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Abstract 
 
This work describes a method for determining a three-dimensional velocity profile of a flow 
through a micro geometry. The aim of this thesis is to further develop a micro-PIV method 
previously used to measure displacements and deformations in a plane. Micro-PIV methods are not 
a in it self a new method in this sorts of applications, on the contrary, it is a well known and 
documented method for measuring and calculating velocities and deformations in micro scales. The 
recent progress in micro-technology pushes the development of measuring techniques adapted for 
micro-geometries forward. The method that is developed in this thesis is not interesting entirely for 
scientists but also for companies in areas such as wood fiber products, polymer composites, micro 
fluidics and biomaterial. The unique in this method is to show that the technique can be used to 
measure a tree-dimensional velocity profile. 
 
The method that this work is based on has been developed at Luleå University of Technology. The 
earlier method is based on correlation calculation between images that has been taken with a CCD-
camera, parted with a time interval. The achieving goal with PIV-methods is to compare the 
intensity between these images, and in that way find the displacements on the specimen. The 
development in this thesis is to gather data from layers through a capillary tube. The gathered 
information is then put together, and this gives a picture of the flow through the geometry in a 
three-dimensional perspective. The head alignment in this work has been to find a qualitative 
picture of the three-dimensional velocity profile. The trail setup does not allow any quantitative 
validation of the velocities. Therefore has the concentration in the work been to find a method with 
potential for future development, that measures the shape of the velocity profile in a truthfully way. 
The method that has been developed in this work and that is built on the earlier PIV-method is 
developed in the mathematic program Matlab. This program is suitable for the calculations and 
visualizations that are required. A future step in development of this method is to rewrite the Matlab 
codes in C-code for increased speed in the calculations. 
 
The future development of the technique that is presented in this thesis should include 
measurements in more complicated geometries such as constrictions or bent capillary tubes. Future 
development could also include transient flows or real time measurements of micro flows. The 
measurements that has been done in this work has been done on Newtonian flows, where the 
measured velocities easily can be verified against known theories. An area that this method can be 
used in the future is flow measurements on non-Newtonian fluids. The velocity profiles of the non-
Newtonian fluids can be difficult to calculate since the physics behind them can be complex. 
Therefore can one see a bright future of this method since it can determine the shape of the velocity 
profiles of non-Newtonian fluids in an experimental way. 



 

 

Sammanfattning 
 
Detta arbete beskriver en metod för att bestämma en tredimensionell hastighetsprofil för ett 
vätskeflöde genom en mikrogeometri. Arbetet går ut på att vidareutveckla en mikro PIV-metod som 
tidigare använts för mätning av förflyttningar och deformationer i ett plan. Mikro PIV-metoder är i 
sig ingen ny metod vid tillämpningar av detta slag utan tvärtom ett väl använt och dokumenterat 
förfaringssätt för beräkningar av hastigheter och deformationer i mikroskalor. Den senaste tidens 
framsteg inom mikrotekniken driver på utvecklingen av mätmetoder anpassade för 
mikrogeometrier. Metoden som är framtagen genom detta arbete är inte bara intressant för forskare 
utan även för företag inom områden såsom träfiberprodukter, polymera kompositer, mikrofluidik 
och biomaterial. Det unika med detta arbete är att visa att tekniken  kan användas för att mäta en 
tredimensionell hastighetsprofil. 
 
Metoden som vidareutvecklas i detta arbete har framtagits vid Luleå tekniska universitet och bygger 
på korrelationsberäkningar mellan bilder som är tagna med ett visst tidsintervall. Vad som 
eftersträvas vid användningen av PIV-metoder är att jämföra intensiteten mellan dessa bilder som är 
tagna med CCD-kamera och på så sätt finna förskjutningen på mätobjektet. Utvecklingsarbetet 
bygger på att samla ihop data från olika skikt genom ett kapillärrör. Den uppsamlade informationen 
läggs sedan ihop för att på så vis ge en bild av hur flödet genom geometrin ser ut ur ett 
tredimensionellt perspektiv. Huvudinriktningen i detta arbete har varit att i första hand finna en 
kvalitativ bild av den tredimensionella hastighetsprofilen. Försöksuppställningen som använts i 
arbetet har inte tillåtit någon kvantitativ validering av hastigheterna. Därför har koncentrationen 
legat på att finna en metod med potential att vidareutvecklas, som på ett sanningsenligt vis mäter 
formen på hastighetsprofilen. Metoden som är framtagen här och som bygger på den tidigare 
utvecklade PIV-metoden är framtagen i matematik programmet Matlab. Matlab är ett lämpligt 
verktyg för de beräkningarna och visualiseringarna som behövs i detta arbete. Ett framtida 
utvecklings steg för metoden skulle kunna vara att skriva om Matlab rutinerna i C-kod för ökad 
snabbhet. 
 
Vidareutvecklingen av metoden skall kunna innefatta mätningar av mer komplicerade geometrier så 
som tex. förträngningar eller böjda kapillärrör. Vidareutvecklingen skall även kunna innefatta 
transienta flöden eller real tids mätningar av mikroflöden. I detta arbete har flödesmätningarna 
gjorts på Newtonska fluider där de uppmätta hastighets profilerna lätt kan verifieras med känd teori. 
Ett område där denna metod i framtiden  kan tillämpas på är flödes mätningar på icke-Newtonska 
vätskor. De icke-Newtonska vätskornas hastighets profiler kan vara svåra att beräkna då fysiken 
bakom sådana kan var komplicerad. Därför kan man se en framtid för denna metod, då den kan 
bestämma formen på icke-Newtonska vätskors hastighetsprofiler på experimentell väg. 
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Nomenclature 
 
a Radius of the capillary tube [mm] 
a1 Distance between the lens and the object plane 
a2 Distance between the lens and the image plane 
C Covariance function 
c Matrix containing the measured velocities after mean or median treatment[16 x 31] 
D Distance between optical axis for the CCD-cameras  
d Diameter of the capillary [mm] 
e Distance between detector element [m] 
F Fourier transform 
F-1 Inverse Fourier transform 
g Gravitational constant [m/s2] 
H Fourier transform of the speckle pattern 
h Array representing speckle pattern [512 x 512] 
k Threshold constant 
L Distance between lenses and measuring plane 
l Length of the tube in which the fluid is transported [m] 
M Magnification 
n Refractive index 
NA Numerical aperture 
P A point in the measuring plane before deformation 
P´ A point outside the measuring plane after deformation  
p Pressure [Pa] 
r Radial coordinate 
Re Reynolds number 
Std Standard deviation 
U Deformation in X direction 
u Velocity in the flow direction [mm/s] 
V Deformation in Y direction 
W Deformation in Z direction 
X Position in measurement plane 
x Coordinate in the flow direction 
Y Position in measurement plane 
Z Position in measurement plane 
z Watercolon containing seeding particles  
 
 



 

 

Greek letters and other symbols 
 
β Angle between ray and optical axis 
λ Wavelength [m] 
µ Dynamic viscosity [kg/ms] 
ν Kinematic viscosity [m2/s] 
ρ Density [kg/m3] 
τ Shear stress [N/m2] 
ξ Correlation between two sets of numbers 

 Mean value 
* Complex conjugate 
 
 

Used indices 
 
1 Originating from camera one 
2 Originating from camera two 
s Subimage 
x Set of numbers 
y Set of numbers 
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Chapter 1 
 
 

Introduction 
 
During the last ten years there has been a significant development in micro scale devices that can 
transport relatively small quantities of fluids. Such devices has many different areas of applications 
in engineering, including bio analysis systems, fuel cells, flow sensors, micro valves, propulsion 
and power generation of micro-satellites and inkjet printer heads. As the development has been 
improved in this area of research, the need of diagnostic tools has increased. These tools can be 
used to measure the flow performance of micro fluidic devices, and as an instrument for greater 
understanding of the physics involving transport of fluids at the micro scale. 
 
Particle image velocimetry (PIV) is a well-known technique for measuring velocity fields in fluids 
at the micro scale. In 1998 conducted Santiago et al. (1998) an experiment using a fluorescent 
microscope with a continuous Hg-arc lamp and an intensified CCD-camera. The group was 
studying a flow around an elliptic cylinder in a Hele-Shaw flow cell. A bulk velocity of 50 µm/s 
was measured with an interrogation volume of 6.9 µm x 6.9 µm x 1.5 µm. To be able to follow the 
flow in the micro channel, they used polystyrene seeding particles with a diameter of 300 nm 
tagged with a fluorescent dye. These particles were big enough to reduce the effects of Brownian 
motion but they emitted enough light to the detector. In this experiment the CCD-detector was 
exposed for 2 ms, and the time delay between successive images was 68.5 ms. 
 
