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Abstract

Agility describes the ability of a spacecraft to arbitrarily and rapidly reorient itself in
space. In recent years the desire for increased agility has turned into more and more of
a necessity to further enhance the capabilities of particularly Earth-observing satellites.
Assuming agile conditions changes the way of looking at the topic of attitude estima-
tion, since many real sensor signals experience degradation during times of increased
rotational rates.

This thesis covers the topic of spacecraft attitude estimation under agility. The sen-
sors being employed are star trackers and gyros, the latter being of both rate- and
rate-integrating type. For being able to accurately estimate attitude during periods of
high slew-rates, multiple error sources as well as misalignments of the sensitive axis of
the gyros are considered and specifically modeled in the Kalman Filters used for cali-
bration as well as the corresponding sensor models. The observability of the physical
calibration parameters of the gyros is analyzed. It is found that gyro calibration filters
which are used for the calibration of gyro units with more than three sense axes, in ad-
dition to attitude measurements, also require null-space measurements in order to not
suffer a loss of observability. Furthermore a suitable calibration maneuver is required
to provide full observability of all calibration parameters. Simulation results demon-
strate the performance of the calibration filters developed. Monte Carlo simulations
prove consistent operation of the filters. Finally the filter-performance is compared to
the covariance-tuning solution used prior to this work.

Keywords: Attitude Estimation, Agility, Kalman Filter, Gyro-Calibration, Null-
space updates, Observability, Calibration Maneuvers
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Nomenclature

The following is a summary of exclusively allocated variables and conventions followed
in this work.

Convention Example

Frames are indicated by the small-type subscript characters
b, u

b = body frame
u = unit frame

Estimates carry a hat on top of the variable e.g. ω̂
Measurement carry a tilde on top of the measured quantity e.g. ω̃
An error/residual carries a prefixed δ
(Error-definition: corrupted value = true value + error)

e.g. δω

Vectors are denoted by small-type bold characters e.g. ωb
Matrices are denoted by capitalized bold characters e.g. K

Symbol Description

()×, e.g. v =

v1v2
v3

⇒ Cross-product matrix of a three-dimensional vector

v× =

 0 −v3 v2
v3 0 −v1
−v2 v1 0


⊗, e.g. Quaternion product as introduced in [1]

qca = qcb ⊗ qba
a Attitude Gibbs vector representation
b Gyro bias

E〈 〉 Expectation operator

Ĝ Nominal gyro alignment matrix
I Identity matrix
J Jacobian matrix used in the derivation of the gyro models
K Kalman Gain
L Matrix of gyro-model accounting for scale factors and mis-

alignments
n Number of sensitive axes in a gyro unit
N Null-space basis
O Observability matrix (after Kalman)
p Vector of gyro calibration parameters
q Quaternion
q Vector part of quaternion
q4 Scalar part of quaternion
Q′ Discrete-time process noise covariance matrix
s Gyro symmetric scale factor

Tbu Rotation-/Transformation-matrix from frame u to frame b
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1. Introduction

The fusion of data from multiple gyroscopes and star trackers is common practice for
spacecraft that require precise attitude knowledge. In most of the missions that have
flown in the past a Kalman Filter-based solution was the method of choice. The earliest
publication reporting of attitude estimation with a Kalman Filter is [2]1. Reasons for
this approach are its systematic structure and simple means to incorporate process
noise.
The concept of fusing gyro and star tracker (STR) data is sometimes called ”Gyro-
Stellar Estimation” (GSE) [3] or ”Gyro-Stellar Attitude Determination” [4] and is
well-established in space industry. Some examples of satellites employing a Kalman
Filter to obtain optimal2 estimates are: AQUA [5], Sentinel-2 [3], Landsat, TOPEX
and GOES [6]. So why the need for another work dealing with Gyro-Stellar Estimation
by means of a Kalman Filter?
The reason is a new trend for (increased) agility, which found its way into space industry
in recent years. Agility can be defined as the ability to perform a sufficiently quick
reorientation of the satellite about an arbitrary axis [7]. This is especially important for
Earth-observing (EO) missions which profit from an enhanced reorientation in that it
enables observing different target-areas along the orbital path in a shorter time-frame
than typically required. This increases the observed area along with the complexity
and requirements towards the attitude and orbit control system (AOCS).
Figure 1.1 is reproduced from reference [7] and demonstrates the enhanced capabilities
that come with increased agility (see the image description for details).

Fig. 1.1.: Simulation results comparing medium (left) and high agility (right) scenarios. Using 10 Nm Control
Momentum Gyros (CMGs) instead of 1 Nm CMGs multiple area scans benefit from increased agility in that

either additional target scans can be performed (point 1) or the observational area is enlarged (point 3).

Legend: Red: ground track during slew. Green: ground track during scan. Blue: Line of sight (LOS)
during slew. Cyan: LOS during scan. For further details see reference [7]

1The filter was working with magnetometers and sun sensors, not gyros/star trackers
2In the sense of minimum error covariance. Technically speaking the estimates are sub-optimal as
non-linear system models are required
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1. Introduction

Satellite missions can be roughly divided into three categories based on the concept of
agility:

� Low agility: Small-angle rotations in multiple minutes

� Medium agility: Large-angle rotations in multiple minutes

� High agility: Large-angle rotations in multiple seconds

Missions of low agility are mainly those involving telescopes, e.g. GeoOculus [8] or
EUCLID. Missions of medium and high agility are typically EO missions. Upcoming
examples of medium agility are DEOS, TSX-2 or LOFT. An example for high agility
(and its benefits) is the Pleiades-HR two-spacecraft constellation [9].
An agile mission puts high demands on the satellite bus, its hardware as well as the
AOCS. Special requirements are present for the actuators (ability to produce high
torques), structure (enhanced stiffness), pointing stability (especially during scans)
and the attitude estimation algorithms. Solving the challenges that arise in attitude
estimation under agility by developing special algorithms that account for agile sit-
uations is the content of this thesis. The filters developed against this background
represent an improvement in accuracy for all of the above categories and are especially
suitable for high-precision attitude estimation.

1.1. Motivation
Referring to sensor fusion in a Kalman Filter one has to deal with a new way of looking
at the problem of attitude- and angular rate-estimation. Many real sensor signals are
degraded under agile conditions, which cannot be ignored and has to be specifically
included in the models and algorithms.
To motivate this work, a typical Kalman Filter for gyro and STR fusion shall be exposed
to an agile maneuver3. The scenario is the following: after an initial calibration phase
of 30 minutes, the satellite slowly enters the EO-mode (rotation about its y-axis with
the orbital rate). Another 30 minutes later it performs a sequence of observations,
which is indicated by the high slew rate sine profile. After the observations it enters a
phase of zero angular rate. The rate profile is given in figures 1.2a and 1.2b.

(a) (b)

Fig. 1.2.: Rate profile demonstrating the effects occurring when performing agile maneuvers
with an attitude estimation filter for low-agility missions

3The filter in this example is the well-known 6-state filter. It is explained further in section 1.2

2



1. Introduction

(a) Attitude Estimation Errors (b) Bias Estimation Errors

Fig. 1.3.: Effect of unmodeled parameters on a conventional filter solution for low agility
missions

Figures 1.3a and 1.3b show the corresponding errors in the attitude and bias estimates.
Since attitude estimation algorithms on board of agile spacecraft have to be able to
cope with such situations, one wants a filter solution which does not suffer from the
effects presented in figures 1.3a, 1.3b and yields a quick reconvergence of the filter
estimates, thus minimizing the transition time between scans. Even though the effect
will be less severe for high performance gyros, it is clearly visible that the unmodeled
errors corrupt the bias and attitude estimates. Especially the attitude estimate is of
major concern and by taking a close look at t = 0.5 h in figure 1.3a it can be seen that
the first maneuver has only little impact on the attitude error. This is because it is a
slow maneuver in which the change in rotational rate is quite small. The series of agile
observations however have a major impact on the estimates as the attitude errors in all
axes increase from an absolute maximum of∼2-3 arcsec towards levels of∼40-80 arcsec.
After the last target observation the filter takes approximately 2 minutes until the
attitude estimate reaches consistency4 again. The bias estimates with ∼20 minutes
until reconvergence take even longer. This transition time is unacceptable in case of
real scenarios, which illustrates the need for a proper solution.
The reason for the attitude estimate to reach consistency in the beginning of the
profile is that since the angular rate vector is constant in direction and magnitude
the unmodeled errors, such as scale factors or misalignments (cf. section 2.1), can
effectively be treated as a bias [10]. Therefore the estimated bias is not in accordance
with the true bias, as it includes the unmodeled effects and combines them in a ”virtual
bias”. The same is true for the last part, however since then the body rate is zero, the
additional errors vanish (they are rate-dependent) and only the true bias is included
in the bias estimate.
This scenario shall serve as an example for the necessity of special algorithms which
can cope with agile situations. In the course of establishing know-how in this evolving
sector, Airbus Defence and Space, in cooperation with the University of Stuttgart and
DLR have launched the joint project ”HOREOS agil” as a follow-up of the HOPAS
[11], HORES [12] and HOREOS projects. Within this project the technology for
performing precision pointing under agile conditions shall be developed and validated
using a technology demonstrator. It is this project that gave rise to the thesis at hand.

4Consistency means that the standard deviation generated from the estimation error covariance
matrix is equal to the standard deviation of the estimation error.

3



1. Introduction

1.2. State of the art
Proper alignment and calibration of sensors is crucial for obtaining precise attitude
information. Gyro calibration is of special importance for spacecraft which either
track targets or perform high slew-rate maneuvers [13]. The state of the art in gyro
calibration described in this section is divided as follows. A first part on attitude
estimation algorithms in general shall help the reader to classify the gyro calibration
algorithms presented in section 1.2.2. Finally section 1.2.3 gives an overview regarding
the calibration of redundant inertial measurement units (RIMUs5) which comprise more
than three gyros. A last part is devoted to the summary of the foregoing.

1.2.1. Attitude estimation algorithms

In principle there are three major types of attitude determination algorithms. These are:

1) Single-Frame algorithms 2) Batch least-squares methods 3) Recursive Filter algorithms

Only the latter two are suitable for gyro calibration, as the single-frame solutions
(e.g. the QUEST-algorithm) generally do not use rate measurements. They are thus
often applied to gyroless spin-stabilized spacecraft which do not require highly accurate
attitude knowledge. Since the only option to compensate for random variations in
the sensor measurements is providing more independent and simultaneous observation
vectors, their accuracy generally limited [14]. Batch least-squares methods on the
other hand use rate data to propagate the attitude estimate to the sample-instances of
the measurements. The deviation between the propagated and measured data is then
evaluated to compute the attitude estimate which minimizes the root-mean square
residuals. Batch least-squares estimators are not sequential. They use attitude data
of the entire time-span to compute the next estimate. Hence they are not suitable for
real-time on-orbit calibration. Usually no process-noise is accounted for in the least-
squares estimators, due to the difficulty of including it into the algorithm [15]. Hence
the calibration parameters are assumed to be constant. Given ideal data and only the
presence of white noise, batch least-squares methods and sequential filters should yield
identical results in the limit of large time-spans [14].
For real-time use in on-board computers, recursive filter algorithms have to be
applied. The reason for this is that sequential filters can work with only the latest
estimate and the current set of measurements. Sequential filters such as the well-
known Kalman Filter, use rate data (or a dynamics model of the satellite) to propagate
attitude to the times of the attitude measurements and then compute a gain which is
used to weight the resulting residuals. Sensor noise is explicitly modeled in the form
of covariance matrices and determines the contribution of the specific sensor to the
overall estimate. Since the filters are recursive, they are initialized with an initial
estimate of the state and its covariance. Often the initial attitude estimate is taken
from a first measurement, such that the covariance corresponds to the measurement
covariance. After fusion of the measurements, the uncertainty in the state-estimate is
reduced (even if some sensors are of low quality). The performance of sequential filters
is determined mainly by the model for the state-propagation and the way of handling
non-linearities. Using a Kalman Filter with a non-linear system can be accomplished by
either directly forming a linearized system and applying the standard Kalman Filter
equations or using non-linear derivatives of the filter, such as an Extended Kalman
Filter (EKF) or Unscented Kalman Filter (UKF) [16, 144ff.].

5In this work an inertial measurement unit (IMU) is considered as an ensemble of three gyros and
does not include other sensors such as accelerometers. A gyro is an individual sensor and a RIMU
consists of more than three gyros.
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1. Introduction

1.2.2. Gyro Calibration Algorithms

In early days gyro calibration was performed by algorithms which required special
procedures for calibration. The batch least-squares Davenport algorithm, probably the
most famous calibration algorithm, belongs to this category. This algorithm is nearly
40 years old and has been used on several satellites, e.g. COBE, UARS, ESOHO,
Chandra, Aqua (EOS-PM1) and Terra (EOS-AM1), since its invention [13].
Being a batch least-squares estimator, the algorithm is (without modification) un-
suitable for real-time on-orbit calibration. Instead it is used for ground-processing of
telemetry data. The Davenport algorithm requires a sequence of specially designed,
piecewise-constant, calibration maneuvers [17]. Each maneuver is designed to make
a certain portion of all calibration parameters observable (see chapter 4) in the mea-
surements. After the process has finished, the calculated calibration parameters (bias,
scale factors and misalignments, cf. section 2.1) are uploaded to the spacecraft.
Examples of later calibration algorithms are the Delta-Bias and BICal-methods. These
two are modified QUEST-versions which allow for gyro calibration. They as well fall
in the category of batch least-squares methods and are hence not suitable for real-time
calibration. In the past there also has been work on sequential derivatives of the Dav-
enport algorithm which include prior attitude estimates (e.g. [18]) and are said to be
suitable for on-orbit calibration. Their performance however is inferior to recursive
filters.
All ground-based calibration algorithms are complex due to working with raw teleme-
try streams. Furthermore they are time-consuming and thus expensive. Not always
can ground-based calibration algorithms be used, e.g. in case of deep-space missions
where the telemetry rate is highly limited. For successful calibration, a meticulous
sequence of actions has to be executed while following the requirements imposed by
the calibration algorithms. This process is error-prone and delays the commissioning
of the spacecraft. A solution to all of these inconveniences is performing real-time
on-board gyro calibration. With the increase of performance and storage capacity of
today’s space-qualified computers this has become feasible. The appropriate type of
calibration algorithms are recursive filters, i.e. calibration (Kalman) filters. These al-
gorithms do not put constraints on the attitude motion and can even use the mission
maneuvers for calibration. If this motion does not provide a sufficient level of persistent
excitation, calibration maneuvers can additionally be flown. Since gyro calibration is
performed on-board (possibly even during standard mission operations) the cost for
ground-support can be highly reduced. This also greatly increases mission efficiency.
Kalman Filters can be operated either continuously or intermittently. Intermittent op-
eration can be used to cover long-term parameter changes (e.g. due to sensor aging).
The most-widely known Kalman calibration filter is a 6-state filter which makes use
of the observer capabilities if the Kalman Filter framework. The filter being a state
observer allows to estimate parameters that are not directly measured, given that these
are observable. Therefore a common approach is to use the technique of ”state aug-
mentation” in which the state x of the system is extended by other parameters of
interest. This is the basic idea of the 6-state filter, which not only estimates attitude
(3 states) but also the bias of each gyro (further 3 states). Even though the rate bias
is not directly measured by any sensor, the Kalman Filter is still able to compute es-
timates which can then be used to correct the gyro measurements, thereby increasing
the overall performance. The original publication of the 6-state filter developed by
Lefferts, Markley and Shuster is given in [1] and probably one of the most popular
attitude estimation filters.
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1. Introduction

As it only estimates bias and attitude, the traditional 6-state filter is suffering from a
”spillover”-effect of the other calibration parameters into the bias estimates. To tackle
this problem, work has been put into developing higher-order calibration filters which
also estimate misalignments and scale factors (e.g. [6]).
Spacecraft using higher-order Kalman Filters are e.g. the Spitzer Space Telescope
[19, 20] as well as Cassini [21]. Other recent filter solutions use optimized versions
of the 6-state Kalman Filter to compute the attitude estimates. An example is the
covariance-tuning Kalman Filter operated on Sentinel-2 [3].

1.2.3. RIMU Calibration Algorithms

Redundant IMUs (RIMUs) have long been available to the space community and are
typically used in systems which require high accuracy and reliability. Quite a number
of missions employed RIMUs in the past, however most of them did not take full
advantage of the enhanced capabilities as only some the sensitive axes were actually
active (e.g. only three of the four axes on Cassini [21]). First RIMU calibration filters
were developed by Fallon and Gray. The model was able to be used with more than
three gyros however results were only provided for n = 3 gyros due to observability-
limitations, for which no satisfying solution was found [22].
Pittelkau was the first to develop a fully observable RIMU calibration model [23].
Furthermore he published analytical proof for the observability dimensions claimed [24].
The filters to be developed in this thesis make use of Pittelkau’s ideas to obtain a fully
observable RIMU-model. This way they can be used to calibrate RIMUs and thereby
remedy the spill-over effect of other calibration parameters into the bias error.

1.2.4. Summary

An illustrative attempt to summarize the state of the art in gyro calibration algorithms
can be found in figure 1.4. Shown are the algorithms presented in sections 1.2.2 and
1.2.3, grouped into the categories known from section 1.2.1.

TM/TC

Ground-based 
algorithms

3-axis stabilized 
satellites

Specific calibration 
maneuver patterns. 
Long total calibration 
time (up to days)

Spin-stabilized
satellites

Single-Frame 
Algorithms

(e.g. QUEST)
  Do not use rate 

measuremets, cannot be 

used  for gyro calibration

or 
Sequential filters

Attitude Estimation/
Calibration Algorithms

Special derivatives of
Batch least-squares 

filters suitable for on-
board calibration

Sub-optimal solutions 
(no process noise)Ground-based 

calibration algorithms

Batch least-squares methods

 Davenport
 Delta-Bias
 BICal

Do not model
process noise

Real-time on-orbit 
calibration

Calibration Kalman 
Filters

Using dynamics
Model of satellite

Model-replacement 
mode via gyros

Linearized KF, EKF, UKF

Traditional
6-state filter

Optimized
6-state filters

Higher-order
filters

Body-frame 
parameter 
estimation

Physical 
parameter 
estimation

Suitable for 
RIMU calibration

Not suitable for 
RIMU calibration

Fig. 1.4.: Overview of popular attitude determination/gyro calibration algorithms
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2. Background

The calibration Kalman Filter(s) to be developed fuse gyro and star tracker measure-
ments. Both are subject to various errors which can be can be broken down into cate-
gories. An elementary understanding of these errors is necessary to include them into
the corresponding sensor and filter models. After covering the sensor errors we shall
lay the foundation for all filters to be developed. This will be the equation describing
the change in attitude depending on the true and estimated angular rates.

2.1. Error sources and noise models

It was already mentioned that all errors can be broken down into categories. These
include constant and predictable errors, errors that are unpredictable but constant
after each turn-on, temperature-dependent but predictable errors and totally random
(=stochastic) errors [25]. Throughout the development of the mathematical models
certain assumptions regarding the errors to be modeled (e.g. constant over time) are
being made.
The key idea behind modeling sensor errors is to bring the sensor- and filter-models
closer to reality and thereby increasing the overall performance. For this to be suc-
cessful, the input-/output relationships of the sensors need to be known and invertible.
Other sensors can then be used to estimate the errors in a Kalman Filter [26].

2.1.1. Deterministic gyro errors

Deterministic errors are those that are considered as being predictable and can therefore
be estimated in a Kalman Filter. Common examples of deterministic gyro errors are
input/output scale-factor errors, misalignments of the sensitive gyro axis, g-dependent
errors and a bias-offset. Figure 2.1 shows how some popular error sources affect the
input (rate)/output (rate-measurement) relationship.
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models are used in Kalman filtering. 

White sensor noise, which is usually
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noise,” may come from power sup-
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in digitization. Exponentially corre-
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FIGURE 1 Common input/output gyro error types. The figure illustrates the errors in typical 

gyros as a function of the input/output relationship. These errors are modeled in the mea-

sured angular rate of the gyros and can be estimated by using other sensors, such as the 

global positioning system. Bias (a) is any nonzero sensor output when the input is zero. 

Scale-factor error (b) often results from aging or manufacturing tolerances. Nonlinearity (c) 

is present in most sensors to some degree. Scale-factor sign asymmetry (d) is often from 

mismatched push-pull amplifiers. A deadzone (e) is usually due to mechanical stiction or 

lock-in (for example, in a ring laser gyro). Quantization error (f) is inherent in all digitized 

systems. Quantization error may not be zero mean when the input is held constant.

Authorized licensed use limited to: University of Michigan Library. Downloaded on January 21, 2010 at 08:13 from IEEE Xplore.  Restrictions apply. 

Fig. 2.1.: Common input/output errors: (a) bias; (b) scale Factor; (c) non-linearity; (d)
asymmetry; (e) dead zone; (f) quantization.
Credit: [26] (reproduced with permission)
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2. Background

Sensor errors are modeled in the measured quantity of the gyros (cf. e.g. section
3.1.1 for the rate-gyro model used in the filter development) and can be estimated in
combination with other sensors such as star trackers.
According to the IEEE standard for sensor terminology, bias is defined as the average
gyro output that is independent of input rotation [27] and hence represents an offset
error. It is therefore also present in case of zero input and typically expressed in [◦/h].
Scale factors are defined as the ratio of change in the output to a change in the input.
Hence they are scalars and convert between the digital data ([bit]) and the physical
unit to be measured (e.g. [rad/s]). An error in this conversion factor yields a different
slope in the characteristic I/O curve [27]. Scale factors can be divided into being of
symmetric (SSF) or asymmetric nature (ASF). Symmetric scale factors are identical
for both positive and negative inputs. According to [27] the asymmetric scale factor
is defined as the difference in scale factors for positive and negative angular velocities.
As described in section 3.1.1.2 we shall employ a slightly different parametrization of
the ASF in the gyro models. The overall scale factor is a combination of both the
SSF and ASF. A deadzone or deadband is a region in the input limits within which
variations in the input produce output changes of less than 10% [27] and is usually
caused by stiction or the lock-in phenomenon in case of RLGs.
Misalignments are deviations from the nominal orientations of the sensitive axes.
They might be of internal nature, arise from launch effects or thermal distortions.
The above mentioned deterministic errors are not always constant. In fact they have
a certain instability associated with them. Variations in the calibration parameters
are either short-term (due to the environment, especially temperature) or of long-
term nature (due to ageing) [13, p.691-693]. This variation is often neglected in the
mathematical models, which is why some authors artificially add process noise for
allowing the filters to track time-varying parameters [13, p.693]. Another option is using
the technique of ”covariance bumping” described by Pittelkau in [13, p.689] and [28].
Using this approach, an artificial, impulsive increase of the covariance associated with
a calibration parameter is performed. This will allow the filter to reconverge towards
a new estimate. If time-varying parameters are not considered, one has to conduct
infrequent recalibration procedures to account for the change in the parameters.

2.1.2. Stochastic gyro errors

Variations in the modeled calibration parameters are covered by including noise-models,
i.e. stochastic errors. Common stochastic gyro measurement errors are

� angle white noise (AWN, only present in rate-integrating gyros)

� angular random walk (ARW)

� rate random walk (RRW)

� flicker rate (pink rate noise)

ARW and RRW shall be explained with the help of Farrenkopf’s gyro model. This
is a very simple, well-known and widely accepted gyro model for rate-gyros. It was
invented by Farrenkopf and can be found in reference [29]. This model describes the
true angular rate in spacecraft body coordinates by

ω = ω̃ − b− η (2.1)
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2. Background

where ω̃ is the measured angular rate and η represents a zero-mean white noise process
in the angular rate and leads to a random walk in the angle. Angular random walk
is therefore integrated white noise on the rate measurements. This error is typically
expressed in [◦/

√
h]. The associated bias model is

ḃ = ηB ⇒ b = b0 +

∫
ηB dt (2.2)

As ηB is a zero-mean white noise process on the angular acceleration, it leads to a
random walk behavior in the angular rate (rate-random walk). The corresponding
unit is [(◦/h)/

√
h = ◦/(h3/2)]. In case of rate-integrating gyros, RRW appears as

double-integrated white noise at the outputs of the sensors. Angle white noise (AWN)
is white noise at the outputs of rate-integrating gyros and only appears in case of these
devices. Flicker noises are characterized by power spectral densities that decrease with
1/fγ, where f is frequency. The power spectral density (PSD) thus has a constant slope
of −γ [30]. This noise occurs in most of the electronics, however its exact cause is not
well understood [26]. It is a noise intermediate between white noise (no correlation at
all) and random walk (integrated white noise with no correlation between increments,
in the continuous case also called ”Brownian motion”).

Fig. 2.2.: Typical time-series and PSDs
associated with different noise-types. Credit: [31]

Since an integration increases γ by 2
and a differentiation decreases γ by
2, flicker noise cannot be created by
means of pure integration or differen-
tiation of these well-known noises [31].
For flicker noise γ is therefore limited
to 0 < γ < 2 [30]. The special case
of γ = 1 is the most important one
and also known as pink noise. With
respect to gyros, flicker rate is also re-
ferred to as rate bias instability [26].
Figure 2.2 shortly summarizes the key
properties of the noise types (for the
continuous case), i.e. white noise, pink
noise and brown noise (=̂ random walk
in the discrete case). Additional infor-
mation on inertial sensor terminology can be found in the IEEE standard 528-2001
[27].

