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Summary 
Wind turbines in cold climate can lose about 10-20 % of the yearly production due to ice buildup on 

the wind turbine blades [1]. The loss of production is due to inefficient commercial de-icing methods. 

In this master thesis a faster and more energy efficient de-icing method was investigated that used 

ultrasonic vibrations created with a piezoelectric disc.  

Theoretical calculations suggested that SH-waves could be more effective in de-icing a surface than 

Lamb-waves.  

Experiments was done that uses SH-waves which showed that a de-icing power of 0,011 W/m2 was 

sufficient to de-ice a 3-4 mm ice layer on a 1 mm thick steel plate. A de-icing power of 0,035 W/m2 

was enough to de-ice about 75 % of a 3,7 mm thick glass fiber plate with an ice layer of 5-6 mm.  

Ice layers over 1 cm was not de-iced and the dynamical behavior of the impedance for the 

piezoelectric disc complicated the de-icing ability.  
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1 INTRODUCTION 

Between 2013-2017 45-50 GW of wind power capacity is predicted to be built in cold climate [2]. One 

problem that can arise when a wind turbine is built in cold climate is ice buildup on the turbine 

blades illustrated in Figure 1.  

 

Figure 1 Ice buildup on a wind turbine [3]. 

Ice buildup is a huge problem since it lowers the performance of the wind turbine and threatens its 

structural integrity. Today there exist two main de-icing technologies for wind turbines. The first is 

electro thermal elements incorporated in the blades that heat the blade and melts the ice. The 

second is an air heating element that sends hot air into the blades which also melts the ice. Both 

technologies are illustrated in Figure 2.  

 

Figure 2 Combined hot air and electro thermal de-icing technology [4]. 



2 
 

Both technologies demand considerable amounts of energy to produce the heat that melts the ice. 

When the de-icing process is started the most common procedure is to stop the turbine to avoid 

large pieces of ice to be thrown from the turbine which can cause damage to nearby equipment. 

This production stop can last between 30 min [5] to 5 days [6] depending on weather conditions.  

The heating of the blades and the production stop contribute to a loss of 10-20 % of the yearly 

production of a wind turbine [1].  

In the most extreme cases of ice buildup a last resort method can be used in the form of a helicopter 

that sprays hot water on the turbine blades, illustrated in Figure 3. This method has a very high 

energy consumption since an oil burner with an output of 260 kW is used to heat the water and the 

helicopter consumes large amounts of aviation fuel [7].   

 

Figure 3 Helicopter de-icing method [7]. 

One other de-icing method used in Yukon Canada is painting the turbine blades black (see Figure 4) 

in order to heat the blades more efficiently than white paint using the sunlight. However, this 

method was only effective on sunny days with very low wind speeds and temperatures that don’t fall 

too low [8].  

More energy efficient and faster de-icing methods are required to improve the economics of wind 

turbines in cold climate. Therefore, numerous research projects are at work that explores new  

de-icing methods. 
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Figure 4 Black paint on wind turbine blades to create more heat from the sunlight than conventional 
white blades [9]. 

1.1 PREVIOUS WORK 
One new de-icing method that has been researched is the ability of ultrasonic vibrations to de-ice a 

surface. One complete work in this area is done by Jose Palacios at Penn State University [10] who 

focused on de-icing helicopter blades with ultrasonic vibrations created with a piezoelectric disc. The 

conclusion was that a piezoelectric disc could de-ice a steel plate with dimensions 

(30,48X30,48X0,711 mm) instantaneously with a power input of 50 W. A constructive interference 

system was also tested by Jose Palacios. The system was built from multiple piezoelectric elements 

illustrated in Figure 5. This method was not as effective in de-icing a steel surface as the one source 

piezoelectric disc actuator system. 

 

Figure 5 Constructive interference from multiple piezoelectric elements [10]. 
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1.2 OBJECTIVE 
In this master thesis a de-icing method using ultrasonic vibrations created with a one source 

piezoelectric element will be tested and evaluated. Two different wave types called SH-waves and 

Lamb-waves will be theoretically investigated to see which would give the best de-icing properties. 

When it´s decided which wave type is the most suitable a piezoelectric actuator will be chosen to 

create the wave type. The two actuator types to choose from is either a piezoelectric disc to create 

SH-waves or a piezoelectric rod to create Lamb-waves. A 1 mm steel plate will be de-iced and used as 

a reference to prior work by Jose Palacios [10]. A 3,7 mm glass fiber plate of the same material as 

wind turbine blades will also be de-iced.  

1.3 LIMITATIONS 

 The glass fiber plate will be considered to be isotropic to simplify the calculations. 

 Due to the time and resources available for this thesis only one wave type will be tested 

experimentally. 

 A one source piezoelectric element will be used to create the ultrasonic vibrations since Jose 

Palacios [10] showed that a constructive interference system was not effective for de-icing a 

surface. 

 Only glaze ice will be tested since other ice types can´t be built in the available freezer.  
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2 THEORY  

In this section a short introduction about the piezoelectric effect will be presented since a 

piezoelectric actuator is driven by the piezoelectric effect. The theory needed for building an 

impedance matching circuit for maximizing power transfer from an amplifier to the piezoelectric 

element will also be presented. Finally, the necessary theory for choosing the best actuator and wave 

type will be presented. 

2.1 PIEZOELECTRICITY 

2.1.1 Piezoelectric effect 

The fundamental principle of the piezoelectric effect is that when a piezoelectric material is put 

under a mechanical force an electric voltage is created. This is due to the even distribution of positive 

and negative charges in the piezoelectric material. So when the piezoelectric material deforms the 

charges gets unbalanced and therefore create an electric voltage. The piezoelectric effect can 

therefore be reversed by applying a voltage to the piezoelectric material which then creates a 

displacement in the piezoelectric material. An illustration of an unloaded and loaded piezoelectric 

crystal can be seen in Figure 6. 

 

Figure 6 Piezoelectric crystal with no deformation (left) and a piezoelectric crystal under deformation 
(right) [11]. 

2.1.2 Frequency response 

If a free piezoelectric material is put under an AC voltage with a certain frequency it will start to 

resonate. If a large span of frequencies is plotted against the piezoelectric material impedance a 

frequency response curve is created. In this curve two mayor properties of the piezoelectric material 

can be distinguished which is the resonance and anti-resonance frequency. The resonance frequency 

𝑓𝑟 is where the lowest impedance and power consumption is reached. It is also where the highest 

displacement of the piezoelectric material for an applied voltage is obtained. The anti-resonance 

frequency 𝑓𝑎 is where the impedance and power consumption is the highest. The displacement of 

the piezoelectric material is also the lowest for an applied voltage at the anti-resonance frequency. 

An illustration of a typical frequency response curve for a piezoelectric material can be observed in 

Figure 7.  
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Figure 7 Typical frequency response curve for a free piezoelectric material [12]. 

2.1.3 Radial and axial power 

The radial resonance frequency 𝑓𝑅  for a piezoelectric disc is given in equation (1). 𝑁𝑝 is the 

frequency constant in the radial mode for a specific piezoelectric material and 𝐷 is the diameter of 

the piezoelectric disc. The axial resonance frequency 𝑓𝐴 for a piezoelectric rod is given in equation (2) 

where 𝑁𝑡 is the frequency constant in the thickness mode for a specific piezoelectric material and ℎ 

is the height of the piezoelectric rod. 

These equations give that if for instance the diameter 𝐷 is halved then the radial resonance 

frequency 𝑓𝑅  would double. The same applies if the height ℎ is halved then the axial resonance 

frequency 𝑓𝐴 would double. However, the product of the diameter and the radial resonance 

frequency or height and axial resonance frequency would continue to be constant. The specific value 

of 𝑁𝑝 and 𝑁𝑡 can be found in Appendix 9.2 which is the data for the piezoelectric material APC-840 

that will be used in this thesis. 

 

The maximum active power for a APC-840 piezoelectric material (similar to PZT-4) is about 40 W per 

square inch of radiating surface area [13]. If this is expressed in SI-units, then equation (3) can be 

formulated where 𝐴 is the radiating surface that is exposed to air. 

 
𝑃 ≈

40

(2.54 ∙ 10−2)2
𝐴 (3) 

 

For a disc/rod with height ℎ and diameter 𝐷 the radiating surface area is expressed as equation (4).  

 
𝐴 = 𝜋𝐷 (

𝐷

4
+ ℎ) (4) 

 
𝑓𝑅 =

𝑁𝑝

𝐷
 (1) 

   

 
𝑓𝐴 =

𝑁𝑡

ℎ
 (2) 
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The power that is delivered to a piezoelectric disc can be approximated as equation (5) if equation 

(1), (3) and (4) is combined. 

 
𝑃 ≈

10𝜋𝑁𝑝

𝑓𝑅
2(2.54 ∙ 10−2)2

(𝑁𝑝 + 4𝑓𝑅ℎ) (5) 

 

The power that is delivered to a piezoelectric rod can be approximated as equation (6) if equation 

(2), (3) and (4) is combined. 

 
𝑃 ≈

10𝜋𝐷

𝑓𝐴(2.54 ∙ 10−2)2
(𝐷𝑓𝐴 + 4𝑁𝑡) (6) 

2.2 IMPEDANCE MATCHING  
In order to have a good power transmission from a source to a load an impedance matching has to 

be performed. The aim is to have the same impedance on the load as the source in order to 

maximize power transmission. If an impedance matching is not performed much of the power will 

reflect back to the source. In Figure 8 a circuit is illustrated where 𝑉𝑠 is the source voltage, 𝑍𝑠 is the 

source impedance, 𝑉𝐿 is the load voltage and 𝑍𝐿 is the load impedance. 

 

Figure 8 Equivalent circuit for a source and a load. 

The current for the circuit in Figure 8 can be expressed as equation (7) where the absolute value 

represents the magnitude of the current.  

 
|𝐼| = |

𝑉𝑠

𝑍𝑠 + 𝑍𝐿
| (7) 

 

The complex impedance is composed of a real resistance 𝑅 and an imaginary reactance 𝑖𝑋 expressed 

in equation (8). 

 𝑍 = 𝑅 + 𝑖𝑋 (8) 
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The reactance can be composed of a capacitive reactance expressed in equation (9) or an inductive 

reactance expressed in equation (10) where 𝑓 is the frequency, 𝐶 is the capacitance and 𝐿 is the 

inductance. 

