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Abstract 
This thesis aims to describe a new design of low signature nozzles offering better 
accuracy against pressure and thermal loads. Low signature nozzles are used in, for 
example, military aircraft to lower the signature, defined as the contrast to the 
background. The work begins with a theoretical part and continues with a practical part 
where simulations in ANSYS are done. The goal and purpose of this thesis work are to 
give an understanding of the behaviour of circular and elliptical outlets and find a way to 
make the structure stronger when needed without increasing the weight.  
 
The theoretical part gives a mathematical understanding of the problem that is necessary 
for the simulations, conducted in the following practical part. Chapter 3 focuses on the 
program and model. Different methods and element types were tried and three elements 
were eventually used in the program. Two are shell elements used for structural forces 
and one is a thermal element. To solve the thermal load, a layered element was used. 
Several evaluations were done to confirm that the program was correct. These 
evaluations showed that the model here is not sensitive to the number of elements used in 
the simulation. 
 
Three different analyses were done, all with an elastic model. The different loads used are 
a pressure load, a thermal load and a combination of both loads. All simulations were 
done with a circular and an elliptical geometry. From the simulations, the conclusions can 
be divided in two groups, depending on the geometry. 
 
When a circular geometry is exposed to pressure, the stresses become of a membrane 
kind, and when the load is thermal, the stresses are of a bending kind. To lower the 
membrane stresses is an increased thickness the solution. For the bending stresses the 
thermal gradient, ΔT, should be lowered. An increased ΔT increases the stresses, but not 
the thickness. When the thicknesses increase, ΔT remains the same, which can be related 
to how the load is applied. The elliptical geometry has mainly bending stresses for both 
loads; to lower the stresses the solution is the same as for the circular geometry. These 
conclusions are useful when the thickness is uniform. When the thickness varies and the 
load is pressure an increased thickness is still the solution. For a thermal load, the 
conclusion about ΔT remains true. The result gives only the stress level, the position is 
the weakest point in the structure. The highest stress level is found in the thinnest part of 
the structure.  
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Nomenclature 
σ:  Stress 
σr:  Stress in r-direction 
σφ:  Stress in φ-direction, circumferential in cylindrical coordinate system. 
σx:  Stress in x-direction' 
σy:  Stress in y-direction 
σz:  Stress in z-direction 
σm:  Bending stress, Appendix C 
σh:  Circumferential stress, Appendix C 
[σ1]:  The maximum total stress in y-direction 
[σ2]:  The maximum total stress in x-direction 
τxy:  Shearing stress. 
Nr:  Membrane force, (normal force). 
Nφ:  Membrane force, (normal force). 
Nx:  Normal force in x-direction. 
Nrφ:  Shearing force in rφ-direction. 
Nφθ:  Shearing force in φθ-direction. 
Nθφ:  Shearing force in θφ-direction. 
P:  A uniform internal pressure load 
T(r):  A uniform thermal load 
a:  Radius in x-direction for an elliptic shape, average radius in some sections 
b:  Radius in y-direction for an elliptic shape. 
r:  Radius and the average radius in some sections. 
t:  Thickness 
φ  One direction in the coordinate system. 
Kr:  Volume force 
K1:  Constant for normalized bending moment. 
K2:  Constant for normalized bending moment. 
Kx:  Constant for normalized bending moment. 
ν:  Poisson’s constant (approximate 0,3) 
E:   E-module 
εr:  Strain in r-direction. 
εφ:  Strain in φ-direction. 
εx:  Strain in x-direction. 
εy:  Strain in y-direction. 
εz:  Strain in z-direction. 
δ:  Deflection 
δa:  Deflection of the internal radius (thick pipes) 
δb:  Deflection of the outer radius (thick pipes) 
δx:  Deflection in x-direction 
δy:  Deflection in y-direction 
k:  Constant 
A:  Constant Appendix B. 
B:  Constant Appendix B. 
d:  Diameter 
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α:  Heat expansions constant 
C1:  Constant for normalized deflection (Appendix C), constant (Appendix B) 
C2:  Constant for normalized deflection (Appendix C), constant (Appendix B) 
D:  Flexural rigidity of a plate 
x:  A constant and a direction in the coordinate systems. 
y:  Direction in the coordinate systems. 
ΔT:  Change in temperature. 
u:  One coordinate point. 
A1:  Integrations constant, Appendix B. 
A2:  Integrations constant, Appendix B. 
Fel:  Complete elliptical integral. 
Eel:  Complete elliptical integral. 
M1:  Moment in x-direction, Appendix C 
M2:  Moment in y-direction, Appendix C 
M:  Moment 
c:  Distance from the center to the outer rand. 
I:  Moment of inertia. 
UX:  Degree of freedom. 
UY:  Degree of freedom. 
UZ:  Degree of freedom. 
ROTX:  Rotational degree of freedom. 
ROTY:  Rotational degree of freedom. 
ROTZ:  Rotational degree of freedom. 
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1. Introduction 
This first chapter presents and introduces the thesis work. The focus is to present relevant 
background to the problem. The main points of this work are found here and will provide 
the necessary information to understand this thesis work. 
 

1.1 Volvo Aero Corporation 
Volvo Aero Corporation manufactures and develops components for commercial/military 
aircraft and space propulsion subsystems. Volvo Aero Corporation is one part of the 
Volvo Group and is located in Stockholm, Malmö and Trollhättan, where the 
headquarters is also located; for further information, see [1]. This thesis was conducted at 
Volvo Aero Corporation in Trollhättan at the department of nozzles and combustion 
chambers. 
 

1.2 Background 
Man has always looked admirably upon birds for their capability to fly. A common 
apprehension of the concept military aircraft is that it has flourished with the 
development of new technologies, though it is also important to understand that military 
use of flying technologies is not a novel phenomenon. According to Gunston [2], the 
discovery of hydrogen in 1766 was the first step towards building the first hydrogen 
balloon. This could be seen as the first military airborne transportation, since the 
government of France decided to establish a military company of 30 hydrogen balloons 
in 1794.  
 
Due to both technological and economical development, military air technology has come 
a long way in about 200 years. One obvious difference is the invention of military 
aircraft, which Volvo Aero has research and development projects in. Due to, for 
example, technical improvements in radar systems, research in low signature outlet 
nozzles has been prioritized. Volvo Aero is currently involved in the Neuron project, a 
European collaboration for development of an unmanned aircraft. 

Picture 1. A possible design for the neuron aircraft. 

 
 
Figure 1. A cross section of the plane in picture 1. The 
ring marks the low signature nozzle. 
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In military aircraft, it is important that outlet nozzles have low signature. The signature 
can be described as the contrast to the background. If the aircraft “looks” like the 
background it will not be detected. Low signature includes factors such as radar, IR 
(infrared light), acoustic, visual and magnetic. If the aircraft has low signature the 
detection distance for sensors is shortened. This thesis focuses on the low IR-signature 
requirement and how this affects the design according to the strength in the structure. In 
Figure 1, the low signature nozzle position in the aircraft is marked.  
 

1.3 Aim of the thesis  
The purpose of this thesis is to give an understanding of the behaviour of circular and 
elliptical outlets and to find an optimal shape of the outlet area regarding to mechanical 
integrity. This thesis will also give an increased understanding for how the outlet nozzle 
should be designed.  
 
The main goal is to find a way to make the structure stronger when needed, without 
increasing the weight, and still have the desired stiffness in the structure. The parameters 
of interest are those that change the deformation, stress (lifetime of the product) and 
weight. The optimizing parameters are stiffness and different stresses.  
 

 
Figure 2. The graphic description of the problem. 

 

A completely circular shape will result in low weight and a shape with good stiffness but 
bad IR. An elliptical shape will give good IR but bad stiffness, which will increase the 
weight, see Figure 2. Studies will be conducted through FE analysis to find the optimal 
shape due to stiffness, weight and IR-signature, both theoretical and experimental. The 
deformation and stress in simple shapes such as circles and ellipses will be theoretically 
studied using linear theory. The loads acting on the outlet, which will be studied, are 
internal pressure and thermal gradient through the thickness of the outlet wall. When the 
theoretical study is finished, FE-calculations in ANSYS will be performed to confirm the 
theoretical results. 
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2. Theory 
To find the optimized structure, the stress distribution and the deformation in the 
structure must first be theoretically studied. The structure that is analysed is the walls in a 
low signature nozzle, with or without stiffeners. Two different types of cross sections 
were analysed, a circular and an elliptical geometry. The analysis was done with respect 
to two different loads, internal pressure and temperature.  
 

2.1 Shell theory 
The introduced shell theory can be used for all shells. Here, shells with circular or 
elliptical geometry of interest. The information presented is general; more specific 
information about circular or elliptical geometry can be seen in sections 2.2 and 2.3. 
Shells can be divided into two groups, thick and thin walled shells, which are presented 
below. In this section thermal load is not discussed. The thermal analysis is only done for 
the specific geometries. The shell theory can be used with a varying thickness t. 
 

 
Figure 3. The components working on an element in equilibrium. 

 

The figure above is an example of how an element in 3D can be described. 

2.1.1 Thin walled shell 
Force equilibrium is formulated to analyse the general stresses and deflections in a thin 
walled shell. The shell is assumed to be under membrane condition, which simplifies the 
calculations since no bending stresses will occur. The shell is exposed to an internal 
pressure and the ends are free. When the system of the equilibrium equations is found, 
the system can be solved and the stresses calculated. Equations (1)-(3) are used to 
calculate the stresses. [3], [4] and [5] are the equations found and the used assumptions. 

t
N x

x =σ   ( 1 ) 

t
N y

y =σ   ( 2 ) 
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t
N yz

yz =τ   ( 3 ) 

In the equations above, σx, and σy are the stress components in the indicated direction and 
τyz the shear stress. Nx, Ny and Nyz, the unit is force per length, are the normal components 
in the same direction and t is the thickness. The remaining components are equal to zero, 
since plane stress is used. 
 

2.1.2 Thick walled shell  
Analysis of a thick walled shell is similar to the study of the thin. For a thick walled shell, 
the stresses in the circumferential direction are not assumed to be uniform through the 
thickness and the stress in the radial direction cannot be neglected. Formulas are 
determined in the same way as for the thin shell.  

t
N x

x =σ   ( 4 ) 

t
N y

y =σ   ( 5 ) 

t
N z

z =σ   ( 6 ) 

t
N yz

yz =τ   ( 7 ) 

 

2.2 Circular geometry 
The circular geometry can be divided into thin and thick walled pipes, which are only 
special cases of shell theory. Assumptions made to create these special cases are 
presented in the section below. 

2.2.1 Pipe theory 
Certain assumptions are made to study the pipes (see sections 2.2.2 and 2.2.3), which are 
true for both thin and thick walled pipes. The geometry is assumed to be circular and 
symmetric and the loads are uniform. The analysis is done in a cylindrical system. 
Cylindrical coordinates are illustrated in Appendix A, where the pipe equations are also 
explained. This information can also be found in [6]. The description is only general and 
is not separated into thick and thin walled pipes. Plane stress condition is assumed for 
both thin and thick shells, the pressure Pφ=0, the stresses σr, σφ and τrφ are constant 
through the thickness, and σz=0. If a membrane condition occurs, the shearing forces are 
also Nφθ= Nθφ=0. 
 
Cylindrical symmetry is one of the keys to understanding why a circular geometry is a 
perfect shape when, for example, the load is internal pressure. For cylindrical symmetry, 
the stresses in the φ- and z-directions are assumed constant. This leads to a more 
simplified stress distribution and no shearing stresses have to be considered.  
 

 4



 

The two different loads are almost analysed the same, but for now only the equation for 
the different loads is discussed. In general, when a pipe or a tube is exposed to internal 
pressure the only acting stress is membrane stress. Bending stress occurs if a uniform 
thermal load T(r) is applied. All strengths and deformations will be symmetrical.  
 

2.2.2 Thick walled pipes 
A thick pipe is only a special case of a thick cylindrical shell. In this analysis the two 
loads internal pressure, P, and the thermal load, T(r), are analysed separately. The theory 
is briefly described here, but a more detailed description can be found in Appendix B. 
More information about the equations can be found in [6] and [7]. The loads are 
uniformly distributed in both cases. 
 

