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Abstract

The aim of this thesis is to investigate how the friction between a tire and the
road can be simulated with a so called brush model, and how this simulation
model can be used to improve friction measurements on roads.

A tire has a complex structure that is not suitable for the same analytical
treatment as used for isotropic and solid structures and materials. This thesis
aims towards a way to simulate tire-road friction with a contact model often
referred to as the brush model. The brush model is a contact-simulation model
that is simplified by the assumption that the contact is thought of as an elastic
foundation with a number of springs, or bristles, that deform independently.
The influence from neighboring springs is neglected. This means that the con-
tact calculations can be performed much faster than for more complex contact
models.

In order to calculate the friction forces from a tire, a friction coefficient is needed.
The coefficient should be dependent on the rubber material and the road, and
not on the tire geometry, contact pressure, etc. However, it is only the total
forces (load, longitudinal, and lateral) that can be measured in the tire-road
interface. To calculate the geometry-independent coefficient from the measured
friction forces, a contact model is needed to describe the tire-road interface.

The brush model presented in this thesis could be used for computing a fric-
tion coefficient from forces measured in a road-friction tester. This computed
friction coefficient can be independent of tire size, inflation pressure and load,
and thus be a better measure of the friction in the tire-road interface than a
simple ratio between the tangential and normal force that is often referred to
as the tire-road friction coefficient. A friction tester is a measurement device,
usually equipped to a vehicle, that measures different parameters, for instance
tangential forces (longitudinal or lateral), in order to get knowledge about the
state of the friction between the tire and the road. A friction tester is used by,
for example, transport administrations to get information about current road
conditions, and by tire manufacturers to develop new tires.

Keywords: Tires, hysteresis, grip, friction, limiting friction, traction, slip and
stick zones in a contact area, brush model, friction measurement methods.
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Nomenclature

α Slip angle [deg]

β Half angle of contact [rad]

βi Spring position [rad]

δ Displacement [m]

µ Friction coefficient [-]

ω Angular velocity [rad/s]

a Acceleration [m/s2]

C Contact length [m]

Cα Cornering stiffness [N/deg]

d Distance [m]

Drim Rim diameter [in]

Dtire Tire diameter [mm]

E Kinetic energy [Nm]

F Friction force, Traction force [N]

f Surface traction [N/m2]

Fx Longitudinal force [N]

fx Longitudinal surface traction [N/m2]

Fy Lateral force [N]

fy Lateral surface traction [N/m2]

g Gravity acceleration [m/s2]

I Inflation pressure [N/m2]
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10 NOMENCLATURE

kz Normal stiffness [N/m3]

kxy Tangential stiffness [N/m3]

m Mass [kg]

n Number of divisions of contact length or contact angle [-]

P Normal force, Vertical load [N]

p Normal pressure [N/m2]

qi Positions on tread surface [m]

R Tire radius [m]

Rr Rolling radius [m]

S Slip rate [-]

s Factor of vehicle speed change [-]

t Time [s]

ui Positions on road surface [m]

v Velocity [m/s]

W Work [Nm]

ws Tire section width [mm]

wt Tire tread width (Contact width) [m]

x Denotation of longitudinal direction [-]

xi Spring position [m]

y Denotation of lateral direction [-]

z Denotation of normal direction [-]



Chapter 1

Introduction

If a vehicle is accelerated from 30 to 120 km/h, the speed becomes four times
as high. However, that is not the case with the braking distance. The distance
required to stop the vehicle will be 16 times longer since the kinetic energy of
the vehicle depends on the square of the speed. Kinetic energy is given by

E =
mv2

2
, (1.1)

where E is the kinetic energy, m the mass, and v the speed. To stop the vehicle,
a work of equal amount has to be done by the frictional forces. Work is defined
by the equation

W = Fd, (1.2)

where W is the work, F the force, and d the distance. An equalization of the
work and the kinetic energy, gives the equation

Fd =
mv2

2
. (1.3)

The braking distance is a crucial matter when it concerns road safety. Equation
(1.3) implies that the friction force F has to be increased in order to decrease the
distance d. In other words, the grip between the tires of the vehicle and the road
has to be improved. A vehicle needs grip when braking, when accelerating, when
cornering and, because of such things as rolling resistance, even on a straight
road at constant speed. The grip is affected by factors such as weather condition,
road condition, and tire properties.
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12 CHAPTER 1. INTRODUCTION

1.1 Sliding friction

Whenever two objects in contact either move or tend to move relative to each
other, a force that opposes the movement develops in the contact. This phe-
nomenon is called friction. The word friction comes from the Latin verb frico
[1], with the meaning to rub.

Experience tells us that the friction under sliding conditions is proportional
to the normal force, described as

F = µP, (1.4)

where F is the friction force, P the normal force, and µ a proportionality pa-
rameter. There are more advanced models that give more detailed descriptions
of the friction phenomenon, but this proportionality law works well in everyday
life. This relationship between the friction and the normal force can easily be
checked, see Fig. 1. If a brick-shaped object is pulled over the ground, it is
shown that the friction force is independent of whether the object is standing
or lying, i.e. the friction is independent of the contact area. When testing a
heavier object on the same ground, i.e. increasing the normal force, the friction
is increased by the same proportion. The maximum value the friction force can
obtain is µP . If the applied force is less than µP , the object remains at rest,
but there will yet be friction forces in the contact. Such friction is called static
friction. When the maximum friction force is reached, sliding of the object over
the ground occurs. Friction of that kind is called dynamic friction. The max-
imum value of the friction, µP , is called limiting friction. The proportionality
parameter µ, known as the friction coefficient, depends on the shapes, the ma-
terials and other conditions of both surfaces in contact. The friction force that
acts on an object is directed perpendicular to the normal force, and opposite to
the sliding direction of the object.

Figure 1: Sliding motion. An object is pulled over the ground both lying and
standing. Sliding occurs when the pulling force exceeds the limiting friction. The
friction is then said to be fully developed. The limiting friction is the same in both
cases. P is the normal force, mg the weight of the object and F the friction force.
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1.2 Grip in rolling motions

According to the Oxford dictionary [2], grip is the ability of something to move
over a surface without slipping. It may seem paradoxical that something moves,
and yet not slips, but this is the ingenuity of the wheel, and especially of the
tire. Instead of, as in the example in Fig. 1, fighting the friction in order to
move, the tire converts the friction into something positive. A tire in rolling
motion uses the friction for its actions, whether it is for acceleration, braking,
or cornering, see Fig. 2.

If a vehicle is traveling at constant speed on a straight line, the rubber does
not move in relation to the road. Except for a small movement resulting from
the flattening of the tire, which is further treated in Section 3.5, it is just laid
down and lifted off.1 Friction forces are not present. As mentioned in the pre-
vious section, friction forces act perpendicular to the normal force. To develop
the friction forces needed for grip when changing the speed or direction of the
vehicle, the rubber actually needs to move in relation to the road. Thus, in order
to avoid complete slip of the tire over the road, the tire needs partial slip in the
contact area. If the tangential force exceeds the limiting friction, the tire loses
its grip. Enhanced friction means enhanced grip. Unlike sliding friction, the
contact area is of significance in rolling friction since the contact area consists
of a stick zone where there is no sliding, and a slip zone where there is sliding.
This is further described in Section 3.5.2 Stick zone and slip zone. How grip
between the tire and the road is generated, is described in Section 2.4 Hysteresis
– Why rubber is used in tires. The transmission of tangential forces is described
in Section 3.5 Tangential tractions.

Figure 2: Rolling motion in acceleration. Unlike a sliding object, this object has
the moving direction and the friction force in the same direction. A braking torque
generates a friction force directed opposite to the rolling direction.

1The rubber in road contact does not move in relation to the road during constant vehicle
velocity. The wheel center moves with the same speed as the vehicle, while the uppermost
part of the tire moves with a speed twice the vehicle speed, regardless of the wheel radius.





Chapter 2

The tire

This chapter provides general and basic knowledge about tires. As the only
contact between the vehicle and the ground, a tire must be able to

• carry the load,

• ensure the transmission of driving and braking forces,

• ensure the directional stability of the vehicle.

Important parts of the tire are the carcass of fabric cords, the tread band, the
belt of steel wires that supports the tread, and the beads that fix the tire to the
rim.

The cords can be directed diagonally relative to each other (plies of cord mutu-
ally crossed), or perpendicular to the rolling direction (radially from the wheel
center), which is predominant in passenger-car tires today. The purpose of the
cords is to carry the tensile stresses that the inflation pressure creates. The
belt is an additional reinforcement of steel wire between the cord ply and the
tread with the purpose to increase the ability to resist peripheral loads from, for
example, driving and braking. The internal inflation pressure presses the tire
bead with great force against flanges of the rim so that the tire, by friction, is
capable of transmitting the driving and braking forces from the drive shaft to
the ground contact area. The bead contains an annular reinforcement of thin
steel wires in which also the cords are anchored.

There are many different types of tires. Tread pattern and rubber compound
varies significantly between tires for different purposes, for example, summer or
winter use. Choosing the right tires can improve the vehicle handling, increase
the safety, and reduce wear significantly.

The development of the tire is continuous, including tread pattern, cord ma-
terials and rubber compounds.