Meinhart et al. conducted a similar experiment (1999) were they developed a PIV system to 
measure velocity fields with order 1 µm spatial resolution. In this work the seeding particles were 
doped with fluorescent dye. The particles had a diameter of 200 nm and were illuminated with a 
pulsed Nd: YAG laser. An epi-fluorescent microscope and a cooled CCD-camera were used to 
record the images. The CCD-camera was cooled because in that way the noise was reduced. 
Primarily the numerical aperture and the pixel resolution of the recording optics limit the spatial 
resolution of the PIV-technique.  
 
 

1.1 Background 
 
At Luleå University of Technology have the Division of Fluid Mechanics and the Division of 
Experimental Mechanics a growing interest in micro technology research. The development in these 
areas during the last years has pushed these two divisions to follow and to keep up with the 
progresses made in these fields of research. Therefore have these two divisions joined together in 
co-operation with the intent to follow up the progresses that has earlier been done. 
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1.2 Project aims 
 
The main aim of this project is to develop a method for measurements of three-dimensional velocity 
profiles in micro geometries and to validate it against a known velocity profile. In this thesis, 
Newtonian flows are considered, but in the future the aim is to use the method for more complex 
liquids such as non-Newtonian fluids. The purpose for measuring non-Newtonian flow is that the 
physics behind this kind of problems can be very complex. The method thus enables an increase of 
the overall understanding in this intricate field of research. 
 
Another aim of this project is to find a way to study flow in more complex micro geometries. In 
fields like medicine research it is common to use devices with geometries such as pipettes. In these 
fields of research it is of great importance to know the exact dosage when conducting experiments. 
Therefore one of the goals in this work is to develop a method that can in the future be applied on 
transient flows in complicated microstructures.  
 
In this thesis, the main goal has been to find a method that gives a qualitative picture of the velocity 
profiles.  
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Chapter 2 
 
 

Experimental technique 
 

2.1 Theory - Steady flow in a pipe 
 
Consider a fully developed laminar flow through a tube of radius a. Such a flow is frequently called 
a circular Poiseuille flow. If cylindrical coordinates (r, θ, x) is introduced with the x-axis  

 
coinciding with the axis of the pipe, the only non-zero component of the velocity is the axial 
velocity u(r), and none of the flow variables depends on θ. With this background, the following 
derivation by Kundu (1990) holds for Newtonian fluids 
 

 
dr
dp−=0  (2.1.1) 

 
showing that p is a function of x alone. Furthermore 
 

 






+−=
dr
dur

dr
d

rdx
dp µ0 . (2.1.2) 

 
Since the first term is solely a function of x, and the second term a function of r, it follows that both 
terms must be constant in space. The pressure therefore falls linearly along the length of the pipe. 
The velocity is then obtained by integrating twice along the radius to yield 
 

 BrA
dx
dpru ++= ln

4

2

µ
. (2.1.3) 

 

τ0 

τ 
u a 

x 

r 

Fig. 2.1. Laminar flow through tube with radius a 
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Since u must be bounded at r = 0, A must be equal to zero. The wall condition u = 0 at r = a result 
in 

 
dx
dpaB 








−=

µ4

2

 (2.1.4) 

 
and the velocity distribution takes the parabolic shape 
 

 
dx
dparu

µ4

22 −= . (2.1.5) 

 

In our experiment 
dx
dp  is the driving force of the system and takes the form 

l
gzρ  where ρ  is the 

density of the liquid and z  is the height to the top of the liquid. The parameter l  is the length of the 
tube in which the driving fluid is transported. 
 
 

2.2 The set-up 
 
The measuring set-up consists of 
two CCD-cameras mounted on 
microscope. The microscope is 
an Olympus SZX12 
stereomicroscope. The reason for 
using a stereomicroscope is that it 
ensures that the measurements 
are done in a specific layer in the 
capillary. Synnergren (2000) has 
shown that a stereomicroscope is 
very useful for out of-plane 
movements, which is essential 
when measuring in a specific 
plane. In this work the flow is 
laminar, so in principal all 
movements are in plane. But in 
the future when the 
measurements are done in more 
complex geometries, the out of-
plane movements can be of great 
importance. The microscope has 
a zoom ratio of 12.8 (0.7x-9x) 
with a built in aperture iris 
diaphragm. The observation tube 
is binocular with an inclination of 
30°. To illuminate the specimen 
from beneath, an advanced 
illumination base is used. The 
light source is a halogen bulb 
(6V, 30W). The light that 

CCD 2 CCD 1 
Eyepiece 

Aperture stop 

θ 

Direction 
of flow 

Fig. 2.2 The microscope and the beaker with capillary tube. 
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illuminates from beneath can be adjusted in various ways using different filters to get satisfying 
pictures. The illumination from above is a halogen reflector lamp (21V, 150W). 
 
The CCD cameras are 8 bits Sony XC77CEs with 512 x 512 pixels detectors. This implies that 256 
greyscales can be generated. Each CCD-camera is capable of taking 25 pictures per second, giving 
an exposure time of 1/25 of a second. However, the program WinDST that is used in this work, 
limits the time between pictures to a minimum of 1/10 of a second, reducing the number of pictures 
to a maximum of 10 per second. The CCD-camera’s pixel spacing is 10 µm. The capillary tube that 
is observed in this case has a diameter of 1 mm and the detector surface is 5 x 5 mm. This means 
that the magnification M = 5 makes the capillary filling out the whole picture and has the size 1 x 1 
mm. 
 
The capillary tube is mounted through a 
beaker that is filled with paraffin oil. The 
beaker is made of Perspex and has two 
holes, in which the capillary tube goes 
through. The 160 mm long capillary tube is 
made of glass, which means that it has a 
refractive index about 1.5. The reason for 
using oil in the beaker is to compensate for 
the geometry of the tube, which gives a 
distorted image (Cf. Matching of refractive 
indices).  
 

The fluid that is used to monitor the flow 
through the capillary is glycerine, seeded 
with micro particles. The reason for using 
glycerine is that it has the same refractive 
index as glass. The whole setup consists of 
a funnel, which contains the seeded fluid, a 
flexible tube with the length l, which is 
connected to the capillary tube and the 
beaker with emersion medium. The driving 
force in the system is the self pressure 
which is the pressure gradient on the fluid 
surface in the funnel.  
 

 
l
gz

dx
dp ρ==∇ . (2.2.1) 

 
By combining equation (2.1.5) and (2.2.1), 
the velocity through the capillary can be 
expressed as 
 

 
l
gzaru ρ

µ4

22 −= . (2.2.2) 

where r is the radius in the obervation point and a is the inner radius of the capillary tube. The 
pressure and the corresponding velocity is easily adjusted by raising or lowering the funnel. 

Beaker with paraffin oil  Syringe 

Fig. 2.3 The capillary tube emerged in paraffin oil 

Fig. 2.4 The fluid system 

∇ 
Funnel 

z 

l 
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2.3 Seeding paticles 
 
To be able to trace the flow through the capillary tube, the liquid have to be seeded with something 
that can generate the speckle pattern that is used to calculate the displacement (Cf. Speckles). The 
seeding particles scatter the light that illuminates the flow and reflect some of the light back to the 
detector. To get a sufficiently good speckle pattern in the flow, it is important that the flow tracing 
particles do not lump together.  
 
At the early stage of this work, nylon particles were used. These nylon particles was mixed with 
distilled water and some detergent. The detergent was necessary for lowering the surface tension in 
the water and therefore makes it possible for the particles to mix in the solution. These particles did 
not give sufficiently god images when conducting the measurements. One reason for this is that the 
particles had a tendency to lump together. In the areas in the capillary where the flow rate was high, 
i.e., in the centre of the capillary, the particle lumping did not give that much trouble. It was on the 
capillary tubes borders, where the flow rate is low, where the lumping of the particles presented a 
problem. When the particles are lumped together, the speckle pattern that is necessary for the 
displacement calculations does not work properly. The lumped particles act as big “clouds”, passing 
through the capillary, with the result that the displacement calculation does not find good enough 
correlations between the images.  
 
The nylon particles used early in the work was white and due to some illuminating problems that 
was present at the early stage of the work, the images was not entirely satisfying. Therefore was 
there an interest for other particles that could present more distinguished speckle pattern. One kind 
of seeding particles that was tested was carbon particles, taken from a printer toner. The idea was 
that the black carbon particles would give better images to work with in the calculations. This test 
with black particles was rejected when the set-up was covered with a black film. Also did these 
carbon particles sediment at a high rate. 
 
