
C/D EXTENDED ESSAY

MATHEMATICS C/D

Luleå University of  Technology
Department of Mathematics

2006:03 • ISSN: 1402 - 1781 • ISRN: LTU - C/DUPP - - 06/3 - - SE

2006:03

JON HÄGGBLAD

Symmetries and Recursion
Operators of Nonlinear
Differential Equations



Symmetries and Recursion

Operators of Nonlinear Differential

Equations

Jon Häggblad
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Abstract

This work discusses the generation of an infinite number of Lie-Bäcklund sym-
metries for nonlinear autonomous evolution equations using recursion opera-
tors. A partial classification of nonlinear second order evolution equations is
undertaken, with a full classification for the semilinear and quasilinear cases.
An interesting result for the fully nonlinear case is obtained. A brief intro-
duction to the concept of symmetries and transformation groups applied to
differential equations is also given.
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Chapter 5. Lie-Bäcklund Symmetries 33
1. Vertical Form 34
2. Generalising 35
3. The Concept of Integrability 36

Chapter 6. Recursion Operators 37
1. Recursion Operators for Nonlinear PDE’s 38
2. The Commutator Condition 39

v



vi TABLE OF CONTENTS

Chapter 7. Finding the Determining Equations 41

Chapter 8. Solving the Determining Equations 45
1. Semilinear Case, ut = q1uxx + q2(u, ux) 47
2. Quasilinear Case, ut = q1(u)uxx + q2(u, ux) 59
3. Nonlinear Case, ut = q1(u, ux)uxx + q2(u, ux) 62
4. Fully Nonlinear Case, ut = F (u, ux, uxx) 67

Chapter 9. Summary 71
1. Comparison with Known Results 73

Appendix A. Example of a Maple Program 75

Appendix. References 81

Appendix. Index 83



The mathematical sciences particularly exhibit order, symmetry, and
limitation; and these are the greatest forms of the beautiful.

Aristotle

1
Introduction

The field of differential equations is a subject whose importance is difficult
to overestimate, mainly because it is used to formulate almost everything
dynamic. Ever since Newton presented his three laws, the scientific community
has been busy trying to solve differential equations. Yet today over 300 years
later, the applied sciences are still riddled with equations that we have not
yet been able to solve, usually because they are highly nonlinear. And even
in the situations where we are being able to solve them, it is often through
linearizations and approximations.

This is why symmetry analysis using Lie group transformations is a subject
which is becoming more and more important. It is the only universal and
effective method for solving nonlinear differential equations analytically.

1. Historical Background

Today when students are introduced to differential equations they are pre-
sented with a variety of ad hoc methods that often seem to be the result of a
lucky guess. This was also the state of affairs in the late 19th century when
the Norwegian mathematician S. Lie made the profound and far-reaching dis-
covery, that most of these solution methods were just special cases of a more
general integration theory based on symmetry transformations. For example,
up to then over 400 different types of integrable 2nd order ordinary differential
equations had been classified together with their respective solutions obtained
using various approaches. Using Lie symmetry analysis one can show that
all these are just special cases of four different fundamental equations. For
example, one can derive the Euler ansatz y = Ceλx for linear homogeneous
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2 1. INTRODUCTION

equations with constant coefficients

y′′ + a1y
′ + a2y = 0. (1.1)

Other examples include that one can explain and then calculate the classical
substitutions z = lnx and z = y1−n used to solve the Euler equation

x2y′′ + xy′ + y = 0 (1.2)

and the Bernoulli equation

y′ + p(x)y = q(x)yn (1.3)

respectively. Despite looking like mathematical tricks at first glance, one can
show exactly why these substitutions reduce these two equations to a form
that is solvable.

After S. Lie’s and E. Noether’s pioneering works in late 19th and early
20th century, Lie groups where generalised, abstracted and applied to com-
pletely different types of problems where it had an enormous impact on all of
mathematics, both pure and applied. The successes of these other applications
of Lie groups left the original context of differential equations dormant for half
a century. It was not until the progress in the 1960s of applying the theory to
the equations arising in fluid dynamics that a renewed interest was sparked.
The increasing importance of nonlinear dynamics, for example in dynamical
systems and chaos, but also in classical systems where one has started to at-
tempt to solve the exact equations instead of using approximations, has led to
an explosion in interest in the field today known as Nonlinear Mathematical
Physics.

2. The Applications of Lie Symmetry Analysis

While giving rise to methods of obtaining general solutions, for many differ-
ential equations such solutions do not exist. In such situations, Lie symmetry
analysis provides other ways to study the differential equation. These include
generating new solutions from old ones. For example, the heat equation

∂u

∂t
=
∂2u

∂x2
, (1.4)

admits the constant solution y = C. From this one can derive the fundamental
solution

u(x, t) =
1√
4πt

e−x2/4t (1.5)

using only the knowledge of its symmetries. Other types of solutions are group
invariant solutions, and in particular, similarity solutions. For many nonlinear
systems of partial differential equations these types of solutions are the only
ones available and hence are of great importance. Another famous example is
the generation of conservation laws and constants of motion, with applications
in shock waves, scattering theory, stability, relativity, fluid mechanics etc [18].
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Hence Lie symmetry analysis is a tool of utmost importance for mathe-
matical models in the natural sciences and has today reached the point where
it is not only confined to the realm of applied mathematics, but that these
solution techniques are more and more often taught at undergraduate level to
science and engineering students.

3. The Motivation and Content of this Thesis

Generalised symmetries or Lie-Bäcklund symmetries are a type of symme-
try first considered by E. Noether in the early 20th century. One important
observation about these symmetries is that if an equation admits a proper
Lie-Bäcklund symmetry, then usually it admits an infinite sequence of Lie-
Bäcklund symmetries. The existence of such an infinite sequence has many
consequences on what kind of properties one can ascribe to the equation, one
being general integrability. The way these infinite sequences are realised is
through recursion operators, operators that produce a new symmetry from an
old one in a recursive way.

In this thesis we attempt to find recursion operators for 2nd order au-
tonomous evolution equations of the form

ut = F (u, ux, uxx), (1.6)

where u = u(x, t). Autonomous means that F does not explicitly depend
on x or t, and being an evolution equation means that one can separate ut

from F . We will try to do the calculations in full generality, without making
any assumptions about F . In such a way we hope that we might find some
equations admitting recursion operators that have been overlooked earlier.
The most interesting case included in this consideration is when F is nonlinear
in uxx, as the semilinear and quasilinear cases have already been fairly carefully
investigated.





It is the harmony of the diverse parts, their symmetry, their happy
balance; in a word it is all that introduces order, all that gives unity,
that permits us to see clearly and to comprehend at once both the
ensemble and the details.

H. Poincare

2
Introduction to Symmetry Analysis

Symmetries are perhaps best described as something originating from patterns.
Usually when there is a pattern, or that something is repeated in any way,
then there is an underlying symmetry at work. In some cases the symmetry
is obvious, such as in the shape of some geometric figures. Sometimes the
symmetry is very subtle, such as the gauge symmetries of modern field theories
in theoretical physics.

1. The Concept of Symmetry

When we talk about symmetries in mathematics, what we mean is sym-
metry transformations, that is, objects which are unchanged under a specific
transformation. Such an object is then said to be invariant with respect to that
particular transformation. We state this in mathematical terms as follows.

Definition 2.1. A symmetry transformation, or symmetry, is a transforma-
tion of an object such that the object is unchanged (invariant). More precisely,
the properties are:

(S1) The transformation preserves the structure of the object.
(S2) The transformation and its inverse are both smooth, i.e. they are

infinitely differentiable.
(S3) The transformation maps the object to itself.

The Properties (S1) and (S3) might seem redundant, but when discussing
symmetries of easily transformable structures the distinction becomes impor-
tant, e.g. rubber tyres and stiff plastic tyres admit different symmetry trans-
formations since it is possible to deform the rubber during the process. The

5



6 2. INTRODUCTION TO SYMMETRY ANALYSIS

Fig. 1. An equilateral triangle and its symmetries.

easiest illustration of the concept of symmetry transformations to begin with,
is through simple geometric figures.

Example 2.2 (Equilateral Triangle). Consider an equilateral triangle like the
one illustrated in Fig. 1. This geometric figure is symmetric with respect to
2π/3 rotations and mirroring along its three axes, and is an example of an
object, in this case geometric object, admitting six discrete symmetries.

Example 2.3 (The Unit Circle). Another example of a geometric figure with
symmetries is the circle, illustrated in Fig. 2. This case differs from the triangle
considered earlier in that here we have an infinite amount of symmetries. We
see this by noting that the equation for the circle can be written

x2 + y2 = 1. (2.1)

If we then apply a rotating transformation Γǫ according to

Γǫ :

{

x̂ = x cos ǫ− y sin ǫ

ŷ = x sin ǫ+ y cos ǫ.
(2.2)

Then the equation describing the circle, now expressed in the new transformed
coordinates, will still look the same,

x̂2 + ŷ2 = (x cos ǫ− y sin ǫ)2 + (x sin ǫ+ y cos ǫ)2

= x2(cos2 ǫ+ sin2 ǫ) + y2(cos2 ǫ+ sin2 ǫ)

= x2 + y2 = 1.

(2.3)

That is

x̂2 + ŷ2 = 1 when x2 + y2 = 1. (2.4)

Condition (2.4) is called the symmetry condition for the circle, and in a gener-
alised form is one of the central pillars that most of the theory is built upon.
This symmetry transformation (2.2), the rotation transformation, depends on
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Fig. 2. A symmetry transformation of the unit circle.

a continuous parameter ǫ which gives rise to an infinite set of symmetries. In
this thesis it is these type of continuous symmetries that are of interest.

Example 2.4. The easiest differential equation is

dy

dx
= 0, (2.5)

which we know has the set of solutions

y = C, C ∈ R. (2.6)

As one might suspect from its simplicity, it admits many symmetry transfor-
mations, including

Γǫ :

{

ŷ = y + ǫ,

x̂ = x.
(2.7)

This we see from
dŷ

dx̂
=
dŷ

dx
=

d

dx
(y + ǫ) =

dy

dx
= 0, (2.8)

that is
dŷ

dx̂
= 0 when

dy

dx
= 0, (2.9)

which is of course the earlier mentioned symmetry condition. What the sym-
metry transformation (2.7) actually does is map solutions to solutions, in this
case the curve

y = C maps to the curve ŷ = C + ǫ. (2.10)

This is illustrated in Fig. 3.

In general for differential equations, symmetry transformations map the
set of solution curves in (x, y) to an identical set of solution curves in (x̂, ŷ).
Specific solution curves are mapped to themselves or other solutions. Due to
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x

y

y = C

y = C + ǫ

Γǫ

Fig. 3. A symmetry transformation mapping a solution y = C
to the solution y = C + ǫ

this we will identify the (x̂, ŷ) plane with the (x, y) plane and simply think of
the transformations as moving the coordinates, never leaving the (x, y) plane.

Definition 2.5. Transformations of the form

Γǫ :

{

x̂ = φ(x, y; ǫ)

ŷ = ψ(x, y; ǫ)
(2.11)

are called point transformations. Symmetry transformations of this form are
called point symmetries.

Example 2.6 (The Wave Equation). To illustrate the same concept on a
partial differential equation (PDE), consider the wave equation

∂2u

∂t2
=
∂2u

∂x2
, u = u(x, t), (2.12)

together with the transformation Γǫ

Γǫ :











t̂ = t cosh ǫ− x sinh ǫ

x̂ = −t sinh ǫ+ x cosh ǫ

û = u.

(2.13)

To see that this is a symmetry of (2.12), it is straightforward to expand

∂2û

∂t2
and

∂2û

∂x2
(2.14)

using the chain rule to obtain the symmetry condition

∂2û

∂t̂2
=
∂2û

∂x̂2
when

∂2u

∂t2
=
∂2u

∂x2
. (2.15)

As we will see later, this symmetry transformation is very important in modern
physics and closely connected to special relativity.
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Example 2.7 (Variational Symmetries and Conservation Laws). In physics,
the determining equations for a system are often derived from a variational
principle, i.e. by minimizing the action

S =

∫

L(x, y, y′)dx, (2.16)

where L is called the Lagrangian. A variational symmetry or Noether trans-
formation, is a transformation such that the action S is unchanged. This is a
very important application of symmetries and is due to work by E. Noether
[16]. In the early 20th century she showed that every variational symmetry
gives rise to a conserved quantity, with the converse also holding, that every
conserved quantity is due to an underlying symmetry. Before this discovery
the principle of energy conservation was poorly understood, now we know that
the reason energy is conserved for a system is that the system is invariant with
respect to time translation transformations

t̂ = t+ ǫ. (2.17)

For the same reasons, the conservation of momentum is due to invariance
under spatial translations and conservation of angular momentum is due to
rotational invariance [1].

2. The Group Structure of Symmetries

Abstract algebra and group theory is a subject which is important in sym-
metry analysis in the same way as it is important in other branches of math-
ematics, e.g. algebraic topology, it systematises and makes abstract ideas
computable.

To be more specific, in the context of symmetries we are interested in
transformations with a group structure, i.e. they satisfy the axioms of a group.

Definition 2.8. A group G is a set of objects g1, g2, . . . , g ∈ G together with
a composition rule (denoted here by a dot) such that;

(G1) If g1 ∈ G and g2 ∈ G, then g1 · g2 ∈ G.
(G2) The composition rule is associative, that is for g1, g2, g3 ∈ G, then

(g1 · g2) · g3 = g1 · (g2 · g3).
(G3) There is an element e ∈ G, called the identity, such that e·g = g·e = g.
(G4) For every g ∈ G, there is an inverse g−1 ∈ G, such that g · g−1 =

g−1 · g = e.

Example 2.9. Looking again at the circle in Example 2.3, we see that the
symmetry transformation (2.2) satisfies the group axioms. That is, if we write
the transformation in matrix form as

(

x̂
ŷ

)

=

(

cos ǫ − sin ǫ
sin ǫ cos ǫ

)(

x
y

)

, (2.18)
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or simply x̂ = A(ǫ)x with

A(ǫ) =

(

cos ǫ − sin ǫ
sin ǫ cos ǫ

)

. (2.19)

Then the transformation matrix A(ǫ) is seen to satisfy:

(G1) Closure; expanding the matrix multiplication we see that

A(ǫ)A(δ) = A(ǫ+ δ). (2.20)

(G2) Associativity follows from the rules of matrix multiplication,
(

A(ǫ)A(δ)
)

A(γ) = A(ǫ)
(

A(δ)A(γ)
)

. (2.21)

(G3) A(0) is the identity matrix I, hence we have

A(ǫ)A(0) = A(0)A(ǫ) = A(ǫ). (2.22)

(G4) The inverse matrix A(ǫ)−1 is A(−ǫ), thus

A(ǫ)A(−ǫ) = A(−ǫ)A(ǫ) = I. (2.23)

Hence the transformation matrices A(ǫ) form a group, in fact this particular
group of orthogonal rotations is called SO(2), and we say that the circle is
invariant with respect to SO(2) transformations.

More precisely, if we let GL(m,R) denote the set of m×m invertible real
matrices, then the special orthogonal group SO(n) is defined as

SO(n) = {A ∈ GL(m,R) | AAT = I, detA = 1}, (2.24)

where special denotes the condition detA = 1 and orthogonal the condition
AAT = I. It is worth pointing out that (2.24) defines the group SO(2),
while the set of matrices A(ǫ) is a representation of the group SO(2). That
is, a representation of a group is a particular set of matrices satisfying the
defining restrictions. Hence several different matrix representations of the
same abstract group might exist.

When speaking of orthogonal transformations, we of course do not have
to include the condition detA = 1. In fact, removing this condition gives us
the group

O(n) = {A ∈ GL(m,R) | AAT = I}, (2.25)

which is called the orthogonal group. For a deeper treatment about group
theory and abstract algebra, see [8].