15



16 CHAPTER 2. THE TIRE

2.1 History of rubber

Long before rubber was known in Europe, it was used by the people in Central
and South America. The material came from the sap (latex) of a tree called
caoutchouc. It was first brought to Europe in the 18th century by the French
scientist Charles Marie de La Condamine2 (1701–1774) [3, 4]. Joseph
Priestley, (1733–1804), an English chemist, theologian, etc., suggested in 1770
that the material should be called rubber since it could be used to rub off pencil
marks [4]. Thus, the word rubber has the same origin as the word friction.

Untreated rubber never became largely used, however, since it becomes sticky
in warm weather, and hard and brittle in cold weather [3, 5]. A Scottish chemist
by the name Charles Macintosh (1766–1843), discovered that naphtha (coal
tar oil) dissolved rubber into a liquid. He used his liquid to make waterproof
cloths [5, 6]. His raincoats, called mackintosh (spelled with an extra k) became
famous. Macintosh patented his invention in 1823 [3, 7]. A few years later,
Charles Goodyear, (1800–1860), an American without any scientific educa-
tion, started to experiment with the raw rubber, with the intention to solve
the problem with the stickiness [5]. In 1839 he accidentally spilled a mixture of
rubber and sulfur on a hot stove. When he started to scrape it off, he realized
that the rubber had lost its stickiness. He had there and then discovered the
vulcanization process, a process that gives elastic properties to the rubber. The
process is named after Vulcan, the Roman god of fire [6, 7]. From then on,
rubber held the properties it needed to become the widely used material it is
today.

Rubber can either be natural or synthetic. Natural rubber can be extracted
from many different plants. The most important is the Hevea brasiliensis tree.
Chemically spoken, natural rubber is the polymer of isoprene, polyisoprene.
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2In the 1730s, The French Academy of Sciences sent two expeditions, one to South America
near the equator and one to the Torne Valley near the polar circle in northern Sweden, to
measure the length of a meridian degree. The purpose was to solve the scientific controversy
about whether the earth was flattened at the poles or at the equator. La Condamine was a
member of the South American expedition. A comparison of the measurements showed that
the earth is flattened at the poles.
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2.2 History of the tire

In the first half of the 19th century, rubber began to be used around wheels
to improve the travel comfort. The rubber worked as a damper. A Scottish
engineer and inventor by the name Robert William Thomson (1822–1873)
came up with the idea that a cushion of air between the road and the wheel
would improve the travel by horse-drawn carriages even more [3]. His tire was
a rubber tube filled with air inside a protective cover of leather. He patented
his invention of the pneumatic tire in 1845 [8]. Despite the advantages of the
pneumatic tire, Thomson’s tire did not become commercial. He was ahead of
his time. Later on in the 19th century, the bicycle started to become common.
The bicycle had a major shortage, however. It was not pleasant to ride over the
cobblestone streets with a bicycle with wheels of iron [6]. John Boyd Dunlop
(1840–1921), a Scottish veterinary surgeon, reinvented the pneumatic tire when
he, to make his son’s tricycle more comfortable, came up with the idea to use
an air-filled garden hose as a tire [9]. Dunlop developed his idea and patented a
reinvention of the pneumatic rubber tire in 1888. The pneumatic tire was now
commercial. In 1891, two French brothers, engineer André Michelin (1853–
1931) and painter Édouard Michelin (1859–1940), improved the pneumatic
bicycle tires by making them detachable. Rubber had been introduced to the
Michelin family by Elizabeth Pugh Parker (1809–1859), a niece of Charles
Macintosh. She was married to a cousin of André and Édouard’s grandfather.
In 1895, the brothers transferred the detachable tires into automobiles [3, 7].

2.3 The rubber compound

The rubber of a tire contains several ingredients: both synthetic and natural
rubber, reinforcing fillers like carbon black and silica, sulfur, antioxidants, etc.
The vulcanization process makes the rubber elastic by linking the long rubber
polymers together by sulfur molecules. After the vulcanization, the rubber is
able to return to its initial shape after it has been distorted. Carbon black
increases the wear resistance, and gives the tire its color. The color protects the
tire from the degradation effect of ultraviolet rays [3]. Silica (silicon dioxide),
obtained from sand, is used to lower the rolling resistance without affecting the
grip capability [3, 10]. This is done by modifying the viscoelastic behavior of the
rubber. (This type of rolling resistance caused by hysteresis is treated in Section
2.9.) Silica also gives the rubber compound an improved wear resistance.

2.4 Hysteresis – Why rubber is used in tires

As mentioned, rubber works as a damper. Rubber is a viscoelastic material
meaning that it possesses properties of both a viscous liquid and an elastic
solid. If a piece of rubber is deformed and then released, it does not return to
its initial shape directly. It takes a certain time. This delay is called hysteresis.
The word hysteresis comes from a Greek word meaning lack or shortage [11].
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So, this is another shortage that the tire uses as something positive. It is hys-
teresis that causes the damping, and also the grip. As the tire rolls over the road
surface, in combination with some tangential movement, the rubber bumps into
rough spots on the surface and adapts to the shape of the rough spot. Because
of the hysteresis, it does not immediately return to the initial shape when it has
passed the roughness. This asymmetrical deformation of the rubber around the
rough spot creates a tangential force component directed opposite to the sliding
direction. Thus, thanks to hysteresis, grip between the tire and the road has
been generated.

Hysteresis, and by that also the grip, is dependent on temperature, as illus-
trated in Fig. 3. This is why there are different tires for winter and summer
use. At lower temperatures, the rubber is rigid and brittle. Increasing tempera-
ture increases the mobility of the polymers. The mobility enables the rubber to
adapt to the shape of the road roughness. The rubber behaves more viscously
and the hysteresis increases. As the temperature continues to rise, the increas-
ing mobility allows the material to more quickly return to initial shape when
it has passed a rough spot, i.e. the hysteresis diminishes and by that also the
asymmetrical deformation that generates grip. A winter tire has a tread rubber
compound that is made to have the maximum hysteresis at a low temperature,
while a summer tire has its maximum hysteresis at a higher temperature.

Hysteresis is also influenced by the frequency at which the force is applied,
as illustrated in Fig. 4. An application of force is for instance when the rubber
hits a road roughness. Compared to the temperature, the frequency affects the
rubber in the opposite way. At low frequencies, the deformation of the rubber
occurs slowly and the rubber has got time to deform along with the applica-
tion and release of the force, i.e. the hysteresis is low. At high frequencies, the
rubber does not have any time to return to its initial shape when the force is re-
leased, and the rubber material will behave rigidly. The hysteresis is maximum
somewhere in between. The frequency at which the tread rubber is encountered
by road roughness, is found by dividing the sliding velocity with the distance
between the rough spots. (The sliding velocity is the difference between the
vehicle velocity and the wheel rolling velocity.) Hence, the road surface texture
is important for the frequency. The distance varies from 1 µm to 1 cm [10].

Besides grip generation through road roughness, there is another grip-generating
mechanism in the tire-road contact, the molecular adhesion. Adhesion arises
from intermolecular bonds (van der Waals bonds) between the rubber and the
road surface. Bonds between the two surfaces form, stretch and then break.
With relative movement between the road surface and the rubber, a friction
force is generated. The rubber has to be in direct contact with the road for
adhesion to work, i.e. the road has to be dry. Water separates the tire from the
road surface, and no intermolecular bonds can be formed. Hysteresis is impor-
tant also in grip generation by adhesion.
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Friction is as mentioned independent of contact area. Because of microscopic
roughness of the surfaces, there is a distinction between apparent and real con-
tact area. If the object in Fig. 1 is standing, the apparent contact area is smaller
than if the object is lying. The real area is, however, approximately the same.
Because of the surface roughness, the contacting surfaces are in real contact only
in a number of spots within the apparent area. Since the contact pressure is
higher if the object is standing, there will be more and larger contacting spots,
and the real area will hence approximately be the same.

Temperature
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s

Operating range of tread rubber

Figure 3: Temperature dependence of hysteresis. The temperature at which hys-
teresis is maximum, is different for different rubber compounds. Tires for winter use
have the maximum hysteresis at a lower temperature than tires for summer use.

Frequency
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Figure 4: Frequency dependence of hysteresis. The frequency at which force is
applied, affects the rubber in the opposite way compared to the temperature param-
eter. The optimum range for generation of grip is where the hysteresis is maximum.
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2.5 Tire dimensions

On the tire sidewall, there is information about for instance maximum load,
maximum inflation pressure, date of fabrication and tire size. Figures 6–8 show
examples of sidewall markings. The dimensions of the tire are given by a com-
bination of numbers, for example, 185/60 R 15, as for the tire in Fig. 6. The
first number, 185, is the section width in millimeters. The section width is the
maximum (unloaded) width of the tire, sidewall to sidewall. A schematic illus-
tration is shown in Fig. 5. The second number, 60, is the aspect ratio (height
to width ratio), given in percentage:

Aspect ratio =
Section height

Section width
· 100. (2.1)

Thus, the height of the tire outside the rim is, in this example, 60 % of 185 mm.
If the aspect ratio is omitted, a ratio of 80 is aimed [12]. The last number, 15,
is the rim diameter in inches. (1 inch = 25.4 mm) The letter R indicates that
the tire is of radial construction. More about that in the following section. The
diameter of the tire is the sum of the rim diameter and two section heights,

Dtire = 2 · ws ·
aspect ratio

100
+ Drim · 25.4, (2.2)

where ws is the section width and Drim the rim diameter. The diameter of the
tire in Fig. 6 is then 2 · 185 · 0.60 + 15 · 25.4 = 603 mm. (This is the unloaded
diameter.)