 
𝑋𝐶 = −

𝑖

2𝜋𝑓𝐶
 

(9) 

   

 𝑋𝐼 = 2𝜋𝑓𝐿𝑖 (10) 

 

The average power that is created in the load 𝑃𝐿 is given in equation (11) where 𝐼𝑟𝑚𝑠 is the root 

mean square value of the current and 𝑅𝐿 is the resistance of the load.  

 
𝑃𝐿 = 𝐼𝑟𝑚𝑠

2 𝑅𝐿 =
1

2
|𝐼|2𝑅𝐿 (11) 

 

If equation (8) is inserted to equation (7) and then substituted into equation (11) equation (12) is 

achieved.  

 

𝑃𝐿 =

1
2

|𝑉𝑠|
2𝑅𝐿

(𝑅𝑠 + 𝑅𝐿)2 + (𝑋𝑠 + 𝑋𝐿)2
 (12) 

 

In order to have the maximum transferred power the denominator has to be minimized. This can be 

achieved by equation (13) that describes the load reactance as the negative reactance of the source.  

 𝑋𝐿 = −𝑋𝑠 (13) 

 

When equation (13) is inserted to equation (12) equation (14) is achieved. 

 

𝑃𝐿 =

1
2

|𝑉𝑠|
2𝑅𝐿

(𝑅𝑠 + 𝑅𝐿)2
 (14) 

 

The power transmission can increase further if the resistance of the load has the same resistance as 

the source given in equation (15). 

 𝑅𝐿 = 𝑅𝑠 (15) 

 

When equation (15) is inserted to equation (14) the average power developed by the load is 

obtained in equation (16). 

 
𝑃𝐿 =

|𝑉𝑠|
2

8𝑅𝐿
 

(16) 
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2.2.1 Transformer 

One effective way of actually performing an impedance matching is to use a transformer to scale the 

voltage from the primary side to the secondary side of the transformer. The basic relation for an 

ideal transformer is presented in equation (17). 𝑉𝑃, 𝐼𝑃, 𝑁𝑃  is the voltage, current and number of 

turns on the inductor on the primary side, 𝑉𝑆, 𝐼𝑆, 𝑁𝑆 is the voltage, current and number of turns on 

the inductor on the secondary side.  

 𝑉𝑃

𝑉𝑆
=

𝐼𝑆
𝐼𝑃

=
𝑁𝑃

𝑁𝑆
 

(17) 

   

 

Figure 9 Ideal transformer [14]. 

2.3 WAVES IN ISOTROPIC SOLID MEDIA 
In this section the derivation of the necessary formulas is presented which describe the nature of 

wave propagation in multiple layers of isotropic solid medias. The majority of the formulas can be 

found in the book Ultrasonic Guided waves in Solid Media by Joseph L. Rose [15]. The coordinate 

system and layout of the problem can be seen in Figure 10 where an ice layer is attached to a host 

material. 

 

Figure 10 Coordinate system for a two plate problem (host material and ice). 
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The governing equation for waves in a solid media is defined by equation (18) where 𝐶𝑖𝑗𝑘𝑙 is the 

stiffness tensor, 𝜌 is the density and 𝑢𝑖  the particle displacement field.  

 
𝜌

𝜕2𝑢𝑖

𝜕𝑡2
− 𝐶𝑖𝑗𝑘𝑙

𝜕2𝑢𝑖

𝜕𝑥𝑗𝜕𝑥𝑘
= 0 (18) 

 

Hooke´s law is defined in equation (19) where 𝜎𝑖𝑗 is the stress in 𝑖𝑗-direction and 𝜀𝑘𝑙 is the 

elongation in 𝑘𝑙-direction.  

 𝜎𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙𝜀𝑘𝑙 (19) 

 

The elongation can be expressed in the form of equation (20) from [15]. 

 
𝜀𝑘𝑙 =

1

2
(
𝜕𝑢𝑙

𝜕𝑥𝑘
+

𝜕𝑢𝑘

𝜕𝑥𝑙
) (20) 

 

The stiffness tensor 𝐶𝑖𝑗𝑘𝑙 is a 9X9 matrix with 81 components. However, with Voight notation 

equation (19) can be reduced to equation (21) where 𝐶𝑝𝑞 is a 6X6 matrix. 

 𝜎𝑝 = 𝐶𝑝𝑞𝜀𝑞 (21) 

 

If equation (21) is written in matrix form, it will take the shape of equation (22). 

 

[
 
 
 
 
 
𝜎1

𝜎2

𝜎3

𝜎4

𝜎5

𝜎6]
 
 
 
 
 

=

[
 
 
 
 
 
𝐶11 𝐶12 𝐶13 𝐶14 𝐶15 𝐶16

𝐶21 𝐶22 𝐶23 𝐶24 𝐶25 𝐶26

𝐶31 𝐶32 𝐶33 𝐶34 𝐶35 𝐶36

𝐶41 𝐶42 𝐶43 𝐶44 𝐶45 𝐶46

𝐶51 𝐶52 𝐶53 𝐶54 𝐶55 𝐶56

𝐶61 𝐶62 𝐶63 𝐶64 𝐶65 𝐶66]
 
 
 
 
 

[
 
 
 
 
 
𝜀1

𝜀2

𝜀3

𝜀4

𝜀5

𝜀6]
 
 
 
 
 

 

 

(22) 

If equation (22) is written with real indices equation (23) can be created.   

[
 
 
 
 
 
𝜎11

𝜎22

𝜎33

𝜎23

𝜎13

𝜎12]
 
 
 
 
 

=

[
 
 
 
 
 
𝐶1111 𝐶1122 𝐶1133 𝐶1123 𝐶1113 𝐶1112

𝐶2211 𝐶2222 𝐶2233 𝐶2223 𝐶2213 𝐶2212

𝐶3311 𝐶3322 𝐶3333 𝐶3323 𝐶3313 𝐶3312

𝐶2311 𝐶2322 𝐶2333 𝐶2323 𝐶2313 𝐶2312

𝐶1311 𝐶1322 𝐶1333 𝐶1323 𝐶1313 𝐶1312

𝐶1211 𝐶1222 𝐶1233 𝐶1223 𝐶1213 𝐶1212]
 
 
 
 
 

[
 
 
 
 
 
𝜀11

𝜀22

𝜀33

2𝜀23

2𝜀13

2𝜀12]
 
 
 
 
 

 

 

(23) 
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For isotropic materials the stiffness tensor in Voight notation is defined in equation (24). 

[𝐶] =

[
 
 
 
 
 
𝐶11 𝐶12 𝐶13 0 0 0
𝐶21 𝐶22 𝐶23 0 0 0
𝐶31 𝐶32 𝐶33 0 0 0
0 0 0 𝐶44 0 0
0 0 0 0 𝐶55 0
0 0 0 0 0 𝐶66]

 
 
 
 
 

 (24) 

The coefficients in equation (24) is defined by equation (25) where 𝜆 and 𝜇 are Lamé parameters 

defined in equation (26) where 𝐸 is the elastic modulus and 𝜈 is the Poisson's ratio.  

 𝐶11 = 𝐶22 = 𝐶33 = 𝜆 + 2𝜇 

𝐶12 = 𝐶13 = 𝐶23 = 𝜆 

𝐶44 = 𝐶55 = 𝐶66 = 𝜇 

(25) 

 

 
𝜆 =

𝜈𝐸

(1 + 𝜈)(1 − 2𝜈)
 

𝜇 =
𝐸

2(1 + 𝜈)
 

(26) 

 

If equation (25) is inserted to equation (24) then equation (27) is created. 

 

[𝐶] =

[
 
 
 
 
 
𝜆 + 2𝜇 𝜆 𝜆 0 0 0

𝜆 𝜆 + 2𝜇 𝜆 0 0 0
𝜆 𝜆 𝜆 + 2𝜇 0 0 0
0 0 0 𝜇 0 0
0 0 0 0 𝜇 0
0 0 0 0 0 𝜇]

 
 
 
 
 

 
(27) 

 

If equation (20) is inserted to equation (19) and then using equation (23) and (27) the stress 

components of equation (23) can be derived which is shown in equation (28).  

𝜎11 = (𝜆 + 2𝜇)
𝜕𝑢1

𝜕𝑥1
+ 𝜆 (

𝜕𝑢2

𝜕𝑥2
+

𝜕𝑢3

𝜕𝑥3
) 

𝜎22 = (𝜆 + 2𝜇)
𝜕𝑢2

𝜕𝑥2
+ 𝜆 (

𝜕𝑢1

𝜕𝑥1
+

𝜕𝑢3

𝜕𝑥3
) 

𝜎33 = (𝜆 + 2𝜇)
𝜕𝑢3

𝜕𝑥3
+ 𝜆 (

𝜕𝑢1

𝜕𝑥1
+

𝜕𝑢2

𝜕𝑥2
) 

𝜎23 = 𝜎32 = 𝜇 (
𝜕𝑢3

𝜕𝑥2
+

𝜕𝑢2

𝜕𝑥3
) 

𝜎13 = 𝜎31 = 𝜇 (
𝜕𝑢3

𝜕𝑥1
+

𝜕𝑢1

𝜕𝑥3
) 

𝜎12 = 𝜎21 = 𝜇 (
𝜕𝑢2

𝜕𝑥1
+

𝜕𝑢1

𝜕𝑥2
) 

(28) 
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The governing equation (18) can be solved using the assumed solution defined in equation (29) 

where 𝑈𝑖 is the polarization vector and 𝑘 is the wave number.  

 𝑢𝑖 = 𝑈𝑖𝑒
𝑖𝑘(𝑥1+𝛼𝑥3−𝑐𝑡) (29) 

 

The wave number is defined in equation (30) where 𝑓 is the frequency and 𝑐 is the phase velocity. 

 
𝑘 =

2𝜋𝑓

𝑐
 (30) 

 

If equation (29) is inserted into equation (18) the final solution is defined by the Christoffel equation 

given in equation (31). The subscript 𝑝 represents unique solutions for different material layers.  

 

[

𝐴11 𝐴12 𝐴13

𝐴21 𝐴22 𝐴23

𝐴31 𝐴32 𝐴33

]

𝑝

[

𝑈1

𝑈2

𝑈3

] = [
0
0
0
] (31) 

 

The different components of the Christoffel equation is defined in equation (32) from [15]. 