2.1.3. Stochastic star tracker errors

Now that the gyro errors and noises are covered, we shall also have a short look at star
tracker errors. Also STRs are subject to deterministic and stochastic errors. We may
leave out the deterministic ones as the filters to be developed do not model deterministic
STR errors such as misalignments or scale factors. Typical stochastic STR errors are:

� temporal noise (TE)

� high spatial frequency error (HSFE, also known as pixel noise)

� low spatial frequency error (LSFE, also called field of view (FOV) noise)

9



2. Background

Star trackers suffer from two types of noises: temporal noise and spatial noise. Tempo-
ral noise is caused by the analog hardware components and can be modeled as white
noise (zero correlation time). It is easily treated within the 6-state filter framework
[32]. Spatial noise is caused by the relative position of the star tracker FOV with re-
spect to the visible stars. It can be divided into a high spatial frequency error (HSFE)
and a low spatial frequency error (LSFE). Spatial errors are caused by the CCD and
the optical system of the star tracker in combination with the actual motion of the
satellite.
When the spacecraft moves, spatial errors are effectively transferred into a high- and
low-frequency noise [33]. These noises are time-correlated noises and typically modeled
as a 1st order Gauss-Markov process with a correlation time depending on the angular
rate and angular width of the centroid window (used for computing the center of mass
of the detected stars) in case of HSFE or the angular width of the FOV and the number
of stars used in case of LSFE.
The reason for HSFE also being called pixel noise is that its high-frequency variations
arise from pixel to pixel differences within the CCD [34]. Since also very small rotations
change the effective position of the stars on the array, HSFE changes quite rapidly even
if the spacecraft is moving at small angular rates. LSFE arise due to non-ideal STR
properties such as small imperfections in the evenness of the CCD array, a degradation
in the charge transfer efficiency (which affects the readout-process) or other degrada-
tions with respect to the optical system (e.g. changes in the effective focal length or
deformations) [32]. Since these deficiencies change quite slowly, LSFE also only changes
slowly. For further details on star sensor terminology and performance specifications,
consult the ECSS standard ECSS-E-ST-20C [34].

2.2. Attitude error kinematics

Attitude, meaning the relationship between the satellite body frame and an inertial
frame, can be formulated in many ways. In order to derive a calibration filter which
performs attitude estimation we need an equation describing the change in attitude
given a certain motion (angular rate vector). We shall describe attitude (and attitude
errors) with the help of quaternions which we will parametrize using a three-vector a.
A quaternion q can be described as a four-vector consisting of a vector part q and a
scalar part q4:

q =

[
q
q4

]
=

[
e sin ψ

2

cos ψ
2

]
(2.3)

where e is the Euler axis and ψ the Euler angle about that axis. We may also define
the Gibbs vector g, which is given by

g = q/q4 (2.4)

The three-vector a is defined as twice the Gibbs vector and shall be called Gibbs vector
representation

a = 2g = 2q/q4 (2.5)

The advantage of using a as attitude representation is that it is equal to the rotation
vector eψ for small angles and that the state covariance matrix includes the angular
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variances in rad2 [35]. The inverse relationship of equation 2.5 is

q =
1

2
q4

[
a
2

]
(2.6)

which, using the quaternion unit norm constraint, can be expressed as

q =
1√
|a|2 + 4

[
a
2

]
(2.7)

Define the attitude error in body coordinates as

δqb = q̂bi ⊗ q−1
bi ⇒ qbi = δq−1

b ⊗ q̂bi (2.8)

where ⊗ is the quaternion product as defined in [1] and the subscript i indicates the
inertial frame. The definition of ⊗ is in scalar consistent with our definition of an error.
Now that all definitions are laid out, we may start with the quaternion kinematics
equation

q̇bi =
1

2

[
ωb
0

]
⊗ qbi (2.9)

Differentiating equation 2.8 yields

δq̇b = ˙̂qbi ⊗ q−1
bi + q̂bi ⊗ (

d

dt
q−1
bi ) (2.10)

Applying equation 2.9 to the estimated attitude and inserting into 2.10 results in

δq̇b =
1

2

[
ω̂b
0

]
⊗ q̂bi ⊗ q−1

bi + q̂bi ⊗ (
d

dt
q−1
bi ) (2.11)

which using equation 2.8 can be written as

δq̇b =
1

2

[
ω̂b
0

]
⊗ δqb + q̂bi ⊗ (

d

dt
q−1
bi ) (2.12)

Next we need an expression for d
dt
q−1
bi . Taking the time-derivative of qbi⊗q−1

bi = [0,0,0,1]T

gives

q̇bi ⊗ q−1
bi + qbi ⊗

d

dt
q−1
bi = 0 (2.13)

Introducing equation 2.9 to eq. 2.13 yields

1

2

[
ωb
0

]
⊗ qbi ⊗ q−1

bi + qbi ⊗
d

dt
q−1
bi = 0 (2.14)

⇔ 1

2

[
ωb
0

]
⊗


0
0
0
1

+ qbi ⊗
d

dt
q−1
bi = 0 (2.15)

⇔ qbi ⊗
d

dt
q−1
bi = −1

2

[
ωb
0

]
(2.16)

⇔ d

dt
q−1
bi = −1

2
q−1
bi ⊗

[
ωb
0

]
(2.17)
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We may now insert equation 2.17 into 2.12 and obtain

δq̇b =
1

2

[
ω̂b
0

]
⊗ δqb −

1

2
q̂bi ⊗ q−1

bi ⊗
[
ωb
0

]
(2.18)

which using equation 2.8 yields

δq̇b =
1

2

[
ω̂b
0

]
⊗ δqb −

1

2
δqb ⊗

[
ωb
0

]
(2.19)

Equation 2.19 describes the quaternion attitude error in the body frame. Since we are
interested in this relationship using the Gibbs vector representation a, we need to make
use of equation 2.5 and the quotient rule:

δȧb = 2

(
δq̇bδqb,4 − δqbδq̇b,4

δq2
b,4

)
=

2

δqb,4
δq̇b −

2δqb
δq2
b,4

δq̇b,4 (2.20)

Next, indicate the vector part of a quaternion via ( )v and the scalar part by ( )4. Using
this notation and equation 2.19 it follows from eq. 2.20 that

δȧb = 2
δqb,4

(
1
2

[
ω̂b
0

]
⊗ δqb − 1

2
δqb ⊗

[
ωb
0

])
v

− 2δqb
δq2
b,4

(
1
2

[
ω̂b
0

]
⊗ δqb − 1

2
δqb ⊗

[
ωb
0

])
4

(2.21)

Introducing formula 2.6 and simplifying, results in

δȧb =

(
1
2

[
ω̂b
0

]
⊗
[
δab
2

]
− 1

2

[
δab
2

]
⊗
[
ωb
0

])
v

− δqb
(

1
2qb,4

[
ω̂b
0

]
⊗
[
δab
2

]
− 1

2qb,4

[
δab
2

]
⊗
[
ωb
0

])
4

(2.22)

⇔ δȧb =

(
1
2

[
ω̂b
0

]
⊗
[
δab
2

]
− 1

2

[
δab
2

]
⊗
[
ωb
0

])
v

− 1
2
δab

(
1
2

[
ω̂b
0

]
⊗
[
δab
2

]
− 1

2

[
δab
2

]
⊗
[
ωb
0

])
4

(2.23)

The quaternions in the round brackets may now be rearranged and written as

δȧb = 1
2

([
ω̂b
0

]
⊗
[
δab
2

])
v

− 1
4
δab

([
ω̂b
0

]
⊗
[
δab
2

])
4

− 1
2

([
δab
2

]
⊗
[
ωb
0

])
v

+ 1
4
δab

([
δab
2

]
⊗
[
ωb
0

])
4

(2.24)

Factoring out the quaternion products, this can be written as

δȧb =
1

2

[
I −1

2
δab
] [ω̂b

0

]
⊗
[
δab
2

]
− 1

2

[
I −1

2
δab
] [δab

2

]
⊗
[
ωb
0

]
(2.25)

To further simplify equation 2.25 we need to calculate the quaternion products. Using
the definition of ⊗ as in reference [1] leads to[

ω̂b
0

]
⊗
[
δab
2

]
=

[
2ω̂b − ω̂b × δab
−δaTb ω̂b

]
(2.26)

[
δab
2

]
⊗
[
ωb
0

]
=

[
2ωb − δab × ωb
−δaTb ωb

]
(2.27)

We may now insert these results into equation 2.25

12



2. Background

δȧb =
1

2

[
I −1

2
δab
] [2ω̂b − ω̂b × δab

−δaTb ω̂b

]
− 1

2

[
I −1

2
δab
] [2ωb − δab × ωb

−δaTb ωb

]
(2.28)

=
1

2

[
2ω̂b − ω̂b × δab + 1

2
δabδa

T
b ω̂b

]
− 1

2

[
2ωb − δab × ωb + 1

2
δabδa

T
b ωb

]
(2.29)

= ω̂b −
1

2
ω̂b × δab +

1

4
δabδa

T
b ω̂b − ωb +

1

2
δab × ωb −

1

4
δabδa

T
b ωb (2.30)

= ω̂b − ωb +
1

4
δabδa

T
b (ω̂b − ωb)−

1

2
ω̂b × δab +

1

2
δab × ωb (2.31)

= ω̂b − ωb +
1

4
δabδa

T
b (ω̂b − ωb)−

1

2
ω̂b × δab −

1

2
ωb × δab (2.32)

= ω̂b − ωb +
1

4
δabδa

T
b (ω̂b − ωb)−

1

2
(ω̂b + ωb)× δab (2.33)

which finally yields

δȧb =
[
I + 1

4
δabδa

T
b

]
(ω̂b − ωb)−

1

2
(ω̂b + ωb)× δab (2.34)

Equation 2.34 is equivalent to 2.19, however it utilizes the Gibbs vector representation
as the parametrization of the attitude error.
Considering small angular errors we may neglect the term δabδa

T
b and thus obtain the

approximate attitude error differential equation

δȧb = −1

2
(ω̂b + ωb)× δab + (ω̂b − ωb) (2.35)

Equation 2.35 describes the change of the attitude error depending on the current
attitude, the angular rate, as well as its best estimate. It is the starting point for all
filters that will be derived in chapter 3 and therefore of major importance.
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3. Design, Development and
Evaluation of Performance

This chapter describes the mathematical development of the Kalman Filter which is
able to estimate attitude concurrently with the gyro calibration parameters. It is di-
vided into three main parts which reflect the main stages in the design process and
correspond to the respective sections.
Section 3.1 covers the gyro model for rate-gyros and a first filter framework which is
built around this model. In order to use the filter for more than three gyros, an exten-
sion is required. The fundamental ideas and corresponding filter design are described
in section 3.2. As the concepts of section 3.2 rely on rate-gyros, a new model has to be
created for rate-integrating gyros (RIGs). A detailed analysis of the newly developed
calibration filter for RIGs can be found in section 3.3.

3.1. Filter framework for attitude estimation & gyro
calibration with rate gyros

3.1.1. Universal gyro model

A gyro measurement of the angular rate is subject to various errors. Most of these
error sources have been covered in section 2.1. All gyro models which are presented in
this chapter account for:

� bias error
� symmetric scale factor error
� asymmetric scale factor error
� misalignment of the sensitive axis

The inclusion of asymmetric scale factor errors in the gyro model is of little importance
in case of RLGs, however they can have a significant impact when integrating fiber-
optic gyros [10]. As the RIG-model presented in section 3.3 is intended to be used
with fiber-optic gyros, the explicit modeling of the ASF from the very beginning is
beneficial.
A gyro model is a mathematical description of the measured quantity (angular rate in
case of rate-gyros) for a given satellite motion (i.e. body angular rate). We shall begin
with a model for the misalignment of the sensitive axis, as it is the angular velocity
about that axis which is, during a measurement, corrupted by additional errors.

3.1.1.1. Misalignment model

The angular rate of a spacecraft is expressed as ωbib , which specifies the angular rate
vector of the body-frame with respect to an inertial frame (e.g. J2000), expressed in
body frame coordinates. For ease of notation, this angular rate shall be defined as
ωbib ≡ ωb. A gyro measures the rotation with respect to its (true) sensitive axis which
can be of arbitrary direction and generally does not have to be aligned with a body axis.

14



3. Design, Development and Evaluation of Performance

The gyro senses a projection of the body angular rate on its sensitive axis. This
projection is expressed via the dot-product and yields for a single gyro:

ωG = wT
b ωb (3.1)

where ωG is the sensed rate and wT
b a row vector with the true direction of the sensitive

axis expressed in the body frame. For convenience of writing we shall from now imply
that wT

b is given in the body frame and hence drop the subscript b.
The true axis deviates from the known nominal axis (marked by ŵ) by a small dis-
placement vector. This is where the misalignment error comes into play. The situation
is depicted in figure 3.1.

Fig. 3.1.: True axis misaligned by a small displacement vector δw which is defined as:
w = ŵ − δw

A small displacement vector, δw describes the difference between the true and nominal
direction. The sign of this error follows the convention: ”true value = nominal value
− error”. The following relationship can be established: w = ŵ − δw = Tŵ.
T is a transformation matrix which describes the rotation from ŵ to w. In general a
rotation in 3D space has three degrees of freedom (DOF) and can be parametrized by
three parameters. In our case however, the transformation T only has 2 DOF, as ŵ
is displaced in such a way, that its motion can be expressed with the change in two
angles (cf. different position on Earth by changing longitude/latitude).
There are multiple ways in which these 2 DOF can be parametrized - some with
advantages over others. We shall have a closer look at two possibilities and see why
only the second one makes sense for a universal model. All methods have in common
to define a coordinate system û-v̂-ŵ, where the ŵ-axis is the nominal axis of the gyro.

3.1.1.1.1 Perturbations in the rotation- and tilt-angle

The nominal axis, having unit length, can be described by a rotation- and tilt-angle,
or more formally α and β.

Fig. 3.2.: Definition of an-
gles α and β.

The definition of these angles can be extracted from
figure 3.2. The nominal sensitive axis can be described
via

ŵ =

sin(β) cos(α)
sin(β) sin(α)

cos(β)

 (3.2)

given the z-axis is the zenith-axis. It seems logical to
also model the misalignment (= displacement) of this
axis via two small perturbation angles, δα and δβ. To
derive the corresponding relationship, it is necessary
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3. Design, Development and Evaluation of Performance

to differentiate equation 3.2 with respect to α and β, thus obtaining the sensitivity
vectors û and v̂:

v̂ = −∂ŵ

∂β
=

− cos(β) cos(α)
− cos(β) sin(α)

sin β

 , û = −∂ŵ

∂α
=

− sin(β) sin(α)
sin(β) cos(α)

0

 (3.3)

The vectors û-v̂-ŵ are orthogonal to each other, as can be quickly verified by calculating
ûT v̂ = ûT ŵ = v̂T û = 0. The norms of v̂ and ŵ are 1. The norm |û| however is sin(β),
which is why these vectors are not orthonormal and thus don’t form an orthonormal
triad (but an orthogonal one). Despite the non-orthonormality, the following Taylor-
series may be used to describe the influence of the perturbations:

w = ŵ − δŵ = ŵ +
∂ŵ

∂α
δα +

∂ŵ

∂β
δβ (3.4)

Expressing this in terms of û and v̂ yields:

w = ŵ − δŵ = ŵ − δβ v̂ − δα û (3.5)

Since û and v̂ are determined from ŵ, δα and δβ characterize the misalignment.

One problem with this parametrization is that if β = 0◦, then α is undefined. Hence
δα cannot be estimated anymore. β = 0◦ corresponds to having a gyro in the zb-
axis. In fact this is a typical configuration for a gyro, which is why parametrizing
the misalignment via δα and δβ is not a good choice. We therefore look for another
possibility to express the two degrees of freedom.

3.1.1.1.2 Rotations about u and v

Starting from the situation depicted in figure 3.3, we notice that any rotation about
w does not change the orientation of w, hence two small rotations about the axes u
and v can be used as a minimal parametrization of the misalignment. In principle
any u and v which result in w as their cross product are possible candidates for the
misalignment definition, however once one has determined such a pair the vectors have
to stay constant, as ϕx and ϕy depend on the specific choice.

Fig. 3.3.: True u − v − w
frame with respect

to body frame. ŵ is
the nominal direction

of the sensitive axis

Since the rotations about u and v shall bring the true
to the nominal frame, it is necessary to first determine
the coordinates of the nominal frame (û, v̂, ŵ) in body
coordinates. The only knowledge so far is the direction
of the nominal sensitive axis, i.e. ŵ.
To obtain a possible set of û, v̂ vectors one can make
use of the QR-factorization of a square matrix [23].
The QR-factorization of a matrix A produces a prod-
uct A = QR, where Q is orthogonal and R upper tri-
angular. The QR factorization has the property that
any column k of A only depends on the first k columns
of Q. So far we only have the vector ŵ (in body co-
ordinates). To make use of the QR-factorization, we
can form a 3×3 square matrix via appending two zero-
columns: A = [ŵ 0 0]. This matrix has one linearly
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independent column and can be factored as QR, where Q and R are each of dimen-
sion 3× 3 and R thus always only has one linearly independent column. In fact, when
creating A by extending ŵ with two zero-columns, R consists entirely of zeros, except
for the first element, which is either 1 or −1. The first column of Q is thus always ŵ
or −ŵ. As Q has to be orthogonal, the second and third column, which result from
the decomposition, represent the vectors which we are looking for.

Example:

Consider the vector ŵ =
[√

2/3 0 −
√

1/3
]T

. The QR-factorization for this case
yields1:

A =

 √2/3 0 0
0 0 0

−
√

1/3 0 0

 = QR =

−√2/3 0
√

1/3
0 1 0√
1/3 0

√
2/3

−1 0 0
0 0 0
0 0 0


The first column of Q corresponds to −ŵ. ŵ is obtained by taking the cross product

of the second and third column. Hence we now have the orthonormal triad û =

0
1
0

,

v̂ =

√1/3
0√
2/3

 and ŵ =

 √
2/3
0

−
√

1/3

.

Care has to be taken that a right-handed triad is formed, hence either ŵ = Q:,2 ×Q:,3

or vice versa. A quick check is advised to follow the convention of a right-handed frame.
Now that we know the vectors in the body frame, we can follow the definition of an
error and define the rotation angles ϕx and ϕy such, that a rotation from the true
frame to the frame of the nominal ŵ is given by first a positive rotation about u and
then a positive rotation about the new v′ (intrinsic 1-2 rotation). As we want the
coordinates of w in the û, v̂, ŵ-frame, we calculate the transformation from the true
to the nominal frame:

Tnt =

cos(ϕy) 0 − sin(ϕy)
0 1 0

sin(ϕy) 0 cos(ϕy)

 ·
1 0 0

0 cos(ϕx) sin(ϕx)
0 − sin(ϕx) cos(ϕx)

 =

cos(ϕy) sin(ϕy) sin(ϕx) − sin(ϕy) cos(ϕx)
0 cos(ϕx) sin(ϕx)

sin(ϕy) − cos(ϕy) sin(ϕx) cos(ϕy) cos(ϕx)

 (3.6)

In the true u,v,w-system w has the coordinates (0, 0, 1)T . Thus we multiply it with
the transformation matrix Tnt to obtain its components in the nominal frame:

cos(ϕy) sin(ϕy) sin(ϕx) − sin(ϕy) cos(ϕx)
0 cos(ϕx) sin(ϕx)

sin(ϕy) − cos(ϕy) sin(ϕx) cos(ϕy) cos(ϕx)

0
0
1

 =

− sin(ϕy) cos(ϕx)
sin(ϕx)

cos(ϕy) cos(ϕx)

 (3.7)

Now this result needs to be transformed back to the body system, thus we have to
calculate the matrix Tbŵ. This is not a difficult task since we know the components of

1The factorization is quickly computed in MATLAB as [Q, R] = qr(A).
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the vectors building the û, v̂, ŵ - system. The transformation is given by the matrix
formed from their columns:

Tbŵ =
(
û v̂ ŵ

)
(3.8)

This is quickly verified by observing that Tbŵ

0
0
1

 = ŵ and similar for û and v̂.

Therefore we can now write the components of w in the body system via:

w =
(
û v̂ ŵ

)− sin(ϕy) cos(ϕx)
sin(ϕx)

cos(ϕy) cos(ϕx)

 (3.9)

= cos(ϕy) cos(ϕx)ŵ − sin(ϕy) cos(ϕx)û + sin(ϕx)v̂ (3.10)

As opposed to section 3.1.1.1.1 we now have defined an orthonormal triad which does
not suffer from a singularity. Up to this point the misalignment of one individual
gyro has been considered. The next step is to write this relationship in a matrix
form covering all gyros used. This matrix form can then be partitioned such, that the
nominal û and v̂ form separate matrices. In order to do that we think of the form
required to express the sensed angular rate for all gyros. This is given for one gyro in
equation 3.1 and tells us that we need a column vector which in each row contains wT .
Since

WT ≡


wT

1

wT
2

...
wT
n

 =
[
w1 w2 · · · wn

]T
(3.11)

we see that this yields
W =

[
w1 w2 · · · wn

]
(3.12)

and therefore

W =
[
cos(ϕy,1) cos(ϕx,1)ŵ1 − sin(ϕy,1) cos(ϕx,1)û1 + sin(ϕx,1)v̂1 · · ·

cos(ϕy,n) cos(ϕx,n)ŵn − sin(ϕy,n) cos(ϕx,n)ûn + sin(ϕx,n)v̂n

] (3.13)

represents the matrix equivalent of equation 3.10. This can now be partitioned by
defining Ŵ, Û and V̂ similarly to 3.12. Hence we obtain

ωG =

[(
ŵ1 ŵ2 · · · ŵn

)
︸ ︷︷ ︸

:=Ŵ


cos(ϕy,1) cos(ϕx,1) 0 · · · 0

0 cos(ϕy,2) cos(ϕx,2) · · · 0
...

...
. . .

...
0 0 · · · cos(ϕy,n) cos(ϕx,n)


︸ ︷︷ ︸

:=B

−

(
û1 û2 · · · ûn

)
︸ ︷︷ ︸

:=Û


sin(ϕy,1) cos(ϕx,1) 0 · · · 0

0 sin(ϕy,2) cos(ϕx,2) · · · 0
...

...
. . .

...
0 0 · · · sin(ϕy,n) cos(ϕx,n)


︸ ︷︷ ︸

:=Dû

+
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(
v̂1 v̂2 · · · v̂n

)
︸ ︷︷ ︸

:=V̂


sin(ϕx,1) 0 · · · 0

0 sin(ϕx,2) · · · 0
...

...
. . .

...
0 0 · · · sin(ϕx,n)


︸ ︷︷ ︸

:=Dv̂

]T
ωb (3.14)

Which, written in compact form equals:

ωG = (ŴB− ÛDû + V̂Dv̂)Tωb = Gωb (3.15)

where
G = (ŴB− ÛDû + V̂Dv̂)T = WT (3.16)

Since a linearized form is required within the derivation of a calibration filter, a small-
angle approximation of equation 3.14 has to be performed, whereupon the cosine-terms
vanish and the sine-terms become linear in the rotation angles. It should however be
noted, that this linearization will slightly change the length of the wi. Normalization
is not required as scale-factors change the length anyway, however one should be aware
of this tiny change being expressed in the scale factor-error. The linearized form of
equation 3.14 as well as an alternative form of the same relationship is given next.

3.1.1.1.3 Linearized misalignment model

Applying the small angle approximation to equation 3.14 we see that the overall form
of equation 3.15 does not change, except for the fact that B becomes an identity matrix
and thus vanishes. Dû and Dv̂ become (i is used as an index):

Dû = diag(ϕy,i) (3.17)

Dv̂ = diag(ϕx,i) (3.18)

Hence the linearized form of equation 3.14 (accounting for all gyros) is

W = Ŵ − Ûdiag(ϕy,i) + V̂diag(ϕx,i) (3.19)

The corresponding relationship for an individual gyro is

wi = ŵi − ûiϕy,i + v̂iϕx,i (3.20)

Combining equation 3.20 with 3.1 and writing it in vector form, we obtain the following
linear form of the measurement model:

ωG,1
ωG,2

...
ωG,n

 =


ŵT

1

ŵT
2

...
ŵT
n

ωb +


v̂T1ωb 0 · · · 0

0 v̂T2ωb · · · 0
...

...
. . .

...
0 0 · · · v̂Tnωb



ϕx,1
ϕx,2

...
ϕx,n

−


ûT1ωb 0 · · · 0
0 ûT2ωb · · · 0
...

...
. . .

