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Abstract

Experiments with superfluid 4He inserted into aerogels have revealed some sur-
prising results. Most porous materials, with porosities down to as low as 30%,
generally do not change the behaviour of 4He at the superfluid (λ) phase transi-
tion. This is also supported by theoretical work about the nature of the disorder
structure in most materials. However, when inserted in silica aerogels of vari-
ous porosities, the superfluid density exponent ζ is distinctly changed from the
undisturbed value of ζ ≈ 0.674±0.003 to approximately 0.75−0.81. This is sur-
prising as these aerogels are extremely porous, effectively thread-like structures
of SiO2 making up 0.1-10% of the material, with the rest being incipient voids
of air or, in this case, Helium. The reason for the changes in scaling parameters
is believed to be that the disorder structure of aerogel is correlated over cer-
tain length scales in the material. The scope of this thesis was to investigate a
model for correlated aerogel disorder and its scaling properties via Monte Carlo
simulations at the λ transition.
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1 Introduction

Silica aerogels are among the least dense solids known. They are produced from
a mixture of silica dioxide molecules in a regulated atmosphere, resulting in a
dust-like, filamental structure with incipient air-filled voids. The silica strands
are typically made up of globules in the size range 1 - 10 nm, but some of the
particles are large enough that light is Rayleigh scattered to give the material a
blue shine. Used as heat shields, particle detectors and star dust collectors, the
material is fascinating on its own. Perhaps even more interesting, however, is
how the structure of the material can affect the λ phase transition of superfluid
Helium 4. In experiments (see e.g. [1]) with Helium confined in aerogels of
different porosities, a critical property of the transition known as the superfluid
density exponent, ζ, has been found to deviate significantly from that of free
Helium. This is peculiar as the understanding prior to these experiments, based
on theoretical approaches, was that criticality would not be affected by aerogel’s
seemingly short-ranged disorder framework. Indeed, Helium in other porous
materials such as Vycor glass or gold does behave like in the pure case. The
experimental findings have been investigated by simulations, but the results
are somewhat incomplete. In these simulations, lattice points of a model of
superfluid Helium are excluded in specific ways, as to resemble the disorder
caused by the aerogel structure. Previous work have included specific aerogel
structure models as well as structure caused by randomly deploying bonds on
the lattice.

Moon and Girvin [2] conducted simulations for two cases of disorder (one
uncorrelated, the other fractal) against the pure system and found a change in
superfluid density exponent for their fractal disorder, with the restriction that
ξ, the correlation length of the Helium, did not exceed the fractal correlation
length of the aerogel (more on this below). More recently, Vásquez et al [3]
argued that long-ranged correlations were hidden within the material, based on
Monte Carlo studies of the 3D XY model with aerogel structures formed by a
diffusion limited cluster-cluster aggregation (DLCA) method. Prudnikov et al.

[4] investigated linear defects in the XY model and also found a shift upwards
of ζ.

In this thesis work, the objective was to investigate a model of aerogel with
fractal clusters formed by diluted bonds, spanning the entire system. The gen-
eration process resembles that of Moon and Girvin but is held at a larger scale,
with no efforts being made to correct for size effects of the clusters.

The report is organised as follows. Section 2 deals with the theoretical
aspects of phase transitions, scaling and Monte Carlo simulations. Section 3
describes the methods used to extract the quantities of interest from the sim-
ulations. In Section 4, the results of the simulations are presented. Discussion
and suggestions for future work conclude the report. Throughout the Thesis,
Boltzmann’s constant kB ≡ 1. The linear size of the lattice is L, and summa-
tion over all nearest neighbours in the lattice is denoted by < i, j >. For the
disorder realisations, the hyperscaling law ζ = (d− 2)ν and Josephson’s scaling
law v/ν = d − 2 were assumed valid. The exponent for the superfluid density
ρs is therefore equivalent to the exponents for the correlation length and the
helicity modulus, ζ = ν = v. Referrals to experimental anomalies in the super-
fluid density exponent are therefore equaled to describing a shift upward of the
exponent ν.

1



2 Theoretical concepts

This section treats some of the different aspects and tools one need to to conduct
Monte Carlo simulations of Helium in disordered systems.