The particles that was finally used in this work, and which produced satisfying speckle patterns are 
micro particles with the chemical basis melamine resin. The particles has a diameter of 1.87 ± 0.04 
µm. and a density of 1.51 g/cm3. The colour of these particles is white and they have been 
purchased from “micro particles GmbH, Berlin, Germany”. The images that these particles produce 
are highly satisfying since the particle neither lumps together nor have a tendency to sediment in the 
bottom of the capillary. 
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2.4 Matching of refractive indices 
 
Because the tube has a circular geometry, the beam path becomes optically refracted and a distorted 
image of reality results, see figure 2.6. The circular tube acts as a lens, and this can be avoided by 

something called matching of 
refractive indices. Due to this 
optical phenomena, the object 
plane is not imaged as a plane 
and a point in the object plane is 
not imaged in the right position, 
see figure 2.5. This gives a 
distorted image, and another 
effect is that the whole object 
plane is not in focus.  
 
All of this can be avoided by 
emerging the capillary tube in 
some liquid that has the same 
refractive index as the capillary 
tube, see figure 2.7. Since the 
capillary is made of glass with 
refractive index n ≅ 1.5, the 
emerging liquid has to have the 
same refractive index. The 
emerging liquids that have been 
used in this thesis are paraffin oil 

and glycerine. These two medias have about the same refractive indices as the glass in the capillary. 
In the beginning of the work, glycerine was mainly used. But since the glycerine absorbs moist 
from the environment, the opaqueness and refractive index was affected. The glycerine did not act 
as wanted after some hours and therefore was paraffin oil a better choice and was for that reason 

used during this work, see figure 2.8. The paraffin oil that has been used in this work has a density, 
ρ = 860 kg/m3 and a kinematic viscosity, ν = 20*10-6 m2/s. 
 

b´ 

a 
a´ 

b 

f 

Fig. 2.5 Sketch of the rays through a 
curved surface. Notice that the plane is 
imaged as a curved surface. 

Paraxial lens 

Circular surface 

Fig. 2.6 The beam path without oil as emersion 
medium. n2=n3>n1 

Beam path 

n1 
n2 

n3 

Fig. 2.7 The beam path when using oil as emersion 
medium. n2=n3=n4>n1 

Beam path 

n1 

n2 

n3 

n4 
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The flowing liquid in this work has been chosen to be glycerine. The refractive index of glycerine is 
roughly the same as glass and the viscosity of the liquid, ensures that the flow rate is sufficiently 
slow for the equipment. The viscosity and density of glycerine are highly temperature dependent. At 
20° C, the density, ρ ≅ 1261 kg/m3 and the kinematic viscosity, ν ≅ 1.2*10-3 m2/s. At the beginning 
of the work, the flowing liquid containing the seeding particles was distilled water. This rendered in 
some problems. The flow rate was too high for the measuring devices resulting in indistinct images. 

If the images have these characteristics, a direct consequence is non-satisfying results in the 
displacement measurements. Since water does not have the same refractive index as glass, the 
quality of the images was not entirely satisfying. This is a result of the refraction of the light beams 
at the inner surface of the capillary. This can be avoided if the flowing liquid has the same 
refractive index as glass. 
 

Fig. 2.8. The beaker and the capillary tube emerged in paraffin oil for matching of refractive index. Note 
that only the inner tube is visible.   
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Chapter 3 
 
 

Imaging and recording 
 

3.1 WinDST 
 
The program WinDST has been developed at Luleå University of Technology by Synnergren et al. 
(2000). The main reason for the development of the software was to find a technique to measure 
different engineering properties such as deformation, strain and shape. WinDST was designed not 
only for 2-D measurement, but also for calculations of 3-D cases. The software was from the 
beginning so-called Digital Speckle Photography (DSP) software, but the technique is easy to apply 
for the PIV measurements that have been done in this thesis. The stereo-DSP system that the 
software is designed for uses two digital-CCD cameras for simultaneous capturing of images. The 
measuring range for the system was dependent on the overall magnification of the imaging system, 
and could range between a few micrometers to several millimetres. The system has also been used 
for x-ray examinations of what happens inside of a material during an impact. This gives interesting 
information of the material flow field around the impactor. Several other applications of the 
technique was imagined, such as monitoring flow fields in optically opaque fluids. This application 
is appliable on the topic of this thesis, therefore this technique is used for the 3-D measurements in 
this work. 
 
 

3.2 Theory 
 
A simple DSP-system consists of a computer with a 
framegrabber card, a CCD-camera and a monitor. A 
random speckle pattern is applied on the specimen, either 
directly on the object or by illuminating it with a coherent 
light. A speckle pattern can also appear, as in this work, 
by particles in a liquid medium. With a computer, two 
pictures are digitalized. One before a deformation has 
taken place and another after the deformation. The two 
digitalized pictures are stored in two matrices filled with 
numbers representing the greyscale in each pixel of the 
picture. One can say that the two matrices represent a 
fingerprint of the surface of the specimen. The speckle pattern that has been registered after the 
deformation will be a rotated, translated and/or deformed copy of the first pattern. Let the matrix 
containing the undeformed speckle be named h1 and the matrix containing the deformed speckle be 
named h2. With the assumption that the deformation is small, one can say that within a small 
subregion, the deformation is mainly a translation. By determining the mean translation within 
many small subregions, an overall picture of the deformation field can be determined. 
 
 

Fig. 3.1. A simple DSP setup with a
specimen, CCD camera, computer and a 
monitor from left to right  
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3.3 Speckles 
 
A speckle pattern can be generated in 
many different ways. On a diffusely 
reflecting surface, it can be achieved by 
for example illumination with laser 
light. Laser light is a coherent light 
source and by nature, a coherent light 
gives a naturally speckle pattern. A 
random pattern can also be seen in 
structures in the surface.  
 
The discovery of speckle pattern is not 
new. As early as in the end of the 
nineteenth century came the first 
reported observations of speckle 
patterns. The first reports of this 
discovery concerned patterns that had 
emerged when breathing on a glass 
plate. The illuminating source was in 
this early discovery a common 
candlelight.  After these early reports of 
speckles nothing of importance was 
discovered until the 1960´s when the 
laser technology was invented. The 
speckles produced disturbances when 
trying to produce holographic images 
and these disturbances had to be minimized. The first experiments with displacement measurements 
using the speckle pattern were done in the 1970´s and has since then become a commonly used 
method. Seeding particles generates the speckle patterns that are used in this thesis, Cf. Seeding 
particles. 
 
 

3.4 Correlation 
 
The correlation ξxy, as used here is a measurement of similarity between two sets of data x and y. It 
can also be a measurement of the linearity between two sets of numbers or variables. It can be 
shown that 11 ≤≤− xyξ . If the variables x and y are independent of each other, ξxy will become 
zero. If ξxy = 1, x and y has a perfect linear relationship. Suppose that the measurement data comes 
from two continuous random processes, x (t) and y (t). If these two can be assumed as stationary, a 
covariance function can be determined.  
 
The two dimensional covariance functions for discrete sets of numbers can be defined as (see e.g. 
Sjödahl and Benckert (1993))  
 

 [ ]∑∑
−

=

−

=

−++−=
1

0

1

0
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*
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m
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m

j
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 k,l = 0,1,…,m-1 

Fig. 3.2. A speckle pattern  
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where m normally is the number of rows in matrix hs1 plus number of rows in hs2. 1sh and 2sh is the 
mean value of the sets of numbers and * indicates the complex conjugate. The function pads the 
matrixes hs1 and hs2 with a suitable constant, to the size m-1. The subimage from h1 is called hs1 
with the number of rows n1, and the subimage from h2 is called hs2 with the number of rows n2. The 
mean translation in each subimage is calculated using equation (3.4.1) with m = n1 + n2. 
 
If we displace the object by sixteen pixels, (the CCD-camera that is used in this thesis has a detector 
surface by 512 x 512 pixels) this result in a displacement in the greyscale matrix by sixteen rows or 
columns, see figure 3.3. When we correlate a subimage from h1, which is the matrix containing the 
undeformed speckle, with the corresponding five pixels displaced subimage from h2, would the 
resulting matrix have its highest value five rows or columns from the middle. In this way the cross 
correlation can be used to detect the mean translation of the sub image. 