...
0 0 · · · ûTnωb



ϕy,1
ϕy,2

...
ϕy,n

 (3.21)

Writing this in a more compact manner results in:

ωG = Ŵ
T
ωb + Cv̂(ωb)ϕx −Cû(ωb)ϕy (3.22)

This way of formulating the misalignment is closely related to Pittelkau’s formulation
in [23]. In fact the only difference is the definition of the sign in front of v̂ and Cv̂

(equations 3.20 and 3.22) which is due to the clear definition of the error and rotation
sequence.
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3.1.1.2. Measurement model

The misalignment model which was derived in section 3.1.1.1 describes the sensed
angular rate. This is not equal to the measured angular rate, as during the measurement
process further sources of error corrupt the measurement. The sensed rate describes
the angular rate about the true sensitive axis.
During the measurement process of the gyro other errors come into play. Scale factor
errors are of multiplicative nature, as their name implies. The bias b (which follows its
own bias model) and noise η causing a random walk in the angle (modeled as white
noise) can simply be added to the scaled and sensed rate.
The scale factor error is typically modeled as (1 + δsi) to emphasize it being an error
instead of just using a single value which slightly deviates from 1. There is a symmetric
scale factor (SSF) which is identical for both positive and negative angular velocities
and an asymmetric scale factor (ASF), which differs depending on the sign of the
angular rate.
The standard definition of the ASF is, according to the IEEE Standard for Inertial
Sensor Terminology, IEEE Std 528-2001, the difference of the scale factors for positive
and negative angular velocities [27]. This definition requires putting a step-function
in the model of the scale factor, which only adds/subtracts the asymmetric term in
case of the corresponding sign in the angular velocity. To not further complicate the
model, we thus choose to define the asymmetric scale factor error via δµ sgn(ωG) as
suggested in reference [13, p. 683]. This way the term is either added or subtracted
to the symmetric part, thus rendering the total scale factor identical as in the official
definition.
We shall also from now on drop the δ in front of the asymmetric and symmetric scale
factor errors. The motivation behind this is to avoid expressions like δδ when looking
at estimation errors of the scale factor errors. Nevertheless si and µi still represent
errors and not the absolute scale factors.
The measurement model of a single gyro is therefore (following the definition of an
additive error) given via:

ω̃ = (1 + s+ µ sgn(ωG))ωG + b+ η (3.23)

Writing this for multiple gyros results in the following vector-form:

ω̃ = (I + S + M)ωG + b + η (3.24)

where I + S + M = diag(1 + s1 + µ1 sgn(ωG,1), ..., 1 + sn + µn sgn(ωG,n)),
b = (b1, ..., bn)T and η = (η1, ..., ηn)T .

3.1.1.3. Augmented model

Combining both equations 3.24 and the linearized equivalent of eq. 3.15 yields the
augmented gyro model, which describes the measured angular rate in terms of the true
body angular rate:

ω̃ = (I + S + M)︸ ︷︷ ︸
Scale Factor

(Ŵ − ÛDû + V̂Dv̂)︸ ︷︷ ︸
Misalignment

T
ωb + b︸︷︷︸

Bias

+ η︸︷︷︸
Noise

(3.25)

= Lωb + b + η (3.26)

where
L = (I + S + M)G (3.27)
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As one is interested in the body angular rate, depending on the measurements, this
equation has to be solved for ωb. Since (I+S+M) is a diagonal matrix, we can simply
apply the general inverse, which is defined as long as no diagonal element is zero (which
is never the case for the scale factor errors). Thus we get:

Gωb = (I + S + M)−1(ω̃ − b− η) (3.28)

G maps the three-dimensional angular rate in body coordinates to the n measurements
about the respective sensitive axes, thereby accounting for misalignment. Therefore it
has dimension n × 3. To invert it we have to use the general Moore-Penrose pseudo-
inverse G†, as long as n 6= 3 (in the case of n = 3 the matrix becomes a square matrix
and can thus be inverted in the standard manner). Therefore we obtain the inverse
relationship via:

ωb = G†(I + S + M)−1(ω̃ − b− η) (3.29)

Using the formulation of equation 3.26, this is equal to

ωb = L†(ω̃ − b− η) (3.30)

where L† has dimensions 3× n.

This concludes the gyro model. It shall now serve as a basis for a Kalman Filter
which estimates attitude and the errors in the gyro calibration parameters (Bias, SSF,
ASF and the misalignments ϕx and ϕy).

3.1.2. Filter design

3.1.2.1. Step-by-step derivation

Since it is the starting point of the derivation, the differential equation describing the
attitude error kinematics, equation 2.35, shall be repeated here:

δȧb = −1

2
(ω̂b + ωb)× δab + (ω̂b − ωb) (2.35)

This equation already assumes a small angle approximation. It describes a vector dif-
ferential equation for the attitude error. Since we are interested in a calibration filter
which utilizes gyro measurements as the information source for the body rate, we do
not need to worry about torques and suchlike. Lefferts, Markley and Shuster call this
kind of mode the ”model replacement mode”, as the dynamics model of the satellite is
replaced by the gyro measurements [1]. By choosing this approach, the gyro measure-
ment noise becomes process noise of the attitude kinematics model. The terms ω̂b+ωb
and ω̂b − ωb represent the places where the gyro model is ”plugged in”. The latter
term follows our definition of an error and we can thus write:

δωb = ω̂b − ωb (3.31)

To establish the connection between equation 2.35 and our gyro model described earlier,
we need to look at the equations describing the angular rate. The goal is to establish
a state-space model which is compatible with a Kalman Filter formulation.
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Since the filter is supposed to estimate attitude and the gyro calibration parameters,
e.g. in an error-state fashion, the state-vector may be chosen as

x =

(
δab
δp

)
(3.32)

which is of dimension 3 + 5n where n is the number of gyros used, and p is the vector
of the calibration parameters, i.e.

p =


b
s
µ
ϕx
ϕy

 (3.33)

A naive first approach would be to directly introduce equation 3.30 and its best esti-
mate2

ω̂b = L̂
†
(ω̃ − b̂) (3.34)

to equation 2.35. Considering only n = 3 gyros we can use the combined model and
rearrange it for ωb. Inserting equation 3.29 we obtain for three gyros:

ωb =

(ŵ1 − ϕy,1û1 + ϕx,1v̂1)T

(ŵ2 − ϕy,2û2 + ϕx,2v̂2)T

(ŵ3 − ϕy,3û3 + ϕx,3v̂3)T

−1


1
1+s1+µ1 sgn(ωG,1)

1
1+s2+µ2 sgn(ωG,2)

1
1+s3+µ3 sgn(ωG,3)

 (ω̃ −

b1

b2

b3

−
η1

η2

η3

) (3.35)

Similarly for the estimate:

ω̂b =

(ŵ1 − ϕ̂y,1û1 + ϕ̂x,1v̂1)T

(ŵ2 − ϕ̂y,2û2 + ϕ̂x,2v̂2)T

(ŵ3 − ϕ̂y,3û3 + ϕ̂x,3v̂3)T

−1


1
1+ŝ1+µ̂1 sgn(ω̂G,1)

1
1+ŝ2+µ̂2 sgn(ω̂G,2)

1
1+ŝ3+µ̂3 sgn(ω̂G,3)

 (ω̃ −

b̂1

b̂2

b̂3

) (3.36)

A quick glance is enough to understand that pure substitution of the angular rate ex-
pressions cannot yield a solution since the equations are non-linear in some calibration
parameters and, without modification, do not allow for an expression which depends
on the state-vector. Therefore a linearization with respect to the vector of calibra-
tion parameters, p, is necessary. In fact this method represents a practical way to
obtain a linear state-space model. It is presented in section 3.1.2.1.1 and motivated by
Pittelkau’s work in [23].

3.1.2.1.1 Taylor linearization

Essentially we seek an expression for δωb. The goal to obtaining a suitable equation
is to make use of the error-definition and express ωb in a Taylor approximation which
is evaluated at the a-priori estimate of the calibration parameter vector p̂. Written in
form of an equation this means:

δωb = ω̂b − ωb = ω̂b −

(
ωb|p=p̂ −

∂ωb
∂p |p=p̂

δp

)
(3.37)

2Since we model the noise as zero-mean white noise, the best estimate does not include noise-terms
and consists solely of the measurement and the best available estimates of the calibration
parameters.
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Mind the − sign in the Taylor series. The way δp is defined influences the sign in
front of the second term. A standard Taylor series has a + at this place. We however
defined ”true = estimate - error”. The Taylor expansion of the true rate is basically
also an expression consisting of an estimate and an error. Hence we need to subtract
the second term which arises due to the error.
Equation 3.34 describes the best estimate of the body angular rate. Similarly the
evaluation of the true rate at the a-priori estimate of the calibration parameter vector
can be written as

ωb|p=p̂ = L̂
†
(ω̃ − b̂− η) (3.38)

Inserting 3.38 and 3.34 into 3.37 we obtain

δωb =
∂ωb
∂p |p=p̂

δp + L̂
†
η (3.39)

This shows that our next task is to derive an expression for the derivative of the body
angular rate with respect to the calibration parameter vector. This is a vector by
vector derivative, hence the result will be a Jacobi matrix, sometimes also just called
”Jacobian” or ”sensitivity matrix”.
The starting point for obtaining this equation is the combined model given in equation
3.28. It shall be repeated here for ease of reading:

Gωb = (I + S + M)−1(ω̃ − b− η) (3.28)

Taking the derivative with respect to p (as defined in equation 3.33) on both sides,
yields

∂

∂p
[Gωb] =

∂

∂p
[(I + S + M)−1(ω̃ − b− η)] (3.40)

We shall now evaluate this differential one side after the other, starting with the right-
hand one.

Evaluating the Jacobian: part I (right-hand side)
The right side can be computed by strictly applying the definition (e.g. [36, p. 258])
of the Jacobi matrix which shall be given at this point:

Let x ∈ Rm be a m× 1 column vector and f : Rn → Ru a vector-valued function. The
derivative of f with respect to x is the m× u matrix

∂f

∂x
=


∂f1

∂x1
· · · ∂f1

∂xm
...

. . .
...

∂fu
∂x1

· · · ∂fu
∂xm

 (3.41)

It can be seen that this is simply the matrix containing the gradients of each component
of f as its rows. The Jacobi matrix has as many columns as x has rows and as many
rows as the order of f . Hence, when we apply this definition to

∂

∂p
ωG =

∂

∂p
[Gωb] =

[
∂

∂p
(I + S + M)−1(ω̃ − b− η)

]
(3.42)

and expect a n︸︷︷︸
order Gωb

× 5n︸︷︷︸
order p

matrix as the result. Expanding the right side yields
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∂

∂p
(I + S + M)−1ω̃ − ∂

∂p
(I + S + M)−1b− ∂

∂p
(I + S + M)−1η (3.43)

Each of these terms is the derivative of a vector wrt. p and hence a Jacobi matrix
of its own. We shall evaluate these individually and then combine them according to
equation 3.43. This way we will obtain the final expression for the right-hand side of
eq. 3.42. Calculating (I + S + M)−1ω̃ yields3

1
1+s1+µ1 sgnωG,1

ω̃1

1
1+s2+µ2 sgnωG,2

ω̃2

...
1

1+sn+µn sgnωG,n
ω̃n

 :=


fω̃1

fω̃2

...
fω̃n

 (3.44)

Hence the Jacobian looks like

∂fω̃
∂p

=


∂fω̃1

∂b1
· · · ∂fω̃1

∂bn

∂fω̃1

∂s1
· · · ∂fω̃1

∂sn
· · · fω̃1

∂ϕx,1
· · · ∂fω̃1

∂ϕx,n

∂fω̃1

∂ϕy,1
· · · fω̃1

∂ϕy,n
...

...
...

...
...

...
...

...
...

...
...

∂fω̃n
∂b1

· · · ∂fω̃n
∂bn

∂fω̃n
∂s1

· · · ∂fω̃n
∂sn

· · · ∂fω̃n
∂ϕx,1

· · · ∂fω̃n
∂ϕx,n

fω̃n
∂ϕy,1

· · · ∂fω̃n
∂ϕy,n



=

 n︷ ︸︸ ︷
0 · · · 0

n︷ ︸︸ ︷
− ω̃1

(1+s1+µ1 sgnωG,1)2 · · · 0

n︷ ︸︸ ︷
− ω̃1 sgnωG,1

(1+s1+µ1 sgnωG,1)2 · · · 0

n︷︸︸︷
0

n︷︸︸︷
0

Other rows as above but shifted to the right by one column, thereby increasing the index by one

 (3.45)

Performing similar calculations for (I + S + M)−1b yields

∂fb
∂p

=

 n︷ ︸︸ ︷
1

1+s1+µ1 sgnωG,1
· · · 0

n︷ ︸︸ ︷
− b1

(1+s1+µ1 sgnωG,1)2 · · · 0

n︷ ︸︸ ︷
− b1 sgnωG,1

(1+s1+µ1 sgnωG,1)2 · · · 0

n︷︸︸︷
0

n︷︸︸︷
0

Other rows as above but shifted to the right by one column, thereby increasing the index by one

 (3.46)

and for (I + S + M)−1η respectively

∂fη
∂p

=

 n︷ ︸︸ ︷
0 · · · 0

n︷ ︸︸ ︷
− η1

(1+s1+µ1 sgnωG,1)2 · · · 0

n︷ ︸︸ ︷
− η1 sgnωG,1

(1+s1+µ1 sgnωG,1)2 · · · 0

n︷︸︸︷
0

n︷︸︸︷
0

Other rows as above but shifted to the right by one column, thereby increasing the index by one

 (3.47)

Subtracting 3.46 and 3.47 from 3.45, we obtain

∂f
∂p

=

 n︷ ︸︸ ︷
− 1

1+s1+µ1 sgnωG,1
· · · 0

n︷ ︸︸ ︷
−ω̃1+b1+η1

(1+s1+µ1 sgnωG,1)2 · · · 0

n︷ ︸︸ ︷
(−ω̃1+b1+η1) sgnωG,1
(1+s1+µ1 sgnωG,1)2 · · · 0

n︷︸︸︷
0

n︷︸︸︷
0

Other rows as above but shifted to the right by one column, thereby increasing the index by one

 (3.48)

One may notice the common term 1 + si + µi sgnωGi in the denominator of each row.
Therefore we can factor it out into a pre-multiplied n× n-matrix, which yields:

∂f
∂p

= diag( 1
1+si+µi sgnωGi

)

 nxn︷︸︸︷
−I

n︷ ︸︸ ︷
−ω̃1+b1+η1

1+s1+µ1 sgnωG,1
· · · 0

n︷ ︸︸ ︷
(−ω̃1+b1+η1) sgnωG,1

1+s1+µ1 sgnωG,1
· · · 0

n×n︷︸︸︷
0

n×n︷︸︸︷
0

As row 1 but shifted to the right by one col., thereby increasing i

 (3.49)

The pre-multiplied matrix is nothing else than (I + S + M)−1. Thus one can write

3(I + S + M)−1 is of diagonal shape hence its inverse is simply the diagonal matrix with the
reciprocal elements of (I + S + M).
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∂f
∂p

= (I + S + M)−1

 n× n︷︸︸︷
−I

n︷ ︸︸ ︷
−ω̃1+b1+η1

1+s1+µ1 sgnωG,1
· · · 0

n︷ ︸︸ ︷
(−ω̃1+b1+η1) sgnωG,1

1+s1+µ1 sgnωG,1
· · · 0

n×n︷︸︸︷
0

n×n︷︸︸︷
0

As row 1 but shifted to the right by one col., thereby increasing i

 (3.50)

At this point we need equation 3.23, the measurement model of an individual gyro.
Solving it for (−ω̃i + bi + ηi) yields

− ω̃i + bi + ηi = −(1 + si + µi sgnωGi)ωGi (3.51)

Inserting 3.51 into 3.50 and reducing yields

∂f

∂p
= (I + S + M)−1

[
−I diag(−ωGi) diag(−ωGi sgnωGi) 0 0

]
(3.52)

Hence we obtain the final form of the right-hand side by recognizing ωGi sgnωGi =

ωGi
|ωGi |
ωGi

= |ωGi |:

∂
∂p

[(I + S + M)−1(ω̃ − b− η)] = −(I + S + M)−1
[

I diag(ωGi) diag(|ωGi |) 0 0
]

(3.53)

This is indeed a n × 5n matrix. It describes the sensitivity of ωG with respect to the
calibration parameters.

Evaluating the Jacobian: part II (left-hand side)
Also the left side of equation 3.42 is an expression for the sensitivity of ωG with respect
to the calibration parameters. Since our goal is to obtain the sensitivity of ωb wrt. p,
we cannot use the same method as for the right side. This is simply because calculating
the Jacobian in terms of its components yields a matrix filled with the corresponding
terms and not an equation including a derivative. This is why we choose the approach
of applying the product rule to ∂

∂p
ωG = ∂

∂p
(Gωb), thus creating two n× 5n matrices.

It is important to apply the product rule in a clever way, as even tough we do have a
matrix times a vector which yields a vector, we have to pay attention to not create a
term with the derivative of a matrix with respect to a vector in the process of applying
the product rule. The reason for this is that such a term equates to a tensor of third
order, which is undesired.
To ease the derivation we shall therefore introduce a new notation. An asterisk (*)
shall denote that the quantity carrying it is considered constant with respect to the
derivative. As a simple example, consider the scalar product rule:

d

dx
(u(x)v(x)) = v(x)

d

dx
u(x) + u(x)

d

dx
v(x)

Using the new notation, we can write this as:

d

dx
(u(x)v(x)) =

d

dx
(u(x)v∗(x)) +

d

dx
(u∗(x)v(x))

Since the functions are marked as constant with respect to the derivative, we can put
them into the differentials. Another observation that can be made is that once the
differential has been evaluated, there is no need to assign an asterisk anymore. They
only become important if a function is put into the differential.
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Applying this formalism to the left-hand side of equation 3.42 we obtain:

∂ωG
∂p

=
∂

∂p
(G∗ωb) +

∂

∂p
(Gω∗b) (3.54)

In the first term we shall to take out G since it is a matrix and the remaining factor
represents the desired Jacobian. The second term however is exactly as desired. We
must not make the mistake to pull out ω∗b , as then we would have the derivative of a
matrix with respect to a vector, which is a tensor of order three. Hence we write:

∂ωG
∂p

= G
∂

∂p
(ωb) +

∂

∂p
(Gω∗b) (3.55)

Looking at the right term and comparing it with the misalignment model given in
equation 3.22, we can write

∂ωG
∂p

= G
∂

∂p
(ωb) +

∂

∂p
(ωG(ω∗b)) (3.56)

As the first summand does not require further attention, we shall from now on look at
the second summand. Expanding the latter by using equation 3.22 results in

∂

∂p
(ωG(ω∗b)) =

∂

∂p

[
Ŵ

T
ω∗b + Cv̂(ω∗b)ϕx −Cû(ω∗b)ϕy

]
(3.57)

This can be broken down into three Jacobians, exactly as was the case when evaluating

the right-hand side. The first Jacobian, ∂
∂p

Ŵ
T
ω∗b , is quite simple as it does not depend

on p (since ω∗b is marked with an asterisk), hence we obtain a n × 5n matrix full of
zeros.
The third Jacobian is basically identical to the second and hence its derivation is
analogous to the latter at which we shall now have a closer look.

∂

∂p
Cv̂(ω∗b)ϕx = ∂

∂



b
s
µ
ϕx
ϕy



Cv̂(ω∗b)ϕx (3.58)

As we can see from equation 3.58, the term Cv̂(ω∗b)ϕx does solely depend on ϕx and
no other parameter of p. Hence its Jacobian starts with three n×n zero-matrices and
also ends with a n×n zero-matrix. The fourth block is then the Jacobian with respect
to ϕx. This simple structure can be seen in equation 3.59.

∂

∂p
Cv̂(ω∗b)ϕx =

[
0 0 0 ∂

∂ϕx
Cv̂(ω∗b)ϕx 0

]
(3.59)

This fourth block has the same shape as ∂
∂x

Ax = x where A is a matrix and x a vector.
Thus we can perform the differentiation and drop the asterisk, which yields

∂

∂p
Cv̂(ω∗b)ϕx =

[
0 0 0 Cv̂(ωb) 0

]
(3.60)
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Doing the analogous computation for the third part of equation 3.57 and building the
sums, we see that

∂

∂p
(ωG(ω∗b)) =

[
0 0 0 Cv̂ −Cû

]
(3.61)

Inserting equation 3.61 into 3.56 we obtain the final form for the left part of equation
3.40:

∂

∂p
(Gωb) = G

∂ωb
∂p

+
[
0 0 0 Cv̂ −Cû

]
(3.62)

3.1.2.1.2 Jacobi matrix

Now that we have evaluated the left and right parts of equation 3.40 we can combine
the results. Doing so results in

G∂ωb
∂p

+
[
0 0 0 Cv̂ −Cû

]
= −(I + S + M)−1

[
I diag(ωGi) diag(|ωGi |) 0 0

]
(3.63)

Multiplying both sides with (I + S + M) and then subtracting the resulting second
term on the left-hand side yields

(I + S + M)G∂ωb
∂p

= −
[
I diag(ωGi) diag(|ωGi |) (I + S + M)Cv̂ −(I + S + M)Cû

]
(3.64)

Looking back at equation 3.27 we see that we have already defined L = (I + S + M)G.
Defining further

J =
[
I diag(ωGi) diag(|ωGi |) (I + S + M)Cv̂ −(I + S + M)Cû

]
(3.65)

we finally get the desired Jacobi-matrix for the angular rate (in body coordinates) with
respect to the calibration vector

∂ωb
∂p

= −L†J (3.66)

3.1.2.2. Attitude kinematics differential equation

Before evaluating the differential, we were about to find an expression for δωb. Finally,
the desired Jacobian can be inserted into equation 3.39, which yields

δωb = −L̂
†
Ĵδp + L̂

†
η (3.67)

In order to continue our derivation of the filter equation, we also need the term
(ω̂b + ωb) as can be seen in equation 2.35. The sum is easily obtained from eq. 3.67
via

δωb = ω̂b − ωb = −L̂
†
Ĵδp + L̂

†
η

⇒ ωb = ω̂b −
(
−L̂

†
Ĵδp + L̂

†
η
)

⇒ ω̂b + ωb = 2ω̂b + L̂
†
Ĵδp− L̂

†
η

(3.68)

Introducing equations 3.68 and 3.67 to equation 2.35, we obtain

δȧb = −1

2
(2ω̂b + L̂

†
Ĵδp− L̂

†
η)× δab − L̂

†
Ĵδp + L̂

†
η (3.69)
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Neglecting the terms which are products of small quantities, we obtain a first order
approximation of the attitude error kinematics differential equation with respect to the
gyro model presented in section 3.1.1:

δȧb = −ω̂b × δab − L̂
†
Ĵδp + L̂

†
η (3.70)

This is the final form of the filter equation which can now be used in a linear state-space
model. The model itself is presented in the following, however it is mainly another way
of writing equation 3.70.

Filter equation in state-space form
We shall model the calibration parameters as constant except for the addition of white
noise on their differential (random walk model). Following our definition of an error,
we see that

δp = p̂− p (3.71)

and due to
.

p̂ = 0 as well as ṗ = ηP it follows that

δṗ =
.

p̂− ṗ = −ηP (3.72)

This completes the second part of the state-space model. It is presented in equation
3.73: [

δȧb
δṗ

]
=

[
−(ω̂b)

× −L̂
†
Ĵ

05n×3 05n×5n

]
︸ ︷︷ ︸

:=F

[
δab
δp

]
+

[
L̂
†

03×5n

05n×n −I5n×5n

]
︸ ︷︷ ︸

:=G

[
η
ηP

]
(3.73)

The state is of order 3 + 5n and all errors in the calibration parameters (bias, mis-
alignment, symmetric-/asymmetric scale factors) are included in δpb. ()× denotes the
cross-product matrix and η represents the noise leading to the angular random walk.
ηP is a 5n-column vector and has the noise causing the rate random walk (cf. bias
model, eq. 2.2) as well as artificial noises in the scale factors and misalignments as its
components. Artificial means that the parameters are actually considered constant,
however in order for the filter to track slight calibration parameter variations, a small
amount of process noise leading to a random walk behavior in the parameters is inte-
grated into the model [13]. No restrictions in terms of n, the amount of gyros used,
have been made, however as we shall later see, observability issues limit the maximum
number of gyros to n = 3.
This is a continuous model assuming rate gyros. It has to be discretized in order
to be compatible with discrete-time gyro measurements. Since the state contains the
errors of the attitude and calibration parameters, it makes sense to implement equa-
tion 3.73 in a linearized ”error-state” Kalman Filter. This kind of filter is also called
”error state filter” and, together with the discretization process and remaining filter
equations, shall be presented in the next section.

3.1.3. Error-state Kalman Filter for gyro-stellar estimation

3.1.3.1. Model discretization

The Kalman Filter maintains the uncertainty of the state in the covariance matrix
P. The model described by equation 3.73 is continuous, however the gyro- and STR-
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measurements are time-discrete. This is why the model has to be converted to its
discrete equivalent.
In order to do this, we need to find expressions for Hk, Rk, zk, Φk and GkQkG

T
k = Q′

k

(we are dealing with a control-free system, hence Bkuk = 0). A detailed elaboration
on how to convert a continuous model to its discrete-time equivalent can be found in
[37, 597 ff.] and [38, 145 ff.], therefore only the final equations and most important
aspects shall be presented here.

Matrices for performing the measurement update
To obtain the discrete-time equivalents to H and z, the continuous measurements just

have to be applied at discrete times, hence:

zk = z(tk) (3.74)

Hk = H(tk) (3.75)

Rk is provided by the STR manufacturer and described in equation 3.92.

Matrices for performing the covariance propagation
Considering F and G as defined in equation 3.73, the following lines describe the rules

for performing the conversion continuous-time → discrete-time.

State transition matrix:
Φk = eFk∆t ≈ I + F∆t (3.76)

Discrete-time process noise covariance matrix:

Q′
k = GkQkG

T
k =

∫ tk+1

tk

Φtk+1,τ
G(τ)SG(τ)TΦT

tk+1,τ
dτ (3.77)

where S is the double-sided power spectral density of the process-noise (a diagonal
matrix). Modeling F and G as constant in between tk and tk+1, the integral can be
evaluated to result in:

Q′
k ≈ GSGT∆t+

1

2
[GSGTFT + FGSGT ]∆t2 +

1

3
FGSGTFT∆t3 (3.78)

In case of very small ∆t, the higher-order terms may be neglected.

