a method for LCP, and the 

variables      and      are obtained, where    . The variables   and   is then used 

to express (2.3.13). Let this process be represented by                    , where   is the 

bulk modulus for the density pressure relation,   is the relative velocity between the surfaces 

of the bearing geometry,   is the viscosity of the fluid and     is the minimum film thickness. 

For convenience, use                           , where,  ,   and   are constant. A 

direction should be calculated for    with respect to  , new values of   is obtained and used 

to update the film thickness. 

 

If the Newton-Raphson method is used to estimate a new value of  , it can be expressed as: 

 

                        
    (3.10.21) 

 

where   stands for the current value and     stands for the next value. The  :th element of 

       can be denoted by           
   

 
. This implies that the Jacobian   in tensorform can 

be expressed as                
   

 
    . If    could be calculated exactly, the result would 

be zero, according to (2.3.13). When finite difference approximation is used, the 

discretization and round off error arises and    is equal to low numbers. In the cases when 

          
   

 
  ,        

   is close to a root. This implies that a root can be found for 

       
  , even if elastic deformation of bearing surface is taken into account and the applied 

load is large enough to cause deformation of the surface. The Jacobian in discrete formulation 

is shown in (3.3.13) and can be expressed as: 

 

   
  

           
     

   
 
           

   
 

  
  

(3.10.22) 

 

where         
  

 
         . In the cases when           

     
     and          

    , 

the Jacobian can be expressed as: 

 

   
     (3.10.23) 

 

This Jacobian is singular, which implies that Newton-Raphson should not be used, when 

          
     

     and          
    . This reasons gives that this method will not be 

investigated further in this work, if the definition of    is the one given at the beginning of 

this section.
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4 Results 

In this section, the results of the test and comparisons that has been presented in previous 

section will be presented. There have been a number of tests to assess the models and the 

solution methods feasibility. 

 

A comparison is made for two models. In one of the models, it is assumed that the fluid is 

incompressible and that the bearing surfaces are rigid. In the other model, it is assumed that 

the fluid is compressible and that the bearing surfaces are rigid. The comparison is made 

between the analytical solution to the model with incompressible fluid, the analytical and the 

numerical solution to the model with compressible fluid. The pocket pad bearing geometry is 

used in this test. In another test, the previous mentioned model with compressible fluid is 

used. The comparison is made between the analytical solution and numerical solution to this 

model. This comparison is made for two cases of constant minimum film thickness. The 

successive substitution method is tested for different geometries and compared with an 

analytical method. Tests of “pressure difference root search” and “film thickness difference 

root search” are also presented. 

 

4.1 Assessment of an LCP method for the cavitation problem 

Analytically and numerically calculated pressure distributions are shown in Figure 4.1 and 

Figure 4.2. The solutions are obtained with a model accounting for the compressibility of the 

fluid and it is assumed that the bearing surfaces are rigid. An LCP method [31] is used to 

calculate the numerical solutions. The input parameters are shown in Table 4.1 and Table 4.2. 

In Figure 4.1, the pressure distributions for the analytical and numerical solutions are shown 

for the case when the minimum film thickness is          m. In this specific case the 

difference between the analytical and numerical solution is small. The pressure distributions 

shown in Figure 4.2 are for the case when the minimum film thickness is          m. The 

difference between the pressure distributions is larger for this case than it is for the case when 

the minimum film thickness is          m. 

 
Table 4.1. Input parameters for the pocket pad bearing. 

         

2 mm 3 mm 20 mm 10  m 

 
Table 4.2. Input parameters to the cavitation problem. 

                

0.01      1 m/s 50     100     
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Figure 4.1. The pressure distributions for the analytical and numerical solution are shown in the figure. The tested 

bearing geometry is a pocket pad. In the calculations of the pressure distributions, it is assumed that the surface is 

rigid. In this case the minimum film thickness is      m, the number of nodes is 1025 and β is       Pa and the 

other data that has been used to generate this figure is shown in Table 4.1 and Table 4.2. 

 
Figure 4.2. The pressure distributions for the analytical and numerical solution are shown in the figure. The tested 

bearing geometry is a pocket pad. In the calculations of the pressure distributions, it is assumed that the surface is 

rigid. In this case the minimum film thickness is      m, the number of nodes is 1025 and β is       Pa and the 

other data that has been used to generate this figure is shown in Table 4.1 and Table 4.2. 
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4.1.1 Comparison between cavitation zone lengths 

The difference                     is normalized with                   and is shown as a 

function of  ,   is the length of the cavitation zone. This is shown in Figure 4.3 and input 

parameters are shown in Table 4.1 and Table 4.2. Variation in number of nodes has also been 

made; see Appendix B, Figure 0.1. The number of nodes chosen is 4097, because it provides 

sufficiently low error relative to the time it takes to calculate the solution. Two different 

models have been used in the comparison of cavitation zone length. In one of the models, it is 

assumed that the fluid is incompressible and the deformation of the bearing surfaces is not 

taken into account. In the other model, it is assumed that the fluid is incompressible and the 

deformation of the bearing surfaces is not taken into account. The analytical solution to the 

model with compressible fluid is called analytical solution. The numerical solution to the 

model with compressible fluid is called numerical solution without deformation. A 

comparison is made between the analytical solution, the numerical solution without 

deformation and the solution to the model which assumes incompressible fluid.  

 

Three different cases of minimal film thickness are shown in Figure 4.3. In the case with the 

greatest minimum film thickness, it appears that the solution to the numerical model without 

deformation shows better agreement with the solution to the model with incompressible fluid 

than the analytical solution does for small  . The normalized difference of length of 

cavitation zones is smaller for the numerical solution without deformation. Increasing   
implies that the cavitation zone lengths predicted by the analytical model approaches the 

incompressible models prediction of the cavitation zone lengths. The length of cavitation 

zone, which is calculated numerically for the model which takes deformation of surface into 

account, approaches the length of cavitation zone, which is calculated analytically for the 

model where the surfaces is assumed to be rigid, only to a certain limit. The length of the 

cavitation zone, which is calculated numerically for the model which do not takes 

deformation into account, is of relatively constant length for large  , as can be seen in Figure 

4.3. Reduction of the minimum film thickness shows the trend, that the normalized difference 

of length of cavitation zones becomes smaller with reduced minimum film thickness, see 

Figure 4.3. It also shows that analytical solution and the solution to the model with 

incompressible fluid shows better agreement when the minimum film thickness is smaller. 
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Figure 4.3. The difference                     is normalized with                   and is shown as a function of  ,   

is the length of the cavitation zone. The number of nodes used for this simulation is 4096 and the other parameters are 

given in Table 4.1 and Table 4.2. Analytical in the figure refers to the analytical solution to a model, for which it is 

assumed that the surfaces are rigid and the fluid compressibility is taken into consideration. Numerical refers to the 

numerical solution to the model when the fluid compressibility is taken into consideration and the surface is assumed 

to be rigid. Incompressible refers to the model, for which it is assumed that the fluid is incompressible and bearing 

surfaces are rigid. 

4.2 Evaluation of successive substitution applied to the cavitation problem 

To investigate whether the successive substitution method can be used as solution method, the 

film thickness and pressure distribution are examined for various cases of minimum film 

thickness. The investigation has been carried out for the double parabolic slider bearing 

geometry and the pocket pad bearing geometry. In the model used, it is assumed that the fluid 

is compressible and that the bearing surfaces deforms. 

 

A comparison has been made between different solution methods and is shown in the 

subsection entitled "test of successive substitution method applied on the cavitation problem". 

In this comparison, two models have been used. For one model it is assumed that the fluid is 

compressible and that the bearing surfaces are rigid. For the other model it is assumed that the 

fluid is compressible and that the bearing surfaces deforms. The analytical solution is 

obtained for the model for which the surfaces are assumed to be rigid. The numerical solution 

is obtained with successive substitution and is obtained for the model which takes 

deformation of surfaces into account. Another numerical solution is obtained for the model, 

for which it is assumed that the surface is rigid. The estimated time it takes to calculate with 

the successive substitution method (the successive substitution presented in Section 3.3 and 

3.10) is also shown in the subsection "test of successive substitution method applied on the 

cavitation problem ". 
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4.2.1 Pressure distributions calculated for the double parabolic slider bearing 

Film thickness, pressure distribution and absolute approximate relative error (     ) for 

several iterations made with successive substitution are shown in Figure 4.4. In the model 

used, it is accounted for the fluid compressibility and bearing surface deformation. Data used 

in this test are presented in Table 4.3 and Table 4.4. The minimum film thickness        
     m has been used in the case shown in Figure 4.4. The upper plot in the subfigures a), b) 

and c) shows the pressure distribution and the lower plot the film thickness, which is 

calculated from the pressure distribution from the previous iteration. Figure 4.4 a) shows the 

initial guess of the film thickness, the geometry surfaces are not deformed. In the Figure 4.4 

b) and c) the two subsequent iterations are shown. The second iteration gives a smaller 

pressure than the first and third iteration. Figure 4.4 d) shows       for one hundred iterations 

and convergence is not achieved. Figure 4.5 shows similar calculations as in Figure 4.4, but 

with             m. The other input data are given in Table 4.3 and Table 4.4. In this case, 

convergence can be achieved. 

