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Abstract

With an increasing number of highway traffic jams the interest in simulations of traffic flow
is rising. Some models, which have been correlated with measured data, point towards the
fact that the formation of congestion on a highway behaves like a phase separation between
a gas and a liquid. As a condensation forms with an increasing concentration of a gas so
does a congestion form on the highway with an increasing number of cars. The scope of
this thesis is to examine through Monte Carlo simulations if the phase separation analogy is
correct, this would prove that thermodynamic rules can be applied to highway traffic flows.
If thermodynamic properties can be ascribed to traffic flow it will be possible to discuss
quantities such as temperature, pressure and even entropy of a highway.

From the simulations performed in this thesis it was possible to draw several conclusions.
These conclusions deals mostly with which algorithms that should be used and what further
research can be perfomed to further the knowledge of Monte Carlo simulations of thermody-
namic models for highway traffic congestion.
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Chapter 1

Introduction

...it was a normal day in April, in the late morning hours. Traffic was fluid on
the two lane freeway A20 (Autobahn) between Hamburg and Rostock. The sky
was partly cloudy, and no rain had been predicted for the two next days, perfect
conditions for the drivers in both directions. The traffic surveyors in the helicopter
far above contentedly took a sip of their hot coffee and turned their attention to
the big swamp areas at both sides of the road.

Although the gap was very small, the driver of a red Volkswagen (Opel,...)
finally decided to pass the little blue car in front of it, quickly switching to the left
lane between two cars driving somewhat faster then it self. A typical situation. The
silver-colored Mercedes-Benz that was now behind it had enough space to adopt
a slightly lower velocity - if it had not been for the driver who, in addition to the
reaction time, lost a fraction of a second by glancing at the on-board navigation
system before reducing the foot pressure on the gas pedal. The effect was that the
person did not only release the gas pedal but was also forced to step on the brakes.
Although the person only lightly applied the the brakes in a pumping motion, the
driver behind was startled by the braking lights of the Mercedes and without any
obvious need also stepped on the breaks with even more pressure.

Further on, the ancillary incidents can best be described from the perspective
of the two traffic surveyors in the helicopter: The homogeneous flow of vehicles
they observed throughout the morning suddenly transformed into a distinct wave
of cars which ran against the driving direction and increased wavelength in dis-
tance. Minutes later the traffic news station announced stop-and-go traffic on the
autobahn A20 for a distance of about 12 km.

This was an adaptation from pages 243 to 244 of a report given in [1]. This gives a
clear, and perhaps somewhat lengthy, description of traffic breakdown. On large highways
cluster formation with dense traffic is a serious problem, that these clusters seem to arise out
of nothing does not simplify the problem. A freeway is made up of a complex system of several
vehicles which motion is far from predictable. Taking into account stochasticity to understand
such complicated system is a fundamental point. Dealing with stochastic processes recasts
problems to give basic quantities in probability densities instead of deterministic trajectories.

In this thesis the congestion of traffic flow is tackled with the help of modern computer
simulations in an attempt to reveal the similarities between the dynamics of traffic and thermal
physics. Different algorithms and methods are tried and analyzed in an effort to prove this
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fact. The interest lies in describing a phase transition similar to that of how gas is condensed
to liquid. To manage this there is a need for basic understanding of several fields such as
statistical mechanics, thermodynamics, stochastic dynamics and numerical calculations, all
which will be explained to the extent needed to understand the conclusions and results of this
thesis.

First and foremost an understanding of how the congestions that are considered comes
into existence needs to be established. The vehicles are traveling on a single lane road with a
periodic boundary condition. The road is one dimensional and the boundary condition let cars
who have reached the end of the road re-enter it from the beginning again. For visualization
purposes the road can be thought of as circular, see figure 1.1, however in the simulations
this is only true in a topological sense.
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Figure 1.1. Vehicles on a circular track. Velocity of individual vehicle: vn, velocity of cluster: vclust,

distance between vehicles: ∆x

When a vehicle is forced to decrease its velocity, for any reason, the distance to the vehicle
behind will shrink due to the reaction time of that driver. As the vehicle accelerates again
the vehicle behind it, again due to response time, can not accelerate at the same pace. This
vehicle will thus have a less then optimal velocity for a period of time which leads to that
other vehicle behind it will be forced to decelerate and a chain reaction is created. This chain
reaction is the cause of a cluster formation on the highway. As seen from the figure 1.1 the
cluster will propagate against the direction of the traffic flow with a velocity of vclust.

The layout of the thesis is that the theoretical concepts are described in chapter 2. The
analysis of different models for the description of energy within the system is given in chapter
3. The thesis is concluded with chapter 4 which gives the results that have emerged together
with a discussion and what further tests and research that can be performed. The simulations
that are performed are all done with a reduced set of vehicles, seldom more then twelve
vehicles. This is due to fact that more vehicles require more calculations and thus takes
longer time, it is also due to the fact that a large number of vehicles gives rise to more
clusters. There is a short discussion about multi-clusters and their effects in chapter 4. All
vehicles in the calculations are considered to be point masses so they do not have any length
except in the special subsection 3.3.2. All masses are also set equal to one, hence all vehicles
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are considered to be of equal length and mass.
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Chapter 2

Theoretical Concepts

This chapter describes the physics and tools which are necessary to conduct Monte Carlo
simulations on traffic. Of course this thesis can not contain nearly the desired depth of these
subjects however for the interested reader reference are given to good sources on the different
subjects.

2.1 A Brief Introduction to Statistical and Thermal Physics

In an effort to acquaint the less experienced reader with the areas of statistical and thermal
physics a brief introduction will follow. When traveling from the microscopic world, that is
governed by the laws of quantum mechanics, to the everyday macroscopic world, which is
treated with less accurate but simpler mechanic laws, there is a gap of description between
them. This void can be somewhat filled with statistical mechanics which is the marriage of
statistical and mechanical principles. It shows that instead of calculating every detail of a
system it is possible to make sweeping approximations and still draw conclusions that are
almost1 always correct. Thanks to statistical physics it is possible to deduce the laws of
thermodynamics which deals only with larger bodies of particles. Thermal physics is focused
around the transfer of energy between two or more macroscopic bodies and thus gives rise
to three new quantities which are not found in ordinary mechanics. These quantities are
entropy, temperature and Helmholtz free energy, all of them will be explained to some extent
shortly. The branch of thermal physics which is mainly focused on equilibrium and quasi-
equilibrium states is know as classical thermodynamics. The theory of thermodynamics may
be considered to have been started with the publications, regarding heat engines, of Sadi
Carnot in 1824. Carnot’s approach was developed mostly by William Thomson2. This resulted
in that the subject was formulated in what can be viewed as the present from by the end of the
nineteenth century. By trying to develop understanding for thermal physics great scientist like
James Clerk Maxwell and Ludwig Boltzmann developed the basis for statistical mechanics.
The actual name, statistical mechanics, was coined by J. Willard Gibbs in 1884 at a meeting
of the American Association for the Advancement of Science [2]. A more in depth history of
the development of statistical physics can be found in [3].

1When systems behavior digress from the predictions of the physical laws once in 1010
10

experiments it can

very well be said that the predictions are approximately never wrong.
2Later known as Lord Kelvin
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2.1.1 Fundamental Statistical Principles

To grasp statistical mechanics and, especially in this thesis, thermal physics some knowledge
of probability principles is needed. Frequently there are systems where each member of the
system moves at random and lacks memory of its previous state. When dealing with statistics
and probability predictions they are easiest performed over an ensemble consisting of a large
number of equally prepared systems. The probability of an occurrence related to a certain
event is defined by its specific ensemble and the fraction of occurrences in the ensemble which
yields that particular event. As an example one could think of a dice being thrown several
times under similar circumstances. Noting a specific outcome of the throws and dividing by the
number of throws would result in the probability of receiving that outcome. Another example
is a coin flip, usually there is the same probability for either side to come up, however it does
not have to be that way. The coin can be slightly weighted or slightly miss shaped which
benefits one outcome over the other. What is known is that if the probability of one outcome
is p then the probability for the other outcome, q, is 1 − p. If the coin is flipped three times
it is possible to get 23 different results ranging from three of the same side up to three of the
opposite side up. If internal order of this ensemble of coin tosses is disregarded it can be noted
that several of the system are equal, i.e. two heads and one crown is the same as a crown and
two heads. If N tosses are conducted and the number of times one specific side comes up is
noted as n1 then the other side of course comes up N − n1 times, this is denote by n2. If the
probability for the side that was denoted n1 is p and the probability for the other side is q
then the probability for any given sequence of N :th size is given by simply multiplying the
probabilities, i.e by

n1factors
︷ ︸︸ ︷
pp · · · p qq · · · q

︸ ︷︷ ︸

n2factors

= pn1qn2 . (2.1)

Knowing the probability of a sequence is not enough, it is also desired to know how often
the sequence occur. Since the internal order is disregarded the problem can be viewed as N
objects distributed in N places. The first object can have N positions, the second N−1 places
and so on. This means that there are N ! ways to distribute the objects. Since n1 of these
objects are indistinguishable all n1! permutations leads to the same situation, this is true
for all n2! permutations as well. By dividing the N ! number of placements with the n1!n2!
irrelevant permutations the conclusion is that the number of distinct possibilities is given by

N !

n1!n2!
. (2.2)

Thus by combining the results of (2.1) and that of (2.2) the probability, BN (n1), for a certain
outcome is

BN (n1) =
N !

n1!n2!
pn1qn2 . (2.3)

Example 2.1.1. Equation (2.3) is known as the binomial distribution. If it is suppose that
the coin is normal the probability that either side should turn up at a flip is p = q = 1

2 .if n1

of one side comes up the other side will come up n2 = N − n1 times and thus equation (2.3)
can be written as

BN (n1) =
N !

n1!(N − n1)!
pn1qN−n1 =

N !

n1!(N − n1)!