 𝐴11 = 𝐶11 + 2𝐶15𝛼 + 𝐶55𝛼
2 − ρc2 

𝐴12 = 𝐴21 = 𝐶16 + (𝐶14 + 𝐶56)𝛼 + 𝐶45𝛼
2 

𝐴13 = 𝐴31 = 𝐶15 + (𝐶13 + 𝐶55)𝛼 + 𝐶35𝛼
2 

𝐴22 = 𝐶66 + 2𝐶46𝛼 + 𝐶44𝛼
2 − ρc2 

𝐴23 = 𝐴32 = 𝐶56 + (𝐶36 + 𝐶45)𝛼 + 𝐶34𝛼
2 

𝐴33 = 𝐶55 + 2𝐶35𝛼 + 𝐶33𝛼
2 − ρc2 

 

(32) 

If equation (32) is inserted into (31) the final form of the Christoffel equation is defined in equation 

(33).  

 

[

𝜆 + 2𝜇 + 𝜇𝛼2 − ρc2 0 (𝜆 + 𝜇)𝛼

0 𝜇(1 + 𝛼2) − ρc2 0

(𝜆 + 𝜇)𝛼 0 (𝜆 + 2𝜇)𝛼2 + 𝜇 − ρc2

]

𝑝

[
𝑈1

𝑈2

𝑈3

] = [
0
0
0
] (33) 
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2.3.1  SH-waves 

SH-waves or shear horizontal waves are waves that propagate along the 𝑥1-direction while having a 

particle displacement in the 𝑥2-direction illustrated in Figure 11. 

 

Figure 11 SH-wave propagation in a solid material [16]. 

For SH-waves 𝑢1 and 𝑢3 are set to 0 since it is assumed that the system only has a particle 

displacement in the 𝑥2-direction. This leads to that 𝑈1 and 𝑈3 in equation (33) is set to 0 giving the 

characteristic equation (34) from equation (33). 

 𝜇(1 + 𝛼2) − ρc2 = 0 (34) 

 

Rewriting equation (34) gives equation (35) which describes the wave number in 𝑥3-direction with 

respect to the wave number in 𝑥1-direction. 

 

𝛼1,2 = ±√
ρc2

𝜇
− 1 (35) 

 

The particle displacement in 𝑥2-direction is given in equation (36) where 𝐵𝑗 is the weighing 

coefficient and 𝑡 is the time elapsed. 

 

𝑢2 = ∑𝐵𝑗𝑒
𝑖𝑘(𝑥1+𝛼𝑗𝑥3−𝑐𝑡)

2

𝑗=1

 (36) 
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The shear stress in 𝑥3-𝑥2 direction is given by equation (37) obtained from equation (28) where the 

𝑢1 and 𝑢3-displacement is set to 0 since the particle motion is only in 𝑥2-direction. 

 

𝜎32 = 𝜇
𝜕𝑢2

𝜕𝑥3
= ∑𝐵𝑗𝛼𝑗𝜇𝑖𝑘𝑒𝑖𝑘(𝑥1+𝛼𝑗𝑥3−𝑐𝑡)

2

𝑗=1

 (37) 

 

A 4X4 matrix system is formed by equation (36) and (37) where 4 boundary conditions are needed 

(illustrated in Figure 12) in order to solve the system. The superscript in Figure 12 represents either 

the host material (1) or ice (2).  

 

Figure 12 SH-wave boundary conditions for a two plate system. 

The first boundary condition is free stress at the top surface given by boundary condition (I). Note 

that the 𝑥1 , 𝑐𝑡 terms are removed since the term 𝑒𝑖𝑘(𝑥1−𝑐𝑡) can be neglected. 

 𝜎32
1 = 0, 𝑥3 = 0 (I) 

 

If boundary condition (I) is used in equation (37) then equation (38) is created. 

 𝐵1𝛼1𝜇1(𝑖𝑘)𝑒𝑖𝑘(𝛼10) − 𝐵2𝛼1𝜇1(𝑖𝑘)𝑒−𝑖𝑘(𝛼10) = 0 (38) 

 

Continuity in the particle displacement at the interface between the two layers gives boundary 

condition (II). 

 𝑢2
1 = 𝑢2

2, 𝑥3 = ℎ1 (II) 

 

If boundary condition (II) is used in equation (36) then equation (39) is created. 

 𝐵1𝑒
𝑖𝑘(𝛼1ℎ1) + 𝐵2𝑒

−𝑖𝑘(𝛼1ℎ1) − 𝐵3𝑒
𝑖𝑘(𝛼3ℎ1) − 𝐵4𝑒

−𝑖𝑘(𝛼3ℎ1) = 0 (39) 

 

Stress continuity at the interface between the two layers gives boundary condition (III). 

 𝜎32
1 = 𝜎32

2 , 𝑥3 = ℎ1 (III) 
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If boundary condition (III) is used in equation (37) then equation (40) is created. 

𝐵1𝛼1𝜇1𝑒
𝑖𝑘(𝛼1ℎ1) − 𝐵2𝛼1𝜇1𝑒

−𝑖𝑘(𝛼1ℎ1) − 𝐵3𝛼3𝜇2𝑒
𝑖𝑘(𝛼3ℎ1) + 𝐵4𝛼3𝜇2𝑒

−𝑖𝑘(𝛼3ℎ1) = 0 (40) 

 

Free stress at the bottom surface gives boundary condition (IV). 

 𝜎32
2 = 0, 𝑥3 = ℎ1 + ℎ2 (IV) 

 

If boundary condition (IV) is used in equation (37) then equation (41) is created. 

 𝐵3𝛼3𝜇2𝑖𝑘𝑒𝑖𝑘𝛼3(ℎ1+ℎ2) − 𝐵4𝛼3𝜇2𝑖𝑘𝑒−𝑖𝑘𝛼3(ℎ1+ℎ2) = 0 (41) 

 

Equation (38)-(41) forms the system of equations given in matrix form in equation (42). 

[𝐷][𝐵] = [

1 −1 0 0
𝑒𝑖𝑘𝛼1ℎ1 𝑒−𝑖𝑘𝛼1ℎ1 −𝑒𝑖𝑘𝛼3ℎ1 −𝑒−𝑖𝑘𝛼3ℎ1

𝛼1𝜇1𝑒
𝑖𝑘𝛼1ℎ1 −𝛼1𝜇1𝑒

𝑖𝑘𝛼1ℎ1 −𝛼3𝜇2𝑒
𝑖𝑘𝛼3ℎ1 𝛼3𝜇2𝑒

−𝑖𝑘𝛼3ℎ1

0 0 𝑒𝑖𝑘𝛼3(ℎ1+ℎ2) −𝑒−𝑖𝑘𝛼3(ℎ1+ℎ2)

] [

𝐵1

𝐵2

𝐵3

𝐵4

] = 0 (42) 

 

A linear combination of equation (42) can be created in the form of equation (43) where initial 

solutions are found.       

 𝛼1µ1 tan(𝛼1ℎ1𝑘) + 𝛼3µ2 tan(𝛼3ℎ2𝑘) = 0 (43) 

 

However, the determinant of matrix [𝐷] should be zero in order to have a proper solution. Since 

equation (43) gives initial solutions that can contain false solutions, they are eliminated by 

substituting the initial solution into matrix [𝐷] and checking if the determinant is zero. If it is not 

zero, the solution has to be discarded. 

When the dispersion curves are plotted which is the graphical representation of the solutions the 

weighing coefficients can be approximated by the least square error method. By setting 𝐵1 = 1 the 

system can be written as equation (44) where 𝐷1 is the first column of matrix [𝐷] and 𝐷𝑟𝑒𝑠𝑡 is the 

other columns in matrix [𝐷].  

 𝐷𝑟𝑒𝑠𝑡𝐵𝑟𝑒𝑠𝑡 = −𝐷1 (44) 

 

Equation (44) is an overdetermined system that has more rows than columns. The least square 

solution of the weighing coefficients is defined in equation (45).  

 𝐵𝑟𝑒𝑠𝑡 = 𝐷𝑟𝑒𝑠𝑡
+ 𝐷1 (45) 

 

Equation (45) can be solved by using the Moore-Penrose pseudoinverse defined by equation (46). 

 𝐷𝑟𝑒𝑠𝑡
+ = (𝐷𝑇𝐷)−1𝐷𝑇 (46) 
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The final solution for the weighing coefficients is defined by equation (47) if equation (46) is inserted 

into equation (45). 

 𝐵𝑟𝑒𝑠𝑡 = (𝐷𝑇𝐷)−1𝐷𝑇𝐷1 (47) 

 

2.3.1.1  ISCC SH-waves [10] 

The interface shear stress concentration coefficient (ISCC) is a measure of how effective a wave 

mode can inflict transverse shear stress at the interface between two layers with a specific quantity 

of energy. The complex acoustic Poynting´s vector represents the power that flows on the structure 

and is defined by equation (48). 

 
�⃑� =

−�⃗�∗ ∙ 𝜎

2
   

(48) 

 

The particle velocity for SH-waves is defined by equation (49) where the symbol * defines the 

complex conjugate.  

 
�⃗�∗ = [0 (

𝜕𝑢2

𝜕𝑡
)
∗

0] 
(49) 

 

The stress tensor for ISCC-values in SH-waves is defined by equation (50). 

 

𝜎 =

[
 
 
 
 
 
 

µ

0 µ
𝜕𝑢2

𝜕𝑥1
0

𝜕𝑢2

𝜕𝑥1
0 µ

𝜕𝑢2

𝜕𝑥3

0 µ
𝜕𝑢2

𝜕𝑥3
0

]
 
 
 
 
 
 

 (50) 

 

When equation (50) and (49) is inserted to equation (48) a resulting equation (51) is created. 

 �⃑� = 𝑝𝑥1 ∙ �̂�1 + 𝑝𝑥3 ∙ �̂�3 (51) 

 

The total power flow is integrated over the thickness of the two layers to get the power that is 

transmitted with a specific wave mode through a cross section that is perpendicular to the 𝑥1 

direction with a unit width.  

Equation (52) shows this integration where only the 𝑝𝑥1 term is needed since the dot product 

�̂�1 ∙ �̂�1 = 1, �̂�3 ∙ �̂�1 = 0.   

 

𝑃𝑜𝑤𝑒𝑟 = ∫ �⃑� ∙

ℎ1+ℎ2

0

�̂�1𝑑𝑥3 = ∫ 𝑝𝑥1

ℎ1+ℎ2

0

𝑑𝑥3 (52) 
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The 𝑝𝑥1 term is given in equation (53). 