3. Group Invariants

As we saw earlier in Example 2.3, the SO(2) group keeps expressions of
the form

I = x2 + y2 (2.26)
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invariant. Generally the group SO(n) keeps the scalar product of two vectors
with respect to the Euclidean metric invariant, that is

x̂T ŷ = xT y. (2.27)

Another way of seeing this is that the square of the position vector,

r2 = x2 + y2 + z2, (2.28)

is invariant. We call functions or expressions that are invariant under a group
transformation, group invariants.

Example 2.10 (Continuum Mechanics). A good example of the importance
of symmetry with respect to orthogonal transformations is in continuum me-
chanics, where Cartesian tensors are used extensively. Cartesian tensors are
defined simply from the start as objects that are invariant under orthogonal
transformations [3]. What this means physically is that quantities must be
the same in different coordinate systems rotated with respect to each other.

Example 2.11 (Special Theory of Relativity). Symmetry transformations also
lay at the heart of the problem in the late 19th century, when inconsistencies
were found in how too describe physics at very high speeds [25].

Too illustrate this problem, let two coordinate systems move with constant
velocity with respect to each other. In classical mechanics we can express the
position vector r of one coordinate system in the other as

r̂ = r− vt. (2.29)

Since v is constant, taking the derivative of both sides twice gives â = a, i.e.
we have the familiar result

F̂ = mâ = ma = F. (2.30)

Hence the basic kinematic law is the same (covariant) in both coordinate sys-
tems. Transformations of the form (2.29) are called Galilean transformations,
and classical mechanics is said to satisfy the Galilean principle of relativity.
Now let us consider electromagnetic waves travelling in the x-direction, which
are described by the wave equation

∂2u

∂x2
=

1

c2
∂2u

∂t2
. (2.31)

A Galilean transformation in the x-direction is

x̂ = x− vt, t̂ = t, (2.32)

which when inserted into equation (2.31) gives

(

c2 − v2
) ∂2u

∂x̂2
=
∂2u

∂t̂2
− 2v

∂2u

∂x̂∂t̂
. (2.33)
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This is obviously not of the same form as (2.31), and if we try plane wave
solutions of the form

u(x̂, t̂) = u0e
ik̂(x̂−ât̂), (2.34)

we see that this is only a solution if the phase velocity â is

â = ±(c∓ v). (2.35)

This means that a wave travelling in the positive x̂ direction has the speed
c− v, and a wave travelling in the negative x̂ direction has the speed c+ v.

Hence the Galilean principle of relativity and Maxwellian electromag-
netism implies, if taken together, that the speed of light is different in different
coordinate systems (reference frames). Furthermore, it implies that there is
only one coordinate system in which electromagnetic waves have the speed c.
Historically this coordinate system was identified with the mysterious medium
called the aether, in which electromagnetic waves were thought to propagate.

The problem with this reasoning was that no relative speed of electromag-
netic waves in vacuum had ever been detected experimentally. At the time
two options were considered, either the experiments were not accurate enough,
or Maxwell’s equations were wrong. Neither of these turned out to be correct,
in fact the answer is in hindsight remarkably easy and was provided by A.
Einstein, H. Poincaré and H. Lorentz in the early 20th century [25]. What
they did was to assume that on one hand Maxwell’s equations were correct,
and on the other that light does indeed travel at the same speed independent
of the motion of the observer, but that the principle of Galilean relativity was
wrong.

To derive the correct transformation rules, consider two coordinate systems
moving at a constant velocity v with respect to each other. At the instant when
the origins for the two coordinate systems coincide, a light pulse is sent out.
Now if observers in both coordinate systems observe the light propagating
at the same speed c in all directions, then the equations for the spherically
expanding wave front are

x2 + y2 + z2 = c2t2, (2.36)

and

x̂2 + ŷ2 + ẑ2 = c2t̂2, (2.37)

in the two coordinate systems respectively. This implies that

x2 + y2 + z2 − c2t2 = x̂2 + ŷ2 + ẑ2 − c2t̂2, (2.38)

or simply that coordinate transformations should keep expressions of the form

I = x2 + y2 + z2 − c2t2 (2.39)

invariant. This is precisely how Lorentz transformations are defined, as a
transformation such that (2.39) is invariant. Together the Lorentz transfor-
mations form the (homogeneous) Lorentz group, which is the set of linear
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transformations A ∈ GL(4,R) such that the scalar product using the Lorentz
metric is preserved, i.e. expressions of the form

xTLy (2.40)

where

L =









−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









. (2.41)

This we can identify with the pseudo-orthogonal group O(1, 3). A represen-
tation for this group, when the y and z component are held fixed, is the
transformation

t̂ = t cosh ǫ− x sinh ǫ (2.42)

x̂ = −t sinh ǫ+ x cosh ǫ, (2.43)

which we found in Example 2.6 to keep the wave equation unchanged. To
get the explicit Lorentz transformations that are used in special relativity,
parametrise equations (2.42-2.43) according to

tanh ǫ =
v

c
, (2.44)

then we get the explicit transformation rules as

x̂ = γ(x− vt), t̂ = γ(t− v

c2
x), (2.45)

where

γ =
1

√

1 − v2

c2

. (2.46)





The universe is an enormous direct product of representations of sym-
metry groups.

S. Weinberg

3
Introduction to Manifolds and Lie Groups

Today most of modern mathematical physics is formulated using the formalism
of differential geometry, manifolds and Lie groups. Here we shall here give
a brief formal introduction, for a more rigorous treatment see [23], and for
applications to theoretical physics [9].

1. The Connection Between Groups and Geometry

When formulating the general theory of symmetry transformations, it is
convenient to do so in a coordinate free way. Hence it is natural to do so
using differentiable manifolds. Manifolds are very important as they generalise
not only 2-dimensional surfaces in R

3, but also Euclidean space itself, in a
coordinate independent way. Intuitively one can think of an n-dimensional
manifold as a geometric structure that locally looks like the usual Euclidean
space R

n. The curved spacetime of Einstein’s General Theory of Relativity,
Euclidean space itself, the sphere and the circle are all examples of manifolds.

Definition 3.1 (Differentiable Manifold). An n-dimensional differentiable
manifold is a set M , such that for every x ∈ M , there exists a one-to-one
and onto (bijective) map

φi : Ui → Vi, (3.1)

taking x from the subset Ui ⊂M to a subset Vi ⊂ R
n of Euclidean space. The

subsets Ui must be countable, and are together with the mappings φi called
charts or coordinate maps (φi, Ui) of the manifold. They must also satisfy the
conditions:

15
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φ1 φ2

R
n

R
n

M

U1

U2

V1 V2
φ2 ◦ φ−1

1

Fig. 1. A manifold M and two charts (φ1, U1) and (φ2, U2).

(M1) The charts must cover the entire M ,
⋃

i

Ui = M. (3.2)

(M2) On every overlap Ui ∩ Uj, the composite map

φj ◦ φ−1
i : φi(Ui ∩ Uj) → φj(Ui ∩ Uj) (3.3)

between the different charts must be smooth (infinitely differentiable).
In other words, we must be able to convert between different charts
where there is overlap.

(M3) If x1 ∈ Ui and x2 ∈ Uj are distinct points on M , then there exists
subsets Wi ⊂ Vi and Wj ⊂ Vj , with φi(x1) ∈ Wi and φj(x2) ∈ Wj ,
such that

φ−1
i (Wi) ∩ φ−1

j (Wj) = ∅. (3.4)

Remark 3.2. These requirements give manifolds the structure of a topologi-
cal space. Using concepts from topology one can also define an n-dimensional
manifold (not necessarily differentiable) as a second countable Hausdorff topo-
logical space that is everywhere homeomorphic to R

n. This of course means
the same thing as in our more explicit definition. That a topological space is
Hausdorff is equivalent to (M3), i.e. two distinct points should have disjoint
neighbourhoods. Being second countable means that the base of the topology
should be countable, where in the case of manifolds the topology are the open
sets Ui together with the associated maps φi, which we explicitly stated must
be countable. We will not explicitly use ideas from topology, but the interested
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reader may consult [15] or [10] for an introduction. Topology in general is an
abstract yet very powerful and in some sense unifying force in mathematics.

Example 3.3 (The Unit Sphere S2). A standard example of a manifold is the
unit sphere

S2 = {(x, y, x) | x2 + y2 + z2 = 1}. (3.5)

This is an example of a 2-dimensional manifold embedded in the 3-dimensional
manifold R

3, with the projections down on the xy-plane

φ1 : S2\(0, 0, 1) → R
2 ≃ {(x, y, 0)} (3.6)

φ1(x, y, z) =

(

x

1 − z
,

y

1 − z

)

(3.7)

and
φ2 : S2\(0, 0,−1) → R

2 ≃ {(x, y, 0)} (3.8)

φ2(x, y, z) =

(

x

1 + z
,

y

1 + z

)

, (3.9)

being one possible set of charts.

When dealing with maps f : M → N between different manifolds, we
define f to be smooth if

φ̃j ◦ f ◦ φ−1
i : R

m → R
n (3.10)

is smooth for every chart φi on M and φ̃j on N , where there is overlap such
that (3.10) is defined.

Now we connect these geometric constructions with our earlier discussion
about groups. This marriage of group theory and analysis gives powerful tools
to analyse symmetry.

Definition 3.4 (Lie group). An r-parameter Lie group is group G which also
has the structure of an r-dimensional differentiable manifold, such that both
the group composition and inversion

(x, y) 7→ x · y, (3.11)

x 7→ x−1, (3.12)

are smooth maps between manifolds.

Example 3.5 (The Manifold Structure of SO(2)). Consider the SO(2) group
parametrised (represented) by the matrices

A(ǫ) =

(

cos ǫ − sin ǫ
sin ǫ cos ǫ

)

, (3.13)

which are just rotations in the plane. The set of these matrices can be identified
with the set of points on the unit circle, i.e. the manifold

S1 = {(cos ǫ, sin ǫ) | 0 ≤ ǫ < 2π}. (3.14)
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Hence the group SO(2) has the manifold structure of S1, that is the mathe-
matical construction called SO(2) is both a group and a manifold at the same
time, thus a Lie group.

In Chapter 2, Section 3 we defined the notion of group invariants, i.e.
functions invariant under group transformations. We use this to precisely
state the symmetry condition using Lie groups.

Definition 3.6 (Symmetry Condition). An equation F (x1, x2, . . . , xn) = 0 is
invariant under a Lie group transformation if

F (x̂1, x̂2, . . . , x̂n) = 0 when F (x1, x2, . . . , xn) = 0, (3.15)

where x̂i are the transformed coordinates. The Lie group is then called a Lie
symmetry for F = 0.

Notice that the function F (x1, x2, . . . , xn) = 0 also implicitly defines a
submanifold in R

n. That is, we could just as well have replaced “function”
with “manifold” in Definition 3.6.

2. Tangent Vector Fields

Often the symmetry condition (3.15) for an equation is nonlinear and
highly complicated. The main discovery made by S. Lie was that it is possible
to replace the global symmetry condition with an infinitesimal linear sym-
metry condition. To see how this is done we first discuss how simple point
transformations behave locally.

Consider a transformation at the point (x̂, ŷ). The tangent vector of the
transformation is

(

ξ(x̂, ŷ), η(x̂, ŷ)
)

, where

dx̂

dǫ
= ξ(x̂, ŷ),

dŷ

dǫ
= η(x̂, ŷ). (3.16)

In particular, at the point (x, y) the tangent vector is

(

ξ(x, y), η(x, y)
)

=

(

dx̂

dǫ

∣

∣

∣

∣

ǫ=0

,
dŷ

dǫ

∣

∣

∣

∣

ǫ=0

)

. (3.17)

Thus if we Taylor expand the transformation around ǫ = 0, to first order in ǫ
we can write the transformation as

x̂ = x+ ǫξ(x, y) +O(ǫ2) (3.18)

ŷ = y + ǫη(x, y) +O(ǫ2). (3.19)

From now on, when we write (ξ, η), we mean at ǫ = 0. Since these vectors
describe the infinitesimal transformation behaviour, they will be our main
focus.
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Fig. 2. The tangent vector field (−y, x) of SO(2).

Example 3.7. Consider again the SO(2) symmetry,

x̂ = x cos ǫ− y sin ǫ, (3.20)

ŷ = x sin ǫ+ y cos ǫ. (3.21)

The tangent vector field for this transformation is

(ξ, η) = (−y, x). (3.22)

We shall later see how to reconstruct the global transformation (3.20-3.21)
from its tangent vector field (3.22).

To formulate the tangent vector field in the more general setting of arbi-
trary manifolds, we first recall how tangent vectors are formulated on ordinary
surfaces. Consider a 2-dimensional surface parametrised by

f(u, v) =
(

x1(u, v), x2(u, v), x3(u, v)
)

, (3.23)

in 3-dimensional Euclidean space [19]. At a point p = (x0, y0, z0) the tangent
vector along the local u-coordinate and v-coordinate directions is given by

∂f

∂u
=

(

∂x1

∂u
,
∂x2

∂u
,
∂x3

∂u

)

(3.24)

and
∂f

∂v
=

(

∂x1

∂v
,
∂x2

∂v
,
∂x3

∂v

)

(3.25)

respectively. They span the tangent space and hence we can write any tangent
vector at p as a linear combination

vp = λ1
∂f

∂u
+ λ2

∂f

∂v
. (3.26)
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For a general manifold the idea is the same, but the technical details are a bit
different. First, the above surface is parametrised by a map

f : D → S, D ⊂ R
2, S ⊂ R

3, (3.27)

while the charts of a manifold map in “the other direction”;

φi : Ui → R
n, Ui ⊂M. (3.28)

That is, the parametrisation of a surface in R
3 map to the surface, while the

charts of a manifold maps from the manifold.
Hence what we do is to consider a chart (φ,U) with

φ(p) = (u1, u2, . . . , un), p ∈M, (u1, u2, . . . , un) ∈ R
n. (3.29)

Let xi be the component maps of φ such that

xi : U → R, (3.30)

xi(p) = ui. (3.31)

Then for any function f : U → R, the composition

g = f ◦ φ−1 : φ(U) → R (3.32)

can be used to define the derivatives of f with respect to xi as

∂f

∂xi
=

∂g

∂ui
◦ φ, (3.33)

so that
∂f

∂xi
(p) =

∂g(u1, u2, . . . , un)

∂ui
. (3.34)

Thus at a point p on an n-dimensional manifold, a tangent vector is a linear
combination

Xp = X1
∂

∂x1
+X2

∂

∂x2
+ · · · +Xn

∂

∂xn
, (3.35)

where
{

∂

∂x1
,
∂

∂x2
, . . . ,

∂

∂xn

}

(3.36)

is called the coordinate basis. We wrote (3.35) without f in operator form
since f is arbitrary. Hence we see that in the context of manifolds, tangent
vectors are differential operators. Note that in the same way that the scalar
product between a vector and a basis vector gives the coordinate component,

v · ei = vi, (3.37)

applying the tangent vector operator on the coordinate function, gives that
particular coordinate component,

X(xi) = Xi. (3.38)

Another way of thinking about this is that for every directional derivative
of a function there is a corresponding vector, and for every vector there is a
corresponding directional derivative, thus in the manifold formalism, these are
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M

Fig. 3. The manifold M and the tangent space TpM at the
point p.

considered to be the same thing. In fact, the easiest way to define vectors on
manifolds are as linear differential operators satisfying the Leibniz property.

Definition 3.8. A tangent vector or vector at the point p on a manifold is
a differential operator on the space of smooth real-valued functions f at the
point p such that

• X(af + bg) = aX(f) + bX(g),
• X(fg) = X(f)g + fX(g).

The set of all vectors at a point p ∈ M is called the tangent space TpM .
With this formalism for vectors on manifolds, we see that the tangent vector
(3.17) can be written as

Z = ξ(x, y)
∂

∂x
+ η(x, y)

∂

∂y
. (3.39)

From here on will we write the coordinate functions xi with lowercase indices
as we identify these with ordinary coordinates.