Figure 5: To the left a schematic tire side, and to the right a schematic cross
section of a tire. The section width is the maximum width of the tire.
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Figure 6: Size designation on the sidewall of a tire. The width is 185 mm. The
section height is 60 % of the width. The rim diameter is 15 inches. The R denotes
that the tire carcass is of radial construction.

Figure 7: Size designation on a diagonal tire from 1961. The section width is 5.90
inches (150 mm), the rim diameter 15 inches. The aspect ratio is not given.

Figure 8: Information about reinforcement materials in a tire. This tire has one ply
of polyester cord that extends radially from bead to bead. The tread is strengthened
with three steel wire plies and two plies of fabric cord.
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2.6 Radial and diagonal tires

The tire is strengthened with high-strength fabric cords, nowadays of for in-
stance polyester or polyamide, that together with the beads build up the carcass
of the tire. The beads, i.e. the two inner edges of a tire, consist of steel wires
in which the cords are fastened. The cords can be directed in different ways.
There are mainly two types of constructions: the radial and the diagonal. The
latter is sometimes called bias-ply or cross-ply. The diagonal construction was
previously in general use. In a diagonal tire, plies of cords are extending from
one bead over to the other bead crossed over each other.

The radial construction was introduced by the French company Michelin in
1946 [3]. The advantages of the radial construction became more and more
recognized, and the radial tires gradually replaced the diagonal tires. Practi-
cally all passenger-car tires are nowadays of radial construction. The cords in
a radial carcass are extending radially from bead to bead, i.e. the shortest way
across the tire. Since radial cords, because of their orientation, are not able
to bear circumferential tensions, and also provide poor directional stability, the
radial tires have a belt with plies of fabric cord and steel wire under the tread.
Figure 9 shows a burnt tire with exposed steel wire plies. The wires are not
directed along the circumference of the tire. Instead, the plies of steel wire,
usually two or three, are placed so that the wires form a network. The cord
materials and the number of plies are given on the tire sidewall, see Fig. 8.

2.6.1 Advantages of radial tires

The radial construction, with the flexible fabric cords in the sidewalls, and
the belt of steel wire plies under the tread, provides a total separation of the
functions of the sidewalls and the tread area. The sidewall of a radial tire is
more flexible than a sidewall of a diagonal tire. This gives a softer ride. The
belt stabilizes the tread and keeps it flat on the road, despite lateral deflections
of the tire in cornering. The diagonal construction, without the belt, allows
the tread to roll sideways during cornering. The belt gives the tire a more
rectangular cross section. Therefore, the tread of a radial tire does not need to
deform as much during the deformation into a flat shape in the road contact.
Hence, the belt provides less tread wear. The numerous superimposed plies in a
diagonal tire rub against each other during rolling, and cause overheating of the
tire. The heating in a radial tire is slighter, which means it can run at higher
speeds. Figure 10 shows a comparison between the external looks of a diagonal
tire and a radial tire. The radial construction allows the tire to be wider without
increasing the section height. That is, the aspect ratio can be made lower. As
shown in Fig. 7, the aspect ratio for the diagonal tire is not given. The height
and the width are much dependent on each other in a diagonal tire. The radial
construction offers a greater variation in aspect ratios, and it is of interest to
specify both section width and height. The section width of a radial tire, as
mentioned introduced by a French company, is specified in a metric unit.
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Figure 9: Remains of a tire. The rubber and the fabric cords are burnt away. Left
is the belt of two steel wire plies and the annular steel wires of the bead.

Figure 10: A diagonal tire to the left, and a modern radial tire to the right. The
cross section of the diagonal tire is rounder than it is of the radial tire. The belt
under the tread in a radial tire gives the tire a more rectangular cross section.

Summary of the advantages of radial tires:

• Total separation of the functions of sidewall and tread area.

• Improved vertical flexibility which gives a better ride comfort.

• The tread lies flat on the road surface.

• Higher wear resistance and lasts longer.

• Heat build-up is smaller and can therefore run at higher speeds.
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2.7 Winter tires

The Finnish tire manufacturing company Nokian tires (Nokian is the genitive of
Nokia, a town in the southwest of Finland.) made the first winter tire in 1934.
It was a tire designed for trucks to replace snow chains. In 1936 Nokia intro-
duced the very first winter tire for a passenger car, the so called Hakkapeliitta3

tire. This tire had a tread pattern designed to deal with soft road conditions.
The name Hakkapeliitta is still used for winter tires made by Nokian tires [13].

An important difference between a winter and a summer tire, is the rubber
compound. The rubber compound in winter tires is made to have the max-
imum hysteresis at low temperatures, while summer tires have the maximum
hysteresis at higher temperatures. There are also differences in tread pattern be-
tween them. There are two main types of winter tires: studded and non-studded
tires. The studless winter tires are sometimes called friction tires. Studded tires
became popular in Scandinavia and in North America in the 1960s.

On icy roads around 0 ◦C, studded tires have better grip properties than stud-
less [14]. Studded tires have a severe disadvantage, however. They tear up road
material that causes a large amount of PM10 (particles with a diameter less
than 10 µm) in the air that is unhealthy to inhale. This is a problem especially
in larger cities with closely spaced buildings and more traffic [15]. Studies (from
2007) show that road traffic causes 59 % of the PM10 in the air in Stockholm.
87 % of the PM10 that is caused by the road traffic, are particles from road ma-
terial that is torn up by studs [16]. The limit for PM10 in the air is regulated
by a directive from the European Union that Sweden, as a member state, is
obligated to implement. Sweden exceeds the limit in many cities. The Swedish
Transport Administration (Trafikverket) is responsible for the construction, op-
eration and maintenance of all state owned roads in Sweden, and its ambition
is to reduce PM10. This is a challenge for the research and development of road
surface material and tires. A more wear resistant road surface and a reduction
of the use of studded tires are desired. The fact that studded tires generally
have better grip properties than studless tires in treacherous road conditions,
puts greater demands on the studless winter tires, and also on the friction mea-
surements on the winter roads. The right actions for skidding prevention have
to be taken. Another advantage with studded tires is shown in Fig. 11. The
studs roughen the snow or ice on the road, and thereby provide a better grip for
all kinds of tires. If no studded tires at all were used, the winter roads would
become polished.

Winter tires on passenger cars are mandatory in Sweden if winter road con-
ditions prevail between December 1 and March 31. Studded tires are permitted
between October 1 and April 15, with the exception of some total prohibitions

3Hakkapeliitta was a term for a Finnish cavalryman in the Swedish army during the Thirty
Years’ War in the 17th century. They were called hakkapeliitta because of their war cry
“hakkaa päälle”, roughly translated as “beat them!”
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in streets in larger cities. During the rest of the year, studded tires are permit-
ted only in case of winter condition, or if winter condition is presumed. Studless
winter tires are legal the whole year around, and can therefore be mounted ear-
lier in the winter season. They are, however, not recommended to be used in
any other condition than in winter since they are designed to be used in cold
weather, and have their maximum hysteresis at winter temperatures. Therefore,
they have reduced grip capability in summer temperatures. They also wear more
than summer tires in warm temperatures since their rubber compound is softer.
In addition, their tread pattern is different from a summer tire pattern.

Figure 11: A typical winter road surface in northern Sweden. Hard-packed snow
has started to become roughened by tire studs.

2.8 The tread pattern

The tread is the part of the tire that makes contact with the road. The tread
of a passenger-car tire has a pattern of grooves, blocks and thin so called sipes
to improve grip properties in wet or snowy road conditions, see examples of
patterns in Fig. 12 and 13. The tread pattern is essential because a passenger
car must be prepared for changing road and weather conditions.

One of the purposes with the pattern is to reduce the risk of aquaplaning.
Water works as a lubricant and separates the tire from the road surface. The
tread grooves either store the water, or transport the water away, so the tread
can grip the road surface. The thin slits, the sipes, which are cut into the tread
blocks, help to transport the water to the grooves. Additionally, the edges of
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the sipes and the blocks break through the residual film of water that has not
been dispersed or stored [10]. The depth of the tread has to be at least 3 mm
during winter road condition for passenger cars. The tread depth for summer
tires has to be at least 1.6 mm, but the recommendation is a tread depth of at
least 3 mm [17]. The tread pattern often has a certain rotational direction. The
direction is marked on the tire sidewall with an arrow.

Figure 12: A tread pattern of a studded winter tire. The tread blocks have cor-
rugated sipes. This tire has a certain rotational direction, here pointed downwards.
The “arrowhead” must reach the road surface first, so the “arrow grooves” can
transport water or sleet away from the tire-road contact.