(
1

2

)N

.
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A plot over the distribution of the number of times that the side n1 will occur in N = 20 coin
tosses can be viewed in figure 2.1. By looking at the graph it becomes obvious that the highest

0 2 4 6 8 10 12 14 16 18 20
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

Figure 2.1. Probability distribution when p and q are equal and N = 20, the vertical axis describes

the number of occurrences of a specific side when a coin is tossed 20 times, the vertical axis gives the

probability for this outcome.

probability is that of equal amounts of both sides, which is to be expected. The graph becomes
bell shape and if N grows larger the shape of the bell will become narrower.

The following function, g(N, n1), describe the number of distinct possibilities a specific
sequence can have in a series of size N . In the binomial distribution g(N, n1) would then be

g(N, n1) =
N !

n1!(N − n1)!
.

It becomes more practical if the distribution is centered around zero. To do so n1 is replaced
with 1

2N − s and the following equation can be concluded:

g(N, s) =
N !

(
1
2N + s

)
!
(

1
2N − s

)
!
. (2.4)

g(N, s) is called the multiplicity function and gives the value of the number of states
which have the same value as s. The multiplicity function does not have to be the binomial
distribution as in (2.4) but can describe any distribution of the number of states which have
the same value as s.

The arguments in this section is based upon coin flipping which is not a very scientific
method to conclude results. However the flipping of a coin is perhaps somewhat easier to
understand than the flipping of a spin and the resulting magnetic moment in a group of
atoms, at least in a statistical sens.
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2.1.2 Thermodynamics with Statistical Physics

The fundamental assumption in thermal physics is that all quantum states which are accessible
are equally probable to occur in a closed system3 S. Now all the quantum states that are
accessible form an ensemble and the multiplicity function g from the previous section denotes
the number of equivalent systems.

If two systems S1 and S2 comes in thermal contact so that energy can freely flow between
them the systems will eventually end up in thermal equilibrium. One can view these two
systems as parts of a bigger system S = S1 +S2 and the equilibrium occurs when this system
has the maximum number of accessible states. The direction of the flow of energy is decided
by temperature, a concept which will prove to be connected with the multiplicity function.
The system, S1 and S2, each have their own energy, U1 and U2, from the beginning. As the
systems come into contact they will reach thermal equilibrium and have new energies Û1 and
Û2, but as the energy is constant the following equation can be stated:

Û1 + Û2 = U = U1 + U2. (2.5)

Since the number of accessible quantum states are related to the energy it is naturally related
to the number of accessible quantum states thus

U(s) = U1(s1) + U2(s2). (2.6)

The systems may have different sizes so N1 and N2 do not have to be equal. The multiplicity
function, g(N, U)4, of the combined system is related to the product of the two systems S1

and S2 as
g(N, U) =

∑

U1

g(N1, U1)g(N2, U − U1). (2.7)

This comes from the fact that each configuration of S1 can occur in combination of any config-
uration of S2. A configuration is defined as all states with a specified U1 and U2. The total num-
ber of states accessible is thus given by the product of the configuration g(N1, U1)g(N2, U2).
Since U is constant U2 can be rewritten as U − U1 and the equation can be formulated as
(2.7) which is the sum of all configurations with a fixed U . One of the products will have a
higher value then all the others, this is called the most probable configuration. If there
is a large system then the peek that will occur around the most probable configuration is
extremely sharp. This means that a relatively small number of configurations will dominate
the statistical properties of the system. When the energy has spread throughout the system
most of it will be in the small peak around the most probable configuration and thus the
system will have reached thermal equilibrium.

When thermal equilibrium have been reached the differential of the multiplicity function,
g(N, U) is zero. Thus no energy flows from either system. This can be written as

dg =

(
∂g1

∂U1

)

N1

g2dU1 + g1

(
∂g2

∂U2

)

N2

dU2 = 0 (2.8)

where
dU1 + dU2 = 0⇒ dU1 = −dU2. (2.9)

3Meaning that all attributes such as the energy, volume, number of particles, as well as the outer forces on

the system, are constant.
4This is just a reformulation of the functions dependence on quantum states
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By substituting (2.9) into (2.8) and dividing by g1g2 it is possible to write the equation

1

g1

(
∂g1

∂U1

)

N1

=
1

g2

(
∂g2

∂U2

)

N2

, (2.10)

this can be simplified by using the chain rule of the logarithm thus
(

∂ log(g1)

∂U1

)

N1

=

(
∂ log(g2)

∂U2

)

N2

. (2.11)

From this a further simplification is made by defining the quantity of entropy as

S(N, U) ≡ kB log (g(N, U)) , (2.12)

where kB is the Boltzmann constant. By combining the definition of (2.12) and (2.11)the
condition for equilibrium of two systems in thermal contact with each other becomes:

(
∂S1

∂U1

)

N1

=

(
∂S2

∂U2

)

N2

. (2.13)

From equation (2.13) it is possible to deduce that the two system are equal at some
constant value. This constant value is the temperature of the system which is equal to the
inverse of the derivative of the entropy with respect to the energy of the system:

1

T
=

(
∂S

∂U

)

N

(2.14)

The concepts of temperature and entropy are fundamental for thermodynamics, in fact they
lay the basis for the laws of thermodynamics which are:

Zeroth law. Two systems which are in thermal equilibrium with a third system are in
thermal equilibrium with each other.

First law. Energy is constant.

Second law. Heat will flow, when two systems are but in thermal contact, from the system
with the higher temperature to that of the lower temperature.

Third law. The entropy of a system will decrease to zero as the temperature of the system
goes towards zero.

There are of course several ways to formulate these laws, especially the second law has many
reformulations. Lord Kelvin formulated this law as follows.

It is impossible to device a machine which, working in a cycle, produces no effect
other then the extraction of a quantity of heat from the surroundings and the
performance of an equal amount of work on the surroundings.

This formulation of the second law is quite different then the formulation stated earlier but
is in fact equivalent.

As temperature and entropy both have been explained there is still the concept of Helmholtz

free energy which was mentioned in the beginning of this section. Helmholtz free energy is
defined by:

F ≡ U − TS, (2.15)
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where U is the energy, T is the temperature and S is the entropy. The Helmholtz free energy
describes the struggle of balance between maximum entropy and a minimal energy. There are
many advantages of calculating F . As an example it will be shown how differentiations of F
can yield both the pressure and the entropy of a system.

Example 2.1.2. To understand the advantages of Helmholtz free energy there is a need to
introduce the pressure of a system, this will then lead to the thermodynamic identity. By
changing the volume of a system by ∆V over a large enough time for the system to adapt
for every infinitesimal change5 the entropy of the system is well defined at every stage of
the process. The change in energy of the system, averaged over all states in the ensemble, is
depending on the volume change and can be described by

U(V −∆V )− U(V ) = ∆U = −

(
∂U

∂V

)

S

∆V. (2.16)

This energy change must be equal to the work done by the compression which can be calculated
by

∆U = p∆V. (2.17)

By putting (2.16) into (2.17) a formula which describes the pressure of the system from the
derivative of the energy with respect to the volume is concluded, namely

p = −

(
∂U

∂V

)

S

. (2.18)

Since it is now possible to conclude that when pressure is involved the entropy of the system
is dependent on both energy U and volume V the derivative of the entropy is

dS(U, V ) =

(
∂S

∂U

)

V

dU +

(
∂S

∂V

)

U

dV. (2.19)

Considering infinitesimal changes at a constant entropy means that dS(U, V ) = 0 and since,
as was showed earlier, the energy is dependent on the volume dividing by dV and rewriting
the formula for a constant entropy results in

0 =

(
∂S

∂U

)

V

(
∂U

∂V

)

S

+

(
∂S

∂V

)

U

. (2.20)

Putting the results of equation (2.14) and (2.18) into this equation produces the following
equation:

p = T

(
∂S

∂V

)

U

. (2.21)

Now it is possible to state the thermodynamic identity. By looking at equation (2.19) again
and inserting the results of (2.21) and (2.14) the derivative of the entropy can be written as

TdS = dU + pdV. (2.22)

Taking the derivative of the definition of Helmholtz free energy, stated in equation (2.15)
results in that

dF = DU − TdS − SdT (2.23)

5This is known as an isentropic reversible process
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for which, by using the thermodynamic identity, it can be stated that
(

∂F

∂T

)

S

= −S and

(
∂F

∂S

)

T

= −T. (2.24)

As seen from this example there is a great wealth in knowing the function of the Helmholtz
free energy.

There are two final notions that are worth mentioning since they are of relevance to this
thesis. These are the Boltzmann factor and the partition function. The Boltzmann factor
states the ratio of the probability of finding the system with an energy E1 related to a specific
state 1 to the probability of finding the same system with an energy E2 related to a specific
state 2. The Boltzmann factor is given by

P (E1)

P (E2)
=

e−E1/kBT

e−E2/kBT
. (2.25)

The summation over all Boltzmann factors for all the states s is called the partition function,
thus

Z(T ) =
∑

s

e−Es/kBT . (2.26)

With this it is trivial to find the Boltzmann factor for a single state in regards to all states
of the system, hence

P (Es) =
e−Es/kBT

Z
. (2.27)

All states of this section are based in the world of quantum dynamics. The deeper discus-
sions and relations to this have consciously been avoided since it does not provide any useful
depth to this thesis.

2.2 Bando Model for Traffic Flow

In the modeling of traffic flow there are in general two major theories of regulation. One of the
theories, which has gotten a lot of attention, is based on the concept of that each driver must
keep a safety distance to the vehicle in front. This safety distance depends on the current
velocity of the two successive vehicles. For this theory to be realistic the time lag of each
driver must be accounted for, theories based on this are generally known as follow-the-leader
theories. The other common theory, which this paper is based on, suggests that each driver
has a legal velocity which depends on the distance to the preceding vehicle. In this model
the time lag of response is not introduced and the stimuli to accelerate or decelerate depend
solely on the distance to the vehicle in front.