Definition 3.9. Let x1, x2, . . . , xn, denote the independent and u1, u2, . . . , um

the dependent variables, then the operator (tangent vector)

Z =
n
∑

i=0

ξi
∂

∂xi
+

m
∑

i=0

ηi
∂

∂ui
(3.40)

where

ξ =
∂x̂i

∂ǫ

∣

∣

∣

∣

ǫ=0

η =
∂ûi

∂ǫ

∣

∣

∣

∣

ǫ=0

, (3.41)

is called the infinitesimal Lie group generator.

3. Infinitesimal Symmetry Transformations

Using Z we can write the Taylor expansion of the transformation group
(3.18-3.19) as

x̂ = x+ ǫZx+O(ǫ2), (3.42)

ŷ = y + ǫZy +O(ǫ2). (3.43)
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Thus a function f(x, y) depending on these variables can be shown [18] to
transform according to

f(x̂, ŷ) = f(x, y) + ǫZf(x, y) +O(ǫ2). (3.44)

Hence

f(x̂, ŷ) = f(x, y) if and only if Zf(x, y) = 0. (3.45)

This means that the group invariants of the transformation (3.42-3.43) can be
found by solving the equation

ξ
∂f

∂x
+ η

∂f

∂y
= 0, (3.46)

or equivalently, integrating the characteristic system

dx

η
=
dy

ξ
. (3.47)

Theorem 3.10 (Invariant Surface). The equation F (x1, x2, . . . , xn) = 0 is an
invariant surface (group invariant) of the transformation generated by Z if and
only if

ZF (x1, x2, . . . , xn) = 0 when F (x1, x2, . . . , xn) = 0. (3.48)

The name invariant surface comes from the fact that in the 3-dimensional
case the group invariant is a surface. One way to interpret Theorem 3.10 is
that the vector field Z must be tangent to the surface implicitly defined by
the equation F = 0, i.e. Z must be orthogonal to the normal vector (gradient
vector) of the surface.

When working with symmetries and their corresponding vector fields the
terminology is sometimes a bit abused. When saying that a particular equation
admits or is invariant with respect to a symmetry generator Z, we mean that
it is invariant with respect to the transformation generated by Z.

Example 3.11. Consider again the SO(2) group, this was found in Example
3.7 to have the tangent vector field (−y, x), or equivalently, generated by the
infinitesimal generator

Z = −y ∂
∂x

+ x
∂

∂y
. (3.49)

To find the group invariants we integrate the characteristic

dx

−y =
dy

x
, (3.50)

to get I = x2 + y2. Which is of course the same invariant expression as we
noted in Example 2.3.
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To reconstruct the full global transformation group from the tangent vector
field Z, we need to find the integral curves of Z. An integral curve is a
smooth parametrised curve on a manifold whose tangent vectors at all points
are parallel to the vector field considered. Thus the integral curves which pass
through the identity ǫ = 0 must satisfy the system

dx̂i

dǫ
= ξi, x̂(0) = x. (3.51)

Solving this gives the full Lie group.

Example 3.12. To reconstruct the Lie group SO(2) from its tangent vector
field

Z = −y ∂
∂x

+ x
∂

∂y
, (3.52)

it is a simple matter of solving the system

dx̂

dǫ
= −y x̂(0) = x, (3.53)

dx̂

dǫ
= x ŷ(0) = y, (3.54)

which as expected gives

x̂ = x cos ǫ− y sin ǫ, (3.55)

ŷ = x sin ǫ+ y cos ǫ. (3.56)

4. Symmetry Prolongations

When dealing with differential equations we want to explicitly see how
the derivatives change under a transformation. We first illustrate this using a
2-coordinate transformation. Consider a general point transformation

Γǫ :

{

x̂ = φ(x, y; ǫ)

ŷ = ψ(x, y; ǫ).
(3.57)

We want to extend this by adding explicitly how ŷ′ transforms. If we derive
ŷ with respect to the untransformed coordinate x and then use the chain rule
we get

dŷ

dx̂
=
Dxψ

Dxφ
, (3.58)

where Dx is the total derivative operator

Dx =
∂

∂x
+ y′

∂

∂y
+ y′′

∂

∂y′
+ . . . (3.59)
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Hence we now have

Γ(1)
ǫ :















x̂ = φ(x, y; ǫ)

ŷ = ψ(x, y; ǫ)

ŷ′ =
Dxψ
Dxφ

,

(3.60)

which in its Taylor expanded form is

Γ(1)
ǫ :











x̂ = x+ ǫξ(x, y) +O(ǫ2)

ŷ = y + ǫη(x, y) +O(ǫ2)

ŷ′ = y′ + ǫη(1)(x, y, y′) +O(ǫ2)

(3.61)

where

η(1) = Dxη − y′Dxξ. (3.62)

Higher order prolongations are calculated recursively by

η(i) = Dxη
(i−1) − y(i)Dxξ, (3.63)

and thus the prolonged infinitesimal Lie symmetry group generator is given
by

Z(n) = ξ
∂

∂x
+ η

∂

∂y
+ η(1) ∂

∂y′
+ · · · + η(n) ∂

∂y(n)
. (3.64)

The prolongation for an arbitrary symmetry generator is straightforward to
derive. For two independent variables x, t and one dependent variable u(x, t),
the 2-order prolonged transformation group is

Γ(2)
ǫ :



























































x̂ = x+ ǫξ1(x, t, u) +O(ǫ)

t̂ = y + ǫξ2(x, t, u) +O(ǫ)

û = u+ ǫη(x, t, u) +O(ǫ)

ûx̂ = ux + ǫγx +O(ǫ)

ût̂ = ut + ǫγt +O(ǫ)

ûx̂x̂ = uxx + ǫγxx +O(ǫ)

ûx̂t̂ = uxt + ǫγxt +O(ǫ)

ût̂t̂ = utt + ǫγtt +O(ǫ),

(3.65)

where

γx = Dxη − uxDxξ1 − utDxξ2 (3.66)

γt = Dtη − uxDtξ1 − utDtξ2 (3.67)

γxx = Dxγx − uxxDxξ1 − uxtDxξ2 (3.68)

γxt = Dtγx − uxxDtξ1 − uxtDxξ2 (3.69)

γtt = Dtγt − uxtDtξ1 − uttDxξ2. (3.70)
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The corresponding prolonged symmetry generator is

Z(2) = Z + γx
∂

∂ux
+ γt

∂

∂ut
+ γxx

∂

∂uxx
+ γxt

∂

∂uxt
+ γtt

∂

∂utt
. (3.71)

5. The Symmetry Condition for Differential Equations

First we state the symmetry condition for an nth order differential equa-
tions. It is analogous to the case of algebraic equations.

Definition 3.13 (Symmetry Condition). The nth order differential equation

F (x, u, ux, uxx, . . . , uxn) = 0 (3.72)

is invariant under a transformation if and only if,

F (x̂, û, ûx, . . . , ûxn) = 0, when F (x, u, ux, . . . , uxn) = 0. (3.73)

In Section 2 we stated the symmetry condition using the symmetry gen-
erator Z. For differential equations we can do the same using the prolonged
symmetry generator.

Theorem 3.14. The nth order differential equation

F (x, u, ux, uxx, . . . , uxn) = 0 (3.74)

is invariant under the transformation generated by Z if and only if

Z(n)F (x, u, ux, . . . , uxn) = 0 when F (x, u, ux, . . . , uxn) = 0, (3.75)

where Z(n) is the prolonged symmetry generator.

The advantage here is the same as in the case of invariant functions, the
infinitesimal symmetry condition is linear in ξ and η. It is important to note
that while a group invariant (invariant surface/manifold) is mapped to itself
by its transformation group, for a differential equation it is the set of solutions
that is mapped to itself. Hence a specific solution can be mapped to either
itself or a different solution.

Example 3.15. Consider the D’Alembert equation

utt − uxx + g(t2 − x2)f(u) = 0. (3.76)

To verify that this equation is invariant under the Lorentz transformations
generated by

L01 = t
∂

∂x
+ x

∂

∂t
, (3.77)

we apply the invariance condition as it is formulated in Theorem 3.14. First
note that the prolonged symmetry generator is

L
(2)
01 = L01 + γx

∂

∂ux
+ γt

∂

∂ut
+ γxx

∂

∂uxx
+ γxt

∂

∂uxt
+ γtt

∂

∂utt
, (3.78)
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with

γx = −ut, γt = −ux (3.79)

γxx = −2uxt γxt = −utt − uxx γtt = −2uxt. (3.80)

Hence the symmetry condition

L
(2)
01 F

∣

∣

F=0
= 0 (3.81)

becomes

L
(2)
01

(

utt − uxx + g(t2 − x2)f(u)

)

= (3.82)

=

(

t
∂

∂x
+ x

∂

∂t
− ut

∂

∂ux
− ux

∂

∂ut
(3.83)

−2uxt
∂

∂uxx
− (utt + uxx)

∂

∂uxt
(3.84)

−2uxt
∂

∂utt

)(

utt − uxx + g(t2 − x2)f(u)

)

= (3.85)

= g(t2 − x2)f ′(u) (tux + xut) = 0, (3.86)

since tux + xut = 0 in the last step due to it being an invariant function.
Thus the symmetry condition is satisfied and the D’Alembert equation (3.76)
is invariant under Lorentz transformations.



Mathematics is the art of giving the same name to different things.

H. Poincare

4
Using Lie Symmetries

Before discussing how to use the theory we developed in the preceding chapters,
we first summarise the essential ideas.

We say that the differential equation

F (x, t, u, ux, uxx, . . . , uxn) = 0 (4.1)

is invariant under the symmetry transformation

Γǫ :











t̂ = φ1(x, t, u; ǫ)

x̂ = φ2(x, t, u; ǫ)

û(x̂, t̂) = ψ(x, t, u; ǫ)

(4.2)

if and only if

F (x̂, t̂, û, ûx, . . . ûxn) = 0 when F (x, t, u, ux, . . . , uxn) = 0. (4.3)

The symmetry group Γǫ is generated by the tangent vector field

Z = ξ1
∂

∂t
+ ξ2

∂

∂x
+ η

∂

∂u
, (4.4)

called the infinitesimal Lie symmetry generator, where

ξ1 =
∂t̂

∂ǫ

∣

∣

∣

∣

ǫ=0

ξ2 =
∂x̂

∂ǫ

∣

∣

∣

∣

ǫ=0

η =
∂û

∂ǫ

∣

∣

∣

∣

ǫ=0

. (4.5)

With this the symmetry condition can be stated as; F = 0 is invariant under
the symmetry transformation generated by Z if and only if

Z(n)F = 0 when F = 0, (4.6)

where Z(n) is the prolonged symmetry generator analogous to (3.71).

27
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1. Canonical Coordinates

A straightforward application of Lie symmetries to ordinary differential
equations is the method of canonical coordinates. The idea is that if we have
a symmetry of a first order ODE, then reparametrising the symmetry in the
new variables (r, s) such that it is of the form

Γǫ :

{

r̂ = r

ŝ = s+ ǫ,
(4.7)

means we can directly integrate the ODE when written in the variables (r, s).

Example 4.1. Consider the first order ODE

y′ = e−xy2 + y + ex, (4.8)

with its admitted symmetry

Γǫ :

{

x̂ = x

ŷ = eǫy,
(4.9)

which corresponds to the symmetry generator

Z =
∂

∂x
+ y

∂

∂y
. (4.10)

Reparametrising this symmetry generator to the form (4.7) is equivalent to
solving the system

{

Zr = 0

Zs = 1
⇔

{

∂r
∂x + y ∂r

∂y = 0 (a)
∂s
∂x + y ∂s

∂y = 1 (b).
(4.11)

The first equation (4.11a) can easily be solved to give the general solution
r = P (ye−x) for an arbitrary function P . Choosing the specific solution

r = ye−x (4.12)

and solving (4.11b) gives the solution

s = x. (4.13)

Rewriting the ODE (4.8) using these new variables gives us the equation

ds

dr
=

1

r2 + 1
, (4.14)

which we can integrate to give s = tan−1 (r) + C. Substituting the original
variables back in gives us the final solution of the ODE as

y = ex tan (x− C). (4.15)

Hence we have illustrated a systematic integration technique exploiting Lie
symmetries.
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2. Canonical Coordinates and Two-dimensional Lie Algebras

For second order ODEs we can do the same, but the situation is a bit more
delicate, because to integrate the equation twice, we need two Lie symmetries.
Two such Lie symmetries together,

L = c1Z1 + c2Z2, (4.16)

span a vector space called a Lie algebra under the composition rule

[Z1, Z2] = Z1Z2 − Z2Z1, (4.17)

which is called a commutator or Lie bracket. How we can reparametrise the
two symmetries depends on the structure of this Lie algebra. It turns out that
the structure can be of four different types:

I: [Z1, Z2] = 0, ξ1η2 − η1ξ2 6= 0
II: [Z1, Z2] = 0, ξ1η2 − η1ξ2 = 0

III: [Z1, Z2] = Z1, ξ1η2 − η1ξ2 6= 0
IV: [Z1, Z2] = Z1, ξ1η2 − η1ξ2 = 0.

These four different structures correspond to the four standard forms of canon-
ical coordinates:

I: Z1 = ∂
∂r , Z2 = ∂

∂s

II: Z1 = ∂
∂s , Z2 = r ∂

∂s

III: Z1 = ∂
∂s , Z2 = r ∂

∂r + s ∂
∂s

IV: Z1 = ∂
∂s , Z2 = s ∂

∂s .

Example 4.2. Consider the equation

y′′ = yy′2 − xy′3 (4.18)

with the two Lie symmetries

Z1 = y
∂

∂x
, Z2 = x

∂

∂x
. (4.19)

These two symmetries span a Lie algebra which satisfy the equations

[Z1, Z2] = Z1, ξ1η2 − η1ξ2 = 0, (4.20)

and hence it is of type IV. Thus to find the canonical coordinates we solve the
two systems

{

Z1r = 0

Z1s = 1
and

{

Z2r = 0

Z2s = s,
(4.21)

which gives, in the same way as in the previous example, the canonical vari-
ables

r = y, s =
x

y
. (4.22)
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Using these variables we can write the ODE (4.18) as

d2s

dr2
= −

(

r +
2

r

)

ds

dr
. (4.23)

Integrating twice and substituting the original variables back in gives the final
solution as

x = y

(

C1 − C1

∫

e−y2/2

y2
dy

)

. (4.24)

One can show that most of the methods taught at undergraduate level for
solving ODEs are simply special cases of the integration method just illustrated
[13].

3. Differential Invariants

For the general case of nth order ordinary differential equations, one can
show that it is indeed possible to systematically integrate n times to get the
general solution if we have n Lie symmetries. It is a generalisation of the above
method where one rewrites the equation in terms of differential invariants. The
details are quite tedious and hence we refer to [12] for a further treatment.

4. Group Invariant Solutions

Group invariant solutions are often used in connection with partial differ-
ential equations, especially nonlinear ones. This is often because PDEs do not
admit a general solution, but different classes of solutions, that is, if it is even
possible to find any solutions at all.