 
Table 4.3. Input parameters for the double parabolic slider bearing. 

    
19.05 mm 76.2 mm 

 
Table 4.4. Input parameters to the cavitation problem. 

                      

  Pa      m/s         Pa      Pa   s         Pa        Pa 
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a) 

 
b) 

 

 
c) 

 

 
d) 

Figure 4.4. Plots over pressure distribution and film thickness are shown in the figure. The pressure distribution and 

film thickness are calculated for a minimum film thickness of             m. The other input parameters are 

shown in Table 4.3 and Table 4.4. The bearing geometry used is a double parabolic slider. a) shows the first iteration, 

the bearing surface is not deformed. b) shows the pressure distribution and the film thickness for the second iteration. 

c) shows the pressure distribution and the film thickness for the third iteration. d) shows the absolute approximate 

relative error (     ) for one hundred iterations. In the calculation of      , the letter    stands for the current 

iteration and     stands for the next iteration. 
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a) 

 
b) 

 

 
c) 

 

 
d) 

Figure 4.5. Plots over pressure distribution and film thickness are shown in the figure. The pressure distribution and 

film thickness are calculated for a minimum film thickness of             m. The other input parameters are 

shown in Table 4.3 and Table 4.4.The bearing geometry used is a double parabolic slider. a) shows the first iteration, 

the bearing surface is not deformed. b) shows the pressure distribution and the film thickness for the second iteration. 

c) shows the pressure distribution and the film thickness for the third iteration. d) shows the absolute approximate 

relative error (     )  for thirty iterations. In the calculation of      , the letter    stands for the current iteration and 

    stands for the next iteration. 

4.2.2 Pressure distributions calculated for the pocket pad bearing 

As in Section 4.2.1, film thickness, pressure distribution and the absolute approximate relative 

error (     ) for several iterations made with successive substitution are shown in Figure 4.6. 

In the model used, it is accounted for the fluid compressibility and deformation of the bearing 

surfaces. Data used in this test are presented in Table 4.1 and Table 4.5. The minimum film 

thickness             m has been used in the case shown in Figure 4.6. The upper plot in 

the subfigures a), b) and c) shows the pressure distribution and the lower plot shows the film 

thickness, which is calculated from the pressure distribution from the previous iteration. 

Figure 4.6 a) shows the initial guess of the film thickness, the geometry surfaces are not 

deformed. In the Figure 4.6 b) and c) the two subsequent iterations are shown. The second 

iteration implies zero pressure except around the boundaries. The third iteration shown in 

Figure 4.6 results in larger pressure than the first iteration did. Figure 4.6 d) shows       for 

thirty iterations. After several iterations, an oscillating solution is achieved. Convergence will 

not be achieved, as the       does not converge (see Figure 4.6 d)).  Figure 4.7 shows result 

of similar calculations as in Figure 4.6, but the minimum film thickness is instead        
     m. The other data is shown in Table 4.1 and Table 4.5. In this case, the film thickness 

and pressure distributions are relatively similar to each other for all the shown iterations. 

Convergence is reached and a solution can be found. 
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Table 4.5. Input parameters to the cavitation problem. 

                      

  Pa   m/s       Pa 0.01 Pa   s         Pa          KPa 

 
 

 
a) 

 

 
b) 

 

 
c) 

 

 
d) 

Figure 4.6. Plots over pressure distribution and film thickness are shown in the figure. The pressure distribution and 

film thickness are calculated for a minimum film thickness of             m. The other input parameters are 

shown in Table 4.1 and Table 4.5. The bearing geometry used is a pocket pad. a) shows the first iteration, the bearing 

surface is not deformed. b) shows the pressure distribution and the film thickness for the second iteration. c) shows 

the pressure distribution and the film thickness for the third iteration. d) shows the absolute approximate relative 

error (     ) for thirty iterations. In the calculation of      , the letter    stands for the current iteration and     

stands for the next iteration. 
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a) 

 
b) 

 

 
c) 

 
d) 

Figure 4.7. Plots over pressure distribution and film thickness are shown in the figure. The pressure distribution and 

film thickness are calculated for a minimum film thickness of             m. The other input parameters are 

shown in Table 4.1 and Table 4.5. The bearing geometry used is a pocket pad. a) shows the first iteration, the bearing 

surface is not deformed. b) shows the pressure distribution and the film thickness for the second iteration. c) shows 

the pressure distribution and the film thickness for the third iteration. d) shows the absolute approximate relative 

error (     ) for thirty iterations. In the calculation of      , the letter    stands for the current iteration and     

stands for the next iteration. 

4.2.3 Test of successive substitution method applied on the cavitation problem 

The fluid pressure for different models and solution methods are shown in Figure 4.8. Two 

models have been used for the tests in this section. The compressibility has been taken into 

account for both the models. For one model, it is assumed that the bearing surfaces are rigid. 

For the other model, it is accounted for the deformation of the bearing surfaces. Two solutions 

to the model, for which it is assumed that the bearing surfaces are rigid, are analytical and 

numerical solutions. Another numerical solution is a solution to the model, for which the 

deformation of the bearing surface is taken into consideration. Input data used for the cases 

shown in Figure 4.8 are shown in Table 4.1 and Table 4.6. In Figure 4.8, the analytically 

calculated pressure is almost always less than the numerically calculated pressure when the 

surfaces are assumed to be rigid, except at the inlet. The inlet is located to the far left in the 

figure. This provides that, in this case, when the pocket pad bearing geometry is used, the 

numerically calculated pressure is overestimated when the surfaces are assumed to be rigid. 

The numerically calculated pressure, when the surface is assumed to be rigid, agrees with the 

numerically calculated pressure, when the surface deformation is taken into account and the 

modulus of elasticity is           Pa. A modulus of elasticity on           Pa should be 

sufficient to simulate a rigid surface. 
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The difference                     is divided by                  and is shown as a function 

of elastic modulus in Figure 4.9,   is the pressure distribution. This has been The been 

calculated for the minimal film thicknesses         m,         m and         m. A 

variation of number of nodes has also been made and this is shown in Appendix B, Figure 0.2. 

 

The designation "Numerical (deformable surface)" in Figure 4.9 refers to the numerical 

solution to the model that takes deformation into account. Another designation is "Numerical 

(rigid surface)", which refers to the numerical solution to the model where it is assumed that 

the bearing surfaces are rigid. The designation "analytical" refers to the analytical solution to 

the model when the bearing surfaces are assumed to be rigid. The input data are shown in 

Table 4.1 and Table 4.6. The normalized pressure difference in Figure 4.9 shows that when 

the elasticity modulus increases, the difference between the pressure distributions reduces. 

The numerical solutions to the model which takes the deformation of surfaces into account, 

reaches only the analytical solutions to a limiting value. The normalized pressure difference 

for the numerical solutions will decrease with increased elasticity of modulus, which is shown 

in Figure 4.9. The Figure 4.9 also shows that the analytical solution shows better agreement 

with the numerical solution to the model where the surfaces can be deformed, for decreasing 

film thickness. It also shows that the difference                     which is divided by 

                 increases with increased minimum film thickness. 

 
Table 4.6. Input parameters to the cavitation problem. 

                    

     Pa   s        Pa      Pa   s   m/s    KPa     KPa 

 

 
Figure 4.8. The pocket pad bearing geometry is shown in the figure above, as a blue line. The black line shows the 

pressure distribution for the numerical solution when it is assumed that the bearing surfaces are rigid.  The red line 

shows the pressure distribution for the analytical solution. The green line shows the numerically calculated solution, 

when the deformation of surfaces is taken into consideration and the elasticity of modulus (E) is             . The 

dark red line also shows the numerically calculated solution, when the deformation of surfaces is taken into 

consideration and the elasticity of modulus (E) is           . The minimum film thickness is              , 

possion's ratio is 0.3 and the other parameters are shown in Table 4.1 and Table 4.6. 
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Figure 4.9. The difference                     is divided by                  and is shown as a function of elastic 

modulus,   is the pressure distribution. The used bearing geometry is pocket pad and the minimum film thickness is 

             , the number of nodes is 4096, possion's ratio is 0.3 and the input data are shown in Table 4.1 and 

Table 4.6. 