Figure 13: A tread pattern of a summer tire. This pattern has no preferred rota-
tional direction.
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2.9 Normal pressure distribution

As a result of the load, the tire is flattened at the contact area, shown in Fig. 14.
The total load is hence distributed over an area. If the tire had been a sim-
ple thin-walled rubber casing, the pressure distribution would be uniform and
equal to the inflation pressure. The stiff tread, however, concentrates the pres-
sure against the center of the contact [18] (chapter 8.8 Pneumatic tyres). As
described in Section 2.4, rubber is a viscoelastic material. Because of the hys-
teresis, the viscoelasticity has an influence on the pressure distribution while
the tire is in rolling motion. Figure 15 shows a pressure distribution of a non-
rolling tire. The pressure is distributed symmetrically on both sides of the
dotted centerline. However, while rolling, the rubber in the front half of the
contact is compressed, while the rubber in the rear half is relaxed. A viscoelas-
tic material relaxes more slowly than it is compressed. This results in a normal
pressure distribution that is shifted forward, as in Fig. 16. The normal resul-
tant force will be located in the front half of the contact area, and this causes a
rolling resistance. This hysteresis-caused rolling resistance is also described in
[18] (chapter 9.4 Rolling contact of viscoelastic bodies), in [19] (chapter 10 Me-
chanics of force generation) and in [20] (chapter 2.4 Friktion i rullande kontakt).

While the grip-generating properties described in Section 2.4 is a great advan-
tage of hysteresis, this rolling resistance is a downside. Even though both these
mechanisms are caused by hysteresis, the tire manufacturers have a possibility
to distinguish between these two since the mechanisms operate at different fre-
quencies. Hysteresis is as mentioned dependent on stress frequency, see Fig. 4.
The rolling resistance is caused by structural deformations of the tire that oc-
cur at a frequency of about 15 Hz (approximate number of wheel rotations per
second if the vehicle speed is 100 km/h). The grip generation is dependent on
tread surface deformations that occur at frequencies between 103 and 106 Hz
(road roughness) and between 106 and 109 Hz (adhesion) [10]. Because of the
frequency dependence of the hysteresis, this shift of the pressure distribution is
dependent on rolling speed.

Figure 14: A passenger-car tire on the Avan ice road, one of three public ice roads
in Norrbotten. The flattening of the tire in the contact area is apparent.
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Figure 15: The normal pressure distribution of a non-rolling tire. (Or of a perfectly
elastic material in rolling motion.) The distribution is symmetrical around the dotted
centerline, and the normal resultant force is located at the center of the contact.

Figure 16: The normal pressure distribution of a rolling tire. The distribution
is shifted forward. The normal resultant force is located to the left of the dotted
centerline, in the leading half of the contact area. This generates a rolling resistance.



Chapter 3

Contact calculations

How the contact forces (normal and tangential) are distributed across the con-
tact area, is a classical problem in the subject of contact mechanics. The distri-
bution depends on the shapes and the deformation characteristics of the bodies
in contact. There are different methods to use to obtain the distributions. The
calculations can be greatly simplified by using a model introduced in 1867 by
the German civil engineer Emil Winkler (1835–1888) in his book Die Lehre
von der Elasticität und Festigkeit. The simplification in this model lies in the as-
sumption that the contact is thought of as an elastic foundation with a number
of springs that deform independently. The influence from neighboring springs is
neglected. This can be demonstrated with the desk toy in Fig. 17. The model
can be applied in both normal and tangential direction. In tangential direc-
tion, the model is often referred to as the brush model. This Winkler model is
described in Johnson [18].

Figure 17: The contact as an elastic foundation with independent springs, can be
illustrated by this desk toy with pins that move independently of each other.

29
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3.1 Input values

The first step is to determine the input values. The needed input values here
are:

• Tire radius R

• Contact width wt

• Total wheel load P

• Contact length C, or inflation pressure I

The tire radius and the contact width can be found by direct measurements. In
practical problems, it is usually the total load that is specified. How the contact
length depends on inflation pressure, wheel load and contact width, is treated
in the following section.

3.2 The contact area

All objects are deformed, more or less, in the contact area. In tires, this defor-
mation is apparent, as seen in Fig. 14. The load flattens out the tire to develop a
contact area so that the pressure multiplied by the area evens out the load. The
wire-reinforced tread that is stiff and lies flat on the ground, results in a contact
area that is roughly rectangular with slightly rounded ends. The contact width
is constant and equal to the tread width [18] (chapter 8.8 Pneumatic tyres).
A doubling of the load doubles the contact area if the inflation pressure is un-
changed [19] (chapter 10 Tires). Since the contact width is constant, a doubling
of the area implies a doubling of the contact length. Hence, a doubling of the
load means a doubling of the contact length. Therefore, the contact length, C,
depends on other factors as

C =
P

I · wt

, (3.1)

where I is the inflation pressure, wt the contact width and P the wheel load.
(Vertical load is the negative of the normal force, i.e. the load is the force that
acts on the road by the tire.)

The mean contact pressure is equal to the inflation pressure. The pressure
is not uniformly distributed over the contact. This means that the maximum
contact pressure is higher than the inflation pressure. Equation (3.1) implies
that the maximum contact pressure is 1.5 times the inflation pressure with a
pressure distribution as in Fig. 15.
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3.3 Geometry

The tire is considered to be cylindrical. The load is therefore equally distributed
across the contact width wt. Since the load is not equally distributed over the
contact in longitudinal direction, a geometry of the displacements has to be
found. In Fig. 18, R denotes the radius of an undeformed tire. Rr is the rolling
radius, i.e. the distance from the road plane to the wheel center at right angle
from the road plane. C is the contact length. The central angle of the circular
sector in Fig. 18, i.e. the angle between the leading and the trailing position of
the contact, is

2β = 2 arcsin
C

2R
. (3.2)

To determine the geometry and create the model springs, the angle 2β is divided
into smaller angles as

βi = β − i ·
2β

n
, (3.3)

where i = 0, 1, ..., n. The smallest angle is 0, and the two widest angles have an
absolute value of β. Each angle emanates from the centerline in Fig. 18.

The geometry in Fig. 18 is a simplification. In reality, the rubber outside the
position b and c would also be deformed when the tire is compressed. This gives
a longer contact length.

3.4 Normal pressure

The model states that the contact pressure p at any point depends only on the
normal elastic displacement δz at that point, thus

p(x, y) = kzδz(x, y), (3.4)

where kz is the stiffness of the foundation, i.e. the stiffness of the springs in the
foundation. This is defined in Johnson [18] (chapter 4.3). First of all kz and δz

have to be determined. Later on p is used to find the limiting friction.

3.4.1 Normal displacement and stiffness

The displacement in normal direction is denoted δzi and is derived geometrically
as

δzi = R cos βi − R cos β
︸ ︷︷ ︸

Rr

, (3.5)

with variables according to Fig. 18. The second term on the right side of the
equation is the rolling radius Rr. The pressure and the compression of the foun-
dation can be used to determine the elasticity of the foundation, in accordance
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with Eq. (3.4). The spring pressure pi is not yet known, but if the total load
and the cross-sectional area of the springs are known, the sum of all the spring
pressures is also known. The spring stiffness is hence

kz =
n∑

i=0

pi

δzi

=
P

(C/n)wt

∑n

i=0 δzi

(3.6)

where (C/n)wt is the cross-sectional area of the springs. Both δzi and kz are
now known, and pi can be found,

pi = kzδzi. (3.7)

Along with a friction coefficient, pi is used to determine the limiting friction.

Figure 18: A schematic illustration of the tire geometry. The compressed tire
creates a contact area with side length C. This is, however, a simplification since
the rubber outside position b and c also will be deformed.
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3.4.2 Alternative solution

There is an alternative solution to Eq. (3.5). The normal displacements for
a two-dimensional contact (two-dimensional because of the equally distributed
pressure in y-direction in a contact between a cylinder and a flat surface) can
be expressed as

δzi(x) =
(C/2)2 − x2

i

2R
(3.8)

according to Eq. (4.57) in [18]. The contact length is divided as

xi =
C

2
− i ·

C

n
(3.9)

where i = 0, 1, ..., n. Equation (3.8) inserted to Eq. (3.4) gives the spring pres-
sure,

pi(x) = kz

(C/2)2 − x2
i

2R
. (3.10)

The total load P is given by a summation of the pressures multiplied by the
cross-sectional area of the springs,

P =
n∑

i=0

pi(x) · wt∆x. (3.11)

The spring width is here denoted ∆x. This is a Riemann sum. By letting ∆x
approach zero, i.e. letting the number of subintervals increase to infinity, the
Riemann sum becomes an integral. The limit of a Riemann sum is a definite
integral.

lim
n→∞

n∑

i=0

pi(x) · wt∆x = wt

∫ C

2

−
C

2

p(x)dx (3.12)

Integration over the contact length gives the total load P ,

P = wt

∫ C

2

−
C

2

p(x)dx =
kzwt

2R

∫ C

2

−
C

2

((C/2)2 − x2)dx =
kzC3wt

12R
. (3.13)

Since the total load, the radius, the contact length and contact width are known,
the foundation stiffness kz can be found as

kz =
12P R

C3wt

. (3.14)

The stiffness in Eq. (3.14) and the displacement in Eq. (3.8) are then used in
Eq. (3.4) to find the normal pressure distribution. Equation (3.14) differs from
Eq. (3.6) by approximately 0.5 % in computations.
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3.5 Tangential tractions

As mentioned in the introduction to Chapter 2, a tire must develop longitudinal
forces for braking and acceleration, and lateral forces for cornering. The forces
are transmitted from the tire to the road by surface tractions,4 which because
of friction arise in the tire-road contact.