Recall that group invariants map to themselves under symmetries, i.e.

f(x̂) = f(x). (4.25)

Hence the idea is to restrict ourselves and disregard the solutions that map to
other solutions. By doing as such we can look for specific classes of solutions,
e.g. PDEs having the two symmetries

Z1 =
∂

∂x
, Z2 =

∂

∂t
, (4.26)

usually admit travelling wave solutions of the form

u = F (x− ct) (4.27)

since both u and x− ct are group invariants of

Z = c
∂

∂x
+
∂

∂t
. (4.28)

In the same way, invariance under scaling symmetries gives rise to similarity
solutions.
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Example 4.3. Consider the nonlinear filtration equation

ut =
uxx

1 + u2
x

, (4.29)

which admits the symmetries generated by

Z1 =
∂

∂x
, Z2 =

∂

∂t
, Z3 =

∂

∂u
, (4.30)

Z4 = x
∂

∂x
+ 2t

∂

∂t
+ u

∂

∂u
, Z5 = u

∂

∂x
− x

∂

∂u
. (4.31)

Now Z5 corresponds to rotations and has the invariants

r = t, v =
√

x2 + u2, (4.32)

and hence any invariant solution v = F (r) is equivalent to

u = ±
√

F (t)2 − x2. (4.33)

Inserting this into (4.29) then gives the ODE

F ′(r) = − 1

F (r)
, (4.34)

which we can solve to give

F (r) = ±
√
c1 − 2r. (4.35)

Thus the rotationally invariant solutions of (4.29) are

u = ±
√

c1 − 2t− x2. (4.36)

Example 4.4. Consider the Blasius equation

y′′′ + yy′′ = 0. (4.37)

This equation arises in fluid dynamics where it is computed numerically as no
analytic general solution is known. Although we cannot find a general solution
using differential invariants (it only reduces to a first order equation which we
also have no solution to), what we can do is derive some invariant solutions.
Now this equation admits translational and scaling symmetries generated by

Z1 =
∂

∂x
, Z2 = x

∂

∂x
− y

∂

∂y
. (4.38)

Let us consider the symmetry generated by the linear combination

Z = kZ1 + Z2, k ∈ R\{0}. (4.39)

The invariants can easily be obtained by integrating the system

dx

ξ
=
dy

η
, (4.40)
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where in this case ξ = x + k and η = −y. Hence we find that the group
invariants are of the form

y =
C

x+ k
. (4.41)

To obtain the group invariants that are also the solutions of the Blasius equa-
tion (4.37), reinsert (4.41) into (4.37), which gives the invariant solutions as

{

y =
3

x+ k
, y = 0

}

. (4.42)

5. Symmetry Restraints to Find Physical Solutions

Another fruitful use of symmetries is to impose a specific symmetry on
an equation to find those solutions that are of physical relevance in the situ-
ation of consideration. The common symmetries that one expects to see arise
in the solutions of many physical problems are scaling, translational as well
as rotational symmetry. Also Galilean and Lorentz invariance are of great
importance.

These ideas lie at the heart of the Gauge principle in modern theoretical
physics, where it is used to derive and unify the modern field theories [20]. One
can explain the Gauge principle in a simplified way, by saying that a specific
local symmetry is imposed in such a way, that an interaction field with a
specified transformation behaviour arises to keep the determining equations
invariant. For example, if one imposes U(1) symmetry on the Schrödinger
equation, then the Gauge principle gives rise to an interaction field with the
same transformation behaviour as the electromagnetic field. From this, one can
then conjecture Maxwells equations by demanding Lorentz covariance [1].



Symmetry is a complexity-reducing concept (co-routines include sub-
routines); seek it everywhere.

A. Perlis

5
Lie-Bäcklund Symmetries

As discussed in Example 2.7 one of the main applications of symmetries in
physics is to find conservation laws. The original ideas and theory are at-
tributed to E. Noether in the early 20th century. What Noether did was to
provide a proof as well as an algorithm such that one can, for every infinitesi-
mal symmetry for a system, construct its conservation laws. This an extremely
important result that is used in modern theoretical physics, not only to ex-
plain the origin behind the classical conservation laws such as conservation of
energy, momentum, angular momentum and electric charge, but also to use
other observed conserved quantities to derive the determining equations of
more fundamental theories. For the details omitted here about the theory, see
[18] and [2].

The Lie point symmetry transformations considered earlier were of the
form

x̂ = x+ ǫξ(x, u) +O(ǫ2) (5.1)

û = u+ ǫη(x, u) +O(ǫ2), (5.2)

while the transformations Noether considered in her work were of the form

x̂ = x+ ǫξ(x, u, ux, . . . ) +O(ǫ2) (5.3)

û = u+ ǫη(x, u, ux, . . . ) +O(ǫ2), (5.4)

that is, she allowed ξ and η to depend on derivatives of u with respect to x.
Before we start to work with such symmetries we discuss the consequences of
such a generalisation.
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x

y

y = f(x)

y = f̂(x)

(x, y)

(x̂, ŷ)(x, ŷ)

Fig. 1. Illustrating the vertical transformation

1. Vertical Form

Lie point symmetries have a very nice geometric interpretation due to the
fact that ξ and η do not depend on any derivatives. When we now want to
consider a larger set of symmetries where we also have explicit dependence
on the derivatives, this advantage is lost. Thus we will use a handy result to
simplify our calculations.

Theorem 5.1. The two transformations

x̂ = x+ ǫξ(x, y) +O(ǫ2) (5.5)

ŷ = y + ǫη(x, y) +O(ǫ2) (5.6)

and

x̂ = x (5.7)

ŷ = y + ǫ
(

η(x, y) − y′ξ(x, y)
)

+O(ǫ) (5.8)

are equivalent.

Corollary 5.2. The infinitesimal generator

Z = ξ(x, y)
∂

∂x
+ η(x, y)

∂

∂y
(5.9)

and

Zv =
(

η(x, y) − y′ξ(x, y)
) ∂

∂y
(5.10)

are equivalent. The second form is called a vertical Lie group generator.
When considering infinitesimal generators for Lie point transformations,

then the form

Z = η(x, y, y′)
∂

∂y
(5.11)

would be too general, unless we specify that ξ only depends linearly on y′. On
the other hand this form is convenient when we seek to extend the theory to a
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larger class of symmetries. For example the prolongation formula is especially
easy

η(k) = Dk
xη. (5.12)

2. Generalising

There are several ways to generalise the Lie point symmetries to also in-
clude other types of transformations. The vector that generates ordinary Lie
point transformations is of the form

Z = ξ(x, u)
∂

∂x
+ η(x, u)

∂

∂u
. (5.13)

Sometimes point symmetries are also referred to as classical symmetries. If we
then also let ξ and η depend on ux,

Z = ξ(x, u, ux)
∂

∂x
+ η(x, u, ux)

∂

∂u
, (5.14)

in such a way that η(1) is independent of uxx, then we get a contact trans-
formation. Going even further and letting ξ and η depend on an arbitrary
amount of derivatives,

Z = ξ(x, u, ux, uxx, . . . )
∂

∂x
+ η(x, u, ux, uxx, . . . )

∂

∂u
, (5.15)

gives what is called a Lie-Bäcklund transformation or generalised transforma-
tion. Aside from this there are also transformations that depend on unsolved
integrals, such transformations are called nonlocal. Hence transformations
without integrals are sometimes called local transformations.

The type of symmetries we are interested in are the ones corresponding
to Lie-Bäcklund transformations, and due to not having any obvious geomet-
ric interpretations, we will exclusively work with the vertical form for these
symmetries.

Definition 5.3. The transformation generated by an infintesimal generator

Z = η(x, u, ux, . . . , uxk)
∂

∂u
(5.16)

is a Lie-Bäcklund symmetry of the equation F (x, u, ux, uxx . . . , uxn) = 0, if
and only if

Z(n)F = 0 when F = 0. (5.17)

A Lie-Bäcklund symmetry generator is called nontrivial if k > n.

It is worth noting that despite the name, neither Lie nor Bäcklund con-
sidered symmetries of this form. In fact this larger class of symmetries has its
origin in the work of Noether [16].
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Theorem 5.4. If the transformation

x̂ = x (5.18)

û = u+ ǫη(x, u, ux, . . . ) +O(ǫ) (5.19)

is a variational symmetry (Noether transformation) for the Lagrangian L,
then it is also a Lie-Bäcklund symmetry of the corresponding Euler-Lagrange
equation.

The converse of this theorem is not necessarily true, an Euler-Lagrange
equation can admit Lie-Bäcklund symmetries which are not variational sym-
metries. For a further discussion about Noether’s Theorem see [2].

3. The Concept of Integrability

One interesting aspect of Lie-Bäcklund symmetries is that if an equation
admits one Lie-Bäcklund symmetry, then it often admits an infinite sequence
of such symmetries [7]. This concept can be used when defining what is meant
by an equation being integrable. Formally an equation is considered integrable
if a general solution exists, but there is no common agreement for a precise
definition. One definition in terms of Lie-Bäcklund symmetries was proposed
by A. S. Fokas in 1987 [7].

Proposition 5.5. An equation is considered integrable if and only if it admits
infinitely many time-independent Lie-Bäcklund symmetries.

Formally one can justify this definition through the fact that one can gen-
erate a specific solution from a Lie-Bäcklund symmetry, hence if an equation
admits infinitely many symmetries one can, at least in theory, add all the
specific solutions using nonlinear superposition to get the general solution.
Another way to justify the proposition is through the fact that symmetries of
an object corresponds to conserved attributes, hence if an infinite amount of
symmetries exists, the object should then be stable in the sense that a general
solution exists.



The scientist does not study nature because it is useful; he studies it
because he delights in it, and he delights in it because it is beautiful.

H. Poincare

6
Recursion Operators

In the context of symmetry transformations recursion operators were first in-
troduced by P. J. Olver in 1977 [17]. They are interesting because they can be
used to realise infinite sequences of Lie-Bäcklund symmetries, hence also the
property of integrability. As we shall see, linear differential equations give rise
to recursion operators in a straightforward manner. This can then be used to
derive the necessary conditions for recursion operators to exist for nonlinear
differential equations in terms of their associated linearised equation. This
is especially interesting as nonlinear partial differential equations have been
subject to a dramatically increased amount of research in the last few decades.
The theorems in this chapter will be stated without proofs. For the details see
[2].

To formulate the theory of recursion operators let us consider a linear PDE

Lu = 0 (6.1)

where L is a linear differential operator. Now assume that this PDE admits a
nontrivial Lie-Bäcklund symmetry generated by

Z = η(x, u, ux, . . . , uxk)
∂

∂u
. (6.2)

Since (6.1) is linear the symmetry condition becomes

Lη = 0 when Lu = 0. (6.3)

Now if η is linear in u, that is, it can be written as

η = Ru (6.4)
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for a linear differential operator R. Then the determining equation becomes

LRu = 0 when Lu = 0. (6.5)

That is, if u solves the equation Lu = 0 then v = Ru solves Lv = 0. Hence
we have shown that linear differential equations which admit a Lie-Bäcklund
symmetry with η linear in u, admit infinitely many Lie-Bäcklund symmetries.

Theorem 6.1. If the linear differential equation Lu = 0 admits a nontrivial
Lie-Bäcklund symmetry

Z = η(x, u, ux, . . . , uxk)
∂

∂u
(6.6)

such that η can be written η = Ru for a linear differential operator R. Then
Lu = 0 also admits the nontrivial Lie-Bäcklund symmetries

Z =
(

Rsη(x, u, ux, . . . , uxk)
) ∂

∂u
, s = 1, 2, . . . (6.7)

The linear operator R is then called a recursion operator for the equation
Lu = 0.

1. Recursion Operators for Nonlinear PDE’s

Consider a general PDE

F (x, t, u, ux, uxx, . . . , uxn) = 0 (6.8)

of order n ≥ 2, admitting a Lie-Bäcklund symmetry generated by

Z = η(x, u, ux, . . . , uxk)
∂

∂u
. (6.9)

The required symmetry condition for this is Z(n)F = 0, which is a linear PDE
in η. That is we have

L[u]η = 0, (6.10)

for the linear operator

L[u] =
∂F

∂u
+
∂F

∂ut
Dt +

∂F

∂ux
Dx +

∂F

∂uxx
D2

x + · · · + ∂F

∂unx
Dn

x . (6.11)

The linearised equation corresponding to (6.8) is by definition

L[u]v = 0, (6.12)

which is also a necessary condition for

φ = u+ ǫv (6.13)

to solve (6.8). Then obviously every Lie-Bäcklund symmetry v = η admitted
by the equation (6.8) is a special solution of the linearised equation.

Now suppose (6.12) admits a nontrivial symmetry generated by

Z = (R[u]v)
∂

∂v
, (6.14)
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then by Theorem 6.1 we also have that

v = R[u]η (6.15)

solves (6.12). We state this as a theorem.

Theorem 6.2 (Recursion Operators for Nonlinear PDE’s). If the PDE

F (x, u, ux, . . . , uxn) = 0 (6.16)

admits the Lie-Bäcklund symmetry

Z = η(x, u, ux, . . . , uxk)
∂

∂u
(6.17)

and its associated linearised equation L[u]v = 0 admits a nontrivial symmetry

Z = (R[u]v)
∂

∂v
, (6.18)

then F (x, u, ux, . . . , uxn) = 0 admits the infinite sequence of Lie-Bäcklund sym-
metries

Z = ((R[u]v)s)η
∂

∂u
, s = 1, 2, . . . (6.19)

Corollary 6.3. For a PDE F (x, u, ux, . . . , uxn) = 0 the determining equa-
tion for recursion operators is

L[u]R[u]v = 0 (6.20)

for every u and v satisfying (6.8) and (6.12) respectively.

2. The Commutator Condition

The condition (6.20) is a bit cumbersome to work with, fortunately an
easier condition to work with exists, and as we shall we, especially for the case
of evolution equations.

Theorem 6.4 (The Commutator Condition). The determining equation (6.20)
for a recursion operator R[u] is equivalent to the commutator condition

[L[u], R[u]]φ = 0. (6.21)

Corollary 6.5. For evolution equations of the form

ut = F (u, ux, uxx, . . . , uxn), (6.22)

the commutator condition can be written as

[L̂[u], R[u]]φ = (DtR[u])φ. (6.23)

where

L̂[u] =
∂F

∂u
+
∂F

∂ux
Dx +

∂F

∂uxx
D2

x + . . . (6.24)
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As mentioned earlier, classifying equations according to recursion opera-
tors are interesting as then it is possible to say if a particular nonlinear equation
is integrable without finding an explicit solution. With recursion operators it
is also possible to generate integrable hierarchies of equations by applying the
recursion operators on the t-translation symmetries, that is R[u]ut. This is
done for example in [21] and [22].

Example 6.6. To illustrate the use of recursion operators, consider the equa-
tion

ut = u2uxx, (6.25)

which like all evolution equations is invariant under the obvious t-translational
symmetry. In vertical form this is generated by

Z = ut
∂

∂u
. (6.26)

As we will see later, this equation admits the recursion operator

R[u] = uDx + u2uxxD
−1
x u−2. (6.27)

With this we can generate higher order symmetries according to

ut
∂

∂u
→ R[u]ut

∂

∂u
, (6.28)

where
R[u]ut = R[u]u2uxx = u3uxxx + 3u2uxuxx. (6.29)

That is, using the recursion operator (6.27) we have derived the symmetry

Z = (u3uxxx + 3u2uxuxx)
∂

∂u
(6.30)

for equation (6.25).



One reason why mathematics enjoys special esteem, above all other
sciences, is that its laws are absolutely certain and indisputable, while
those of other sciences are to some extent debatable and in constant
danger of being overthrown by newly disco.

A. Einstein

7
Finding the Determining Equations

What we want to do is classify the set of nonlinear autonomous evolution
equations of the form

ut = F (u, ux, uxx), (7.1)

with respect to any potential recursion operators. For any such equation to
have a recursion operator it must satisfy the condition

[L̂[u], R[u]]φ = (DtR[u])φ. (7.2)

We make an ansatz for recursion operators of the form

R[u] = QDx +H + I1D
−1
x ◦ J1 + I2D

−1
x ◦ J2, (7.3)

where Q, H, I and J all depend on u as well as an unspecified number of
derivatives of u with respect to x. Inserting this into the condition (7.2) will
give us a system of equations which any PDE and its corresponding recursion
operators must satisfy. Now this system will probably be both nonlinear and
coupled, making it nontrivial to solve. Fortunately it is over-determined and
hence we can repeatedly reduce the complexity of the system by solving the
easiest equation and then reinserting the solution.