A comparison of the minimum film thicknesses is shown in Figure 4.10. Input data used for 

the comparison is shown in Table 4.1 and Table 4.6. The minimum film thickness is estimated 

with a secant method, see (3.10.1). The force balance used in the secant method is integrated 

from the pressure distribution. The pressures used for these calculations are calculated using 

numerical methods and an analytical method. The analytical calculated pressure and use of 

the secant method to estimate minimum film thickness, provides that the solution is semi-

analytical. The estimated minimum film thickness     , for the semi-analytical and numerical 

solution to the model, for which it is assumed that the bearing surfaces are rigid, is shown in 

Figure 4.10. The estimated minimum film thickness    
 , for the numerical solutions of the 

model when it is accounted for deformation of bearing surfaces, is shown in Figure 4.10. The 

designation "Semi-analytic" in Figure 4.10 represents the minimum film thickness calculated 

with the previously described semi-analytic method. The designation "Numerical, rigid 

surfaces" in Figure 4.10 represents the numerically calculated minimum film thickness, when 

the bearing surface is assumed to be rigid. “Numerical, deformable surfaces (u)” in Figure 

4.10 represents the numerically calculated minimum film thickness, when the pressure 

distribution is calculated with successive substitution, with   (see equation (2.3.3)) as the 

independent variable, see the Sections 2 and 3 for more details. “Numerical, deformable 

surfaces (h)” in Figure 4.10 represents the numerically calculated minimum film thicknesses, 

when the pressure distribution is calculated with successive substitution, with the film 

thickness ( ) as the independent variable, see the Sections 2 and 3 for more details. 
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The numerical solutions show good agreement for the minimum film thicknesses, when the 

bearing surfaces are rigid or a high elasticity modulus is used. This provides that     and    
  

shows agreement for the numerical solutions, but not for the semi-analytical solution. The 

semi-analytical solution predicts larger minimum film thickness than the other solutions do. 

This result clarifies that when pocket pad bearing geometry is used, the numerically 

calculated pressure is overestimated in comparison with the analytically calculated pressure. 

This difference has decreased when the applied load is 3500 N/m. 

 

 
Figure 4.10. Estimated minimum film thickness calculated with Newton-Raphson (see (3.10.1)) and pressure is 

calculated with respective method. The pocket pad bearing geometry is used and the elasticity of modulus is       
     Pa, possion's ratio is 0.3 and the other input data are shown in Table 4.1 and Table 4.6. 

In Figure 4.11 the absolute approximate relative error is shown. In this text it will be 

shortened as a.a.r error. The a.a.r error can be calculated according to        
        

   
       

  , where        and          . The a.a.r error is shown as a function of   (the 

number of nodes in the grid for the finer grid). Several grids have been tested and to illustrate 

how the a.a.r error varies. Input data is given in Table 4.1 and Table 4.6. For the case when 

the applied load is 5000 N/m. The a.a.r error of the numerical solutions exhibits similar 

behavior. For the numerical solutions it follows that, when the number of nodes shown is 129, 

the a.a.r error is lower than in the case when the number of nodes shown is 257. The a.a.r 

error decreases, as the number of nodes shown increases from 257 to 2049. The a.a.r error has 

increased when the number of nodes shown is 4097, in comparison with the case when the 

number of nodes shown is 2049, the difference in length of the cavitation zone increases in 

this case. The a.a.r error has decreased, when the number of nodes shown is 8193, in 

comparison to case when the shown number of nodes is 2049, the difference in length of 

cavitation zone decreases in this case. Similar behavior is observed in the case where the 

applied load is 3500 N/m. 
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Figure 4.11. The absolute approximate relative error can be calculated according to        

        
          

  , 

where        and          . The absolute approximate relative error is shown as a function of   (the 

number of nodes in the grid for the finer grid). The minimum film thicknesses is estimated with the secant method 

(see Section 3.10.1), where force balance is used in the estimation of the minimum film thickness. The force balance is 

integrated from the pressure. The designation "Semi-analytic" represents the minimum film thickness calculated with 

the semi-analytically method. The designation "Numerical, rigid surfaces" represents the numerically calculated 

minimum film thickness, when the bearing surface is assumed to be rigid. “Numerical, deformable surfaces (u)” 

represents the numerically calculated minimum film thickness, when the pressure distribution is calculated with 

successive substitution, with   (see equation (2.3.3)) as the independent variable, see the Sections 2 and 3 for more 

details. “Numerical, deformable surfaces (h)” represents the numerically calculated minimum film thicknesses, when 

the pressure distribution is calculated with successive substitution, with the film thickness ( ) as the independent 

variable, see the Sections 2 and 3 for more details. The pocket pad bearing geometry is used, the elasticity of modulus 

is               , possion's ratio is 0.3 and the other input data are shown in Table 4.1 and Table 4.6. 

The Figure 4.12 shows the amount of average time it takes to perform the calculations shown 

in Figure 3.3, performed with successive substitution method and it also shows the estimated 

time it takes to calculate the Jacobian. The estimated time is an extrapolation of the times for 

successive substitution. The time is measured for a calculation step by the successive 

substitution method. The time it takes to calculate the Jacobian is estimated. They are 

estimated on the basis of successive substitution. For a Jacobian of 256 nodes, the same 

calculations as for successive substitution must be performed 256 times. This gives only 

approximate estimates of the time taken for the calculation of the Jacobian. Matlab has been 

used to perform the mentioned calculations. The time it takes to perform the calculations is 

also shown in Table 4.9. For the cases shown in Figure 4.12 and Table 4.9, the input 

parameters are given in Table 4.7 and Table 4.8 and the parabolic slider bearing geometry is 

used. The red dotted line in Figure 4.12 shows the time it takes to perform the calculations 

with successive substitution. The blue line with “x” shows the estimated time required to 

calculate the Jacobian, when one CPU core is used. As shown in Figure 3.3 a) these 

calculations may need to be repeated several times in order to find a solution. Taken together, 

these things imply that it is important to make the program efficient. 
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Table 4.7. Input parameters for the parabolic slider bearing. 

    
19.05 mm 38.1 mm 

 
Table 4.8. Input parameters to the cavitation problem. 

                        

  m/s         Pa      Pa   s      N/m   Pa          Pa        Pa 

 

 
Figure 4.12. The amount of time it takes to perform a calculation step with the successive substitution method (see 

Section 3.10.5) and the time it takes to calculate the Jacobian (see Figure 3.3 b) is shown in the figure as a function of 

nodes. The parabolic slider bearing geometry is used and the input data are given in Table 4.7 and Table 4.8. The 

designation "Jacobian, 1 core" means that one core is used. In the case of successive substitution, on core is used. 

Table 4.9. The table shows calculation time for a calculation step with the successive substitution method (see Section 

3.10.5) and the estimated time it takes to calculate the Jacobian (see Figure 3.3 b), with one CPU core are shown. The 

parabolic slider bearing geometry has been used and input data is given in Table 4.7 and Table 4.8. 

Nodes Jacobian, one core Successive substitution, 1 core 

          s        s 

          s       s 

          s       s 

            s       s 

             s       s 
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4.3 Test of pressure difference root search 

The minimum film thicknesses calculated with the secant method (see Section 3.10.1) are 

shown in Figure 4.13 and are shown as a function of grid nodes. The pressure distributions 

used in the estimation of the minimum film thickness are calculated in three different ways by 

employing the "pressure difference root search" method with use of the Newton-Raphson 

method, successive substitution (see Section 3.10.5) and the "pressure difference root search" 

method with use of an MCP algorithm (the MCP is shown in [20]). The model in these 

calculations takes into account the fluid compressibility and that the bearing surfaces can be 

deformed, but an rigid material is used. The used bearing geometry is parabolic slider and 

input data are given in Table 4.10 and Table 4.7. In some of these calculations, several grids 

have been used in the procedure to estimate   (  is defined in (2.3.5)), in equation (2.1.18) a 

relation between   and pressure is provided, this relation can be used to obtain the pressure. A 

coarse grid is used to estimate  , which is then interpolated and used as an initial guess on a 

refined grid. This can be repeated until the discretization errors are reduced to the desired 

levels, given that the convergence is achieved at the previous grid. The predicted minimum 

film thicknesses are the same for each case of applied load, except predictions achieved by the 

MCP technique. If the initial grid has 65 nodes, the minimum film thickness calculated with 

the different methods correspond each other only for the first grid. For the case, which is 

denoted as "100 N/m, MCP" and is marked with x, the solution that is calculated for a grid 

with fewer nodes is not interpolated and is not used as a starting point, instead, the solution 

obtained when the bearing surface is rigid is used as a starting point. For the case described 

previously, the calculated minimum film thicknesses corresponds to the minimum film 

thicknesses calculated with the other methods. The result from (3.10.15) to (3.10.17) has 

predicted that the MCP technique may give an incorrect solution. The density relation   can 

be zero, which gives that the equation (3.4.47) does not need to be zero. The equation (3.4.47) 

must be zero to be able to find a correct solution. 

 
Table 4.10. Input parameters for the parabolic slider bearing. 