 

𝑝𝑥1 = −
1

2
(
𝜕𝑢2

𝜕𝑡
)
∗

µ
𝜕𝑢2

𝜕𝑥1
=

1

2
µ𝑐𝑘2 ∑𝐵𝑗𝑒

−𝑖𝑘𝛼𝑗𝑥3

2

𝑗=1

∑𝐵𝑗𝑒
𝑖𝑘𝛼𝑗𝑥3

2

𝑗=1

 (53) 

 

The ISCC-value for a specific wave mode can now be calculated with equation (54) where 𝜎32|ℎ1 is 

the shear stress in 𝑥3-𝑥2 direction at the interface. 

 
𝐼𝑆𝐶𝐶𝑠 =

𝜎32|ℎ1

√𝑃𝑜𝑤𝑒𝑟
 (54) 

2.3.2 Lamb-waves 

Lamb-waves have two different wave mode types, symmetrical modes (S-modes) and antisymmetric 

modes (A-modes). S-modes has an elliptical particle motion in the clockwise direction and A-modes 

has an elliptical particle motion in the counterclockwise direction. Both S-modes and A-modes 

propagate in the 𝑥1-direction illustrated in Figure 13. 

 

Figure 13 Wave propagation for Lamb-waves with two distinct modes [16]. 

By setting the particle displacement 𝑢2 = 0 𝑈2 also becomes 0 in equation (33). The solutions to 

equation (33) then take the form of equation (35) and (55) which represent the wave number in 𝑥3-

direction with respect to 𝑥1-direction. 

 

𝛼3,4 = ±√
ρc2

𝜆 + 2𝜇
− 1 (55) 
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The displacement in 𝑥1 and 𝑥3-direction is defined by equation (56) and (57). 

 

𝑢1 = ∑ 𝐵𝑘𝑒
𝑖𝑘(𝑥1+𝛼𝑘𝑥3−𝑐𝑡)

4

𝑘=1

 (56) 

 

 

𝑢3 = ∑ 𝐵𝑘𝑈3𝑘𝑒
𝑖𝑘(𝑥1+𝛼𝑘𝑥3−𝑐𝑡)

4

𝑘=1

 (57) 

 

The stress components are derived from equation (28) by setting the displacement in 𝑢2 = 0. The 

stress components are then given by equation (58) and (59) where 𝑈3𝑘 is the relation of the 

polarization vectors given in equation (60).  

 

𝜎31 = 𝜇 (
𝜕𝑢1

𝜕𝑥3
+

𝜕𝑢3

𝜕𝑥1
) = ∑ 𝐵𝑘(𝛼𝑘 + 𝑈3𝑘)𝜇𝑖𝑘𝑒𝑖𝑘(𝑥1+𝛼𝑘𝑥3−𝑐𝑡)

4

𝑘=1

 (58) 

 

 

𝜎33 = (𝜆 + 2𝜇)
𝜕𝑢3

𝜕𝑥3
+ 𝜆

𝜕𝑢1

𝜕𝑥1
= ∑ 𝐵𝑘(𝜆 + (𝜆 + 2𝜇)𝛼𝑘𝑈3𝑘)𝑖𝑘𝑒𝑖𝑘(𝑥1+𝛼𝑘𝑥3−𝑐𝑡)

4

𝑘=1

 (59) 

 

 
𝑈3𝑘 =

𝑈3

𝑈1
= −

(𝜆 + 𝜇)𝛼𝑘

(𝜆 + 2𝜇)𝛼𝑘
2 + 𝜇 − ρc2

 (60) 

 

An 8X8 equation system is formed where 8 Boundary conditions are needed in order to solve the 

matrix system. They are illustrated in Figure 14 where the superscript represents either the host 

material (1) or ice (2).  

 

Figure 14 Lamb-wave boundary conditions for a two plate system. 
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The first boundary condition is the free shear stress at the top layer surface given by boundary 

condition (i) 

 𝜎31
1 = 0, 𝑥3 = 0 (i) 

 

If boundary condition (i) is used in equation (58) then equation (61) is created. 

 

∑ 𝐵𝑘(𝛼𝑘 + 𝑈3𝑘)

4

𝑘=1

= 0 (61) 

 

Free tensile stress at the top layer surface is given by boundary condition (ii). 

 𝜎33
1 = 0, 𝑥3 = 0 (ii) 

 

If boundary condition (ii) is used in equation (59) then equation (62) is created. 

 

∑ 𝐵𝑘(𝜆1 + (𝜆1 + 2𝜇1)𝛼𝑘𝑈3𝑘)

4

𝑘=1

= 0 (62) 

 

Continuity in the displacement in 𝑥1-direction at the interface is given by boundary condition (iii)  

 𝑢1
1 = 𝑢1

2, 𝑥3 = ℎ1 (iii) 

 

If boundary condition (iii) is used in equation (56) then equation (63) is created. 

 

∑ 𝐵𝑘𝑒
𝑖𝑘𝛼𝑘ℎ1

4

𝑘=1

− ∑ 𝐵𝑘𝑒
𝑖𝑘𝛼𝑘ℎ1

8

𝑘=5

= 0 (63) 

 

Continuity in the displacement in 𝑥3-direction at the interface is given by boundary condition (iv)  

 𝑢3
1 = 𝑢3

2, 𝑥3 = ℎ1 (iv) 

 

If boundary condition (iv) is used in equation (57) then equation (64) is created. 

 

∑ 𝐵𝑘𝑈3𝑘𝑒
𝑖𝑘𝛼𝑘ℎ1 −

4

𝑘=1

∑ 𝐵𝑘𝑈3𝑘𝑒
𝑖𝑘𝛼𝑘ℎ1 = 0

8

𝑘=5

 (64) 

 

Continuity in the shear stress at the interface is given by boundary condition (v) 

 𝜎31
1 = 𝜎31

2 , 𝑥3 = ℎ1 (v) 
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If boundary condition (v) is used in equation (58) then equation (65) is created. 

∑ 𝐵𝑘(𝛼𝑘 + 𝑈3𝑘)𝜇1𝑒
𝑖𝑘𝛼𝑘ℎ1

4

𝑘=1

− ∑ 𝐵𝑘(𝛼𝑘 + 𝑈3𝑘)𝜇2𝑒
𝑖𝑘𝛼𝑘ℎ1

8

𝑘=5

= 0 (65) 

 

Continuity in the tensile stress at the interface is given by boundary condition (vi) 

 𝜎33
1 = 𝜎33

2 , 𝑥3 = ℎ1 (vi) 

 

If boundary condition (vi) is used in equation (59) then equation (66) is created. 

𝑒𝑖𝑘𝛼𝑘ℎ1 (∑ 𝐵𝑘(𝜆1 + (𝜆1 + 2𝜇1)𝛼𝑘𝑈3𝑘)

4

𝑘=1

− ∑ 𝐵𝑘(𝜆2 + (𝜆2 + 2𝜇2)𝛼𝑘𝑈3𝑘)

8

𝑘=5

) = 0 (66) 

 

Free shear stress at the bottom layer surface is given by boundary condition (vii) 

 𝜎31
2 = 0, 𝑥3 = ℎ1 + ℎ2 (vii) 

 

If boundary condition (vii) is used in equation (58) then equation (67) is created. 

 

∑ 𝐵𝑘(𝛼𝑘 + 𝑈3𝑘)𝑒
𝑖𝑘𝛼𝑘(ℎ1+ℎ2) = 0

8

𝑘=5

 (67) 

 

Free tensile stress at the bottom layer surface is given by boundary condition (viii) 

 𝜎33
2 = 0, 𝑥3 = ℎ1 + ℎ2 (viii) 

 

If boundary condition (viii) is used in equation (59) then equation (68) is created. 

 

∑ 𝐵𝑘(𝜆2 + (𝜆2 + 2𝜇2)𝛼𝑘𝑈3𝑘)𝑒
𝑖𝑘𝛼𝑘(ℎ1+ℎ2)

8

𝑘=5

 (68) 

 

An 8X8∙8X1 matrix system is created from equation (61)-(68) in the form of equation (69) where [𝐷] 

contains the different components from equation (61)-(68) except the weighing coefficient which are 

located in the [𝐵] matrix. The matrix system is not written out due to its size. The determinant of the 

[𝐷] should be zero in order to get a proper solution. Numerical methods have to be used in order to 

get the solutions for the weighing coefficients in the [𝐵] matrix and the dispersion curves.  

 [𝐷][𝐵] = 0 (69) 
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2.3.2.1 ISCC Lamb-waves [10] 

The complex particle velocity and stress tensor for the ISCC-values in Lamb-waves are defined by 

equation (70) and (71). 

 
�⃗�∗ = [0 0 (

𝜕𝑢3

𝜕𝑡
)

∗

] (70) 

 

 

𝜎 =

[
 
 
 
 
 
 𝜆

𝜕𝑢3

𝜕𝑥3
0 µ

𝜕𝑢3

𝜕𝑥1

0 𝜆
𝜕𝑢3

𝜕𝑥3
0

µ
𝜕𝑢3

𝜕𝑥1
0 (𝜆 + 2𝜇)

𝜕𝑢3

𝜕𝑥3]
 
 
 
 
 
 

 (71) 

 

When equation (70) and (71) is inserted into equation (48) the resulting equation (51) is created 

where the 𝑝𝑥1 term is calculated in the form of equation (72).  

 

𝑝𝑥1 = −
1

2
(
𝜕𝑢3

𝜕𝑡
)
∗

µ
𝜕𝑢3

𝜕𝑥1
=

1

2
µ𝑐𝑘2 ∑ 𝐵𝑘𝑈3𝑘𝑒

−𝑖𝑘𝛼𝑗𝑥3

4

𝑘=1

∑ 𝐵𝑘𝑈3𝑘𝑒
𝑖𝑘𝛼𝑗𝑥3

4

𝑘=1

 (72) 

 

Equation (72) is inserted into equation (52) and integrated over the thickness of the two layers to get 

the power that is transmitted with a specific wave mode through a cross section that is perpendicular 

to the 𝑥1-direction with a unit width. Equation (52) shows this integration where only the 𝑝𝑥1 term is 

needed since the dot product �̂�1 ∙ �̂�1 = 1, �̂�3 ∙ �̂�1 = 0.   

The ISCC-value for Lamb-waves is calculated with equation (73) where the 𝜎31|ℎ1 term is the shear 

stress at the interface between the two layers. 