Figure 4. Cross section of a thick circular 
pipe with radii and thickness marked. 

 

Using Hook’s general law together with the equations for the strains, two expressions for 
the stresses can be found, see Appendix B. The equations below express the stresses for a 
thick walled pipe exposed to an internal pressure, P. 

222

22

22

2 1
rab

baP
ab

aP
r ⋅

−
⋅⋅

−
−
⋅

=σ   ( 8 ) 

222

22

22

2 1
rab

baP
ab

aP
⋅

−
⋅⋅

+
−
⋅

=ϕσ   ( 9 ) 

( )22

2

ab
bP

x −
⋅

=ϕτ   ( 10 ) 

The general equation to calculate the deflection in a circular geometry is the same as for a 
rod, and the equation, see [5], becomes the following: 

E
k⋅

=
σδ   ( 11 ) 

The constant k is the radial distance in the undeformed condition from the centre and δ is 
the deflection. The elastic modulus E is a material property. By using the stress in the 
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circumferential direction from (8), the deflections for the radii a and b can be calculated 
in equation ( 11 ).  

( )⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
⋅⋅

⋅= 22

22
ab
ab

E
P

aδ   ( 12 ) 

( )
( ) ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+

−
+

⋅
⋅

= νδ 22

22

ab
ab

E
aP

b   ( 13 ) 

The second case analysed is a pipe exposed to an axi-symmetric thermal load T(r), which 
gives axi-symmetric stresses and deformations. In this case, it is assumed that σz=0 and 
εz=0. The theory is set up using the same methodology as the internal pressure load. The 
equations become similar to equation ( 8 ) and ( 9 ).  

( )∫ ⋅⋅⋅
⋅

−−=
r

d
r drrTr

r
E

r
BA

2/
22

ασ   ( 14 ) 

( ) ( )⎥
⎦

⎤
⎢
⎣

⎡
−⋅⋅⋅⋅++= ∫ rTdrrTr

r
E

r
BA

r

d 2/
22

1ασ ϕ  ( 15 ) 

22

2

ab
aPA

−
⋅

=  ( 16 ) 

 

22

22

ab
baPB

−
⋅⋅

=  ( 17 ) 

 

A and B in the equations above are constants and are given in equations ( 16) and ( 17). α
is the heat transfer constant and d stands for the diameter. The derived formulas are good 
approximations for small temperature gradients. In linear theory, the total stress may be 
found by using the principle of superposition. The deflection can be calculated using 
equation 

 

( 11 ). 
 

2.2.3 Thin walled pipe 
A pipe may be regarded as thin walled when the thickness to radius ratio is small. The 
thin walled pipe will only be analysed with pressure load. For a thin walled pipe, the 
temperature gradient is very small; hence, the thermal stress is very small. Thus, as for 
the thick walled pipe, it is assumed that the stress σz=0 and the pressure is uniform. The 
pressure distribution is the same as in equations (B. 13) and (B. 14) in Appendix B. The 
theory is detailed in [6].  
 
When the material is thin, the stress through the thickness can be neglected. Such 
structures are often called membrane, since there only are stresses in the circumferential 
direction, φ-direction. A figure of the geometry is found below. 



 

 

Figure 5. Geometry of a thin walled pipe. 

 

If the structure is in equilibrium, the state of the stress can be described by the equations 
below, where a is the average radius and t is the thickness as shown in Figure 5 above.  

0=rσ   ( 18 ) 

t
aP ⋅

=ϕσ   ( 19 ) 

The deflection in a thin walled pipe structure is given by the same equation as for the 
thick pipe. 

E
a⋅

=
σδ   ( 20 ) 

When a shell is exposed to internal pressure, previous studies are sufficient, but to study 
the thermal load a wider study is necessary. If the shell exposed to the thermal load is free 
in both ends no thermal stress occurs. This problem has already been solved. When one 
end is clamped, bending stresses will occur and a study of this condition is necessary. In 
this thesis, only thermal and internal pressures are discussed, and only if the ends are 
clamped is this information of interest.  
 

2.3 Elliptical geometry 
In this section, the issues with elliptical geometry are discussed and the information 
found is discussed and used as a platform for further discussions. Since the displacement 
cannot be assumed small in this analysis, the theories to be used are more general.  
 
Since the membrane condition cannot be defined through the geometry in an elliptical 
structure exposed to an internal pressure, the effect of bending stresses must be 
considered. See [8] and Appendix C for further information.  
 
To study this more general theory, some simplifications and assumptions are made. The 
theory in [8] is only true for small deflections, and axial and stability effects are not 
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considered. The wall thickness and pressure are uniform. The stresses and deflections that 
are found in Appendix C are: 

t
aP

t
aPK zz ⋅

+
⋅⋅⋅

= 2

2
1

max1
6

σ  ( 21 ) 

t
bP

t
aPK zz ⋅

+
⋅⋅⋅

= 2

2
2

max2
6

σ  ( 22 ) 

D
aPC z

y

4
1 ⋅⋅

=δ  ( 23 ) 

D
aPC z

x

4
1 ⋅⋅

=δ  ( 24 ) 

Note that these equations can only be used when the deflection is assumed to be small 
and linear. When the deflection is large, the structure will react differently. If large 
deflections are included in an FE analysis (ANSYS), the results indicate that the elliptic 
structure at maximum becomes more circular. This is because the bending stiffness is too 
small to conserve the elliptical shape, which is the most realistic case when the structure 
is exposed for high loads. The delimitation is due to the structure becoming stiffer when 
it is deformed to a more circular geometry. The difference between circular and elliptical 
geometry is the bend-shear forces that appear in the elliptical geometry during 
deformation. Since the radii a and b differ, the areas that the pressure acts upon are not 
the same. The bend-shear-forces can take some of the difference between both pressures 
and the structure becomes stiffer. No theoretical equations for this behaviour were found 
in the theoretical study of this thesis. This statement is only based on FE simulations. 
 

2.4 Conclusions 
This chapter has discussed different theories that can be used when analysing a circular 
and an elliptical structure. Different methods are studied because it is useful when 
analysing simulation results. These results can be compared to different theories that give 
information about how the structure works. Different theories may be accurate for 
different simulations, depending on how the simulation is performed. 
 
The analysis of the two geometries is based on equation ( 25 ). Therefore, it can be
assumed that some of the assumptions may be true in both cases. The simulation results 
are compared to the theory. 

 

 
 



 

3. ANSYS – building the model 
This chapter is about the written script and how it is used to verify the theoretical result. 
The program codes used to make the simulations and the different choices made are 
discussed. The different methods analysed are discussed more in detail to provide a wider 
explanation and understanding to the method used in the analysis. To create a program 
and make the correct choice, [9] was a helpful source for information, much of which is 
used in this chapter. 
 

3.1 Program description 
To verify the theoretical results, simulations in the FE code ANSYS 10.0 were done. 
ANSYS is an FE program that can be used to simulate, e.g. strength problems. A written 
program code was used within ANSYS to simplify the simulations. The program 
included the geometry, boundary conditions and loads, and was written in a general way. 
A program that can produce both a circular and an elliptical geometry was also written. 
 

3.1.1 Circular and elliptical geometry 
The program, based on the equation describing the geometry, is found in [10]. The same 
equation can be used to produce both geometries, in fact the circular geometry is a special 
case of the equation, see below. The parameters that allow this are the radii a and b. If 
they are equal, a circle is produced, in any other case the geometry is an ellipse. 

12

2

2

2

=+
b
y

a
x   ( 25 ) 

One possibility is to use this equation to produce the shape, though in this program 
scaling is used instead. The different methods considered are detailed further on. The 
program was written in such way that the need to change constants and parameters 
between different simulations was minimized.  
 
Appendixes D-F presents the program code, with a short summary done here to explain 
what the program does. How the choice was made is presented later in this chapter, as 
well as discussions.  
 
Because of symmetry, only one-fourth of the cross section is needed to perform the 
analysis. This assumption can be used for both circular and elliptical geometry, which are 
only supposed to have deflections, as in Figure 6 below.  
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Figure 6. Description of boundary condition and expected deflection directions. 

 

How the different parts were chosen and evaluated are in sections 3.2 and 3.3, and the 
simulations and results are found in chapters 4 and 5. 

3.2 Geometry modelling  
This section will discuss the different analysed methods used to produce the circular and 
the elliptical geometry. Section 3.1.1 mentions the scaling method as the one chosen, but 
this and other methods are possible. This section will discuss these issues. The method’s 
goal is to produce a curve that can be cut into equally sized parts of a desired length. The 
curve will also be used to provide boundaries and loads. The following section describes 
how a problem can be solved in many ways. The problem is to find the most suitable 
solution to the analysed application. 
 

3.2.1 Equal length in one direction 
The first method to be analysed was based on equation ( 25 ). The idea was to produce a
curve from the definition, since it made producing both geometries possible, depending 
on what values radii a and b were given. To produce elements some sort of division was 
needed. The node was calculated through a loop in the program that was based on the x-
coordinates. The result was a nodal curve whose distance in the x-direction was always 
the same. The method could be used to produce both circular and elliptical geometry.  

 

 
However, the problem with this method was that the element length increased as the 
slope in the y-direction increased. At this position it is desirable with a short element to 
get good result from the simulations. Hence, this method was not used. 

3.2.2 Curve through splines 
The second method was a result from the first analysis. The goal was to find a method 
that could give elements with a smaller length at the end point. By using the same method 
as before to produce nodes, key points are instead created to complete the geometry. The 
distance is still equal in the x-direction, but now is a spline produced from the key points. 
With this method a spline can be produced from a maximum of 200 key points. This 
method allowed the curve to separate into two different pieces, where each spline could 
be created from 200 key points. This increased the amount of elements in the area of 
interest.  
 



 

The problem with this method is the position where the two splines are linked together. 
Since the slopes from both splines are not a perfect match at the intersection point, a 
small discontinuity appears, resulting in internal rotations and stress concentrations. The 
stress concentration at the connection point disturbs the result. The result is also hard to 
interpret at the boundary place at the x-axis, since much disturbance comes from the 
intersection point. Hence, this method was not chosen. 
 
The second analysis was performed with a spline curve to create the curve as before with 
the key points and then use the ANSYS command LESIZE. This resulted in a curve 
where the elements were of the desired equal length. Still, the spline is only an 
approximation of the correct shape and the discontinuities remained. 

3.2.3 Polar coordinates 
Another method that was simultaneously analysed and built on the equation that defined 
the circular and elliptic curves was an attempt to set the distance between the nodes 
differently. The geometry can be described from polar coordinates. The idea was to set 
the distance with decided degrees or radians in the circumferential direction. The result 
would have been exact for the circular and almost as good for the elliptical geometry. 
This method was not used because the program code would have been unnecessarily 
complicated for the ellipse and simpler methods exist.  

3.2.4 The command “circle” 
A simpler way to attain a good result for the circular geometry is to use the ANSYS 
command CIRCLE. This command produces a perfect circular arc, but there is no similar 
command to create an ellipse. 

3.2.5 Scaled circle 
The last tested method scaled a unit circle using the constants a and b, which 
corresponded to the radius in the x- and y-directions. This method gave a perfect curve by 
using the command LESIZE to set the equal division along the curve. This resulted in a 
modelling method that allowed the obtaining of equal sized elements. The command also 
permits changing simply from a circle to an ellipse. This method was chosen, since it 
fulfilled both wishes. 

3.3 Element selection 
In the process of writing the program, much energy and time was used to find and select 
the most suitable element. To be fulfilled were the demands that the element could handle 
pressure and temperature loads. No other delimitations than the load description were 
made. The matter of how the geometry was illustrated in the coordinate system proved to 
be a important delimitation. The curve was defined in the xy-plane, resulting in problems 
with the use of certain elements.  
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3.3.1 Beam elements 
 

 
Figure 7. The geometry of the Beam3 element.  

 

The first type of elements considered was beam elements. Most of the elements in this 
category can be used for the desired loads. In the analysis, an element called Beam3 was 
used, one of the simplest beam elements to define. This element is defined by two nodes 
and can represent a two-dimensional geometry. The geometry can be made from the 
curve and no other thicknesses than those in the element are required. The element has 
three degrees of freedom, UX, UY and ROTZ, which can be used to set the boundary 
conditions. 
 