                      

  m/s         Pa       Pa   s          Pa   Pa        Pa 
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Figure 4.13. The estimated minimum film thickness is calculated with the secant method (see Section 3.10.1), where 

force balance is used in the estimation of the minimum film thickness. The force balance is obtained by integrating the 

pressure. The pressure distribution is calculated by the successive substitution method (see Section 3.10.5) and the 

"pressure difference root search" method with use of the Newton-Raphson method or with use of an MCP method 

(the MCP is shown in [20]). The used geometry is parabolic slider and the data is given by Table 4.7 and Table 4.10. 

For the case "100 N/m, MCP", which is marked with x,  the calculations are not based on the solution that has been 

calculated for a grid with fewer nodes, the solution calculated for the previous grid is not interpolated and is not used 

as a starting point. 

Figure 4.14, shows a comparison between the asymptotic curves for the minimum film 

thickness described by (3.10.6) to (3.10.7) and the numerically results. The blue and green 

parts of the continuous lines correspond to the asymptotic values and the dots correspond to 

the numerical calculated ones. The pressure distributions used in the estimation of the 

minimum film thickness (the estimation of minimum film thickness is shown in Section 

3.10.1) are calculated with the method specified in Section 3.10.6 with use of the Newton-

raphson method. The estimated minimum film thickness is converted into dimensionless form 

by means of (3.10.9) and (3.10.10). The numerically calculated minimum film thicknesses are 

shown in Figure 4.14 together with the corresponding values determined by (3.10.6) and 

(3.10.7).  
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Figure 4.14. Asymptotic values are given by (3.10.6), blue part, and (3.10.7), green part, of the continuous curves. The 

dimensionless minimum film thickness is shown as a function of Moes parameter. The computation method in Section 

3.10.6 with use of the Newton-Raphson method is used to numerically calculate the pressure. The integrated pressure 

is used in the estimation of the minimum film thickness and (3.10.10) was used to obtain the dimensionless values 

represented by the different markers, the estimation of minimum film thickness is shown in Section 3.10.1. 

4.4 Evaluation of film thickness difference root search 

Minimum film thicknesses are shown as a function of nodes in Figure 4.15. The model takes 

account of the compressibility of the fluid and the deformation of surfaces, but a material with 

great elastic modulus is used. For the cases of minimum film thickness shown in Figure 4.15, 

the applied loads are 100 N/m, 1000 N/m and 3000 N/m. The parabolic slider bearing 

geometry is used in this test and data is presented in Table 4.11 and Table 4.7. The minimum 

film thicknesses shown in Figure 4.15 are calculated with equation (3.10.1). The pressure 

distributions which are used in the calculation of the minimum film thickness are calculated in 

three different ways by employing the "film thickness difference root search" method with 

use of Newton-Raphson method (see equation (3.3.10)), successive substitution (see Section 

3.10.5) and the "film thickness difference root search" method with use of an MCP algorithm 

(the MCP is shown in [20]). In these calculations, several grids have been used in the 

procedure to estimate the film thickness. A coarse grid is used to estimate the film thickness, 

which is then interpolated and used as an initial guess on a refined grid. This can be repeated 

until the discretization errors are reduced to the desired levels, given that the convergence is 

achieved at the previous grid. The predicted minimum film thicknesses are the same for each 

case of applied load. The case when MCP is used also shows agreement with the other 

methods. The pressure that results from use of MCP can be integreated, the integreated 

pressure is then used to estimate a minimum film thickness. This minimum film thickness 

shows agreement with the minimum film thickness calculated with the other methods. This 

result has been predicted by the equations (3.10.18) to (3.10.20). When the film thickness is 

greater than zero, the conditions in (3.10.18) to (3.10.20) are fulfilled and it provides that the 

equation (3.4.28) can be used together with the MCP method in [20] to be able to find a 

solution. In this case the film thickness is greater than zero. 
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Table 4.11. Input data for the parabolic slider bearing. 

                      

  m/s         Pa       Pa   s          Pa   Pa        Pa 

 

 
Figure 4.15. The estimated minimum film thickness is calculated with the secant method (see Section 3.10.1), where 

force balance is used in the estimation of the minimum film thickness. The force balance is obtained by integrating the 

pressure. The pressure distribution is calculated by the successive substitution method (see Section 3.10.5) and the 

"film thickness difference root search" method with use of the Newton-Raphson method or with use of an MCP 

method (the MCP is shown in [20]). The used geometry is parabolic slider and the data is given by Table 4.7 and 

Table 4.11. 

A comparison between the numerical results and the asymptotic curves for the minimal film 

thickness, is shown in Figure 4.16, the asymptotic curves is described by the equations 

(3.10.6) and (3.10.7). The asymptotic values are shown as green and blue continous curves 

and the marked points correspond to the numerically calculated values. The computation 

method in Section 3.10.7 with use of the Newton-Raphson method is used to numerically 

calculate the pressure. The integrated pressure is used in the estimation of the minimum film 

thickness. The minimum film thickness is converted into dimensionless form by means of 

(3.10.9) and (3.10.10). 
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Figure 4.16. Asymptotic values are given by (3.10.6), blue part, and (3.10.7), green part, of the continuous curves, the 

blue part is to the left and green part is to the right. The dimensionless minimum film thickness is shown as a function 

of Moes parameter. The computation method in Section 3.10.7 with use of the Newton-Raphson method is used to 

numerically calculate the pressure. The integrated pressure is used in the estimation of the minimum film thickness  

and (3.10.10) was used to obtain the dimensionless values represented by the different markers, the estimation of 

minimum film thickness is shown in Section 3.10.1. 
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5 Discussion 

When a lubrication system is modeled and cavitation is taken into account, it is important to 

preserve the mass flow, see Section 2.2. Newton-Raphson is one method that can be used e.g. 

calculation of pressure distribution, a new pressure distribution is estimated with Newton-

Raphson by basing the calculation on two previous pressure distributions. A Newton-Raphson 

method does not preserve mass flow by default. When a Newton-Raphson method is used, the 

pressure that is lower than the vapour pressure is set to vapour pressure. This implies that an 

artificial source is used to increase the pressure. This implies that other methods, models or 

conditions which reduce the error when Newton-Raphson is used, must be used. When mass 

flow must be preserved, an alternative solution method is to use complementarity techniques. 

If these methods are properly constructed for the problem described in Section 1 and 2, no 

artificial source is needed and they give no discontinuity in the mass flow. 

 

Not all proposed methods are tested in this work. More work and studies are needed to 

investigate how a relation between   and   can be designed and managed properly, the 

definitions of   and   is shown in Section 2.3.1. Because of this, Proposition 1 and 

Proposition 4 are not investigated further, in this work. When an iterative scheme is used, the 

complementary variables must satisfy the conditions set for the complementarity problem, in 

order to consider a solution as found.  

5.1 Discretization error and model uncertainty 

When modeling a physical phenomenon, the models used, gives rise to sources of error. In 

Section 1, it is presented, that cavitation and elastic deformation are the physical phenomenon 

to be modeled. In this work, the model is based, among other things, on a complementarity 

formulation that is based on the Reynolds equation. In addition to this model, the elastic 

deformation and fluid properties must be described. Elastic deformation is introduced in the 

film thickness equation, Boussinesq approach is used to describe the deformation of adjacent 

surfaces to the fluid, which gives rise to sources of error. A compressibility model, for which 

constant bulk modulus is assumed, is used to model the fluid compressibility. In reality, the 

bulk modulus is not constant, it depends on density of the fluid, and this implies that it is only 

valid for a limited pressure range. The fluid viscosity is modeled by constant viscosity, i.e. the 

viscosity does not vary with pressure and temperature, in reality, the viscosity is not constant. 

All this gives deviation from the physically observable phenomenon and cause sources of 

error. 

 

Another source of error is the discrete formulations of the models used in this work. The 

number of nodes in the grid affects the results obtained. An example of this is shown in Figure 

4.10 and Figure 4.11. In Figure 4.10, it is shown that minimum film thickness increases, when 

the number of nodes in the grid increases. Another perspective of this is shown in Figure 4.11, 

where the absolute approximate relative error (     ) is displayed. The solution may appear to 

converge when the number of nodes in the grid is 2049, i.e.       decreases, and then the 

      increases, when the number of nodes in the grid is increased to 4097. The 

complementary formulation, based on the Reynolds equation, has different discrete 

formulations, depending on whether it is cavitation area or non-cavitation area. A discrete 

formulation with first order upwind scheme is used for cavitation areas and second order 

central difference scheme is used for non-cavitation areas.  
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This discrete formulation implies that the number of nodes in the grid affects the calculated 

cavitation zone and this affects the secondary effects caused by cavitation. In Figure 4.10 it is 

shown, that minimum film thickness calculated semi-analytically and numerically, does not 

provide the same results. Reduction of applied load gives reduced difference in the minimum 

film thickness, an increase of number of nodes in the grid also gives reduced difference in the 

minimum film thickness. This gives that the number of nodes in the grid that is needed, 

depends on the given parameters, and the calculated solution is dependent on number of 

nodes in the grid. 