 
To be able to use the cross correlation algorithm even with a deformation in the measurement 
surface, the deformation within the small quadratic subimages must be considered as small. In this 
way, the deformation can be seen as many small translations, which by themselves can be 
calculated by equation (3.4.1). Equation (3.4.1) is rather time consuming to evaluate for the large 
number m that has to be used here. The correlation evaluation can be preformed much faster in the 
frequency domain by a discrete Fourier transform algorithm (FFT-algorithm).  
 
Generally, the size of the displacement does not coincide with the discrete representation that is 
given by the resolution of the CCD-camera. There are different ways to determine subpixel 
displacements. One way to do this is by expansion of the discrete cross correlation function by 
Fourier series. If this is done one can create a continuous correlation function. Another method to 
determine the subpixel displacement is by polynomial fitting. 

hs1 hs2 

x

y 

Fig. 3.3, (a), (b), (c).  (a) is showing a correlation peak when the 32 x 32 pixels subimage, hs1 is correlated with 
it self. The subimage, hs2 have been displaced by 16 pixels in the x direction (b). The correlation peak has been 
moved in the x direction. This is shown in (c).  



 

19 

3.5 Calculations of true 3D displacements 
 
This section describes a way of geometrically determining the displacements components in three 
degrees of freedom. It is essential to know that the measurements are done in a specific plane and to 
keep track of both the in plane and out of-plane movements. This can be done with a 
stereomicroscope and is the whole reason for using this kind of microscope in this thesis.  
 
The following method for determining both in plane and out of plane movements is built on that the 
two CCD-cameras are observing exactly the same measurement plane. The magnifications are 
constant on the measurement plane and the cameras are observing the specimen under different 
angels of incidence. A pair of images from each camera will be evaluated when measuring. The two 
two-dimensional displacement fields are then compared with each other and the real three-
dimensional displacements can be determined. 
 
 

3.5.1 Derivation of the W-component  

A view of the microscope is shown in figure 3.3. The point P (X, Y, Z) has been displaced due to the 
movement in the measurement plane to the point P´(X+U, Y+V, Z+W). The real displacement 
vectors to be determined is (U, V, W). The displacement vector from camera one is (U1, V1) and the 
displacement vector from camera two is (U2, V2). The determination of W is done from equilateral 
triangles in the geometry. The relationship between the displacements U1, U2 and W is 

P´ 

P 
W 

D 

L 

U1 

U2 

CCD 1 CCD 2 

Lens 1 Lens 2 

Measurement plane 

Optical axis 

Fig. 3.3. The lenses are displaced sideway from the CCD-detectors. D is the distance between 
the parallel optical axes. L is the distance between the lenses and the measurement plane. 

Z 
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From equation (3.7.1.1) can W be solved as 
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Since U1-U2 is much smaller than D, this term is neglected in the denominator yielding  
 

 )( 21 UU
D
LW −=   (3.5.1.3) 

 
 

3.5.2 Derivation of the U-component 
 
 

Measurement plane 

Z 

Lens 2 Lens 1 

L 

W 

U1 

U2 

U 

P 

P´ 

D/2 D/2 

β 

β 

Optical axis 

Fig. 3.4. The figure shows the relationship between the real displacement U in the x-direction and the two 
calculated displacements U1 and U2.   
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The point P (X, Y, Z) has been displaced due to the movement in the measurement plane to the point 
P´(X+U, Y+V, Z+W). From figure 3.4, the following relations can be established 
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which gives by elimination of tan (β)  
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This equation combined with equation (3.5.1.3) gives 
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were higher order terms has been neglected. 
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3.5.3 Derivation of the V-component 
 

A side view of the displacement from P (X, Y, Z) to P´(X+U, Y+V, Z+W) is shown in figure 3.5. 
From this figure, the following relationship can be obtained 
 

 
L

VY
W

VV 11 +=− . (3.5.3.1) 

 
Note that the real displacement V is only dependent on one of the calculated V1 and V2. Equation 
(3.5.3.1) can be rewritten as 
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The term V1 in the nominator is neglected due to it is much smaller than Y. Since the mean value of 
displacements V1 and V2 gives a more accurate result than to use only V1, this is used in the 
following equation  
 

 






−+=
L
YWVVV

2
21 . (3.5.3.3) 

P 
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Lens  

Measurement plane 
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CCD  
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Fig. 3.5. Schematic side view of one of the CCD-cameras.  
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3.6 Magnification difference 
 
The depth of focus in the microscope gives an optical phenomenon that could affect the 
measurement results. This phenomenon arises from the theories behind magnification of depictions. 
In figure 3.3 the beam path of an imaged particle is shown. The beam path passes through the depth 

of focus δz, allowing particles both beneath and above the object plane to be imaged. The distance 
between the lens and the object plane is defined by a1, and the distance between the lens and the 
image plane is defined by a2. The magnification, M of a particle in the object plane is  
 

 
1

2

a
aM = . (3.6.1) 

 
A particle that lies inside the depth of focus can at most be displaced from the object plane by δz/2. 
The magnification of this particle is defined by 
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where the ± defines if the particle lies over or under the object plane. When combining equation 
(3.6.1) and (3.6.2) and eliminating a2, gives 
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δz 

a1 a2 

Image planeObject plane Positive lens

Fig. 3.3 Beam path of an imaged particle within depth of focus.  
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which defines the magnification difference. Since a1 ≅ 5 cm defines the distance from the lens to the 
object plane, which in the set-up in this work is much bigger than the depth of focus, δz ≅ 0.3 mm, 
the quotient in the denominator becomes small. This results in a very small magnification 
difference, ~1% which is neglected in this work.  
 
 

3.7 Filtering by unconvolution 
 
The whole idea in this work is to get measurements of the velocities from different specific planes 
through the capillary. Those velocity measurements will be put together to get the 3-D velocity 
profile. This means that it is important that the measurements are done in the specific plane.   
 
Due to the fact that the fluid is transparent, the measurement that is done is averaged over a certain 
depth of focus. This means that the measurements are not fixed in a specific plane in the capillary. 
The measurement gets influences, both from above and beneath the specific plane. This out of plane 
influence can be expressed as. 
 

 ∫ −∗= dzzzazfzc oo )()()( . (3.7.1) 
 
The plane where the measurements are done is expressed by z0 and the whole diameter of the 
capillary is varied through z. The measured data from a plane is stored in a matrix defined by c (z0) 
and f (z) expresses the real velocities through the capillary without any influences. The out of plane 
influences are represented in a (z-z0) and can be seen as a weight function. If a should be a dirac 
function, the measured results would only get a contribution if z = z0, hence there are no influences 
from other planes. The function a (z-z0) is a weight function because the out of plane influences 
varies depending on the distance from the specific plane and is estimated as a Gauss bell. The Gauss 
bell is 3-D, which means that it is constructed by two different Gauss distributions. 
 
The distance from the measuring plane, in which there are influences, is defined by the depth of 
focus of the microscope. This means that the depth of focus defines the width of the Gauss 
distribution. Meinhart et al. (1999) defines the depth of focus as 
 

 
MNA

ne
NA
nz += 2

λδ  ,  (3.7.2) 

 
where n = 1,5 is the refractive index of glass and 
λ = 550 nm is the wavelength of the illuminating 
light. The numerical aperture was NA = 0.11 and 
e = 10 µm is the distance between the elements 
on the detector. The magnification  
M = 5 is defined by the difference between the 
detector size and the size of the specimen. In this 
work the detector size is 5 x 5 mm and the 
observed specimen is 1 x 1 mm. In this thesis has 
this definition been modified by multiplying the 
first term with a factor 4 and removing the 
second term because the contribution from this 
term is very small. This gives  

Fig. 3.3. Gaussian distribution with depth of focus 
at FWHM 
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The factor 4 is motivated by the fact that a factor 8 represents the full width of the Gauss 
distribution. Since the full width contains a lot of noise, this contribution can be reduced by 
multiplication with a factor 4 and to achieve  “full width at half maximum (FWHM)” which is 
commonly used in signal analysis.  
 
The definition of a Gauss distribution is 
 

 a
x

ey
2−

= . (3.7.4) 
 
Since the depth of focus obtained by equation (3.7.3) equals 2x at y = 0.5, see figure 3.3, a can be 
expressed as  
 

 
2ln

)2/( 2za δ=  (3.7.5) 

 
The depth of focus in this work is ~ 0.3 mm, which gives a = 0.0325.  
 