Using Q′
k the propagation of the process noise may be either performed via the stan-

dard Kalman Filter equations or using a square root-implementation (e.g. the Bierman-
Thornton UD-algorithms [39]). Since Rk can be approximated as a diagonal matrix,
the Bierman-algorithm can be used without decorrelation of the measurements and
hence be applied component by component of the vector attitude measurements.
Square root implementations have the advantage that they are more numerically sta-
ble. When dealing with high quality hardware (low standard deviations of the errors)
and large states, numerical problems can arise due to the components of the covari-
ance matrices becoming as small as the working precision of the on-board computer.
Therefore it may be worth to implement the filter in a square root-algorithm which
reduces the dynamic range of the covariance to its half.
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3.1.3.2. Filter formulation

The case of n = 3 gyros is the first step regarding an implementation of a calibration
filter. The main reason for this is, that in case of n = 3, all calibration parameters,
i.e. bias, symmetric scale factor, asymmetric scale factor and the misalignments of the
sensitive axes, are geometrically observable4 by analyzing the attitude measurements
of a suitable calibration maneuver. For a detailed discussion on observability refer to
chapter 4.

Measurement equation
The equation describing the dynamics of the state and gyro parameters as well as the
corresponding gyro model were already derived. We shall now look at the measurement
model of the calibration filter.
The measurements are provided by the star tracker(s). Typically a star tracker is not
aligned with the body frame but has its own unit frame, hence it provides a measure-
ment q̃ui. The multiplicative version of the error definition corresponds to

δqu = q̂ui ⊗ q̃−1
ui (3.79)

Equation 3.79 provides a way of computing the error quaternion, given the a-priori
attitude estimate and the inverse of the STR attitude measurement. The inverse of
the measurement is, since the attitude quaternion is a unit quaternion, simply obtained
by taking the negative vector component of the quaternion q̃ui.
Both components of equation 3.79 shall now be expressed with the help of the known
alignment between the body- and unit-frame, qub. This yields

δqu = qub ⊗ q̂bi ⊗ q̃ib ⊗ qbu (3.80)

Applying the multiplicative error definition to the term in the middle, we may write

δqu = qub ⊗ δqb ⊗ qbu (3.81)

Solving this for δqb by multiplying with the corresponding inverses, we obtain

δqb = qbu ⊗ δqu ⊗ qub (3.82)

When designing the filter dynamics equation we chose the Gibbs vector representation
as the representation of the attitude. Since the measurement equation shall map the
filter state to the measurements, we also have to define the attitude error given by
equation 3.82 in terms of the filter state.
Using the definition of the Gibbs vector representation (cf. equation 2.5) as twice the
Gibbs vector, we can formulate equation 3.82 as

δqb =
1√

|δab|2 + 4

[
δab
2

]
= qbu ⊗

1√
|δau|2 + 4

[
δau
2

]
⊗ qub (3.83)

Assuming small errors, we can set the squares of the vector-magnitudes to zero and
hence obtain [

δab
2

]
= qbu ⊗

[
δau
2

]
⊗ qub (3.84)

4A suitable calibration maneuver is still necessary to provide dynamic and thus full observability
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The line describing the vector part of equation 3.84 contains the first element of our
state-vector. It is still expressed in terms of the transformation quaternion between
the STR unit frame and the body frame, however we wish to write the transformation
in terms of the direction cosine matrix (DCM) as we require a matrix representation.
For the transformation from unit- to body-frame it holds that

δab = qbu ⊗ δau ⊗ qub = Tbuδau (3.85)

according to the conversion rules between DCM and quaternion transformations. Tbu

is the direction cosine which transforms the STR unit frame into body coordinates,
hence using equation 3.85 we can compute the attitude error in terms of the Gibbs
vector representation in the body frame. As mentioned earlier, it is the task of the
measurement model to relate the filter state to the measured quantity.
The STR attitude measurement does not depend on the calibration parameters of
the gyro, hence we basically have everything at hand that is needed to formulate the
measurement equation.
It shall be noted at this point that we do not include any STR-misalignment, since
modeling misalignments at all attitude sensors introduces three unobservable (and
redundant) degrees of freedom [40, 41, 42]. This basically puts the STR as the reference
sensor and thus avoids the unobservable DOF.
Using equation 3.79 and the definition of the Gibbs vector representation, a = 2δq/δq4,
we can transform a new measurement to δãu and thus define

z = δãu (3.86)

Equation 3.85 and the state-vector definition can now be used to obtain the measure-
ment matrix H:

z = δãu (3.87)

= δau + νu (3.88)

= Tubδab + νu (3.89)

= [Tub 03×5n]


δab
δb
δs
δµ
δϕx

δϕy

+ νu (3.90)

= Hx + νu (3.91)

where νu denotes the discrete-time measurement noise. The corresponding covariance
is

Rk = E〈νuνTu 〉 (3.92)

which is provided from the STR manufacturer.

3.1.4. Overview: filter implementation

Due to the linearization of the filter state dynamics equation and a state-vector com-
prising errors, a linearized error-state implementation using the standard Kalman Filter
equations seems natural. This implementation is summarized in table 3.1.
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Error State Filter

Inside Filter Outside Filter
D

efi
n
it

io
n
s Filter State x Errors in attitude and calibration

parameters
x = [ δaTb δb

T δsT δµT δϕx
T δϕy

T ]T

Error
definition

Attitude: δqu = q̂ui ⊗ q̃−1
ui

⇒ δau = 2δq/δq4,u

Calibration parameters:
δp = p̂− p

Noise power
definition

S = diag(SARW ,SRRW ,SSSF ,SASF ,Sϕx ,Sϕy)

Jacobi
sub-matrices

L̂ = (I + Ŝsf + M̂)Ĝ, where
Ĝ = [Ŵ − Ûdiag(ϕy) + V̂diag(ϕx)]

T

Ŝsf = diag(si), M̂ = diag(µi sgn ω̂Gi)

ω̂g = Ĝω̂b and ω̂b = L̂
†
(ω̃ − b̂)

Ĵ = [I, diag(ω̂g), diag|ω̂g|, ...
(I + Ŝsf + M̂)Cv̂, −(I + Ŝsf + M̂)Cû]

where Cû = diag(ω̂Tb Û)
and Cv̂ = diag(ω̂Tb V̂)

In
it

ia
li
za

ti
on State

Estimate
x̂0 = 0

Initial attitude:
Initialize with
measurement, i.e.
q̂bi(t0) = q̃bi

Initial calibration
parameters: p̂(t0) = 0

Estimation
Error

Covariance
Matrix

P0 =



R0 0 0 0 0 0

0 (bmax
3

)2 0 0 0 0

0 0 ( smax
3

)2 0 0 0

0 0 0 (µmax
3

)2 0 0

0 0 0 0 (ϕxmax

3
)2 0

0 0 0 0 0 (
ϕymax

3
)2


Due to initialization with a measure-
ment, attitude cov. = meas.-cov.

P
ro

p
ag

at
io

n
(S

ta
n
d
ar

d
K

al
m

an
M

et
h
o
d
)

Filter state x̂−k+1 = 0 (since the state has been
reset after the prev. update-step)

Error
covariance

P−k+1 = ΦkP
+
k ΦT

k + Q′k
where Φk = I + F∆t,

F =

[
−(ω̂b)

× −L̂
†
Ĵ

05n×3 05n×5n

]
,

G =

[
L̂
†

03×5n

05n×n −I5n×5n

]
and

Q′
k ≈ GSGT∆t

Note: F,G and Q′k have to be re-
computed with the new L̂, Ĵ every
filter iteration
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Full state Starting from new full
state after correction,

numerical (or closed-form)
solution of the quaternion

kinematics equation:

˙̂qb = 1
2

ω̂bib
0

⊗ q̂b
using the best estimate of

the angular rate, i.e.

ω̂b = L̂
†
(ω̃ − b̂)

U
p

d
at

e
(S

ta
n
d
ar

d
K

al
m

an
M

et
h
o
d
) Kalman Gain Kk = P−k HT

k (HkP
−
k HT

k + Rk)
−1

Where Hk =
[
Tub 03×5n

]
and Rk = RSTR

Filter
Measurement

zk

δqu = q̂ui ⊗ q̃−1
ui

⇒ δau = 2δq/δq4,u

⇒ zk = δãu = Hx + νu

Filter state
correction

x̂+
k = Kkδãu

Error
Covariance

P̂
+

k = (I−KkHk)P
−
k or

P̂
+

k =
(I−KkHk)P

−
k (I−KkHk)

T

+KkRkK
T
k

(”Josephs Form”, better for ensur-
ing pos. definiteness)

Full State
Correction

δqu = q̂ui ⊗ q̂−1
ui

δqu = 1√
|δau|2+4

[
δab

2

]
New attitude estimate:
qui = δq−1

u ⊗ q̂ui

Calibration parameters:
p = p̂− δp

Filter reset
(after full

state
correction)

x̂+
k = 0 (since the error has been

corrected for)

Table 3.1.: Error-state filter implementation performing gyro calibration and GSE

A detailed section devoted to the inspection of the filter performance can be found in
3.4.1. It contains simulation results regarding the attitude- and calibration parameter-
estimation process as well as Monte Carlo studies demonstrating the consistent filter
operation.
We shall now continue with the extension of the filter framework for the case of redun-
dant IMUs.
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3.2. Extension of the rate-gyro calibration filter for
redundant IMUs

Redundant IMUs have more than n = 3 sense axes. Also two different IMUs which are
operated simultaneously can be regarded as a redundant IMU. Performing a calibration
for a RIMU cannot directly be accomplished via the filter presented in table 3.1. In
its current form it suffers from a lack of observability, meaning that not all calibration
parameters of all gyros are individually estimable by the filter. This is explained and
accounted for in the following. The concept of null-space measurements introduced in
this section goes back to Pittelkau’s work in [23]. Further details on observability can
be found in chapter 4.

3.2.1. Theoretical background

If more than three gyros are employed for measuring the angular rate, one cannot
observe all sensor calibration parameters via attitude measurements only. This is
simply because the mapping-matrix L is of size n × 3. The gyro model (eq. 3.30)
states that

ωb = L†(ω̃ − b− η) (3.30)

however we do not know the true values of L,b and η. Instead we can formulate a

best estimate via ω̂b = L̂
†
(ω̃ − e) where e is an error vector containing information

regarding the calibration parameters.
The same approach is basically valid for the null-space equations. Formulating a null-
space equation which actually equates to zero and providing the calibration filter a best
estimate of this equation is the goal to extending the filter with null-space measure-
ments. Of course there is no physical sensor performing any null-space measurements,
however since a Kalman Filter is updated with measurements and also the null-space
estimates shall be used to update the Kalman Filter, one still uses the term ”measure-
ment”.
The null-space of a matrix has dimension u − r where r is the rank of the matrix
and u the number of columns. Assuming that the angular rate is measured in all
spatial dimensions, the mapping matrix L (for the ”ideal” null-space equation) is of
rank three and thus has full column rank. Looking at the null-space of L†, we see that
u − r = n − 3 since dim(L†) = 3 × n. Hence, when n > 3, L† has a non-vanishing
null-space dimension. The right null-space of L† is identical to the right null-space of
LT which is in turn identical to the left null-space of L. In order to obtain full observ-
ability, the calibration filter needs to be updated with information regarding what lies
in the left null-space of L. One can thus say, that the filter needs to be updated with
”null-space measurements” or to be more precise ”null-space rate measurements”. For
more information regarding geometric observability consult section 4.2.

3.2.1.1. Null-space rate equations

An orthogonal basis N for the left null-space of L fulfills two properties, namely:

NTL = 0 and (3.93)

NTN = I (3.94)
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Equation 3.93 is the definition of being the left null-space and equation 3.94 is the
definition of orthogonality.
The basis for the left null-space of L can be computed in many ways. Two typical
approaches apply a singular value decomposition of LT (since it computes the right
null-space of LT) or a QR-factorization of L [43]. Using e.g. MATLAB, one can
compute a basis for the left null-space of L via

N = null(L’);

Internally this command makes use of a singular value decomposition. How to compute
the pseudo-inverse and basis for the left null-space with the help of a QR-decomposition
is shown in appendix A.
We shall start the filter extension at equation 3.28 which can be written as Lωb =
ω̃ − b− η. Augmenting this with the null-space basis we get

[L N]

(
ωb

0

)
= ω̃ − b− η (3.95)

Even though this does not change the equation in the first place, the purpose of this
step is to obtain an invertible square matrix. L has rank 3 and N has rank n− 3. The
matrix [L N] on the left is of dimension n× n and has full rank, thus it is invertible

and we can solve equation 3.95 for

(
ωb

0

)
.

How to do obtain the inverse of [L N] is shown in appendix B. We may therefore
directly proceed with the result

[L N]−1 =

[
L†

NT

]
(3.96)

and come up with: (
ωb

0

)
=

[
L†

NT

]
(ω̃ − b− η) (3.97)

The first equation, the row- or range-space equation, is already well-known and used
in the calibration filter for computing the body angular rate estimate. The second line
however is what we are looking for. It describes the desired null-space equation:

0 = z = NT (ω̃ − b− η) (3.98)

It holds that dim(z) = n− 3, hence it is a scalar for four gyros and becomes a vector if
five or more gyros are used. We would like to perform null-space updates and attitude
measurement updates using the standard Kalman Filter equations. For this to work
out, the noises in both lines of equation 3.97 have to be uncorrelated, which is per
se not obvious as the white noise sequence η is common to both lines. We shall thus
define the noise vector

ε =

[
L†

NT

]
η (3.99)

and the covariance associated with the noise which drives the angular random walk:

35



3. Design, Development and Evaluation of Performance

E〈ηηT 〉 = Σ (3.100)

Using equation 3.99 we can compute

εεT =

[
L†

NT

]
ηηT

[
L†

NT

]T
(3.101)

=

[
L†

NT

]
ηηT [(L†)T N] =

[
L†ηηT

NTηηT

]
[(L†)T N] (3.102)

=

[
L†ηηT (L†)T L†ηηTN

NTηηT (L†)T NTηηTN

]
(3.103)

The covariance matrix is obtained by taking the expected value:

E〈εεT 〉 =

[
L†E〈ηηT 〉(L†)T L†E〈ηηT 〉N
NTE〈ηηT 〉(L†)T NTE〈ηηT 〉N

]
(3.104)

=

[
L†Σ(L†)T L†ΣN

NTΣ(L†)T NTΣN

]
(3.105)

The lower left element is the transpose of the upper right element, as (L†ΣN)T =
NTΣT (L†)T = NTΣ(L†)T , since Σ is symmetric. This is why we only have a diagonal
matrix, if L†ΣN = 0. Expanding the pseudo-inverse yields (L has full column rank):

L†ΣN = (LTL)−1LTΣN = (LTL)−1LTΣN (3.106)

Looking at equation B.10, we see that only if Σ is a multiple of the identity matrix,
we obtain the term LTN which would render equation 3.106 zero. In that case, the
covariance matrix looks like:

E〈εεT 〉 = σ2

[
L†(L†)T 0

0 NTN

]
= σ2

[
(LTL)−1LTL((LTL)−1)T 0

0 I

]
(3.107)

= σ2

[
(LTL)−1LTL((LTL)T )−1 0

0 I

]
(3.108)

= σ2

[
(LTL)−1LTL(LTL)−1 0

0 I

]
(3.109)

= σ2

[
(LTL)−1 0

0 I

]
(3.110)

This tells us that only if Σ = σ2I, equation 3.98 can be used in an unmodified Kalman
Filter without introducing errors. Typically the gyros used are of the same type and
hence the assumption of isotropic errors is fulfilled anyway. If however different types
of gyros shall be employed on board of a spacecraft, one would have to modify equation
3.98 to also allow for non-isotropic errors.
A reason for using such an extended version is that one might want to employ different
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gyros on board of a spacecraft. These do have different noise coefficients and thus non-
isotropic errors. Furthermore a gyro might fail in such a way that it suddenly exhibits a
larger noise output than the others. Using the non-extended version this would violate
the isotropic error assumption and can cause problems regarding the convergence of
the calibration parameters.

3.2.1.2. Extended null-space rate equations

In order to overcome the constraint of isotropic errors we need an error covariance
matrix which is of diagonal shape even if Σ is not a multiple of the identity matrix.
The solution to this problem was introduced in literature by Pittelkau in reference [23]
and shall be presented next. To obtain the desired form of E〈εεT 〉, the range-space
and null-space equations need to be multiplied by another matrix. This is why they
are called the weighted range-/null-space equations.
The weighting needs to be performed with the inverse of the Cholesky factor of Σ, i.e.
X−1, where Σ = XXT . Next, define the weighted equivalent to L via LΣ = X−1L.
Its left null-space basis, NΣ, is such that NΣ

TLΣ = 0 and NΣ
TNΣ = I. It can be

computed in the exact same way as N is computed from L, although it is advantageous
to perform the computation via a QR decomposition (see appendix A). The reason for
this is, that both LΣ

†, i.e. the pseudo-inverse of LΣ and its weighted left null-space
matrix NΣ can be computed from the matrices Q and R. We have to begin the
derivation at equation 3.30, which states

Lωb = ω̃ − b− η (3.111)

Pre-multiplying both sides with the weighting matrix results in

X−1Lωb = X−1(ω̃ − b− η) (3.112)

Since LΣ = X−1L, we can write:

LΣωb = X−1(ω̃ − b− η) (3.113)

Similar to the non-extended case we can augment this equation with the weighted
null-space basis NΣ:

[LΣ NΣ]

(
ωb

0

)
= X−1(ω̃ − b− η) (3.114)

Again, [LΣ NΣ] is an invertible square matrix of size n × n. The inversion can be
performed in the same way as shown for the non-extended case, which yields:(

ωb

0

)
=

[
LΣ
†

NΣ
T

]
X−1(ω̃ − b− η) (3.115)

The rows of equation 3.115 form the weighted range- and null-space equations, which
are:

ωb = LΣ
†X−1(ω̃ − b− η) (3.116)
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and
0 = NΣ

TX−1(ω̃ − b− η) (3.117)

The noise-vector in equation 3.115 is

ε =

[
LΣ
†

NΣ
T

]
X−1η (3.118)

The next step is to compute εεT in order to come up with the covariance matrix:

εεT =

[
LΣ
†

NΣ
T

]
X−1η(X−1η)T [LΣ

†T NΣ] (3.119)

=

[
LΣ
†

NΣ
T

]
X−1ηηT (X−1)T [LΣ

†T NΣ] (3.120)

=

[
LΣ
†X−1ηηT (X−1)T

NΣ
TX−1ηηT (X−1)T

]
[LΣ

†T NΣ] (3.121)

=

[
LΣ
†X−1ηηT (X−1)TLΣ

†T LΣ
†X−1ηηT (X−1)TNΣ

NΣ
TX−1ηηT (X−1)TLΣ

†T NΣ
TX−1ηηT (X−1)TNΣ

]
(3.122)

Taking the expected value of matrix 3.122 we obtain:

E〈εεT 〉 =

[
LΣ
†X−1Σ(X−1)TLΣ

†T LΣ
†X−1Σ(X−1)TNΣ

NΣ
TX−1Σ(X−1)TLΣ

†T NΣ
TX−1Σ(X−1)TNΣ

]
(3.123)

To further simplify equation 3.123 we need to find an expression for (X−1)T . Starting
from Σ = XXT we can write:

Σ−1 = (XXT )−1 (3.124)

= (XT )−1X−1 (3.125)

⇒ (X−1)T = Σ−1X (3.126)

Introducing 3.126 to 3.123 we obtain:

E〈εεT 〉 =

[
LΣ
†X−1ΣΣ−1XLΣ

†T LΣ
†X−1ΣΣ−1XNΣ

NΣ
TX−1ΣΣ−1XLΣ

†T NΣ
TX−1ΣΣ−1XNΣ

]
(3.127)

=

[
LΣ
†LΣ

†T LΣ
†NΣ

NΣ
TLΣ

†T NΣ
TNΣ

]
(3.128)

Let’s look at the individual terms one after the other, starting with the upper right
one:

LΣ
†NΣ = (LΣ

TLΣ)−1LΣ
TNΣ = (LΣ

TLΣ)−1(NΣ
TLΣ)T = 0 (3.129)

Since NΣ
TLΣ = 0. As NΣ

TLΣ
†T = (LΣ

†NΣ)T , the lower left element also reduces to
zero. The lower right element equates to the identity matrix, as NΣ is the weighted
orthogonal left null-space basis.
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The remaining element is the upper left one. To come up with a simplification we first
need to find an expression for LΣ

†:

LΣ
† = (LΣ

TLΣ)−1LΣ
T (3.130)

= ((X−1L)TX−1L)−1(X−1L)T (3.131)

= (LT (X−1)TX−1L)−1LT (X−1)T (3.132)

Using equations 3.125 and 3.126 we can write

LΣ
† = (LTΣ−1L)−1LT (X−1)T (3.133)

= (LTΣ−1L)−1LTΣ−1X (3.134)

The transpose is consequently

(LΣ
†)T = XT (Σ−1)TL((LTΣ−1L)−1)T (3.135)

= XT (Σ−1)TL(LT (Σ−1)TL)−1 (3.136)

= XT (Σ−1)TL(LTΣ−1L)−1 (3.137)

= XTΣ−1L(LTΣ−1L)−1 (3.138)

The last line follows from the symmetry of Σ. The upper left element is therefore given
by

LΣ
†(LΣ

†)T = (LTΣ−1L)−1LTΣ−1XXTΣ−1L(LTΣ−1L)−1 (3.139)

= (LTΣ−1L)−1(LTΣ−1L) (LTΣ−1L)−1 (3.140)

= (LTΣ−1L)−1 (3.141)

The simplified form of the covariance matrix is thus given via

E〈εεT 〉 =

[
(LTΣ−1L)−1 0

0 I

]
(3.142)

As we can see, the weighting via X−1 produces a covariance matrix that is always
diagonal, i.e. the null-space and range-space measurements are uncorrelated. Hence
the equations can be used in the calibration filter without changing the standard fil-
ter algorithm. The diagonal form of the weighted null-space rate covariance allows a
square root implementation without a decorrelation of the measurements in the Bier-
man update-step, i.e. the vector measurements can be processed in a scalar manner -
one after the other [39].
As we shall see in section 3.2.2, ε = NΣ

TX−1η is also the noise of the weighted null-
space residual. This means that the covariance of the weighted null-space residual is
always the identity matrix and equals 1 for n = 4.

Summarizing the results:
Two versions of the null-space measurement equation can be formulated. The first one
is given by

z = 0 = NT (ω̃ − b− η) (3.98)

39



3. Design, Development and Evaluation of Performance

and can be used in a calibration filter to obtain full observability, given that isotropic
errors are present, i.e. Σ = σ2I.
If non-isotropic errors are present, one needs to employ the weighted null-space rate
equation. It yields a weighted error covariance matrix which is always of diagonal
shape and has the identity matrix as the entry belonging to the weighted null-space
equation. Therefore this formulation also works when different gyros are employed. It
is the choice of the design engineer which version to choose and a question of function-
ality versus performance.

We shall next look at how to use these null-space rate measurement equations in
the calibration filter in order to obtain full observability of the calibration parameters.
The method is explained via the non-extended version of the null-space rate equation,
however the process works identically for the extended case. In fact, the final result in

the extended case is simply obtained by exchanging N̂
T

with N̂Σ
T
X−1. The weighting

process then also requires the range-space equation to be adapted. This can be done

by exchanging L̂
†

with L̂Σ
†
X−1 in the state dynamics equation of the calibration filter.