On the analogy of the elastic foundation model for normal pressure, the tangen-
tial surface traction at any point depends only on the tangential displacement
at that point. The model in tangential direction is often called the brush model
since the model can be thought of as a brush with bristles that deflect inde-
pendently. The brush model is described in Johnson [18] (chapter 8.7 Elastic
foundation model of rolling contact).

The tangential tractions are resolved into a longitudinal and a lateral com-
ponent. Longitudinal tractions act in the road plane parallel to the intersection
of the wheel plane with the road plane, or in other words, in the direction of
the wheel heading. Lateral tractions act in the road plane perpendicular to
the intersection of the wheel plane with the road plane, see Fig. 19. Lateral
tractions are present whenever the directions of wheel heading and wheel travel
do not coincide, for instance in a curve.

Figure 19: Schematic illustration of the longitudinal and lateral forces. The direc-
tion of the wheel heading does not coincide with the direction of the wheel travel.
This gives rise to a lateral force.

4The word traction is derived from the Latin word tractio. The verb form is traho, with
the meaning to pull or drag something. Traction as a word element is used in English words
such as subtraction, kontraction and attraction. Train and tractor have the same origin [11].
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3.5.1 Tangential displacement

When a vehicle is accelerating, braking or cornering, the rubber of the tire moves
relative to the road. The tangential surface displacement is the difference in
traveled distance between the two surfaces in contact. According to the brush
model, the two surfaces are divided into n parts. A number of contact points,
qi, on the tread surface of an undeformed tire are located at the following arc
lengths from position b (or c depending on rotational direction) in Fig. 18:

qi = i ·
2β

n
· R, (3.15)

where i = 0, 1, ..., n. A number of contact points, ui, on the road surface are
located at the following distances from position b (or c):

ui = i ·
C

n
, (3.16)

where i = 0, 1, . . . , n. The longitudinal displacements, δxi, of the bristles in the
model are then

δxi = s · qi − ui, (3.17)

where the factor s is due to the change of vehicle speed (acceleration or braking).
Table 1 shows the meaning of different values of s. A negative s is not interesting
since it would mean that the vehicle is reversing. The wheel is free rolling if s is
equal to 1, i.e. no application of a driving or braking torque. In that case, the
displacements are due only to the deformation of the tire into a flat shape in
the road contact. The largest displacement, δxn, is then simply the difference
in length between the arc bc and the chord bc. The displacement is zero when
contact begins, and increases linearly further into the contact area.

Table 1: Values for factor s
s > 1 acceleration
s = 1 free rolling

0 6 s < 1 braking

If there is an angle, α, between the direction of wheel heading and the direction
of wheel travel, as for instance during cornering, lateral displacements,

δyi = δxi · tan α, (3.18)

will also be present. The total tangential surface displacement of each bristle is
then,

δi =
√

δ2
xi + δ2

yi. (3.19)
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3.5.2 Stick zone and slip zone

As the brush model states, the tangential surface traction fi, is expressed as

fi = kxyδi, (3.20)

where kxy is the stiffness of the foundation in tangential direction, and δi the
tangential surface displacement in Eq. (3.19). The traction developed by each
bristle increases from the leading edge of the contact area towards the trailing
edge, proportionally to the displacement, until the limiting friction is reached.
When the traction reaches the limiting friction, the bristle starts to slide over
the road surface. Hence, the contact area is divided into a stick zone at the
leading part of the contact, and a slip zone at the trailing part. The slip zone
spreads forward with increasing tangential force until the slip zone has reached
the leading edge and covers 100 % of the contact area, and complete sliding
occurs, see Fig. 20.

Equation (3.20) is hence only valid for tractions in the stick zone. Tractions
in the slip zone is equal to the limiting friction. Thus, supplemented with slip
zone tractions, the tangential traction in the contact area is expressed as

fi =
{

kxyδi, stick zone
µpi, slip zone

(3.21)

where µpi is the limiting friction. The pressure pi is defined in Eq. (3.7). The
longitudinal and lateral tractions are then

fxi = fi · cos α (3.22)

and

fyi = fi · sin α (3.23)

respectively. The total traction force is found from the sum of the tractions in
both stick and slip zone multiplied by the cross-sectional area of the bristles:

F =
C

n
· wt

n∑

i=0

fi =
C

n
· wt

[
∑

i∈stick

kxyδi +
∑

i∈slip

µpi

]

. (3.24)

From this follows that in the case where the slip zone covers 100 % of the con-
tact, the total traction force F is equal to µP , as in Eq. (1.4), i.e. the maximum
traction that can be achieved. As Newton’s second law states, F = ma, where
m is the mass and a the acceleration, both braking and acceleration are limited
by the limiting friction, presuming there is adequate power from the engine.
Therefore it is important that the friction is as high as possible.

The longitudinal traction force is

Fx =
C

n
· wt

n∑

i=0

fxi, (3.25)
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and the lateral traction force is given by

Fy =
C

n
· wt

n∑

i=0

fyi. (3.26)

The friction can be used for longitudinal or lateral force, or a combination of
the two, but the total vector of the two can in no case exceed the limiting friction.

As mentioned, it is when accelerating, braking and cornering the tire moves
(slids) in relation to the ground. Sliding causes wear on the tread. To save the
tires from wearing out quickly, a passenger car should be driven smoothly, not
rally-style with numerous changes in speed and direction. A tire that travels at
constant velocity has only a small slip zone.

3.5.3 Slip rate

The rate of slip is defined as

S =
v − Rrω

v
, (3.27)

where v is the vehicle speed, Rr the rolling radius of the wheel, and ω the
angular speed of the wheel. The numerator is the sliding velocity. S multiplied
by 100 gives the slip rate in percentage. When the vehicle accelerates, the wheel
rolling speed, Rrω, becomes larger than the vehicle speed v. When the vehicle
brakes, the rolling speed is lower than the vehicle speed. To compensate for the
difference in speed, the wheel slids some of the distance traveled. The slip rate
represents the proportion of the total distance that is covered by sliding. If the
angular speed is zero, the wheel is locked. If the wheel is locked, and the vehicle
continues to travel, sliding represents 100 % of the distance traveled. Table 2
explains the meaning of different values for S. Equation (3.27) can of course
be defined so that the acceleration slip is positive instead of the braking slip.
Braking is vital for vehicle safety and therefore chosen to be positive here. The
slip rate is not the percentage of slip zone in the contact area.

Table 2: Values for slip rate, S
S > 0 braking slip
S < 0 acceleration slip
S = 0 free rolling
S = 1 wheel locked

S→ −∞ wheel spin, vehicle speed zero
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Figure 20: Complete sliding occurs when the limiting friction is reached. δx(slip) is
the maximum deformation without slipping. This curve applies to braking torque.
The curve does not cross zero because of the flattening of the tire in the contact
area. The curve is identical for both braking and driving torque, except for the
starting point. The flattening is positive for the braking process, and negative for
the acceleration. Partial slip is also called micro-slip.

3.5.4 Slip rate influence on grip

Generally, in order to obtain the highest possible friction, the tires must first of
all own the properties most suitable for their specific use. The rubber compound
is made to have the maximum hysteresis at temperatures within the operating
range of the tire, as seen schematically in Fig. 3. Hysteresis is, as mentioned
in Section 2.4 and 2.7, dependent on temperature. This also means that the
friction coefficient is going to drop as the temperature rises with increasing slip
rate. (The kinetic energy that is lost via friction is converted into heat.)

Figure 21 illustrates how the friction depends on slip rate and road conditions.
Initially, force builds up quickly and linearly with increasing slip rate until a
peak is reached. At the peak, the tire has reached most of the available traction
force that it can achieve. The rate of the force build-up becomes less steep
since the contact pressure in the rear half of the contact drops off. From then
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on, heating comes into play, and the friction coefficient descends. The stiffer
the tread is, the faster the peak friction is reached. This is illustrated by the
initial slope of the curve. Racing tires that are made to be fast on dry roads,
and therefore have a thin tread and next to no tread pattern, reach their peak
friction at slip rates of 2 to 3 % [10]. Passenger-car tires, with no possibility for
a pit stop and a quick tire change, need to be more durable and prepared for
a sudden rain. Therefore, they must have a thicker tread and a tread pattern.
These two circumstances lower the tread stiffness, and thereby a passenger-car
tire reaches the peak friction at slip rates of approximately 5 to 15 % [10]. In
Gillespie [19], a magnitude of 10 to 20 % is mentioned.

At a slip rate of 100 %, depending on whether it concerns acceleration or brak-
ing, the wheel either spins or is locked. The ABS (anti-lock braking system),
which is installed in many passenger cars, does not allow lockup of the wheels.
The ABS releases the brakes when lockup is about to occur, and keeps the tire
to operate near the highest friction coefficient. The tire is thereby able to gen-
erate grip forces for cornering throughout the entire braking process. At 0 %
slip rate, the friction is not quite zero. (Not illustrated in Fig. 21.) This is due
to the small slip caused by the flattening of the tire in the contact area.