The result of the analysis was not assumed to be correct. When a simulation with this 
element was analysed, internal rotations were found and the deflections were way too 
huge. The theoretical study revealed a numerical value to compare with, though the result 
from the analysis was not a match. One reason could be the lack of degrees of freedom in 
the z-direction and in the rotational direction. The degrees of freedom could perhaps be 
necessary to minimize the rotations. 

3.3.2 Link elements  
One idea was to use link elements to study how a simple element would react on the load, 
though it is not possible since link element cannot allow pressure loads or temperature 
loads normal to the surface. This led to an expanded study where plane and shell 
elements were considered.  

3.3.3 Plane elements 
 

 
Figure 8. The geometric description of a Plane42 element. 
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To analyse plane elements, the geometry had to be modified, since the plane element 
needs at least four nodes to be defined. The geometry was made with scaling and 
LESIZE, but two curves were made with the same distance as the thickness, t. From this 
geometry, an area was created. Three elements were noticed through the thickness. An 
element called Plane42 was used in this analysis, representing a section in a two- 
dimensional space. The element is quite simple, is defined by four nodes, and has only 
two degrees of freedom, UX and UY. 
 
After the investigation, the result from the simulation was disappointing, representing 
approximately only 75% of the theoretical value. Also, it is possible here that the problem 
is dependent on the low numbers of possible degrees of freedom. Also considered was 
how the three layers of elements affect the deflection. Can this modelling method 
produce the correct result with the internal pressure or does the load not affect the 
element on the outer boundary correctly? Since the direction of the deflections seemed 
correct, it is impossible that the layer of elements creates a problem. An analysis where 
the elements through the thickness were set to one element did not improve the result. 
This resulted in the plane element no longer being considered and that the degrees of 
freedom that might have caused the problem.  

3.3.4 Shell elements 
This sort of elements was constantly considered, but several different shell elements had 
to be analysed before finding one to choose. The first three shell elements types that were 
considered, Shell51, Shell61 and Shell208, had some sort of axi-symmetry. The names of 
the studied element are Shell51, Shell61 and Shell208. The elements all represent two-
dimensional geometry and can be defined from two nodes. The difference between them 
is the number of degrees of freedom. Shell51 and Shell61 have four degrees of freedom 
(UX, UY, UZ and ROTZ), while Shell208 has only three (UX, UY and ROTZ).  
 
Here, the problem was not the degrees of freedom, but rather in which plane the 
geometry was placed. The axi-symmetry line for all considered elements was the y-axis. 
The geometry was subsequently placed in the xy-plane and the geometry was rotated 
round the y-axis; hence, no circular or elliptical shells were created. The result of the 
rotation is a half sphere or a half ellipsoid. This explained why the simulation did not 
give the correct result. One attempt to place the geometry in the zx-plane was made, but 
this did not yield any usable result. The geometry was made as before, but the key points 
were placed in the zx-plane. The problem, however, was where to place the load. The 
element did not have any face in the desired direction to place the load on. This might be 
possible to solve, but the shell elements in this case that are not axi-symmetric were 
instead chosen to be analysed. 
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Figure 9. The geometry of the 3D element, Shell43. 

 

The element chosen was called Shell43, since this element worked out in the desired 
manner during the study. This element represents the geometry in three dimensions and 
needs four nodes to be defined. The element has six degrees of freedom, UX, UY, UZ, 
ROTX, ROTY and ROTZ. To use this element type, the geometry needed to be modified. 
Instead of a simple curve used for the other shell elements, a stripe with the thickness t in 
the z-direction was made. The method to perform the arcs is as before with scaling and 
LESIZE. To perform this simulation, the hardest part was to set the boundary conditions, 
which is described in more detail in section 3.1.1. The result of this analysis was 
satisfying. The result perfectly matched the theoretical values for a circular geometry. 
With the result from the analysis of the circular geometry, it was assumed that the 
element type could be used to analyse the elliptical geometry. 
 

 
Figure 10. The graphic description of the thermal 3D element, 
Shell131. 

 

A thermal element similar to the structural shell element used for the pressure analysis 
should be chosen. The easiest way to find this element was to use the functions in 
ANSYS, which change one element type for one load type to an equal element that can 
handle the new load. This investigation and the reading in [9] indicated that the most 
suitable element for the thermal simulation was Shell131. Since the temperature changes 
through the thickness, obtaining an element that included the needed layers and Shell43 
was not possible. This is the main difference between the two element types; otherwise 
the elements substitute each other well. Shell131 is a thermal element with four nodes 
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and no degrees of freedom, but can be used in 3D. Its layers permit studying the stresses 
at the top and bottom of the shell. A layered element is also needed to apply the thermal 
load with a linear variation from one side to the other. To perform the thermal simulation 
a material model was needed, for which the Hastalloy X model was used with material 
properties that varied with temperature. To perform the thermal simulation two scripts 
needed to be developed.  
 

 
Figure 11. The geometry for the structural 3D element, Shell181. 

 

Since the program is divided into one thermal and one structural part, the same element 
type is not used. To use the result from the thermal simulation, a layered structural 
element, Shell181, was used. A commando in ANSYS automatically changes the thermal 
element into an equal structural element. This method was used to find the correct 
element for this application. Briefly, this element is the structural variant of the thermal. 
The element has four nodes, is used in 3D and has six degrees of freedom UX, UY, UZ, 
ROTX, ROTY and ROTZ. 
 

3.4 Constraints 
The boundaries are produced of several different components, e.g. the front and back side 
of the simulated model coupled in the x- and y-directions. The geometry is shown in 
Figures 9-11. The faces 4 and 6 represent the front and back side in this analysis, since 
the geometry shall acts as a stiff structure and the deflection should be the same in the 
structure for a specific value at the x-coordinate. Because only one of the circumferential 
bounders is fixed, the stress in z-direction becomes small and can be neglected. This 
seems correct. If the boundary conditions at the end of the stripes are set correctly, the 
deflection is only performed in the x- and y-directions. When this result is performed for 
both the circular and the elliptical geometry the program is assumed correct.  
 

3.5 Loads 
The load used in the first case is an internal pressure and in the second case, a 
temperature load. The pressure load is applied as a uniform load placed on every element. 
The thermal load is applied in two ways. During the first simulation, the temperature is 
applied and then the equilibrium is found. The temperatures on the inner and outer 
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surface become different depending on the thickness of the structure. After the thermal 
evaluation is done the thermal load is applied differently. The temperature is applied as a 
fixed temperature on the surfaces and is maintained during the simulation. 
 

3.6 Analysis 
The geometry and thermal load are found in the first program. The second program uses 
the model from program one and changes the thermal load into a structural load. The 
boundary conditions are the same as for the pressure load. In this simulation the layered 
element used is Shell131. 
 
The pressure load can be applied in the same program as in all other operations, since this 
is a structural force and the analysis is structurally performed. The temperature is handled 
slightly differently. The program is similarly constructed. The thermal result in a second 
program code is then transformed into structural forces that are solved as before. For the 
last simulation where the thermal load is combined with the pressure, the procedure is the 
same as for the thermal case. The difference is that the pressure is added in the second 
program. 
 

3.7 Conclusions 
It is clear from the section on how programs are written that the assumption about the 
common equation ( 25 ) is of interest. Since the same equation can be used to describe 
two different geometries, circular and elliptical, assuming that the same element types 
and boundary conditions can be used is possible. Because of how the elements were 
defined, using the same elements for temperature and pressure load was not possible
the program the same boundary conditions are used. Radii a and b are the only variables 
that are changed together with a load change, depending if the load is pressure or 
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The number of tested methods to establish the program code demonstrates that d
which method will work best is not easy. This is also a result of the fact that in 
programming, even though there are many ways of attacking the problem, the differen
lies in how good the results are. Different methods are also generally complicated to 
perform and often, the easy way is the best way. As well, many different element types 
were tested. Because choosing an element is not an easy task, testing is necessary. 
gives a deeper understanding of how the program ANSYS works. The completed 
computer programs work well and require a minimum of changes. If the program is 
assumed to compute correctly, the bad result must d



 

4. The simulations 
This part of the thesis focuses on the simulations, and declares how and why they were 
done. Model evaluation is the first presented followed by a section that discusses 
optimization parameters. The chapter ends with which loads this study focuses upon. 

4.1 Model evaluation 
When the program code seems to work properly, certain tests must be conducted to 
evaluate the program because of the fact that the theory for elliptical geometry can only 
be used for small deformations. To evaluate that the program works properly, some 
simulations with a circular geometry were done, the results of which were compared to 
the theoretical calculations and how they matched for both small and large deflections.  

4.1.1 Visual evaluation 
A visual test was initially performed and only the behaviour that could be seen when the 
deflections were studied was discussed. Small deformations for the elliptical geometry 
only work when the internal pressure is low. When the pressure reaches a certain level 
the deflection becomes unrealistic and the geometry is stretched more than the original 
length. This occurs because there are no delimitations to indicate that this is not possible. 
The simulations were then performed with large deformations. The graphic result now 
looked as expected. After more specific delimitations were done, the difference in 
geometry cannot deflect more than a circular geometry. 

4.1.2 Theory evaluation 
The second evaluation was done to compare the simulation results with the graphs found 
in [11], and are only true for small deflections when linear theory can be used. The theory 
cannot be used if the simulation results in large deformations, but if the same graphs 
show the same results, the results can be compared. The graphs also show when the 
theory can be used. The graphs from these simulations, built on the theory in [8], are 
found in Appendix G.  
 
The graphs show that the theory can only be used for linear problems, i.e. the deflections 
and deformations must be small. From the graphs in this case, it is obvious that with the 
desired pressure at 0.5 bar, the deflections cannot be assumed to be small and linear 
theory cannot be used. It was not possible to find a theory that included the nonlinear 
effects during this thesis work, which would be very difficult to develop. Hence, it is 
concluded that the theory cannot be used and the results are only verified in the 
simulations. 
 

4.1.3 Sensitivity evaluation  
The third evaluation was conducted to investigate how sensitive the model and the 
simulation results are to the number of elements used. The simulations were planned with 
n=4,000, i.e. the line is going to be cut into 4,000 pieces of equal length. Through the 
small thickness in the global z-direction the program makes three elements, leading to a 
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default number of elements of 12,000. If the sensitivity in the model is to be investigated, 
simulations with more and less elements must be performed.  
 
The two different cases with n=2,000 and n=6,000 will be used to determine the 
sensitivity in the model. When n=2,000, the number of elements becomes 6,000 and 
when n=6,000 the number of elements becomes 18,000. These two cases will be 
compared with the default model. The simulations and comparison are done for two 
thicknesses, t=0.002 and t=0.007. Whether the sensitivity varies with the material model 
will also be investigated. The two models are liner elastic (no material model) and 
kinematical hardened model. The result is seen in graphs1 and 2 below. 
 
As mentioned before no material model is defined, since no material has yet been decided 
upon for the construction. The linear elastic model does not include any delimitation, 
such as yield strength and tensile strength. This means that the material model does not 
include plastic effects. In a true material, this state can never occur; studying how this 
affects the result would be interesting. The kinematical hardened material model includes 
the yield strength and tensile strength and does not represent any real material in this 
study. The values chosen σs=200 MPa and σb=600 MPa are realistic for materials that are 
possible in this application. In Figure 7 below are the two material models graphically 
described. 
 
 

 
Figure 12. Graphic description of the material model where (a) represents the 
linear elastic model and (b) describes the kinematical hardened model. 
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Graph 1. The stresses for sensitivity analysis with a    
linear elastic material model. 
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Graph 2. The stresses for sensitivity analysis with a 
kinematical hardened material model. 

The first parameter studied is stress. For both material models, the same result is 
obscured, and the stress levels are not dependent of the number of elements. This is 
shown for both thicknesses and material models. The biggest difference occurred 
between the material models. The result shows that the choice of material model greatly 
influences how the structure should be optimized. This point is detailed in section 4.3.2 
and chapter 5. 
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Graph 3. The displacement for sensitivity analysis with 
a linear elastic material model. 
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Graph 4. The displacement for sensitivity analysis with a 
kinematical hardened material model. 