 
𝐼𝑆𝐶𝐶𝐿 =

𝜎31|ℎ1

√𝑃𝑜𝑤𝑒𝑟
 (73) 
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3 CALCULATION 

3.1 SH-WAVE AND LAMB-WAVE CALCULATION 
In this section a numerical calculation of the theory will be performed which will be the basis for 

which actuator and wave type will be used in the experiments.  

The parameters needed to calculate the dispersion curves for SH-waves and Lamb-waves are 

presented in Table 1. The dispersion curves are the graphical representation of the solutions of a 

particular phase velocity and frequency in which a wave mode propagates in the two plate system. 

Table 1 Material parameters for the plates that will be used in the experiments. 

 Steel Glass fiber Ice 

Elastic modulus [GPa] 210 18,913 9,1 

Poisson’s ratio [-] 0,27 0,328 0,31 

Density [kg/m3] 7800 1926 917 

Layer height [mm] 1 3,7 4 

3.1.1 SH-waves 

3.1.1.1 Dispersion curves 

The dispersion curves for a 1 mm steel plate with a 4 mm ice layer is plotted in Figure 15. It can be 

observed that the ISCC-value increases with higher modes of vibration. The highest ISCC-value of 0,2 

is reached in the 𝑆𝐻3 mode. All the wave modes seem to behave dispersive meaning that for every 

mode there is a unique frequency and phase velocity.  

 

Figure 15 SH-wave dispersion curves for a 1 mm steel plate with a 4 mm ice layer. 
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The dispersion curves for a 3,7 mm glass fiber plate with a 4 mm ice layer is presented in Figure 16. It 

can be observed that in contrast to the dispersion curves for a 1 mm steel plate in Figure 15 the ISCC-

value are high for every uneven wave mode. The highest ISCC-value is located in the 𝑆𝐻1 mode of 

0,09 and the ISCC-value seem to decrease with higher wave modes in contrast of increasing as it did 

for steel in Figure 15. The 𝑆𝐻0 wave mode behaves non dispersive since the phase velocity is the 

same for all frequencies.  

 

Figure 16 SH-wave dispersion curves for a 3,7 mm glass fiber plate with a 4 mm ice layer. 

When the ice thickness increases the wave modes move towards lower frequencies. In Figure 17 the 

dispersion curves for a 1 mm steel plate with an ice thickness between 2-4 mm is observed.  

The same phenomena can also be observed for a 3,7 mm glass fiber plate with an ice thickness 

between 2-4 mm seen in Figure 18. This property can be useful to shift wave modes with higher ISCC-

values towards the resonance frequency of the actuator. 
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Figure 17 SH-wave dispersion curves for a 1 mm steel plate with an ice layer between 2-4 mm. 

 

Figure 18 SH-wave dispersion curves for a 3,7 mm glass fiber plate with an ice layer between 2-4 mm. 
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3.1.1.2 Normalized shear stress for different ice thicknesses 

To get an idea on how much shear stress σ32 can be generated for a specific ice thickness equation 

(37) is normalized and used to create Figure 19. The normalization is only done to get smaller units of 

the shear stress value and could be any random unit. The shape of the normalized shear stress plot is 

called shear wave structure and is only used to compare different magnitudes of shear stress at the 

interface between the plates with different conditions (different material properties, height of the 

layers and so on). The real shear stress value is not obtained by this method. When the comparison is 

done the highest shear stress at the interface between the two layers for the specific initial 

conditions can be identified. This procedure of using shear wave structures can be further studied in 

reference works [15] and [17].  

The frequency 28,5 kHz is used because it is the same frequency that Jose Palacios [10] used in his 

experiments. It can be observed that the shear stress increases for larger ice thicknesses. At the 𝑆𝐻1 

mode the shear stress drops at the interface but reaches a higher value at some distance in the ice 

layer. Note that the 𝑆𝐻1 mode is obtained at 28,5 kHz by increasing the ice thickness and shifting the 

wave modes towards lower frequencies which can be seen in Figure 17 and Figure 18. 

 

Figure 19 SH-wave shear wave structure for a 1 mm steel plate with varying ice thickness. 

The normalized shear stress for a 3,7 mm glass fiber plate with different ice thicknesses at 28,5 kHz 

can be seen in Figure 20. Here all the 𝑆𝐻0 modes have significantly lower shear stress at the 

interface than the 𝑆𝐻1 mode which means that a larger ice layer can be very beneficial for de-icing 

the glass fiber plate. A zoomed in view of the 𝑆𝐻0 modes can be observed in Figure 21. The 

magnitude of the shear stress at the interface is about the same for the 𝑆𝐻1 mode and much smaller 

for the 𝑆𝐻0 modes compared with steel in Figure 19.  
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Figure 20 SH-wave shear wave structure for a 3,7 mm glass fiber plate with varying ice thickness. 

 

Figure 21 Zoomed in SH-wave shear wave structure for a 3,7 mm glass fiber plate with varying ice 
thickness. 
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3.1.1.3 Normalized shear stress for different wave modes 

The normalized shear stress σ32 for different wave modes for a 1 mm steel plate with a 4 mm ice 

layer can be seen in Figure 22. It can be observed that the normalized shear stress at the interface 

increases for higher wave modes.  

 

Figure 22 SH-wave shear wave structure for a 1 mm steel plate with varying modes of vibration. 
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In Figure 23 the normalized shear stress at the interface for a 3,7 mm glass fiber plate with a 4 mm 

ice layer reaches high values every uneven wave mode. The magnitude of the shear stress is lower 

with about a factor of 10 for glass fiber in some modes compared with steel. The 𝑆𝐻0 mode is much 

lower than for steel. 

 

Figure 23 SH-wave shear wave structure for a 3,7 mm glass fiber plate with varying modes of 
vibration. 
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3.1.2 Lamb-waves 

The complexity of finding a wave mode solution for Lamb-waves is greater than for SH-waves since 8 

equations has to be satisfied rather than 4. In Figure 24 the determinant value for different phase 

velocities at 28,5 kHz is presented where the calculation has been conducted on a 1 mm steel plate 

with a 4 mm ice layer. Here the dynamical behavior of the determinant can be observed where the 

determinant drops with a factor of 1015 at a very low difference in phase velocity. The longitudinal 

wave speed for both steel and ice can be observed as 𝐶𝐿1 and 𝐶𝐿2. Their determinant value doesn’t 

drop as far as the 𝐴0 and 𝑆0 modes and the first torsional mode of steel 𝑇0. The first torsional mode 

is in this case always the same as the torsional wave speed 𝐶𝑇1 of steel. The determinant criteria for 

a good solution is set to 10−13. Therefore, the solutions correlated with 𝐶𝐿1 and  𝐶𝐿2 are removed 

from the main solution since their minimum determinant value reaches about 10−7. The first 

torsional wave mode 𝑇0 is also removed from the solution since this mode generally is important in 

rods and other circular objects and not in thin plates [18], [19].  

 

Figure 24 Determinant values for a 1 mm steel plate with a 4 mm ice layer at different phase 
velocities with a frequency of 28,5 kHz. 
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In Figure 25 the unedited dispersion curve is presnted for a 1 mm steel plate with a 4 mm ice layer. 

Here the first torsional mode 𝑇0 is seen and its caracteristic non dispersive behaviour. This wave 

mode will be removed from the following Lamb-wave dispersion curves. 

 

Figure 25 Unedited Lamb-wave dispersion curves for a 1 mm steel plate with 4 mm ice layer. 

3.1.2.1 Dispersion curves 

The Lamb-wave dispersion curves for a 1 mm steel plate with a 4 mm ice layer is presented in Figure 

26. It can be observed that the highest ISCC-value of 0,3 is reached in the 𝑆0 mode followed by the 

second largest value in the 𝑆2 mode.  

The Lamb-wave dispersion curves for a 3,7 mm glass fiber plate with a 4 mm ice layer can be seen in 

Figure 27 where the highest ISCC-value of 0,5 is obtained in the 𝑆3 mode followed closely by the 𝑆2 

mode. In this case larger ISCC-values are obtained for the glass fiber plate rather than the steel plate 

for SH-waves. In both steel and glass fiber the Lamb-wave ISCC-values are higher than for SH-waves.  
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Figure 26 Lamb-wave dispersion curves for a 1 mm steel plate with 4 mm ice layer. 

 

Figure 27 Lamb-wave dispersion curves for a 3,7 mm glass fiber plate with 4 mm ice layer. 
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The Lamb-wave dispersion curves for a 1 mm steel plate with an ice thickness of 2-4 mm is presented 

in Figure 28 where the modes move towards lower frequencies with larger ice thickness. This 

behaviour can also be observed in Figure 29 for a 3,7 mm glass fiber plate with an ice layer thickness 

between 2-4 mm 

 

Figure 28 Lamb-wave dispersion curves for a 1 mm steel plate with varying ice thickness layer. 

 

Figure 29 Lamb-wave dispersion curves for a 3,7 mm glass fiber plate with varying ice thickness layer. 



33 
 

3.1.2.2 Normalized shear stress for different ice thicknesses 

The normalized shear stress σ31 for Lamb-waves is obtained by normalizing the calculated value of 

σ31 from equation (58). The normalization of σ31 is only done to get smaller values and could be 

normalized to any random unit as long as it is the same factor as for the shear stress σ32.  

The shape of the normalized shear stress plot is called shear wave structure and is only used to 

compare different shear stresses (σ32 vs σ31) with different initial conditions (layer height and 

material properties). When the comparison is done the highest shear stress at the interface between 

the two layers for a specific wave-type and initial conditions can be identified. The real shear stress is 

not obtained through this process. The procedure is described in the reference works [15], [17].  

 

A 1 mm steel plate at 28,5 kHz for different ice thicknesses is seen in Figure 30. It can be observed 

that the shear stress at the interface increases for larger ice thicknesses. Here the 𝑆0 mode reaches a 

high shear stress value at the interface but is lower by a factor of about 4 compared with the SH-

wave calculation in Figure 19. 

 

Figure 30 Lamb-wave shear wave structure for a 1 mm steel plate with varying ice thickness. 
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The normalized shear stress for a 3,7 mm glass fiber plate with different ice layers at 28,5 kHz is 

presented in Figure 31. Here the 𝐴0 modes gives the highest shear stress values instead of the 𝑆0 

modes for steel. The magnitude of the highest shear stress is lower with a factor of about 6 

compared with SH-waves in Figure 20. However, the values obtained for 1 mm, 7 mm and 13 mm is 

much higher than that for SH-waves. 