5.2 Assessment of an LCP method for the cavitation problem 

In Section 5.1, it is mentioned that there is a difference between the minimum film thickness 

calculated numerically and semi-analytically. In Figure 4.10, it is a gap between the semi-

analytically and the numerically calculated minimum film thickness, the size of the gap is 

dependent depends among other things on the applied load. In Figure 4.1 and Figure 4.2, 

numerically and analytically calculated pressure distributions are shown, for the pocket pad 

bearing geometry. For the case shown in Figure 4.1, the minimum film thickness is         

mm and for the case shown in Figure 4.2, the minimum film thickness is         mm. The 

difference in length of the cavitation zone, between numerically and analytically calculated 

cavitation zone, is greater for the case when the minimum film thickness is         mm, than 

it is for the case when the minimum film thickness is         mm. Also the difference 

between numerically and analytically calculated load-bearing capacity, is larger for the case 

when the minimum film thickness is         mm, to favour for numerically calculated load-

bearing capacity, than it is when the minimum film thickness is         mm. This behavior is 

clarified in Figure 0.1, where the values calculated with      
            

  
 
  

   
            

  are displayed for analytically and numerically calculated pressure. The vaules 

of    are increasing with increased minimum film thickness. One reason for the difference in 

load-bearing capacity between analytical and numerical calculated pressure distribution can 

be the difference in length of the cavitation zone. The reformation zone is longer for the 

numerically calculated pressure distribution, than it is for the analytically calculated pressure 

distribution, for the pocket pad bearing geometry. This gives that a greater pressure built up 

for the numerically calculated pressure, resulting in a greater load carrying capacity. 

5.2.1 Comparison between cavitation zone lengths 

A comparison of length of cavitation zone is shown in Figure 4.3. When the cavitation zone is 

calculated analytically and the fluid is compressible, increase of   implies, that the 

compressibility of the fluid goes toward incompressibility and that the length of the cavitation 

zone, goes toward the length of cavitation zone, for which the cavitation zone is calculated 

analytically and the fluid is assumed to be incompressible. The length of cavitation, when the 

cavitation zone is calculated numerically and the fluid is compressible, becomes more equal 

the length of cavitation zone, when the cavitation zone is calculated analytically and the fluid 

is incompressible, for increasing  . In the Sections 5.1 and 5.2, it is mentioned that decreased 

minimum film thickness provides reduced difference between analytically and numerically 

calculated cavitation zones. In Figure 4.3, the region where the normalized difference 

                                      match each other, for numerically and analytically 

calculated pressure distribution, increase when minimum film thickness decreases. This is in 

line with the previously mentioned cases.  
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The length of the cavitation zone, when the cavitation zone is calculated numerically does not 

provide a visible change in length after a certain length has been reached, for respective 

minimum film thickness shown in Figure 4.3. This highlights a weakness with the numerical 

method, the length of cavitation zones can be estimated incorrectly. 

5.3 Evaluation of successive substitution applied to the cavitation problem 

Successive substitution has been tested to see if it can be used to solve the cavitation problem, 

when also the elastic deformation is taken into account. It has advantages over the other 

methods that have been tested in this work. The Jacobian is not used in the calculations made 

with successive substitution, which can save time; this can be seen in Figure 4.12. When 

calculating successive substitution method, equation (2.3.13) is calculated with a method for 

LCP, which implies that no pressure lower than vapour pressure is present. The half-

Sommerfeld condition is not used, because of this there is no artificial source and mass flow 

continuity is preserved. In the figures Figure 4.4 to Figure 4.7, pressure distribution and 

absolute approximate relative error is shown. For the cases shown in Figure 4.6, cyclic 

solution is achieved, which is not the sought solution. Due to that cyclic solution is achieved 

for a time-independent system, it implies that successive substitution can only be used in a 

limited number of cases. If convergence is not achieved when the Successive substitution 

method is used, the sought solution will not be found, for a time-independent system. 

 

Pressure distributions are shown in Figure 4.8, where the modulus of elasticity are           

Pa and           Pa. In Figure 4.8, the numerically calculated cavitation zone is shorter than 

the analytically calculated cavitation zone. This has been discussed in Section 5.2, pressure 

buildup is greater for the numerically calculated pressure than what it becomes for the 

analytically calculated pressure. The numerically calculated pressure is overestimated, when 

the pocket pad bearing geometry is used. In Figure 4.9, the normalized pressure differences 

are shown, for a comparison between numerically calculated pressure where deformation of 

surface occurs and analytically calculated pressure where no deformation of surfaces occurs. 

The normalized pressure difference in Figure 4.9, are also shown for a comparison, between 

numerically calculated pressure where deformation of surface occur and numerically 

calculated pressure where no deformation of surface occur. The normalized pressure 

differences are shown as function of elastic modulus ( ). Reduced minimum film thickness 

gives that, the normalized pressure differences of the same minimum film thickness follow 

each other better for an increased interval, for the tested cases. In Section 5.2, it was discussed 

that difference between lengths of the cavitation zone, for the numerically and analytically 

calculated cavitation zone, increases with increasing minimum film thickness, the same 

behaviour is shown in Figure 4.9. In Figure 4.9 are values calculated with 

     
            

  
 
     

            
  shown. In the case when   is the analytically 

calculated pressure and is the solution to the model with rigid surfaces and             is 

numerically calculated pressure and is the solution to the model with non-rigid surface,   

becomes constant for high values on  . The values of   shown in Figure 4.9, decreases with 

increasing  , for numerically calculated pressure where the model has non-rigid surface and 

numerically calculated pressure where the model has rigid surface. This gives that the model 

for deformation presented in Section 2.1.2 probably do not introduce large error, when high 

elastic modulus is used. 
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In Figure 4.10, the minimum film thickness is shown as a function of nodes, different cases of 

applied load has been tested. In Figure 4.11, the relative error for the previously mentioned 

cases is shown. In these cases, the pocket pad bearing geometry is used. The numerical 

calculated values for different models and methods are shown in Figure 4.11 and match each 

other, when the applied load is 5000 N/m. It is a gap between semi-analytically and 

numerically calculated minimum film thicknesses. The gap between semi-analytically and 

numerically calculated minimum film thicknesses, have decreased for the case when the 

applied load is 3500 N/m in comparison to the case when the applied load is 5000 N/m. The 

gap between semi-analytically and numerically calculated minimum film thicknesses has also 

been discussed in Section 5.1. A contributing factor to the gap between semi-analytically and 

numerically calculated minimum film thicknesses can be the difference in length of the 

cavitation zone and the consequent effects it provides. The minimum film thickness increases 

in different amounts with increasing number of nodes in the grid, which shown in Figure 4.10. 

A contributing reason for this may be that the length of the cavitation zone changes 

irregularly. For the absolute approximate relative error shown in Figure 4.11, it may look like 

that convergence is about to be achieved with increasing number of nodes in the grid, just to 

later on diverge with increasing number of nodes in the grid. This suggests that the length of 

the cavitation zone may be a contributing factor to this behavior. 

 

In Figure 4.12, the average time it takes to calculate the pressure distribution with successive 

substitution, as function of nodes, is shown. It has also been estimated how long time it will 

take to calculate the Jacobian, at calculation of pressure distribution. The estimation of how 

long time it takes to calculate the Jacobian has been done for one CPU core. In this work, the 

Jacobian is needed for the calculation with the Newton-Raphson method. From Figure 4.12, it 

is evident that it takes longer time to calculate a pressure distribution with a method that uses 

the Jacobian than it takes with the successive substitution method. The actual time required to 

calculate the Jacobian may differ from the extrapolated values, which is shown in Figure 4.12. 

In Figure 4.12 it is shown that in take long time to calculate a Jacobian with 1025 nodes and 

greater, when the Jacobian is calculated in the manner as shown in Figure 3.3 b). 

5.4 Test of pressure difference root search 

The "pressure difference root search" method (see Section 3.10.6) minimizes the difference in 

  distribution for two successive iterations. In (2.1.18), a relation between the pressure and   

is provided). This is done with the Newton-Raphson method (multidimensional case). The 

Jacobian needs to be calculated, in order to estimate a new   distribution with Newton-

Raphson in this work.  Depending on the algorithms used for the calculation of the Jacobian, 

it can be costly in processor time and memory storage. When the Newton-Raphson method is 

used for the "pressure difference root search" method, the negative values of   that arise, is 

set to zero. When this process is performed for the pressure, it is called the  half-Sommerfeld 

condition. The half-Sommerfeld condition implies that pressure lower than vapour pressure is 

set to vapour pressure, which does not guarantee that continuity of the mass flow, is 

preserved. In order to reduce the error that arises and to find an approximate solution, an 

algorithm that minimizes the error in steps is used, i.e. the calculations performed with the 

Newton-Raphson method is repeated until the error has been reduced to the set criteria. 