The second parameter investigated was deflection. The result showed that the deflection 
between simulations with different numbers of elements was small. The material model 
only changed the size of the deflection, not the shape of the curve. This is one difference 
compared to stresses, which not only changed in size, but also in shape. After these two 
parameter investigations, it becomes clear that the model is not sensitive according to the 
number of elements used. This ends the evaluation of the model, which is now assumed 
to work as desired. 
 
Chapter 5 presents the results from simulations with two different material models. The 
simulations are based on the worst case scenario from earlier simulations when the 
thickness was uniformly 0.002 m and the pressure 0.5 bar. 

4.2 Optimization parameters  
When the program works as planned and is evaluated, it is time to begin the last part. 
This purpose of this thesis was to find a more systematic way to place the stiffeners. To 
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do so, the results from a performed analysis must be studied in detail. Which parameters 
are of importance and how should this information be used? This section tries to answer 
these two questions. 
 
Depending on what the optimization is for, different parameters are of interest. Must the 
structure withstand fatigue, weight, deflection or stresses? Before this question can be 
answered, a basic understanding of the structure and its reaction to loads must be 
formulated. No final solutions are suggested in this thesis, only information that gives the 
base for further work. To find the best way to place the stiffeners, the different 
optimization parameters must first be defined and then weighted against each other. The 
optimization parameters then give the factors that decide what to focus upon. To find the 
optimized structure, a good idea is to create a program that calculates the solution, 
depending on which values and parameters are given, and considers the most dangerous 
parameters. Unfortunately, this thesis did not have the time necessary for this work. 

4.3 Pressure load 
The first case to analyse involves internal pressure. During the work to find the optimized 
structure and an understanding of how the structure is deformed, several simulations were 
done. A common assumption during this test was that the pressure was held at 0.5 bar and 
the radii a=0.,5 m and b=0.2 m. In this first case, the simulation was performed as before, 
without any specified material model. The material was only supposed to be linear elastic 
because no material was as yet decided upon for the low signature nozzle.  
 
The simulations included only the internal pressure; its purpose was to graphically show 
how the hoop stresses (stress_x) vary along the x-coordinate in the model for different 
cross sections. The cross section only showed how the thickness in the structure varied. 
Three different kinds of simulations were made, where the thickness was uniformed in 
the first, the thickness varied linear from one end to the other in the second, and varied 
linear from the ends into the middle in the third. For more detail, see Appendix M. The 
load, the internal pressure, is applied as nodal forces and is uniformly distributed over the 
inside of the structure.  
 
Of interest from these simulations is how the stresses and deflection vary along the x-
coordinate. All results from this part of the work are found in the directions of the 
elements. To get this information a local coordinate system at the element is used. This is 
done because the information needed is in the circumferential direction of the structure. If 
the information is instead from the global coordinate system, the result would not be 
representative, since the element’s direction varies. Close to the global y-axis, the global 
and local coordinate systems are in the same direction. If the distance to the global y-axis 
increases the differences between the coordinate systems becomes more visible. This 
results in the local coordinate system being the correct one. 

4.4 Temperature load 
This section discusses the simulations that only include a temperature load. A thermal 
static analysis is performed to calculate the temperature distribution on the nozzle. The 
thermal load is assumed to be calculated in advance in, e.g., a CFD analysis and is given 
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as convection loads described by bulk temperatures and heat transfer coefficients on the 
inside and outside of the nozzle wall. A linear temperature gradient is assumed through 
the thickness of the elements. Since the thermal load is constant, the temperature gradient 
will vary with the thickness of the material. The temperature field is read into the 
structural analysis. All simulations are performed with the linear elastic material.  

4.4.1 The simulations 
The geometry is orientated along the x-axis, as before, and the thickness variation is 
shown in the cross section. Three different kinds of simulations are conducted as before, 
i.e. uniformed and different variations of linear thickness. In this case a possible material, 
Hastalloy X (a Ni based alloy), is used in the FE model. The data varies with 
temperature. 
 
When the simulations described above were performed, a second issue handled what 
property derives the stress in the structure: Does the thickness or the geometry derive the 
stress levelling in the material? To answer this question a second set of simulations was 
needed. The simulation was based on using the same temperatures from the first 
simulation. The temperature on the surfaces depends on what case is studied. In this case, 
only the uniformed thick structure is studied. The 2 mm and 15 mm structures are chosen. 
The point is to force the structure to have a certain temperature on the surface that will 
give the same gradient through the thickness for both analysed structures.  
 
Since the temperatures are given in the structural program, there is no need in this case 
for a thermal simulation. Only the resulting temperatures from the first case are needed. 
Appendix K presents the result. 

4.3 Combined temperature and pressure 
The third load case that was simulated included both a temperature load and an internal 
pressure. The simulation was based on the same program used to perform the other two 
simulations. Also, the same assumptions were made, specifically that the pressure is still 
0.5 bar and the temperature field was read from the thermal static. The radii for the 
elliptical geometry are a=0.5 m and b=0.2 m. The analysed structures are reduced to two 
varying thicknesses. The first has t=2 mm at the left end and t=15 mm at the right end. 
The second geometry is just mirrored.  
 

4.4 Conclusions 
From the evaluations described in sections 4.1.1 to 4.1.3, the following conclusions were 
discovered. All simulations, pressure, must be performed with large deformations, 
otherwise the result will not be correct for the used load, 0.5 bar in this analysis. The 
theory found in [8] can only be used for linear problems, i.e. the deflections and 
deformations must be small. In this analysis, small deformations cannot be assumed. The 
evaluated sensitivity showed that the model not was sensitive to the number of elements 
used in this case. 
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5. Results 
This chapter presents the final result from both load types. The results are divided after 
load type and those presented in this chapter represent the goal with this work: to 
understand how the structure behaves under different loads and how this information can 
be used to find a more optimized structure. All simulations are performed with an elastic 
material model.  

5.1 Internal pressure 
The following section focuses on pressure loads. The results are presented in different 
subsections depending on what part of the work is in focus. The theory is supposed to tell 
if and what connection to the simulation was or was not found. The simulation result is 
discussed. The section about the material model is also connected to the practical work.  
 

5.1.1 Theory 
The theory in this thesis mainly serves as background information. The theory chapter is 
important to give a wider perspective and to derive a basic understanding for the theory 
behind the simulations. The theory studied in this thesis has included both circular and 
elliptical geometry. It has discussed both the membrane state and bending condition in 
the structure.  
 
The conclusion and main result from the theoretical part of the work is the understanding. 
Since no theory for the nonlinear effect in elliptical geometry was found, the 
experimental result cannot be verified with a theory. The linear theory cannot be used for 
the problems in this thesis, but can be used to determine if the theory is useful for a 
specific problem.  
 

5.1.2 Simulations 
The simulations are described in section 4.3.1. Only the results will be presented in this 
chapter. All graphs are in Appendix I. The results are presented in three different 
categories, uniform thickness and two different variations, where the thicknesses are 
changed linearly along the x-axis in different ways; see Appendix H for cross section 
pictures. The geometries studied are the uniformed t=2 mm and t=15 mm. For the linear 
variation geometries these thicknesses are used at the ends and in the middle, as 
described in Appendix H. All results are compared to a uniformed circular geometry with 
the thickness t=2 mm. The loads are 0.5 bar in all cases and the elliptical geometry had 
radii a=0.5 m and b=0.2 m. From ANSYS, the top and bottom stresses could be found. 
These stresses are used to calculate the normal and bending stress, which are of interest. 
This calculation confirms that the program worked as intended, since there were no 
bending stresses in the circular section. The equations are in Appendix I. 
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Graph 5. The normal stress for two elliptical- and one 
circular structure exposed to a pressure load and with 
uniform thickness. 
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Graph 6. The bending stress for two elliptical- and one 
circular structure exposed to a pressure load and with 
uniform thickness. 

From simulations with a uniform thickness, x=0.5 is the highest stress level. The 
differences depend on the fact that the pressure for the circular geometry causes 
membrane stress, whereas it causes bending stresses for the elliptical geometry. The total 
stress for the circular geometry is about 10 MPa, versus 1,000 MPA for the elliptical with 
the same thickness (2 mm), i.e. about 100 times larger. An elliptical geometry with t=15 
mm has about the same stress level as the circular geometry. The sum of the deflection 
are largest at the position x=0, where the drag stress changes to pressure stress and is of 
interest. At this point, the sum of the deflections has the lowest value and is only 
dependent on the normal stress. The change in sign for the bending stress influences 
which direction the deflection will turn. A negative sign gives a deflection inwards. This 
direction change is represented by a direction change in the graph describing the 
deflection sum. The sum of the deflection only shows the absolute value and all values 
are presented as positive. It stands also clear that thicker thickness is positive to lower the 
bending stress that has the largest influence of the geometry. However, this is not a 
suitable solution if the weight has to be low.  
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Graph 7. The normal stress for two elliptical- and one 
circular structure exposed to a pressure load. The 
elliptical structures have linear varying thicknesses. 
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Graph 8. The bending stress for two elliptical- and one 
circular structure exposed to a pressure load. The 
elliptical structures have linear varying thicknesses. 

In the graphs above, th stands for “to the right”, tv for “to the left” and m for “the middle 
of the graph”. This point is used to define the thicknesses of the structure; for a graphical 
description see Appendix H. The second kind of simulation had a linearly varying 
thickness from one edge to the other. From this simulation, it was again proven that at the 
position x=0.5, the edge is in most need of thicker material (this can be derived to the 
bending radius). Here, the normal stresses are also lower than for the circle, but the total 
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stress level is much higher because of the bending stress. It is concluded after this study 
that a thin section can be used at x=0, if the other end is much thicker. Also, Graph 8 
shows that the elliptical geometry is itself stiffer in the x-direction than in the y-direction. 
This is only a result of that the bending resistance increase and renders the deflection in 
x=0 lower. This also supports the theory that a thicker section is most useful at the top of 
the geometry. The result also further proves that the highest stress will occur at the 
thinnest point in the structure, if the load is internal pressure. 

Normal stress component (linear varying thickness 
into the middle)

0.00E+00
2.00E+06
4.00E+06
6.00E+06
8.00E+06
1.00E+07
1.20E+07
1.40E+07

0 0.1 0.2 0.3 0.4 0.5 0.6

X-coordinate [m]

St
re

ss
 [P

a]

Sigma N tv=0,002 m
m=0,015 m th=0,002
m
Sigma N tv=0,015 m
m=0,002 m th=0,015
m
Sigma N t=0,002 m
circle

 
Graph 9. The normal stress for two elliptical- and one 
circular structure exposed to a pressure load. The 
elliptical structures have linear varying thickness. 
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Graph 10. The bending stress for two elliptical- and one 
circular structure exposed to a pressure load. The 
elliptical structures have linear varying thickness. 

If the result from the simulations had some linear variation from the ends into the middle, 
the highest stress level also occurred at the thinnest section. This is as expected; when it 
comes to pressure a thick section can more easily resist the deformation from pressure. 
Of interest is that the low bending stresses are probably influenced from the thick section. 

5.1.3 Material model 
A model was made because no specified material was as yet chosen, and to perform all 
calculations regarding a certain material model would in this case be irrelevant. To study 
how a material model can change and affect the results, a small study was performed. In 
this study, a faked material that were kinematical hardened was used. Graph 11and Graph 
12 below show the results from the study. The thickness of the analysed structure is set to 
the constant value of 0.002 m and the pressures are 0.5 bar. The elliptical geometry had 
the same radii as before, a=0.5m and b=0.2m.  

Comperison with and without material modell

-6.00E+08
-4.00E+08
-2.00E+08
0.00E+00
2.00E+08
4.00E+08
6.00E+08
8.00E+08
1.00E+09
1.20E+09
1.40E+09

0 0.1 0.2 0.3 0.4 0.5 0.6

X-coordinate [m]

St
re

ss
 [P

a] stress_x t=0,002

stress_x t=0,002
kinhmtrl

 
Graph 11. The graph shows the difference in stress level 
for a pressure simulation with linear elastic material 
model and kinematical hardened model. 
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Graph 12. The graph shows the difference in 
displacement for a pressure simulation with linear 
elastic material model and kinematical hardened model. 
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The graphs show the differences between a simulation with and without a material model. 
The results will clearly vary depending on what material model is used. The lack of a 
chosen material is because a correct material model would give a more specified result 
that is not relevant here. 
 