2.1 Derivation of the XY model

The superfluid transition in 4He is generally believed to belong in the XY uni-
versality class. Also called the plane rotor model, the XY model features infinite
degrees of freedom, as its spins all lie aligned along one of the lattice planes and
take values between 0 and 2π. The dot product of neighbouring spins deter-
mine its critical behavior. Experiments with liquid Helium has demonstrated
ν = 0.67(1) and α = −0.013, which is in precise agreement with that of the
XY model. In its undisturbed form, the XY model will undergo a continuous
phase transition from a low-temperature phase with non-zero magnetisation to
a greatly disordered, high temperature phase where |m| = 0. Formally, it fol-
lows from the Landau theory of superconductors and the Landau-Ginzburg free
energy functional

FLG =

∫

d3x a|φ|2 + b|φ|4 + c|∇φ|2, (2.1)

which is a phenomenological description of superfluids. The parameters a, b and
c are constants and φ is a complex (two-dimensional) order parameter. For the
study of phase transitions, amplitude variations are irrelevant in the renormali-
sation group sense, which leaves only the gradient field term. Discretization on
a lattice

∫

→
∑

, x → i, (2.2)

and writing φ(x) = φ0e
iθ(x) gives, formally

∫

d3x cφ2
0|∇eiθ(x)|2 →

∑

x,α

|ei(θ(x)−θ(x+α)) − 1|2 (2.3)

With the interpretation of the order parameter being spin vectors si of unit
length on the lattice sites, the XY Hamiltonian can be written

H = −
∑

<i,j>

Jijsi · sj . (2.4)

The Jij are the coupling constants which in the pure XY case are set to 1, as
to have a ferromagnetic ground state were all spins point in the same direction.
For the disorder realisations, the Jij were defined by the percolating cluster as
being either 0 or 1, where interaction only takes place between Helium sites.
On the Helium-aerogel boundary, Jij = 0. The choice of couplings is somewhat
arbitrary as it only reflects the critical temperature and leaves scaling exponents
unaltered. Other values of the coupling strengths are possible.

2.2 Statistical mechanics using Monte Carlo methods

Monte Carlo simulations in statistical mechanics are typically used to model a
phase transition of a system with a large amount of available states, but where
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only a select few states are probable. In this case, the selection probabilities are
Boltzmann distributed which gives rise to a state probability

pn(x) =
e−Hn/T

Z
, (2.5)

where Z is the partition function Z =
∑

all i e−Hi/T . The simulation proceeds
by generating new states according to this probability via a specified algorithm,
and doing measurements on the quantities of interest. Of course, the algorithm
must meet other criteria as well, such as detailed balance and generating ergodic
Markov chains (see [5] for a thourough discussion). The chain of states tends
exponentially with time to an equilibrium distribution, which corresponds to the
behaviour seen in physical systems and is therefore what one wants to measure.
Statistical errors are inherent, as each new state is considered a random fluc-
tuation from a mean, which is unknown and estimated by statistical methods.
When the state space is infinite, as in the XY model, usually a large number
of samples is needed to get accurate measurements. For the present applica-
tion, the thermodynamical quantities energy H , specific heat c, magnetisation
M , susceptibility χ, Binder’s fourth magnetisation cumulant U , helicity mod-
ulus Υ, and the corresponding derivatives ∂U/∂T and ∂Υ/∂T were used. The
fourth cumulant is a dimensionless quantity which has the pecularity of be-
ing constant for all lattice sizes at Tc. The helicity modulus, which is directly
proportional to the superfluid density, measures the change in the free energy
density per unit length of the system to an applied helical phase twist at the
boundary. Above the transition temperature, this quantity vanishes as spin di-
rections start becoming untangled. The behaviours at the critical point of some
of the above properties are ruled by power laws in the form y ∼ |T −Tc|

exponent.
This is because the correlation length, the length scale over which disturbances
propagate in the system, diverges at the critical temperature, meaning that the
phase fluctuations then fill the entire system. The other quantities also depend
indirectly on the length scale of these fluctuations, and there is an exponent for
every scaling quantity of the system, such as the specific heat, magnetisation,
susceptibility and helicity modulus. The exponents of primary interest to this
thesis work are the ones for the correlation length,

ξ ∼ |T − Tc|
−ν , (2.6)

the specific heat,
c ∼ |T − Tc|

−α, (2.7)

and the helicity modulus
Υ ∼ |T − Tc|

v . (2.8)

From these values, the universality class of the system can be determined. Uni-
versality classes are groupings of different systems exhibiting the same critical
exponents at their phase transitions, grouping together such diverse events as
water freezing to ice with the ferromagnetic transition in iron.