3.2.2. Filter formulation including null-space updates

Since the calibration filter is linearized with respect to the state variable (the error
states) we also need to find an expression of the null-space equation that directly
depends on the state-vector.
To do this, we take the same approach as we did for the range-space equation and
express δz in a Taylor series about the a-priori estimates of the calibration parameters.
Define the error in the null-space measurement via5:

δz = ẑ − z = ẑ − (z|p=p̂ −
∂z

∂p |p=p̂

δp) (3.143)

The estimate of z, i.e. ẑ is

ẑ = N̂
T

(ω̃ − b̂) (3.144)

Evaluating equation 3.98 at p̂ gives:

z|p=p̂ = N̂
T

(ω̃ − b̂− η) (3.145)

Introducing equations 3.144 and 3.145 into equation 3.143, we obtain

δz = ẑ − z = N̂
T

(ω̃ − b̂)−

(
N̂
T

(ω̃ − b̂− η)− ∂z

∂p |p=p̂

δp

)
(3.146)

= N̂
T
η +

∂z

∂p |p=p̂

δp (3.147)

We need the partial derivative with respect to the calibration vector, evaluated at the
a-priori estimates of the calibration vector. All null-space equations are similar to
their range-space equivalents. One obtains the null-space equation to a corresponding

5Recall that if n > 4, δz, z and ẑ become vectors.
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range-space equation by simply exchanging L† with transpose of the basis for the left
null-space of L, i.e. NT . In the same manner we can take the derivative of the range-
space expression with respect to the calibration parameters and exchange L† with NT .
This results in:

∂z

∂p
= −NTJ (3.148)

If n = 4, then J is 4 × 20. NT is 1 × 4, hence ∂z
∂p

is a vector of dimension 1 × 20.
Equation 3.147 tells us that the derivative needs to be multiplied with δp, which is
5n × 1, i.e. 20 × 1. Thus ∂z

∂p |p=p̂
δp is indeed a scalar. Therefore the error in the

null-space measurements is

δz = N̂
T
η − N̂

T
Ĵδp (3.149)

This term does not depend on the attitude error, hence we can write the following
null-space measurement equation (which now directly depends on the state-vector):

δz = [01×3 − N̂
T
Ĵ]

[
δab

δp

]
+ N̂

T
η (3.150)

In this equation Hnull = [01×3 −N̂
T
Ĵ] can be regarded as the null-space measurement

matrix. It is the analogue to the attitude measurement matrix which was defined as
H = [Tub 03×5n] (cf. eq. 3.90) in case of STR measurements in the u-frame.
In fact we can now augment the attitude measurement equation and equation 3.150 to
form a combined measurement model. This yields:

[
δau

δz

]
=

Tub 03×5n

01×3 −N̂
T
Ĵ︸ ︷︷ ︸

1×20

[δab
δp

]
+

[
νu

N̂
T
η

]
(3.151)

The combined measurement matrix is of dimension 4 × 23. When using this model,
our null-space measurements that are supplied to the calibration filter need to be
”measurements” of δz. Since δz = ẑ − z and the true z is zero (as it is the true
null space measurement), we can directly see that the measurements which need to be
provided to the filter are ẑ. These were already defined in equation 3.144.
Since the noises are uncorrelated, the measurement matrix R can simply be extended
into a 4 × 4-matrix which has the variance of the null-space residuals as component
(4,4). This variance is defined by NTΣN (cf. equation 3.105). Σ is the covariance
matrix associated with the white noise vector driving the angular random walk in the
gyros. It is of diagonal shape and dimension 4× 4.
The angular random walk is typically described with the help of the angular random
walk coefficient which is the square root of its double-sided PSD [44, p.71]. The question
that remains is how to obtain Σ given the angular random walk coefficient.
The answer can be found by looking at the definitions of the covariance and PSD.
Equation 3.197 in reference [44] is what we are seeking for. Transferring it to our
nomenclature, it states that the following holds for η:

41



3. Design, Development and Evaluation of Performance

Σ = Sη
∆tm

= [isotropic case, 4 gyros] =


c2arw
∆tm

0 0 0

0 c2arw
∆tm

0 0

0 0 c2arw
∆tm

0

0 0 0 c2arw
∆tm

 = c2arw
∆tm

I4×4 (3.152)

where carw denotes the angular random walk coefficient and ∆tm is the sample time of
the measurements. It is convenient to perform the null-space updates at the time of
the attitude measurement updates, although this is not strictly necessary.

The following chart summarizes the steps which are needed to extend the calibra-
tion filter concept to null-space updates. This makes the framework applicable for
scenarios with n > 3. Additional steps due to null-space updates are highlighted in
orange. It can be seen that the additional cost for obtaining full observability is quite
low. In fact only n − 3 additional scalar null-space measurement updates (i.e 1 for
n = 4) need to be performed each update-cycle [23].

Propagate Attitude 
via solving the 

quaternion 
kinematic equation

X0, P0

Propagate coavariances 
via standard Kalman 

equation

Square root 
Implementation

?

Calculate discrete-
time matrixes

Compute [UQ, DQ] = 
UDfactorization(Qk)

Apply thornton-
Update, i.e.
[x, UP, DP] = 

thornton(x,ɸ , UP, 
DP, UQ, DQ)

Compute new attitude error

New STR 
attitude 

measurement

Compute new basis for left 
null-space, i.e. N and use it 

to compute the current 
measurement matrix H

Compute new null space 
rate prediction

Update state via standard 
Kalman equations (use 

Josephs Form of covariance 
update if problems regarding 
positive definiteness occur)

Square root 
Implementation

?

Perform filter update component-wise via 
the Bierman-method, i.e. loop through

[x, UP, DP] = bierman(z,R(i,i) , H(:, i), x, UP, DP)
where z = [new attitude error, nullspace 

prediction]

Perform Full state correction 
and reset x (error states)

New attitude and 
calibration parameter 

estimates

Update filter matrices with 
new calibration parameter 
estimates, compute new 

estimate of body angular rate

New angular rate 
measurements 

from gyros

no yes

no yes

Fig. 3.4.: Flow Diagram of the calibration filter including null-space updates for the case of
an error state implementation.
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3.2.3. Overview: filter implementation

The extension of table 3.1 for null-space updates is given in the following. It contains
the implementation of the calibration filter for redundant IMUs in its extended version
(able to cope with different gyros).

Error State Filter

Inside Filter Outside Filter

D
efi

n
it

io
n
s Filter State x Errors in attitude and calibration

parameters
x = [ δaTb δb

T δsT δmT δϕx
T δϕy

T ]T

Error
definition

Attitude: δqu = q̂ui ⊗ q̃−1
ui

⇒ δau = 2δq/δq4,u

Calibration parameters:
δp = p̂− p

Noise power
definition

S =



SARW

SRRW

SSSF

SASF

Sϕx

Sϕy


Extended
Mapping-

and Null-
space matrix

L̂Σ = X−1L̂, where Σ = XXT

N̂Σ = null(L̂
T

Σ)

Jacobi
sub-matrices

L̂ = (I + Ŝsf + M̂)Ĝ, where
Ĝ = [Ŵ − Ûdiag(ϕy) + V̂diag(ϕx)]

T

Ŝsf = diag(si), M̂ = diag(µi sgn ω̂Gi)

ω̂g = Ĝω̂b and ω̂b = L̂Σ
†
X−1(ω̃ − b̂)

Ĵ = [I, diag(ω̂g), diag|ω̂g|, ...
(I + Ŝsf + M̂)Cv̂, −(I + Ŝsf + M̂)Cû]

where Cû = diag(ω̂Tb Û)
and Cv̂ = diag(ω̂Tb V̂)

In
it

ia
li
za

ti
on State

Estimate
x̂0 = 0

Initial attitude:
Initialize with
measurement, i.e.
q̂bi(t0) = q̃bi

Initial calibration
parameters: p̂(t0) = 0

Estimation
Error

Covariance
Matrix

P0 =



R0 0 0 0 0 0

0 (bmax
3

)2 0 0 0 0

0 0 ( smax
3

)2 0 0 0

0 0 0 (µmax
3

)2 0 0

0 0 0 0 (ϕxmax

3
)2 0

0 0 0 0 0 (
ϕymax

3
)2


Due to initialization with a measure-
ment, attitude cov. = measurement
cov.
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P
ro

p
ag

at
io

n
(S

ta
n
d
ar

d
K

al
m

an
M

et
h
o
d
) Filter state x̂−k+1 = 0 (since the state has been

reset after the prev. update-step)

Error
covariance

P−k+1 = ΦkP
+
k ΦT

k + Q′k
where Φk = I + F∆t,

F =

[
−(ω̂b)

× −L̂
†
ΣX−1Ĵ

05n×3 05n×5n

]
,

G =

[
L̂
†
ΣX−1 03×5n

05n×n −I5n×5n

]
and

Q′k = ∆tGSGT

Note: F,G and Q′k have to be re-
computed with the new L̂Σ, Ĵ ev-
ery filter iteration

Full state Starting from new full
state after correction,

numerical (or closed-form)
solution of:

˙̂qb = 1
2

ω̂b
0

⊗ q̂b

U
p

d
at

e
(S

ta
n
d
ar

d
K

al
m

an
M

et
h
o
d
) Kalman Gain Kk = P−k HT

k (HkP
−
k HT

k + Rk)
−1

Where Hk =

[
Tub 03×5n

01×3 −N̂
T

ΣX−1Ĵ

]

and Rk =

[
RSTR 0

0 In−3×n−3

]
Filter

Measurement
zk

Attitude: δqu = q̂ui ⊗ q̃−1
ui

⇒ δau = 2δqu/δq4,u

⇒ δãu = Hx + νu
Null-space:

ẑns = N̂
T

ΣX−1(ω̃ − b̂)

⇒ zk =

(
δãu

ẑns

)
Filter state
correction

x̂+
k = Kkzk

Error
Covariance

P̂
+

k = (I−KkHk)P
−
k or

P̂
+

k =
(I−KkHk)P

−
k (I−KkHk)

T

+KkRkK
T
k

(”Josephs Form”, better for ensur-
ing pos. definiteness)
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Full State
Correction

δqu = q̂ui ⊗ q̂−1
ui

δqu = 1√
|δau|2+4

[
δab

2

]
New attitude estimate:
qui = δq−1

u ⊗ q̂ui

Calibration parameters:
p = p̂− δp

Filter reset
(after full

state
correction)

x̂+
k = 0 (since the error has been

corrected for)

Table 3.2.: Error-state filter implementation including null-space updates for rate-gyros

This filter implementation is able to concurrently estimate the attitude and all gyro
calibration parameters, i.e. bias, symmetric scale factor, asymmetric scale factor as
well as the misalignments. Since it includes null-space updates and employs a weight-
ing procedure it is a general, fully (geometrically) observable filter formulation. The
filter can be used with n > 3 rate gyros. Its performance (including mission-relevant
operational scenarios) is analyzed in section 3.4.2.

3.3. Calibration filter for rate-integrating gyros

Modern gyros do not directly measure the angular rate but rather its integral over
time. These gyros are called ”rate-integrating gyros” (RIGs) and two different versions
of these devices are available today: one outputs angular increments ∆θ at a certain
sample-time ∆t and the other always outputs the absolute integral value from the begin-
ning of operation. In principle the output of a non-resetting RIG can be transformed
into that of a resetting RIG by simply taking the difference between two successive
outputs. RIGs in comparison to rate-gyros are subject to another noise-source termed
”angle white noise” (AWN), ”readout noise” or ”electronic noise”. Slight differences
in the modeling of this additional noise source can be identified between the two RIG-
versions. One may either consider the mean of the continuous AWN or the difference of
the two AWN-samples at tk and tk−1 as the corrupting noise-term. We shall consider
the output of non-resetting RIGs, nevertheless most of the following mathematical
derivation holds without loss of generality as the measurement model is linear in this
noise and hence a substitution for the effective term due to AWN can be performed.

3.3.1. Step-by-step derivation

The following section contains the model-derivation for rate-integrating gyros. This
model is a logical extension of the one presented in section 3.2, however it has not been
published in literature before and is therefore explained in full detail. Many concepts
employed earlier reappear again with slight modifications and are thus familiar to the
reader.
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3.3.1.1. Gyro model

The sensed rate of a gyro is the true rate about the true sensitive axis. It does not
include measurement errors such as scale factor errors or bias. Misalignments however
are included, as the true sensitive axis is not equal to the nominal sensitive axis.
Performing the step from rate to rate-integrating gyros, the sensed angular increment
of a gyro can be expressed via

∆θG,k =

∫ tk

tk−1

ωG(t)dt (3.153)

To obtain the desired range- and null- space equations, the rate gyro model and cor-
responding calibration filter need to be adapted. Using the definition of the sensed
angular rate for all gyros, we can write:

∆θG,k =

∫ tk

tk−1

ωG(t)dt =

∫ tk

tk−1

Gωb(t)dt (3.154)

Assuming the true mapping matrix G (which also accounts for misalignments) to be
constant over the integration interval, it follows that:

∆θG,k = G

∫ tk

tk−1

ωb(t)dt = G∆θb,k (3.155)

where

G = WT =


wT

1

wT
2

...

wT
n

 (3.156)

is built from the true directions of the sensitive axes.

Misalignment model
According to equation 3.20, the linearized misalignment model for an individual gyro
is given by

wi = ŵi − ϕy,iûi + ϕx,iv̂i (3.20)

Also the matrix-form for multiple gyros, given in equation 3.19, remains valid for RIGs:

W = Ŵ − Ûdiag(ϕy,i) + V̂diag(ϕx,i) (3.19)

Introducing equation 3.19 to eq. 3.155 and writing the result in terms of the calibration
parameters yields the misalignment model for incremental angle measurements:

∆θG,k =


wT

1

wT
2

...

wT
n

∆θb,k (3.157)
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=


ŵT

1

ŵT
2

...

ŵT
n

∆θb,k +


v̂T1 ∆θb,k 0 . . . 0

0 v̂T2 ∆θb,k . . . 0
...

... · · · ...

0 . . . 0 v̂Tn∆θb,k




ϕx,1

ϕx,2
...

ϕx,n

−


ûT1 ∆θb,k 0 . . . 0

0 ûT2 ∆θb,k . . . 0
...

... · · · ...

0 . . . 0 ûTn∆θb,k




ϕy,1

ϕy,2
...

ϕy,n

 (3.158)

Which also can be written in the compact form of

∆θG,k(∆θb,k) = Ŵ
T

∆θb,k + Cv̂(∆θb,k)ϕx −Cû(∆θb,k)ϕy (3.159)

Equation 3.159 describes the sensed incremental angles due to the alignment of the
sensitive axes and the true body angular increments.

Measurement model
The measurement model also needs to be transferred to angular rate measurements.
In case of rate gyros, the measurement model is given by equation 3.24:

ω̃ = (I + S + M)ωG + b + η (3.24)

Integrating equation 3.24 from the beginning of operation and adding the additional
term for the angle white noise, ηA(tk), yields:

θ̃k =

∫ tk

0

[(I + S + M)ωG + b + η] dt+ ηA(tk) (3.160)

Hence ∆θ̃k = θ̃k − θ̃k−1 can be expressed via

∆θ̃k =

∫ tk

tk−1

[(I + S + M)ωG + b + η] dt+ ηA(tk)− ηA(tk−1) (3.161)

ηA(tk)−ηA(tk−1) is not a continuous function, however we are dealing with a continuous
model. For this reason we may write

ηA(tk)− ηA(tk−1)→ ηA(t)− ηA(t−∆t) (3.162)

which is the continuous-time equivalent to the difference of the discrete noise-samples.
Defining ηAeff = ηA(t) − ηA(t − ∆t) and assuming the calibration parameters to be
constant during the integration interval, eq. 3.161 becomes

∆θ̃k = (I + S + M)

∫ tk

tk−1

ωG dt+ ∆t bk +

∫ tk

tk−1

η dt+ ηAeff (3.163)

If one would like to model AWN differently (e.g. via the mean of the continuous noise),
one could change the definition of ηAeff (e.g. ηAeff = 1

∆t

∫ tk
tk−1

ηA(t)dt). Since equation

3.163 is linear in ηAeff , most of the following calculations remain valid also for other
models. We shall continue with ηAeff = ηA(t)− ηA(t−∆t) as this model realistically
describes how non-resetting IMU units such as the Astrix-200 are influenced by angle
white noise.
For rate gyros M is equal to diag(µi sgnωG). As µi is assumed constant, M changes
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to diag(µi sgn ∆θG,k) in case of RIGs. Inserting equation 3.153 results in

∆θ̃k = (I + S + M)∆θG,k + ∆t bk +

∫ tk

tk−1

η dt+ ηAeff (3.164)

The next step is to combine both models by rearranging equation 3.164 for ∆θG,k and
setting the resulting expression equal to equation 3.155:

∆θG,k = G∆θb,k = (I + S + M)−1(∆θ̃k −∆t bk −
∫ tk

tk−1

η dt− ηAeff ) (3.165)

Hence:

∆θb,k = G†(I + S + M)−1(∆θ̃k −∆t bk −
∫ tk

tk−1

η dt− ηAeff ) (3.166)

= L†(∆θ̃k −∆t bk −
∫ tk

tk−1

η dt− ηAeff ) (3.167)

Equation 3.167 represents the augmented RIG-model and describes the body angular
rates due to the measured angular increments (∆θ̃k).

3.3.1.2. Jacobi matrix calculation

As was the case for rate-gyros, we still have an error-state filter with δab and δp as
the state-vector. It is thus necessary to compute the sensitivity Jacobians of the body
increments with respect to the calibration parameters, i.e. ∂

∂p
∆θb,k. The starting point

for this is equation 3.165. The steps are similar to those in section 3.1.2.1.1.

3.3.1.2.1 Evaluating the left-hand side

The evaluation of the left-hand side requires making use of the product rule. As in
section 3.1.2.1.1 we shall use the asterisk-notation (*). Recall that, following this
notation, a quantity carrying an asterisk is considered constant with respect to the
derivative. Applying this formalism to the left-hand side of equation 3.165 we obtain:

∂∆θG,k
∂p

=
∂

∂p
(G∗∆θb,k) +

∂

∂p
(G∆θ∗b,k) (3.168)

In the first term we shall take out G since it is a matrix and the remaining factor
represents the desired Jacobian. As was the case for rate-gyros, ∆θb,k is left in the
derivative and marked with an asterisk in case of the second term. Introducing the
misalignment model given in equation 3.155, we write

∂∆θG,k
∂p

= G
∂

∂p
(∆θb,k) +

∂

∂p
(∆θG,k(∆θ

∗
b,k)) (3.169)

Since the first summand is exactly as desired, we shall from now on look at the second
summand. Expanding the latter by using equation 3.159 results in

∂

∂p
(∆θG,k(∆θ

∗
b,k)) =

∂

∂p

[
Ŵ

T
∆θ∗b,k + Cv̂(∆θ∗b,k)ϕx −Cû(∆θ∗b,k)ϕy

]
(3.170)
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The first Jacobian, ∂
∂p

Ŵ
T

∆θ∗b,k does not depend on p (since ∆θ∗b,k is marked with an

asterisk), hence we obtain a n× 5n matrix full of zeros.
The second Jacobian is analogous to the third and can be written as:

∂

∂p
Cv̂(∆θ∗b,k)ϕx =

∂

∂



b

s

µ

ϕx

ϕy



Cv̂(∆θ∗b,k)ϕx (3.171)

As we can see from equation 3.171, the term Cv̂(∆θ∗b,k)ϕx does solely depend on ϕx
and no other parameter of p. Hence its Jacobian starts with three n×n zero-matrices
and also ends with a n × n zero-matrix. The fourth block is then the Jacobian with
respect to ϕx:

∂

∂p
Cv̂(∆θ∗b,k)ϕx =

[
0 0 0 ∂

∂ϕx
Cv̂(∆θ∗b,k)ϕx 0

]
(3.172)

Similar to equation 3.58, this can be evaluated to

∂

∂p
Cv̂(∆θ∗b,k)ϕx =

[
0 0 0 Cv̂(∆θb,k) 0

]
(3.173)

Doing the analogous computation for the third part of equation 3.170 and combining
the individual results according to eq. 3.170, we see that

∂

∂p
(∆θG,k(∆θ

∗
b,k)) =

[
0 0 0 Cv̂ −Cû

]
(3.174)

3.3.1.2.2 Evaluating the right-hand side

We next need to compute the term ∂
∂p

(I + S + M)−1(∆θ̃k−∆t bk−
∫ tk
tk−1

η dt−ηAeff )
= ∂

∂p
∆θG,k which can be split into four Jacobians:

∂
∂p

(I + S + M)−1∆θ̃k − ∂
∂p

(I + S + M)−1∆t bk − ∂
∂p

(I + S + M)−1
∫ tk
tk−1

η dt− ∂
∂p

(I + S + M)−1ηAeff (3.175)

Let’s look at the parts one after the other, starting with the first. Calculating
(I + S + M)−1∆θ̃k yields

1
1+s1,k+µ1,k sgn ∆θG1,k

∆θ̃1,k

1
1+s2,k+µ2,k sgn ∆θG2,k

∆θ̃2,k

...
1

1+sn,k+µn,k sgn ∆θGn,k
∆θ̃n,k

 :=


f∆θ̃1,k

f∆θ̃2,k
...

f∆θ̃n,k

 (3.176)

Hence the Jacobian has the following structure:
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∂f∆θ̃k

∂p
=


∂f

∆θ̃1,k

∂b1,k
· · ·

∂f
∆θ̃1,k

∂bn,k

∂f
∆θ̃1,k

∂s1,k
· · ·

∂f
∆θ̃1,k

∂sn,k
· · ·

f
∆θ̃1,k

∂ϕx1,k
· · ·

∂f
∆θ̃1,k

∂ϕxn,k

∂f
∆θ̃1,k

∂ϕy1,k
· · ·

f
∆θ̃1,k

∂ϕy1,k
...

...
...

...
...

...
...

...
...

...
...

...
...

∂f
∆θ̃n,k

∂b1,k
· · ·

∂f
∆θ̃n,k

∂bn,k

∂f
∆θ̃n,k

∂s1,k
· · ·

∂f
∆θ̃n,k

∂sn,k
· · ·

∂f
∆θ̃n,k

∂ϕx1,k
· · ·

∂f
∆θ̃n,k

∂ϕxn,k

f
∆θ̃n,k

∂ϕy1,k
· · ·

∂f
∆θ̃n,k

∂ϕyn,k



=


n︷ ︸︸ ︷

0 · · · 0

n︷ ︸︸ ︷
− ∆θ̃1,k

(1+s1,k+µ1,k sgn ∆θG1,k
)2 · · · 0

n︷ ︸︸ ︷
− ∆θ̃1,k sgn ∆θG1,k

(1+s1,k+µ1,k sgn ∆θG1,k
)2 · · · 0

n︷︸︸︷
0

n︷︸︸︷
0

Other rows as above but shifted to the right by one column, thereby increasing the index by one

 (3.177)

The calculations for the second part are similar and yield

∂f∆t bk

∂p
=


n︷ ︸︸ ︷

∆t
1+s1,k+µ1,k sgn ∆θG1,k

· · · 0

n︷ ︸︸ ︷
− ∆t b1,k

(1+s1,k+µ1,k sgn ∆θG1,k
)2 · · · 0

n︷ ︸︸ ︷
− ∆t b1,k sgn ∆θG1,k

(1+s1,k+µ1,k sgn ∆θG1,k
)2 · · · 0

n︷︸︸︷
0

n︷︸︸︷
0

Other rows as above but shifted to the right by one column, thereby increasing the index by one

 (3.178)

For ease of notation, define ηk =
∫ tk
tk−1

η dt. Thus:

∂fηk

∂p
=


n︷ ︸︸ ︷

0 · · · 0

n︷ ︸︸ ︷
− η1,k

(1+s1,k+µ1,k sgn ∆θG1,k
)2 · · · 0

n︷ ︸︸ ︷
− η1,k sgn ∆θG1,k

(1+s1,k+µ1,k sgn ∆θG1,k
)2 · · · 0

n︷︸︸︷
0

n︷︸︸︷
0

Other rows as above but shifted to the right by one column, thereby increasing the index by one

 (3.179)

The fourth part gives

∂fηAeff

∂p
=


n︷ ︸︸ ︷

0 · · · 0

n︷ ︸︸ ︷
− ηaeff,1

(1+s1,k+µ1,k sgn ∆θG1,k
)2 · · · 0

n︷ ︸︸ ︷
− ηaeff,1 sgn ∆θG1,k

(1+s1,k+µ1,k sgn ∆θG1,k
)2 · · · 0

n︷︸︸︷
0

n︷︸︸︷
0

Other rows as above but shifted to the right by one column, thereby increasing the index by one

 (3.180)

Combining the four parts according to 3.175 results in:

∂f

∂p
=

[ n︷ ︸︸ ︷
− ∆t

1+s1,k+µ1,k sgn ∆θG1,k
· · · 0

n︷ ︸︸ ︷
−∆θ̃1,k+∆t b1,k+η1,k+ηaeff,1

(1+s1,k+µ1,k sgn ∆θG1,k
)2 · · · 0

Other rows as above but shifted to the right by one column, ...

n︷ ︸︸ ︷
(−∆θ̃1,k+∆t b1,k+η1,k+ηaeff,1) sgn ∆θG1,k

(1+s1,k+µ1,k sgn ∆θG1,k
)2 · · · 0

n︷︸︸︷
0

n︷︸︸︷
0

thereby increasing the index by one

]
(3.181)

All parts feature a common denominator, namely 1 + si,k +µi,k sgn ∆θGi,k, hence it can
be factored out into a pre-multiplied n× n matrix:

∂f

∂p
= diag(

1

1 + si + µi sgn ∆θGi,k
) −∆tIn×n

−∆θ̃1,k+∆t b1,k+η1,k+ηaeff,1
1+s1,k+µ1,k sgn ∆θG1,k

· · · 0
(−∆θ̃1,k+∆t b1,k+η1,k+ηaeff,1) sgn ∆θG1,k

1+s1,k+µ1,k sgn ∆θG1,k
· · · 0 0n×n 0n×n

As row 1 but shifted to the right by one col., thereby increasing i

 (3.182)

Looking at the measurement of an individual gyro, i.e. the scalar equivalent to equation
3.164, we see that

−∆θ̃i,k + ∆t bi,k + ηi,k + ηaeff,i = −(1 + si,k + µi,k sgn ∆θGi,k)∆θGi,k (3.183)

Making use of equation 3.183 we can simplify expression 3.182:
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∂f

∂p
= diag(

1

1 + si,k + µi,k sgn ∆θGi,k
) −∆tIn×n

−(1+s1,k+µ1,k sgn ∆θG1,k
)∆θG1,k

1+s1,k+µ1,k sgn ∆θG1,k
· · · 0

−(1+s1,k+µ1,k sgn ∆θG1,k
)∆θG1,k

sgn ∆θG1,k

1+s1,k+µ1,k sgn ∆θG1,k
· · · 0 0n×n 0n×n

As row 1 but shifted to the right by one col., thereby increasing i

 (3.184)

Reducing the fractions and simplifying leads us to

∂f

∂p
= diag(

1

1 + si,k + µi,k sgn ∆θGi,k
)
[
−∆tIn×n diag(−∆θGi,k) diag(−∆θGi,k sgn ∆θGi,k) 0n×n 0n×n

]

= (I + S + M)−1
[
−∆tIn×n −∆θG,k diag(−∆θGi,k

|∆θGi,k|
∆θGi,k

) 0n×n 0n×n

]
(3.185)

which results in the final form of the right-hand side:

∂f

∂p
= (I + S + M)−1

[
−∆tIn×n −∆θG,k −|∆θG,k| 0n×n 0n×n

]
(3.186)

Combining both sides, i.e. equations 3.168, 3.174 and 3.186 gives

∂
∂p

(G∗∆θb,k) +
[
0 0 0 Cv̂ −Cû

]
= (I + S + M)−1

[
−∆tIn×n −∆θG,k −|∆θG,k| 0n×n 0n×n

]
(3.187)

which equates to

(I + S + M)G ∂
∂p

(∆θb,k) =
[
−∆tIn×n −∆θG,k −|∆θG,k| (I + S + M)Cv̂ −(I + S + M)Cû

]
(3.188)

and thus

L ∂
∂p

(∆θb,k) = −
[
∆tIn×n ∆θG,k |∆θG,k| −(I + S + M)Cv̂ (I + S + M)Cû

]
(3.189)

Defining

J =
[
∆tIn×n ∆θG,k |∆θG,k| −(I + S + M)Cv̂ (I + S + M)Cû

]
(3.190)

the final form of the Jacobian can be written as

∂

∂p
∆θb,k = −L†J (3.191)

As we can see, the general structure of the rate-model also remains for rate-integrating
gyros. The addition of the angle-noise does not violate the concepts. Equation 3.191
however has one shortcoming. Since

∫ tk
tk−1
|ωGi | dt ≥ |

∫ tk
tk−1

ωGi dt| = |∆θGi |, the

calculated |∆θGi | may not be the true
∫ tk
tk−1
|ωGi | dt. In fact there is an error whenever

ωGi changes sign during the integration interval. This resulting error is small if the
integration interval is small. Since zero-crossings do not happen at high rates, this
error can be neglected [45].