The two different Gauss 
distributions that are building 
the 3-D Gauss bell should have 
two different widths. This is 
because the influence during 
the filtering in the two 
directions in the diameter-layer 
in the capillary plane should be 
different. There are no 
influences to be filtered in the 
diameter direction and 
therefore is the width in that 
direction much smaller than in 
the layer direction. 
 
Equation (3.7.1) is a typical 
convolution integral which is 
quite difficult to unconvolute. 
However, to solve the equation 
one can use Fourier analysis. 
Applying the Fourier transform 
on both sides gives  
 
 )()()( aFfFcF ∗= , (3.7.6) 
 
where F is the Fourier transform. The wanted variable F (f) can be obtained by the fraction 
 

Fig. 3.4. 3-D Gauss bell which gives more influence in the 
layer direction. 
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where the division is conducted element by element. 
 
The Fourier transformed measurements F(c) contains 
a lot of noise. This noise is introduced due to the 
unsmoothness of the measured sets of data, Cf. 
Analysis. This noise contribution affects the result 
dramatically and has to be treated. 
 
To get rid of the noise that can be seen as waves on 
the bottom surface in figure 3.6a, a mask is applied. 
The mask is a matrix that is filled with zeros in all 
positions except for an area that corresponds to the 
peak in figure 3.6a. In the area without zeroes a 
Hamming window is applied. The Hamming window 
is a smooth 3-D function that has its maximum value 
centred at the same position as the peak of the 
Fourier transformed measurements.  

The mask in figure 3.5 is multiplied element-by-element with the matrix containing the Fourier 
transformed measurements, figure 3.6a. This gives the result that the matrix elements were the noise 
is positioned is multiplied with a zero from the mask matrix and is thereby eliminated, see figure 
3.6b. It is important that the mask is smooth, or else disturbances will be introduced when the 
results are inverse transformed. This is due to that sharp edges produces unwanted frequencies in 
the Fourier plane. 
 
The equation (3.7.7) now takes the form 
 

 
)(

)()(
aF
maskcFfF ∗=  (3.7.8) 

 
Which can easily be calculated and inverse transformed using an inverse fast Fourier transform 
algorithm.  

Fig. 3.6. (a), (b). Fourier transformed measurements before (a) and after (b) applying 
the mask. Note that the noise is removed in the right side picture  

Fig. 3.5. Mask with Hamming window 
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Chapter 4 
 
 

Analysis 
 
When WinDST has calculated the displacement in the images, the results are saved in a result file. 
The result file is a data file, and it contains all the information about the displacements in the 
images that has been compared by WinDST. Each of this data files contains information about the 
displacement in one focal depth layer of the capillary tube. This means that a two-dimensional 
picture of the velocity field can be visualized. The idea to get a three-dimensional representation of 
the velocity field in the capillary is to gather information of the displacements in many layers 
through the whole capillary tube. This information will then be collected and an overall 
understanding of the three-dimensional velocity can be gained. 
 
 

4.1 Two dimensional data treatment 
 
When the displacement in one layer of the capillary has been calculated, the information in the data 
file is loaded into a mathematical program for visualisations. In this thesis, the program Matlab is 
used for this task.  

Fig. 4.1. Velocity field in the center of the capillary tube. 
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In essence, two pictures are taken with a small time interval, ∆t between each other and a particle 
that has travelled a short distance during this time interval has moved from the base to the tip of the 
vector. One can therefore say that the vectors in the image represent the deformation of the fluid 
during a short period of time. From this, the velocity of the particle can be calculated as the length 

of the vector divided by ∆t. In some points, the vectors seem to be missing, see figure 4.2. This is 
due to the fact that in these points in the picture, the correlation algorithm calculated between the 
two pictures, cannot find a distinguished correlation peak. The result of this is that WinDST simply 
ignores the result from this particular point in the image. The lengths of the vectors are directly 
proportional to the velocity, which means that a short vector represents a lower velocity than a 
longer one. 
 
The fact that the vectors in the middle of the tube are longer than those at the edges and hence, the 
velocities are greater in the centre of the tube is expected. According to the theory (Cf. Steady flow 
in a pipe), the two-dimensional velocity profile should have a parabolic shape.  
 
According to Kundu (1990), a laminar flow is defined by the Reynolds number, 
 

 
ν
du=Re , (4.1.1) 

 
were u  is the velocity averaged over the cross section, d is the diameter of the capillary and ν is the 
kinematic viscosity. The transition between laminar and turbulent flow occurres when the Reynolds 
number is greater than ~3000. In the measurement that has been done in figure 4.1, the averaged 
velocity is ~ 0.075 mm/s and the diameter of the capillary is 1 mm. The seeded fluid that has been 
used in the same measurement is glycerine with a temperature ~22°C having a kinematic viscosity 
of ~1.0*10-3 m2/s. This gives by equation (4.1.1) a Reynolds number of  ~6.2*10-5 which definitely 
indicates a laminar flow.  
 

Fig. 4.2. Zoomed image to show missing displacement 
vectors. 
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Since the flow through the capillary 
can be considered as laminar, and 
because the distance to the 
endpoints of the capillary is much 
greater than the length of the 
interrogation volume, all particles 
along a streak line ought to have 
about the same velocity. The 
velocity profile in a layer of the 
capillary can be determined by 
taking the displacements along any 
vertical axis through the image. In 
reality, the velocity profiles on any 
vertical axis through the capillary 
are identical, see figure 4.3. 
 
This method of determining the 
velocity profile in a layer is though 
very sensitive to disturbances in the 
measurements. The program 
WinDST does not have the ability to calculate the displacement with such high accuracy. The 
results from these calculations show a dissemination of resulting data. To get an overall picture as 
good as possible of the velocity profile in the capillary, and not to tamper with the calculated data, 
all the displacements are kept. This ensures that the further treatment of the velocity profile is made 
on undisturbed sets of data.  
 
Due to the fact that the flow is laminar and that all of the velocities along the streak lines are the 
same, the displacements following a streak line can be gathered along a vertical axis. This is shown 
in figure 4.4. Note that in this figure, only 1/16 of the displacement vectors are plotted. Moreover, 
the vectors are for clarity scaled up with a factor five. When this is done, a parabolic shaped profile 

over the velocity is achieved. 
The profile contains many 
displacements with different 
magnitudes. All the data on the 
velocity in one layer of the 
capillary is represented as a dot 
in figure 4.5. The unbroken 
curve in this figure shows a fitted 
curve based on the measured 
dots. This curve is not a curve 
based on theory, instead it is 
based on truly measured data. 
One can see in the figure that the 
velocities take a distinguished 
parabolic shape with some 
spreading of the velocity dots. 
The dots are gathered in streak 
lines and the number of streak 
lines is determined by the 
accuracy in the calculations. In 
WinDST, the calculation 

Profile 1 Profile 2 

Fig. 4.3. Velocity profiles along two vertical axles  

Fig. 4.4. Displacements gathered along a vertical axis. The vectors have for 
clarity been scaled, and notice that only 1/16 of the vectors have been 
plotted.  



 

30 

accuracy can be determined by setting the subimage size, and how much the subimages should 
overlap each other during the calculations. In this experiment the size of the subimage has been set 

to 32 x 32 pixels, and the overlapping of the subimages is 16 pixels in both the x and y directions. 
Since the detector resolution is 512 x 512 pixels, this gives 31 x 31 displacements witch is stored in 
a matrix that has the same size. Therefore is the streak lines in figure 4.1 represented in 31 lines 
through the image. In every streak line it should be 31 velocity dots but sometimes, WinDST cannot 
find displacements for every point, see figure 4.2 
 
 

4.2 Three dimensional data treatment 
 
The next step to get a picture of the three dimensional velocity profile in the capillary is to measure 
the displacements in many different layers through the tube. The data collected from many layers is 
then gathered in a three dimensional matrix. In this work, 16 different layers through the capillary 
have been measured. All the data from these layers has then been put together in the three-
dimensional matrix for additional work and for visualizing, see figure 4.6. At this stage of the work 
there is a lot of measuring data to be treated, about 10000 data points. Moreover, one can see in 
figure 4.6 that there are a lot of points in the corners of the plot. These points can be regarded as 
disturbances due to the fact that this points lies outside of the capillary tube. The velocities in this 
points should be zero, but due to the depth of focus of the microscope, the out of focus particles on 
the boundaries are detected. These boundary points generate no difficulty in this method.  
 