2.3 The Metropolis algorithm

The Metropolis algorithm is the single most used method of simulating critical
behaviour due to its simplicity. It was used in this work only to test the cluster
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updating and measurement routines, as it suffers heavily from the phenomenon
known as ”critical slowing down” at Tc [5]. Basically, as the correlation length
of the system diverges, the algorithm needs to update a very large number of
spins to construct new, uncorrelated states. The correlation time, i.e. roughly
the number of updates required to reach a state completely uncorrelated from
the present, grows according to a power law

τ ∼ ξz, (2.9)

where z is called the dynamic critical exponent of the algorithm. The exponent
for the Metropolis algorithm in the 3D XY model is z ≈ 2, which means that a
doubling of the correlation length corresponds to four times longer correaltion
time. This makes the study of large systems using this algorithm difficult.

For the 3D XY model, the Metropolis algorithm proceeds as follows: At each
spin site, a new test angle is suggested at random. The algorithm accepts the
move from the old state µ to the new state ν if

Eν < Eµ. (2.10)

If Eν > Eµ, the move is accepted only if

r < e−β(Eν−Eµ), (2.11)

where r is a uniform random number in the interval [0, 1). For this work, a
sequential update was used. This means that every site is visited once per
sweep in a sequential order, as opposed to a random selection where not all
sites are visited in every sweep. This strategy is more easily implemented and
it gives the same results as long as no external field is present.

2.4 The Wolff single cluster algorithm

The single cluster algorithm as described by Wolff [6] reduces critical slowing
down and has a dynamic exponent z ≈ 0, which is the best possible value any
algorithm can have. In practice, the correlation time can be thousands of times
less than that of the Metropolis algorithm close to Tc. It proceeds according to
the following steps:

1. Choose a seed spin and a direction n̂ at random from the lattice.

2. Take the dot product n̂ · si. Look in turn at each of the neighbours of
that spin. If the neighbour has the same sign of its component in this
direction as the seed spin does, add it to the cluster with probability
Padd = 1 − e−2β(n̂·si)(n̂·sj).

3. For each spin that was added in the last step, examine each of its neigh-
bours to find the ones which are pointing in the same direction and add
each of them to the cluster with the same probability Padd.

4. Flip the cluster by reflecting all spins in the cluster in the plane perpen-
dicular to n̂.

The concept is straightforward, but its implementation is somewhat more in-
volved than that of the Metropolis algorithm.
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2.5 Cluster algorithm measurement scheme

Since the cluster size is dependent on temperature, careful design of how to
measure system quantities is needed. For this reason, the following scheme was
devised. First, tests were made to determine the average cluster size 〈C〉 for
different temperatures and system sizes. Once a template for 〈C〉 had been
obtained, measurements for the production runs could be set to occur every
N update, such that 〈C〉N ≥ L3. The use of templating 〈C〉 instead of only
waiting until L3 sites have been updated ensures that the selection of states is
not affected by the Markov process itself, as this would put restraints on the
selection and the measurements would not strictly be a series of Boltzmann
distributed states, although the deviation is usually small. One sweep of the
system is then defined as once N〈C〉 sites have been updated, and the number
of termalisation and production sweeps is specified for each run. Typically, the
number of thermalisations steps was set to 1000, and the number of production
sweeps to 10000.