With this concept M. Bando and his coworkers [5] created a realistic dynamic model of
traffic flow. In the model it is assumed that all drivers share the same sensitivity, hence it is
held constant. As stated above the driver responds to the distance of the preceding vehicle.
The driver must control the acceleration to manage a safe speed according to the velocity of
the driver ahead. At a sufficiently large distance to the preceding vehicle the driver will try
to maintain the legal velocity Vopt.

Considering the mentioned criteria the following dynamical model was created:

ẍn =
1

τ
{Vopt(∆xn)− ẋn} , (2.28)
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where
∆xn = xn+1 − xn, (2.29)

for each vehicle numbered n. n takes the values of 1, 2, 3, ..., N where N is the total number of
cars. xn describes the coordinate of the vehicle and thus ∆xn describes the distance between
two consecutive cars. The dot denotes differentiation with respect to time t. The right hand
side of the equation (2.28) describes the relaxation force which is dependent on the relaxation
time τ and ∆xn. The velocity function Vopt depends on the distance between two vehicles and
must increase as the distance shrinks to avoid a crash. At increasing distances the function
must grow but have an upper bound at the maximum velocity. Hence the velocity function
must have the properties that it is monotonically increasing and that it has an upper bound
vmax as ∆xn →∞. In this thesis the following velocity function have been used,

Vopt(∆xn) = vmax
∆xn

2

D2 + ∆xn
2 , (2.30)

where D is the interaction distance at witch the optimal velocity is half of vmax. This was
first suggested in [6]. In this model it is also possible to include a periodic boundary condition
by letting the vehicles travel on a circular road of length L where the N + 1 car is equal to
the first.

Equation (2.28) can be made dimensionless by rewriting it as,

dun

dT
= Uopt(∆yn)− un (2.31)

dyn

dT
=

1

b
un, (2.32)

where T = tÂτ is the dimensionless time, yn = xnÂD is the dimensionless coordinate and
the dimensionless velocity is un = vnÂvmax. The constant, b, is dimensionless and equal to
DÂ(τvmax), the new dimensionless velocity function Uopt thus become:

Uopt(∆yn) =
∆yn

2

1 + ∆yn
2 . (2.33)

2.3 Monte Carlo Simulations

In this section the interest lies in how the probability distribution of the state space behaves
as parameters of the system are altered. Calculating this over an infinite state space is tedious
and, in most cases, not possible at all. For computer calculations there must be a reduced
finite space which of course is a simplification. Thus it is desired to use the largest system
possible that can be calculated in an adequate time period.

It is the assumption of this thesis that the probabilities of the system are Boltzmann
distributed such as:

pµ =
1

Z
e−Eµ/kBT , (2.34)

where Eµ is the energy of state µ and kB is the Boltzmann constant, Z is a normalizing
constant known as the partition function and its values is given by

Z =
∑

µ

e−Eµ/kBT . (2.35)
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These distributions were explained more deeply in section 2.1.2. In thermodynamics the par-
tition function is of great importance, all other quantities can be calculated from this normal-
izing constant. However the number of calculations needed to evaluate the partition function
grows exponentially as the system gets bigger.

In Monte Carlo simulation a model system is simulated on a computer letting it pass
through various states where the probability of being in a state µ at the time t is exactly that
of the real system. A equilibrium solution is then generated which is identical to the Boltzmann
distribution. The system also needs dynamics to generate the states used. Almost all Monte
Carlo schemes use ergodic Markov processes for this. The Markov processes uses one state
µ to generate the next state ν and does so in a random fashion. The probability of generating
state ν from µ is called transition probability P (µ → ν) and satisfies two conditions: (1) it
does not vary over time, and (2) it only depends on the states µ and ν. Thus the probability
of the Markov process to generate state ν being fed state µ is always the same. The sum over
all the transition probabilities from state µ must always equal one, thus

∑

µ

P (µ→ ν) = 1, (2.36)

since the system must always generate some state. The condition of ergodicity means that
each state shall have the possibility to go from one state to any other state. The condition

of detailed balance is also put on the Markov process which ensures that it really is the
Boltzmann distribution that gets generated. How this comes about can more easily be ex-
plained by what equilibrium will mean for the equations of probability. When equilibrium has
set in the probability for the system to step into or out of any state µ must be equal, hence

∑

ν

pµP (µ→ ν) =
∑

ν

pνP (ν → µ). (2.37)

By using what is stated in equation (2.36) this can be reformulated as

pµ =
∑

ν

pνP (ν → µ). (2.38)

This condition does not guarantee that the probability distribution will tend towards pµ even
if the process runs for a long time. There is the possibility that there will be limit cycles which
destroys the distribution that is desired. To avoid this the following condition is applied to
the transition probabilities:

pµP (µ→ ν) = pνP (ν → µ), (2.39)

which clearly fulfills the requirements for the equilibrium condition stated in equation (2.37).
Given the assumption of (2.34), that the probabilities are Boltzmann distributed, equation
(2.39) can be stated as:

P (µ→ ν)

P (ν → µ)
=

pν

pµ
= e−(Eν−Eµ)/kBT . (2.40)

If the transition probabilities fulfill this requirement and that of ergodicity the equilibrium
distribution of states will be equal to that of Boltzmann’s distribution.

By using this technique only a small fraction of the complete phase space has to be sampled
to get an acceptable value of any desired quantity of the system. The drawback is that since
this does not include all the states there will be statistical errors.
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A problem with Monte Carlo simulations is that it is hard to predict how often the system
needs to be sampled. The correlation time is the time it takes for the system to go from a
state µ to a new state ν which is significantly different from the previous one. One Monte
Carlo step seldom changes the system to some greater degree thus it is desired to find out
how long the system must run before a disturbance has propagated throughout the system
entirely. The time for the system to change appropriately is known as the correlation time
τ . There are a number of ways to determine τ and one of the more common is to use the
time-displaced auto correlation function χ(t). This function calculates the correlation of a
quantity at two different times. It is done by taking the difference between the quantity at
time t′ and it is mean and multiplying it with the difference between a time displaced measure
of the quantity at t′ + t and the mean of the quantity. By integrating over time the value of
χ(t) is found. As an example the χ(t) of magnetization m in the Ising model is:

χ(t) =

∫

[m(t′)− < m >][m(t′ + t)− < m >]dt′. (2.41)

The auto correlation generally drops of exponentially at long time thus

χ(t) ∼ e−t/τ . (2.42)

By normalizing the auto correlation function with the value found at t = 0 and integrating
over infinite time the correlation time is deduced, hence

∫ ∞

0

χ(t)

χ(0)
dt =

∫ ∞

0
e−t/τdt = τ. (2.43)

To get truly independent values the samples must be drawn at times greater than the correla-
tion time. According to [7] the most natural definition of statistical independence are samples
drawn at intervals of 2τ . Thus the number of truly different samples n that can be found in
a simulation of length tmax are

n =
tmax

2τ
. (2.44)

However it is normal practice to take samples at much shorter interval in a Monte Carlo
simulation. There is a number of reasons for this but one of the more obvious is that the
correlation time τ is seldom known until the simulation has finished.

2.4 The Metropolis Algorithm

This is one of the oldest and most tested algorithms for Monte Carlo simulations. It was
developed by Nicholas Metropolis and his coworkers at the laboratory in Los Almos in 1953.
The original paper [4] dealt with hard sphere gases but the algorithm is general enough to be
used in several other fields of physics.

For simplicity the transition probabilities mentioned in section 2.3 are broken down into
two parts. The parts they are broken down to is the selection probability g(µ → ν) and
the acceptation ratio A(µ→ ν). They make up the transition probability as

P (µ→ ν) = g(µ→ ν)A(µ→ ν). (2.45)
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The selection probability describes the probability for a state µ to go to a state ν. Here ν can
represent any state of system including that of µ, thus

g(µ→ µ) = 1

would indicate that the current state should always be chosen. For the Metropolis algorithm
it is assumed that any state has an equal probability to move to any other state. For N states
in a system this means that

g(µ→ ν) =
1

N
. (2.46)

Thus the condition of detailed balance (2.40) is only dependent on the acceptation ratio:

P (µ→ ν)

P (ν → µ)
=

g(µ→ ν)A(µ→ ν)

g(ν → µ)A(ν → µ)
=

A(µ→ ν)

A(ν → µ)
= e−(Eν−Eµ)/kBT . (2.47)

The acceptation ratios describe at what percentage of the time that a change of state from
µ to a generated state ν should be accepted. To get the correct ratio for the detailed balance
A(µ → ν) and A(ν → µ) must be chosen carefully. The desired result is a high acceptances
ratio which means that as many as possible of the simulation steps should not be rejected.
The best way of maximizing the number of accepted steps is to set the greatest probability
to one. If it is assumed that Eµ < Eν the larger of the two acceptance ratios are set to one,
this means that

A(ν → µ) = 1 and A(ν → µ) = e−(Eν−Eµ)/kBT . (2.48)

With these values of A(ν → µ) there will still be quite a number of rejections even when the
simulation tries to move to a lower energy of the system. Thus the optimal acceptance ratio
is

A(ν → µ) =

{
e−(Eν−Eµ)/kBT if Eν − Eµ > 0
1 else

. (2.49)

This acceptance ratio always accepts states which lowers the energy while a state that raises
the energy gets tried against the probability above. This is done by calculating the states
probability and comparing the result against a random number between 0 and 1. If the
probability is lower then the random number the change of state is accepted, if it is higher it
is rejected. This is a very efficient algorithm for testing several states and reaching thermal
equilibrium.