If we let

K =
∂F

∂u
, E =

∂F

∂ux
, B =

∂F

∂uxx
, (7.4)
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then the left hand side of (7.2) expands to

[L̂[u], R[u]]φ = (K +EDx +BD2
x)(QDx +H + I1D

−1
x ◦ J1 + I2D

−1
x ◦ J2)φ

− (QDx +H + I1D
−1
x ◦ J1 + I2D

−1
x ◦ J2)(K + EDx +BD2

x)

= φxx

(

2BDxQ−QDxB

)

+ φx

(

EDxQ+BD2
xQ

+ 2BDxH −QDxE

)

+ φ

(

EDxH +BD2
xH

+ 2BJ1DxI1 +BI1DxJ1 + 2BJ2DxI1

+BI2DxJ2 −QDxK + I1Dx(J1B) + I2Dx(J2)

)

+D−1
x (J1φ)

(

KI1 + EDxI1 +BD2
xI1

)

+D−1
x (J2φ)

(

KI2 + EDxI2 +BD2
xI2

)

+ I1D
−1
x

(

Dx(J1E)φ− J1Kφ−D2
x(J1B)φ

)

+ I2D
−1
x

(

Dx(J2E)φ− J2Kφ−D2
x(J2B)φ

)

.

(7.5)

The right hand side of (7.2) is

(DtR[u])φ =

(

Dt(QDx +H + I1D
−1
x ◦ J1 + I2D

−1
x ◦ J2)

)

φ

= φxDtQ+ φDtH +DtI1 ·D−1
x (J1φ)

+ I1D
−1
x (φDtJ1) +DtI2 ·D−1

x (J2φ) + I2D
−1
x (φDtJ2).

(7.6)



7. FINDING THE DETERMINING EQUATIONS 43

If we now identify the different coefficients we get the seven determining
equations:

2BDxQ−QDxB = 0 (DET1)

EDxQ+BD2
xQ+ 2BDxH −QDxE = DtQ (DET2)

EDxH +BD2
xH −QDxK+

+
2
∑

i=1

(

2BJiDxIi+2BIiDxJi + IiJiDxB
)

= DtH
(DET3)

KI1 + EDxI1 +BD2
xI1 = DtI1 (DET4)

KI2 + EDxI2 +BD2
xI2 = DtI2 (DET5)

Dx(J1E) − J1K −D2
x(J1B) = DtJ1 (DET6)

Dx(J2E) − J2K −D2
x(J2B) = DtJ2 (DET7)

These are the equations that we will work with for the rest of the thesis.





Pure mathematics is, in its way, the poetry of logical ideas.

A. Einstein

8
Solving the Determining Equations

The seven determining equations (DET1-DET7) are in general very difficult,
yet we can solve three of them in the general case. We state the results of
these as Lemmas.

Lemma 8.1. The first determining equation

2BDxQ−QDxB = 0, (DET1)

where F = F (u, ux, uxx), B = Fuxx
and Q = Q(u, ux, uxx, . . . ), has the solu-

tion

Q = P
1/2
1 B1/2 (8.1)

where P1 is an arbitrary constant strictly greater than 0.

Proof. Expanding the total derivative operators gives

2B(Quux + Qux
uxx + . . . ) − Q(Buux + Bux

uxx + Buxx
uxxx) = 0. (8.2)

Identifying and the putting the results back in gives
(uxxxx)

2BQuxxx
= 0 ⇒ Q = Q(u, ux, uxx), (8.3)

(uxxx)

2BQuxx
−QBuxx

= 0 ⇒ Q = P1(u, ux)1/2B1/2, P1 > 0. (8.4)

(uxx)

P1ux
= 0 ⇒ P1 = P1(u), (8.5)

and finally the equation reduces to P1u = 0, which implies that P1 is a constant.
�
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Lemma 8.2. The fourth and fifth determining equations,

KIi + EDxIi +BD2
xIi = DtIi, i = 1, 2 (DET4, DET5)

gives with the ansatz Ii = αiux + βiut + γi, the solution

Ii = αiux + βiut i = 1, 2. (8.6)

Proof. Using the ansatz the equation reduces to

K(αiux + βiut + γi) +E(αiuxx + βiutx) +B(αiuxxx + βiutxx)

= αiuxt + βiutt, (8.7)

which we can rewrite as

αi(Fuux + Fux
uxx + Fuxx

uxxx) + βi(Fuut + Fux
uxt + Fuxx

uxxt) + Fuγi

= αiuxt + βiutt. (8.8)

But since
utt = DtF = Fuut + Fux

uxt + Fuxx
uxxt, (8.9)

uxt = DxF = Fuux + Fux
uxx + Fuxx

uxxx, (8.10)

equation (8.8) reduces to Fuγi = 0, and hence

Ii = αiux + βiut (8.11)

satisfies equation (DET4, DET5). �

The reason for the ansatz for Ii is that we want to consider equations as
general as possible, thus we write Ii as a linear combination of coefficients
corresponding to translational symmetries.

Lemma 8.3. If Ji depends on a finite number of derivatives of u with respect
to x, then the sixth and seventh determining equations

Dx(JiE) − JiK −D2
x(JiB) = DtJi, i = 1, 2, (DET6, DET7)

give that
Ji = Ji(u) (8.12)

for equations of the form

F = q1(u, ux)uxx + q2(u, ux). (8.13)

Unfortunately the remaining determining equations cannot be solved as
easily. In fact, to do the calculations in full generality we need to be very
careful whenever we divide by something that can be zero. What will happen
whenever there is such a situation is that we need to split the calculations into
different cases, to make sure we do not make any unnecessary assumptions.

To make this process easier we divide the calculations into four main cases:

• The fully nonlinear case, F = F (u, ux, uxx).
• The nonlinear case, F = q1(u, ux)uxx + q2(u, ux).
• The quasilinear case, F = q1(u)uxx + q2(u, ux).
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• The semilinear case, F = q1uxx + q2(u, ux).

This is to make the calculations more manageable. We will start with the
easiest case and then work our way up towards more complex and difficult
cases.

1. Semilinear Case, ut = q1uxx + q2(u, ux)

Consider the semilinear case

F = q1uxx + q2(u, ux). (8.14)

Since we solved equation (DET1), (DET4) and (DET5) in the general case,
we only need to consider equation (DET2), (DET3), (DET6) and (DET7).

1.1. The second determining equation. Consider

EDxQ+BD2
xQ+ 2BDxH −QDxE = DtQ, (DET2)

where

E = Fux
= q2ux

, B = Fuxx
= q1, H = H(u, ux, uxx, ...). (8.15)

Since B is in this case a constant, Q is hence a product of two constants
according to Lemma 8.1, thus we will not expand Q in the calculations. The
equation now reduces to

2q1(Huux + Hux
uxx + Huxx

uxxx + . . . ) − Q(q2uxuux + q2uxux
uxx) = 0.

(8.16)

Approaching this as before by identifying the coordinates (ux, uxx, etc) and
integrating the resulting Hux

, gives

H =
1

2
Qq−1

1 q2(u, ux)ux
+ q1.1.1. (8.17)

The numbering scheme used here for q1.1.1 to denote the integration constant,
is used to separate the large number of these terms occurring later on in the
calculations. We will rename these constants in the final results to produce a
nicer looking result.

1.2. The sixth determining equation. Consider the determining equa-
tion

Dx(J1E) − J1K −D2
x(J1B) = DtJ1, (DET6)

this equation has a second order total derivative, and as such we cannot identify
the coefficients u, ux, etc in the same linear way as the previous equation
(DET2). What we do instead is to assume that J1 depends on a finite number
of derivatives of u with respect to x, thus Lemma 8.3 gives that

J1 = J1(u). (8.18)

With this then (DET6) reduces for the coefficient (uxx) to

J1(u)q2(u, ux)uxux
− 2J1(u)uq1 = 0, (8.19)
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which we can solve for q2 to obtain

q2(u, ux)uxux
= 2q1

J1(u)u
J1(u)

, J1 6= 0. (8.20)

Here we must be careful. Since we divide by J1 we must consider the situation
J1 = 0 as a special case. This we do later in Section 1.5, while we here
continue with the assumption J1 6= 0. Integrating the expression (8.20) twice
with respect to ux leaves us with

q2 = q1
J1(u)u
J1(u)

u2
x + q1.1.2(u)ux + q1.1.3(u). (8.21)

When putting this back into the original equation (DET6) it reduces to

−J1(u)q1.1.3(u)u = J1(u)uq1.1.3, (8.22)

which we can solve,

J1 =
q1.1.4

q1.1.3(u)
, q1.1.3 6= 0, (8.23)

where q1.1.4 is an arbitrary constant. Here we observe that we have a split for
the case q1.1.3 = 0. This we do in Section 1.6, while here we continue under the
assumption that q1.1.3 6= 0. Putting our result for J1 back into the expression
(8.21) gives us

q2 = −q1.1.3(u)u
q1.1.3(u)

q1u
2
x + q1.1.2(u)ux + q1.1.3(u), (8.24)

and hence the expression (8.14) for F becomes

F = q1uxx − q1.1.3(u)u
q1.1.3(u)

q1u
2
x + q1.1.2(u)ux + q1.1.3(u), (8.25)

which fully satisfies the original equation (DET6) together with

Q = constant, (8.26)

H = −Qq1.1.3(u)u
q1.1.3(u)

ux +
1

2
Qq−1

1 q1.1.2(u) + q1.1.1, (8.27)

Ii = αiux + βiut, i = 1, 2 (8.28)

J1 =
q1.1.4

q1.1.3(u)
, J2 = J2(u, ux, uxx, . . . ), (8.29)

where

q1 6= 0, q1.1.3 6= 0. (8.30)
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1.3. The third determining equation. Consider now the largest de-
termining equation, the third and most complicated one.

EDxH +BD2
xH −QDxK+

+
2
∑

i=1

(

2BJiDxIi+2BIiDxJi + IiJiDxB
)

= DtH.
(DET3)

Inserting (8.25-8.29) into this and then identifying the highest derivative gives
for the coefficient (uxxxx),

2q1J2uxxx
I2 = 0. (8.31)

That is J2 = J2(u, ux, uxx) or the special case I2 = 0, which we investigate
further in Section 1.7. Now that we know that J2 only depend on a finite
number of derivatives of u with respect to x, Lemma 8.3 gives that

J2 = J2(u), (8.32)

and then the next coefficient (uxxx) gives

2q21J2(u)β2 + β1
q1.1.4

q1.1.3
= 0 ⇒ J2 = −β1

β2

q1.1.4

q1.1.3(u)
, β2 6= 0. (8.33)

Recall that the special case β2 = 0 will be considered in Section 1.8. With
this we obtain the system

(uxx)
2q1q1.1.4

q1.1.3(u)

(

α1 −
β1

β2
α2

)

−Qq1.1.2(u)u = 0, (8.34)

(u2
x)

−1

2
Qq1.1.2(u)uu +

1

2

Qq1.1.3(u)uq1.1.2(u)u
q1.1.3(u)

−2
q1q1.1.4q1.1.3(u)u

q1.1.3(u)2

(

α1−
β1

β2
α2

)

= 0,

(8.35)
with the rest as

−1

2

Q

q1
q1.1.2(u)uq1.1.3(u) = 0. (8.36)

This we solve by starting with (8.36), which gives

q1.1.2 = constant, (8.37)

since we already know that q1.1.3 6= 0. The other two equations (8.34) and
(8.35) then reduce to

q1.1.4

(

α1 −
β1

β2
α2

)

= 0, (8.38)

q1.1.3(u)uq1.1.4

(

α1 −
β1

β2
α2

)

= 0, (8.39)

where the solution is

α1 =
β1

β2
α2. (8.40)
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Note that q1.1.4 = 0 is not a valid solution, as we already have that J1 6= 0.
Thus the set of expressions which solves (DET3) is

F = q1uxx − q1.1.3(u)u
q1.1.3(u)

q1u
2
x + q1.1.2ux + q1.1.3(u), (8.41)

Q = constant, (8.42)

H = −Qq1.1.3(u)u
q1.1.3(u)

ux +
1

2

Q

q1
q1.1.2 + q1.1.1, (8.43)

I1 =
β1

β2
α2ux + β1ut, I2 = α2ux + β2ut, (8.44)

J1 =
q1.1.4

q1.1.3(u)
, J2 = −β1

β2

q1.1.4

q1.1.3(u)
, (8.45)

with

β2 6= 0, q1 6= 0, q1.1.3 6= 0, I2 6= 0, J1 6= 0. (8.46)

On the surface it might look like we have found a recursion operator with
an integral part, but if we insert these into the integral part of our recursion
operator ansatz we get

I1D
−1
x ◦ J1 + I2D

−1
x ◦ J2 = 0. (8.47)

1.4. The seventh determining equation. The final equation that must
be solved is the determining equation

Dx(J2E) − J2K −D2
x(J2B) = DtJ2. (DET7)

Now for the set of expressions (8.41-8.45), we suspect that (DET7) is satisfied
directly, as (8.41-8.45) according to (8.47) correspond to a recursion operator
without an integral part. Inserting

J2 = −β1

β2

q1.1.4

q1.1.3(u)
(8.48)

into (DET7) we see that it satisfies the equation, hence verifying this suspic-
tion. Thus our final result is (8.41-8.45), renaming the functions

q1.1.2 → q2q1, q1.1.3 → q3q1. (8.49)

and using a dot to denote derivatives with respect to u gives the equation

ut = uxx + q3ux − q̇2(u)

q2(u)
u2

x + q2(u), q2 6= 0, (EQ1)

which admits the recursion operator

R[u] = Dx − q̇2(u)

q2(u)
ux. (REC1)
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We have divided the constant factor q1 away and removed the constant term
from the recursion operator as constant terms always trivially satisfy the recur-
sion operator conditions. The same with the constant Q that can be factored
out.

1.5. The special case J1 = 0. We return to the sixth determining equa-
tion

Dx(J1E) − J1K −D2
x(J1B) = DtJ1, (DET6)

and (8.19). Now consider the special case when J1 = 0, which of course
trivially satisfies the equation. Before continuing we summarise the situation;

F = q1uxx + q2(u, ux), (8.50)

Q = constant, H =
1

2q1
Qq1(u, ux)ux

+ q1.1.1, (8.51)

Ii = αiux + βiut, i = 1, 2, (8.52)

J1 = 0, J2 = J2(u, ux, . . . ), (8.53)

with q1 6= 0. The third determining equation, i.e.