2.6 Effects of disorder on critical properties

In what is known as the Harris criterion [7], it is shown that short-range cor-
related impurities do not alter the criticality of systems which have a negative
critical exponent α for the specific heat. Conversely, if α > 0, a new univer-
sality class will result if disorder is introduced into an existing model. Weinrib
and Halperin (WH) [8] came up with an extended criterion which states that
disorder correlated over large distances could effect critical properties even for
systems with negative α. The λ transition for pure He has α ≈ −0.013, and
therefore the WH criterion should apply. The simulations by Moon and Girvin
[2] confirmed that short-range correlated impurities in the form of randomly
diluted bonds did not alter criticality of the 3D XY model, as expected from
the Harris criterion.

In silica aerogels, the fractal structure is only clearly visible for porosities
ϕ ≥ 90% and on length scales from 10 to 100 nm, making it seem homogeneous
on large scales. There, the aerogel disorder should effectively be short-ranged,
and according to the Harris criterion, entrained superfluid He should exhibit
bulk-like properties at the critical temperature. Moon and Girvin [2] found
that to alter criticality, the fractal correlation length of their clusters neces-
sarily needed to be larger than ξ. However, this ”cross-over” to an effectively
short-ranged disorder has not been observed in experiments, not even for lower
porosities which do not appear fractal. There must therefore be an intrinsic
long-range correlated disorder in aerogel which is not clearly visible in scatter-
ing experiments.

2.7 Modeling the structure of aerogels

The Hausdorff fractal dimension Df is the exponent with which a structure
grows compared to the length scale,

M(L) ∼ LDf . (2.12)

All real objects obviously have Df = 3, but fractals may have any dimension
less than that. This means that in an infinite system, the density of the fractal
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is effectively zero. Real objects therefore appear fractal only at certain length
scales, which for silica aerogels are typically in the region of 10 to 100 nm. In
the fractal regime, the aerogels have a fractal dimension of 1.5-2.3, depending
on manufacturing conditions.

Attempts at recreating aerogel conditions in numerical models have been
undertaken. The method known as Diffusion Limited Cluster-Cluster Aggre-
gation, (DLCA) [9], was designed to mimic the creation process and has been
shown to have a neutron-scattering intensity function very close to that of real
aerogels [10]. In short, the method distributes sites on the lattice with perco-
lation probability pc = 0.3116, connects any nearest neighbours to form a new
cluster, and lets all clusters undergo Brownian motion. New clusters are formed,
and the process is repeated until all sites are part of a single, large structure.
By using various adaptations, such as weighting movement probabilities with
cluster size, can realisations with differing fractality be achieved. The one used
by Nikolau et al [11] had a fractal dimension Df ≈ 1.78, which is in reasonable
agreement with that of real aerogels.

The DLCA framework has successfully been used to model aerogels in He-
lium simulations by workers such as Vásquez et al [3] and Nikolau et al [11].
The findings indicate that the exponent ν for the correlation length is indeed
distinctly altered from the pure case, showing evidence of a new universality
class, and that the fractal regime of aerogels and DLCA clusters in fact extends
beyond that which has been found in experiments.

2.8 Cluster generation with randomly diluted bonds

In this thesis, the aerogel structure was modelled by randomly deploying sites
on the percolation threshold p = pc = 0.3116 and keeping only clusters which
met certain specifications. Clusters generated by bond percolation in three
dimensions on pc have a fractal dimension Df = 2.53 [12], however, the selection
process may have put additional restraints on the clusters that were actually
used.

The generation proceeded as follows. The first criterion checked for was that
a cluster should span all three spatial directions through the periodic boundary
conditions. If a spanning cluster was found, all other occupied sites were re-
moved. If the cluster contained pores of at most one site, the holes were filled.
If pores with size larger than one existed, the cluster got rejected. The resulting
cluster porosity had to be close to the specified values of 90 and 95% to be
accepted, were the tolerances ranged from 0.0005 to 0.0008. This generation
process resulted in much computer time being spent on cluster generation, as
a large fraction of clusters got discarded. Clusters on lattices up to L = 60
were considered. Once a cluster was found, the appropriate couplings in the XY
model were generated and written to a file. Averages were taken over up to 100
disorder realisations to achieve statistical accuracy. A typical cluster generated
by bond percolation can be seen in Figure 1. This generation method is similar
to that of Moon and Girvin [2], except that they generated a percolating cluster
of size L = 48 and divided it into pieces for the smaller lattice sizes. On the
face of it, this would seem to indicate that clusters used for smaller lattice sizes
in fact were not guaranteed to be percolating, possibly ruining the effect long-
range correlations would have on critical properties. Also, they used a coupling
strength on the aerogel bonds of 0.26 instead of 1.
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Figure 1: Bonds of a percolating cluster for L = 30.