The downside of the Metropolis algorithm is that it relies on the fact that the energy of
the system shall remain the same if a state change gets rejected. If a system can not proceed
without a state change then the Metropolis algorithm must continue trying different states
until one is accepted and first then can the simulation continue. If there are several states to
examine this can require a huge amount of steps which is quite time consuming even on a
modern computer.

2.5 The Heat Bath Algorithm

The main idea behind the Heat Bath algorithm is, that instead of choosing a new state at
random, a new state is selected according to the Boltzmann distribution and then this state
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is accepted every time. This way a new state is implemented in each Monte Carlo step which
is quite efficient. The values of the states are drawn from a so called heat bath.

The probability for a specific state is described by the Boltzmann weight

pµ = P (Eµ) =
e−Eµ/kBT

∑

ν e−Eν/kBT
, (2.50)

where the ν represents all the states which can be reached from the state µ. The probability
becomes normalized due to the fact that the Boltzmann weight is divided by the sum of all
states that can be reached at that time. If the states are quantized the sum over all Boltzmann
weights are equal to one, thus:

∑

µ

P (Eµ) = 1. (2.51)

If on the other hand the states are continuous it is necessary to take the integral of all states
ν which state µ can enter into, hence the integral over all states that can be reached is equal
to one:

C =

∫

e−Eν/kBT dν ⇒

∫

P (Eµ)dµ =

∫
e−Eµ/kBT

C
dµ = 1. (2.52)

Summing or integrating to some µ′ will result in a value between zero and one. Comparing
this to a random value in the same range and increasing µ′ will result in a state which is
Boltzmann distributed, this could be accomplished with an cumulative distribution function
such as

PC(Eµ′) =

µ′

∑

k=1

P (Ek). (2.53)

Since the deviation from the optimal value of the system is determined by a random
number any state can in theory reach any other state and thus the condition of ergodicity
is full filled. Since every state that is chosen is Boltzmann distributed it would make sense
that the equilibrium state also is Boltzmann distributed which implies that the condition of
detailed balance will be fulfilled. It can also easily be shown mathematically that the algorithm
passes the condition of detailed balance:

P (µ→ ν)

P (ν → µ)
=

pν

pµ
=

e−Eν/kBT

C
×

C

e−Eµ/kBT
= e−(Eν−Eµ)/kBT . (2.54)

The downside of the Heat Bath algorithm is that of added calculations at each selection
of a new state. This becomes especially noticeable when the states are continuous instead of
quantized and there is need of calculating quadratures. The upside on the other hand is that
since new states immediately are chosen from the correct distribution the algorithm quickly
moves towards thermal equilibrium.

2.6 Runge-Kutta Numerical Methods

There are a number of numerical methods to evaluate ordinary differential equations (ODE’s).
Each method has its advantages and disadvantages in fields such as accuracy, stability, com-
plexity and error estimation. For numerically solving the ODE of the current model the
Runge-Kutta method, which is a single-step method, is applied. It is similar to the Taylor
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series method but does not involve the calculation of higher order derivatives. This makes the
Runge-Kutta method in general faster and more easy to implement, also each solution step
does not require any history. Thus reaching a solution for time step tk+1 requires no more
knowledge then the current time tk. The drawback is that this provides no error estimate on
which to base the step size.

Runge-Kutta methods utilizes finite difference approximations based on values of f in
between the time steps tk and tk+1, where f is the function of explicit an ODE:

x(n) = f
(

t, x, ẋ, ẍ, ..., x(n−1)
)

. (2.55)

In the equation (2.55) the over dot denotes derivation with respect to t.
A simpler derivation of Runge-Kutta is devised by looking at a Taylor series expansion of

x dependent on t with the time step h,

x(t + h) = x(t) + h
d

dt
x(t) +

h2

2

d2

dt2
x(t) +

h3

6

d3

dt3
x(t) + . . . (2.56)

which gives the second order method

xk+1 = xk + hk
d

dt
xk +

h2
k

2

d2

dt2
xk. (2.57)

Since the model at hand is an explicit ODE of the form ẋ = f(t, x) it is possible to find the
higher derivative of x by using the chain rule, thus

ẍ = ft(t, x) + fx(t, x)ẋ = ft(t, x) + fx(t, x)f(t, x), (2.58)

where the subscripts denote partial derivation of the function f with respect to the given
variable. This term can now be approximated by expanding f in a Taylor series of two
variables

f(t + h, x + hf) = f + hft + hfxf +O(h2), (2.59)

rewriting this equation gives

ft + fxf =
f(t + h, x + hf)− f(t, x)

h
+O(h2). (2.60)

By applying this approximation to the second order method in equation (2.57) the following
can be deuced:

xk+1 = xk + hkf(tk, xk) +
h2

k

2

f(tk + hk, xk + hkf(tk, xk))− f(tk, xk)

hk
, (2.61)

which is know as Heun’s method and can be written as

xk+1 = xk +
hk

2
(k1 + k2) where k1 = f(tk, xk), k2 = f(tk + hk, xk + hkk1).

According to [8], which also mentions in depth several other numerical methods, the best
known Runge-Kutta method is the classical fourth order version

xk+1 = xk +
hk

6
(k1 + 2k2 + 2k3 + k4), (2.62)
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where
k1 = f(tk, xk)

k2 = f(tk + hk

2 , xk + hk
k1

2 )

k3 = f(tk + hk

2 , xk + hk
k2

2 )
k4 = f(tk + hk, xk + hkk3)

By applying this method to the Bando model of traffic flow several properties of it can be
examined. Some of these properties will be necessary to describe the system on a macroscopic
level, especially in the area of comparing the data generated by the Monte Carlo simulations.

2.7 Random Numbers

True randomness is harder to generate then first perceived, there are not many things that
can easily be measured and have a satisfyingly random order. In the past a common method
was to measure gas bubbles in a liquid, today it is common to use the random decay of a
radioactive substance. In the ideal case such random numbers would be used, however these
numbers are not always easy to come by and they are certainly not free.

A simpler way is to use a pseudo-random number generator, these generators does not give
true random numbers but generate numbers without any apparent order. The most common
method for doing so is using a formula for generating a new number from the previous. The
great fall back of this is that as soon as a number is generated a second time the algorithm
gets stuck in a loop. One of the greatest challenges is thus to generate a set of pseudo-random
numbers without repetition. For this there are a great number of algorithms to choose from,
this is quite good since it is then possible to use two different algorithms to check the generated
data. In this thesis two algorithms have been used and these will be described in some greater
detail below.

2.7.1 Shuffled Linear Congruential Generator

This is a very common and widely used generator which have been thoroughly tested, it was
first introduced by Lehmer (1951). The function used to produce the sequence of pseudo-
random numbers is

in+1 = (ain + c) mod m. (2.63)

Now the greatest amount of random numbers this algorithm can generate is m thus m have
to be made as large as possible. However computers use fixed data types so there is an upper
bound w. Since modulo is used it is note possible to let there be an overflow of the variable
thus a(m + 1) + c < w must be fulfilled. Hence m becomes much smaller then the full size
of the data type that is used. In order to remedy this a shuffling scheme is applied which
greatly increases the set of numbers. In this scheme an array jk of N pseudo-random numbers
is generated with the current algorithm. An additional random integer is generated which is
stored in a variable y. The procedure then follows as:

1. By calculating k = b yN
m c an index, which is between zero and N-1, is generated.

2. The k:th element from the array jk is retrieved and accepted as the random number, y
is also set to jk.

3. The linear congruential generator is used to create a new pseudo-random number and
then jk is set to this number.
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The bxc is called the floor function and returns the rounded down value of x. Now the cycle
have expanded to mN numbers which is almost as good as an infinite amount. The drawback
of this method is that it uses quite a bit of calculations and thus is somewhat slow.

2.7.2 Lagged Fibonacci Generator

This kind of generator is not as commonly used as the one mentioned in (2.7.1). This is
because it has not been quite a thoroughly tested as the linear congruential generator and
thus there can be hidden correlations among the numbers. The benefits of this generator is
that it is fast and can generate quite a large sequence of numbers. The generator can be
described by the general form

in = (in−r ◦ in−s) mod m, (2.64)

where m, r and s are constants and ◦ can be any operator of + (plus),− (minus), x (multiplica-
tion) or

⊕
(exclusive-OR). The equation (2.64) with the exclusive-OR operator is sometimes

called a generalized feedback shift register generator, these however produce rather poor ran-
domness as well as possessing rather short periods unless the constants r and s are very large.
This is certainly a drawback since a huge set of numbers must then be stored. The upside
of the exclusive-OR method is that there is no need to apply modulo to the calculations,
however it turns out that it is unnecessary to use the modulo explicitly even if addition or
multiplication are used as operators. The randomness of the numbers in this generator does
not depend much on the size of m and thus it is possible to choose it to be as large as the data
type. Now the data type can be overflowed and the the overflow can be ignored. By choosing
multiplication it is not possible to have zero as a random number and all generated numbers
are either odd or even. If a zero gets into the generator soon all the values will be zero, also if
just one of the values are even then all values will be even. For the purposes mentioned above
the pseudo-random numbers that will be used in thesis is generated with a lagged Fibonacci
generator with addition as an operator, as a control a shuffled linear congruential generator
will be used.

2.8 Car Collisions

A non trivial problem with the model which is used for analyzing traffic flow is the occurrence
of car collisions. The cars can get arbitrary close together but they can not overlap or pass
each other, if they do so it is said that a collision has occurred. Deciding when one car passes
another is not as simple as it might seem. Since there is a periodic boundary condition applied
on the track that the vehicles exist on the head car will have the last car in front of it. This
implies that the distance between two cars must be measured in regards to which lap around
the track they are at. If the track length is added whenever the distance between two vehicles
are negative it will never be possible to determine when one vehicle passes another. The
solution of the problem is to look how far each vehicle will travel in the next time step. By
looking at the head way of one car to the next and then measuring the speed of each vehicle
it is possible to detect if the behind car will pass through the leading car within the next time
step.