3.3.1.3. Range- and null-space equations

Equation 3.167 is the starting point for the range- and null-space equations. Following
the steps in section 3.2.1.1 one obtains(

∆θb,k

0

)
=

[
L†

NT

]
(∆θ̃ −∆tbk −

∫ tk

tk−1

η dt− ηAeff ) (3.192)
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which yields the range- and null-space equations:

Range-space equation Null-space equation

∆θb,k = L†(∆θ̃ −∆tbk −
∫ tk

tk−1

η dt− ηAeff ) (3.193) z = 0 = NT (∆θ̃ −∆tbk −
∫ tk

tk−1

η dt− ηAeff ) (3.194)

Corresponding estimates

∆θ̂b,k = L̂
†
(∆θ̃ −∆tb̂k) (3.195) ẑ = N̂

T
(∆θ̃ −∆tb̂k) (3.196)

Since the noises are zero-mean, the best estimates are obtained by simply taking the
best available estimates at time tk and removing the noise-terms.

Concerning different sample times
The range-space equations are used in the propagation equation of the Kalman Filter
and thus form the system model. The null-space updates are used in the time-update
step of the filter. Since these do not necessarily have to have the same frequency, the
null-space equations might need a small modification. In terms of GSE the null-space
updates are typically, although not necessarily, performed at the rate of the star tracker
updates, whereas the propagation happens at gyro measurement frequency. Obviously
fgyro ≥ fSTR and thus multiple propagation steps are performed during one null-space

update. To cope with this situation one can simply take the cumulated ∆θ̃ (the sum

of all individual ∆θ̃ in between the update steps) to build the ∆θ̃ in the null-space
equations 3.194 and 3.196. Also the integral of the noise causing the angular random
walk changes to the sums of all individual integrals.
This accumulation also influences the covariances of the null-space equations. The ex-
act derivation will be covered in section 3.3.1.6.

3.3.1.4. State-space representation

Starting from the attitude error kinematics in Gibbs vector representation, equation
2.35, which is reprinted here

δȧb = −1

2
(ω̂b + ωb)× δab + (ω̂b − ωb) (2.35)

we now need to ”plug-in” our range-space equation and corresponding estimate to ob-
tain a state-space formulation of the system. To derive suitable expressions for ω̂b+ωb
and ω̂b − ωb a Taylor linearization of ∆θb,k, evaluated at the estimates, has to be
performed (exactly as it was the case for rate-gyros). Hence we may write:

∆θb,k ≈ ∆θb,k |p=p̂ −
∂∆θb,k
∂p |p=p̂

δp (3.197)

52



3. Design, Development and Evaluation of Performance

The minus is due to the error definition as ”error = estimate - true value”. Since

∆θb,k |p=p̂ = L̂
†
(∆θ̃ −∆tb̂k −

∫ tk

tk−1

η dt− ηAeff ) (3.198)

and
∂∆θb,k
∂p |p=p̂

δp = −L̂
†
Ĵδp (3.199)

(cf. equation 3.191), we see that

∆θb,k ≈ L̂
†
(∆θ̃ −∆tb̂k −

∫ tk

tk−1

η dt− ηAeff + Ĵδp) (3.200)

Making use of eq. 3.200, we find that

δ∆θb,k = ∆θ̂b,k −∆θb,k = L̂
†
(∆θ̃ −∆tb̂k)− L̂

†
(∆θ̃ −∆tb̂k −

∫ tk
tk−1

η dt− ηAeff + Ĵδp) (3.201)

⇒ δ∆θb,k = L̂
†
∫ tk

tk−1

η dt+ L̂
†
ηAeff − L̂

†
Ĵδp (3.202)

Since δ∆θb,k = ∆θ̂b,k − ∆θb,k it follows that ∆θb,k = ∆θ̂b,k − δ∆θb,k and thus

∆θ̂b,k + ∆θb,k = ∆θ̂b,k + (∆θ̂b,k − δ∆θb,k) = 2∆θ̂b,k − δ∆θb,k.
Hence, using equation 3.202 we find the following expression for the sum of the estimate
and the true increment at instant k:

∆θ̂b,k + ∆θb,k = 2∆θ̂b,k + L̂
†
Ĵδp− L̂

†
∫ tk

tk−1

η dt− L̂
†
ηAeff (3.203)

To make equations 3.203 and 3.202 fit into equation 2.35 we need to take the derivatives
of them:

ω̂b + ωb =
∂(2∆θ̂b,k + L̂

†
Ĵδp− L̂

† ∫ tk
tk−1

η dt− L̂
†
ηAeff )

∂t
(3.204)

=
∂(2∆θ̂b,k)

∂t
+
∂(L̂

†
Ĵδp)

∂t
−
∂(L̂

† ∫ tk
tk−1

η dt)

∂t
−
∂(L̂

†
ηAeff )

∂t
(3.205)

=
∂(2∆θ̂b,k)

∂t
+
∂(L̂

†
Ĵδp)

∂t
− L̂

†
η −

∂(L̂
†
ηAeff )

∂t
(3.206)

To first order it holds that ∂
∂t

= ∆
∆t

. Using this relationship we may write:

ω̂b + ωb ≈
2∆θ̂b,k

∆t
+

L̂
†
Ĵδp

∆t
− L̂

†
η −

L̂
†
ηAeff
∆t

(3.207)

Similarly for the difference:

δωb = ω̂b − ωb =
∂(L̂

† ∫ tk
tk−1

η dt+ L̂
†
ηAeff − L̂

†
Ĵδp)

∂t
(3.208)
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= L̂
†
η +

∂(L̂
†
ηAeff )

∂t
− ∂(L̂

†
Ĵδp)

∂t
(3.209)

≈ L̂
†
η +

L̂
†
ηAeff
∆t

− L̂
†
Ĵδp

∆t
(3.210)

Introducing equations 3.210 and 3.207 into 2.35, we obtain

δȧb = −1
2
(

2∆θ̂b,k
∆t

+ L̂
†
Ĵδp

∆t
− L̂

†
η − L̂

†
ηAeff
∆t

)× δab + (L̂
†
η +

L̂
†
ηAeff
∆t

− L̂
†
Ĵδp

∆t
) (3.211)

Dropping all terms which are products of small quantities yields

δȧb ≈ −
∆θ̂b,k

∆t
× δab + L̂

†
η +

L̂
†
ηAeff
∆t

− L̂
†
Ĵδp

∆t
(3.212)

and thus to first order

δȧb = −

(
∆θ̂b,k

∆t

)×
δab −

L̂
†
Ĵδp

∆t
+ L̂

†
η +

L̂
†
(ηA(t)− ηA(t−∆t))

∆t
(3.213)

Writing equation 3.213 in state-space form with the state-vector

[
δab

δp

]
results in

δȧb =
[
−
(

∆θ̂b,k
∆t

)×
− L̂

†
Ĵ

∆t

] [δab
δp

]
+
[
L̂
†

03×5n
L̂
†

∆t
− L̂

†

∆t

]


η

ηp

ηA(t)

ηA(t−∆t)

 (3.214)

Augmenting equation 3.214 with the random walk-model for the gyro parameters,

δṗ =
.

p̂− ṗ = −ηp, yields the final state-space form

[
δȧb

δṗ

]
=

−(∆θ̂b,k
∆t

)×
− L̂

†
Ĵ

∆t

05n×3 05n×5n

[δab
δp

]
+

[
L̂
†

03×5n
L̂
†

∆t
− L̂

†

∆t

05n×n −I5n×5n 05n×n 05n×n

]
η

ηp

ηA(t)

ηA(t−∆t)

 (3.215)

Equation 3.215 represents the state-space model describing the dynamics of the state
and gyro parameters. A comparison with equation 3.73 reveals the similarities between
the system models for rate- and rate-integrating gyros.
This is a continuous model which has to be discretized in order to be suitable
for implementation. Details regarding this process can be found in section 3.1.3.1.
ηAeff (t) = ηA(t) − ηA(t − ∆t) represents the continuous-time function modeling the
difference of two successive AWN-samples. Both ηA(t) and ηA(t −∆t) are, taken for
themselves, white (auto-correlation of ηA(t) as well as of ηA(t − ∆t) is a Dirac-delta
function), however ηA(t−∆t) is just a lagged copy of ηA(t) and hence the cross-
correlation between the continuous-time signals is nonzero:

(ηA(t) ∗ ηA(t−∆t)) (τ) =

∫ ∞
−∞
ηA(t)∗ηA(t−∆t+ τ)dt 6= 0
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Therefore ηAeff (t), the effective angle-noise, is not white but represents differenti-
ated white noise. It can be thought of as the output of a high-pass filter which receives
ηA(t) as input signal.
Hence ηAeff (tk) are discrete samples of this colored noise. By splitting ηAeff (t) into its
components when forming the noise-vector of the state-space model one has to adapt
S, the process noise double-sided PSD, to dimension (3 + 5n)× 8n. If S is chosen as a
matrix only containing the double-sided PSDs of the individual noises and ηA(t−∆t)
on the diagonal, the calibration filter takes ηA(t) and ηA(t−∆t) as being independent
noise-sources.
Neglecting the cross-correlation therefore introduces an error into the propagation-step
of the Kalman Filter which depends on the relative magnitude of the AWN in compari-
son to the other noise sources. Further details regarding this shortcoming can be found
in section 3.4.3 and chapter 6. The simulation results in section 3.4.3 were obtained
with ηA(t) and ηA(t − ∆t) being considered independent noise sources of identical
power. A discussion regarding the effects of this assumption can be found alongside
the filter output.

To implement the calibration filter we also need the measurement update equations.
The STR-model is not influenced by the change towards rate-integrating gyros, how-
ever the null-space update equations are. Let’s thus look at the null-space updates
next.

3.3.1.5. Null-space updates

In a similar manner to the range-space equations, we can work with the null-space coun-
terparts. A Taylor-approximation of z is the key to obtaining a state-vector dependent
update equation. We start with the definition of the null-space error6

δz = ẑ − z ≈ ẑ − (z|p=p̂ −
∂z

∂p |p=p̂

δp) (3.216)

Since
ẑ = N̂

T
(∆θ̃ −∆tb̂k), (3.217)

z|p=p̂ = N̂
T

(∆θ̃ −∆tb̂k −
∫ tk

tk−1

η dt− ηAeff ) (3.218)

and
∂z

∂p
δp|p=p̂ = −N̂

T
Ĵδp (3.219)

we may write

δz = N̂
T

(∆θ̃ −∆tb̂k)− N̂
T

(∆θ̃ −∆tb̂k −
∫ tk

tk−1

η dt− ηAeff + Ĵδp) (3.220)

= −N̂
T
Ĵδp + N̂

T
∫ tk

tk−1

η dt+ N̂
T
ηAeff (3.221)

6If n = 4, the null-space dimension is 1, therefore z is a scalar. If n > 4 however, z becomes a vector.
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Writing equation 3.221 in terms of the state-vector yields:

δz =
[
01×3 −N̂

T
Ĵ

] [δab
δp

]
+ N̂

T
∫ tk

tk−1

η dt+ N̂
T
ηAeff (3.222)

Augmenting equation 3.222 with the STR measurement equation reveals the complete
measurement model of the filter[

δau

δz

]
=

[
Tub 03×5n

01×3 −N̂
T
Ĵ

][
δab

δp

]
+

 νu

N̂
T ∫ tk

tk−1
η dt+ N̂

T
ηAeff

 (3.223)

Equation 3.223 may be compared to eq. 3.151, the measurement model of the rate-gyro

filter. Since δz = ẑ−z and z = 0, the estimate of z, i.e. ẑ = N̂
T

(∆θ̃−∆tb̂k) represents
the ”measurement” which needs to be provided to the filter.

So far we found equations for the system- and measurement-model of the calibration
filter. The last part which remains to be covered is a detailed calculation of the covari-
ance matrix arising from the range- and null-space equations.

3.3.1.6. Covariance computation

By assumption the STR measurement noise νu and the gyro noise are uncorrelated.
This however does not mean that the null-space and range-space equations are uncor-
related. In order to not introduce further errors, uncorrelated noise expressions are
required. This also applies for the range- and null-space equations and motivates a
detailed examination. The error-term in the range- and null-space equations can be
found from equation 3.192:

ε = −

[
L†

NT

]
(

∫ tk

tk−1

η dt+ ηAeff ) (3.224)

To obtain the covariance matrix we need to compute εεT :

εεT =

[
L†

NT

]
(

∫ tk

tk−1

η dt+ ηAeff )

([
L†

NT

]
(

∫ tk

tk−1

η dt+ ηAeff )

)T

(3.225)

=

[
L†

NT

]
(

∫ tk

tk−1

η dt+ ηAeff )(

∫ tk

tk−1

η dt+ ηAeff )
T

([
L†

NT

])T

(3.226)

=
[

L†

NT

](∫ tk
tk−1

η dt(
∫ tk
tk−1

η dt)T +
∫ tk
tk−1

η dt ηA
T
eff + ηAeff (

∫ tk
tk−1

η dt)T + ηAeffηA
T
eff

) [
L†

T
NT

]
(3.227)

We shall assume no cross-correlation between
∫ tk
tk−1

η dt and ηAeff (= no cross-correlation

between ARW and AWN), which results in:

εεT =

[
L†

NT

](∫ tk

tk−1

η dt(

∫ tk

tk−1

η dt)T + ηAeffηA
T
eff

)[
L†

T
NT

]
(3.228)
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=

L†
(∫ tk

tk−1
η dt(

∫ tk
tk−1

η dt)T + ηAeffηA
T
eff

)
NT

(∫ tk
tk−1

η dt(
∫ tk
tk−1

η dt)T + ηAeffηA
T
eff

)
[L†T NT

]
(3.229)

=

L†
(∫ tk

tk−1
η dt(

∫ tk
tk−1

η dt)T + ηAeffηA
T
eff

)
L†

T
L†
(∫ tk

tk−1
η dt(

∫ tk
tk−1

η dt)T + ηAeffηA
T
eff

)
N

NT
(∫ tk

tk−1
η dt(

∫ tk
tk−1

η dt)T + ηAeffηA
T
eff

)
L†

T
NT

(∫ tk
tk−1

η dt(
∫ tk
tk−1

η dt)T + ηAeffηA
T
eff

)
N

 (3.230)

Before continuing with equation 3.230, note that for continuous-time white noise w(t)
it holds that

E〈w(t1)wT (t2)〉 = S(t)δ(t2 − t1) (3.231)

where S is the double-sided power spectral density of w(t) and δ the dirac delta func-
tion. Using this we can write:

E〈
∫ tk

tk−1

η dt(

∫ tk

tk−1

η dt)T 〉 = E〈
∫ tk

tk−1

∫ tk

tk−1

η(ξ)η(ρ)Tdξdρ〉 (3.232)

=

∫ tk

tk−1

∫ tk

tk−1

E〈η(ξ)η(ρ)T 〉dξdρ (3.233)

=

∫ tk

tk−1

∫ tk

tk−1

Sη δ(ξ − ρ) dξdρ (3.234)

=

∫ tk

tk−1

Sη dρ (3.235)

= Sη∆t (3.236)

Taking the expected value of equation 3.230 and introducing eq. 3.236 results in

E〈εεT 〉 =

L†
(
Sη∆t+ E〈ηAeffηATeff〉

)
L†

T
L†
(
Sη∆t+ E〈ηAeffηATeff〉

)
N

NT
(
Sη∆t+ E〈ηAeffηATeff〉

)
L†

T
NT

(
Sη∆t+ E〈ηAeffηATeff〉

)
N

 (3.237)

To simplify this further we need an expression for E〈ηAeffηATeff〉. The effective angle
noise at the output of a gyro is not integrated and corrupts the measurement via the
difference of the current and last AWN-sample:

ηAeff = ηA(t)− ηA(t−∆t) (3.238)

Equating E〈ηAeffηATeff〉 results in

E〈ηAeffηA
T
eff〉 = E〈(ηA(t)− ηA(t−∆t))(ηA(t)− ηA(t−∆t)T 〉 (3.239)

= E〈ηA(t)ηA(t)T − ηA(tk)ηA(t−∆t)T − ηA(t−∆t)ηA(t)T + ηA(t−∆t)ηA(t−∆t)T 〉 (3.240)

As long as the angle-noise ηA(t) itself is white, there exists no correlation between the
individual samples. Therefore the terms E〈ηA(t)ηA(t−∆t)T 〉 and E〈ηA(t−∆t)ηA(t)T 〉
are zero. This would not be the case if one were to consider colored angular noise. We
shall continue with angle white noise, i.e.

E〈ηAeffηA
T
eff〉 = E〈ηA(t)ηA(t)T + ηA(t−∆t)ηA(t−∆t)T 〉 (3.241)

however thoughts on colored angle-noise can be found in chapter 6.
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For E〈ηA(t)ηA(t)T 〉 it holds that (cf. equation 3.197 in [44])

E〈ηA(t)ηA(t)T 〉 =
SηA
∆t

(3.242)

where SηA represents the double-sided PSD of the angle white noise. Since ηA(t−∆t)
is the output of a delay element with transfer function H(iω) = e−iω∆t and magnitude
|H(iω)| = | cos(ω∆t)− i sin(ω∆t)| = cos2(ω∆t) + sin2(ω∆t) = 1, we may use equation
3.243 to relate the PSDs of ηA(t) and ηA(t−∆t) [46]:

PSDηA(t−∆t) = |H(iω)|2 PSDηA(t) (3.243)

Hence, SηA(t−∆t) = SηA(t) and we can conclude

E〈ηAeffηA
T
eff〉 = 2

SηA
∆t

(3.244)

Defining

A := 2
SηA
∆t

(3.245)

equation 3.237 becomes

E〈εεT 〉 =

[
L†(Sη∆t+ A)L†

T
L†(Sη∆t+ A)N

NT (Sη∆t+ A)L†
T

NT (Sη∆t+ A)N

]
(3.246)

We need the off-diagonal elements in equation 3.246 to be zero for the null-space and
range-space equations to be uncorrelated. Only if Sη∆t+A is a multiple of the identity
matrix, i.e. Sη∆t + A = (cη + cηAeff )I we obtain the term L†N = (LTL)−1LTN in

the upper right element. This term is zero, since LTN = (NTL)T = 0. The lower left
element is also zero in this case, as it is the transpose of the upper right element.

Summarizing:
Only if isotropic errors are present, i.e. Sη∆t + A = (cη + cηAeff )I the null-space
and range-space equations are uncorrelated. For isotropic errors equal gyroscopes
(= identical noise coefficients) have to be used. Since also the null-space measurement,
δz, which is to be provided to the filter, has the noise-term −NT (

∫ tk
tk−1

η dt + ηAeff ),

the lower right element of equation 3.246 represents the null-space measurement co-
variance. Since z = 0, it follows that ẑ = δz and hence the null-space measurement
covariance is equal to the null-space residual covariance.
It has been mentioned earlier that for practical implementations one might want to
perform the null-space updates at the rate of the STR updates. Due to the integra-
tion in the gyros this also changes the null-space residual covariance. If updates were
performed at ∆t, i.e. the gyro measurement sample-time, NT (Sη∆t + A)N would be
the corresponding covariance. If null-space updates are performed at ∆tu however, we
need to look at how Sη∆t+A changes (N does not change as it is a basis and invariant
to scaling).

Concerning different sample-times
If null-space updates are performed with ∆tu = k∆t where k = 1, 2, ..., N = b∆tu

∆t
c, the

null-space residual covariance has to be scaled. The change in the first part is obtained
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easily by realizing that the accumulation of gyro measurements basically increases the
integration interval from the time-span ∆t to ∆tu and hence Sη∆t→ Sη∆tu.
The second part is the change in A. When accumulating multiple noisy measurements,
the overall term due to AWN is:

ηAeff (t) = (ηA(t)− ηA(t−∆t)) + (ηA(t−∆t)− ηA(t− 2∆t)) + . . .− ηA(t− b∆tu
∆t
c∆t)

= ηA(t)− ηA(t−∆t) + ηA(t−∆t)− ηA(t− 2∆t) + ηA(t− 2∆t)− . . .− ηA(t− b∆tu
∆t
c∆t)

= ηA(t)− ηA(t−∆tu)

(3.247)

The resulting noise-term has the same variance as before the accumulation, since only
the lag of the virtual delay element is changed due to the summation. It holds that
E〈ηA(t−∆tu)ηA(t−∆tu)

T 〉 = E〈ηA(t−∆t)ηA(t−∆t)T 〉. Hence E〈(ηA(t)−ηA(t−∆tu))
(ηA(t)− ηA(t−∆tu))

T 〉 = A and the scaled covariance of the null-space residuals is:

NT (Sη∆tu + A)N (3.248)

=NT (Sη∆t
∆tu
∆t

+ A)N (3.249)

=NT (kSη∆t+ 2
SηA
∆t

)N (3.250)

Note:
For the relationship to be adequate, k has to be an integer. If this is not the case,
then one would scale the first term of the covariance with k (a floating point number),
however the null-space update equation would only contain the sum of bkc individual

∆θ̃.

3.3.1.7. Extended formulation

Also the filter design for rate-integrating gyros can be extended to allow for the usage

of different gyros. Without Cholesky-weighting Sη∆t + 2
SηA
∆t

is diagonal but not a
multiple of the identity matrix and thus not isotropic. Hence a correlation between the
range-space and null-space equations exists.
In order to be able to cope with these situations an extended formulation of the range-
and null-space equations is necessary. This extended formulation makes use of Pit-
telkau’s ideas presented in [23] and transfers them to the case of angle-noise.

First, define B = Sη∆t + 2
SηA
∆t

. Since B is positive definite, there exists a Cholesky
decomposition

YYT = B (3.251)

Next, define LB = Y−1L and NB such that NT
BLB = 0 as well as NT

BNB = I.
Pre-multiplying equation 3.192 with Y−1 leads to

Y−1L∆θb,k = Y−1(∆θ̃ −∆tbk −
∫ tk

tk−1

η dt− ηAeff ) (3.252)

⇔ LB∆θb,k = Y−1(∆θ̃ −∆tbk −
∫ tk

tk−1

η dt− ηAeff ) (3.253)

Augmenting with the corresponding null-space basis NB gives
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[
LB NB

](∆θb,k

0

)
= Y−1(∆θ̃ −∆tbk −

∫ tk

tk−1

η dt− ηAeff ) (3.254)

Resolving for

(
∆θb,k

0

)
by inverting

[
LB NB

]
yields the weighted range- and null-

space equations:

Weighted range-space equation

∆θb,k = L†BY−1(∆θ̃ −∆tbk −
∫ tk

tk−1

η dt− ηAeff ) (3.255)

Weighted null-space equation

z = 0 = NT
BY−1(∆θ̃ −∆tbk −

∫ tk

tk−1

η dt− ηAeff ) (3.256)

From equations 3.255 and 3.256 we can build the weighted error-term:

ε = −

[
L†B

NT
B

]
Y−1(

∫ tk

tk−1

η dt+ ηAeff ) (3.257)

Once again we have to compute εεT :

εεT =

[
L†B

NT
B

]
Y−1(

∫ tk

tk−1

η dt+ ηAeff )(

∫ tk

tk−1

η dt+ ηAeff )
TY−1T

[
L†B

T
NB

]
(3.258)

Assuming no cross-correlation between η and ηAeff and making use of equations 3.236
and 3.245 we may write

E〈εεT 〉 =

[
L†B

NT
B

]
Y−1BY−1T

[
L†B

T
NB

]
(3.259)

Since YYT = B⇔ B−1 = YT−1
Y−1 ⇔ YT−1

= B−1Y, this resolves to

E〈εεT 〉 =

[
L†BL†B

T
L†BNB

NT
BL†B

T
NT

BNB

]
(3.260)

The lower left element is the transpose of the upper right element. Since L†BNB =
(LT

BLB)−1LT
BNB = (LT

BLB)−1NT
BLB, the off-diagonal terms are zero. Furthermore

NT
BNB = I, which is why

E〈εεT 〉 =

[
L†BL†B

T
0

0 I

]
(3.261)
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This matrix is always diagonal. As the covariance of the weighted null-space residual
is of diagonal shape, a decorrelation of the null-space measurements is not required in
case of an UD-implementation. This allows for a scalar processing of the measurements
in the Bierman-Update step.
Therefore the extended formulation allows to use different gyros without introducing
additional errors, given that the sample times of the gyros and STRs are equal.