3 Numerical methods

This section describes the formulas that were used to calculate all of the system
properties and to analyse the data.

3.1 Calculation schemes for thermodynamical quantities

This section gives explicit expressions for how the measurements were performed
in the program. Since the configurations of the system are Boltzmann dis-
tributed, the thermodynamical average of a quantity Q =

∑

i qi is numerically
given by the formula

〈Q〉 =

∑

i qie
−1/Tεi

∑

i e−1/Tεi
, (3.1)

where the summation is over all possible states and εi is the energy of state i.
It follows that

∂〈Q〉

∂T
=

∑

i qiεi(
1

T 2 )e−1/Tεi

∑

i e−1/Tεi

−
∑

i

qie
−1/Tεi

∑

i εi(
1

T 2 )e−1/Tεi

(
∑

i e−1/Tεi)2

=
〈QH〉 − 〈Q〉〈H〉

T 2
. (3.2)

The system energy is given explicitly by the Hamiltonian, eq. (2.4). The specific
heat ∂H/∂T follows from eq. (3.2). The magnetisation squared is calculated by
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the formula

|M |2 =

(

∑

i

cos(θi)

)2

+

(

∑

i

sin(θi)

)2

, (3.3)

and |M | =
√

|M |2. The magnetisation averages give directly Binder’s fourth
cumulant [13] as

U(L, T ) = 1 −
〈M4〉

3〈M2〉2
. (3.4)

The helicity modulus in the direction µ̂ is given by (see, e.g. Teitel [14])

Υµ̂ =
1

Nµ̂

〈

∑

<ij>

Jijcos(θi − θj)(êij · µ̂)2

〉

(3.5)

−
J

TNµ̂

〈





∑

<ij>

Jijsin(θi − θj)êij · µ̂





2
〉

, (3.6)

where µ̂ = x̂, ŷ and ẑ where chosen as the three bond directions, and the êij are
the vectors between lattice sites. The directions are extracted separately from
the simulations and averaged over to obtain better values. Nµ̂ is the number of
bonds in that specific direction, which in the pure XY case is simply L3.

The temperature derivative of the helicity modulus, displayed by writing
Υ = 〈A〉/N − 〈B〉/TN , is given by

∂Υ

∂T
=

1

N

∂〈A〉

∂T
−

1

TN

∂〈B〉

∂T
+

〈B〉

NT 2
, (3.7)

and separately calculating the derivatives using eq. (3.2). Deriving the Binder
cumulant (eq. (3.15)) wrt. T yields

∂〈U〉

∂T
=

1

〈M2〉2

[

∂〈M4〉

∂T
−

2〈M4〉

〈M2〉

∂〈M2〉

∂T

]

. (3.8)

The derivative averages are again calculated from eq. (3.2).

3.2 Finite-size scaling

At the critical temperature the correlation length ξ, which implicitly governs all
the transition properties of the system, diverges. For the finite lattices employed
in simulations, obviously the correlation length will be cut off at the system size
L. Finite-size scaling (FSS) is a method which utilises this fact by devising a
scaling function, allowing extraction of critical properties to be made by using
multiple finite lattices of different sizes. Below follows a derivation of the scaling
relation for the helicity modulus to demonstrate the essence of FSS theory. The
derivation will result in one way to measure the exponent ν for the system.