EDxH +BD2
xH −QDxK+

+

2
∑

i=1

(

2BJiDxIi+2BIiDxJi + IiJiDxB
)

= DtH,
(DET3)

then gives for the coefficient (uxxxx)

2q1I2J2uxxx
= 0 ⇒ J2 = J2(u, ux, uxx). (8.54)

Hence we can use Lemma (8.3) to get J2 = J2(u). Next we get for (uxxx)

2q21J2(u)β2 = 0, ⇒ β2 = 0, (8.55)

with J2 = 0 as a split, considered later in (8.69). Continuing with J2 6= 0
gives:

(u2
xx)

1

2
Qq2(u, ux)uxuxux

= 0 (8.56)

⇒ q2 =
1

2
q1.1.1.1(u)u

2
x + q1.1.1.2(u)ux + q1.1.1.3(u). (8.57)

(uxx)

2q1J2(u)α2 −Qq1.1.1.2(u)u = 0, (8.58)

⇒ J2 =
1

2q1α2
Qq1.1.1.2(u)u, α2 6= 0. (8.59)

(u2
x)

q1.1.1.2(u)uu − 1

2q1
q1.1.1.1(u)q1.1.1.2(u)u = 0 (8.60)
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⇒ q1.1.1.1(u) = 2q1
q1.1.1.2(u)uu

q1.1.1.2(u)u
, q1.1.1.2(u)u 6= 0. (8.61)

With (8.57), (8.59) and (8.61) together, equation (DET3) then reduces to two
equations, one for the coefficient (ux) and one for the rest. The latter equation
is easy and can be solved directly;

− 1

2q1
Qq1.1.1.2(u)uq1.1.1.3(u) = 0 ⇒ q1.1.1.3 = 0, (8.62)

since we already know that q1.1.1.2(u)u 6= 0. With this the full equation (DET3)
is satisfied and we can summarise the results as follows:

F = q1uxx +
q1.1.1.2(u)uu

q1.1.1.2(u)u
q1u

2
x + q1.1.1.2(u)ux, (8.63)

Q = constant, (8.64)

H = Q
q1.1.1.2(u)uu

q1.1.1.2(u)u
ux +

Q

2q1
q1.1.1.2(u) + q1.1.1, (8.65)

J1 = 0, J2 =
Q

2q1α2
q1.1.1.2(u)u, I2 = α2ux, (8.66)

with

α2 6= 0, q1.1.1.2(u)u 6= 0, q1 6= 0, J2 6= 0. (8.67)

For this case we now only have the seventh determining equation,

Dx(J2E) − J2K −D2
x(J2B) = DtJ2, (DET7)

left to solve. However inserting our earlier result reveals that this equation is
actually directly satisfied, hence it is the final result. Renaming q1.1.1.2 to q2,
making the substitution

q2 → q2q1, (8.68)

dropping the constant terms from the recursion operator and using a dot to
denote derivatives with respect to u, we obtain the equation

ut = uxx + q2(u)ux +
q̈2(u)

q̇2(u)
u2

x, q̇2 6= 0, (EQ2)

which admits the recursion operator

R[u] = Dx +
q̈2(u)

q̇2(u)
ux +

1

2
q2(u) +

1

2
uxD

−1
x q̇2(u). (REC2)

1.5.1. The special case J2 = 0 and J1 = 0. Consider again equation (8.55),
but now let us see what happens when the solution is instead

J2 = 0. (8.69)

Clearly the seventh determining equation (DET7) is trivially satisfied and we
only have to finish the third determining equation (DET3). This reduces to
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(u2
xx)

Q

2
q2(u, ux)uxuxux

= 0, (8.70)

⇒ q2 =
1

2
q1.1.1.1(u)u

2
x + q1.1.1.2(u)ux + q1.1.1.3(u). (8.71)

(uxx)

−Qq1.1.1.2(u)u = 0 ⇒ q1.1.1.2 = constant. (8.72)

(ux)

−Qq1.1.1.3(u)uu − Q

2q1

(

q1.1.1.1(u)uq1.1.1.3(u) + q1.1.1.1(u)q1.1.1.3(u)u

)

(8.73)

which can be integrated once to give

q1.1.1.3(u)u +
1

2q1
q1.1.1.1(u)q1.1.1.3(u) = q1.1.1.4. (8.74)

Now this can only be solved in principle:

q1.1.1.3 = e−
∫

q1.1.1.1(u)/2q1du ·
(

q1.1.1.4

∫

e
∫

q1.1.1.1(u)/2q1dudu+ q1.1.1.5

)

. (8.75)

Equation (8.50-8.53), (8.69), (8.71), (8.72) and (8.75) gives together with the
substitutions

q1.1.1.1 → q2, q1.1.1.2 → q3q1, q1.1.1.4 → q4q1, q1.1.1.5 → q5q1, (8.76)

the equation

ut = q1uxx+
1

2
q2(u)u

2
x+q3q1ux+e−

∫

q2(u)/2q1du·
(

q4q1

∫

e
∫

q2(u)/2q1dudu+q5q1

)

,

(8.77)
which admits the recursion operator

R[u] = Dx +
q2(u)ux

2q1
. (8.78)

With the substitution q2 → 2q1q̈2(u)/q̇2(u) we can rewrite this as

ut = uxx + q3ux +
q̈2(u)

q̇2(u)
u2

x +
q2(u)

q̇2(u)
q4 +

q5
q̇2(u)

, q̇2 6= 0, (EQ3)

R[u] = Dx +
q̈2(u)

q̇2(u)
ux. (REC3)

When going from (8.74) to (8.75) we divide by q1.1.1.3, which is only valid if
q1.1.1.3 6= 0. Consider instead that q1.1.1.3 = 0, then the equation (8.73) for
(ux) would be trivially satisfied and we would end up with

ut = q1uxx + q3ux + q2(u)u
2
x, (8.79)
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and the recursion operator

R[u] = Dx +
q2(u)

q1
ux. (8.80)

Unfortunately this is just a special case of (EQ3) and (REC3).
1.5.2. The special case α2 = 0 and J1 = 0. In equation (8.58), consider

the special case α2 = 0, then

q1.1.1.2(u)u = 0 ⇒ q1.1.1.2 = constant, (8.81)

and the full third determining equation reduces to the same one as earlier,
(8.73). Hence we obtain no new solution.

1.5.3. The special case q1.1.1.2(u)u = 0 and J1 = 0. In equation (8.60), if
instead we have q1.1.1.2(u)u = 0, then it follows that

q1.1.1.2 = constant (8.82)

and hence J2 = 0, thus we get the same case as earlier.

1.6. The special case q1.1.3 = 0. Considering equation (8.22), but with
the case q1.1.3 = 0, then the sixth determining equation

Dx(J1E) − J1K −D2
x(J1B) = DtJ1, (DET6)

is satisfied. At this point we then have

F = q1uxx + q1
J1(u)u
J1(u)

u2
x + q1.1.2(u)ux, (8.83)

Q = constant, (8.84)

H = Q
J1(u)u
J1(u)

ux +
Q

2q1
q1.1.2(u) + q1.1.1, (8.85)

J1 = J1(u), J1 6= 0, J2 = J2(u, ux, uxx, . . . ), (8.86)

Ii = αiux + βiut, i = 1, 2, (8.87)

with the third (DET3) and seventh equation (DET7) left. The third deter-
mining equation,

EDxH +BD2
xH −QDxK+

+

2
∑

i=1

(

2BJiDxIi+2BIiDxJi + IiJiDxB
)

= DtH,
(DET3)

gives us for the coefficient (uxxxx) that

2q1I2J2uxxx
= 0 ⇒ J2 = J2(u, ux, uxx), I2 6= 0. (8.88)

Hence we can use Lemma 8.3 to deduce that J2 = J2(u). Further we get

(uxxx)

2q21J1(u)β1 + 2q21J2(u)β2 = 0 ⇒ J2 = −β1

β2
J1(u), β2 6= 0, (8.89)
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(uxx · ux)

4Qq1

(

J1(u)uu

J1(u)
− J1(u)

2
u

J1(u)2

)

= 0 ⇒ J1 = q1.1.1.7e
q1.1.1.6u. (8.90)

Thus this gives

F = q1uxx + q1q1.1.1.6u
2
x + q1.1.2(u)ux, (8.91)

H = Qq1.1.1.6ux +
Q

2q1
q1.1.2(u) + q1.1.1, (8.92)

with which we get for the coordinate (uxx);

2q1q1.1.1.7

(

α1 −
β1

β2
α2

)

eq1.1.1.6u −Qq1.1.1.2(u)u = 0. (8.93)

This we integrate to obtain

q1.1.2 =
2q1
Q

q1.1.1.7

q1.1.1.6

(

α1 −
β1

β2
α2

)

eq1.1.1.6u, q1.1.1.6 6= 0. (8.94)

The last coefficient is (u2
x);

4q1q1.1.1.7q1.1.1.6

(

α1 −
β1

β2
α2

)

eq1.1.1.6u = 0, (8.95)

which has the solution α1 = α2β1/β2, but this implies that q1.1.2 = 0 and
hence only leads to a special case of (EQ3). Note that q1.1.1.7 = 0 is not a
solution of (8.95) since this gives J1 = 0, contradicting our earlier assertion.

Going back to equation (8.93) and instead consider the case that q1.1.1.6 =
0, then this leads to

q1.1.2 =
2q1
Q
q1.1.1.7

(

α1 −
β1

β2
α2

)

u+ q1.1.1.8, (8.96)

which also solves the full (DET3) equation. Using this result in the last de-
termining equation (DET7) we get that

β1 = 0. (8.97)

Thus the final result is

F = q1uxx +
2q1q1.1.1.7α1

Q
uux + q1.1.1.8ux, (8.98)

Q = constant, H = q1.1.1.7α1u, (8.99)

J1 = q1.1.1.7, J2 = 0, I1 = α1ux. (8.100)

Making the substitution

2q1.1.1.7α1

Q
→ q2q1, q1.1.1.8 → q3q1, (8.101)

gives the equation
ut = uxx + q2uux + q3ux, (8.102)
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with the recursion operator

R[u] = Dx +
q2
2
u+

q2
2
uxD

−1
x . (8.103)

Thus we see that this equation is just a special case of (EQ2).
1.6.1. The special case I2 = 0 and q1.1.3 = 0. Going back to (8.88) and

instead choosing the solution I2 = 0. This gives us for the third determining
equation (DET3) and the coefficient (uxxx);

2q21J1β1 = 0 ⇒ β1 = 0, (8.104)

since we already have J1 6= 0. The next coefficient is (uxx);

2q1J1α1 −Qq1.1.2(u)u = 0 ⇒ J1 =
Q

2q1α1
q1.1.2(u)u, α1 6= 0. (8.105)

Inserting this into (8.83) just gives us the same result as (EQ2) and hence we
will not pursue this track any further. Instead with α1 = 0 in (8.105) gives
q1.1.2 = constant, and we end up with

ut = q1uxx + q1
q̇2(u)

q2(u)
u2

x + q3ux, (8.106)

R[u] = Dx +
q̇2(u)

q2(u)
ux. (8.107)

This is not a new result, but a variant of (EQ1).
1.6.2. The special case β2 = 0 and q1.1.3 = 0. Considering the situation

β2 = 0 in equation (8.89), then we get

(uxxx)

2q21J1β1 = 0 ⇒ β1 = 0 (8.108)

(uxx)

2q21J1α1 + 2q21J2α2 −Qq1.1.2(u)u = 0, (8.109)

⇒ J1 =
Q

2q1α1
q1.1.2(u)u − α2

α1
J2 (8.110)

(u2
x)

(

Qq1.1.2(u)u
2q1

− α2J2

)

q1.1.2(u)uu − Q

2q1
q1.1.2(u)uuq1.1.2(u)u

+ α2J2(u)uq1.1.2(u)u = 0. (8.111)

⇒ J2 = q1.1.1.8q1.1.2(u)u. (8.112)

But this means that F reduces to the earlier case (EQ2), and hence we stop
here.



1. SEMILINEAR CASE, ut = q1uxx + q2(u, ux) 57

1.7. The special case I2 = 0. In equation (8.31), if we instead choose
the solution I2 = 0, that is we have

F = q1uxx − q1.1.3(u)u
q1.1.3(u)

q1u
2
x + q1.1.2(u)ux + q1.1.3(u), (8.113)

Q = constant, (8.114)

H = −Qq1.1.3(u)u
q1.1.3(u)

ux +
1

2
Qq−1

1 q1.1.2(u) + q1.1.1, (8.115)

Ii = αiux + βiut, i = 1, 2 (8.116)

J1 =
q1.1.4

q1.1.3(u)
, J2 = J2(u, ux, uxx, . . . ), (8.117)

where q1 6= 0, q1.1.3 6= 0, and only the third (DET3) and seventh (DET7)
determining equation still left to solve. Starting with the third we get the
sequence of coefficients as;

(uxxx)

2q21β1q1.1.4

q1.1.3(u)
= 0 ⇒ β1 = 0, (8.118)

(uxx)

2q1q1.1.4α1

q1.1.3(u)
−Qq1.1.2(u)u = 0, (8.119)

(u2
x)

−Q
2
q1.1.2(u)uu − 2q1α1q1.1.4

q1.1.3(u)u
q1.1.3(u)2

+
Q

2

q1.1.3(u)uq1.1.2(u)u
q1.1.3(u)

= 0, (8.120)

and the rest of the equation as

Q

2q1
q1.1.2(u)uq1.1.3(u) = 0. (8.121)

Equation (8.121) gives that q1.1.2 = constant, since we already have the condi-
tion q1.1.3 6= 0. With this the two other equations (8.119) and (8.120) reduces
to

α1q1.1.4 = 0, (8.122)

α1q1.1.4q1.1.3(u)u = 0. (8.123)

Since we have that J1 6= 0, this implies that q1.1.4 6= 0, and hence the solution
to equation (8.122) and (8.123) is

α1 = 0. (8.124)

But this means that I1 = 0 and we get an equation with a recursion operator
of the form (EQ1), thus nothing new.
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1.7.1. The special case q1.1.4 = 0 and I2 = 0. Consider the solution q1.1.4 =
0 for equation (8.118) instead. Reinserting this into (DET3) gives the coeffi-
cient (uxx) as

−Qq1.1.2(u)u = 0 ⇒ q1.1.2 = constant, (8.125)

and the equation is fully satisfied. Since we have I2 = 0 the seventh equation
does not matter, and hence the obtained equation is the final result. Unfortu-
nately it is the same as (EQ1).

1.8. The special case β2 = 0. In equation (8.33) we divide by β2 to
obtain an expression for J2. If we instead see what happens if we have β2 = 0,
then the third determining equation (DET3) reduces to

(uxxx)
β1q1.1.4

q1.1.3
⇒ β1 = 0, (8.126)

since we have q1.1.4 6= 0 due to J1 6= 0. This gives

(uxx)

−Qq1.1.2(u)u + 2q1J2(u)α2 +
2q1q1.1.4α1

q1.1.3(u)
= 0, (8.127)

(u2
x)

− Q

2
q1.1.2(u)uu − 2q1α1q1.1.4

q1.1.3(u)u
q1.1.3(u)2

+
Q

2

q1.1.3(u)uq1.1.2(u)u
q1.1.3(u)

+ 2q1α2J2(u)u = 0, (8.128)

and for the rest of the equation,

Q

2q1
q1.1.2(u)uq1.1.3(u) = 0. (8.129)

Equation (8.129) implies that q1.1.2 is a constant, and with this the other two
equations (8.127) and (8.128) reduce to

2q1α1q1.1.4

q1.1.3(u)
+ 2q1J2(u)α2 = 0, (8.130)

−2q1α1q1.1.4q1.1.3(u)u
q1.1.3(u)2

+ 2q1J2(u)uα2 = 0. (8.131)

Here we see that the second equation (8.131) is simply the differential conse-
quence of (8.130), thus we solve for J2 to obtain

J2 = −α1

α2

q1.1.4

q1.1.3(u)
, (8.132)

with α2 6= 0. This is because we have the condition I2 6= 0 and β2 is already
zero. Unfortunately we once more get the same result as equation (EQ1).
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2. Quasilinear Case, ut = q1(u)uxx + q2(u, ux)

The quasilinear case is where q1 depends on u;

F = q1(u)uxx + q2(u, ux). (8.133)

We start by noting that according to Lemma 8.1, we have

Q = q
1/2
1.1 q1(u)

1/2. (8.134)

What we will do is to consider the remaining determining equations in the
order (DET2), (DET6), (DET7), and then (DET3).

2.1. The second determining equation. Thus consider

EDxQ+BD2
xQ+ 2BDxH −QDxE = DtQ, (DET2)

with H = H(u, ux, uxx, . . . ) and Q according to (8.134). For the coefficient
(uxxx) we obtain

2q1Huxx
= 0 ⇒ H = H(u, ux), (8.135)

and for (uxx)

2q1Hux
− q

1/2
1.1 q1(u)

1/2q2(u, ux)uxux
= 0 (8.136)

⇒ Hux
=

q
1/2
1.1

2q1(u)1/2
q2(u, ux)uxux

, (8.137)

which can be integrated to give

H =
q
1/2
1.1

2q1(u)1/2
q2(u, ux)ux

+ q1.2(u). (8.138)

Reinserting and continuing gives an expression which we can solve for q2,

q2 = −1

2
q1(u)uu

2
x +

q1(u)q1(u)uu

q1(u)u
u2

x +
4q1(u)

3/2q1.2(u)u

q
1/2
1.1 q1(u)u

ux. (8.139)

Hence the expression (8.138) for H can be expanded to give

H = −q
1/2
1.1 q1(u)u
2q1(u)1/2

ux +
q
1/2
1.1 q1(u)

1/2q1(u)uu

q1(u)u
ux +

2q1(u)q1.2(u)u
q1(u)u

+ q1.2(u).