 

Figure 31 Lamb-wave shear wave structure for a 3,7 mm glass fiber plate with varying ice thickness. 

3.1.2.3 Normalized shear stress for different wave modes 

The shear stress σ31 for a 1 mm steel plate with an ice layer of 4 mm for different wave modes are 

presented in Figure 32. It can be observed that the shear stress increases with higher modes and the 

highest shear stress is reached with the 𝑆2 mode. In Figure 33 the same behavior can be observed for 

a 3,7 mm glass fiber plate with an ice layer of 4 mm with the exception that the highest shear stress 

value is reached with the 𝐴2 mode. The magnitude of the highest shear stress for steel is about 19 

times lower than the SH-wave calculation in Figure 22 and about 2 times lower for glass fiber than 

the SH-wave calculations in Figure 23. 
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Figure 32 Lamb-wave shear wave structure for a 1 mm steel plate with an ice layer of 4 mm and 
varying modes of propagation. 

 

Figure 33 Lamb-wave shear wave structure for a 3,7 mm glass fiber plate with a 4 mm thick ice layer 
and varying modes of propagation. 
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3.2 RADIAL AND AXIAL POWER 
The piezoelectric material that will be utilized to build a piezoelectric actuator is the APC-840 

material that is similar to the general PZT-4 class of piezoelectric materials. PZT-4 materials are used 

in high power applications which make it a good choice for constructing an actuator.  

Two types of actuators are needed to create SH-waves and Lamb-waves respectively. Piezoelectric 

plates and discs are the most common in creating SH-waves and rod shapes are the most common in 

creating Lamb-waves. In this calculation a disc is chosen for SH-waves and a rod for Lamb-waves.  

In an attempt to see how a piezoelectric disc and a piezoelectric rod performs in developing power 

and maintain a low mass Figure 34 is created by using equation (5), (6) and the necessary parameters 

found in Appendix (Piezoelectric data American piezo ceramics). The mass is calculated by the trivial 

formula for a disc and rod and is not written in this thesis report. 

The height of the piezoelectric disc is chosen to 2,5 mm and 5 mm and the diameter of the 

piezoelectric rod is chosen to 10 mm and 20 mm. The diameter of the disc will change according to 

its radial resonance frequency and the height of the rod will change according to its axial resonance 

frequency.  

The plot in Figure 34 reveals that the resonance frequency drops with larger disc diameter and larger 

axial rod length. The power that can be delivered increases almost exponentially with increased 

diameter for the disc but raises slower with increased axial length for the rod. The mass is higher for 

a disc with 5 mm height and a rod with a diameter of 20 mm compared with a disc with a height of 

2,5 mm and a rod with a diameter of 10 mm.  

 

Figure 34 Power and mass for a specific resonance frequency for a piezoelectric disc and rod. 
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4 METHOD 

4.1 CHOICE OF ACTUATOR 
In Table 2 the summarized values of the calculation section are presented. The ISCC-calculations 

suggest that a Lamb-wave actuator should be used. The calculations of different ice thicknesses and 

modes imply that a SH-wave actuator should be utilized. In section 3.2 (Radial and axial power) the 

SH-wave actuator could produce more power than a Lamb-wave actuator with the chosen 

geometries. With this theoretical ground a SH-wave disc actuator with a radial resonance frequency 

of 28,5 kHz (75 mm diameter) and a height of about 2,5 mm is chosen as the actuator for the 

experimental validation. 

Table 2 Summarized values obtained from the SH-wave and Lamb-wave analysis. 

ISCC-
calculation 

Max ISCC-
value 

Max shear stress 
value [-] 

Mode Frequency 
[kHz] 

Ice thickness 
[mm] 

SH-steel 0,2 - 𝑆𝐻3 650 4 

Lamb-steel 0,3 - 𝑆0 220 4 

SH-glass fiber 0,09 - 𝑆𝐻1 150 4 

Lamb- glass 
fiber 

0,5 - 𝑆3 650 4 

Different thickness calculations     

SH-steel - 6,3∙10-4 𝑆𝐻0 28,5 28 

Lamb-steel - 1,6∙10-4 𝑆0 28,5 28 

SH-glass fiber - 4,4∙10-4 𝑆𝐻1 28,5 28 

Lamb- glass 
fiber 

- 8,2∙10-5 𝐴0 28,5 28 

Different modes calculations     

SH-steel - 0,16 𝑆𝐻3 630 4 

Lamb-steel - 9∙10-3 𝑆2 602 4 

SH-glass fiber - 0,017 𝑆𝐻3 384 4 

Lamb- glass 
fiber 

- 4,3∙10-3 𝑆2 308 4 

4.2 CHOICE OF PLATES 
The plates that will be used in the experiments are a 30X30X1 mm steel plate and a 38X38X3,7 mm 

glass fiber plate seen in Figure 35 and the 75 mm actuator seen in Figure 36. The lower area and 

thickness of the steel plate is chosen to create a better possibility for de-icing than for the glass fiber 

plate. Steel also has much lower damping than glass fiber which also increases the de-icing 

possibility. If the steel plate can’t be de-iced, then it is assumed that the glass fiber plate can’t be de-

iced under the same conditions as the steel plate.  

The thickness and area of the glass fiber plate is chosen since it is assumed that the height is the 

lowest possible if a real integration of the elements would be performed on a wind turbine. This 

assumption can off course be totally wrong and doesn’t have any scientific data to back it up.  
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Figure 35 A 1 mm steel plate (left) and a 3,7 mm glass fiber plate (right) that will be used in the 
experiments. 

 

Figure 36 Piezoelectric disc attached to a steel plate. 
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4.3 EXPERIMENTAL SETUP 
The experimental setup consists of a RF-amplifier that delivers power to the piezoelectric actuator, 

an oscilloscope that provides the necessary information to calculate the impedance of the 

piezoelectric actuator, a signal generator that provides the selected driving frequency for the  

RF-amplifier, an impedance matching circuit that enables better power transmission to the 

piezoelectric actuator and an attenuator to protect the RF-amplifier from power reflection. A 

computer is also used as the control unit for the entire system.  

The ice on the steel plate and glass fiber plate will be built in a freezer room and then transferred to 

a mobile freezer with a larger temperature span capacity than the freezer room. The plate holder is 

put into the freezer together with either the steel plate or the glass fiber plate and then de-iced.   

 

Figure 37 Experimental setup. 
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5 RESULT 

5.1 FREQUENCY RESPONSE 
The impedance curve for a free piezoelectric disc and a disc attached to a 3,7 mm glass fiber plate is 

shown in Figure 38. The impedance curve for the free disc shows the first resonance frequency at 

about 28,5 kHz and its second resonance frequency at about 76 kHz. Since the maximum 

displacement is at the first resonance frequency for the free disc one would like to find the first 

resonance frequency for the clamped disc. However, when the disc is clamped the impedance curve 

becomes more erratic with multiple dips and it is hard to tell where the first resonance frequency is. 

One could suspect that it is at about 32 kHz since the lowest impedance closest to 28,5 kHz is located 

there. This could also be the first plate mode meaning that it could be the first system resonance 

frequency and not the first disc radial resonance frequency.  

 

Figure 38 Impedance curve for a free piezoelectric disc and a clamped piezoelectric disc on a 3,7 mm 
glass fiber plate. 
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5.2 DYNAMICAL BEHAVIOUR 
The dynamical behaviour of the piezoelectric disc can be observed in Figure 39 where the presumed 

resonance frequency of the system at the lowest impedance value is shown for different operating 

conditions. The free disc resonance frequency is shown as the blue dot where its resonance 

frequency value is 28,5 kHz and impedance value is about 4,5 Ω. When the disc is clamped in a steel 

plate the lowest impedance value is about 14 Ω at 37,8 kHz.  

When the system is set in a temperature of -30 oC the presumed resonance frequency increases to 

about 37,9 kHz. When a plexiglass plate is joined together with the steel plate with a loose glue the 

impedance increases to about 28 Ω. The plexiglas is meant to simulate attached ice. 

 

Figure 39 Dynamic behavior of a piezoelectric disc attached to a steel plate. 
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5.3 IMPEDANCE MATCHING CIRCUIT  
The impedance of the RF-amplifier which is the driving unit for the piezoelectric disc is 50 Ω. Figure 

38 and Figure 39 shows that the impedance is lower than 50 Ω for a disc attached to a steel plate and 

higher than 50 Ω for the disc attached to a glass fiber plate. This means that two different impedance 

matching circuits has to be built. One that decreases the voltage delivered and the second that 

increases the voltage to the piezoelectric disc. The impedance matching circuit that was created is 

seen in the circuit diagram in Figure 40. The basic concept of the impedance matching was to utilize a 

transformer to scale down/up the voltage delivered to the piezoelectric disc. The primary side 

inductor has 20 turns and the secondary side inductor has either 10 or 30 turns with either a 1 or 10-

ohm resistor for scaling down or up the voltage delivered to the piezoelectric disc. Since it is shown 

that the impedance of the piezoelectric disc behaves very dynamically, the impedance matching will 

only be approximate. An attenuator was also utilized in order to protect the RF-amplifier from 

reflecting power. 

 

Figure 40 Impedance matching circuit with an attenuator used for the experiments. 
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5.4 EXPERIMENT 1 
The parameters and result for the first experiment is presented in Table 3 

Table 3 First experiment parameters and result. 

Parameter and result Experiment 1 

Temperature [oC] -40 

Ice thickness steel [mm] 3-4 

Power steel [W] 10 

Power per area [W/cm2] steel 0,011 

Frequency [kHz] 37,8 at best power transfer. 

De-icing steel Yes, instantaneously at first run. 

Ice thickness glass fiber [mm] 5-6 

Power glass fiber [W] 10 1st run, 50 2nd run at maximum power transfer, 50 3rd 
run at the minimal impedance point. 

Power per area [W/cm2] glass fiber 0,0069 first run 0,035 second and third run. 

De-icing glass fiber No de-icing first run, partial de-icing second and third run. 

5.4.1 Steel 

The impedance curve and the power for an applied voltage for the 1 mm steel plate are shown in 

Figure 41. It can be observed that at the second presumed system resonance frequency of 37,8 kHz 

the impedance reaches its lowest value. At the same frequency the active power that is transferred 

to the piezo-actuator reaches its highest value. This was the frequency in which 10 W of active power 

was delivered to the piezo-actuator to de-ice the steel plate shown in Figure 42.  