Figure 21: Friction as a function of the slip rate for six different road conditions.
The friction can vary greatly between different road conditions, as well as within a
certain road condition. The slope of the initial phase of the curve is dependent on
the stiffness of the tire tread. This is taken from [21] (The Norwegian Public Roads
Administration).
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3.5.5 The tangential stiffness

The determination of a suitable tangential stiffness kxy for the model, is often
the tricky part of the contact calculations. This could be done by comparing the
model with experimental data. For instance, the following three experimental
data is mentioned in [10]. These could be used to determine a stiffness that
satisfies the model.

1. The deformation of the tire into a flat shape when rolling, causes a rolling
resistance that “helps” the braking. For a passenger-car tire, the traction
force F is approximately 1 % of the load P at a slip rate of 0 %. Hence,
F/P is approximately 0.01 at 0 % slip rate in the curve in Fig. 21 (though
not illustrated).

2. The peak friction is reached at approximately 5 to 15 % of the slip rate.

3. The slip zone in the contact area covers approximately 75 % of the contact
area at a slip rate of 10 %.

3.5.6 Slip angle and lateral force

The slip angle, α, is the angle between the directions of wheel heading and
wheel travel. As mentioned earlier, a slip angle is always accompanied by a
lateral force. The relationship between the slip angle and the lateral force, Fy ,
of both a rolling tire and a locked wheel, is shown in Fig. 22.5 It follows from
the treatment in Section 3.5.2 Stick zone and slip zone, that the lateral force of
a locked wheel (sliding covers 100 % of the distance traveled) is µP sin α, where
P is the total wheel load (denoted Fz in Fig. 22).

The lateral force behavior of a rolling tire is similar to the behavior of the
longitudinal force, described in Section 3.5.4, since it is the same mechanisms
that take effect. The force builds up quickly and linearly with the first degrees
of slip angle, until a maximum is reached at a slip angle of around 15◦ to 20◦

[19]. 4◦ to 7◦ is mentioned in [10]. From then on, the lateral force decreases as
the sliding increases in the contact area.

The degree of slip angle at which the force is maximum depends on the tire
construction, the rubber compound, the road surface and the inflation pressure.
At larger angles, the rolling tire approaches the behavior of a locked wheel. Or-
dinarily, a passenger car does not use more than 2◦ slip angle on the open road,
and no more than 5◦ in town [10]. At low-speed cornering, the tire does not
need any slip angle at all.

5According to definitions by SAE (Society of Automotive Engineers), a negative slip angle
produces a positive lateral force (to the right) on the tire. For that reason, the slip angles in
the left illustration in Fig. 22 are labeled negatively. (For the same reason, slip angles in the
right illustration should also have been negative.) This implies a negative Cα. However, SAE
defines Cα as the negative of the slope, so Cα takes on a positive value [19].
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The relationship between slip angle and lateral force is as mentioned linear
at small angles. This is shown to the right in Fig. 22. Since the relationship is
linear, the lateral force at small slip angles can be described by

Fy = Cαα (3.28)

where Cα is the proportionality parameter. Cα is called the cornering stiffness,
and determines the lateral force a tire will produce at a certain (small) slip
angle. Cα is affected by many variables, for instance tire size, tire type (radial
or diagonal), tread pattern, load and inflation pressure. Figure 23 illustrates
how the cornering stiffness is dependent on load, aspect ratio and rim diameter.

Figure 22: Lateral force as a function of slip angle for both a rolling tire and a
locked wheel. The total wheel load is here denoted Fz . A close-up of the linear
part of the curve for a rolling tire, is shown to the right. The illustrations are taken
from Fig. 6.2 and 10.12 in Gillespie [19].

(a) Lateral force versus vertical load. (b) Cornering stiffness versus vertical load.

Figure 23: The slip-angle dependence of the lateral force in (a) corresponds to 14”
rim size and 70 % aspect ratio in (b). The illustrations are from Fig. 6.3 in [19].
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3.6 Required number of bristles

In order to obtain sufficient accuracy for the traction force calculations, the
number of bristles has to be chosen well enough. Figure 24 illustrates the
number of required bristles in the model. The number needs to be sufficient for
all combinations of input, degree of slip, etc. Thanks to the simplicity of the
brush model, there is no need to keep the number low. The model is effective
even if the number of bristles is large.
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Figure 24: The result from the contact force calculations is not stable if the bristles
are too few.
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3.7 Summary of the contact calculations

Normal and tangential contact calculations can be summarized as follows. De-
pending on what is known, and what is to be calculated, the order may need
to be changed. References to calculations and treatments concerning this thesis
are given. The calculations in this thesis are made in Matlab, see appendix
for program code.

1. The input values. Find out what is known from the beginning.
Section 3.1.

2. A prediction of the shape of the contact area. In this case, rectangular.
Section 3.2.

3. Find out how the area grows in size with increasing load. Equation (3.1).

4. Description of the geometries of the contacting surfaces. In this case a
cylindrical tire and a plane road, where the tire is the only surface that
deforms. Section 3.3.

5. Calculation of the normal displacements. Equation (3.5) or (3.8).

6. Determination of the stiffness in normal direction.
Equation (3.6) or (3.14).

7. Calculation of the magnitude of the normal pressure, according to the
Winkler model. Equation (3.7).

8. Calculation of the tangential displacements. Equation (3.19).

9. Determination of the stiffness in tangential direction. Section 3.5.5.

10. Calculation of the magnitude of the tangential surface tractions, according
to the brush model. Equation (3.22), (3.23) and (3.21).

11. Calculation of the traction forces. (Longitudinal, lateral and total.)
Equation (3.25), (3.26) and (3.24).





Chapter 4

Road friction measurements

To measure friction means to measure different parameters and use them to
calculate the friction coefficient, µ. Friction measurements on roads are done in
order to examine grip properties in different weather and road conditions. This
chapter presents different test methods [21, 22].

4.1 Braking distance

By measuring the braking distance of a locked (fully braked) wheel, a sliding
friction coefficient can be found. Equation (1.3) and (1.4), with the normal force
replaced by mg, give

mv2

2
= µmgd, (4.1)

where m is the mass of the vehicle, g the gravity acceleration, d the braking
distance and v the velocity when braking is started. µ released from Eq. (4.1)
gives the equation used in this method:

µ =
v2

2gd
. (4.2)

Thus, the parameters that need to be measured here are the velocity at the time
braking is started, and the length of the braking distance.

4.2 Deceleration

By measuring the deceleration, an average friction coefficient over the distance
can be calculated. By Eq. (1.1) and (1.2), the energy equation is expressed as

mv2
1

2
= Fd +

mv2
2

2
, (4.3)
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where m is the mass of the vehicle, v1 the velocity when braking starts, v2 the
velocity when braking stops, F the friction force and d the distance traveled
from braking start to braking stop. If Eq. (1.4) is used, Eq. (4.3) becomes

mv2
1

2
= µmgd +

mv2
2

2
, (4.4)

where µ is the friction coefficient and g the gravity acceleration. Since d can be
expressed as

d =
v1 + v2

2
· t, (4.5)

where t is the braking time, Eq. (4.3) becomes

v2
1

2
−

v2
2

2
= µg

v1 + v2

2
· t. (4.6)

This gives the final expression for the friction coefficient:

µ =
v1 − v2

gt
. (4.7)

Since deceleration is defined as the difference in velocity divided by time, µ is
actually equal to the deceleration divided by g.

Parameters needed to be measured in this method are the velocity when braking
starts, the velocity when braking stops, and the braking time.

4.3 Slip rate

Another method is to measure the friction at different slip rates. Slip rate is
defined in Eq. (3.27). This can be done in three ways:

• By a chosen constant slip rate. Usually a slip rate between 10 and 20 %.
A constant slip rate can be obtained by letting the measuring wheel, have
a different diameter than the rest of the wheels in the measuring vehicle
[23]. The diameter is chosen to result in a certain predetermined slip rate.

• By measuring the complete braking process, from the free-rolling wheel at
0 % slip rate to the locked wheel at 100 %, as in Fig. 21. By measuring
the complete slip-curve, it can be obtained how the friction changes with
varying slip rate.

• By letting a measuring wheel have a constant slip angle, as for instance
in the RT3 that is described in the following section.

The load and a tangential force (longitudinal or lateral) are needed in these
measurements. According to Eq. (1.4), the friction coefficient is obtained as

µ =
F

P
, (4.8)

where P is the total load, and F the tangential force. The torque of the hub is
measured to give a tangential force so that a friction coefficient can be calculated.
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4.4 RT3

The RT3 (Real-time traction tool) is a friction-measurement device developed
by Halliday Technologies [24]. RT3 is used by transport administrations in for
instance Sweden. The RT3 is also used for tire development and testing pur-
poses. As mentioned, friction varies with weather, season, road surface qualities,
etc. An awareness of the prevailing road conditions is therefore necessary. The
RT3 measures friction by letting a measuring wheel have a constant slip angle.
The measuring wheel has a force sensing hub. Changes in lateral friction force
between the tire and the road surface, is measured at the hub by a load cell
placed in the axial force measuring direction. Ballast weight is used to create
a constant vertical load. Constant vertical load provides a simple measurement
of the friction value, i.e. a linear relationship between the friction value and the
axial force. The friction value computed in RT3 is called HFN (Halliday friction
number). The scale varies from 0 to 100 where 0 represents no force between
the tire and the road, and 100 represents the force between the tire and the
road if the tire is run on a dry road surface without surface contamination. The
friction value is displayed continuously and directly, in real time, for immediate
awareness of the road condition.