(8.140)

2.2. The sixth determining equation. By the same reasoning as for
the semilinear case, we assume that J1 depends on a finite number of deriva-
tives of u with respect to x. Hence we can use Lemma 8.3 to obtain

J1 = J1(u). (8.141)

With this the sixth determining equation,

Dx(J1E) − J1K −D2
x(J1B) = DtJ1, (DET6)
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reduces for the coefficient (uxx) to

−3J1(u)q1(u)u +
2J1(u)q1(u)q1(u)uu

q1(u)u
− 2J1(u)uq1(u) = 0, (8.142)

which can be solved to yield

J1 =
q1.3q1(u)u

q1(u)3/2
, J1 6= 0. (8.143)

The reason for J1 6= 0 is that in the process of solving equation (8.142), we
divided by J1. This also satisfies the full sixth determining equation (DET6),
hence we consider the next equation.

2.3. The seventh determining equation. Using the third equation
(DET3) to get J2 = J2(u, ux, uxx), Lemma (8.3) gives

J2 = J2(u). (8.144)

Now the situation for the seventh determining equation (DET7) is completely
symmetric compared to when we solved the sixth equation (DET6) to get J1.
Inserting our expressions (8.133), (8.139) and (8.144) into

Dx(J2E) − J2K −D2
x(J2B) = DtJ2 (DET7)

also gives a similar result,

J2 =
q1.4q1(u)u
q1(u)3/2

, J2 6= 0, (8.145)

with a split for J2 = 0. Hence we quickly move on to the last determining
equation, (DET3).

2.4. The third determining equation. Solving the third determining
equation is once again the most daunting determining equation to solve. In-
serting the previous obtained expressions into

EDxH +BD2
xH −QDxK+

+

2
∑

i=1

(

2BJiDxIi+2BIiDxJi + IiJiDxB
)

= DtH
(DET3)

gives the two coefficients

(uxxx)

2q1.3β1 + 2q1.4β2 − q
1/2
1.1 = 0, (8.146)

(uxx)

− 2q1(u)q1.2(u)u +
4q1(u)

2

q1(u)2u

(

q1.2(u)uq1(u)uu − q1.2(u)uuq1(u)u

)

+
2q1(u)u

q1(u)1/2

(

q1.4α2 + α1.3α1

)

= 0. (8.147)
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Since equation (8.147) is linear in q1.2 we can solve it with respect to q1.2;

q1.2 = q1.5q1(u)
1/2 + (q1.3α1 + q1.4α2)q1(u)

−1/2 + q1.6. (8.148)

This solves the full equation (DET3), and hence the result is final. We sum-
marise what we have got:

F = q1(u)uxx − 1

2
q1(u)uu

2
x +

q1(u)q1(u)uu

q1(u)u
u2

x (8.149)

+ 2q
−1/2
1.1

(

q1.5q1(u) − (q1.3α1 + q1.4α2)

)

ux, (8.150)

Q = q
1/2
1.1 q1(u)

1/2, (8.151)

H = − q
1/2
1.1 q1(u)u

2q1(u)1/2
ux +

q
1/2
1.1 q1(u)

1/2q1(u)uu

q1(u)u
ux (8.152)

+ 2q1.5q1(u)
1/2 + q1.6, (8.153)

I1 = α1ux +

(

q
1/2
1.1

2q1.3
− q1.4β2

q1.3

)

ut, I2 = α2ux + β2ut, (8.154)

J1 =
q1.3q1(u)u

q1(u)3/2
, J2 =

q1.4q1(u)u

q1(u)3/2
. (8.155)

Renaming the variables according to

q
1/2
1.1

2
→ c1, q1.5 → c2, q1.3α1 + q1.4α2 → c3, (8.156)

and using dot to denote derivative with respect to u, we write this as

ut = q1(u)uxx + c−1
1 (c2q1(u) − c3)ux + {q1}uu

2
x, c1 6= 0, (EQ4)

R[u] = 2c1q1(u)
1/2Dx + 2c1

{q1}u

q1(u)1/2
ux

+ 2c2q1(u)
1/2 + (c3ux + c1ut)D

−1
x

q̇1(u)

q1(u)3/2
,

(REC4)

where

{q1}u := −1

2
q̇1(u) +

q1(u)q̈1(u)

q̇1(u)
. (8.157)

2.5. The special case J1 = 0. Referring back to equation (8.142), since
we divided by J1 when solving the equation, we must check what happens in
the case J1 = 0. Obviously the sixth determining equation is satisfied (DET6),
hence we continue with the seventh (DET7) and third (DET3) equation. Now
inserting our expressions into them actually only gives us special cases of the
previous solution, thus we will not continue.
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2.6. The special case J2 = 0. The same situation occurs in (DET7), in
that we divide by J2 to obtain the solution. Checking the special case J2 = 0
reveals that we get no new solution. Considering J1 = 0 and J2 = 0 at the
same time gives us the condition

q
1/2
1.1 = 0, (8.158)

but since we already have q1.1 6= 0, this is not valid.

2.7. The special case I2 = 0. Notice that when we use the third equa-
tion to get J2 = J2(u, ux, uxx), an alternative solution would be I2 = 0. But
trying with I2 = 0 again gives us the same result as with J2 = 0, and thus
nothing new.

3. Nonlinear Case, ut = q1(u, ux)uxx + q2(u, ux)

Let us consider one of the more interesting cases, namely the nonlinear
case. As we shall see, this case is distinctly harder than previous cases, hence
we will end up having to make a few assumptions to get some full solutions.
But first we will try to get as far as possible without assumptions. Now for
the nonlinear case F is given by

F = q1(u, ux)uxx + q2(u, ux), (8.159)

for which we according to Lemma 8.1 have

Q = q
1/2
3 q1(u, ux)1/2. (8.160)

3.1. The second determining equation. The easiest determining equa-
tion to start with is, as in the previous cases, the second one (DET2). Thus
inserting (8.159) and (8.160) together with H = H(u, ux, . . . ) into

EDxQ+BD2
xQ+ 2BDxH −QDxE = DtQ, (DET2)

gives us the coefficients;

(uxxxx)
2q1(u, ux)Huxxx

= 0 ⇒ H = H(u, ux, uxx), (8.161)

(uxxx)

2q1(u, ux)Huxx
− q1(u, ux)1/2q

1/3
3 q1(u, ux)ux

= 0, (8.162)

which can be solved for Huxx
and integrated to give

H =
q
1/2
3

2

q1(u, ux)ux

q1(u, ux)1/2
uxx + q4(u, ux). (8.163)

(u2
xx)

−3q
1/2
3

4

q1(u, ux)2ux

q1(u, ux)1/2
+
q
1/2
3

2
q1(u, ux)1/2q1(u, ux)uxux

= 0. (8.164)

⇒ q1(u, ux)ux
= q5(u)q1(u, ux)3/2, (8.165)
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⇒ q1(u, ux) =
4

(q6(u) − q5(u)ux)2
. (8.166)

(uxx)

− 16q
1/2
3 q5(u)q6(u)uux

(q6(u) − q5(u)ux)5
+

16q
1/2
3 q5(u)q5(u)uu

2
x

(q6(u) − q5(u)ux)5
+

8q4(u, ux)ux

(q6(u) − q5(u)ux)2

+
16q

1/2
3 q5(u)uux

(q6(u) − q5(u)ux)4
− 2q

1/2
3 q2(u, ux)uxux

q6(u) − q5(u)ux
= 0. (8.167)

Unfortunately we cannot solve this last equation, so we are stuck with the
result

F =
4uxx

(q6(u) − q5(u)ux)2
+ q2(u, ux), (8.168)

Q =
2q

1/2
3

q6(u) − q5(u)ux
, H =

2q
1/2
3 q5(u)uxx

(q6(u) − q5(u)ux)2
+ q4(u, ux), (8.169)

Ii = αiux + βiut, Ji = Ji(u) i = 1, 2, (8.170)

with (DET2) partially solved and (DET3), (DET6) and (DET7) still left to
solve.

3.2. The case, ut = q1(ux)uxx + q2(u, ux). Since we can not solve the
nonlinear case in the general situation, we instead assume that q1 is indepen-
dent of u and try equations of the form

F = q1(ux)uxx + q2(u, ux). (8.171)

We attempt the same sequence of determining equations as in the previous
nonlinear case.

3.2.1. The second determining equation. Thus with

Q = q
1/2
3 q1(ux)1/2 (8.172)

the second determining equation

EDxQ+BD2
xQ+ 2BDxH −QDxE = DtQ (DET2)

gives the following sequence of coefficients;

(uxxxx)
2q1(ux)Huxxx

= 0 ⇒ H = H(u, ux, uxx), (8.173)

(uxxx)

2q1(ux)Huxx
− q

1/2
3 q1(ux)1/2q1(u, ux)ux

= 0, (8.174)

⇒ H =
q
1/2
3

2

q1(ux)ux

q1(ux)1/2
uxx + q4(u, ux). (8.175)

(u2
xx)

−3

2
q1(ux)2ux

+ q1(ux)q1(ux)uxux
= 0. (8.176)
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⇒ q1 =
4

(q6 − q5ux)2
(8.177)

(uxx)

8q4(u, ux)ux

q6 − q5ux
− 2q

1/2
3 q2(u, ux)uxux

= 0, (8.178)

which is the final coefficient and can be solved to give

q4 =
1

4
q
1/2
3 (q6 − q5ux)q2(u, ux)ux

+
1

4
q
1/2
3 q5q2(u, ux) + q7. (8.179)

This then fully solves the second determining equation (DET2). Equation
(8.171) together with (8.177) then gives

F =
4

(q6 − q5ux)2
uxx + q2(u, ux), (8.180)

and equation (8.175) together with (8.179) becomes

H =
2q

1/2
3 q5

(q6 − q5ux)2
uxx+

1

4
q
1/2
3 (q6−q5ux)q2(u, ux)ux

+
1

4
q
1/2
3 q5q2(u, ux), (8.181)

where we have dropped the integration constant since we can always add an
arbitrary constant to H.

3.2.2. The sixth determing equation. When inserting this into the sixth
determining equation (DET6) we get the coefficient (uxx)

− 8J1(u)uq5
(q6 − q5ux)3

ux + J1(u)q2(u, ux)uxux
− 8J1(u)u

(q6 − q5ux)2
= 0, (8.182)

with solution

q2 = q7(u)ux + q8(u) +
4q6

q25(q6 − q5ux)

J1(u)u
J1(u)

, (8.183)

and splits for J1 = 0. Note that we do not consider q5 = 0, as this leads to
the semilinear case. The rest of equation (DET6) is

4J1(u)u
q25

+ J1(u)uq8(u) + J1(u)q8(u)u = 0, (8.184)

which gives

J1 = e−q2

5
/4
∫

q8(u)du

(
∫

q9e
q2

5
/4
∫

q8(u)dudu+ qA

)

. (8.185)

Thus we have in total
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F =
4uxx

(q6 − q5ux)2
− q5q8(u)ux

q6 − q5ux
+ q7(u)ux (8.186)

+
4q6q9

q25(q6 − q5ux)
· eq

2

5
/4
∫

q8(u)du

∫

q9eq
2

5
/4
∫

q8(u)dudu+ qA
, (8.187)

Q =
2q

1/2
3

q6 − q5ux
, (8.188)

H =
2q

1/2
3 q5

(q6 − q5ux)2
uxx +

q
1/2
3

4

(

q6q7(u) −
(q6 + q5ux)q5q8(u)

q6 − q5ux
(8.189)

+
8q6q9

q5(q6 − q5ux)
· eq

2

5
/4
∫

q8(u)du

∫

q9eq
2

5
/4
∫

q8(u)dudu+ qA

)

, (8.190)

Ii = αiux + βiut, i = 1, 2, (8.191)

J1 = e−q2

5
/4
∫

q8(u)du

(
∫

q9e
q2

5
/4
∫

q8(u)dudu+ qA

)

, (8.192)

J2 = J2(u). (8.193)

With the substitution

q8 → 4

q25

q8(u)uu

q8(u)u
, (8.194)

we can rewrite the expressions for F , H and J1 to become

F =
4uxx

(q6 − q5ux)2
− 4

q5(q6 − q5ux)

q8(u)uu

q8(u)u
ux (8.195)

+ q7(u)ux +
4q6q9q8(u)u

q25(q6 − q5ux)(q9q8(u) + qA)
, (8.196)

H =
2q

1/2
3 q5

(q6 − q5ux)2
uxx +

q
1/2
3

4

(

q6q7(u) −
4(q6 + q5ux)

q5(q6 − q5ux)

q8(u)uu

q8(u)u
(8.197)

+
8q6q9q8(u)u

q5(q6 − q5ux)(q9q8(u) + qA)

)

, (8.198)

J1 =
q9q8(u) + qA

q8(u)u
. (8.199)

3.2.3. The third and seventh determining equation. Inserting into the third
equation (DET3) gives the highest coefficient (uxxx) as

J2(u)β2 +
(q9q8(u) + qA)β1

q8(u)u
= 0, (8.200)

which when for J2 is;

J2 = −β1

β2
· q9q8(u) + qA

q8(u)u
. (8.201)
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This looks very similar to the expression (8.199) for J1, thus we suspect that
this satisfies the seventh equation (DET7) directly. Inserting (8.201) into
(DET7) also verifies this, hence the only equation left to finish is (DET3).
Unfortunately for the next coefficient of (DET3) we obtain an equation that
is too difficult to solve in general, hence we are forced to make assumptions.
We thus assume

q8 = u, q9 = 0. (8.202)

Then the next coefficient (uxx) of (DET3) becomes

q6

(

4qA

(

α2
β1

β2
− α1

)

+ q
1/2
3 q6q7(u)u

)

= 0, (8.203)

where the solution q6 = 0 satisfies the full equation. Making the substitution

q5 → c3, q7 → q1, q3 → c22, qA

(

α1 −
β1

β2
α2

)

→ −c1, (8.204)

gives us the final result as the equation

ut =
4uxx

c23u
2
x

+ q1(u)ux, (8.205)

which admits the recursion operator

R[u] =
2c2
c3ux

Dx − 2c2uxx

c3u2
x

+ c1uxD
−1
x . (8.206)

We rewrite this by dividing away some constants,

ut =
uxx

u2
x

+ q1(u)ux, (EQ5)

R[u] =
1

ux
Dx − uxx

u2
x

+ c1uxD
−1
x . (REC5)

3.2.4. The special case q6 6= 0. If we instead choose the solution

q7 = 4qA

(

α1 − α2
β1

β2

)

u

q
1/2
3 q6

+ qC (8.207)

in equation (8.203), we get with the substitutions

q6 → c1, q5 → c2, q3 → c25, qA
(

α1 −
β1

β2
α2

)

→ c3, qC → c4

(8.208)
the final result as;

ut =
4uxx

(c1 − c2ux)2
+

4c3uux

c5c1
+ c4ux, (8.209)

with the recursion operator

R[u] =
2c5

c1 − c2ux
Dx +

2c5c2uxx

(c1 − c2ux)2
+ c3u+ c3uxD

−1
x . (8.210)



4. FULLY NONLINEAR CASE, ut = F (u, ux, uxx) 67

We rewrite this as

ut =
uxx

(c1 − c2ux)2
+ c3uux + c4ux, (EQ6)

R[u] =
1

c1 − c2ux
Dx +

c2uxx

(c1 − c2ux)2
+
c1c3u

2
+
c1c3ux

2
D−1

x . (REC6)

4. Fully Nonlinear Case, ut = F (u, ux, uxx)

The really interesting case is the fully nonlinear case, that is nonlinearity
for uxx as well. Hence with the three expressions

F = F (u, ux, uxx), Q = P11/2F 1/2
uxx

, H = H(u, ux, uxx, . . . ), (8.211)

we get that the second determining equation

EDxQ+BD2
xQ+ 2BDxH −QDxE = Dt (DET2)

reduces to the sequence of coefficients;

(uxxxx)
2Fuxx

Huxxx
= 0 ⇒ H = H(u, ux, uxx), (8.212)

(u2
xxx)