 

Figure 41 Impedance curve (top) and power curve (bottom) for a piezoelectric disc attached to a steel 
plate with approximately 3 to 4 mm of ice. 
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Figure 42 De-iced steel plate. 

5.4.2 Glass fiber 

The impedance curve and the power for an applied voltage for glass fiber are shown in Figure 43. It 

can be observed that the impedance curve has its lowest impedance value at 30,25 kHz and the best 

power transfer at 31,75 kHz.  

 

Figure 43 Impedance curve (top) and power curve (bottom) for a piezoelectric disc attached to a 3,7 
mm glass fiber plate with about 5-6 mm ice layer. 
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This creates a dilemma of either choosing the lowest impedance value frequency or the greatest 

power transfer frequency. The lowest impedance value is presumed to deliver the greatest 

displacement and therefore would create the highest amplitude of the waves in the plate. 

Meanwhile the greatest power transfer frequency ensures that the maximum amount of power is 

delivered to the piezo-actuator. In this experiment both the minimum impedance point and greatest 

power transfer point was tested at 50 W input power. De-icing was observed after the 3rd run where 

a large section of ice was hanging freely. In Figure 44 the partially de-iced plate can be observed and 

in Figure 45 the ice patches that was de-iced can be observed. The last section of ice that was not de-

iced was easily removed due to possible partial delamination. The support metal piece at the bottom 

of Figure 44 could possibly have influenced the result and prevented de-icing of the entire plate. 

 

Figure 44 Partial de-icing of the glass fiber plate. 

 

Figure 45 De-iced ice patches of the glass fiber plate. 
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5.5 EXPERIMENT 2 
Table 4 Experimental parameters and result for experiment 2. 

Parameter and result Experiment 2 

Temperature [oC] 0 

Ice thickness steel [cm] 1-1,4 

Power steel [W] 50-90 

Power per area [W/cm2] steel 0,056-0,1 

Frequency [kHz] Multiple ranging from 28,5 to 37,8. 

De-icing steel Yes, after multiple runs with different frequencies and 
applied power. Melting was observed. 

Ice thickness glass fiber [cm] About 3,6 depending on location. 

Power glass fiber [W] 50-90 

Power per area [W/cm2] glass fiber 0,035-0,062 

De-icing glass fiber No 

 

The ice buildup on the glass fiber plate and steel plate can be observed in Figure 46 where the ice 

layer was about 1-1,4 cm for the steel plate and about 3,6 cm for the glass fiber plate. This ice 

thickness was tested in order to establish if it was easier to obtain de-icing by increasing the ice 

thickness as seen in the calculation section.  

De-icing was observed on the steel plate after numerous attempts in 0 oC. It is not clear whether the 

ice simply melted in the 0 oC environment or from the many attempts to de-ice the steel plate since 

the actuator produced a lot of heat. The de-icing process can be observed in Figure 47. In Figure 48 

the impedance change can be observed where the impedance drops for each de-iced section 

observed in Figure 47. There was no de-icing or cracks for the ice on the glass fiber plate. 

 

Figure 46 Ice buildup on the glass fiber plate and steel plate. 
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Figure 47 De-icing of a steel plate under 0 oC. Before de-icing is in the top left corner, de-icing 1 is top 
right, de-icing 2 bottom left and de-icing 3 is in the bottom right corner. 

 

Figure 48 Impedance curve change during experiment 2. 
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5.6 EXPERIMENT 3 
Table 5 Experimental parameters and result for experiment 3. 

Parameter and result Experiment 3 

Temperature [oC] -20 and -40 

Ice thickness steel [cm] 1-1,6 

Power steel [W] 75-100 

Power per area [W/cm2] steel 0,083-0,11 

Frequency [kHz] Multiple ranging from 28,5 to 37,8. 

De-icing steel No, after multiple runs with different frequencies and 
applied power. Large crack formations was observed. 

Ice thickness glass fiber [cm] About 3,6 depending on location (same as in experiment 2). 

Power glass fiber [W] 75-100 

Power per area [W/cm2] glass fiber 0,052-0,069 

De-icing glass fiber No, but cracks was formed in the ice. 

 

The ice buildup on the glass fiber plate was the same as in experiment 2 since no de-icing occurred in 

experiment 2. The steel plate had similar ice buildup as in experiment 2 (see Figure 49) but with a 

little thicker layer on the largest ice patch. No de-icing was observed for the steel plate or the glass 

fiber plate. However, both plates got a lot of cracks which can be observed in Figure 50 for the steel 

plate and Figure 51 for glass fiber plate. This experiment showed that it was not the 0 oC 

environment that prevented de-icing of the steel plate or the glass fiber plate but rather the large ice 

thickness. 

 

Figure 49 Ice buildup on the steel plate. 
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Figure 50 Large cracks can be observed in the ice attached to the steel plate. 
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Figure 51 Large cracks in the ice attached to the glass fiber plate after the experiment, top showing 
original picture and bottom showing enhancement of the cracks. 
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Some interesting properties was measured during this experiment. The first was the active power 

drop and reactive power increase during the experiment for the glass fiber plate and the steel plate 

seen in Figure 52. The second was an impedance change during the experiments seen in Figure 53 

where the resistive part of the impedance increases and the reactive part of the impedance 

decreases. The active power drop and reactive power increase and impedance change is probobly 

due to heating of the piezoelectric disc. This is because the temperature change creates both 

impedance change and frequency shift as in Figure 39. One other propertie that can be observed is 

the enormous increase in impedance for the steel plate. This could be because the actuator disc was 

puched to its limit of permissible applied power and was damaged. It could also just be an anomaly.  

 

Figure 52 Power drop during experiment for the glass fiber plate. 
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Figure 53 Reactive and resistive impedance change during the experiment. 
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6 CONCLUSIONS 

In this thesis a theoretical study was done to investigate the ability of SH-waves and Lamb-waves to 

de-ice a host structure where SH-waves gave the best theoretical result. An experimental setup was 

then assembled that used a piezoelectric disc of the material APC-840 and with resonance frequency 

28,5 kHz. The piezoelectric disc induced ultrasonic SH-waves in a steel plate with accreted ice and a 

glass-fiber plate with accreted ice. The following conclusions can be made from the theory and 

experiments: 

 The calculations predict that a SH-wave disc actuator has a larger potential in delivering de-

icing than a rod Lamb-wave actuator. 

 Complete de-icing was obtained on thin ice layers up to 3-4 mm for a 1 mm steel plate with a 

power per area of 0,011 W/cm2.  

 About 75 % partial de-icing was observed for a 3,7 mm glass fiber plate with an ice layer of 5-6 

mm and a power per area of 0,035 W/cm2.  

 When the ice layer on the steel plate was increased to over 1 cm only cracks in the ice would 

form. Even though the delivered power for the steel plate was 10 times the power (10 to 100 

W) of the successful de-icing of a 3-4 mm ice layer. From this it can be concluded that a 

piezoelectric de-icing system can´t de-ice thick glaze ice layers. 

 Large cracks were observed for a thick ice layer of 3,6 cm on top of a 3,7 mm glass fiber plate 

with a power per area of 0,069 W/cm2. But no de-icing was obtained.  

 The piezoelectric disc static impedance changed due to clamping to a plate, temperature, ice 

layer thickness and structure of the ice. 

 During the de-icing procedure the reactance decreased and resistance increased which could 

be the reason why there was an active power drop and reactive power increase during the 

experiments.  

 As the impedance of the piezoelectric disc changed the impedance matching towards the RF-

amplifier got more unmatched. This could contribute to decreased active power transmission.  

 The impedance change is probably due to the dissipation of heat in the piezoelectric disc during 

the experiments.  

 Temperatures of around 0 oC seems to cause melting of the ice in combination with the heat 

that is dissipated from the piezoelectric actuator.  

 The impedance matching circuit can only deliver an approximate impedance matching since the 

variations of the impedance for a specific plate and ice is high. 
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7 DISCUSSION 

7.1 THEORY  
Reference [10] is using the stress tensor in the form of equation (71) which seem to imply that the 

𝑢1-particle displacement is 0 in the ISCC Lamb-wave calculation. The reason for this formulation is 

unknown.  

A finite element analysis should be performed instead of using the shear wave structure that show 

the normalized shear stress in the calculations. This is because the real shear stress can be obtained 

from finite element methods which can show if the adhesive strength of ice is exceeded for a set of 

parameters and therefore predict de-icing more accurately.  

7.2 RESULT 
The de-icing capability for a glass fiber plate can further be increased by reducing the thickness of the 

glass fiber plate and also the surface area of the plate. However, a decrease in thickness may not be 

suitable if the structural integrity of the blade is considered.  

A finite element analysis should be performed in order to establish the theoretical minimum distance 

in which the actuator can be placed from the surface. 
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7.3 FUTURE CONCEPT 
One consideration that has to be made is the integration of the piezoelectric elements into the wind 

turbine blade. The blade is made from different layers (see Figure 54) and the piezoelectric elements 

has to be put as close to the surface of the blade as possible to minimize power dissipation in the 

blade and maximize the de-icing effect.  

 

Figure 54 The different structural layers of a wind turbine blade [20]. 

The piezoelectric element that can create SH-waves can be either disc shaped, rectangular or any 

other shape as long as it is flat since the radial displacement will be responsible in creating the SH-

waves. If the element axial length is increased the disc will be more prone to oscillate in the axial 

direction and instead create Lamb-waves. A Lamb-wave piezoelectric element can be any shape as 

long as it has much more length in the axial direction than its radial diameter.   

The integration of the SH-wave piezoelectric element and Lamb-wave element can be seen in Figure 

55. One observation that can be made is that the Lamb-wave actuator could possibly pass through 

multiple structural layers and change structural properties of the blade. 
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Figure 55 Cross section of a wind turbine blade with a disc and rod piezoelectric actuator. 

To create ultrasonic displacement oscillations in a piezoelectric element a radio frequency amplifier 

(RF-amplifier) has to be used. However, this unit becomes very expensive with increased power 

supply. To keep the power as low as possible and with it lower cost the de-icing of the wind turbine 

has to be made in sections since the amplifier doesn’t have enough power to supply all to the piezo 

actuators at the same time. An illustration of the sections can be seen in Figure 56. 

 

Figure 56 Sections of piezoelectric actuators on a wind turbine [21]. 