There are four variants of the RT3. Figures 25–27 show the RT3 unit Curve
attached to a passenger car. The RT3 Curve has two measuring wheels, each
with a slip angle of 1.5◦, aligned so they are not parallel. By that, the RT3
Curve can measure friction also at curved or cambered roads.

Figure 25: The RT3 Curve has two measuring wheels and one supporting wheel in
the center. The supporting wheel is raised during measurements. The slip angle of
1.5◦ is hardly noticeable.
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Figure 26: Transport mode of the RT3 Curve. The measuring wheels are raised.

Figure 27: The measuring wheels has a force sensing hub. A load cell is placed at
the hub and measures the lateral friction force between the tire and the road.
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4.5 Friction measurements on ice road

There are three public ice roads in Norrbotten that the Swedish Transport Ad-
ministration (Trafikverket) is responsible for. One of them leads across the Lule
river at the village of Avan. The other two lead across the Kalix river at the
village of Rödupp, and over the lake Djupträsket at the village of Boheden.

Two friction tests were made at the Avan ice road. The weather condition
during the test day was cold and sunny. The temperature was around −15 ◦C.
The ice was dry. One test was performed by the RT3, and the other was made
manually using a simple test device with a piece of rubber attached to the un-
derside. The rubber was cut off from a tire. The device was pulled over the
ice, with different weights placed on top of it, both on the roadway and on a
rougher ice surface outside the actual roadway. Only two separate measurements
were made on the rougher ice. However, the result of these two measurements
clearly indicates a friction coefficient that is higher than the coefficient derived
from the measurements on the smoother surface. The results of these tests are
shown in Fig. 28. The RT3-test on the roadway indicated an HFN of 18. A
Japanese research group [25] has shown that the HFN can be converted into a
sliding friction coefficient as µ = 0.0124 · HFN − 0.0529. (An HFN of 100 is
hence approximately 1.19.) Using this equation, an HFN of 18 results in a µ
of 0.17. Considering that the manual measurement method is not very precise,
this corresponds well with the manual test that resulted in a µ of 0.18.
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Figure 28: The friction coefficient, µ, for two different tire-road contacts. Each
dot represents one single measurement. The slope of the line approximation is the
friction coefficient. This corresponds well to the friction coefficients in Fig. 21. The
smoother ice surface is the roadway surface.
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Results and discussion

Figures 29–34 show plots of the normal pressure pi, the limiting friction µpi,
the unlimited surface traction kxyδi according to Eq. (3.20), and the surface
traction fi as defined in Eq. (3.21). The rolling direction of the tire is to the
left. The normal pressure is distributed symmetrically around the centerline.
The shift of the pressure distribution, treated in Section 2.9, has not been taken
into account. The tire surface and the road surface are both considered smooth.

Figure 29 shows a free-rolling tire. The traction force that is caused by the
tire deformation is a rolling resistance, approximately 1 % of the wheel load
[10]. This means that if the vehicle is braked by this rolling resistance only, the
braking distance would become 100 times longer than if the vehicle was fully
braked (total braking force µP ), presuming that µ is approximately 1.

If the tire is subjected to a speed change, as in Fig. 30, the slip zone increases.
The tire in Fig. 31 is subjected to a speed change that corresponds to the same
slip rate as for the tire in Fig. 30. The slip zone is smaller because of lower tread
stiffness. The traction force, which is illustrated by the area under the traction
curve, is also lower. Hence, according to Newton’s second law, F = ma, the
acceleration, or deceleration, is lower. (m is equal.) That is why racing cars
have stiffer tires than passenger cars, as described in Section 3.5.4.

When the slip zone covers the whole contact area, as in Fig. 32 and 33, complete
slip occurs. The tire uses its maximum grip. Figure 33 illustrates a tire-road
contact under the condition of a smooth and dry icy road. The friction coeffi-
cient during these conditions is around 0.2, see Fig. 21 and 28. The tire is more
prone to lock or spin when the coefficient is low.

The tire in Fig. 34 is subjected to both a longitudinal force and a lateral force.
A slip angle of 25◦ is in everyday life a very high slip angle. A passenger car
needs a slip angle of only a few degrees. The available traction force can be
used in either longitudinal or lateral direction.
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Figure 29: A free-rolling tire. The vehicle is traveling at constant velocity. The
stick zone covers almost the complete contact. The very small slip zone is due to
the deformation of the tire into a flat shape. The traction force that is caused by
the deformation is approximately 1 % of the wheel load.
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Figure 30: This tire is subjected to a speed change. There is partial slip in half the
contact area, but complete slip has not occurred.
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Figure 31: This tire has a lower tangential stiffness than the tire in Fig. 30. The
maximum available traction is reached slower. The tire is subjected to a speed
change corresponding to the same slip rate as the tire in Fig. 30.
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Figure 32: The contacting points have all reached the limiting friction, and com-
plete slip has occurred. The traction curve coincides with the limiting friction. The
traction force, illustrated by the area underneath the traction curve, is equal to µP .
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Figure 33: The friction coefficient is around 0.2, which corresponds to icy road
conditions. Complete slip has occurred. The traction force that is available for
acceleration or braking is µP , and compared to the conditions in Fig. 32, four times
lower.
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Figure 34: This tire is subjected to a speed change, and also a slip angle that gives
rise to a lateral force.
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5.1 Parameter study

A parameter study has been done to investigate the impact a certain parameter
has on the tangential forces, see Table 3. A parameter is a quantity that is
constant for a given process, and yet can be given a different value in another
process. Thus, an intermediate form of a constant and a variable. This param-
eter study is purely theoretical. In reality, there are many mechanisms to take
into account, and all these parameters interact to achieve an optimized perfor-
mance of the vehicle. The first two mentioned parameters, µ and P , increase
the maximum available traction if they are increased. Regarding the other pa-
rameters, the maximum available traction is fixed, determined by µ and P . In
these cases, the arrow denotes whether the proportion of the maximum available
force is increasing or decreasing. (If the slip zone is increasing or decreasing.)

Table 3: The effect a certain parameter has on the tangential forces if the parameter
is increased while all other parameters are unchanged.

Parameter (inc.) Long. force, Fx Lat. force, Fy Total force, F
Friction coefficient, µ ⇑ ⇑ ⇑

Wheel load, P ⇑ ⇑ ⇑

Tang. stiffness, kxy ⇑ ⇑ ⇑

Slip angle, α ⇓ ⇑ ⇑

Contact width, wt ⇓ ⇓ ⇓

Aspect ratio ⇓ ⇓ ⇓

Rim diameter, Drim ⇓ ⇓ ⇓

Inflation pressure, I ⇓ ⇓ ⇓

Friction coefficient
The friction coefficient, µ, is directly related to the traction force by Eq. (1.4).
The coefficient should be has high as possible to achieve high grip. As discussed
in Section 2.9, the mechanism behind grip, hysteresis, also causes a rolling
resistance. Grip is generated by tread surface distortions, while the rolling re-
sistance is due to structural deformations of the tire during rolling. In order
to maximize the grip and minimize the rolling resistance, the stress-frequency
dependence of hysteresis could be used. This dependence is illustrated in Fig. 4.

Wheel load
The load is also directly related to the traction force by Eq. (1.4). A higher load
results in a higher limiting friction, i.e. a higher possible traction force. On the
other hand, a higher mass increases the kinetic energy as described by Eq. (1.3).
This could increase the acceleration distance if there is not adequate power from
the engine. Equations (1.3) and (1.4) imply that the braking distance can be
shortened by either reducing the speed, increasing µ, or increasing the normal
force without an increase in mass. Racing cars have aerodynamic devices such
as wings that push the car to the ground to increase the normal force.
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Figure 23(a) shows typical examples of how lateral force varies with load. As
seen in Fig. 23(b), the cornering stiffness versus load curve is concave down.

Tangential stiffness
The tangential stiffness kxy in Eq. (3.20), determines how fast the maximum
available longitudinal or lateral force is reached. If the stiffness increases, the
available traction could be reached faster, and hence the upward pointing ar-
rows in table. This is illustrated by a comparison of the areas under the traction
curve in Fig. 30 and 31. The tire in Fig. 30 is stiffer than the tire in Fig. 31. As
mentioned in Section 3.5.4, racing-car tires are stiffer than passenger-car tires
in order to make the most out of the potential of the engine.

Slip angle
Increasing slip angle, α, increases the lateral force and decreases the longitu-
dinal force according to Eq. (3.22) and (3.23). The total force increases with
increasing slip angle since the total surface displacements in Eq. (3.19) are a
combination of the longitudinal and lateral displacements. Thus, a larger slip
zone. In reality, the lateral force increases only up to a slip angle of approxi-
mately 15◦, and then decreases with increasing slip, see Fig. 22.