Combining eqs. (2.6) and (2.8) yields

Υ ∼ ξ−v/ν . (3.9)

Well away from Tc, ξ < L, but when approaching Tc, ξ = L. To model this
behaviour, define a scaling function H0(x) such that

H0(x) =

{

const. if x � 1

x−v/ν if x → 0,
(3.10)
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and write
Υ = ξ−v/νH0́(L/ξ) = |t|vH0(L|t|

ν), (3.11)

where eq. (2.6) is used and t ≡ (T − Tc)/Tc is the reduced temperature. The
prime in the first equality only signifies the multiplication with a suitable con-
stant (Tc). Now, defining a new function by H0(x) = x−v/νH1(x

1/ν), eq. (3.11)
becomes

Υ = |t|v(L|t|ν)−v/νH1((L|t|
ν)1/ν) = L−v/νH1(L

1/ν |t|). (3.12)

This particular scaling relation can now be used to find the exponents v and ν,
since at Tc, Υ is a trivial function of lattice size only (see the details in the next
section). Since the Josephson scaling law v/ν = d− 2 = 1 was assumed to hold,
eq. (3.12) reduces to

Υ = L−1H1(|t|L
1/ν). (3.13)

By studying the derivative

∂Υ

∂T
=

L1/ν−1

Tc

∂H1

∂T
(|t|L1/ν) (3.14)

at T = Tc, one can get yet another independent way of measuring ν. Another
scaling relation used was that of Binder’s fourth cumulant

U(L, T ) = 1 −
〈M4〉

3〈M2〉2
, (3.15)

which is a dimensionless function that is constant for all lattice sizes at T =
Tc. It does not exhibit a singular behaviour at the critical temperature and is
therefore said to scale only with the ratio ξ/L, giving

U(L, T ) = Ṹ(ξ/L) = Ũ(|t|L1/ν), (3.16)

after defining an appropriate scaling function Ũ . The cumulant ratio now gives a
completely independent way of determining ν. Consider its temperature deriva-
tive

∂U

∂T
=

L1/ν

Tc
Ũ2(|t|L

1/ν). (3.17)

At Tc, this quantity is also a function of lattice size only and may be used to
determine ν in the same way as for the helicity modulus.

3.3 Determination of scaling properties

By using Binder’s fourth cumulant and the helicity modulus, the critical tem-
perature can be found. From eq. (3.13) it is clear that the product ΥL is
a constant at Tc. Plotting this quantity for different lattice sizes in the same
figure gives the critical point where the curves intersect at the constant value.
The fourth cumulant is also a constant function of lattice size at Tc, and for the
pure XY model, the resulting graphs are shown in Figure 2.

Once Tc is known, a finite-size scaling analysis gives the critical exponents of
the system. For the helicity modulus, the idea is that the measured values of ΥL
describe the scaling function H1(|t|L

1/ν) (see eq. 3.13). The scaling function
is ”independent” of the lattice size L, instead, it is a function of the argument
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(a) LΥ(L, T ) as function of T
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(b) U(L, T ) as function of T

Figure 2: LΥ(L, T ) and U(L, T ) for selected lattice sizes for the pure XY model.
These quantities give a convinient way to determine the critical temperature, which is
where the lines intersect.

|t|L1/ν . Therefore, if one plots the measured values of ΥL for different L against
the argument |t|L1/ν , all values fall on the same curve. The key point is that
this only happens if the exponent ν has the correct value. The value is found
by adjusting it to achieve as good a collapse as possible onto a single curve, see
Figure 3. For this thesis, a visual inspection using a finicky little program called
fsscale [15] was considered sufficient for determining ν. The program takes as
arguments L, T and the dependent quantity that one wants to investigate, and
allows the user to shift and scale both axes as to get a collapse onto a single
curve. A more robust method is to define a ”least error” function in terms of a
χ2-fit of the data to the collapse curve, but it was not done in this work.

-6 -4 -2 0 2 4
t L 1/ν

0.4

0.5

0.6

U(L,T)

L = 14
L = 20
L = 28
L = 30
L = 40

Figure 3: The scaling function for U(L, T ) as function of tL1/ν for the pure XY model.
ν = 0.67, Tc = 2.203 K.

To extract the exponent α from the specific heat, some manipulations are
required. Being a temperature derivative of the energy, it fluctuates heavily
with correspondingly large error bars, making a direct measurement somewhat
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difficult. A more subtle approach, as suggested by Schultka and Manousakis
[16], is to integrate the scaling function for c and use the energy data for a
four-parameter fit. The critical exponent α was not determined in this work
due to time restraints.