The result from this study is that the maximal stress at x=0.5 drops to one-fourth. The 
deflection curves have almost the same shape in both cases, except that the curve from 
the simulation with a kinematical hardened model lays slightly over the other curve. 
From these two graphs, it is concluded that the material model greatly influences how the 
structure should be optimized against, for example, fatigue occurring from the pressure. 
Observe that the stresses in this case are the total circumferential at the top of the 
elements and not the bending or normal stresses. However, previous results have shown 
that the bending stresses are the larger component. Therefore, the bending stresses in this 
case are probably those that are most changed. 
 

5.2 Temperature load 
This section presents the results related to the thermal simulations. The same subdivision 
as for the pressure load is used, making it easer to compare the results. This main goal of 
this section is to give a deeper understanding of how the temperature changes the 
behaviour in the structure. Another important point is to connect the experimental results 
to the theory. 
 

5.2.1 Theory 
As mentioned before the theory is important as background information. The theory has 
been used to confirm the experimental results. Theory about thick pipes was used to 
perform the calculations where the temperature varies from the inside to the outside. The 
theory is found in Appendix A. The result showed that the deflection from the 
simulations was almost identical to that calculated from the theory. Further, the theory is 
shown to possibly be used as a good approximation. Note that the deflections are 
generally small and linear theory is thus useful. This is one difference from the pressure 
results when a wider theory would be useful.  

5.2.2 Simulations 
The results are from the simulations described in section 4.4.1. Since the simulations 
have already been described, only the results are discussed here. The graphs are found in 
Appendix J. As before, the results are presented in three groups depending on how the 
thickness varies along the x-axis, see Appendix H. All results are compared to a 
uniformed circular geometry with thickness t=2 mm. The loads in all cases were 0.5 bar 
and the elliptical geometry had the radii a=0.5 m and b=0.2 m. The geometries are the 
same as for the pressure simulations. Note that to perform a thermal simulation, a 
material model is necessary, which may influence the result. The material model provides 
information about how the temperature changes the material properties. The model is still 
linear and elastic for the structural part of the simulations. 
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Graph 13. The normal stress for two elliptical- and one 
circular structure exposed to a temperature load and with 
uniform thickness. 
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Graph 14. The bending stress for two elliptical- and one 
circular structure exposed to a temperature load and 
with uniform thickness. 

From the simulations, the top and bottom stresses are used to calculate the normal and 
bending stresses. When the materials are uniformly distributed, the stress levels for the 
elliptical geometry lie on the same level as the stresses in a circular geometry. The 
stresses are constant at every point on the top surface. At the bottom the stress has the 
same value, but with opposite mathematical sign. When the normal and bending stresses 
are calculated both curves have the same shape, i.e. a straight line along the x-axis. The 
difference is that the bending stresses are much higher, as seen in all the results from this 
simulation. A thicker thickness gives a higher stress, which is a result of an increased 
gradient. The gradient grows with the thickness. 
 
Elliptical and circular geometry curves have the same stress level due to the average 
temperature becoming the same. This is a result of how the temperature was defined. 
When the deflections are studied the same behaviour is observed and the deflection 
curves match. The deflection is not the same for the two geometries. Different 
thicknesses that match are probably a result of the same factor as the stresses. The 
deflection seems to be influenced by the geometry, but is in this case only an outwards 
expansion. For the thermal load the deflections seem larger in the x-direction, resulting in 
shapes that will not be the same afterwards. For the circular geometry every point has the 
same deflection. 
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Graph 15. The normal stress for two elliptical- and one 
circular structure exposed to a temperature load. The 
elliptical structures have linear varying thickness. 
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Graph 16. The bending stress for two elliptical- and one 
circular structure exposed to a temperature load. The 
elliptical structures have linear varying thickness. 

The second result is that with some sort of varying thickness. The highest absolute value 
of the normal stress for all geometries is found in the thickest section. But the normal 
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stress in this case is small compared to the bending stress. The highest bending stresses 
are found in the thinnest part of the structure. This might seem strength, but are probably 
a result of the thicker end having a great influence on the thinner section. A theory is that 
the temperature differences will cause the various sides of the structure to expand much 
differently in the length direction. The warmer, internal side will expand more than the 
colder outside. When this happens the thicker end will deflect inwards and a turn on the 
structure will occur. This will influence the thinner section to try and maintain the shape 
of the structure, resulting in the highest stress level occurring at this section. Still, the 
higher gradient in the thickest section has the influence. 
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Graph 17. The normal stress for two elliptical- and one 
circular structure exposed to a temperature load. The 
elliptical structures have linear varying thickness. 
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Graph 18. The bending stress for two elliptical- and one 
circular structure exposed to a temperature load. The 
elliptical structures have linear varying thickness. 

The second investigation made was based on another thermal distribution described in 
section 4.4.1. The aim was to find out what properties, the geometry or the thickness, had 
the greatest inflection on the stress level in the structure. The simulation showed that the 
influences of the thickness did not change the results. The results are in the graphs in 
Appendix K.  
 
The simulation built on an elliptical structure with a uniformed thickness was exposed to 
the same temperature gradient. The result shows the same geometry with the same 
gradient, but with different thicknesses resulted in almost the same bending stress. This 
indicates that the gradient has a huge influence on the result, but that the geometry is also 
an important factor to the stress levels.  
 

5.2.3 Material model 
The material model was the material data provided from Volvo Aero, which contained 
information describing how the temperature changes the properties of the other materials. 
This information can be used to study how the structure behaves. Here, performing a 
simulation without a material model was not possible. The result presented in section 
5.2.2 is only relevant from this load. A comparison and discussion of the results from 
simulations with and without the material model are therefore not possible. 
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5.3 Combined temperature and pressure 
In this section, the results from the simulations include both temperature and pressure 
data. Because no theory exists for a combined analysis of the two load cases, they will be 
studied separately. Therefore, no discussion will be made in this section for the combined 
load case. This load case is a combined solution from the other two load cases. The 
material model might not exactly be the same for the two parts of the program, but its 
result will represent the main actions in the structure. The two geometries used for this 
load case are described in section 4.3. The first geometry has a varying thickness of 2 mm 
at the left end to 15 mm at the right end. The second geometry has the same variation, but 
the ends are switched.  All the results are found in Appendix L. 
 
This section presents the result differently. Since the most interesting part here is to 
uncover how this combined case works compared to the separated one, the geometries are 
discussed separately. 

Sigma N tv=0,002 th=0,015

-6.00E+06
-4.00E+06
-2.00E+06
0.00E+00
2.00E+06
4.00E+06
6.00E+06
8.00E+06
1.00E+07

0 0.1 0.2 0.3 0.4 0.5 0.6

X-coordinate [m]

St
re

ss
 [P

a] Sigma N temptryck
Sigma N temp
Sigma N tryck

 
Graph 19. The normal stress for an elliptical structure 
exposed to a pressure and temperature load with varying 
thickness. The stresses are compared to the result from 
the separately load cases. 
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Graph 20. The bending stress for an elliptical structure 
exposed to a pressure and temperature load with varying 
thickness. The stresses are compared to the result from 
the separately load cases. 

The first geometry has the thinnest section to the left. The graph above shows that the 
normal stress is quite small compared to the bending stress. From the two graphs above it 
is also concluded that the bending stress for the combined load case is approximately the 
sum of the pressure and temperature curves. The same statement can be said of the 
deflections found in Appendix L. This geometry gives the same temperature and pressure 
distribution, resulting in the addition of the stresses. However, because this is also the 
case for the deflection, this is not a suitable solution. The thinnest section placed at the 
least stiff point of the geometry makes this possible. 
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Graph 21. The normal stress for an elliptical structure 
exposed to a pressure and temperature load with varying 
thickness. The stress is compared to the result from the 
separately load cases. 
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Graph 22. The bending stress for an elliptical structure 
exposed to a pressure and temperature load with varying 
thickness. The stress is compared to the result from the 
separately load cases. 

When the geometry is changed and the thinnest end is to the right, the result becomes 
totally different. The bending stress for the pressure and temperature no longer work 
together. The highest absolute value is still located at the same point, but the bending 
stress for temperature cannot have a negative sign. The results from the combined 
simulation are still approximately the addition of the two curves, but one of the curves 
now has opposite sign. The graph shows that the combined load case results in a lower 
stress level at x=0.5 m than in the separate load case.  
 
The deflection is not easily explained. When analysing the values, the ends at x=0.5 are 
deflected slightly inwards, an effect that comes from the thermal load.  The total 
deflection becomes less at every point than for the individual cases. Much of this can 
probably be derived from the inwards deflection and the overall bending stresses. 
 

5.4 The final design 
The results from the simulations should provide information that makes it possible to 
create the most optimal structural design. Unfortunately, the time needed to make 
simulations to confirm the theories presented in this section was lacking. The results 
illustrate how the pressure wants to expand the structure. A thicker thickness improves 
the stiffness and gives a lower stress level. The thermal load only gave the same 
expansion as for the uniform thickness. If the thickness varies greatly, the deflection turn 
can invade and be used to compensate to the pressure dependent deflections. From the 
test including thermal and pressure loads, geometry with a linear variation thickness had 
the best result. The thicknesses were 2 mm at x=0 and 15 mm at x=0.5.  
 
Since only two geometries were tested, the chance is good to find an even better suited 
geometry. One possibility is to construct an optimization program based on the factors 
that calculate the best solution. One theory is that the thickest section is probably found at 
the right end. This will prevent the deflection from the pressure becoming too high and 
result in less deflection than from the loads separately. To make the sensitive section at 
the top x=0 stiffer, a thicker thickness than 2 mm is recommended. A better layout of the 
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cross section might exist, but more simulations would be needed. Because of the lack of 
time, this was as much as this thesis managed to accomplish.  
 

5.4 Conclusions 
Only the conclusions remain after the result has been presented, described and analysed. 
What was the result of this master’s thesis? Was the goal fulfilled? The purpose was to 
give an increased understanding of how the structure behaved under pressure, 
temperature and the combined load case. From the result, the goal was to increase the 
understanding of how nozzle could be constructed. These results will answer the question 
at the end of the conclusion.  
 
Previous chapters established that the theory is useful when the model and program code 
were performed. The theory could satisfy that the simulation was performed correct and 
the yielded result could be compared to the theoretical results. The process of this work 
also shows the importance of choosing elements for the simulation model. If the elements 
are incorrect, there is a possibility that the results will be wrong. Understanding the 
differences between the elements and their usage is also important. Different elements 
might be the solution for different kinds of simulations. The model itself should be 
carefully performed. What loads and how they should be applied can influence how the 
models are performed. At this point, note that the element decides how the structure 
should be built for the element to work correctly. 
 
The simulation result is the most important in this thesis work. Some conclusions from 
this work are discussed here, and summated in Table 1 below. It can be concluded from 
the results that the pressure is easier to understand and predict than the thermal load. The 
deflection is as expected for structures with uniform thickness. When one end is thicker 
than the other and the sides have different temperatures, the expansions are different. 
Note that the pressure working along the y-axis has a larger area to affect, resulting in the 
elliptical shape being stiffer in the x-direction and the deflection becoming larger in the 
y-direction. 
 