Fig. 4.5. Untampered velocity data in one layer of the capillary. The 
fitted curve has a parabolic shape. 
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There are two ways to do the additional treatment of the measured data. The goal is to achieve only 
one velocity in every point in the diameter-layer in the capillary plane, see figure 4.7. In every point 
in this plane, a colon of data points represents the velocities. These velocity points have roughly the 
same magnitude but due to measurement errors they differ slightly from each other. Also the 
boundary points are subject of treatment due to the unphysical spread of the data. 
 

One way to treat this is to get rid of the outliers in the velocity colons and then calculate the mean 
value of the remaining velocities. The outliers are based on a statistical background. The procedure 
to find the outliers is to calculate the standard deviation, std (x) and the mean value, x  in every 
point in the diameter-layer in the capillary plane. The outliers are defined by   
 

)(* xstdkxxi >− , (4.1.2) 

 
where k is a constant, which acts as a threshold.  
 
When the outliers has been identified and removed, there are some velocity points left from which 
the mean value are determined. When procedure is done there are only one velocity point left in 
every diameter-layer in the capillary plane. See figure 4.7. Another method to get one velocity point 
instead of a colon is to take the median value of the velocity points in the colon. The method of 
getting the median value is to take the velocity value that lies in the middle of the colon. This 
median value acts as the real velocity in its own velocity colon. The results between these two 
methods are roughly the same, but the median method is faster to calculate. Furthermore the median 
method is less sensitive for disturbances on the boundaries due to the fact that only one value is 
considered, the middle value. This can be crucial if the measurements have generated more than 50 
% outliers. 
 
This resulting 3-D velocity profile has at this stage the right shape but there is some additional work 
that has to be done before a realistic picture has emerged. One can see in figure 4.7 that the shape of 

Fig. 4.6.  Measured data from sixteen different layers 
through the capillary. 
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the profile is not smooth. Another optical phenomena that have to be considered are magnification 
difference, Cf. magnification difference. The way to solve these problems is to apply the idea of 
filtering by unconvolution, Cf. filtering by unconvolution. If this method is applied, the velocity 
profile will get a more physical shape. The idea behind the method of filtering by unconvolution is 
to remove the influence of a convolution. Basically, the results from the measurements are 
convoluted results that can be unconvoluted by applying Fourier transforms.  
 
The measured velocities that have undertaken the previous median or mean treatment are stored in a 

31 x 16 matrix called c. The reason for the size of the matrix is that the number of layer that has 
been measured in this work is 16, and in the ideal case is the number of velocity vectors 31. By 
applying the mask and perform element multiplication with the measured data as described in the 
chapter, filtering by unconvolution, the resulting velocity profile is calculated. 
 

Fig. 4.7. Mean velocities with one velocity point in the diameter-layer plane. 
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4.3 Results 
 
A resulting three-dimensional velocity profile can be seen in figure 4.8. As discussed later in the 
rapport, Cf. Discussion, the shape of the profile is of more interest than to determine the profile in a 
quantitative way. Although, the maximum velocity, that occurs in the middle of the capillary tube, 

are in agreement with the theoretical velocity. A theoretical velocity profile can be seen in figure 
4.9. When comparing the measured profile with the theoretical profile, the most striking in the 
result from the measurements are the borders. In theory, the velocity should approach zero at the 
borders of the capillary. This is not the case with the measured velocity profile. 

Fig. 4.8. Resulting 3-D velocity profile through the capillary tube 
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A comparison between a measured and a theoretical velocity profile can be seen in figure 4.10 and 
4.11. The figure shows the profiles from the top to the center of the capillary (4.10), and from the 
center to the bottom of the capillary (4.11). The measured and the theoretical profiles agree best for 
the curves that represent the center of the capillary. From the top to the center of the capillary, a 
magnification of the velocities can be seen and from the center to the bottom there is a reduction of 
the velocities. 

Fig 4.9. Theoretical velocity profile in the capillary 
tube. 

Fig. 4.10. Measured and theoretical velocities from the top to the middle of the capillary. 
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The velocity profiles in this figure are the measured velocities that have undertaken the median 
method. There has not been any tampering with the data but removing the outliers and then has the 
median been taken on each colon to get only one velocity in each point, Cf. Data treatment. The 
measured profiles in figure 4.10 and 4.11 are the same profiles that can be seen in figure 4.7.   

 
The measured velocity profile has the characteristic parabolic shape in one direction. See figure 
4.11(b). That is, the profile has the right shape in each layer through the capillary although it does 
not reach zero at the border.  In figure 4.11(c), the velocity profile can be seen from the side of the 
capillary tube. The characteristic parabolic shape does not appears as well as from the other 
direction. This difference in the two directions is expected and will be discussed later. Cf. 
Discussion. 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 4.11. Measured and theoretical velocities from the middle to the bottom of the capillary. 
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Fig. 4.11 (a), (b), (c). Comparison between the theoretical velocity profile (b) with the measured profile 
from the CCD-camera view (a), and the profile seen from the side of the capillary (c). 

(a) 

(b) 

(c) 
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4.4 Discussion and conclusions 
 
This thesis shows that measurements of 3-D flow in microgeometries can be done using this 
method. The shape of the profile is, with some exceptions, in agreement with theory. The 
characteristic parabolic shape can be seen in figure 4.11(b). This is a result of many different 
aspects and one of them is matching of refractive indices. By matching of refractive indices has the 
refraction at the curved surfaces of the tube been eliminated. Another aspect that has influences on 
the result is that the effects from both under and over the measured plane has been minimized. That 
is that the effects of the depth of focus have been compensated for by unconvolution with a Gauss 
bell. 
 
There are though some problems that have occurred during the development of this method. The 
shape of the two-dimensional profiles from each layer that builds the three-dimensional velocity 
profile has a realistic form, thou the amplitude is not entirely correct. As seen in figure 4.10 and 
4.11, the amplitude of the single measured velocity profiles deviates from the theory. From the top 
to the center of the capillary, all of the measured velocities but the middle one has a tendency to be 

magnified. The measured profiles from the center to the bottom of the capillary have the opposite 
tendency to be reduced. These deviations from theory might be derived from the magnification 
difference that is neglected in this work, Cf. Magnification difference.  The difference in 
magnification can be seen in figure 4.12(a) and (b). The measured data after median treatment can 
be seen in figure (a) and the resulting velocity profile can be seen in (b). This subject can be of 
interest in the future development of the method.  
 
At the borders of the capillary, the velocities should be zero, see figure 4.11(b). As seen in figure 
4.11(a) and (c), these velocities does not reach zero at the borders. This could also be a result of the 
depth of focus. When conduction measurements at the top or the bottom of the capillary, the 
microscope does not see only the borders due to the depth of focus. The microscope does both see 
zero displacements outside and on the border of the capillary, and non-zero displacements inside the 
capillary, see figure 4.13. Since the program WinDST calculates the mean value from these 
displacements, a non-zero velocity is calculated on the borders.  

Fig. 4.12.(a),(b). Median treated data (a) and the resulting 3-D velocity profile (b). Note the tendency of 
magnification difference. 



 

38 

 
When conducting a measurement in the capillary tube, the program WinDST are not able to 
calculate exactly on the side border. See figure 4.14. This gives the result that the velocity profiles 
does not reach zero at this borders. This is a result of the accuracy in the calculations. In this thesis 
has the stepping between different calculation points been set to 16 pixels in both x and y direction. 
This gives a result that there will not be any calculations at the so-called side borders. This could be 
avoided if an adaptive grid with small steps near the boarders is applied. 
 

Dept of focus 

Layer to measure 

Fig. 4.13. Depth of focus influence on the borders. 

Fig. 4.14. Zoomed in deformation field showing no deformation calculation at the border of the tube. 
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Since the microscope has a certain depth of focus there are some influences to the displacements 
from other planes. That is, the microscope sees different planes with different displacements at the 
same time. The program WinDST calculates the mean displacements from these different planes. In 
this work is the depth of focus is ~ 0.3 mm and the diameter of the capillary is 1 mm. This means 
that the depth of focus has a significant influence to the calculations of the displacements. If the 
depth of focus could be less and thereby diminish its influence in the deformation calculations, the 
measurements could be done only in the center of the capillary. Since the three-dimensional 
velocity profile in a symmetrical tube also should be symmetrical, the only measurement that has to 
be done is in the center of the tube. This center velocity profile contains all the information about 
the velocities from the maximum to the minimum value. If the shape of the three-dimensional 
profile is of interest it can be built from the single center profile just by rotating it 180 degrees.  
 