Once a car has passed through another and a collision has occurred it is no longer inter-
esting to measure the data since it no longer holds any physical meaning.
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2.9 Phase Transition

To understand what a phase transition is it is necessary to first define the concept of what
a phase is. A phase is a portion of a system that is homogeneous in its region. An example
is that water mist is not the same phase as liquid water. However there is no problem for
more then one phase to exist with in the same system as long as there is a defining boundary
between them. A two phase system with gas and liquid6 will only coexist if the temperature
of the system is below a critical value τc. Above this critical value there exist only one phase,
this phase passes from gas to liquid without any clearly defined boundary.

BA C

Figure 2.2. A. is pure gas phase, B. is a two phase system, C. is pure liquid phase.

The figure 2.2 shows an isothermal system with various pressures. There will never exist
a system with two phases from zero pressure to infinite pressure. For a fixed temperature and
a fixed number of atoms there will always be some pressure that will reduce the liquid phase
to zero. A water drop on a table will evaporate into the air if the air is dry enough, if the air
on the other hand is saturated with moist the drop will never evaporate.

There are of course some conditions for two phases to exist within the same system. the
conditions are as follows

pl = pg τl = τg. (2.65)

The subscripts denotes liquid phase and gas phase respectively. There is also the condition
that the chemical potential should be equal of the two phases, however this can be expressed
in temperature and pressure. In a general point on the p−τ plane two phases will not coexist,
only along certain coexisting curves do two phases coexist and only in one point do all three
phases exist simultaneously. This point is know as the triple point. In this thesis however
there is never any contact with more then two phases so there will be no deeper analysis of
three phase systems.

The phase transition are separated into two groups when it comes to their transitions.
There is first and second order transitions. In this case the first order phase transitions will
be studied since these transitions may show hysteresis. Second order phase transitions never
show hysteresis and thus are always continuous.

In this thesis it is sought to prove that a vehicle cue can come into existence analogous to
that of a phase separation between a gas and a liquid. The basic thought is that each driver
is regulating the vehicles speed dependent on the vehicle ahead of him as discussed in section

6This is true for systems of solid and liquid as well as solid and gas phases
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2.2. As a simulation progresses the cars will either remain in a free flow state where traffic
moves swiftly or separate into a free flow state and a congested state. If even more cars are
introduced there will only be a heavily congested state with almost no motion at all.

0 1.0 2.5c

0.8

1.0

1.2

b

c
cr

b
cr

Figure 2.3. A phase diagram of the b − c plane for a system with a fixed number of vehicles. The

solid curves describe the stability border for homogeneous traffic with N = 6, 10 and 60 vehicles. The

dotted line describes b(c) as N tends to infinity. This diagram comes from [10].

Figure 2.3 shows borders of stability for different numbers of vehicles. In this diagram b
is the parameter of the Bando model and c is the concentration on the highway, that is the
number of cars divided by the length of the road. The area under the curves is where a phase
separation has occurred. The area in front of the curves represents free flow while the area
behind them is heavy congested traffic. If the parameter b has a high value the transition
from free flowing traffic to heavy congested traffic will be without phase separation. This is
quite similar to the behavior of a diagram showing the τ − p plane. If a temperature is high
enough an increasing pressure will lead to a transition between gas and liquid that does not
yield a phase separation.

The top of the curves in figure 2.3 are all aligned with the same value on the c axle of
the diagram. This is the critical concentration ccr which leads to a smooth transition between
homogeneous flowing traffic and inhomogeneous traffic. This transition can be viewed in the
bifurcation plot which is depicted in figure 2.4. This diagram is made up from points plotted
by a simulation regulated by the Bando model and the numeric calculations are made by the
fourth order Runge-Kutta algorithm (described in 2.6) with N = 60 vehicles on a road of
length L ≈ 35 units. If the c value had been different then that of the critical value there
would have been a discontinuous jump from the homogeneous flow of the traffic to the highest
and lowest velocities at the separation point.
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Figure 2.4. The bifurcation diagram of velocity u against the parameter b of the Bando model. This

plotted for the critical density of N = 60 vehicles.



Chapter 3

Analysis

This chapter contains analysis of different models that have been used. There is also a math-
ematical analysis of the problem from a different viewpoint then the ordinary approach of
this thesis.

3.1 Analysis of First Model

The first model followed the idea that there exists a potential for the optimal velocity which
is dependent on speed. This potential energy could, if it exists, describe the thermodynamical
properties of the congestion on a freeway. The assumption is that it has a physical meaning
and that it can be similar to that of an ordinary potential. Here the typical model is where
energy is equal to distance times force and where force is mass times acceleration thus:

E = Fd = amd. (3.1)

The acceleration is taken to be the difference of optimal velocities one time step apart. This
acceleration is calculated for both the current car and the vehicle behind it since this is also
affected by the change of velocity. The formula for the acceleration can be written as

an = Uopt(∆yn + t∆un)−Uopt(∆yn), (3.2)

where ∆un is the difference between the current vehicles speed and the vehicle ahead of it,
that is:

∆un =
un+1 − un

b
.

un is divided by b because it is a requirement that sprung from when the model was made
dimensionless as stated in section 2.2. t represents the time step in the model and describes
how often a new calculation should be performed. The Uopt function is described in section
2.2 as equation (2.33). As seen from figure 3.1 the plot quickly increases towards its highest
value. Applying the optimal velocity function to the equation (3.2) the result is that:

a =
2∆ynt∆un + t2(∆un)2

[1 + (∆yn + t∆un)2][1 + (∆yn)2]
. (3.3)

Since neither the denominator, t2(∆un)2 nor ∆yn can be negative the only term influencing the
sign, and hence the direction, of the acceleration is ∆un. This means that there is a negative
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Figure 3.1. The optimal velocity Uopt grows as the distance to the car in front ∆x increases. The

growth rate quickly accelerates to a constant growth but declines and approaches 1 as Deltax goes to

infinity.

acceleration if the current vehicle has a higher velocity then the vehicle in front of it, but only
if 2∆yn is greater then t∆un. Plotting equation (3.3) with a time step of t = 0.01 results in
the figure 3.2. From equation (3.3) one can easily deduce that the acceleration becomes small
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Figure 3.2. Plot of acceleration a with regards to the distance to the car ahead ∆y and the velocity

difference ∆u between the current vehicle and the one ahead of it. The time step t is chosen to be

0.01.

if ∆un is small, hence for a low energy the cars strives to have as little difference in speed to
the cars ahead of them as possible. since the time step is short in general it can be said that
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∆yn >> t∆un and because of that it is possible to rewrite equation (3.3) as

a =
2∆ynt∆un

[1 + (∆yn)2]2
. (3.4)

This implies that as the vehicles come further apart the difference in speeds will give a less
substantial effect which can clearly be observed in figure 3.2. By taking the partial derivative
of (3.4) with respect to ∆yn the following can be stated:

2t∆un[3(∆yn)2 − 1]

[1 + (∆yn)2]3
. (3.5)

Setting this equation equal to zero and solving proves that there is a maximum or minimum
value at

∆yn = ±

√

1

3
,

and only one of those roots is acceptable since ∆yn can not be negative. Because the velocity
difference, ∆un, is dimensionless it can only have values between minus two and two, where
minus two represents the vehicles rushing towards each other and two is when they are
speeding away from each other at their maximum velocity. When the acceleration is known it
is just a matter of calculating the distance the vehicle travels in one time step and multiplying
it with the acceleration, as stated in equation (3.2). The distance traveled is the current
velocity multiplied with the time step, thus:

d = t
un

b
.

If it is assumed that the current vehicle and the vehicle in front of it originally share the
same velocity v0 it is possible to calculate the energy for this individual car. By introducing
a velocity change x the following equation can be deduced:

∆un =
un+1 − un

b
=

v0 − (v0 + x)

b
= −

x

b
, (3.6)

which means that ∆un can be used to describe both the current cars velocity and the difference
of velocity by two consecutive cars. Thus the energy for the car becomes

E = −

{
2∆ynt∆un + t2(∆un)2

[1 + (∆yn + t∆un)2][1 + (∆yn)2]

}{
v0

b
−∆un

}

t. (3.7)

Starting the cars with a concentration of c = 1 there will be a distance of one length unit
between each vehicle and the starting velocity will be 0.5. If the energy for one car at different
positions and with various speeds is plotted the result is the graph of figure 3.3. On the ∆un

scale of figure 3.3 −0.5 represents that the vehicle is traveling with the maximum speed of
un = 1. Zero on the ∆yn scale represents that it has the same position as the vehicle ahead
of it. From the graph it is possible to deduce that the vehicle lowest energy is when the car
remains close to the optimal speed v0 and that is slight favor in staying at the distance of one
length unit from the car ahead of it. However the change of velocity does not only affect the
current car but also the car behind it as the distance between these cars is altered as well.
The distance from the following car to the current car, ∆yn−1, can be described as

∆yn−1 = yn+1 − yn−1 + yn.
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Figure 3.3. Plot of energy E with regards to the distance to the car ahead ∆y and the velocity

difference ∆u between the current vehicle and the one ahead of it. The time step t is chosen to be 0.01

and v0 is set to 0.5.

If the cars are equally spaced with a distance l this leads to

∆yn−1 = 2l + yn.

Calculating the acceleration for this car in the same way as in equation (3.2) leads to the
formula:

a = Uopt(2l −∆yn − t∆un)−Uopt(2l −∆yn), (3.8)

and this can be reformulated, as was done with equation (3.3), to the following form:

a =
2(2l −∆yn)t(−∆un) + t2(−∆un)2

[1 + (2l −∆yn − t∆un)2][1 + (2l −∆yn)2]
. (3.9)

Plotting equation (3.9) with l = 1 gives the graph in figure 3.4, in which 2 on the ∆yn scale
implies that the current car and the one behind it are sharing the same position. This plot
is somewhat similar to a mirror image of figure 3.2 which is to be expected since the major
difference in formulas is that ∆yn and ∆un changes signs.