The majority of the ice that will impact the performance of the wind turbine is located at the 25 % 

blade length from the tip of the blade [22]. This means that the entire blade doesn’t have to be 

covered with piezoelectric elements which is positive from a structural and economical view. 

However, a full de-icing of the blades is preferable. The locations of the actuators with a 

corresponding circuit diagram can be seen in Figure 57. In the circuit diagram 𝑍𝑅𝐹  is the impedance 

of the RF-amplifier, 𝑉𝑅𝐹 is the RF-amplifier voltage, 𝑍𝑚 is the impedance from the impedance 

matching network and 𝑍𝑃1 − 𝑍𝑃4 is the different section impedances. 
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Figure 57 A wind turbine blade with sections for the actuators (top) and a circuit diagram of the 
sections (bottom) [23]. 

7.4 ECONOMIC POTENTIAL  
A rough estimate of the cost of a piezoelectric de-icing system can be calculated by assuming worst 

case scenarios to create a margin of error. The assumption for the calculations are the following: 

 A piezoelectric de-icing power requirement of 0,112 W/cm2 (100 W power per 30X30 cm 

area). 

 A wind turbine with a power production of 3 MW. 

 The de-icing area is assumed to be 45 m2 per blade and therefore 500 piezoelectric discs per 

blade are needed which means that 1500 units are required for an entire wind turbine. 

 The RF-amplifier and Impedance analyzer can be shared by 10 wind turbines since all the 

wind turbines doesn’t have to be de-iced at the same time. 

 A 0,25 second de-icing time per piezoelectric disc is used. 

 A unit price of 100 dollars (see section 9.3) is used however this can be much lower with 

higher quantities ordered see for example [24]. 

Table 6 Rough estimate cost calculation of a piezoelectric de-icing system. 

Unit Number of units Approximate price per wind turbine [SEK] 

Piezoelectric discs 1500 1500000 

RF-amplifier 700 W [25] 1 7000 (70000 per unit) 

Impedance analyzer [26] 1 20000 (200000 per unit) 

Total - 1509000 

 

If the piezoelectric discs take 0,25 seconds to de-ice 900 cm2, require 100 W and a 700 W amplifier is 

used then the total de-icing time is shown below. 

𝑡𝑝𝑖𝑒𝑧𝑜 ≈
1500 ∙ 100 𝑊 ∙ 0,25 𝑠

700 𝑊
≈ 54 𝑠 
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The conventional de-icing time is at best about 30 min [5]. The total de-icing time saved per de-icing 

is then about 29 min. If a revenue of 250 SEK/MWh is used, then the extra revenue per wind turbine 

from increased power production is presented below. 

𝐸𝑥𝑡𝑟𝑎 𝑝𝑟𝑜𝑑𝑢𝑐𝑡𝑖𝑜𝑛 𝑅𝑒𝑣𝑒𝑛𝑢𝑒 = 3 𝑀𝑊 ∙
29 𝑚𝑖𝑛

60 𝑚𝑖𝑛
∙ 250 𝑆𝐸𝐾/𝑀𝑊ℎ ≈ 360 𝑆𝐸𝐾/𝑑𝑒 − 𝑖𝑐𝑖𝑛𝑔 

From [5] a plate with an area of 0,59 cm2 with a power consumption of 200 W was used to de-ice the 

plate which took approximately 30 min.  

If the power consumption for the de-icing system is taken into account, the following calculation can 

be made. 

𝐸𝑛𝑒𝑟𝑔𝑦𝑐𝑜𝑛𝑣𝑒𝑛𝑡𝑖𝑜𝑛𝑎𝑙 =
200 𝑊

0,59 𝑚2
∙ 135 𝑚2 𝑝𝑒𝑟 𝑤𝑖𝑛𝑑 𝑡𝑢𝑟𝑏𝑖𝑛𝑒 ∙ 30 𝑚𝑖𝑛 ∙ 60 𝑠𝑒𝑐 = 82,4 𝑀𝐽 

𝐸𝑛𝑒𝑟𝑔𝑦𝑝𝑖𝑒𝑧𝑜 = 1500 ∙ 0,25 𝑠𝑒𝑐 ∙ 100 𝑊 = 37,5 𝑘𝐽 

 If it is converted into extra revenue, then the following calculation can be made. 

1 𝑀𝑊ℎ = 106 𝑊 ∙ 60 𝑚𝑖𝑛 ∙ 60 𝑠𝑒𝑐 = 3600 𝑀𝐽 = 250 𝑆𝐸𝐾 

𝐶𝑜𝑠𝑡𝑐𝑜𝑛𝑣𝑒𝑛𝑡𝑖𝑜𝑛𝑎𝑙 =
82,4 𝑀𝐽

3600 𝑀𝐽
∙ 250 𝑆𝐸𝐾 = 5,72 𝑆𝐸𝐾 

𝐶𝑜𝑠𝑡𝑝𝑖𝑒𝑧𝑜 =
37,5 ∙ 10−3 𝑀𝐽

3600 𝑀𝐽
∙ 250 𝑆𝐸𝐾 = 0,0026 𝑆𝐸𝐾 

𝐸𝑥𝑡𝑟𝑎 𝑟𝑒𝑣𝑒𝑛𝑢𝑒 𝑝𝑖𝑒𝑧𝑜 = 5,72 − 0,0026 + 360 ≈ 366 𝑆𝐸𝐾 𝑝𝑒𝑟 𝑑𝑒 − 𝑖𝑐𝑖𝑛𝑔 

A summarize of the calculations is shown in Table 7. 

Table 7 Summarized calculations. 

 Approximate price per wind turbine [SEK] 

Piezoelectric system cost per wind turbine 1509000 

Conventional de-icing system cost 150000-1500000 [27] 

Extra revenue per de-icing piezo 366 

 

366 SEK extra revenue per de-icing doesn’t sound that much but the revenue is probably much 

higher since 10-20 % [1] of the yearly production can be lost due to ice buildup on the wind turbine 

blades. The lost revenue is calculated below assuming full production for a 3 MW wind turbine.  

(0,1 𝑡𝑜 0,2) ∙ 3 ∙ 𝑀𝑊 ∙ 365 𝑑𝑎𝑦𝑠 ∙ 24 ℎ𝑜𝑢𝑟𝑠 ∙ 250 𝑆𝐸𝐾/𝑀𝑊ℎ = 657000 𝑡𝑜 1314000 𝑆𝐸𝐾 

7.5 FURTHER WORK 

7.5.1 Lamb Waves 

A Lamb-wave experiment should be conducted in order to establish if a Lamb-wave actuator has 

greater de-icing capability than an SH-wave actuator. A structural analysis of how the actuators 

would affect the wind turbine structural integrity should be performed. This applies especially for a 

Lamb-wave actuator since the actuator goas through more glass fiber layers than a SH-wave 

actuator.   
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7.5.2 Pneumatic solution 

Since the complexity for a piezoelectric de-icing system is apparent another promising de-icing 

method that has been researched at LTU is the use of pneumatic boots to de-ice wind turbines. 

Today this method is used by small airplanes to de-ice the wings illustrated in Figure 58.  

 

Figure 58 Pneumatic de-icing boot on a small airplane [28]. 

A pneumatic de-icing method works by blowing compressed air into rubber tubes to expand the de-

icing boot illustrated in Figure 59. The reason why this method can´t be used today is because the 

rubber degrades in the sun. The method works fine on small airplanes since a sun lotion can be 

applied to the de-icing boot in between the landings. This can´t be done on wind turbines since the 

service cost would become very high. The solution could be to have an expanding glass fiber section 

of the wind turbine blade which would not degrade in the sun. One work that has been done at LTU 

on pneumatic de-icing showed that the system could instantaneously de-ice a wing profile (see 

Figure 59) and had a very low energy use of less than 5 % of conventional heating of the blades [29]. 

Since the de-icing was instantaneous a dramatic increase in production is obtainable. However, much 

research has to be done on how an expanding glass fiber section can be developed on the blade 

before a realization of this concept can be done. 

 

Figure 59 An uninflated pneumatic boot (top left) and inflated pneumatic boot (bottom left) [30]. An 
experiment with uninflated pneumatic boot (right section left side) and inflation under progress (right 

section right side) [29]. 
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9 APPENDIX  

9.1 PIEZOELECTRIC SENSOR 
A brief experiment was carried out to establish if the possible piezoelectric actuator de-icing system 

could also be used as an ice detector. This is done by measuring the shift in resonance frequency of 

the piezoelectric element as more mass is added to the piezoelectric element with more ice buildup 

seen in Figure I.  If a mass is added to a piezoelectric material the resonance frequency will shift to 

lower frequencies described by equation (A) where 𝑓𝑟  is the resonance frequency of the piezoelectric 

element, 𝑀 is the added mass and 𝑚𝑒𝑓𝑓 is the effective mass of the piezoelectric element. 

 

𝑓𝑟
′ = 𝑓𝑟√

𝑚𝑒𝑓𝑓

𝑀 + 𝑚𝑒𝑓𝑓
 

(A) 

   

 

Figure I Added mass to a piezoelectric element in the form of ice buildup. 

The effective mass when one side of the piezoelectric material is clamped can be approximated by 

equation B. 

 
𝑚𝑒𝑓𝑓 ≈

𝑚

3
 

(B) 

 

If equation (B) is inserted to (A) equation (C) is obtained. 

 
𝑓𝑟

′ ≈ 𝑓𝑟√
𝑚

3𝑀 + 𝑚
 

(C) 
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When a 75 mm piezoelectric disc with 28,5 kHz radial resonance frequency and a height of about 2,5 

mm is clamped to a surface Figure II can be created. This figure shows the decrease in resonance 

frequency as the added mass increases. 

 

Figure II Decrease in resonance frequency as the added mass to the piezoelectric disc increases. 

Figure III shows the measured frequency response curve for a piezoelectric disc clamped to a steel 

plate with added mass to the disc. It can be observed that the frequency response curve looks very 

much the same for all added masses and therefore it can be established that the frequency shift is 

not present at this level of resolution. A zoomed in view of the lowest absolute impedance can be 

seen in Figure IV where the absolute impedance does seem to change with added mass but only with 

about 2 Ω from 0 to 520 g of added mass.  
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Figure III Frequency response curve for a piezoelectric disc attached to a steel plate with an added 
mass from 0-520 g. 

 

Figure IV Zoomed in view of the lowest impedance value of the frequency response curve with 
different added masses. 
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