Before discussing the simulation results, the element end material model is of 
importance. Depending on what material is chosen, the stress levels will change. In this 
analysis, only the stress levels are of interest since no material has yet been decided upon. 
An important part of the work is the material model, which describes the material. No 
specified material was defined here; only a model that included the E-module was used, 
elastic material. All simulations were performed with this model. During the evaluations 
it was investigated how sensitive the geometric model was to a change in the number of 
elements, which it was not. Different kinds of element were also tested. An ordinary 
structural element, Shell43, was used for the pressure load. For the thermal load, layered 
elements were needed, Shell131 and Shell181 (structural version). The layered element 
permitted having a variation of temperature through the thickness. The last evaluation 
would decide if large deformations should be included. The result showed that it was 
needed for the pressure, since the result was otherwise not was incorrect.  
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Geometry Load Conclusion Section 
Circular t=2 
mm 

pressure Only membrane stress, around 10 MPa 5.1.2 

Circular t=2 
mm 

temp Constant (low) temperature gradient. Only bending 
stress, low due to the low temp gradient, around 50 
MPa 

5.2.2 

Elliptic, 
t=2mm 

pressure Main part of the total stress is bending stress. Max 
stress at x=a. Order of stresses (worst position) : 10 
MPa for a 2 mm circle and 1000 MPa for the ellipse 

5.1.2 

Elliptic, 
t=15mm 

pressure Main part of the total stress is bending. Max stress 
around 10 MPa, i.e. in the same order as the 2 mm 
circular 

5.1.2 

Elliptic, t=2 
mm in x=0 
and 15 mm 
in x=a 

pressure Max stress 400 MPa in x=0. The increased bending 
resistance makes the deflections at x=0 lower. 

5.1.2 

Elliptic, t=15 
mm in x=0 
and 2 mm in 
x=a 

pressure Max stress 800 MPa in x=a.  5.1.2 

Elliptic, 
t=15/2/15 
mm 

pressure Low bending stresses. Check excel diagram 5.1.2 

Elliptic, 
t=2mm 

temp Constant (low) temperature gradient. Only bending 
stress, low due to the low temp gradient. Similar to the 
circle. Stress around 50 MPa 

5.2.2 

Elliptic, 
t=15mm 

temp Constant (high) temperature gradient. Only bending 
stress, high due to the high temp gradient. Stress 250 
MPa. The increase is due to delta T and not due to the 
difference in bending stiffness. 
 

5.2.2 

Elliptic, t=2 
mm in x=0 
and 15 mm 
in x=a 

temp Max stress 500 MPa in x=0 (thinnest part) and almost 
zero in x=a (thickest part). The large stress is still due to 
the large temp gradient. However, here we also see an 
effect of a large stiffness variation. The thick part wants 
to deform thermally and the force needed to withstand 
the force causes high stresses in the thin section. 
 

5.2.2 

Elliptic, t=15 
mm in x=0 
and 2 mm in 
x=a 

temp Same behaviour and explanations as above 5.2.2 

Elliptic, 
t=15/2/15 
mm 

temp Same behaviour and explanations as above 5.2.2 

Table 1. The result in a summated table, this is made to easier get an overview. 

The pressure simulations showed as expected, i.e. that an increased thickness lowered the 
stress. As an example, an ellipse with t=2 mm has 100 times higher stress than a circle 
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with the same thickness. When the thickness is increased, the stresses become lower. To 
only increase the thickness, low weight is not a solution. 
 
When comparing different geometries, some interesting things are found. When a circular 
geometry is exposed to pressure, the stresses become a kind of membrane. If the load is 
thermal, the stresses then become bending stresses. An increased thickness is the solution 
to lower the membrane stresses, and the thermal gradient, ΔT, should be lowered to lower 
the bending stresses. An increased ΔT increases the stresses, not the thickness. When the 
thickness increases, ΔT is still the same; this can be related to how the load is applied. 
The elliptical geometry for both loads has mainly bending stresses; the solution to lower 
these stresses is the same as for the circular geometry. The conclusions are useful when 
the thickness is uniform. When the thickness varies and the load is pressure, the solution 
is to still increase the thickness. The conclusion about ΔT for the thermal load is still true, 
but this now only gives the stress level its position, found in the weakest point in the 
structure. The highest stress level is found in the thinnest part of the structure.  
 
The table above describes the conclusions for the different geometries. Observe that all 
results are from the same fibre in the structure. Overall, the stresses should be minimized. 
For some combinations, the stress in the outer fibre can have different signs for thermal 
and pressure loads and help to lower the combined stress. Another important aspect is to 
lower the stress in areas with high temperatures (the stress should be compared to the 
yield or ultimate stress for the actual temperature). As well, the temperature gradient 
through the material is dependent on the thickness of the wall, and the largest gradient in 
a structure with varying thickness had the largest influence.  
 
All this satisfies the most important goal of this thesis – to give a basic understanding of 
how the structure reacts under different loads. While performing the work, a new 
question was asked and presented in chapter 6. The new question might increase the 
understanding, though the goals for this thesis are fulfilled. The result can be used to 
design better nozzles. From the result, it has been established that the temperature can be 
used to lower the effects from pressure and vice versa. However, due to time limitations, 
investigating a new design and formulating a suggestion were not possible. 
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6. Recommendations for further work 
The last chapter focuses on issues and questions that for different reasons remain 
unanswered. This section raises questions that during the work process were not possible 
to answer because of, for example, lack of time and the delimitation of the thesis. 
 
To find these interesting points, it is important to remember which problem was solved. 
This thesis has succeeded in giving a basic understanding of how the structure behaves 
during pressure loads and thermal loads. This information can be used to provide an 
understanding of how and why a structure behaves in a certain way before the 
simulations are made. However, during the work when problems were solved, several 
new issues were discovered.  
 
One of the biggest sources of inspiration to new topics for further work was the result. 
From the analyses, the first topics arose when the same model was simulated with two 
different material models. In this thesis work no time was spent on finding the most 
optimal material and material model. The material model is about how to put the material 
behaviour into the calculation model. The material model greatly influenced the result 
and an optimal material would be helpful to manage the given loads.  
 
The first load used to perform the calculation was the internal pressure. From this 
simulation it was established that the theory was fulfilled for a circular geometry. There 
is still no theory that can be used to calculate large deflections for elliptical geometries. If 
these results are to be compared to the theoretical values a theory must first be 
established. This theory could give a useful result, but the mathematical task is very 
complicated and is probably not suitable as a master’s thesis. Another issue that 
influenced the work before the simulations was the choice of element. A better-suited 
element for this application probably exists, but because the program includes many 
different elements and was not the main point of the work, an element that worked well 
enough was therefore chosen. Choosing an element was obviously an important part of 
building the model. If this topic is to be studied further, finding a better-suited model than 
the one used here is possible.  
 
The results from the pressure simulation did not include any major surprises. Thickness 
was one important factor that influenced the stress. An issue that was not investigated 
includes the factors that influence the lifetime of the structure. What factor is most 
important to the lifetime was not part of this work; hence, fatigue or anything else is still 
an interesting question. Another possibility to continue the work is to make a program 
that sort out the most optimal solution for the given parameters. However, the internal 
weight then has to be decided upon. 
 
In certain parts, the thermal simulations gave more unexpected results. Even if the 
structure is generally warmer than room temperature and the sides have different 
temperatures, it is possible for the structure to shrink. A theory about this was presented 
in the results, but this interesting result can be used to handle the deflection of the 
structure. To use this, further studies are necessary to prove that the correct conclusions 
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have been made. This phenomenon can be found in the results that represents the 
combined simulation. Because that the temperature seems to greatly influence the results 
this would be an important issue to study. 
 
The last issue of interest is to study rectangular geometry. The purpose is to study the 
corners to find out what happens when sharp corners exist. This question was first 
discussed to be a part of the work, but because of a lack of time this section was omitted. 

 34



 

7. References 
 
[1] http://www.volvo.com/volvoaero/se/sv-se (datum 13 Aug) 
 
[2] Gunston B, “Militärflygets historia”, Historiska Media, 2001 
 
[3]  Sundin K. G & Eriksson K,”Skivor, plattor och skal – kompendium i kursen 

MTM127”, Institutionen för tillämpad fysik, maskin- och materialteknik LTU, 
2004 

 
[4]  Flügger W,”Stresses in Shells”, Springer Verlag, 1960 
 
[5]  Timoshenko S,”Theory of plates and shells”, McGraw-Hill, 1987 
 
[6] Lundh H, ”Grundläggande hållfasthetslära”, KTH Stockholm, 2000 
 
[7] Sundström B (ed), ”Handbok och formelsamling i hållfasthetslära”, Institutionen 

för hållfasthetslära KTH, 1999 
 
[8]  Avery R. T & Tiderick G. A, ”Elliptical vacuum chamber stress and deflections”, 

Lawrence radiation laboratory university of California, 1969 
 
[9] ANSYS version 10. Help manual. 
 
[10] Råde L & Westergren B,“Mathematics Handbook for Science and Engineering” 

fourth edition, Studentlitteratur,1998. 
 
 

 35

http://www.volvo.com/volvoaero/se/sv-se


Appendix A 

Appendix A- Pipe theory 
To do the analysis  assumptions are made. In this theory all loads are assumed to be 
uniformed and the geometry are cylindrical symmetric. In the figure below the general 
stress condition is shown as well as the chosen coordinate system, in this case a 
cylindrical one. In cylindrical symmetry the stress constant is in the φ and z directions. 
The assumptions and equations can be found in [6] 
 

 
Figure A. 1. The components working on a 
cylindrical element in equilibrium. 

 

In this case, a planar stress condition is assumed to be accounted. The general equilibrium 
equations are presented below and are derived from Figure A. 1. The volume force Kr can 
be neglected. Equilibrium in the r-direction: 
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After some simplifications and if the term Δr→0, the equation becomes: 
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+

+
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The equation is sometimes written as: 
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The strains are expressed as: 
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Appendix B- Thick walled pipes 
All assumptions and equations presented here can be found in [6] and [7]. The first thing 
to do is to in this analysis is to study the different load cases separately. The internal 
pressure, P, is then analysed, followed by the thermal load, T(r) and in the end a 
combination are analyses. To find the equations to calculate the stresses in thick walled 
structures, the analysis begins in Hookes general law: 
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The last term derived from the temperature. In the first case the only load is the internal 
pressure and the temperature is therefore neglected. The strains are with Hookes law in 
cylindrical coordinates: 
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1   (B. 4) 

( )rE
νσσε ϕϕ −=

1   (B. 5) 
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To find the expression for the thick walled pipe, the stresses must be expressed in 
cylindrical. If equations (A. 4) and (A. 5) are used for the strains, the equations finally 
become:  
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Inserting equations (B. 7) and (B. 8) into equation (A. 3) and the differential equation 
below is found after some simplifications. 
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The equation is possible to integrate directly and the result is: 

r
ArAur

2
1 +⋅=   (B. 10) 

The equation is an expression with two integration constants, A1 and A2. The constants 
are decided from the conditions at the edges, and if they are decided, the deflection can 
be calculated. In this case, two constants A and B are introduced in order to simplify the 
calculations: 
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The figure below shows a cross section of a thick walled pipe. The internal and external 
radii are set to a and b, r is the middle radius.  
 

Figure B. 1. Cross section of a thick circular 
pipe with radii and thickness marked. 

 

The edge conditions for an open cylindrical pipe where the only load is the internal 
pressure P.  

( ) Parr −==σ   (B. 13) 

( ) 0== brrσ   (B. 14) 

In this case the constants A and B are determined to: 
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If the equations (B. 11) and (B. 12) are used with the edge conditions in (B. 13) and (B. 
14) the result can be described as: 
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This is the equation that describes the stresses in the thick walled pipe during internal 
pressure load. The stress in the z-direction is σz=0 
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The second load case is if the pipe is exposed to a thermal load T(r) that is symmetric by 
rotation and gives symmetric stresses and deformations in the structure. Here, the 
assumptions are that σz=0 and εz=0. For the internal pressure, the analysis starts with the 
equations (A. 3), (A. 4) and (A. 5). With Hookes law for cylindrical coordinates the strain 
and stress distribution are described as the equations below, if equations (A. 3) and (A. 4) 
are used as a substitution for εr and εφ.  
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Equation (A. 5) that describes the differential equation becomes in this case:  
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When this equation is solved the equation takes the form: 
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The upper integration limit r is set to the position where the calculations should be made. 
If it is used for the stress equations σr and σφ they can be expressed as 
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In the equations, E, ν, C1 and C2 are constants. To simplify the equations, the constants A 
and B are again introduced. The equations become similar as when the structure is 
exposed to pressure, the difference being the extra term for the thermal load.  
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The equations above approximate well as long as the temperature gradient is small. When 
several different loads act on the same structure, the total stress may be found by using 
the principle of superposition.  
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Appendix C - General theory in an elliptical shell 
Since most applications with elliptic geometries not include only membrane stresses, this 
theory becomes more useful. This theory includes the bending moments. Bending 
moments in the structure give bending stresses, which need to be included. The 
information in this section is based on [8], and are here only summarised. Details about 
the diagrams from where the normalized values are found are not analysed.  
 