Since it is still valid that, in general, ∆yn >> t∆un equation (3.9) can approximated to

a = −
2(2l −∆yn)t∆un

[1 + (2l −∆yn − t∆un)2]2
. (3.10)

By taking the partial derivation of this with respect to ∆yn and finding the roots of this
equation the resulting critical points of equation (3.10) are found, these are:

∆yn = 2l ±

√

1

3
,
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Figure 3.4. Plot of acceleration a with regards to the distance to the car ahead ∆y and the velocity

difference ∆u between the current vehicle and the one ahead of it. The time step t is chosen to be 0.01

and b is set to 1.

since adding to the 2l term of the equation puts it outside the range of the formula there is
only one valid root and that is if

2l >

√

1

3
.

If it is assumed once again that all cars have a common velocity v0 it is possible to calculate
the energy change for the car behind the current vehicle and thus calculate the energy change
for the entire system, since only two cars are affected by the velocity change in one Monte
Carlo step. The complete formula for the energy becomes somewhat tedious to grasp however
utilizing the approximation equations (3.4) and (3.4b) the following formula for the energy
change of the system can be produced:

E = −

{
2∆ynt∆un

[1 + (∆yn)2]2

(
v0

b
−∆un

)

−
2(2l −∆yn)t∆un

[1 + (2l −∆yn − t∆un)2]2
v0

b

}

t. (3.11)

Plotting the energy for these two cars with l = 1 and v0 = 0.5, the natural starting conditions
when c = 1, the resulting graph is displayed in figure 3.5. The graph in figure 3.5 clearly
shows that there is a problem with this approach. As the car with the modified velocity
comes closer to the car ahead of it the potential energy of the system does not increase but
decreases instead. This leads to the fact that it is more energy conserving for the system if the
vehicle increases its speed and collides with the vehicle in front of it then if the vehicle slows
down. There are several reasons for this, however a main part of this behavior comes from
the second term in equation (3.11). By comparing figures 3.4 and 3.2 it can be deduced that
the acceleration for the behind car is more affected by the velocity change then the current
car is when it gets close to the vehicle ahead of it. When the vehicle with the altered speed
comes close to the car in front of it its acceleration is close to zero. This is due to the fact
that close to zero the curve for the optimal velocity, figure 3.1, becomes less steep and hence
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Figure 3.5. Plot of energy E with regards to the distance to the car ahead ∆y and the velocity

difference ∆u between the current vehicle and the one ahead of it. The time step t is chosen to be 0.01

and l is set to 1 and the common velocity v0 is set to 0.5.

the alterations in position due to the speed fluctuations becomes less dramatic. It can also be
note that the critical point for the acceleration of the behind car is dependent on the spacings
of the cars, the critical point of the affected car is static and will not changes as for example
c increases. The main reason why this model falls short is the fact that the energy decreasing
properties that come from the behind car are larger then the energy increase from the altered
car when it comes close to the vehicle ahead of it.

3.2 Analysis of Second Model

The second model that has been tried share the same ansatz as the first model which was
discussed in section 3.1. The ansatz is that there exists a potential based on the optimal
velocity model mentioned in section 2.2 and that this potential is velocity dependent. The
potential is calculated from the physical fact that force is equal to mass times acceleration and
energy is equal to force applied over a distance. The acceleration in the previous model was
based on two optimal velocity of a vehicle taken a time step apart. There are pure analytical
problems with that model but there is also the fact that the random velocity which the
vehicle is updated with does not enter much into the calculation. It seems reasonable to think
that a velocity dependent potential should rely heavily on the speed of the current vehicle.
This model rectifies that problem by taking the acceleration to be the difference between the
optimal velocity models speed and the true velocity of the current vehicle after one time step.
Like a particle in a lattice the change in energy is only calculated for the closest neighbors
which in this case is the vehicle ahead and behind the current one. The formula for the
acceleration thus becomes

an = Uopt(∆yn)− un, (3.12)
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where ∆yn is difference between the current vehicles position and the position of the vehicle
in front of it. un is the current velocity of the car and Uopt is the optimal velocity function
described by equation (2.33) in section 2.2. The equation (3.12) takes the same form as the
equation that describes the acceleration in the Bando model with the difference that the
equation now is determined by stochastic variables. The simulation thus becomes similar to
that of Euler’s method for numerically solving ordinary differential equations (ODE’s) which
is described by

dy
dx = f(x, y) with y(x0) = y0

k1 = tf(xn, yn)
yn+1 = yn + k1 + O(h2)

.

In this algorithm the t represents the step size that is to be taken, this is equal to the time
step which is taken in the simulation of the model.

There is however a problem with the model for the acceleration given in equation (3.12).
Calculating a energy for a middle vehicle of three consecutive vehicles that are equally spaced
does not result in the energy being the lowest at the optimal velocity. This can been seen
in the figure 3.6 where the energy is calculated for various velocities of a car which has the
distance of one unit to the vehicle ahead of it as well as the vehicle behind it. The lowest
point of the energy curve ends up being almost half the optimal velocity, hence at u = 0.25.
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Figure 3.6. Plot of potential energy depending of velocity of the current vehicle. The vertical axis

denotes the potential energy E of the vehicle and the horizontal axis denotes the velocity u of the

vehicle. The vehicles in front and behind are at a distance of 1 unit from the current car.

Why this error occurs is due to how the calculations of the energy are performed. The
energy is calculated by multiplying the force with the distance the vehicle has traveled in one
time step. The distance the vehicle travels is simply the velocity chosen for it multiplied by
the time step. To avoid the tedious calculations that was performed in section 3.1 an approx-
imation is introduced. When using small values on t the effect that the velocity alterations
have on the optimal velocity are small thus the following approximation is done

∆yn + unt ≈ ∆yn. (3.13)
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This approximation still gives very good results and considering the deviations caused by the
stochastic modeling should not result in any problems. Hence the equation for the potential
energy becomes

E = −

{(
(∆y)2

1 + (∆y)2
− u

)
u

b
+

(
(l −∆y)2

1 + (l −∆y)2
− v0

)
v0

b

}

t, (3.14)

where v0 represents the velocity of both the vehicle in front of and the vehicle behind the
current one. l represents the total distance between the three vehicles and ∆y is the distance
from the center vehicle to the vehicle in front of it after the time step has been taken. Takeing
the derivative of the potential energy with respect to the velocity u yields

∂E

∂u
=

2u

b
−

(∆y)2

1 + (∆y)2
. (3.15)

The minimal value of the potential energy is found by setting (3.15) to zero and solving for
the velocity u. This gives the result that the minimum of potential energy is when

u =
(∆y)2

1 + (∆y)2
b

2
. (3.16)

Hence the minimum is at half the optimal velocity which was shown in the figure 3.6. To
rectify this problem a slight alteration of the model is introduced. Instead of using the full
velocity to calculate the acceleration as in equation (3.12) only half the velocity is used to
compensate for the error which was discussed above. The new model thus is

an = Uopt(∆yn)−
un

2
. (3.17)

Making this alteration to the model yields the desired result which can be seen in figure 3.7
where the optimal velocity for that particular moment is marked with a straight line. The
new equation for potential energy of a single vehicle then become

E = −

{(
(∆y)2

1 + (∆y)2
−

u

2

)
u

b
+

(
(l −∆y)2

1 + (l −∆y)2
−

v0

2

)
v0

b

}

t, (3.18)

As in section 3.1 several graphs over distribution and energy can be produced by introduc-
ing some fixed values for the traffic. A homogeneous flow of traffic will exist if the parameter b
of the Bando model is set to 1 and the density of the traffic c is also set to 1. This means that
there will be a space of one unit between each vehicle thus the l in equation (3.18) is equal to
2 and v0 = 0.5. Plots of these particular values for the potential energy and the distribution
when kBT = 10−3 can been seen in figure 3.8

The energy is at its lowest when the velocity u is close to the optimal velocity which
depend on the distance ∆y to the vehicle in front. In the top figure, which depicts the energy,
it might be difficult to observe the low points of the energy graph but they become the peaks
in the lower distribution graph. There are peaks in the distribution when ∆y = 2 and ∆y = 0
which are the points when the vehicle are almost in contact with either the vehicle behind
it or in front of it, this of course is as expected. However there is also a peak where the
homogeneous flow is stable. Running a simulation with c = 1 and b = 1 would place the
vehicles with a distance of 1 unit between them and a velocity of 0.5 units. At this point
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Figure 3.7. Potential energy depending on velocity of the current vehicle. The vertical axis denotes

the potential energy E of the vehicle and the horizontal axis denotes the velocity u of the vehicle. The

vehicles in front and behind are at a distance of 1 unit from the current car. The vertical line denotes

the optimal velocity for the current vehicle.

a peak in the distribution is found as well which suggests of a stable system at that point.
If instead b = 1 but c = 0.5 there would an unstable system. Plots of the distribution and
potential energy with these values can be view in figure 3.9

Running a simulation with these values of the parameters a congestion would occur on the
highway. The graphs in 3.9 are created with equally spaced vehicles which gives an optimal
velocity of 0.2 units per time step and the length between the vehicles becomes 0.5 units.
There is however no real peak in the distribution graph around those values. The peaks are
instead when ∆y = 2 and ∆y = 0 indicating that the system has the lowest energy at the
extreme values of the optimal velocity. This suggest together with the graphs in figure 3.8
that this model could give the desired results in Monte Carlo simulations.