4 Results and analysis

Based on test runs for termalisation schemes, simulations on smaller lattice
sizes than L = 14 were found to give varying and inconclusive output and were
therefore not considered in the analysis. The results are for systems with clusters
of 5% porosity of lattice sizes L = 14, 20, 28, 30, 40 and 60. Generally, the scaling
of smaller systems within the disorder framework showed larger variations than
in the pure case, where the scaling collapse was better. The scaling collapse
of the fourth cumulant, shown in Figure 4, may be compared to Figure 3.
Although somewhat poorly converged, the analysis shows a clear alteration of
the correlation length exponent ν, in agreement with previous workers.

-4 -2 0 2
t L 1/ν

0.4

0.45

0.5

0.55

0.6

0.65

U(L,T)

L = 20
L = 28
L = 30
L = 40
L = 60

Figure 4: The scaling function for U(L, T ) as function of tL1/ν for aerogel of 95%
porosity. ν = 0.81, Tc = 2.192 K. Despite the smallest lattice size used being L = 20,
in order to eliminate finite-size effects, the error in the collapse is larger than in the
pure case (Figure 3).

Also, for the disorder realisations on lattices larger than L = 40, the Binder
cumulant and the helicity modulus tended to drift upwards, towards that of the
pure case. This behavior is displayed in Figures 5 and 6, where U and LΥ are
plotted versis temperature. Since the porosity was centered around a certain
percentage for all sizes, the effect would seem to be caused by the disorder being
structurally different on different scales. However, the exact cause of the drift
is not understood, and further analysis and comparison of the fractal dimension
and fractal correlation functions for different lattice sizes should be a prime
concern for further work. From the fourth cumulant by itself (Figure 5), it
is not obvious that the critical point is at Tc = 2.192, the value used for the
collapse in Figure 4.

The ”size drift” obstructs an accurate determination of Tc from the data. By
assuming that the slope of U(L, T ) is not as affected by disorder distributions
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Figure 5: The size drift of the Binder cumulant for aerogel of 95% porosity.
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Figure 6: The size drift of the helicity modulus for aerogel of 95% porosity.
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as the values of U(L, T ) itself, something called the quotient method could be
used. From eq. (3.17) one may define the quantity Q(L1, L2, T ) by the quotient

Q(L1, L2, T ) ≡
L

1/ν
1 Ũ2(|t|L

1/ν
1 )

L
1/ν
2 Ũ2(|t|L

1/ν
2 )

. (4.1)

By fixing the ratio L1/L2, e.g. to 2 by chosing two pairs of lattice sizes L1 =
60, L2 = 30, and L1 = 40, L2 = 20, a plot of Q versus temperature for these two
pairs should yield a crossover at Tc, since then,

Q(L1, L2, T )|T=Tc
=

(

L1

L2

)1/ν

= 21/ν . (4.2)

Also, the exponent ν is given by the value of Q via

ν =
ln 2

ln Q
. (4.3)

A plot of Q for the three lattice pairs 60/30, 40/20 and 28/14 and 95% aerogel
porosity is shown in Figure 7. The critical temperature should correspond to
approximately 2.197, which is slightly larger than the finite-size scaling results
of 2.185−2.193. The critical exponent is roughly 0.93 according to the graph, a
result that invalidates this method of analysis somewhat. However, the quotient
does not seem to suffer from a size drift, and more accurate data might have
given results consistent with other methods.

The derivative of the Binder cumulant yields another way to determine the
critical exponent ν (see eq. (3.17)). The cumulant derivative is drawn as a
function of lattice size on a log-log plot in Figure 8, where the value of ν esti-
mated from the linear fit is 0.81. This is in better agreement with the results of
experiments.
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Figure 7: The quotient method for the fourth cumulant.
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ln (dU/dT) = -2.5922 + 1.2358 ln T

Figure 8: The derivative of the Binder cumulant on a log-log plot at the critical
temperature T = 2.192 for lattice sizes L = 20, 40, 60. The slope of the linear approx-
imation is 1/ν, which yields ν = 0.809. The error bars for larger lattices are not very
comforting, but the shift of ν from that of the pure XY model is significant nontheless.
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5 Discussion

Programming issues

When the program was first tested, a number of floating point errors were
observed in the function that flips the spins. It was found that for a few random
occasions, some spins needed to be flipped an angle close to π, which caused
the inverse trignometric built-in functions in the C programming language to
return NaNs. To remedy this, a condition that normalized all arguments x to
acos and asin to |x| > 1 was included in the flip function. The consequences
of implementing this procedure are unknown, but believed to be of negligible
importance. Optional schemes, such as tabulating the function values in vectors,
would appear to give even larger errors.