Before the analysis method is described some simplifications and assumptions must be 
mentioned. In this analysis, all axial effects are neglected and all deflections are assumed 
to be small and linear. The pressure and wall thickness are uniform, as before, and the 
stability effects are not considered. 
 
One possible starting point is the method of virtual work to find the expressions that give 
the equilibrium equations for the structure. The moments can be defined from this. In the 
article they are presented as M1 and M2 and represent the moment in the x- and y-
directions. The moment M from the free-body diagram is called M. The formulas and 
free-body diagram are presented below and are found in [8]. 
 
 

 
Figure H. 1. A free-body diagram of an 
elliptical section. 
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The constants K1, K2 and Kx are the expression for the normalized bending moments, 
according to [8]. They are presented as functions and depend on the ratio b/a. The 
constants Fel and Eel are the complete elliptical integrals, found in [8]. The constant k is: 
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As before, the thickness is assumed to be uniform. The expression for bending stresses 
and stresses in the circumferential direction are: 
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The total stresses are the algebraic sum of these two. The maximum total stress in the y- 
and x-directions are expressed as following, according to [8]. 
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The deflections can also be found in the article [11] and are presented as: 
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If the same analysis is performed in the x-direction the expression are given as: 
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The result can be expressed as: 
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The constants C1 and C2 are the expressions for the normalized deflections at the axes, 
according to [8]. They are presented as functions and depend on the ratio b/a. 
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Appendix D - Code for the pressure load case 
 
finish 
/clear 
/PREP7 
 
a=0.5 
b=0.2 
t=0.002 
t1=0.015 
t2=0.002 
L=0.002 
n=4000 
dex=2e11 
dnuxy=0.3 
dp=0.5e5 
 
k,1,0,1,0    
k,2,1,0,0    
k,3,0,0,0  
k,4,0,1,L 
k,5,1,0,L 
k,6,0,0,L 
 
LARC,1,2,3,1 
LARC,4,5,6,1 
NUMMRG,kp 
allsel 
 
LSSCALE,1,,,a,b, ,,,1 
LSSCALE,2,,,a,b, ,,,1 
LSTR,       4,       1   
LSTR,       5,       2   
LESIZE,1,0,0,n,0,0,0,0,0 
LESIZE,2,0,0,n,0,0,0,0,0 
allsel 
 
ET,1,SHELL43 
KEYOPT,1,3,0 
KEYOPT,1,4,0 
KEYOPT,1,5,0 
KEYOPT,1,6,0 
 
R,1,t, , , , ,   
mp,ex,1,dex 
mp,nuxy,1,dnuxy 
dgxy=dex/(2*(1+dnuxy)) 
mp,gxy,1,dgxy 
AL,all 
AMESH,       all  
allsel 
 
*do,i,1,4000,1  
esel,s,,,i 
esel,a,,,i+4000 
esel,a,,,i+8000 
emodif,all,real,i+1 
t3=t1-((t1-t2)/3999)*(i-1)  
R,i+1,t3, , , , ,   
allsel 
*enddo 
allsel 
 
lsel,s, , ,       2  
nsll,s,0 
esel,s,,,8001 
esel,a,,,8050 
esel,a,,,8070 

esel,a,,,8100 
esel,a,,,8500 
esel,a,,,9000 
esel,a,,,9500 
esel,a,,,10000 
esel,a,,,10250 
esel,a,,,10500 
esel,a,,,10750 
esel,a,,,11000 
esel,a,,,11250 
esel,a,,,11500 
esel,a,,,11750 
esel,a,,,11900 
esel,a,,,11930 
esel,a,,,11950 
esel,a,,,12000 
cm,st1e,elem 
nsle 
cm,st1n,node 
allsel 
 
nsel,s,loc,z,0 
CM,komp1,node    
nsel,s,loc,z,L 
CM,komp2,node 
cmsel,s,komp1 
cmsel,a,komp2 
cmsel,s,komp1 
 
*GET,nrn,node,,count 
ndnr=0 
*DO,ii,1,nrn 
  cmsel,s,komp1 
  ndnr=ndnext(ndnr) 
  cmsel,a,komp2 
  n2=node(nx(ndnr),ny(ndnr),nz(ndnr)+L) 
  cp,next,ux,ndnr,n2 
  cp,next,uy,ndnr,n2 
*ENDDO 
csys,0 
allsel 
 
csys,0 
nrotat,all 
nsel,s,loc,x,a, 
nsel,r,loc,y,-0.00001,0.00001 
D,all, , , , , ,UY,ROTX,ROTZ,   
allsel 
 
nsel,s,loc,y,b, 
nsel,r,loc,x,-0.00001,0.00001 
D,all, , , , , ,UX,ROTY,ROTZ,    
allsel 
lsel,s,,,1     
nsll,s,1   
d,all,uz,0 
allsel 
 
SFE,all,2,PRES, ,dp, , , 
allsel 
/SOL  
ANTYPE,0 
time,1 
nsubst,100,10,1000 
nlgeom,on 
SOLVE    
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Appendix E - Code for the temperature load case 
 
The first part is a thermal 
simulation. 
 
finish 
/clear 
 
/PREP7 
 
a=0.5 
b=0.2 
t=0.002 
t1=0.015 
t2=0.002 
L=0.002 
n=4000 
dex=2e11 
dnuxy=0.3 
dp=0.5e5 
 
k,1,0,1,0    
k,2,1,0,0    
k,3,0,0,0  
k,4,0,1,L 
k,5,1,0,L 
k,6,0,0,L 
 
LARC,1,2,3,1 
LARC,4,5,6,1 
 
NUMMRG,kp 
allsel 
 
LSSCALE,1,,,a,b, ,,,1 
LSSCALE,2,,,a,b, ,,,1 
 
LSTR,       4,       1   
LSTR,       5,       2   
 
LESIZE,1,0,0,n,0,0,0,0,0 
LESIZE,2,0,0,n,0,0,0,0,0 
 
allsel 
 
ET,1,SHELL131 
KEYOPT,1,2,0 
KEYOPT,1,3,1 
KEYOPT,1,4,0 
KEYOPT,1,6,0 
 
mat,1 
sect,1,shell,,   
secdata, t,1,0.0,3   
secoffset,MID    
 
/inp,HastX,mat-
SI,/project/spacelib/data/materials/for_a
nsys/M2LM1140000E2003_3_2 
 
AL,all 
AMESH,       all  
allsel 
 
*do,i,1,4000,1  
esel,s,,,i 
esel,a,,,i+4000 

esel,a,,,i+8000 
secnum,i 
emodif,all,secnum,i 
t3=t1-((t1-t2)/3999)*(i-1) 
sect,i,shell,, 
secdata, t3,1,0.0,3   
allsel 
*enddo 
allsel 
 
save,model_temp,db 
 
/SOL  
ANTYPE,0 
time,1 
tref,293 
SFE,all,2,CONV,0,1000 
SFE,all,2,CONV,2,800 
SFE,all,1,CONV,0,1000 
SFE,all,1,CONV,2,300 
SOLVE    
 
The second part is a structural 
simulation 
 
finish 
/clear 
 
/PREP7 
resume,model_temp,db 
etchg,tts 
 
KEYOPT,2,1,0 
KEYOPT,2,3,0 
KEYOPT,2,8,0 
KEYOPT,2,9,0 
KEYOPT,2,10,0    
allsel 
 
lsel,s, , ,       2  
nsll,s,0 
esel,s,,,8001 
esel,a,,,8050 
esel,a,,,8070 
esel,a,,,8100 
esel,a,,,8500 
esel,a,,,9000 
esel,a,,,9500 
esel,a,,,10000 
esel,a,,,10250 
esel,a,,,10500 
esel,a,,,10750 
esel,a,,,11000 
esel,a,,,11250 
esel,a,,,11500 
esel,a,,,11750 
esel,a,,,11900 
esel,a,,,11930 
esel,a,,,11950 
esel,a,,,12000 
cm,st1e,elem 
nsle 
cm,st1n,node 
allsel 
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nsel,s,loc,z,0 
!nsel,u,,,1,2 
!nsel,u,,,4002 
!nsel,u,,,4005 
CM,komp1,node    
nsel,s,loc,z,L 
!nsel,u,,,1,2 
!nsel,u,,,4002 
!nsel,u,,,4005 
CM,komp2,node 
 
cmsel,s,komp1 
cmsel,a,komp2 
 
cmsel,s,komp1 
*GET,nrn,node,,count 
ndnr=0 
*DO,ii,1,nrn 
  cmsel,s,komp1 
  ndnr=ndnext(ndnr) 
  cmsel,a,komp2 
  n2=node(nx(ndnr),ny(ndnr),nz(ndnr)+L) 
  cp,next,ux,ndnr,n2 
  cp,next,uy,ndnr,n2 
*ENDDO 
 
csys,0 
allsel 
 
csys,0 
nrotat,all 
nsel,s,loc,x,a, 
nsel,r,loc,y,-0.00001,0.00001 
D,all, , , , , ,UY,ROTX,ROTZ,   
allsel 
 
nsel,s,loc,y,b, 
nsel,r,loc,x,-0.00001,0.00001 
D,all, , , , , ,UX,ROTY,ROTZ,   
allsel 
 
lsel,s,,,1     
nsll,s,1   
d,all,uz,0 
allsel 
 
/SOL  
ANTYPE,0 
time,1 
tref,366 
nsubst,100,10,1000 
nlgeom,on 
LDREAD,temp,,,1,,file,rth 
SOLVE    
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Appendix F - Code for the combined load case 
 
The first part is a thermal 
simulation. 
 
finish 
/clear 
 
/PREP7 
 
a=0.5 
b=0.2 
t=0.002 
t1=0.015 
t2=0.002 
L=0.002 
n=4000 
dex=2e11 
dnuxy=0.3 
dp=0.5e5 
 
k,1,0,1,0    
k,2,1,0,0    
k,3,0,0,0  
k,4,0,1,L 
k,5,1,0,L 
k,6,0,0,L 
 
LARC,1,2,3,1 
LARC,4,5,6,1 
 
NUMMRG,kp 
allsel 
 
LSSCALE,1,,,a,b, ,,,1 
LSSCALE,2,,,a,b, ,,,1 
 
LSTR,       4,       1   
LSTR,       5,       2   
 
LESIZE,1,0,0,n,0,0,0,0,0 
LESIZE,2,0,0,n,0,0,0,0,0 
 
allsel 
 
ET,1,SHELL131 
KEYOPT,1,2,0 
KEYOPT,1,3,1 
KEYOPT,1,4,0 
KEYOPT,1,6,0 
 
mat,1 
sect,1,shell,,   
secdata, t,1,0.0,3   
secoffset,MID    
 
/inp,HastX,mat-
SI,/project/spacelib/data/materials/for_a
nsys/M2LM1140000E2003_3_2 
 
AL,all 
AMESH,       all  
allsel 
 
*do,i,1,4000,1 
esel,s,,,i 
esel,a,,,i+4000 

esel,a,,,i+8000 
secnum,i 
emodif,all,secnum,i 
t3=t1-((t1-t2)/3999)*(i-1) 
sect,i,shell,, 
secdata, t3,1,0.0,3   
allsel 
*enddo 
allsel 
 
save,model_temp,db 
 
/SOL  
ANTYPE,0 
time,1 
tref,293 
SFE,all,2,CONV,0,1000 
SFE,all,2,CONV,2,800 
SFE,all,1,CONV,0,1000 
SFE,all,1,CONV,2,300 
SOLVE    
 