Contact width
An increased width reduces the contact length because of the relationship in
Eq. (3.1). The forces are strongly dependent on Eq. (3.20), and a reduced con-
tact length reduces the displacements in Eq. (3.17) and (3.18). The result is
reduced forces. If the width is increased without a change in length, the re-
sult would be increased forces because of the multiplication with the contact
width in Eq. (3.24)–(3.26). An increase in width, with remained tire diameter
(lower aspect ratio), will in general result in a greater cornering stiffness, Cα [19].

Aspect ratio and rim diameter
Increasing aspect ratio and rim diameter will both increase the total diameter.
This means that the arc bc in Fig. 18 will be shorter, if the chord bc (i.e. the
contact length) remains the same. Thus, the displacements in Eq. (3.17) and
(3.18) will be shorter, and the tangential tractions in Eq. (3.20) smaller. This
results in reduced forces. In comparison with the other parameters, changes in
aspect ratio or rim diameter provide only little change in force.

The downward pointing arrows for aspect ratio and rim diameter are valid if the
contact length is unchanged. In reality, all parameters interact. The tires are
designed to match the purpose of the vehicle. Larger tires usually have higher
load capacity, and the contact length depends of course on load and inflation
pressure. Larger tires also have a longer maximum possible theoretical contact
length. A vehicle with very small wheel diameter can not be driven with the
same speed as a vehicle with larger wheel diameter since the angular wheel speed
would become very high. This could result in a centrifugal force that the tire
may not resist.
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As seen in Fig. 23(b), a higher aspect ratio reduces the cornering stiffness.
Tires with low aspect ratio have a quicker and more precise cornering behav-
ior. Racing cars have wider and lower tires, while passenger cars, to be more
comfortable, have tires with higher aspect ratio. Also seen in Fig. 23(b), an
increased rim diameter increases the cornering stiffness. That is, if the total
diameter is unchanged, i.e. a lower aspect ratio.

Inflation pressure
An increased inflation pressure shortens the contact length because of the re-
lationship in Eq. (3.1). This results in reduced displacements according to
Eq. (3.17) and (3.18), and thereby a reduced proportion of the available force.
The reduced force in this case means a reduction in rolling resistance.

It is important for the safety of the vehicle that the inflation pressure is correct.
The pressure should optimize the performance of the tire. It is the inflation
pressure, together with the load, that determines the deflection of the sidewalls.
The sidewalls do not function as they should if the inflation pressure is too low.
Underinflation makes the tire less stable. Because of more tire deformation, an
underinflated tire increases the temperature and the wear of the tire. The fuel
consumption will also increase. There is also a risk that the tire loses contact
with the rim. Underinflation increases also the risk of aquaplaning because of
the lower contact pressure.

The tire must not be overinflated either. Overinflation reduces not only the
contact length, it may also reduce the contact width. Because of the reduced
contact with the road, overinflation may cause handling problems. If the infla-
tion pressure is correct, the entire tread width is in contact with the road. A
deviation from this causes an abnormal wear of the tire. Also underinflation
causes deviation from the tread flatness.

On hard surfaces such as a paved road, the rolling resistance will be lower
thanks to higher inflation pressure because of the reduced deformation of the
tire. On soft surfaces such as sand, a higher inflation pressure results in in-
creased ground penetration, and thereby a reduced traction. In order to reduce
the ground penetration on soft surfaces, the contact pressure should be low. In
general, increased traction on sand is obtained by lowering the inflation pressure.

Increasing inflation pressure results in increasing cornering stiffness for passenger-
car tires [19] (Gillespie, chapter 10 Cornering properties).
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5.1.1 Summary of parameter study

The summary of this parameter study is that grip in a tire-road interface is
strongly influenced by the area of contact. The contact length and width are
crucial for the grip capability. As mentioned in Section 1.2 Grip in rolling
motions, the rubber needs to move in relation to the road to generate grip,
and the rubber needs an area to do it. It is easy to understand that a vehicle
with wheels that do not produce a larger contact area to the road, for instance
old iron wheels, do not grip very well. This is also the case with a railroad
locomotive, which needs a high weight to produce enough traction to pull a
large load. The optimal size of the contact area depends on several factors such
as load and road condition. If the area is too large, negative mechanisms such
as rolling resistance come into play.
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5.2 Model limitations

The purpose of the brush model is to provide a simple approximate solution in
situations where other theories would be difficult. The difficulty arises because
the displacement at any point in a contact surface depends on the pressure
distribution throughout the whole contact. This difficulty is avoided if the con-
tact is modeled by the brush model that sets up the contact as a foundation
of springs or bristles, and ignores the interaction between them. The contact
pressure at any contact point then depends only on the displacement at that
point. The contact calculations can thereby be done much easier and faster.
The compliance of the two surfaces involved in the contact (in this case only the
tire that deforms) is not so well modeled with the brush model though, since
the deformations outside the contact is neglected.

The difficulty of the brush model is to identify the stiffness of the bristles since
this stiffness does not directly correspond to any geometry or material parame-
ter of the simulated system. The easiest way to find an appropriate value of the
stiffness is to compare simulated results with measurements from real systems.
A calibrated model can however simulate the behavior of various systems and
operating conditions of similar type.

5.3 Further improvements

Further improvements in accuracy can be made. A more accurate contact pres-
sure distribution in both longitudinal and lateral direction, would give an im-
proved model. In this thesis, the tire is considered to be cylindrical with equally
distributed contact pressure in lateral direction. In reality, the pressure is higher
in the sidewall area than further into the contact. The distribution also depends
on aspect ratio and tread pattern. Road roughness should also be included in
the contact calculations to increase the accuracy.

The tangential stiffness is in this thesis the same in both longitudinal and lateral
direction. As mentioned here, the tread pattern has an influence on the stiff-
ness. Since the pattern does not look the same in both directions, the stiffness
is different for longitudinal and lateral direction.





Chapter 6

Conclusions

A tire-road contact is difficult to simulate since a tire behaves much differently
from other commonly simulated materials and structures because of the com-
plex structure of the tire, including the pneumatic pressure and the steel belt.
In this thesis a contact model, often called the brush model, has been evalu-
ated as a computational-efficient alternative to traditional contact models on
the tire-road contact. The brush model has been shown to effectively simulate
the tire-road contact, and a parameter study has been performed to investigate
how different tire properties influence the traction.

The brush model makes it possible to compute a non-geometry dependent fric-
tion coefficient between the tire rubber and the road, even in cases when only
the total normal and tangential force from the tire-road interface is known.
This makes the model useful to evaluate measured friction data from various
road-friction measurement devices using, for example, the technique of a braked
wheel or a constant slip angle. A road-friction tester can only measure the total
forces (load, longitudinal or lateral) from the tire-road interface which has non-
uniform contact conditions. The measured ratio between the total longitudinal
and normal force is not suitable to be used as a tire-road friction coefficient
since it is dependent on the test method as well as the geometry of the tested
tire.

The friction coefficient calculated with the brush model from the measured
forces is independent of tire dimensions and inflation pressure as well as test
method, and is therefore a good measure of the tire-road friction.
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MATLAB code

% Tire dimensions

w_s = 185 % Tire section width [mm]

aspr = 60 % Tire aspect ratio [%]

D_rim = 15 % Rim diameter [in]

w_t = 0.001*w_s*0.80 % Tread width [m], ≈ 80 % of w_s

h_s = 0.001*w_s*aspr*0.01 % Height above rim [m]

R = D_rim*0.0254/2 + h_s % Tire radius [m] (unloaded)

% Additional input

P = 3500 % Wheel load [N]

I = 300000 % Inflation pressure [Pa]

C = P/(I*w_t) % Contact length [m]

R_r = sqrt(R^2-(C/2)^2) % Rolling radius [m]

beta = asin(C/(2*R)) % Half contact angle [rad]

alpha = 0*pi/180 % Slip angle [rad]

n = 1024 % Number of divisions

mu = 0.8 % Friction coefficient

s = 1 % Speed change factor

% Contact calculations

% Normal direction

beta_i = beta:-2*beta/n:-beta % Angle steps

d_z = R*cos(beta_i) - R_r % Displacement in z-direction

k_z = P/(sum(d_z)*w_t*C/n) % Normal stiffness

p_i = k_z*d_z % Normal pressure

% Tangential direction

f_lim = mu*p_i % Limiting friction

q_i = (beta - beta_i)*R % Positions on tread

u_i = 0:C/n:C % Positions on road

d_x = s*q_i - u_i % Displacement in x-direction

k_xy = 10e6 % Tang. stiffness, by calibration

f_x = k_xy*d_x % Unlimited long. traction
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66 MATLAB CODE

d_y = d_x*tan(alpha) % Displacement in y-direction

f_y = k_xy*d_y % Unlimited lateral traction

f_tot = sqrt(f_x.^2 + f_y.^2) % Unlimited tangential traction

f_totlim = min(f_tot,f_lim) % Tangential traction

f_xlim = f_totlim.*cos(alpha) % Longitudinal traction

f_ylim = f_totlim.*sin(alpha) % Lateral traction

F_x = w_t*C/n*sum(f_xlim) % Longitudinal traction force

F_y = w_t*C/n*sum(f_ylim) % Lateral traction force

F_tot = w_t*C/n*sum(f_totlim) % Total traction force

C_alpha = F_y*pi/(alpha*180) % Cornering stiffness