In case of unequal update-frequencies we have

E〈εεT 〉 =

[
L†B

NT
B

]
Y−1(kSη∆t+ 2

SηA
∆t

)Y−1T
[
L†B

T
NB

]
(3.262)

which can be equated to

E〈εεT 〉 =

[
L†BY−1(kSη∆t+ 2

SηA
∆t

)Y−1TL†B
T

L†BY−1(kSη∆t+ 2
SηA
∆t

)Y−1TNB

NT
BY−1(kSη∆t+ 2

SηA
∆t

)Y−1TL†B
T

NT
BY−1(kSη∆t+ 2

SηA
∆t

)Y−1TNB

]
(3.263)

Since k > 1, kSη∆t + 2
SηA
∆t

= (k − 1)Sη∆t + Sη∆t + 2
SηA
∆t

= (k − 1)Sη∆t + B and
therefore equation 3.263 becomes

E〈εεT 〉 =

[
L†BY−1((k − 1)Sη∆t+ B)Y−1TL†B

T
L†BY−1((k − 1)Sη∆t+ B)Y−1TNB

NT
BY−1((k − 1)Sη∆t+ B)Y−1TL†B

T
NT

BY−1((k − 1)Sη∆t+ B)Y−1TNB

]
(3.264)

Simplifying

Y−1((k − 1)Sη∆t+ B)Y−1T

= Y−1((k − 1)∆tSηY
−1T + BY−1T )

= Y−1(k − 1)∆tSηY
−1T + Y−1BY−1T

= Y−1(k − 1)∆tSηY
−1T + Y−1BB−1Y

= I + Y−1(k − 1)∆tSηY
−1T

(3.265)

and inserting the result into equation 3.264 yields

E〈εεT 〉 =

[
L†B(I + Y−1(k − 1)∆tSηY

−1T )L†B
T

L†B(I + Y−1(k − 1)∆tSηY
−1T )NB

NT
B(I + Y−1(k − 1)∆tSηY

−1T )L†B
T

NT
B(I + Y−1(k − 1)∆tSηY

−1T )NB

]

=

[
L†BL†B

T
+ L†BY−1(k − 1)∆tSηY

−1TL†B
T

L†BNB + L†BY−1(k − 1)∆tSηY
−1TNB

NT
BL†B

T
+ NT

BY−1(k − 1)∆tSηY
−1TL†B

T
NT

BNB + NT
BY−1(k − 1)∆tSηY

−1TNB

]

=

[
L†BL†B

T
+ L†BY−1(k − 1)∆tSηY

−1TL†B
T

L†BY−1(k − 1)∆tSηY
−1TNB

NT
BY−1(k − 1)∆tSηY

−1TL†B
T

I + NT
BY−1(k − 1)∆tSηY

−1TNB

]
(3.266)

Hence the weighted null-space covariance is NT
BY−1(kSη∆t + 2

SηA
∆t

)Y−1TNB =

I+NT
BY−1(k−1)∆tSηY

−1TNB. The off-diagonal elements in equation 3.266 are non-
zero, hence there exists a small cross-correlation between the range-space
and null-space measurements when performing null-space updates at ∆tu.
Even the weighting-process cannot avoid this from happening. The off-diagonal term

L†BY−1(k − 1)∆tSηY
−1TNB can be evaluated to

L†BY−1(k − 1)∆tSηY
−1TNB = L†BY−1diag

(
(k − 1)σi
σiai

)
YNB (3.267)
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where σi and ai are the diagonal elements of ∆tSη and A. This expression is zero if
either k = 1 or σi = σ and ai = a, which is exactly the case for equal sample-times or
equal gyros.
Of course using unequal gyros and different sample times is possible without cross-
correlation when performing the null-space updates at ∆t and thus every gyro mea-
surement. This however increases the computational burden due to the additional
calculations each filter cycle. Simulation results using three times the Astrix-200 noise
coefficients (cf. table 3.6, section 3.4.3) and one lower-grade gyro, have shown that even
for large k the filter performance does not decrease and hence the cross-correlation is
in fact negligible. This might not be the case for an ensemble of multiple low-grade
gyros, which is why one should keep this circumstance in mind.
Mind also that the restriction of the ratio k being an integer number is also present in
the extended case. The main advantage of the extended formulation is that due to the
weighting process there is no or a negligible cross-correlation between the range- and
null-space equations.
As can be seen by comparing the range- and null-space equations, the extended case
is obtained from the non-extended case by simply replacing

L̂
† → L̂

†
BY−1

N̂
T → N̂

T

BY−1

and accounting for the corresponding null-space residual covariance:

NT (kSη∆t+ 2
SηA
∆t

)N→ I + NT
BY−1(k − 1)∆tSηY

−1TNB

This concludes the model for rate-integrating gyros. It features full geometric observ-
ability due to null-space updates and accounts for angle noise. The implementation
(extended case) is summarized in table 3.3.
To be able to fully estimate the calibration parameters not only geometric observability
has to be fulfilled but also dynamic observability. Dynamic observability deals with
”calibration maneuvers”, i.e. angular rate patterns which excite the satellite in such a
way that the individual effects of the calibration parameters can be distinguished. The
observability analysis is the content of chapter 4.
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3.3.2. Overview: filter implementation

Table 3.3 summarizes the implementation of the calibration filter for rate-integrating
gyros. It contains the necessary equations for the extended case (able to cope with
different gyros) and can be regarded as the analog to the filter presented in table 3.2
when using rate-integrating gyros.

Error State Filter7

Inside Filter Outside Filter

D
efi

n
it

io
n
s Filter State x Errors in attitude and calibration

parameters
x = [ δaTb δb

T δsT δµT δϕx
T δϕy

T ]T

Error
definition

Attitude: δqu = q̂ui ⊗ q̃−1
ui

⇒ δau = 2δq/δq4,u

Calibration parameters:
δp = p̂− p

Noise power
definition

S =



SARW

SRRW

SSSF

SASF

Sϕx

Sϕy

SAWN

SAWN



Extended
Mapping-

and Null-
space matrix

L̂B = Y−1L̂, where

B = Sη∆t+ 2
SηA
∆t

and B = YYT

N̂B = null(L̂
T

B)

Jacobi
sub-matrices

L̂ = (I + Ŝsf + M̂)Ĝ, where
Ĝ = [Ŵ − Ûdiag(ϕy) + V̂diag(ϕx)]

T

Ŝsf = diag(si), M̂ = diag(µi sgn ∆θ̂g,k)

∆θ̂g,k = Ĝ∆θ̂b,k and ∆θ̂b,k = L̂B
†
Y−1(∆θ̃ − b̂)

Ĵ = [∆tI, diag(∆θ̂g,k), diag|∆θ̂g,k|, ...
(I + Ŝsf + M̂)Cv̂, −(I + Ŝsf + M̂)Cû]

where Cû = diag(∆θ̂
T

b,kÛ)

and Cv̂ = diag(∆θ̂
T

b,kV̂)

The same relationships are
true for the Ĵ needed for the
null-space updates, however

then ∆θ̂b,k →
b∆tu

∆t
c∑

1

∆θ̂b,k and

Ĵ→ b∆tu
∆t
cĴ

Rate
Estimate

ω̂b =
∆θ̂b,k

∆t

7Assuming ηA(t) and ηA(t−∆t) to be independent white noise sources of identical power
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In
it

ia
li
za

ti
on State

Estimate
x̂0 = 0

Initial attitude:
Initialize with
measurement, i.e.
q̂bi(t0) = q̃bi

Initial calibration
parameters: p̂(t0) = 0

Estimation
Error

Covariance
Matrix

P0 =



R0 0 0 0 0 0

0 (bmax
3

)2 0 0 0 0

0 0 ( smax
3

)2 0 0 0

0 0 0 (µmax
3

)2 0 0

0 0 0 0 (ϕxmax

3
)2 0

0 0 0 0 0 (
ϕymax

3
)2


Due to initialization with a measure-
ment, attitude cov. = measurement
cov.

P
ro

p
ag

at
io

n
(S

ta
n
d
ar

d
K

al
m

an
M

et
h
o
d
) Filter state x̂−k+1 = 0 (since the state has been

reset after the prev. update-step)

Error
covariance

P−k+1 = ΦkP
+
k ΦT

k + Q′k
where Φk = I + F∆t,

F =

[
−(ω̂b)

× −L̂
†
BY−1Ĵ

05n×3 05n×5n

]
,

G =

[
L̂
†
BY−1 03×5n

L̂
†
BY−1

∆t
− L̂

†
BY−1

∆t

05n×n −I5n×5n 05n×n 05n×n

]
and
Q′k = ∆tGSGT

Note: F,G and Q′k have to be
recomputed with the new L̂B, Ĵ
every filter iteration

Full state Starting from new full
state after correction,

numerical (or closed-form)
solution of:

˙̂qb = 1
2

ω̂b
0

⊗ q̂b
using estimated

increments ∆θ̂b,k

K
al

m
an

M
et

h
o
d
) Kalman Gain Kk = P−k HT

k (HkP
−
k HT

k + Rk)
−1

Where Hk =

[
Tub 03×5n

01×3 −N̂
T

BY−1kĴ

]
and

Rk =

[
RSTR 0

0 I + NT
BY−1(k − 1)∆tSηY

−1TNB

]
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U
p

d
at

e
(S

ta
n
d
ar

d Filter
Measurement

zk

Attitude: δqu = q̂ui ⊗ q̃−1
ui

⇒ δau = 2δqu/δq4,u

⇒ δãu = Hx + νu

Null-space:

ẑns = N̂
T

BY−1(
b∆tu

∆t
c∑

1

∆θ̂b,k −∆tub̂)

⇒ zk =

(
δãu

ẑns

)
Filter state
correction

x̂+
k = Kkzk

Error
Covariance

P̂
+

k = (I−KkHk)P
−
k or

P̂
+

k =
(I−KkHk)P

−
k (I−KkHk)

T

+KkRkK
T
k

(”Josephs Form”, better for ensur-
ing pos. definiteness)

Full State
Correction

δqu = q̂ui ⊗ q̂−1
ui

δqu = 1√
|δau|2+4

[
δab

2

]
New attitude estimate:
qui = δq−1

u ⊗ q̂ui

Calibration parameters:
p = p̂− δp

Filter reset
(after full

state
correction)

x̂+
k = 0 (since the error has been

corrected for)∑
∆θ̃k = 0

Table 3.3.: Error-state filter implementation including null-space updates for
rate-integrating gyros

The implementation presented above represents a new calibration filter design which
makes use of the ideas presented in references [45, 23] and extends them for the case
of angle noise at the output of the rate-integrating gyros. The filter can for example
be implemented as part of the attitude estimation scheme on board of agile satellites
employing RIGs such as the Astrix-200 unit of iXSpace and Airbus Defence and Space.
The performance of the filter is analyzed in section 3.4.3.
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3.4. Performance evaluation

The filters were implemented, simulated and evaluated with the help of a MAT-
LAB/Simulink. Since the final filter has to run on hardware, the source-code has
to be compatible with ”Embedded MATLAB”, a subset of the MATLAB language
that supports efficient code generation for deployment in embedded systems [47].

3.4.1. Three rate-gyros

The first simulation setup consists of one star tracker and three gyros whose nominal
sensitive axes are:

Ŵ =


√

2/3 −
√

1/6 −
√

1/6

0
√

1/2 −
√

1/2

−
√

1/3 −
√

1/3 −
√

1/3


This corresponds to a tetrahedron arrangement without a gyro on the main z-axis (see
figure 3.5). The motivation behind this arrangement is to demonstrate the correct
functioning of the filter even if the gyros are a) not orthogonal to each other and b)
not aligned with the body axes.

Fig. 3.5.: Simulated axes configuration for three gyros
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The simulation setup can be depicted from figure 3.6. It shows the STR and gyro
models, as well as the block containing the filter implementation. The simulation
results are saved into variables for subsequent post-processing.

Fig. 3.6.: Simulink setup of the calibration filter implementation for three gyros

The calibration maneuver used for all simulations was taken from Pittelkau’s work in
[45] as it guarantees full dynamic observability (for more details on observability refer
to chapter 4). It is a sinusoidally varying pattern with a non-harmonic body angular
rate vector:

ωb =

ω0,x sin (2πfxt)

ω0,y sin (2πfyt)

ω0,z sin (2πfzt)

 (3.268)

where [ω0,x, ω0,y, ω0,z] = [0.3464, 0.2828, 0.2]◦
s

and [fx, fy, fz] = [0.00318, 0.00212, 0.00105]
Hz. The maneuver is shown in figure 3.7a.

3.4.1.1. Estimation errors

The sample times of the gyros and the STR were set to 0.1 s = 10 Hz. The simulated
duration of the maneuver was 12 hours, however most of the calibration parameters
reached their steady-state earlier.
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(a) Calibration Maneuver (angular rate
profile)

(b) Attitude estimation errors

(c) Bias estimation errors. (d) SSF estimation errors

(e) ASF estimation errors (f) Misalignment ϕx estimation errors

Fig. 3.7.: GSE with three rate-gyros: simulation results
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(g) Misalignment ϕy estimation errors (h) Measurement residuals

Fig. 3.7.: GSE with three rate-gyros: simulation results (continued)

Fig. 3.8.: GSE with three rate-gyros: PSD of measurement residuals.

Figures 3.7b to 3.8 depict the estimate errors of the attitude and all calibration pa-
rameters, as well as the attitude measurement residuals (including their power spectral
densities). The red lines indicate the 3σ-boundaries which were generated from the
covariance matrix P.
Since the simulation did not target any specific gyro as a reference, the calibration
parameters and noise characteristics of reference [23] were chosen. These values, which
can be found in table 3.4, are rather large however still realistic and shall demonstrate
the robustness of the filter. The simulation shows good performance as all parameters
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converge to small values. An indicator for a consistent filter is that the measurement
residuals are white. The standard deviation of the measurement residuals is in ac-

cordance with the standard deviation expected via
√

diag(HkP
−
k HT

k + Rk). Problems

due do linearization are not visible within the simulation results.

Axis Bias
[◦/h]

SSF
[ppm]

ASF
[ppm]

ϕx
[arcsec]

ϕy
[arcsec]

1 -1.575 -140.2 -963.0 -2101.9 -678.9

2 1.768 3913.0 642.8 -3037.0 3135.4

3 0.589 2621.0 -110.6 -1715.1 3001.7

Noise coefficients

ARW [ rad√
s
] RRW [ rad

s3/2 ] [ppm√
s

] [ppm√
s

] [arcsec√
s

] [arcsec√
s

]

1.45e-6 5.72e-09 0 0 0 0

Table 3.4.: True calibration parameters and noise coefficients

3.4.1.2. Monte Carlo simulation

To demonstrate that the filter is able to consistently estimate the calibration param-
eters, i.e. for showing that the 3σ-boundaries generated from the state covariance
matrix P correctly yield three times the standard deviation of the signal, a Monte
Carlo simulation has been performed.
In the scope of this simulation the filter was run 100 times with the specifications given
earlier, each time using different initial seeds for the Simulink band-limited white noise
(BLWN)-blocks. The results for the individual parameters, together with the associ-
ated 3σ-boundaries from the diagonal elements of P, were combined into one figure
each, which is then split at t = 2 h to ease its interpretation by properly adapting the
axes limits.

(a) Bias estimation errors, 0 ≤ t ≤ 2 h (b) Bias estimation errors, 2 h ≤ t ≤ 12 h

70



3. Design, Development and Evaluation of Performance

(c) SSF estimation errors, 0 ≤ t ≤ 2 h (d) SSF estimation errors, 2 h ≤ t ≤ 12 h

(e) ASF estimation errors, 0 ≤ t ≤ 2 h (f) ASF estimation errors, 2 h ≤ t ≤ 12 h

(g) Misalignment ϕx estimation errors,
0 ≤ t ≤ 2 h

(h) Misalignment ϕx estimation errors,
2 h ≤ t ≤ 12 h

Fig. 3.9.: GSE with three rate-gyros: Monte Carlo simulation
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(i) Misalignment ϕy estimation errors,
0 ≤ t ≤ 2 h

(j) Misalignment ϕy estimation errors,
2 h ≤ t ≤ 12 h

Fig. 3.9.: GSE with three rate-gyros: Monte Carlo simulation (continued)

The Monte Carlo simulation allows to demonstrate that for all kinds of initial seeds
the 3σ-boundaries generated from P yield the proper boundaries. Therefore it can be
concluded that the filter is operating consistently.

3.4.1.3. Estimation error histograms

A further example for the consistent operation of the filter is provided through the
hourly histograms of the calibration parameters during the Monte Carlo simulation.
These histograms are obtained by looking at each individual calibration parameter at
certain points in time (in this case every hour) and computing the histograms from
the data obtained by the Monte Carlo iterations. A consistent filter is expected to
demonstrate a convergence of these histograms towards a normal distribution.

(a) Hourly histograms: bias axis 1 (b) Hourly histograms: bias axis 2
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(c) Hourly histograms: bias axis 3 (d) Hourly histograms: SSF axis 1

(e) Hourly histograms: SSF axis 2 (f) Hourly histograms: SSF axis 3

(g) Hourly histograms: ASF axis 1 (h) Hourly histograms: ASF axis 2

(i) Hourly histograms: ASF axis 3 (j) Hourly histograms: δϕx axis 1

Fig. 3.10.: Hourly histograms of calibration parameters throughout the MCS
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(k) Hourly histograms: δϕx axis 2 (l) Hourly histograms: δϕx axis 3

(m) Hourly histograms: δϕx axis 1 (n) Hourly histograms: δϕx axis 2

(o) Hourly histograms: δϕx axis 3

Fig. 3.10.: Hourly histograms of calibration
parameters throughout the MCS (continued)

Figures 3.10a to 3.10o show for each pa-
rameter the clear trend towards a Gaus-
sian distribution. This is already visible
after a few hours of simulation time and
corresponds to the behavior which is ex-
pected of a consistent filter.
Due to the good performance in the sim-
ulations, the filter framework proved to
be a trustworthy basis for an extension
towards RIMUs.

74



3. Design, Development and Evaluation of Performance

3.4.2. Four rate-gyros

This section contains the simulation results for the filter summarized in table 3.2.
The filter was implemented in a four-axes configuration with the fourth axis in body
z-direction:

Ŵ =


√

2/3 −
√

1/6 −
√

1/6 0

0
√

1/2 −
√

1/2 0

−
√

1/3 −
√

1/3 −
√

1/3 1


This is a common tetrahedron-configuration which is also employed in real IMUs such
as the first-generation space inertial reference unit from Northrop-Grumman [23]. A
visualization can be found in figure 3.11.

Fig. 3.11.: Simulated configuration of the gyros sensitive axes

The actual Simulink simulation setup is basically similar to that of figure 3.6. Due
to the design as modular units which are part of a gyro library, a fourth rate-gyro is
easily added and parametrized with the corresponding alignments and performances.
The block containing the calibration filter now executes the code corresponding to ta-
ble 3.2. The filter output is stored for further post-processing.

3.4.2.1. Estimation errors

Based on the experience with the filter implementation for three rate-gyros, the simu-
lation time was set to 12 hours. Also the same rate-profile (cf. figure 3.7a) and sample
times (∆t = 0.1s) were chosen for calibration. The filter performance is given in figures
3.12a to 3.12h.
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(a) Attitude estimation errors (b) Bias estimation errors

(c) SSF estimation errors (d) ASF estimation errors

(e) Misalignment ϕx estimation errors (f) Misalignment ϕy estimation errors

Fig. 3.12.: GSE with four rate-gyros: simulation results
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(g) Measurement residuals (h) PSD of measurement residuals

Fig. 3.12.: GSE with four rate-gyros: simulation results (continued)

Due to the null-space updates (in combination with the calibration maneuver) full ob-
servability is provided. Therefore all parameters converge to small values. The attitude
measurements, measurement residuals as well as the weighted null-space residuals are
white (constant PSD).
The performance parameters for the simulation are listed in table 3.5 and originate
from reference [23] for the same reasons as given in the three-gyro case.

Axis Bias
[◦/h]

SSF
[ppm]

ASF
[ppm]

ϕx
[arcsec]

ϕy
[arcsec]

1 -1.575 -140.2 -963.0 -2101.9 -678.9

2 1.768 3913.0 642.8 -3037.0 3135.4

3 0.589 2621.0 -110.6 -1715.1 3001.7

4 -1.253 -435.3 230.9 -2330.9 -646.0

Noise coefficients

ARW [ rad√
s
] RRW [ rad

s3/2 ] [ppm√
s

] [ppm√
s

] [arcsec√
s

] [arcsec√
s

]

1.45e-6 5.72e-09 0 0 0 0

Table 3.5.: True calibration parameter values and noise coefficients

3.4.2.2. Partial observability

To show that it is indeed the null-space updates that make the parameters converge,
some examples of disabled null-space updates shall be given.
As can be seen in figures 3.13a and 3.13b the bias and SSF, as well as their associated
uncertainties remain large and do not converge. The same behavior is also valid for
the misalignments (plots not shown). Only the ASF is fully observable in the attitude
measurements (for reasons given in chapter 4) and therefore of identical performance
to the case of enabled null-space updates.
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(a) Bias estimation errors (b) SSF estimation errors

Fig. 3.13.: Estimation Errors with disabled null-space updates

3.4.2.3. Different gyros

The filter version using the Cholesky factorization presented in section 3.2.1.2 is capable
of coping with different gyros without introducing errors. As an example the filter was
run with three gyros of equal quality and a fourth which had a 10 times larger angular
random walk coefficient (Gyro 1).
Figures 3.14a and 3.14b show the simulation results of the bias and SSF estimation
errors. They are very similar to those shown in section 3.4.2.1 except for the slower
convergence time and larger steady-state uncertainty.

(a) Bias estimation errors (b) SSF estimation errors

Fig. 3.14.: Estimation Errors with three equal and one lower-grade gyro

An implementation without the Cholesky factorization would suffer from a degradation
due to correlated range-space and null-space equations. This degradation causes the
steady-state covariances to increase compared to the extended case and thus yields an
inferior performance.
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3.4.2.4. Monte Carlo simulation including star tracker dropouts

A Monte Carlo simulation of a filter is a comfortable way of demonstrating consistency
through simulation. For every noise-sequence the estimation errors of the attitude
and calibration parameters have to stay within the bounds given by three times the
square root of the corresponding diagonal entry in P, the state covariance matrix.
Furthermore the measurement residuals (attitude and null-space) need to be white.
The boundaries dictated by P also have to hold if STR measurements are not available.
STR blindouts are not uncommon and can often last up to five minutes. If the star
tracker is not able to deliver attitude quaternions (for instance due to no or not enough
stars being in its FOV), the calibration filter propagates attitude solely based on the
gyro measurements.
To prove that such situations can reliably be handled, the MCS was implemented with
50 iterations and three simulated blind-zones of five minutes duration at 6h, 8h and
10h of simulation time.

(a) Attitude estimation errors (b) Zoom on attitude estimation errors
during blind-zone at 8h simulation time

(c) Bias estimation errors (d) Zoom on bias estimation errors during
blind-zone at 8h simulation time
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(e) SSF estimation errors (f) ASF estimation errors

(g) Misalignment ϕx estimation errors (h) Misalignment ϕy estimation errors

Fig. 3.15.: Monte Carlo Simulation including STR dropouts

Due to the motion of the satellite and the propagation of the attitude via the gyro
measurements, uncertainty is being added to the attitude and bias estimates. This
uncertainty grows until the star tracker(s) manage to provide measurements again. At
this point in time, the covariances immediately reduce to their prior-dropout levels.
During the entire simulation, including all blind-zones, the 3σ boundaries are consis-
tent with the actual standard deviations of the estimate errors. This demonstrates
that the calibration filter can manage real on-orbit scenarios.
The other calibration parameters, i.e. SSF, ASF and the misalignments do not accu-
mulate uncertainty during the blindouts. These calibration parameters are considered
as being constant and the simulation does not model any variation in them. Therefore
the associated noise-coefficients are zero. Due to the noise mapping matrix G consist-
ing of an identity matrix in the lower right element and the noise in these parameters
being zero, the discrete process noise matrix Q′k = ∆tGSGT only has the upper-left
(3 + n)× (3 + n) sub-matrix consisting of non-zero entries. For the case of four gyros,
this structure is visualized as
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D D D D D D D 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

D D D D D D D 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

D D D D D D D 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

D D D D D D D 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

D D D D D D D 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

D D D D D D D 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

D D D D D D D 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
..
.