 

In the "pressure difference root search" method presented in Section 3.10.6, the difference 

between two   distributions are calculated, i.e. the   distribution calculated with 

complementary technique and the   distribution calculated previously with the Newton-

Raphson method. This difference is used to estimate a new   distribution with the Newton-
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Raphson method. This also provides the difference between two   distributions for different 

states of deformation of the bearing surface. This implies that, the difference in the   

distribution that arises from difference in deformation of bearing surface is reduced. 

 

When the Newton-Raphson method is used for the "pressure difference root search" method, 

the Jacobian is used in the estimation of a new solution. The Jacobian can become singular or 

ill-conditioned and numerical problems can arise. Multigrid method [3] uses a hierarchy of 

discretizations, this can improve success rate in finding a solution and a solution can maybe 

be found faster. Application of a hierarchy of discretizations for the "pressure difference root 

search" method implies that a rough grid can be solved in order to estimate the   distribution. 

The estimated   distribution is then interpolated and used as an initial guess on the refined 

grid. This is repeated until the discretization errors are reduced to desired levels, given that 

the convergence is achieved at the previous grid. In the cases when this implies improved 

success rate in finding a solution, softer material and greater applied loads can be used. A 

disadvantage with the "pressure difference root search" method seems to be that, when great 

applied load is used, the difference between   distributions is in some cases approximately 

zero, around the peak in the   distribution. In these cases, the Jacobian may become close to 

singular or ill-conditioned. 

 

A comparison between two methods has been done. Methods used in the comparison are, the 

successive substitution method and "pressure difference root search" method with use of the 

Newton-Raphson method. These methods are used to calculate   distributions, in this case the 

bearing surfaces are rigid. The pressure is obtained, by using the relation (2.1.18) between   

and pressure. The integrated pressure distribution is used in the estimation of the minimum 

film thickness, for more information see Section 3.10. This comparison is shown in Figure 

4.13. In Figure 4.13, for the same case of applied load, no significant difference between the 

minimum film thicknesses are shown, when the   distribution it is based on, is calculated 

with successive substitution method or "pressure difference root search" method with use of 

the Newton-Raphson method. This implies that "pressure difference root search" method with 

use of the Newton-Raphson method can be used for rigid materials. 

 

In the previous paragraph, test of "pressure difference root search" method for rigid materials 

is discussed. Asymptotic values for the non dimensional minimum film thickness (see Section 

3.10.4) are used to test "pressure difference root search" method for non rigid materials. The 

asymptotic values are shown as a function of M (Moes parameter). The   distribution is 

calculated with the "pressure difference root search" method with use of the Newton-Raphson 

method. The relation (2.1.18) between pressure and   is then used to obtain the pressure. This 

pressure distribution is used in the estimation of the numerically calculated minimum film 

thickness, for more information see Section 3.10. The asymptotic values of the minimum film 

thickness are satisfied by the numerically calculated minimum film thickness, for low values 

on M, see Figure 4.14. The asymptotic values of minimum film thickness are not satisfied 

entirely by the numerically calculated minimum film thickness, when M is two, three and 

four. In Figure 4.14, a trend is shown for the numerically calculated minimum film thickness, 

it follows the asymptotic values of the minimum film thickness. For higher values of M than 

four, difficulties in finding a solution has emerged. For high M values, it is possible that the 

Jacobian can become ill-conditioned. 
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For the "pressure difference root search" method, an MCP method (a Levenberg-Marquardt 

method, see [20]) is used instead of the Newton-Raphson method. This version of "pressure 

difference root search" is used to calculate the   distribution. The relation (2.1.18) between 

pressure and   is then used to obtain the pressure. The pressure distribution is used in the 

estimation of minimum film thickness. The resulting minimum film thickness is shown in 

Figure 4.13. When a hierarchy of discretization is used, it has been tested to use different 

initial number of nodes in the grid, with the same applied load. When the number of nodes in 

the grid is initially 65, in comparison with the other methods a gap in minimum film thickness 

appears, for increasing number of nodes in the grid. The equations (3.10.15) to (3.10.17) 

supports the behaviour of "pressure difference root search", when the MCP method is used. In 

order to solve the stated model correctly, the function    must be equal to zero. A solution is 

found with the MCP method when the product      is equal to zero, see equation (3.10.17). 

In other words, the function    can differ from zero and this can give an incorrect solution. 

This altogether implies that this MCP method (a Levenberg-Marquardt method, see [20]) 

should not be used for the "pressure difference root search" method formulated in Section 

3.10.6. 

 

5.5 Evaluation of film thickness difference root search 

The "film thickness difference root search" method is presented in Section 3.10.7. In this 

method, the difference in film thickness between two successive iterations is minimized. For 

the minimization of the difference in film thickness, the Newton-Raphson method can be 

used. In this work, when the Newton-Raphson method is used, the Jacobian is calculated to be 

able to estimate a new film thickness. The process of minimizing the film thickness difference 

is repeated until the stopping criterion for the film thickness is achieved, if it can be achieved. 

When the estimated film thickness is too small, for example when contact between surfaces 

occurs, the film thickness is adjusted. Similar calculations were done for the "pressure 

difference root search" method, in that case were the calculations was done for the   

distribution. The   distribution, which results from solving the equation (2.3.13) with a 

method for LCP, is complementary even if the film thickness is adjusted.  

 

In the previous paragraph, it was mentioned that the Jacobian is used in the "film thickness 

difference root search" method. The Jacobian can become close to singular and/or ill-

conditioned and problem for the numerical calculations can occur, when inverse of the 

Jacobian is calculated. Problem with the numerical calculations can also arise, when the 

equation (2.3.13) is solved with a method for LCP, matrices used in the calculation can 

become singular or ill-conditioned, which may results in that no solution is found. In Section 

5.4, it is mentioned that use of a hierarchy of discretizations may improve the possibility to 

find a solution. Application of the hierarchy of discretizations for the "film thickness root 

search" method implies that a rough grid can be solved in order to estimate the pressure 

distribution. The pressure distribution is used to estimate the film thickness. The film 

thickness is then interpolated and then used as an initial guess on the refined grid. This is 

repeated until the discretization errors are reduced to desired levels, given that the 

convergence is achieved at the previous grid. In the cases, the probability to find a solution 

has increased, the use of hierarchy of discretizations implies that softer materials and greater 

applied load can be used. The "film thickness difference root search" method is perceived to 

have more numerical difficulties than the "pressure difference root search" method, in other 

words the success rate in finding a solution is lower.  
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A solution is found for less soft material and lower applied load, when the "film thickness 

difference root search" method is used instead of the "pressure difference root search" 

method. 

 

A comparison between minimum film thicknesses has been made and is shown in Figure 

4.15. Integrated pressure distribution is used in the estimation of the minimum film thickness, 

the pressure distributions are calculated with the methods successive substitution and "film 

thickness difference root search", where the later method uses the Newton-Raphson method. 

In Figure 4.15, it is shown that there is no large difference between the minimum film 

thicknesses, for the same cases of applied load, when the surfaces are rigid. The minimum 

film thicknesses are estimated from the pressure distributions, which are calculated with the 

mentioned methods in this paragraph. This results in that the "film thickness difference root 

search" method can be used for rigid materials.  

  

To test the "film thickness difference root search" method with use of the Newton-Raphson 

method for non-rigid materials, the resulting pressure distribution is used in a numerical 

estimation of minimum film thickness. The numerical estimated minimum film thickness is 

expressed to a non-dimensional form and compared with asymptotic calculated values of 

dimensionless minimum film thickness, see Figure 4.16. The numerical estimated 

dimensionless minimum film thickness is shown as a function of M (Moes parameter). The 

dimensionless minimum film thicknesses are calculated as previously described.  For low 

values of M, the dimensionless minimum film thicknesses show good agreement with each 

other, for higher values of M, around 2 and 3, the difference between dimensionless minimum 

film thickness has increased, the dimensionless minimum film thicknesses are calculated as 

previously described in this paragraph. In Figure 4.16 a trend is shown, the numerical 

estimated dimensionless minimum film thickness follows the asymptotic values, for more 

information see Section 3.10. For high M values, it is possible that the Jacobian or the matrix 

for the equation (2.3.13) becomes ill-conditioned or close to singular. 

 

For the method "film thickness difference root search", it has been tested to use an MCP 

method (a Levenberg-Marquardt method, see [20]) instead of the Newton-Raphson method. 