In this thesis the main goal has been to determine the three-dimensional velocity profile in a 
qualitative way. That is, the main objective has been to find the right shape of the velocity profile. 
Less work has been put in to establish the exact velocities in each point. There is some additional 
development that needs to be done before the method work satisfactory. To determine the velocities 
in a quantitative way is one of the areas that need further development, Cf. Proposal to further 
studies.  
 
 

4.5 Proposals to further studies 
 
The method used in this thesis can be improved in many ways for measurements on many different 
courses of events. In this work has only laminar flow been studied and measured. In the future there 
could be of interest to study transient flows such as opening of a valve or other time dependent 
flows. The geometry of the capillary in this study is symmetric, but there are many different 
geometries that this method could be applied on. The tube in which the flowing liquid is passing 
through could be squared or it could have a constriction giving a more complex velocity profile. 
Also could a bent tube be studied in the future. 
 
A topic for future studies could be to investigate more thoroughly how the magnification affects the 
measurements. The magnifications of the velocities in the upper half of the capillary, and the 
reduction of the same in the lower half of the tube could be compensated if this is more 
investigated. Also the velocity profile from the center of the capillary is affected by the 
magnification. If this issue is studied, there might be a better understanding of the exact velocities in 
the tube.   
 
The flow study in this work has been done on Newtonian flows were the measured velocities can 
easily be validated with theory. In the future, the measurements could be done on non-Newtonian 
flows were the physics can be complicated. If the velocity profile of non-Newtonian liquids could 
be established by this method, there could be a better understanding of this complex physics. 
 
Since the method in this work is written in Matlab, and the program WinDST is written in c code, it 
could be rewritten in c code. If this is done could this two software be integrated and in that way be 
more user-friendly. Matlab is also slow in its nature. When a Matlab program becomes big or when 
it has to perform complex calculations there could be great winnings in time it the program is 
written in c code. 
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Appendices 
 
 

Matlab code for removing outliers 
 
function ans = radera_uteliggare3d(u,z,troskelvarde)

mu = median_matris(u,z);

sigma = std_matris(u,z);

[sz,sy,sx] = size(u);

for ii = 1 : sx

vill_ha(:,:,ii) = abs(u(:,:,ii) - mu)<troskelvarde*sigma;

end

ans = vill_ha;
 
 

Matlab code that defines a hamming window 
 
function ans = hamming_2dim(ny, nx)

x = hamming(nx)';
y = hamming(ny);

ans = y*x;
 
 

Matlab code to determine position for maximum value 
 
function [y,x] = maxmax(A)

[a, b] = max(A);
[c,d] = max(a);

x=d;
y=b(d);
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Matlab code for median calculation 
 
% Defines a function that calculates the median value
 
function [a] = median_matris(b,z)
[sz,sy,sx] = size(b);
a = zeros(sz,sy);
for ii = 1:sz,

for jj = 1:sy,
n = 0;

for kk = 1:sx,
if z(ii,jj,kk)>0
n = n + 1;
end

end
c = sort(z(ii,jj,:).*b(ii,jj,:));
rest = rem(n,2);
if rest == 1

aa = c(sx - n + ceil(n/2));
end
if rest == 0

if n == 0
aa = 0;

else
aa = (c(sx - n + round(n/2)) + c(sx - n + round(n/2) + 1))/2;

end
end
a(ii,jj) = aa;

end
end
 
 

Matlab code for mean calculations 
 
% Defines a function that calculates the mean value

function [a] = mean_matris(b,z)
[sz,sy,sx] = size(b);
a = zeros(sz,sy);

for ii = 1:sz,
for jj = 1:sy,
n = 0;
for kk = 1:sx,

if z(ii,jj,kk)>0
n = n + 1;
end

end
if n == 0

a(ii,jj) = 0;
else

a(ii,jj) = sum(z(ii,jj,:).*b(ii,jj,:))/n;
end

end
end
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Matlab code for defining a Gauss bell  
 
% Defines a function that creates a three-dimensoinal Gauss bell

function ans = gauss_symmetrisk(sy, sx)

epsilon = -0.5:1/(sx-1):0.5; % Epsilon defines the different layers
y = -0.5:1/(sy-1):0.5; % y defines diameter coordinate

% mprim dfines the magnificationdifference in different depth

mprim = 1 ./ (ones(1,length(epsilon)) + epsilon/50);

% a = The symmetrical curve along the epsilon (layer) axis

a = exp(-(epsilon.^2)/0.0325);% .*mprim;

% b = The symmetrical curve along the diameter axis

b = exp(-(y.^2)/0.001);

% c = constant of proporsionality

c = 11.0553;

s = 1/c*(b'*a);

ans = s;
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Matlab code that removes measurements outside the tube 

% Defines a function that removes measurements outside of the tube

% djup defines the depth from the top of the tube

function [a1,a2,a3,a4] = justera_bredd_3d(x,y,z,u,djup,radie)

[sy sx] = size(x);

l = 2*sqrt(2*radie*djup - djup^2);

radie - l/2;
radie + l/2;

for ii = 1:sy
for jj = 1:sx
if ~((radie - l/2) > y(ii,jj)) & ~(y(ii,jj) > (radie + l/2))

y(ii,jj) = y(ii,jj);
else

if ~((radie - l/2)*0.95 > y(ii,jj)) & ...
~(y(ii,jj) > (radie + l/2)*1.05)

u(ii,jj) = 0;
else

y(ii,jj) = 0;
u(ii,jj) = 0;
x(ii,jj) = 0;
z(ii,jj) = 0;

end
end

end
end

a1 = x;
a2 = y;
a3 = z;
a4 = u;
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Main program 

% This program has been developed by Morgan Gudding and Sigsten Åkesson during
% the summer and fall of 2002 at Luleå University of Technology.
% This program is intended to be used together with the software WinDST

close all
clear all

min_djup = 30; % Startingpoint. Ticks on the microscope*10
djup_per_steg = 30; % Tics between the layers*10
max_djup = 480; % Endpoint*10
katalognamn = '020906-'; % Directory name

delta_t = 1/10; % Time between images
n = 0; % Layer counter
radie = 0.5; % Radius of the capillary

z_vektor = min_djup:djup_per_steg:max_djup;

x = zeros(0); % x position
y = zeros(0); % y position
z = zeros(0); % z position
u = zeros(0); % u velocity

% Reading the results from each layer

for ii = min_djup:djup_per_steg:max_djup

n = n + 1;
djup = (ii-min_djup)/(max_djup-min_djup);

filnummer=1;
bildnummer=filnummer+1;
fnr=num2str(filnummer);
bnr=num2str(bildnummer);
dnr=num2str(ii);

filnamn = sprintf('../%s%i/res%s.dat',katalognamn,ii,fnr);
buf = load(filnamn);

[Ny,Nx]=size(buf);
Ny=Ny/8;
udef=buf(1:Ny,1:Nx);
vdef=buf((1+Ny):2*Ny,1:Nx);
wdef=buf((1+2*Ny):3*Ny,1:Nx);
xpos=buf((1+3*Ny):4*Ny,1:Nx);
ypos=buf((1+4*Ny):5*Ny,1:Nx);
zpos=buf((1+5*Ny):6*Ny,1:Nx);
error=buf((1+6*Ny):7*Ny,1:Nx);
epsil=buf((1+7*Ny):8*Ny,1:Nx);

% x,y,z and u from each layer stored in 3-D matrices

x(n,:,:) = xpos;
y(n,:,:) = ypos;
z(n,:,:) = ii*ones(Ny,Nx);
u(n,:,:) = -udef/delta_t;