3.3 Helmholtz Free Energy Depending on Average Cluster

Size

Helmholtz free energy of a single lane road with periodical boundary condition can be cal-
culated depending on the average cluster size. This solution is possible when equilibrium has
come into effect, however the equilibrium state does not need to be stable with regards to
the control parameters of the model. The approach given in this section is different from the
main method of this thesis in that it does not try to calculate the Hamiltonian and hence
the energy of the system on a particle basis. The usual aspect of a Hamiltonian in a many
particle system with different types of particle is described by

H(p
(k)
i , x

(k)
i ) =

∑

k

Hk(pi, xi) =
∑

k

(E
(k)
kin(pi) + E

(k)
pot(xi, xj)), (3.19)
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Figure 3.8. In the top graph the potential energy E is depicted for a single vehicle in a system with

c = 1 and b = 1. The potential energy E is dependent on the distance to the car ahead ∆y and the

velocity u of the current vehicle. The bottom graph shows the distribution of the same system with

the temperature kBT = 10−3.

where k denotes the type of particle that is under consideration. Ekin(pi) denotes the kinetic

energy, usually something like p2
i /2m

(n)
i and Epot(xi, xj) is the potential energy with some

interaction between xi and xj . In the approach described below an approximation is made
which makes it possible to directly calculate Helmholtz free energy from the average cluster
size, instead of trying to integrate over the multi-dimensional field that would be necessary
to find the partition function from the Hamiltonian. To understand how this is done a short
introduction of the master equation is necessary.
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Figure 3.9. In the top graph the potential energy E is depicted for a single vehicle in a system with

c = 0.5 and b = 1. The potential energy E is dependent on the distance to the car ahead ∆y and the

velocity u of the current vehicle. The bottom graph shows the distribution of the same system with

the temperature kBT = 10−3.

3.3.1 The Master Equation

For a given system there is but one equation1 that describes the time evolution of particles
of the system, this equation is known as the master equation:

d

dt
wµ(t) =

∑

ν

[wν(t)P (ν → µ)− wµ(t)P (µ→ ν)] . (3.20)

1This is being true in the sense that it can be stated in a single line, in fact it is a set of equations.
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In (3.20) P (µ→ ν)dt represents the probability for state µ to become state ν in the time dt.
P (µ → ν) are known as the transition rates, they can be time dependent but are general
not. wµ(t) are on the other hand in general time dependent and represents the probability
that the system is in state µ at time t.

This is equation is a cornerstone of statistical mechanics since it deals with probabilistic
solutions rather then deterministic solutions. This is very useful for large systems that exhibit
some well-behaved laws. In general it is found that the states a system can have, that are not
severely unlikely, are quite few. An example of such a system would be a balloon filled with
gas, solving the Hamiltonian for all individual gas particles would be impossible due to the
shear number of equations. But the gas inside the balloon does behave very predictable to
much simpler laws of physics.

For the problem put forth in this thesis only one cluster of vehicles is considered instead
of multiple clusters. This cluster size is dependent of time and denoted with n = n(t) which
is the number of cars in the cluster at a specific time t. The cluster grows and shrinks by
one-step Markov process, that is the stochastic transition between the neighboring states, as
µ = n then ν = n± 1. Described by the master equation (3.20) this can be written as

∂

∂t
w(n, t) = w(n− 1, t)P+(n− 1) + w(n + 1, t)P−(n + 1)− w(n, t)[P+(n) + P−(n)]. (3.21)

The transition rates in this equation are not time dependent and written in a short form
where P+(n) = P (n → n + 1), P−(n → n − 1) and hence P+(n − 1) = P (n − 1 → n),
P−(n + 1) = P (n + 1→ n), a graphical picture of this is shown in figure 3.10.
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Figure 3.10. The one-step transitions from the neighboring states with their transition probabilities.

P
−

(n + 1) denotes the transition probability for state n + 1 to go to state n, P
−

(n) is the transition

probability for state n to go to state n − 1, P+(n) is the transition probability for state n to go to

state n + 1 and P+(n− 1) is the transition probability for state n− 1 to go to state n.

The escape rate from a cluster is determined by P−(n), which is considered to be constant
and corresponds to the average response time for a driver to escape from a cluster when the
road ahead clears up. The constant escape rate can be written as

P−(n) =
1

τ
, (3.22)

where τ is a control parameter of the model. In [10] it was shown that for a road with a
single lane and periodical boundary condition gives rise to single clusters with the attachment
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frequency P+(n), which is given by

P+(n) =
Vopt(∆xfree(n))− Vopt(∆xclust)

∆xfree(n)−∆xclust
. (3.23)

The desired velocity of each car in consideration of its headway ∆x is given by the optimal
velocity function. In this model there are a total of N vehicles traveling on a road of length
L. Each car is said to require a minimal of space and this is given by ` which is slightly
large then the physical length of the car since real bumper-to-bumper traffic never occurs2.
The ∆xfree(n) of equation (3.23) describes the average distance between two consecutive cars
which are not trapped in the cluster. This variable is naturally dependent on the cluster size.
The average distance in between the cars inside the cluster ∆xclust, on the other hand, does
not depend on the size of the cluster. Since ∆xclust is constant ∆xfree(n) can be declared in
the known variables. To do so the length of the total cluster is needed which can be calculated
by

Lclust = `n + ∆xclustS(n) where S(n) =

{
0 n = 0
n− 1 n ≥ 1

. (3.24)

S(n) describes the number of spacing in a cluster of size n. Knowing the size of the cluster
the total length of the road becomes

L = `n + ∆xclustS(n)
︸ ︷︷ ︸

Lclust

+ `(N − n) + ∆xfree(N − S(n))
︸ ︷︷ ︸

Lfree

. (3.25)

However the congestion free length of the road Lfree can be formulated as

Lfree = L− Lclust = L− {`n∆xclustS(n)}. (3.26)

Comparing Lfree from equation (3.25) to that of (3.26) a conclusion about the dependence
of the current cluster size for the the head way in free flow can be made, the dependence
becomes

∆xfree =
L− `N −∆xclustS(n)

N − S(n)
. (3.27)

With the help of this equation it is possible to calculate all the transition probabilities of
(3.23) except in the case of P+(0). This represents the case when one vehicle goes from free
flow velocity to the velocity of Vopt(∆xclust). A single vehicle traveling at this velocity is known
as a precluster and is a state equally likely for any of the N vehicles to enter. An appropriate
anzats for the transition probability P+(O) is

P+(0) =
p

τ
N, (3.28)

where p > 0 is dimensionless and called a the stochastic perturbation parameter or stochas-
ticity. For greater detail of transition rates under the conditions mentioned in this section see
[10]. With the knowledge of transition rates to and from the cluster it is possible to calculate
Helmholtz free energy.

2If there has been a collision then the vehicles can be bumper-to-bumper and beyond but collision are not

dealt with in this thesis.
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3.3.2 Helmholtz Free Energy Calculations

For these calculations the average cluster size is needed, this is denoted by 〈n〉(t), which,
as indicated, is time dependent. With the use of the master equation (3.20) it is possible to
derive a deterministic equation for the mean value. This equation also gives the derivative of
the Hamiltonian with regard to the average cluster size, the equation is formulated as

d

dt
〈n〉(t) =

d

dt

∑

n

nw(n, t) = 〈P+(n)〉 − 〈P−(n)〉 (3.29)

d

dt
〈n〉(t) = −Γ

∂

∂〈n〉
H(〈n〉, t). (3.30)

The Γ represents a constant whit the dimension of one over time and the minus sign is added
to create a well shaped potential. In (3.30) the H represents an energy function which is
dependent on time and the average cluster size.The average values of the transition rates can
be interpreted as force and is known as the relaxation force of the model. So far the equation
is still to complex so an approximation is introduced:

〈P+(n)〉 − 〈P−(n)〉 ≈ P+(〈n〉)− P−(〈n〉), (3.31)

this approximation was introduced by [10].By making the anzats that the energy function H
of (3.30) it is possible to make a formula for Helmholtz free energy:

P+(〈n〉)− P−(〈n〉) = −Γ
∂

∂〈n〉
βF (〈n〉, t), (3.32)

where F (〈n〉, t) represents Helmholtz free energy and the β is a constant to make Helmholtz
free energy dimensionless. When dealing with Helmholtz free energy β is normally set to
β = 1

kBT , however in (3.32) it is still not known if it takes this shape. From this equation
(3.32) it is trivial to see that Helmholtz free energy does not have an explicit time dependence
and to solve the equation it is necessary to know P+(〈n〉) and P−(〈n〉). In the previous sections
expressions were derived for these transition rates where they depend on the cluster size n.
For the average cluster size the headway inside a cluster is judged to be so small3that it can
be disregarded thus (3.23) becomes

P+(〈n〉) =
Vopt(∆xfree(〈n〉))

∆xfree(〈n〉)
(3.33)

and since (3.22) did not have a dependence on cluster size it remains as

P−(〈n〉) =
1

τ
. (3.34)

The distance in between two consecutive cars still depends on the average cluster size, for a
given cluster size this value was given by (3.27). In the case with an average cluster size the
S(n) function becomes 〈n〉 and with removal of the small effect that ∆xclust contributes with
(3.27) it can be written as

∆xfree(〈n〉) =
L− `N

N − 〈n〉
. (3.35)

3in the limit of ∆xclust ≈ 0
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Knowing the attachment and detachment rate of the cluster it is possible to formulate an
integral to find Helmholtz free energy. Since Helmholtz free energy did not have an explicit
time dependence the integral becomes

F (〈n〉) =
1

βΓ

∫ 〈n〉

0
(P−(n)− P+(n))dn. (3.36)

This equation have been solved and formulated into the following result

F (〈n〉)

N
=

1

βΓτ

{

ρ−
b

2

1− c

cd2
ln

( (
1−c
cd

)2
+ 1

(
1−c
cd

)2
+ (1− ρ)2

)}

. (3.37)

The dimensionless variables of this equation are defined as

c =
N`

L
, ρ =

〈n〉

N
, d =

D

`
, b =

vmaxτ

`
.