For the "pressure difference root search" method, a problem occurred, when the MCP method 

was used, if wrong grid is initially used, the solution can be estimated wrongly. The problem 

with wrongly estimated solution, when MCP is used, has not been observed for the "film 

thickness difference root search" method. When MCP is used, a solution is considered as 

found if the product     is equal to zero (see the equations (3.10.18) to (3.10.20)),   is 

defined in (3.4.8) and   is the film thickness. In the cases that are simulated, no contact 

between surfaces is allowed and if contact does occur, the film thickness is adjusted to a 

minimum allowed film thickness. This implies that the film thickness   is greater or equal to 

the minimum allowed film thickness and the product       implies that    . Because of 

that     when      , the case with wrongly estimated solution as observed for the 

"pressure difference root search" method, has not been observed for "film thickness difference 

root search" method.
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6 Concluding remarks 

In this work, a mathematical model for cavitation and elastic deformation is expressed, for the 

case when the lubrication regime EHL is simulated. The equation to be solved with a method 

for the LCP is (2.3.13), this equation is based on Reynolds equation and cavitation is taken 

into account. The film thickness and the force balance equation are also taken into account. In 

this work, no reliable way has been found, to express the equation (2.3.13), film thickness 

equation and force balance equation as a system of equations that can be solved with methods 

for the complementarity problem, i.e. all three equations are solved simultaneously with 

methods for complementarity problem. Instead, the equation (2.3.13) is solved separately to 

meet the complementary conditions. The systems in 3.10.6 ("pressure difference root search" 

method) or 3.10.7 ("film thickness difference root search" method) can be used, in order to try 

to find a solution, in these systems, the film thickness equation and force balance equation are 

used. 

 

The equation (2.3.13) is based on the Reynolds equation and is solved with the method [31] 

for the LCP. Attempts have been done, to solve the problem stated in Section 1 and 2, with 

use of the "pressure difference root search" method, when the complementarity technique [20] 

is used. An inspection of the equations (3.10.15) to (3.10.17) and test of "pressure difference 

root search" method shows that there is no guarantee to find a correct solution, when 

complementarity technique is used, the result is shown in Figure 4.13. In Figure 4.13, it is 

shown that the result can deviate, when "pressure difference root search" is used together with 

the complementarity technique [20]. In this case, a mathematical model that is expressed in a 

complementary form has not been found, which together with the "pressure difference root 

search" can ensure that the found solution is correct. Further research and development must 

be done, to be able to guarantee that the calculated solution is correct according to the 

demands stated for the used equations and methods, when "pressure difference root search" 

method is used together with complementarity technique. Instead, the Newton-Raphson 

method is used, when the "pressure difference root search" method is used to calculate a 

solution. When the Newton-Raphson is used together with "pressure difference root search" 

method, negative values of   is set to zero, (see (2.1.18) for a relation between   and 

pressure). The calculations done with "pressure difference root search" method are repeated 

iteratively, until convergence of the chosen parameter is achieved, if convergence can be 

achieved. Attempts have also been done, to calculate a solution with "film thickness 

difference root search" method, when the complementarity technique [20] is used. Inspection 

of the equations (3.10.18) to (3.10.20) and test of "film thickness difference root search" 

method, shows that a solution that can be accepted, i.e. (3.4.8) is satisfied, can be found if no 

contact is allowed. For this case, more tests are needed to confirm that the mathematical 

model that is expressed in a complementary form, which together with the "film thickness 

difference root search" method can guarantee that the correct solution can be found. The 

Newton-Raphson method can also be used, when "film thickness difference root search" 

method is used to calculate a solution. As for the "pressure difference root search" method, 

the calculations performed with "film thickness difference root search" are repeated 

iteratively, until convergence of the chosen parameter is achieved, if convergence can be 

achieved. 
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The solution that results from solving the equation (2.3.13) with the method [31] for the LCP, 

is compared with analytical solutions, when the surfaces are assumed to be rigid. In the case 

when the minimum film thickness is         m,           Pa, the pocket pad bearing 

geometry is used and the number of nodes in the grid increases from the lowest displayed 

value, the error reduces until the number of nodes in the grid is 513, see Appendix B Figure 

0.1. When the number of nodes in the grid is 1025, the relative error has increased in 

comparison with the relative error shown when the number of nodes in the grid is 513. The 

relative error shown for 4025 nodes in the grid has decreased in comparison with the relative 

error shown for 1025 nodes in the grid, and the relative error continues to decrease with 

increased number of nodes in the grid. 

 

The absolute approximate relative error is shown in Appendix B Figure 0.2, for the case when 

pocket pad bearing geometry is used. In this figure, it is shown that the absolute approximate 

relative error is decreasing with number of nodes in the grid, when the number of nodes in the 

grid increases from 257 to 2049. When the number of nodes in the grid is 4097, the absolute 

approximate relative error has increased in comparison with the error shown when the number 

of nodes in the grid is 2049. Increase of the number of nodes in the grid from 4097 to 8193, 

shows that the absolute approximate relative error has decreased in this domain. In Figure 4.3, 

the normalized difference of length of the cavitation zone is shown as a function of  , for 

different cases of minimum film thickness, when comparisons between analytically and 

numerically calculated pressure distributions are done. This figure shows that the gap between 

analytically and numerically calculated pressure distributions depends among other things on 

the input parameters. Because of the earlier mentioned things in this paragraph, the discrete 

formulations of the equation (2.3.13) may need additional work. 

 

In Section 4.2, a comparison is made, between minimum film thicknesses and between 

pressure distributions, which are calculated in two different ways. The first way is to solve the 

equation (2.3.13) with a method for LCP, when the surface is rigid and the other way is to 

calculate the solution with successive substitution, when surface with high elastic modulus is 

used. The results for the two different ways show good agreement with each other. The good 

agreement provides that successive substitution method can be used for high modulus of 

elasticity. In Figure 4.4 to Figure 4.7, the pressure distribution and the absolute approximate 

relative error is shown, for the double parabolic slider bearing geometry and the pocket pad 

bearing geometry. These figures show that successive substitution cannot be used for too soft 

surfaces or too high applied load.  

 

Comparisons between minimum film thicknesses have also been made, the integrated 

pressure distributions are used in the estimation of the minimum film thicknesses. The 

pressure distributions are calculated with successive substitution method, "pressure difference 

root search" method and "film thickness root search method". These comparisons are shown 

in Section 4.3 and Section 4.4. Earlier in this section, it is mentioned that the methods 

"pressure difference root search" and "film thickness root search" has been used to calculate 

solutions, with use of the complementarity technique [20] or the Newton-Raphson method. 

The minimum film thicknesses shows good agreement with each other, when great elasticity 

modulus is used and the methods "pressure difference root search and "pressure difference 

root search" is used together with the Newton-Raphson method. Integrated pressure 

distribution is used in the estimation of the calculated dimensionless minimum film thickness, 

the pressure distribution is calculated with "pressure difference root search" method and "film 

thickness root search" method, when Newton-Raphson is used.  
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The calculated dimensionless minimum film thickness is compared with asymptotic solution, 

i.e. values of dimensionless minimum film thickness. The dimensionless minimum film 

thickness is shown as a function of Moes parameter (M). The estimated minimum film 

thicknesses show a trend, it follows the asymptotic minimum film thickness, when the 

Newton-Raphson method is used. Higher M value is obtained for the "pressure difference root 

search" method than for the "film thickness difference root search" method, from this 

perspective, the "pressure film thickness root search" is preferable in comparison with the 

"film thickness difference root search" method. For the achieved M values, see Figure 4.14 

and Figure 4.16. 

 

In Figure 4.12, it is shown that when a large number of nodes in the grid are used, the 

calculations can take long time. Because of the long calculation time, there is a need for fast 

calculation methods to enable simulation of systems with large number of nodes in the grid. 

The successive substitution method is faster than both "pressure difference root search" 

method and "film thickness difference root search" method, but it cannot be used for material 

that is as soft like for the other two methods, when equal applied load is used.
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7 Future work 

In this work, the fluid is modeled with a model for which constant viscosity is assumed and 

with a compressibility model for which constant bulk modulus is assumed. The methods 

"pressure difference root search" and "film thickness difference root search", should be tested 

for a non constant viscosity and other compressibility models than the compressibility model, 

for which constant bulk modulus is assumed, to examine how these methods performs for 

these cases. The fluid is assumed to be Newtonian, when it in fact can be non-Newtonian. 

Only constant boundary conditions have been tested, the pressure is constant for inlet and 

outlet, non constant boundary conditions should be tested. These models and conditions 

should be tested, to examine the behaviour of the methods "pressure difference root search" 

and "film thickness difference root search" under the mentioned circumstances. For example, 

dynamic load can be tested. In this work, surface roughness is not taken into account. The 

surface roughness should also be taken into account, to examine the behaviour of the 

successive substitution method, "pressure difference root search" method and "film thickness 

difference root search" method, under these circumstances. What adjustments may be needed 

to adapt these methods, when surface roughness is taken into account? 

  

In the methods "pressure difference root search" and "film thickness difference root search", 

the product     is formed, when these methods is solved with complementarity technique. A 

solution is found, if the product     is equal to zero. For the "pressure difference root search" 

method, a solution is achieved, if only   is equal to zero, see Section 3.10.6. This means that, 

when the solution is calculated with complementarity technique, there is no guarantee that 

correct solution according to the model is found,   may be zero instead of  . If 
complementary technique is to be used for the "pressure difference root search" method, a 

reformulation needs to be done. 