Thermalisation

The sufficiency of 1000 cluster sweeps for the pre-measurement thermalisation,
where one sweep is defined as in Section 2.5, was investigated through testing.
In fact, no trends in the values of the system properties could be detected
above 10 steps, due to the fast convergence of the single cluster algorithm. The
behaviour is displayed in Figure 9 for the magnetisation m close to the critical
temperature.

Cluster algorithm

Since the disorder realisations were constructed without incipient voids, all He-
lium sites belong to the same group of spins. A cluster algorithm will likely
suffer a degrade in performance if the spins are found in groupings of various
sizes, since thermalisation and state change for small clusters would be more
difficult to achieve. No investigation of the cluster behaviour in the disordered
model was undertaken, but for the pure case, the fraction of the average cluster
size to system size was found to scale roughly with L−1 at Tc, which is consistent
with findings in the literature.

Conclusions about the model and suggestions for future

work

As shown in Section 4, the model of aerogel with randomly diluted bonds of
percolating clusters as long-range correlated disorder does show some promise.
The critical exponents for the model with 95% porosity is distinctly shifted
upwards, in agreement with experiments and other disorder models. Obviously,
continued simulations with more averages over denser temperature intervals
would allow a more accurate determination of the critical exponents. Here, also
the specific heat exponent α should be considered, which would allow a test
of the hyperscaling relation dν = 2 − α. However, there are also more specific
issues that could be explored.

For instance, it is believed that a larger number of measurement sweeps
are required to get accurate values for the helicity modulus for larger lattices.
This quantity showed severe accuracy degradation for L ≥ 40, and was there-
fore not used in the analysis of the critical exponent ν. Other quantites, such
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Figure 9: Thermalisation influence on the magnetisation average. No noteworthy
trends can be spotted even though only 100 calculation sweeps were used. The averages
are taken over 30 disorder realisations.

as the fourth cumulant, did not display this size dependent behaviour, albeit
being much less accurate than in the pure case. Therefore, also a larger num-
ber of disorder configurations would benefit future simulations of the model.
Additionally, a key ingredient in future work would be to investigate any pos-
sible dependency on lattice size of the cluster fractal dimension. The fractal
dimension and fractal correlation functions could give important insights into
the cause of the observed size drift. Other questions, such as whether the re-
straints in the cluster generation process affected the fractal dimensionality of
the model, could also be answered. An alternative approach could be to use only
the percolating backbone of the clusters to model the aerogel. The backbone
can be defined as all links that, imagining an applied electric potential over the
lattice, actively contribute to charge transport. This would remove many of the
”threads” that results via the current cluster generation method. Because of
this, the backbone has a fractal dimension of roughly 1.85 [17], which should be
closer to that of DLCA and real aerogels than the current model.

A result that is left unexplained is the behaviour of the helicity modulus in
the limit T → 0. Figure 10 depicts the helicity modulus for the pure XY case
and for 95% and 90% porosity, respectively. As can be seen, the cluster densities
seem to affect the sine term in eq. (3.5) to obtain a non-zero value, which came
as a surprise. A behaviour such as this was also observed for Penrose lattices in
2D by Reid et al [18], but more in-depth analyses of the phenomenon could not
be found. Qualitatively, it may be understood in terms of a lessened resistance
to the helical phase twist, as bonds are broken by the aerogel structure. It could
also be that pure XY models without periodical boundary conditions experience
the same phenomenon.
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Figure 10: The helicity modulus as a function of temperature for some arbitrary chosen
T . Note the behaviour in the T → 0 limit.
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