The second part is a structural 
simulation 
 
finish 
/clear 
/PREP7 
resume,model_temp,db 
etchg,tts 
 
KEYOPT,2,1,0 
KEYOPT,2,3,0 
KEYOPT,2,8,0 
KEYOPT,2,9,0 
KEYOPT,2,10,0    
allsel 
 
lsel,s, , ,       2  
nsll,s,0 
esel,s,,,8001 
esel,a,,,8050 
esel,a,,,8070 
esel,a,,,8100 
esel,a,,,8500 
esel,a,,,9000 
esel,a,,,9500 
esel,a,,,10000 
esel,a,,,10250 
esel,a,,,10500 
esel,a,,,10750 
esel,a,,,11000 
esel,a,,,11250 
esel,a,,,11500 
esel,a,,,11750 
esel,a,,,11900 
esel,a,,,11930 
esel,a,,,11950 
esel,a,,,12000 
cm,st1e,elem 
nsle 
cm,st1n,node 
allsel 
 
nsel,s,loc,z,0 
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!nsel,u,,,1,2 
!nsel,u,,,4002 
!nsel,u,,,4005 
CM,komp1,node    
nsel,s,loc,z,L 
!nsel,u,,,1,2 
!nsel,u,,,4002 
!nsel,u,,,4005 
CM,komp2,node 
 
cmsel,s,komp1 
cmsel,a,komp2 
 
cmsel,s,komp1 
*GET,nrn,node,,count 
ndnr=0 
*DO,ii,1,nrn 
  cmsel,s,komp1 
  ndnr=ndnext(ndnr) 
  cmsel,a,komp2 
  n2=node(nx(ndnr),ny(ndnr),nz(ndnr)+L) 
  cp,next,ux,ndnr,n2 
  cp,next,uy,ndnr,n2 
*ENDDO 
csys,0 
allsel 
 
csys,0 
nrotat,all 
nsel,s,loc,x,a, 
nsel,r,loc,y,-0.00001,0.00001 
D,all, , , , , ,UY,ROTX,ROTZ,   
allsel 
 
nsel,s,loc,y,b, 
nsel,r,loc,x,-0.00001,0.00001 
D,all, , , , , ,UX,ROTY,ROTZ,   
allsel 
 
lsel,s,,,1     
nsll,s,1   
d,all,uz,0 
allsel 
 
/SOL  
ANTYPE,0 
time,1 
tref,293 
nsubst,100,10,1000 
nlgeom,on 
LDREAD,temp,,,1,,file,rth 
SFE,all,2,PRES, ,dp, , , 
SOLVE    
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Appendix G - Deflection evaluation 
The graphs or diagrams presented below are all normalized as in [8]. The results are 
presented this way to simplify the comparison between the small deformations (linear 
theory) and large deformations. If studying the series of diagrams, it is obvious if the 
theory can be used or not. All simulations were performed with the radii a=0.5 m and 
b=0.2 m and the thickness t=0.002 m.  
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Graph G. 1. Deflection at the pressure 100 Pa. 
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Graph G. 2. Deflection at the pressure 1000Pa. 
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Graph G. 3. Deflection at the pressure 1500 Pa. 
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Graph G. 4. Deflection at the pressure 2000 Pa. 
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Deflection P=3000
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Graph G. 5. Deflection at the pressure 3000 Pa. 
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Graph G. 6. Deflection at the pressure 5000 Pa. 
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0

0.01

0.02

0.03

0.04

0.05

0.06

0 0.2 0.4 0.6 0.8 1

Ellipticity ratio b/a

N
or

m
al

iz
ed

 d
ef

le
ct

io
n 

at
 

ax
es

C1 Theoretic
C2 Theoretic
C1 small def.
C2 small def.
C1 large def.
C2 large def.

Graph G. 7. Deflection at the pressure 10000 Pa. 
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Appendix H - Geometry overview 
This Appendix graphically describes the different geometries used to perform the 
simulations. The pictures all show a cross section of the geometry. However, the 
simulations only made on this cross section, since the thickness is small compared to the 
other dimensions. 

Picture M. 1. A uniform thick structure, t=7 mm. 

 

 
Picture M. 2. Linear variation thick structure. At the left 
end is t=2 mm and in the right end is t=15 mm. 

Picture M. 3. Linear variation thick structure. At the 
left end is t=15 mm and in the right end is t=2 mm. 

 
Picture M. 4. Linear variation thick structure. At the left 
and the right end is t=15 mm and in the middle is t=2 
mm. 

Picture M. 5. Linear variation thick structure. At the 
left and the right end is t=2 mm and in the middle is 
t=15 mm. 
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Appendix I - Pressure results 
The graphs presented below represent the results from the pressure analysis. Three 
different types of geometries are used, one with uniformed thickness and two types of 
linear variations. The geometries can be found in Appendix M as simple cross sections. 
All simulations are performed with the radii a=0.5 m and b=0.2 m. The pressures are 
constant at 0.5 bar. The factors thickness and geometry are the one that changes. In the 
graphs, displm_sum is the total displacement, Sigma N is the normal stress, Sigma B is 
the bending stress, th= to the right of the graph, tv= to the left in the graph and m= in the 
middle of the graph. 
 
The stresses Sigma B and Sigma N are calculated from the top and bottom stresses in the 
elements by using the following equations: 

2
___ topSxbotSxNSigma +

=  (N. 1) 

2
___ topSXbotSxBSigma −

=  (N. 2) 
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xposed to a pressure load and with uniform thickness. 
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raph I. 2. The normal stress for two elliptical- and one circular str
xposed to a pressure load and with uniform thickness. 
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 Bending stress component (uniform thickness)
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raph I. 3. The bending stress for two elliptical- and one circular str
xposed to a pressure load and with uniform thickness. 
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raph I. 4. The displacement for four elliptical- and two circular str
xposed to a pressure load. The elliptical structures have linear varyin
ickness. 
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raph I. 5. The normal stress for two elliptical- and one circular str
xposed to a pressure load. The elliptical structures have linear varyi
ickness. 
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 Bending stress component (linear varyting 
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raph I. 6. The bending stress for two elliptical- and one circular str
xposed to a pressure load. The elliptical structures have linear varyi
ickness. 
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raph I. 7. The displacement for four elliptical- and two circular str
xposed to a pressure load. The elliptical structures have linear varyin
ickness. 

 
 Normal stress component (linear varying thickness 
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raph I. 8. The normal stress for two elliptical- and one circular str
xposed to a pressure load. The elliptical structures have linear varyi
ickness. 
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 Bending stress component (linear varying 
thickness into the middle)
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raph I. 9. The bending stress for two elliptical- and one circular str
xposed to a pressure load. The elliptical structures have linear varyi
ickness. 
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raph I. 10. All normal stresses for all simulations that are exposed to
ressure load. 
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raph I. 11. All bending stresses for all simulations that are exposed to 
ressure load. 
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Appendix J - Temperature results 
The graphs below represent the results from the thermal analysis. The geometries are 
found in Appendix M as simple cross sections and are the same as for pressure. All 
simulations are performed with the radii a=0.5 m and b=0.2 m. The temperature is set to 
a constant value at the surface. T1=300 on the inside and T2=800 on the outside. The 
thickness and geometry are the factors that are changed.  
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Graph J. 1. The displacement for four elliptical- and two circular 
structures exposed to a temperature load and with uniform thickness. 

 

   
 Normal stress component (uniform thickness)

-1.20E+06

-1.00E+06

-8.00E+05

-6.00E+05

-4.00E+05

-2.00E+05

0.00E+00

2.00E+05

0 0.1 0.2 0.3 0.4 0.5 0.6

X-coordinate [m]

St
re

ss
 [P

a]

Sigma N t=0,002 m

Sigma N t=0,015 m

Sigma N t=0,002 m
circle

 
Graph J. 2. The normal stress for two elliptical- and one circular 
structure exposed to a temperature load and with uniform thickness. 
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Graph J. 3. The bending stress for two elliptical- and one circular 
structure exposed to a temperature load and with uniform thickness. 
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Graph J. 4. The displacement for four elliptical- and two circular 
structures exposed to a temperature load. The elliptical structures 
have linear varying thickness. 
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Graph J. 5. The normal stress for two elliptical- and one circular 
structure exposed to a temperature load. The elliptical structures have 
linear varying thickness. 
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Graph J. 6. The bending stress for two elliptical- and one circular 
structure exposed to a temperature load. The elliptical structures have 
linear varying thickness. 
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Graph J. 7. The displacement for four elliptical- and two circular 
structures exposed to a temperature load. The elliptical structures 
have linear varying thickness. 

 

   
 Normal stress component (linear varying thickness 

into the middle)

-6.00E+06

-4.00E+06

-2.00E+06

0.00E+00

2.00E+06

4.00E+06

0 0.1 0.2 0.3 0.4 0.5 0.6

X-coordinate [m]

St
re

ss
 [P

a]

Sigma N tv=0,002 m
m=0,015 m th=0,002
m
Sigma N tv=0,015 m
m=0,002 m th=0,015
m
Sigma N t=0,002 m
circle

 
Graph J. 8. The normal stress for two elliptical- and one circular 
structure exposed to a temperature load. The elliptical structures have 
linear varying thickness. 
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 Bending stress component (linear varying 
thickness onto the middle)
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Graph J. 9. The bending stress for two elliptical- and one circular 
structure exposed to a temperature load. The elliptical structures have 
linear varying thickness. 
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Graph J. 10. All normal stresses for all simulations that are exposed 
to a temperature load. 
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Graph J. 11. All bending stresses for all simulations that are exposed 
to a temperature load. 
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Appendix L 

Appendix K - Temperature evaluation 
The results presented below represent the temperature evaluation. Some simulations were 
conducted to find out if the gradient or the geometry had most influence on the stresses. 
During the simulation a predefined temperature was “forced” on the surface to give a 
constant gradient through the material. The used geometry was an ellipse with the radii 
a=0.5 and b=0.2. The thickness was uniformed and two thicknesses t=0.002 m and 
t=0.015 m were investigated. 
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Graph K. 1. The normal stress for two elliptical structures with a 
thermal gradient through the thickness. 

 

 Sigma B

0.00E+00

5.00E+08

1.00E+09

1.50E+09

2.00E+09

2.50E+09

3.00E+09

0 0.1 0.2 0.3 0.4 0.5 0.6

X-coordinate [m]

St
re

ss
 [P

a]

Sigma B t=0,002
Tin=566
Sigma B t=0,015
Tin=566
Sigma B t=0,015
Tin=638

 
Graph K. 2. The bending stress for two elliptical structures with a 
thermal gradient through the thickness. 
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Graph K. 3. A close up of graph P. 3. The bending stress for two 
elliptical structures with a thermal gradient through the thickness. 
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Appendix L 

Appendix L- Temperature and pressure results 
The results below are from the simulations that included both temperature- and pressure 
loads. The results are not presented as before, where each component was separately 
investigated. Each graph describes only one specified geometry and includes the results 
from the combined simulation. In the analysis, the results are compared to the curves 
from each load case.  
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Graph L. 1. The displacement for an elliptical structure exposed to a 
both pressure and temperature load with varying thickness. The stress 
are compared to the result from the separately load cases. 
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Graph L. 2. The normal stress for an elliptical structure exposed to 
both pressure and temperature load with varying thickness. The stress 
are compared to the result from the separately load cases. 
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Graph L. 3. The bending stress for an elliptical structure exposed to 
both pressure and temperature load with varying thickness. The stress 
are compared to the result from the separately load cases. 

 

 I



Appendix L 

 

 Displm_sumtv=0,015 th=0,002

0

0.005

0.01

0.015

0.02

0.025

0 0.1 0.2 0.3 0.4 0.5 0.6

X-coordinate [m]

D
is

pl
ac

em
en

t [
m

]

displm_sum
temptryck
displm_sum temp

displm_sum tryck

 
Graph L. 4. The displacement for an elliptical structure exposed to 
both pressure and temperature load with varying thickness. The stress 
are compared to the result from the separately load cases. 
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Graph L. 5. The normal stress for an elliptical structure exposed to 
both pressure and temperature load with varying thickness. The stress 
are compared to the result from the separately load cases. 
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Graph L. 6. The bending stress for an elliptical structure exposed to 
both pressure and temperature load with varying thickness. The stress 
are compared to the result from the separately load cases. 
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