% Function that removes measurements outside the capillary

%[x(n,:,:),y(n,:,:),z(n,:,:),u(n,:,:)]= ...
%justera_bredd_3d(x(n,:,:),y(n,:,:),z(n,:,:),u(n,:,:),djup,radie);

z_log = squeeze(z(n,:,:)) > 0;
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v(n,:,:) = vdef .* z_log;
w(n,:,:) = wdef .* z_log;

end

% End of reading results from layers

% Removing negative velocities

u_hej = u > 0;
v_hej = ones(n, Ny, Nx);
w_hej = ones(n, Ny, Nx);

u_ny = u.*u_hej.*v_hej.*w_hej;
v_ny = v.*u_hej.*v_hej.*w_hej;
w_ny = w.*u_hej.*v_hej.*w_hej;
x_ny = x.*u_hej.*v_hej.*w_hej;
y_ny = y.*u_hej.*v_hej.*w_hej;
z_ny = z.*u_hej.*v_hej.*w_hej;

z_log = z_ny > 0;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%The mean-method starts here%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% %Removing v-velocity outliers
%
% logisk = radera_uteliggare3d(v_ny,z_log,1);
%
%
% x_ny = x_ny.*logisk;
% y_ny = y_ny.*logisk;
% z_ny = z_ny.*logisk;
% u_ny = u_ny.*logisk;
% v_ny = v_ny.*logisk;
% w_ny = w_ny.*logisk;
%
% z_log = z_log.* logisk;
%
% % End of removing v-velocity outliers
%
%
% % Removing w-velocity outliers
%
%logisk = radera_uteliggare3d(w_ny,z_log,1);
%
% x_ny = x_ny.*logisk;
% y_ny = y_ny.*logisk;
% z_ny = z_ny.*logisk;
% u_ny = u_ny.*logisk;
% v_ny = v_ny.*logisk;
% w_ny = w_ny.*logisk;
%
% z_log = z_log.* logisk;
%
% % End of removing w-velocity outliers
%
%
% % Removing u-velocity outliers(first)
%
% z_log = z_ny > 0;
% logisk = radera_uteliggare3d(u_ny,z_log,0.3);
%
% u_ny = u_ny.*logisk;
% x_ny = x_ny.*logisk;
% y_ny = y_ny.*logisk;
% z_ny = z_ny.*logisk;
% z_log = z_log.* logisk;
%
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%
% for ii = 1:31
% plot3(1:16,y_ny(:,:,ii),u_ny(:,:,ii),'r.')
% hold on
% end
%
% xlabel('Layer in the capillary')
% title('Untampered data of the velocity through the whole capillary')
% %axis([0 500 0 1])
% %axis([0 1 0 1])
% ylabel('Diameter [mm]')
% zlabel('Velocity [mm/s]')
% axis ij
% hold off
%
% % End of removing u-velocity outliers (first)
%
%
% % Removing u-velocity outliers(second)
%
% z_log = z_ny > 0;
% logisk = radera_uteliggare3d(u_ny,z_log,0.3);
%
% u_ny = u_ny.*logisk;
% x_ny = x_ny.*logisk;
% y_ny = y_ny.*logisk;
% z_ny = z_ny.*logisk;
% z_log = z_log.* logisk;
%
% figure
%
% for ii = 1:31
% plot3(z_ny(:,:,ii),y_ny(:,:,ii),u_ny(:,:,ii),'r.')
% hold on
% end
%
% xlabel('Skikt i röret')
% axis([0 500 0 1])
% %axis([0 1 0 1])
% ylabel('y-koordinat för kameran')
% zlabel('Hastighet')
% axis ij
% hold off
%
% % End of removing u-velocity outliers (second)
%
%
% % Removing u-velocity outliers(third)
%
% z_log = z_ny > 0;
% logisk = radera_uteliggare3d(u_ny,z_log,0.3);
%
% u_ny = u_ny.*logisk;
% x_ny = x_ny.*logisk;
% y_ny = y_ny.*logisk;
% z_ny = z_ny.*logisk;
% z_log = z_log.* logisk;
%
% figure
%
% for ii = 1:31
% plot3(z_ny(:,:,ii),y_ny(:,:,ii),u_ny(:,:,ii),'r.')
% hold on
% end
%
% xlabel('Skikt i röret')
% axis([0 500 0 1])
% %axis([0 1 0 1])
% ylabel('y-koordinat för kameran')
% zlabel('Hastighet')
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% axis ij
% hold off
%
% % End of removing u-velocity outliers (third)
%
%
% % Removing u-velocity outliers(forth)
%
% z_log = z_ny > 0;
% logisk = radera_uteliggare3d(u_ny,z_log,5);
%
% u_ny = u_ny.*logisk;
% x_ny = x_ny.*logisk;
% y_ny = y_ny.*logisk;
% z_ny = z_ny.*logisk;
% z_log = z_log.* logisk;
%
%
% figure
%
% for ii = 1:31
% plot3(z_ny(:,:,ii),y_ny(:,:,ii),u_ny(:,:,ii),'r.')
% hold on
% end
%
% xlabel('Skikt i röret')
% axis([0 500 0 1])
% %axis([0 1 0 1])
% ylabel('y-koordinat för kameran')
% zlabel('Hastighet')
% axis ij
% hold off
%
% % End of removing u-velocity outliers (forth)
%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%% Here ends the mean method %%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%
%
% If you dont want to use the median method, set median to mean

u_ny2 = median_matris(u_ny, z_log);

y1 = 0:1/30:1;
x1 = 1:length(z_vektor);

zlog = u_ny2 ~= 0;

x = zeros(0);
for ii = 1:length(z_vektor)

x(:, ii) = ii*ones(31,1);
end

y = zeros(0);
for ii = 0:30;

y(ii+1, :) = ii*1/30*ones(1,length(z_vektor));
end

% Plot of the velocities without outliers

figure
[sx,sy] = size(y);
plot3((zlog').*x,(zlog').*y, (zlog.*u_ny2)', 'r*')
xlabel('Layer in the capillary tube')
title('Mean velocity')
ylabel('Diameter [mm]')
zlabel('Velocity [mm/s]')
axis ij
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% The filtering by unconvolution starts here%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

c = u_ny2';
[sy,sx] = size(c);

% gauss_symmetrisk is a function that generates a symmetric Gauss bell.

asymmetrisk = gauss_symmetrisk(sy,sx);

% Fourier transforms and shifts the variables.

fft_c = fft2(c);

fft_c = fftshift(fft_c);

fft_asymmetrisk = fft2(asymmetrisk);

fft_asymmetrisk = fftshift(fft_asymmetrisk);

% Plot of the symmetric Gauss bell in the time domain

figure
surf(1:length(z_vektor), 1:-1/(sy-1):0,abs(asymmetrisk))
title('3-D Gauss bell')
xlabel('Layer in the capillary')
ylabel('Diameter')
axis ij
colormap(1-gray(256))

%Plot of Fourier transformed measurements before Hamming window

figure
surf(1:length(z_vektor), 1:-1/(sy-1):0,abs(fft c))
title('Fourier transformed measurements before mask')
xlabel('Layer in the capillary')
ylabel('Diameter')
axis ij
colormap(1-gray(256))

% Generate a mask with a 3-D Hamming window in center and plot it

[maxy maxx] = maxmax(fft_c); % Finds the x and y coordinate of the peak of
fft_c
hammingx = 5; % Experimental value
hammingy = 11; % Experimental value
hammingfonster = hamming_2dim(hammingy, hammingx);
mask = zeros(sy,sx);
mask((maxy - floor(hammingy/2)) : (maxy + floor(hammingy/2)), ...

(maxx - floor(hammingx/2)) : (maxx + floor(hammingx/2))) = hammingfonster;

figure
surf(1:length(z_vektor), 1:-1/(sy-1):0,mask)
title('Mask with Hamming window')
xlabel('Layer in the capillary')
ylabel('Diameter')
axis ij
colormap(1-gray(256))

% Apply the mask on the measurements
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fft_c = fft_c .* mask;

% Plot of the Fourier transformed mesaurements with applied mask

figure
surf(1:length(z_vektor), 1:-1/(sy-1):0,abs(fft_c))
title('Fourier transformed measurements after mask')
xlabel('Layer in the capillary')
ylabel('Diameter')
axis ij
colormap(1-gray(256))

% % Plot of the shifted Fourier transformed Gauss bell.
%
% figure
% surf(abs(fft_asymmetrisk))
% title('Skiftad Fouriertransform av symmetrisk Gaussklocka definerat i
tidsrummet')
% xlabel('Skikt i röret')
% ylabel('y-koordinat för kameran')
% zlabel('Hastighet')
% axis ij

% Perform the division F(c)/F(a)

for ii = 1 : sy
for jj = 1 : sx
if abs(fft_asymmetrisk(ii,jj)) < 10^-20 % To prevent divsion by zero

f_fftsymmetrisk(ii,jj) = fft_c(ii,jj) / 10^-20;
else

f_fftsymmetrisk(ii,jj) = fft_c(ii,jj) / abs(fft_asymmetrisk(ii,jj));
end

end
end

% Inverse transform and shift of the result.

fsymmetrisk = ifft2(fftshift(f_fftsymmetrisk));

% Plot of the results.

figure
surf(1:length(z_vektor), 1:-1/(sy-1):0, abs(fsymmetrisk.*zlog'))
title('Resulting 3-D velocity profile')
xlabel('Layer in capillary')
ylabel('Diameter [mm]')
zlabel('Velocity [mm/s]')
axis ij

% End of program.