−3

4

P
1/2
1 F 2

uxxuxx

F
1/2
uxx

+
1

2
P

1/2
1 F 1/2

uxx
Fuxxuxxuxx

= 0, (8.213)

⇒ F =
−4

(P2(u, ux)uxx + P3(u, ux))P2(u, ux)
+ P4(u, ux). (8.214)

(uxxx)

2P
1/2
1 (P3(u, ux)ux

− P2(u, ux)uux)

(P2(u, ux)uxx + P3(u, ux))2
+Huxx

= 0, (8.215)

⇒ H =
2P

1/2
1 (P3(u, ux)ux

− P2(u, ux)uux)

(P2(u, ux)uxx + P3(u, ux))P2(u, ux)
+ P5(u, ux). (8.216)

Unfortunately we do not get any further than this, so we are stuck at

F =
−4

(P2(u, ux)uxx + P3(u, ux))P2(u, ux)
+ P4(u, ux), (8.217)

Q =
2P

1/2
1

P2(u, ux)uxx + P3(u, ux)
, (8.218)

H =
2P

1/2
1 (P3(u, ux)ux

− P2(u, ux)uux)

(P2(u, ux)uxx + P3(u, ux))P2(u, ux)
+ P5(u, ux), (8.219)

Ii = αiux + βiut, Ji = Ji(u, ux, uxx, . . . ), i = 1, 2. (8.220)

To proceed we thus need to make assumptions. Assuming that

P2 = 2, P3 = 0, P5 = 0, (8.221)
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then the second determining equation (DET2) reduces to

P4(u, ux)uux
uxuxx + P4(u, ux)uuu

2
x + P4(u, ux)uuxx = 0. (8.222)

This can be solved for P4 to give

P4 = P6
u

ux
+ P8(ux). (8.223)

Continuing with (DET6) gives the two coefficients

(uxxxx)

J1(u, ux, uxx)

u3
xx

− J1(u, ux, uxx)uxx

u2
xx

= 0 ⇒ J1 = P9(u, ux)uxx. (8.224)

(uxxx)

P9(u, ux)uux = 0 ⇒ P9 = P9(ux) (8.225)

Hence we have

J1 = P9(ux)uxx. (8.226)

The next coefficient is (uxx), but unfortunately we cannot solve this equation;

−P9(ux)P6

ux
− P9(ux)uxux

− P9(ux)ux
P6 = 0. (8.227)

Thus we cannot go any further for the sixth determining equation (DET6),
but the result (8.226) allows us to see what (DET3) reduces to. Together with

J2 = PA(ux)uxx (8.228)

from (DET7) the third determining equation (DET3) yields the coefficient
(uxxx) as

PA(ux)β2 + P9(ux)β1 = 0 ⇒ PA = −β1

β2
P9(ux). (8.229)

The rest of the equation is

P
1/2
1 P6

u2
x

+ 2P9(ux)

(

α1 − α2
β1

β2

)

+ 2P9(ux)ux
ux

(

α1 − α2
β1

β2

)

= 0, (8.230)

with the solution

P9 =
P

1/2
1 P6

2
(

α1 − α1
β1

β2

)

1

uxx
. (8.231)

With this the third determining equation (DET3) reduces to

uxP
2
6 − 6P6 = 0 ⇒ P6 = 0. (8.232)

Hence the final result is the equation

ut =
1

uxx
+ P (ux) (EQ7)
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with the recursion operator

R[u] =
1

uxx
Dx. (REC7)





Nothing is more practical than a good theory.

K. Lewin

9
Summary

To summarise we list the equations and their respective recursion operators
that we found using the ansatz

R[u] = QDx +H + I1D
−1
x ◦ J1 + I2D

−1
x ◦ J2, (9.1)

for equations of the form ut = F (u, ux, uxx). In these equations all dependen-
cies are written out explicitly, hence if a function lacks a dependency, it is a
constant.

Equation 1:

ut = uxx + q3ux − q̇2(u)

q2(u)
u2

x + q2(u), q2 6= 0, (EQ1)

R[u] = Dx − q̇2(u)

q2(u)
ux. (REC1)

Equation 2:

ut = uxx + q2(u)ux +
q̈2(u)

q̇2(u)
u2

x, q̇2 6= 0, (EQ2)

R[u] = Dx +
q̈2(u)

q̇2(u)
ux +

1

2
q2(u) +

1

2
uxD

−1
x q̇2(u). (REC2)
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Equation 3:

ut = uxx + q3ux +
q̈2(u)

q̇2(u)
u2

x +
q2(u)

q̇2(u)
q4 +

q5
q̇2(u)

, q̇2 6= 0, (EQ3)

R[u] = Dx +
q̈2(u)

q̇2(u)
ux. (REC3)

Equation 4:

ut = q1(u)uxx +
(c2q1(u) − c3)ux

c1
+ {q1}uu

2
x, c1 6= 0, (EQ4)

R[u] = 2c1q1(u)
1/2Dx + 2c1

{q1}u

q1(u)1/2
ux

+ 2c2q1(u)
1/2 + (c3ux + c1ut)D

−1
x

q̇1(u)

q1(u)3/2
,

(REC4)

where

{q1}u := −1

2
q̇1(u) +

q1(u)q̈1(u)

q̇1(u)
. (9.2)

Equation 5:

ut =
uxx

u2
x

+ q1(u)ux, (EQ5)

R[u] =
1

ux
Dx − uxx

u2
x

+ c1uxD
−1
x . (REC5)

Equation 6:

ut =
uxx

(c1 − c2ux)2
+ c3uux + c4ux, (EQ6)

R[u] =
1

c1 − c2ux
Dx +

c2uxx

(c1 − c2ux)2
+
c1c3u

2
+
c1c3ux

2
D−1

x . (REC6)

Equation 7:

ut =
1

uxx
+ P (ux) (EQ7)

R[u] =
1

uxx
Dx. (REC7)
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1. Comparison with Known Results

Comparing with the results found using the x-generalised hodograph trans-
formation in [4], we see that the obtained equations for the semilinear, quasi-
linear and nonlinear (but linear in uxx) correspond to the results already found.
Furthermore, since we did not make any assumptions in the semilinear and
quasilinear cases, we have shown that these equations are the only ones pos-
sible.

The interesting result is the fully nonlinear equation (EQ7), which as far
as we know is not found in the literature. Applying its corresponding recursion
operator we get a hierarchy of equations starting with

ut = −uxxx

u3
xx

+ P ′(ux)uxx, (9.3)

which admits the same recursion operator. This result indicates that it might
be fruitful to pursue other special solutions of the determining equations for
the fully nonlinear case, or preferably, to solve the equations in full generality.
The general opinion among researchers is that second order equations have
been investigated thoroughly, yet this result shows that there might still be
some surprises in the fully nonlinear case.





A
Example of a Maple Program

Here we include the Maple1 program used to verify some of the recursion
operators, in this case the quasilinear equation (EQ4) and its corresponding
recursion operator (REC4).

> restart:with(PDEtools):

> f:=q1(u)*uxx - 1/2*D(q1)(u)*ux^2 + q1(u)*D(D(q1))(u)/D(q1)(u)*ux^2
+ 1/c1*(c2*q1(u) - c3)*ux;

f := q1(u) uxx − 1

2
D(q1 )(u) ux2 +

q1(u) (D(2))(q1 )(u) ux2

D(q1 )(u)
+

(c2 q1(u) − c3 ) ux

c1

> U:=u(x,t): UX:=diff(U,x): UXX:=diff(U,x,x):

> K1:=convert(diff(f,u), D):

> K:=subs(u=U, ux=diff(U,x), uxx=diff(U,x,x), K1);

K := D(q1 )(u(x, t)) ( ∂2

∂x2 u(x, t)) +
1

2
(D(2))(q1 )(u(x, t)) ( ∂

∂x u(x, t))2

+
q1(u(x, t)) (D(3))(q1 )(u(x, t)) ( ∂

∂x u(x, t))2

D(q1 )(u(x, t))

− q1(u(x, t)) (D(2))(q1 )(u(x, t))2 ( ∂
∂x u(x, t))2

D(q1 )(u(x, t))2
+

c2 D(q1 )(u(x, t)) ( ∂
∂x u(x, t))

c1

> E1:=convert(diff(f,ux), D):

> E:=subs(u=U, ux=diff(U,x), uxx=diff(U,x,x), E1);

1Maple is a registrated trademark of Maplesoft, a division of Waterloo Maple Inc.
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E := −D(q1 )(u(x, t)) ( ∂
∂x u(x, t)) +

2 q1(u(x, t)) (D(2))(q1 )(u(x, t)) ( ∂
∂x u(x, t))

D(q1 )(u(x, t))

+
c2 q1(u(x, t)) − c3

c1
> B1:=diff(f,uxx):

> B:=subs(u=U, ux=diff(U,x), uxx=diff(U,x,x), B1);

B := q1(u(x, t))

> Q:=2*c1*sqrt(q1(U));

Q := 2 c1
√

q1(u(x, t))

> H:=2*c1*(-1/2*D(q1)(U)/sqrt(q1(U))*diff(U,x) +
> sqrt(q1(U))*D(D(q1))(U)/D(q1)(U)*diff(U,x)) + 2*c2*sqrt(q1(U));

H := 2 c1

(

−1

2

D(q1 )(u(x, t)) ( ∂
∂x u(x, t))

√

q1(u(x, t))
+

√

q1(u(x, t)) (D(2))(q1 )(u(x, t)) ( ∂
∂x u(x, t))

D(q1 )(u(x, t))

)

+ 2 c2
√

q1(u(x, t))

> UT:=subs(u=U, ux=diff(U,x), uxx=diff(U,x,x), f);

UT := q1(u(x, t)) ( ∂2

∂x2 u(x, t)) − 1

2
D(q1 )(u(x, t)) ( ∂

∂x u(x, t))2

+
q1(u(x, t)) (D(2))(q1 )(u(x, t)) ( ∂

∂x u(x, t))2

D(q1 )(u(x, t))
+

(c2 q1(u(x, t)) − c3 ) ( ∂
∂x u(x, t))

c1

> I1:=c3*diff(U,x) + c1*UT;

I1 := c3 ( ∂
∂x u(x, t)) + c1

(

q1(u(x, t)) ( ∂2

∂x2 u(x, t)) − 1

2
D(q1 )(u(x, t)) ( ∂

∂x u(x, t))2

+
q1(u(x, t)) (D(2))(q1 )(u(x, t)) ( ∂

∂x u(x, t))2

D(q1 )(u(x, t))
+

(c2 q1(u(x, t)) − c3 ) ( ∂
∂x u(x, t))

c1

)

> I2:=0:

> J1:=D(q1)(U)/q1(U)^(3/2);

J1 :=
D(q1 )(u(x, t))

q1(u(x, t))(3/2)

> J2:=0;

J2 := 0

> QT1:=diff(Q,t);

QT1 :=
c1 D(q1 )(u(x, t)) ( ∂

∂t u(x, t))
√

q1(u(x, t))

> QT:=subs(diff(U,t)=UT, QT1):

> HT1:=diff(H,t);



HT1 := 2 c1





1

4

D(q1 )(u(x, t))2 ( ∂
∂x u(x, t)) ( ∂

∂t u(x, t))

q1(u(x, t))(3/2)
− 1

2

D(q1 )(u(x, t)) ( ∂2

∂x ∂t u(x, t))
√

q1(u(x, t))

+

√

q1(u(x, t)) (D(3))(q1 )(u(x, t)) ( ∂
∂t u(x, t)) ( ∂

∂x u(x, t))

D(q1 )(u(x, t))

−
√

q1(u(x, t)) (D(2))(q1 )(u(x, t))2 ( ∂
∂x u(x, t)) ( ∂

∂t u(x, t))

D(q1 )(u(x, t))2

+

√

q1(u(x, t)) (D(2))(q1 )(u(x, t)) ( ∂2

∂x ∂t u(x, t))

D(q1 )(u(x, t))



 +
c2 D(q1 )(u(x, t)) ( ∂

∂t u(x, t))
√

q1(u(x, t))

> HT2:=subs(diff(U,t,x)=diff(UT,x), HT1):

> HT:=subs(diff(U,t)=UT, HT2):

> I1T1:=diff(I1,t);

I1T1 := c3 ( ∂2

∂x ∂t u(x, t)) + c1

(

D(q1 )(u(x, t)) ( ∂
∂t u(x, t)) ( ∂2

∂x2 u(x, t))

+ q1(u(x, t)) ( ∂3

∂x2 ∂t u(x, t)) +
1

2
(D(2))(q1 )(u(x, t)) ( ∂

∂t u(x, t)) ( ∂
∂x u(x, t))2

− D(q1 )(u(x, t)) ( ∂
∂x u(x, t)) ( ∂2

∂x ∂t u(x, t))

+
q1(u(x, t)) (D(3))(q1 )(u(x, t)) ( ∂

∂t u(x, t)) ( ∂
∂x u(x, t))2

D(q1 )(u(x, t))

− q1(u(x, t)) (D(2))(q1 )(u(x, t))2 ( ∂
∂x u(x, t))2 ( ∂

∂t u(x, t))

D(q1 )(u(x, t))2

+
2 q1(u(x, t)) (D(2))(q1 )(u(x, t)) ( ∂

∂x u(x, t)) ( ∂2

∂x ∂t u(x, t))

D(q1 )(u(x, t))

+
c2 D(q1 )(u(x, t)) ( ∂

∂t u(x, t)) ( ∂
∂x u(x, t))

c1
+

(c2 q1(u(x, t)) − c3 ) ( ∂2

∂x ∂t u(x, t))

c1

)

> I1T2:=subs(diff(U,x,x,t)=diff(UT,x,x), I1T1):

> I1T3:=subs(diff(U,t,x)=diff(UT,x), I1T2):

> I1T:=subs(diff(U,t)=UT, I1T3):

> I2T1:=diff(I2,t);

I2T1 := 0

> I2T2:=subs(diff(U,t,x)=diff(UT,x), I2T1):

> I2T:=subs(diff(U,t)=UT, I2T2):

> J1T1:=diff(J1,t);



J1T1 :=
(D(2))(q1 )(u(x, t)) ( ∂

∂t u(x, t))

q1(u(x, t))(3/2)
− 3

2

D(q1 )(u(x, t))2 ( ∂
∂t u(x, t))

q1(u(x, t))(5/2)

> J1T:=subs(diff(U,t)=UT,J1T1):

> J2T1:=diff(J2,t);

J2T1 := 0

> J2T:=subs(diff(U,t)=UT,J2T1):

Ok now verify:

Equation 1:

> EQ1:=2*B*diff(Q,x) - Q*diff(B,x);

EQ1 := 0

Equation 2:
> EQ2:=E*diff(Q,x) + B*diff(Q,x,x) + 2*B*diff(H,x) - Q*diff(E,x) -
> QT:

> EQ2_1:=expand(EQ2);

EQ2 1 := 0

Equation 3:
> EQ3:=E*diff(H,x) + B*diff(H,x,x) + 2*B*J1*diff(I1,x) +
> 2*B*I1*diff(J1,x) + 2*B*J2*diff(I2,x) + 2*B*I2*diff(J2,x) -
> Q*diff(K,x) + I1*J1*diff(B,x) + I2*J2*diff(B,x) - HT:

> EQ3_1:=expand(EQ3);

EQ3 1 := 0

Equation 4:

> EQ4:=K*I1 + E*diff(I1,x) + B*diff(I1,x,x) - I1T:

> EQ4_1:=expand(EQ4);

EQ4 1 := 0

Equation 5:

> EQ5:=K*I2 + E*diff(I2,x) + B*diff(I2,x,x) - I2T;

EQ5 := 0

Equation 6:

> EQ6:=diff(J1*E,x) - J1*K - diff(J1*B,x,x) - J1T:

> EQ6_1:=expand(EQ6);

EQ6 1 := 0

Equation 7:

> EQ7:=diff(J2*E,x) - J2*K - diff(J2*B,x,x) - J2T;

EQ7 := 0
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