 

In Figure 4.12, it has been demonstrated that it takes long time to calculate a large system, 

i.e., a system with large number of nodes in the grid. It may therefore be advantageous to use 

fast algorithms and to parallelize the calculations. The discrete formulation, of the 

complementarity formulated equation (2.3.13), that is based on the Reynolds equation, is 

shown in Section 3.9 and may need an overhaul. In Figure 4.11, it is shown that the solution 

might appear to converge, with increasing number of nodes, just too diverge when the number 

of nodes in the grid is increased further. A further increase of the number of nodes in the grid, 

can give convergence again. One alternative to improve this, is to test another discrete 

formulation than the one shown in Section 3.9, another alternative is, to investigate whether it 

is possible to reformulate the discrete formulation, which is shown in Section 3.9. 
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Appendix A 

Dimensionless formulation of Reynolds equation 

The dimensionless one dimensional line contact system is given in [6] and the following 

dimensionless set of parameters was introduced in [2]: 
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This into the complementary version of the Reynolds equation gives: 
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The dimensionless film thickness is: 
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The force balance restated to dimensionless form is given by: 

 

       
 

 
 

 
 

(0.7) 

 

The equations (0.1)-(0.7) give the dimensionless line contact problem for a complementary 

version of Reynolds equation.
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Appendix B 

In appendix B, the relative error of the numerical solution to the model, where compressibility 

of the fluid is taken into account and the surface is assumed to be rigid, is presented. That is, a 

comparison between the analytical and numerical solution of the previous mentioned model. 

For this comparison, the pocket pad bearing geometry is used. There will also be a test of the 

approximate relative error of the pressure for model, when compressibility of the fluid and 

elastic deformation of the fluid are taken into account. This has been made for the pocket pad 

and the parabolic slider bearing geometries. 

Relative error for the numerical solution to the pocket pad bearing with rigid 

surfaces 

In Figure 0.1, the relative errors calculated with equation (3.10.5) are shown. The relative 

errors are calculated for different cases of minimum film thickness. The relative errors are 

calculated with the analytically and numerically calculated pressure distributions (The 

numerical calculated pressure distribution is calculated with a method for LCP type and is 

shown in [31]) and the minimum film thicknesses are             m,             m and 

            m. The other input data are shown in Table 0.1 and Table 0.2. In Figure 0.1, it 

is shown that the relative error decreases with decreasing minimum film thickness and 

decreasing  . In the case when             m and           Pa, the relative error 

decreases rapidly until 513 nodes and then increase until 1025 nodes. In this case, the relative 

error at 2049 nodes shows a decrease, in comparison with the relative error at 1025 nodes. In 

the case when             m and           Pa and when the number of nodes is 2049 or 

more, the relative error continues to decrease with increasing number of nodes, for the tested 

values. In the case when             m and           Pa, the relative error decreases with 

increasing number of nodes in the grid, for the tested values of number of nodes in the grid. 

This implies that the behaviour of the relative error can vary from case to case. 

 
Table 0.1. Input parameters for the pocket pad bearing. 

         

2 mm 3 mm 20 mm 10  m 

 
Table 0.2. Input parameters to the cavitation problem. 

                

0.01      1 m/s 50     100     
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Figure 0.1. The relative errors are shown for the cases when the minimum film thicknesses are         m,         m 

and         m. The relative error is calculated with (3.10.5). The pressure distributions used to calculate the relative 

error is calculated for a model, where the bearing surface is assumed to be rigid. The pocket pad bearing geometry is 

used and the input parameters that have been used are shown in Table 0.1 and Table 0.2. 

Absolute approximate relative error for the pocket pad bearing geometry with 
deformable surfaces 

The absolute approximate relative error can be calculated according to      
    

      
     

     , where         ,        and   is the pressure. In Figure 0.2, the absolute 

approximate relative error is shown as a function of   (the number of nodes in the grid for the 

finer grid). In this test, the pocket pad bearing geometry is used and the minimum film 

thicknesses are             m,             m and             m. The data is shown in 

Table 0.1 and Table 0.3. In most of these cases, the deformation is taken into account. For the 

tested cases, the absolute approximate relative error decreases, when the number of nodes in 

the grid increases from 257 to 2049. The absolute approximate relative error decreases greatly 

when the number of nodes increases from 513 to 1025 and continue to decrease until the 

number of nodes is 2049. The absolute approximate relative error has increased when the 

number of nodes is 4097, in comparison to the case when the number of nodes is 2049. When 

the number of nodes is 8193 the absolute approximate relative error has decreased, in 

comparison to the case when the number of nodes is 4097. One explanation for this is that 

when the relative error decreases allot, there is only a slight difference in cavitation zone 

length. A cause to the increase of the absolute approximate relative error, when the number of 

nodes is increasing, is that for these cases the difference of length of cavitation zone length 

increases with increasing nodes, see Figure 0.1. 

 
Table 0.3. Input parameters to the cavitation problem. 

                    

     Pa   s       Pa   m/s 50 KPa         KPa 
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Figure 0.2. The absolute approximate relative error can be calculated according to      

    
           

     , where 

        ,        and   is the pressure. The absolute approximate relative error is shown as a function of   

(the number of nodes in the grid for the finer grid). Two models have been used; both models take compressibility 

into account. For one of the models, it is assumed that the surface is rigid and for the other model, it is assumed that 

the surface can be deformed. This test has been made with the pocket pad bearing geometry and the input parameters 

are given in Table 0.1 and Table 0.3. 

Absolute approximate relative error for the parabolic slider bearing geometry 
with deformable surfaces 

In Figure 0.3, the absolute approximate relative error is shown, this can be calculated 

according to the equation      
    

           
     , where         ,        and   is 

the pressure. The absolute approximate relative error is shown as a function of   (the number 

of nodes in the grid for the finer grid). In this test the parabolic slider bearing geometry is 

used. The absolute approximate relative error is examined for the three minimum film 

thicknesses             m,             m and             m. The input data are shown 

in Table 0.4 and Table 0.5. In the most of the cases, the absolute approximate relative error 

reduces, when the number of nodes increases from 257 to 1025. The absolute approximate 

relative error increases, in the most cases, when the number of nodes increases from 2049 to 

4097. One explanation is that, when the absolute approximate error increases and when the 

number of nodes increases, there is an increased difference in the length of the cavitation 

zone. This affects the pressure build-up after cavitation, when fixed pressure boundary 

conditions have been used. 

 
Table 0.4. Input parameters for the parabolic slider bearing. 

    
19.05 mm 38.1 mm 
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Table 0.5. Input parameters to the cavitation problem. 

                    

  Pa   m/s         Pa 0.01 Pa   s        Pa 

 

 
Figure 0.3. The absolute approximate relative error can be calculated according to      

    
           

     , where 

        ,        and   is the pressure. The absolute approximate relative error is shown as a function of   

(the number of nodes in the grid for the finer grid). Two models have been used, both models take compressibility into 

account. For one of the models, it is assumed that the surface is rigid and for the other model, it is assumed that the 

surface can be deformed. This test has been made with the pocket pad bearing geometry and the input parameters are 

given in Table 0.4 and Table 0.5.  
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Appendix C 

To be able to verify a numerical method, its solution must be compared with other results. A 

way to verify the numerical solution is to compare it with an analytical solution. It has been 

developed an analytical solution for the cavitation problem, see [1], in this case the pocket 

pad bearing geometry has been used. The pocket pad bearing geometry is shown in Figure 

0.1. In this analytical solution, the mass flow is conserved and constant bulk modulus is used 

to model compressibility of the fluid. The analytically-length of cavitation zone will be 

presented in this section. The constants   ,           must be determined before the length 

of cavitation zone can be determined. The bulk modulus of the fluid compressibility is 

denoted by   and the relative velocity between the plates (the upper and lower boundaries in 

Figure 0.1.) in the positive direction is denoted  . The length of the cavitation zone is denoted 

  and   is the viscosity. In Figure 0.1, the minimum film thickness is denoted   , the largest 

heigth of the bearing is denoted   . The pocket starts at   and ends at  . The cavitation zone 

starts at   and ends at   (the area with bubbles in Figure 0.1). The length of the bearing is 

denoted  . 
 

 
Figure 0.1. Illustration of the modeled pocket bearing.4  

For the cavitation problem, when the bearing geometry is pocket pad, the assumed boundary 

conditions are 

 
                         (0.1) 

for the inlet and outlet. The following constants are determined, to finally be able to calculate 

the length of cavitation zone: 

 

  
                 

       
    

   
  

  
(0.2) 

 
       (0.3) 

 

   
  

  
       

(0.4) 

 

                                                 
4
Figure 0.1 is taken from [1]. 
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(0.5) 

 

   
             

    

   
  

    
   

   
  

  

(0.6) 

 

The length of cavitation zone can finally be determined by 

 

  
   

 

   
    

  

  
     

(0.7) 

 