With this function it is possible to calculate Helmholtz free energy for phase changes at
different values of the control parameters. This shows that there is a connection between
thermodynamics and congestion on freeways and it is possible to perform Monte Carlo sim-
ulations with this equation to find certain aspects of vehicular traffic. However (3.37) does
not give the energy from the position and momentum of the vehicles and is only affected of
the overall behavior of all the vehicles. What other thermodynamic properties that can be
concluded from this equation is still under consideration.
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Chapter 4

Results and Discussion

In this chapter the results of simulations are given as well as some discussion of various error
sources and problems. Suggestions to how the problems can be treated and suggestions of
further research are also given here.

4.1 Results

The first model which was analyzed in section 3.1 fell short since it failed to accurately
describe the correct potential as vehicle density grew. There was no reasonable method to
alter this model so it would describe the desired potential energy thus a second model was
developed. The second model was analyzed in section 3.2 and it was concluded that it was a
good fit and would probably generate the desired results.

To simulate the second model initial attempts were made with the Metropolis algorithm
which is covered in section 2.4. Since a time step is taken at each Monte Carlo step rejecting
a new velocity according to Metropolis will lead to that the vehicle is moved forward with its
initial velocity. As a vehicle moves forward the energy of the system changes even though an
rejection have been made. This is against the principle of the Metropolis algorithm and thus
it was not suitable for the current problem. There might be possible to create an algorithm
similar to that of the Metropolis algorithm to suit the needs for these problems, however there
seem to be very little previous research in this field. To solve this problem the Heat Bath
algorithm, described in section 2.5, was implemented.

To use the Heat Bath algorithm it was necessary to numerically integrate the distribution
function before each time step. The integration is taken over the possible values of velocities
of the vehicle, hence in the dimensionless Bando model this lies between the values −1 and 1.
The calculations of the distributions quadratures1 is a somewhat slow process. The methods
for doing these quadratures suggested in [11] also proved to have limitations when dealing
with narrow peaks. The integral was then instead reformulated as an ordinary differential
equation (ODE). Mathematically this would take the following form

I =

∫ a

b
f(x, y)dx⇒

dy

dx
= f(x), (4.1)

with the boundary condition y(a) = 0 and the value of the integral would be equal to solving
the ODE for the value I ≡ y(b). This made it possible to tackle the problem using a fourth

1Numerical integration
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order Runge-Kutta numerical method which is described in section 2.6. However a small step
size for this algorithm makes calculation extremely slow. This can be somewhat cured by
applying an adaptive step size method but then there is once again the problem with narrow
peaks.
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Figure 4.1. Distributions depending on the velocity u a single vehicle in the system. The distribution

peaks are for a system with c = 0.5 and b = 1, ranging from lower curve of dots to upper curve of a

single line the temperatures kBT of the systems are 10−2, 10−3, 5× 10−4 and 3× 10−4.

In accordance to the Heat Bath algorithm it is required to find the area under the graph
of the distribution depending on the velocity of the vehicle. A plot for various temperatures of
the system can be seen in figure 4.1. At a high temperature the vehicles will not move forward
but rather oscillate around there initial position. This is due to the fact that the peak of the
distribution is spread out over almost all possible choices of velocities. Because of the width of
the peak it is almost equally probable for any velocity to be chosen, thus a random speed gets
chosen for each time step and averaging over this selection the mean velocity will be close to
zero. As the temperature of the system is lowered a peak at the optimal velocity will become
higher and narrower and the choice of speed will oscillate around the optimal velocity within
a smaller range. Cooling the system to a near zero temperature would be approximately the
same as choosing the optimal velocity each time step.

The simulations performed in this thesis only managed to simulate the homogeneous flow.
This is mostly due to problems with the numerical calculations. It proved difficult to perform
computer calculations within a desired time frame and have sufficient cooling at the same
time. As seen in figure 3.9 there are peaks in the distribution around the minimum and
maximum relative placement for the specific vehicle. These peaks suggest that the lowest
energy of the model is located at those positions. However the peak for the optimal velocity
does not grow quite as quickly in between those two peaks. Therefore there will be a larger
margin for the velocity to oscillate in when the system is not in its lowest energy. This means
that the system will appear to be stable in a region where it should not, since the cars will
be given velocities equally distributed around the optimal velocity instead of gently drifting
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towards a phase transition. Further cooling of the model would probably result in that the
peak around the optimal velocity would become narrower and a congested state in a free flow
should emerge.

There are also the results of section 3.3 to consider. The results of that sections shows
Helmholtz free energy depending on the average cluster size when equilibrium has been es-
tablished, the equilibrium however does not have to be stable.

4.2 Discussion

4.2.1 Arising of Multi-clusters

On an arbitrary freeway or highway there can be any number of clusters. This is quite analo-
gous with the example of how a gas phase transitions to a liquid phase by the means of several
drop formations. These multi-clusters arises as well in the optimal velocity model, especially
when several vehicles are involved. These clusters converge slowly to one super-cluster of
vehicles. Since this thesis only examines single cluster congestion there will be no in depth
analysis of this however this can create a problem.

The speed of the cluster is much slower then traffic and hence the congestion will propagate
in the opposite direction of traffic due to vehicles entering and leaving the cluster. In [10] it
is stated at equation (87) that the detachment frequency of a cluster is constant and depend
on the parameter τ as

P (n′ ← n) = P (n− 1← n) ≡ P−(n) =
1

τ
. (4.2)

It is also stated in [10] as equation (126) that the attachment frequency for a single cluster
on a circular road can be described by:

P+ =
1

bτ

uopt(∆yfree(n))− uopt(∆yclust)

∆yfree(n)−∆yclust
, (4.3)

where

yfree(n) =
L/D − yclust(n− 1)

N − (n− 1)
. (4.4)

N in (4.4) is the total number of cars, ∆yclust is the dimensionless distance between vehicles
inside the cluster and n is the number of vehicles in the cluster it self. [10] claims that ∆yclust

is constant and that this have been asserted against measurements. As seen in equation
(4.3) the attachment frequency depends on the distribution of cars in the free flow strip
that surrounds the congestion. Introducing another cluster will disturb ∆yfree(n) making
the entering velocity lower then if there was a single cluster. Since the clusters move counter
directional to the traffic a fast moving cluster will, when in sufficient vicinity of another slower
cluster, start to dissolve. This is due to constant detachment rate (4.2) becomes larger then
number of vehicles entering the cluster. As the cars detach from the slower cluster they do
not have enough time to accelerate and thus enter the next cluster at a slower rate.

A simulation shows, in the upper left corner of figure 4.2, how a somewhat homogeneous
distribution of cars gives cause to several clusters. As time passes some clusters dissolves
according to the principle stated above leaving only two big clusters as seen in the lower left
frame of figure 4.2. The reduction to these two clusters took about 30000 time steps. Since
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Figure 4.2. Propagation of a congestion at different time steps, the system have N = 40 vehicles

and the concentration of the freeway is c = 0.5. The upper left picture shows cluster formation after

5000 time steps, this is followed by the middle upper picture taken at 10000 time steps. The lower

left picture shows the cluster formation after 20000 time steps and the lower right picture shows the

clusters after the simulation have been running for 30000 time steps.

they are almost at equidistant they will have almost identical velocities and it will take a very
long time before they collide. The simplest way to avoid the trouble of several clusters is to
run simulations with fewer vehicles and a smaller track and accept the decline in accuracy
that more vehicles produce.

4.2.2 Evaluation of Integrals

As discussed in the section 4.1 evaluating the integrals has posed a problem. The prob-
lem is somewhat equal whether the problem is posed as quadratures or ordinary differential
equations. Since the quickest computer calculations possible are desired it is necessary to
implement an adaptive step size in the evaluation. This simply means that a larger step will
be taken over part of the integral that are smooth. What is considered to be smooth or not
is judged by error approximations which have a controllable sensitivity. But even with high
sensitivity settings there is a good chance that both methods will miss a narrow peak. Even
with a fixed step size this is possible if the width of the peak is smaller then the step size.

It is possible to estimate the width of the peak by calculating the mean deviation of the
distribution function, but this takes time and still does not explain the shape of the peak or
where it is located. However this could possibly be used in conjunction with the calculations
of the optimal velocity since the peak will be centered around this value. This would perhaps
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result in a method that allows the program to start close to the peak and have a sufficiently
small step size for a good evaluation of the integral value of the distribution function.

4.2.3 Critical Slowing Down

In normal gas to liquid transitions the correlation time mentioned in section 2.3 will increase
rapidly. This phenomenon is known as critical slowing down and have posed a big problem
for the simulation of gas to liquid transition. This problem have recently been solved and
is published in [12]. However the problem is most likely more common to large system and
should not influence the simulations in this thesis to any greater extent. This has however
not been thoroughly analyzed and could prove to be one of the reasons why no clusters were
observed in the simulations.

4.3 Conclusion and Outlook

Some approximations of the model was done in section 3.2 to make it possible to obtain
desired values. These approximation should however be negligible compared to the effect of
the stochastic generation of velocities. It can be concluded that the simulations and analysis of
the model points towards the fact of phase separation in traffic even if this was not observed.
The results of section 3.3 shows that there exists a free energy for different cluster sizes which
also implies the connection between traffic flow and thermodynamics.

There is a great deal that can further be done in this area. A better numerical method for
calculating the integral of the distribution can be developed allowing for further decreasing
of the temperature of the model. There is also the possibility of developing a variant of
the Metropolis algorithm to make it time dependent. This would lead to faster computer
simulations as no integral calculations are needed and the temperature of the system would
probably no longer pose any problem.It is also possible to develop a better model then the one
suggested in 3.2, a model with a deeper potential around the optimal velocity for all values of
velocity would probably give more satisfying results. Another approach would be to continue
with the methods of section 3.3, concluding such quantities as temperature, energy and even
entropy from average cluster size might be possible with this approach.
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