...
...

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0



where D corresponds to a non-zero entry. These simulation results show the consistent
operation of the calibration filter given in table 3.2. This framework features full (geo-
metric) observability due to null-space updates and can be used with arbitrarily many
rate-gyros that directly output angular velocity and do not suffer from angle white
noise. In case of three such gyros, the null-space dimension becomes zero and the filter
effectively reduces to the one presented in table 3.1.

3.4.3. Four rate-integrating gyros

For highly agile missions high-performance hardware has to be integrated. Currently
Airbus DS uses the Astrix-200 unit, the ”best performing gyro on the world market”
[48], in case of such operational scenarios. The Astrix-200 IMU is an ensemble of four
rate-integrating gyros, meaning that the filter summarized in table 3.3 can be used for
calibration. As the development of this filter aimed at application with this RIMU the
following simulations were performed with the noise-characteristics of the Astrix-200
unit:

AWN [ rad√
Hz

] ARW [ rad√
s
] RRW [ rad

s3/2 ]

5.5833e-9 5.8e-8 2.8e-11

Table 3.6.: Noise coefficients: Astrix-200 RIMU

The bias, scale factors and misalignments were drawn randomly from a normal distri-
bution with mean (sign chosen randomly) and standard deviation given in table 3.7.
These values are in the same order of magnitude as the data listed in the fact sheet
(see [48]). Exemplary values are:

Axis Bias
[◦/h]

SSF
[ppm]

ASF
[ppm]

ϕx
[arcsec]

ϕy
[arcsec]

1 0.03 -19.95 -15.71 -99.66 -6.53

2 -0.02 -69.28 -57.03 59.23 60.01

3 0.02 60.40 -25.50 -12.29 -61.74

4 0.03 -49.60 18.22 -24.04 63.55

Mean ±0.02 ±50 ±30 ±50 ±50

StdDev 0.01 20 20 30 30

Table 3.7.: Exemplary true calibration parameters used for simulation
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The simulation setup is shown in figure 3.16. The structure is basically identical to the
one presented in section 3.4.2. The only difference is, that the gyro-blocks now contain
the RIG-model (cf. section 3.3.1.1) and the Kalman Filter-block the corresponding
filter implementation (assuming ηA(t) and ηA(t−∆t) to be independent noise sources,
cf. table 3.3). To simulate the output of angular increments, the gyros feature a reset-
input which resets the integration at each rising and falling flag. The interior of a
gyro RIG-block is pictured in figure 3.17. The differences to the rate-version are the
”integrateAndComputeIncrement”-block as well as the AWN which is modeled via the
difference of the current and previous noise-samples.

Fig. 3.16.: GSE with four rate-integrating gyros: Simulink simulation setup

Fig. 3.17.: Contents of the RIG-block
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3.4.3.1. Estimation errors

Setting the simulation time to 12 hours, sample times to 10 Hz and the axes as shown
in figure 3.11, the angular rate profile pictured in plot 3.7a was executed for calibration
purposes. The performance achieved by the filter implementation summarized in table
3.3 is given in figures 3.18a to 3.18h.

(a) Attitude estimation errors (b) Bias estimation errors

(c) SSF estimation errors (d) ASF estimation errors

(e) Misalignment ϕx estimation errors (f) Misalignment ϕy estimation errors

Fig. 3.18.: GSE with four rate-integrating gyros: simulation results
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(g) Measurement residuals (h) PSDs of measurement residuals

Fig. 3.18.: GSE with four rate-integrating gyros: simulation results (continued)

The extremely low noise coefficients of the Astrix-200 unit allow for simulated attitude
errors in the sub-arcsec level. The outstanding quality of the hardware in combination
with a filter solution that estimates also rate-dependent errors allow for this level of
performance.
To demonstrate that the filter is able to cope with different sensors, only gyros 2-4
were actually modeled with the Astrix-200 noise characteristics. Gyro 1 however was
simulated with a 10x larger angular random walk coefficient and twice the angle white
noise coefficient. Despite the integration of this lower-grade gyro the sub-arcsec level
is reached. The calibration filter establishes steady-state performance already after
≈ 2−3 h in the case of the three gyros having Astrix-200 quality. The lower-grade gyro
needs a little bit longer, however after 10 hours of calibration time also its calibration
parameter estimates reach steady-state performance. The measurement and null-space
residuals are white8 and in accordance with the expected values.
An interesting phenomenon occurs, if one simulates all four gyros having Astrix-200
performance. In this case the PSD of the null-space residual has higher power for higher
frequencies (cf. figure 3.19a). This behavior is caused by the violated assumption of
ηA(t) and ηA(t − ∆t) being independent noise sources. If the latter was true, then
ηAeff (t) = ηA(t)−ηA(t−∆t) would itself be white noise. ηAeff (t) however is colored
and its PSD can be computed by first determining the transfer function that creates
ηAeff (t) from ηA(t) with the help of the Fourier transform:

y(t) = x(t)− x(t−∆t) (3.269)

⇔ Y (iω) = X(iω)−X(iω)e−iω∆t (3.270)

⇔ H(iω) =
Y (iω)

X(iω)
= 1− e−iω∆t (3.271)

Applying equation C.4 in reference [46], i.e.

SηAeff = |H(iω)|2 SηA (3.272)

it can be seen that H(iω) relates the PSDs of ηA(t) and ηAeff (t) via

SηAeff = |1− e−iω∆t|2SηA (3.273)

8Actually the null-space residual only seems white but is not perfectly white. For an explanation
just continue reading
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= 4 sin2(π∆tf)SηA (3.274)

= 4c2
AWN sin2(π∆tf)I (3.275)

Within the range of frequencies up to the Nyquist-frequency this can be approximated
by

SηAeff ≈ 4c2
AWNπ

2∆t2f 2I (3.276)

which shows that the differentiation creates a PSD with the power proportional to f 2.
ηAeff therefore represents purple noise (also called violet noise).
Figure 3.19b shows the PSD obtained by simulation of ηAeff (colored in blue) as well
as the approximation of ηA(t) and ηA(t − ∆t) being two independent white noise
sources of identical power (cyan). The theoretical PSD and its Taylor approximation
(cf. equations 3.275 and 3.276) are plotted for reference as well.
The reason for the effect shown in figure 3.19a only being visible in the filter outputs
if all four gyros have Astrix-200 performance, is that their noise-coefficients are small
enough to make the effect observable. If a lower-grade gyro is integrated, its higher
power RRW and ARW basically bury this error, which is why the PSD of the null-space
residual in figure 3.18h still looks white.

(a) PSDs of measurement residuals in case of all
four gyros having Astrix-200 noise coefficients

(b) Analysis of effective angle noise PSD

Fig. 3.19.: PSD analysis with four rate-integrating gyros

Figures 3.20a and 3.20b each show the true and the estimated angular rates. Except
for tiny deviations (e.g. due to noise) they are in perfect accordance, even though only
a first order approximation is used.

(a) Estimated and true angular rates (b) Zoom at t = 8 h

Fig. 3.20.: GSE with four rate-integrating gyros: estimated and true angular rates
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3.4.3.2. Monte Carlo simulation including star tracker dropouts

It remains to evaluate the filter performance using a Monte Carlo simulation. The
same scenario as presented in section 3.4.2.4 was run with the RIG-calibration filter
setup and 50 Monte Carlo iterations. As the simulated STR blackouts are only of five
minutes duration and the Astrix-200 noise coefficients of extremely small magnitude,
no clear reaction of the bias-estimates to the STR dropouts was identifiable in the
datasets. For this reason it was chosen to perform the simulation with larger noise
coefficients. The selected ones are those of table 3.5 with an additional angle white
noise coefficient of cAWN = 9.70e − 9 rad√

Hz
. These values allow to see a clear reaction

to the blindouts within the filter outputs. The simulation results are given in figures
3.21a to 3.21h.

(a) Attitude estimation errors (b) Zoom on attitude estimation errors during
blind-zone at 8h simulation time

(c) Bias estimation errors (d) Zoom on bias estimation errors during
blind-zone at 8h simulation time
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(e) SSF estimation errors (f) ASF estimation errors

(g) Misalignment ϕx estimation errors (h) Misalignment ϕy estimation errors

Fig. 3.21.: Monte Carlo Simulation including STR dropouts

The filter estimates seem to be in accordance with the 3σ-bounds from the state-
covariance matrix. While this is in fact true in this case, this is not a general behavior
but one that depends on the simulated noise-coefficients. Due to ηA(t) and ηA(t−∆t)
being considered independent noise sources, the PSD associated with ηAeff (t) is as-
sumed white, whereas the actual PSD has lower noise-power for lower frequencies
(cf. figure 3.19b). Hence, slightly too much uncertainty is added in the propaga-
tion step due to the AWN-modeling. Using the noise-coefficients of table 3.5 and
cAWN = 9.70e−9 rad√

Hz
, the modeling-inaccuracy of the AWN is buried under the impact

of the higher noise-power ARW. The effective degradation depends on the difference in
the sample-times and relative magnitude of the nose-coefficients. If many gyro-updates
are performed until a measurement update takes place, the addition of slightly too
much uncertainty happens more often and hence the 3σ-bounds will be higher than
they would if ηAeff (t) was considered as being colored. This happens especially during
STR dropouts, where only gyro measurements (and null-space updates) are being used
for multiple seconds or minutes (cf. section 4.4, figure 4.6). Once the STR is able to
provide quaternion measurements again, the estimation errors immediately reduce to
non-dropout magnitudes.
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For the very same reasons as given in section 3.4.2.4 only the attitude and bias es-
timates accumulate uncertainty during the STR dropouts. The filter outputs on the
one hand show the accuracy of the design, on the other hand they also demonstrate a
shortcoming due to AWN. During the entire operation, the estimates remain within
the 3σ-bounds, however during STR dropouts, the quality of the 3σ-lines depends on
the relative magnitude of the noise coefficients. In the case of the Astrix-200 unit, STR
dropouts can be easily compensated for using the gyro measurements (not shown in
the plots, however max. uncertainty in PAttx ∼ 1.1 arcsec at the end of the blindzones
vs. ∼ 0.5 arcsec after/prior to the dropouts).
The filter can be regarded as the complement to the rate-gyro version presented in
section 3.2 and allows the use of an arbitrary number of (equal or different) RIGs. If
an appropriate calibration maneuver is flown, full observability is guaranteed.

The RIG-version of the calibration filter was also implemented with three Airbus-DS
equipment-library star trackers as well as a sophisticated, in-house developed, noise-
model for the gyros. The operational scenarios in chapter 4.4 were performed with
this enhanced setup and demonstrate the effect of dynamic observability as well as the
performance of this calibration filter using three STR.
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In control theory an observer is a set of mathematical equations that provides estimates
for the internal states of a dynamic system. A typical example of such an observer is
a Kalman Filter which allows estimating states that are not measured directly. This
immediately leads to the topic of observability which was first addressed by Rudolf
Kalman in terms of linear dynamic systems [49].
Observability describes if the internal states can be estimated, given the (control) in-
puts and outputs of the system. Formally a system is said to be observable if its initial
state can be reconstructed using measurements of a finite time interval.
In the context of gyro-stellar estimation, calibrating all gyros is of crucial importance.
Calibration describes the process of determining and correcting typical sources of error,
such as a bias, scale factor errors or misalignments of the sensitive axes. As the true
values of the calibration parameters are unknown, one can make use of the observer-
capabilities of the Kalman filter. This is the basic idea of the state-augmentation
principle in which the state of the system is expanded by the quantities of interest
(= the calibration parameters). By extending the state-vector with these parameters
and constructing a proper system model, the observer capabilities of the Kalman Filter
allow for the parameters to be computed from the measurements - provided that they
are in fact observable.

4.1. Definition of observability (after Kalman)

Kalman defined observability for continuous linear time-invariant1 systems (= LTI-
systems) in terms of the ”observability matrix”. Given the state-space representation
of the system with n states,

ẋ(t) = Fx(t) State equation (4.1)

z(t) = Hx(t) Measurement equation (4.2)

one can make use of the solution to the state-space equation in order to find the specific
form of the measurement equation. If there is no control-input2, the solution is given
via the natural response, i.e. x(t) = eF(t−t0)x0. Therefore we obtain:

z(t) = HeF(t−t0)x0 (4.3)

By observing the measurements z(t) one essentially can compute

z(t) = HeF(t−t0)x0

ż(t) = HFeF(t−t0)x0

...

z(n−1)(t) = HF(n−1)eF(t−t0)x0

(4.4)

1Time-invariant means that the system matrices do not depend on time
2Kalman’s definition also applies for systems with control inputs

89



4. Observability

From this it is evident that observability (in the sense of Kalman) is determined by
means of the observability matrix, which is defined as

O =


H

HF
...

HF(n−1)

 (4.5)

There are n equations present in relationship 4.4, so only if the observability matrix
has full rank, any initial state x0 can be determined, meaning the system is fully ob-
servable3.

We cannot directly make use of Kalman’s observability definition as our matrices do
depend on time (e.g. F has ω̂b as a component and therefore changes with time as
long as no constant angular rate vector is flown), i.e. we do not have a LTI-system.
One might think of analyzing observability for a specific constant angular rate pattern
to obtain a quasi LTI-system, however also in this case observability of the linearized
system in terms of Kalman’s definition does not necessarily imply local observability
of the original non-linear system [50]. Furthermore (as we shall see in section 4.3) one
type of observability does depend solely on the angular rate pattern flown and limiting
the analysis to a constant vector is not the correct way to go.
Nevertheless there is a way to compute the dimensions of the calibration parameters
in the attitude- and null-space measurements. Throughout the following two sections
we shall find out that observability of the calibration parameters can be split into two
types: geometric observability and dynamic observability. Both need to be fulfilled
in order for the state-vector to be observable. We shall cover both sorts in the next
sections.

4.2. Geometric observability

Geometric observability is an intrinsic property of the system and does not depend on
the angular rate vector. It can be seen as a necessary criterion that has to be fulfilled
in order to then make the calibration parameters distinguishable via a calibration ma-
neuver (= specific angular rate pattern). The original publication regarding geometric
observability for RIMUs is given in reference [24] and makes use of splitting the gyro
model equations into range- and null-space components and then analyzes their ranks
to find the observability dimensions of the calibration parameters in each subspace.
We shall cover the most important aspects of the work done in [24] to obtain enough
insight to understand why the null-space updates used in chapter 3 provide full geo-
metric observability.

3Partial observability is present if only some components of the state-vector can be inferred from the
measurements
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4.2.1. Dimensions of range- and null-space

A general mathematical description of a RIMU is given via

ω̃ = Ĝωb + e (4.6)

where

Symbol Meaning Dimension

ω̃ Measured angular rate n× 1

Ĝ Matrix which contains the nominal directions
of the sensitive axes as its rows (nominal
alignment matrix)

n× 3

ωb Satellite angular rate in the body frame 3× 1

e Error vector due to misalignment, scale fac-
tor errors, bias and noise

n× 1

We shall assume interest in the complete body angular rate vector and thus look at the
case where we the angular rate is measured in all three spatial dimensions. Therefore
Ĝ has rank 3 and thus full column rank. The body angular rate is determined via the
pseudo-inverse4 of Ĝ:

ωb = Ĝ
†
(ω̃ − e) = Ĝ

†
ω̃ − Ĝ

†
e (4.7)

One might wonder what happens if Ĝ
†
e = 0. In fact, this is the starting point to the

”null-space approach” of geometric observability. Let’s start at the beginning...

Mathematically a m × u matrix A, which is used as a linear transformation from
the vector space V = Ru to the vector space W = Rm, has four subspaces. These
are the column space, right null-space5, the row space and the left null-space. The
subspaces are defined via:

Subspace Corresponding
vector space

Definition Dimension

row space V all ATy r = rank6 of A

column space W all Ax r

right null-space V Ax = 0 u− r
left null-space W ATy = 0 or yTA = 0T m− r

Table 4.1.: Dimensions of the four matrix subspaces

4In case of n = 3 the inverse is equivalent to the pseudo-inverse
5Often just called ”null-space”
6The rank is the number of linearly independent columns which for every matrix is equal to the
number of linearly independent rows
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The column space as well as the left range space lie in W . Observing equation 4.7

once again, we can now understand, that during the transformation via Ĝ
†

some in-
formation about the calibration parameters can get lost in the null-space of G†. More

formally: some linear combinations of parameters lie in the null-space of Ĝ
†

in case of
more than three gyros (in our case u = n and r = 3).

The null-space of Ĝ
†

is in fact identical to the left null-space of Ĝ, as the following
calculation shows:

Ĝ
†
e = 0 → e is in the right null-space of Ĝ

†

⇔ (Ĝ
T
Ĝ)−1Ĝ

T
e = 0

⇔ Ĝ
T
e = (Ĝ

T
Ĝ)0

⇔ Ĝ
T
e = 0

⇔ eT Ĝ = 0T → e is in the left null-space of Ĝ

(4.8)

As stated in table 4.1, the dimension of the left null-space is the number of rows in Ĝ
minus the number of linearly independent rows. As the linearly independent rows equal
the rank and we assume full column rank, this is 3. Hence dim(left null-space of Ĝ) =
n − 3. Attitude estimation is often built around the quaternion kinematic equation,
which is of the form given in equation 2.9:

dq

dt
=

1

2

[
ωb
0

]
⊗ q (2.9)

When inserting equation 4.7 into 2.9 and making measurements of the form

y = h(q) (4.9)

information regarding the calibration parameters becomes observable in attitude.
In case of n = 3, the dimension of the left null-space is zero, thus the influence of the
calibration parameters cannot vanish and they are fully observable in attitude. This is
why the calibration filter summarized in table 3.1 does not require null-space updates.
The interesting case is n > 3. Then the left null-space inevitably has a dimension
greater zero and some parameters are not fully observable in attitude. In order to
”recover” the information about the calibration parameters, it is necessary to also
generate equations for the left null-space of Ĝ, meaning the calibration filter also
needs to be updated with ”null-space measurements” 7.

4.2.2. Geometric observability in attitude and null-space

In [24] Pittelkau was able to show that essentially geometric observability of the cali-
bration parameters depends on three elements:

1. The number of sense axes n

2. The number of parallel axes

3. The number of calibration parameters which are in the gyro model

7Sometimes also called parity residuals
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To analyze geometric observability and understand why the above mentioned points
are important, we shall slightly change the gyro model presented in section 3.1.1. This
is simply to ease the observability analysis. The model presented herein is not intended
to be used in a calibration filter (although thoughts on using cascaded filters for each
subspace with this model can be found in reference [24]).
Without going deep into linear algebra it is evident that the gyro bias b can be handled
separately from the other calibration parameters when studying observability. The
reason for this is that the bias can be measured without any angular velocity of the body
frame. We shall also exclude the asymmetric scale factor error from the calibration
parameter vector since it cannot be included without making the misalignments in
equation 4.11 variable (depending on the sign of the rate) [51]. Luckily the ASF also
allows for being treated separately from the other calibration parameters [24]. The
difference between the models used in chapter 3 and the one presented now, is a linear
approximation of equation 3.20 when including the symmetric scale factor:

w = (1 + si)(ŵ − ûϕy,i + v̂ϕx,i) (4.10)

' ŵ + siŵ − ûϕy,i + v̂ϕx,i (4.11)

The approximation turns into an equality if we think of the misalignments as being
scaled by (1 + si). Therefore the final results on observability are untouched by this
approximation [24]. Defining

Û = −[û1 û2 . . . ûn] (4.12)

V̂ = [v̂1 v̂2 . . . v̂n] (4.13)

Ŵ = [ŵ1 ŵ2 . . . ŵn] (4.14)

as well as

col(Ŵ) =


ŵ1

ŵ2
...

ŵn

 , CÛ = −


û1

û2

. . .

ûn

 , CV̂ =


v̂1

v̂2

. . .

v̂n

 , Cŵ =


ŵ1

ŵ2

. . .

ŵn

 (4.15)

we can, in case of multiple gyros, also write equation 4.11 in the following matrix form

col(W) = col(Ŵ) + [CŴ CV̂ CÛ]p (4.16)

where col(W) is the column-vector build from the columns of W and p is the (reduced)
calibration parameter vector which is defined as

p =

 s
ϕx
ϕy

 (4.17)

with s = [s1, . . . , sn]T , ϕx = [ϕx,1, . . . , ϕx,n]T and ϕy = [ϕy,1, . . . , ϕy,n]T . Equation 4.16

is linear in the parameter vector. Mind that both CÛ and Û are defined with a minus
sign. The reason for this is simply to obtain equal signs in equations 4.16 and 4.18
which makes the calculations less error-prone. After all it is the observability dimension
that we are interested in and not the direction of a specific misalignment.
Another way of writing equation 4.16 is by using Û, V̂,Ŵ and having the parameters
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in matrices

W = Ŵ + (ŴS + V̂Dv̂ + ÛDû) (4.18)

where Dû = diag(ϕy,i), Dv̂ = diag(ϕx,i) and S = diag(si). Next, define G = WT as

well as Ĝ = Ŵ
T

. When using approximation 4.11, the corresponding measurement
equation (for multiple rate-gyros) becomes

ω̃ = WTωb + b + η (4.19)

= Gωb + b + η (4.20)

where G accounts for the symmetric scale factor and the misalignments. Inserting
equation 4.18 into 4.19 yields

ω̃ = Ŵ
T
ωb + (ŴS + V̂Dv̂ + ÛDû)Tωb + b + η (4.21)

Define E = (ŴS + V̂Dv̂ + ÛDû)T , which represents an n× 3 error matrix, to obtain

ω̃ = Ŵ
T
ωb + Eωb + b + η (4.22)

Augmenting equation 4.22 with the orthonormal basis for the left null-space of Ĝ, i.e.

N̂
T
Ĝ = 0 and N̂

T
N̂ = I, yields

ω̃ = [Ĝ N̂]

(
ωb
0

)
+ Eωb + b + η (4.23)

This relationship corresponds to equation 3.95, however uses the approximation shown

in eq. 4.11. We may therefore solve it for

(
ωb
0

)
with the technique shown in appendix

B:

ωb = Ĝ†ω̃ − Ĝ†Eωb − Ĝ†b− Ĝ†η (4.24)

z = 0 = N̂
T
ω̃ − N̂

T
Eωb − N̂

T
b− N̂

T
η (4.25)

Defining Er = Ĝ†E, br = Ĝ†b, ηr = Ĝ†η and accordingly for the null-space quantities,
equations 4.24 and 4.25 can be written as

ωb = Ĝ†ω̃ − Erωb − br − ηr (4.26)

z = 0 = N̂
T
ω̃ − Enωb − bn − ηn (4.27)

N̂
T

has dimension (n − 3) × n and dim(Ĝ†) = 3 × n. Therefore dim(Er) = 3 × 3
and dim(En) = (n − 3) × 3. Since the bias and ASF can be treated separately, the
observability of the calibration parameters depends on E:

[Ĝ N̂]

[
Ĝ†

N̂
T

]
= I (4.28)

⇔ ĜĜ† + N̂N̂
T

= I (4.29)

⇔ ĜĜ†E + N̂N̂
T
E = IE (4.30)

⇔ E = ĜEr + N̂En (4.31)
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where ĜEr and N̂En are the orthogonal complements of the error matrix in the re-
spective sub-spaces. Using the definitions of Er,En and E we can write

Er = Ĝ†E = Ĝ†(ŴS + V̂Dv̂ + ÛDû)T = Ĝ†SŴ
T

+ Ĝ†Dv̂V̂
T

+ Ĝ†DûÛ
T

(4.32)

En = N̂
T
E = N̂

T
(ŴS + V̂Dv̂ + ÛDv̂)T = N̂

T
SŴ

T
+ N̂

T
Dv̂V̂

T
+ N̂

T
DûÛ

T
(4.33)

Equations 4.32 and 4.33 are linear in the calibration parameters. Therefore equations
relating the row-space and the null-space error matrices to the physical calibration
parameters can be found. This is helpful because our goal is to find expressions for the
physical calibration parameters in relation to Er as well as En and analyze the ranks
of the corresponding matrices.
Next, define the vector equivalents to Er and En via er = col(Er) and en = col(En),

as well as Ĝ
†

= [ĝ1 ĝ2 · · · ĝn], i.e. the columns of Ĝ
†
. In order to express er and en in

terms of p, we have to partition the blocks in equations 4.32 and 4.33 by computing
the matrices in their components and then building the corresponding column vectors:

Ĝ
†
SŴ

T
=

ĝ1,1 . . . ĝn,1
ĝ1,2 . . . ĝn,2
ĝ1,3 . . . ĝn,3


s1 . . . 0

...
. . .

...
0 . . . sn


ŵ1,1 ŵ2,1 ŵ3,1

...
...

...
ŵ1,n ŵ2,n ŵ3,n

 (4.34)

and thus

Ĝ
†
SŴ

T
=

ĝ1,1ŵ1,1s1 + · · ·+ ĝn,1ŵ1,nsn ĝ1,1ŵ2,1s1 + · · ·+ ĝn,1ŵ2,nsn ĝ1,1ŵ3,1s1 + · · ·+ ĝn,1ŵ3,nsn
ĝ1,2ŵ1,1s1 + · · ·+ ĝn,2ŵ1,nsn ĝ1,2ŵ2,1s1 + · · ·+ ĝn,2ŵ2,nsn ĝ1,2ŵ3,1s1 + · · ·+ ĝn,2ŵ3,nsn
ĝ1,3ŵ1,1s1 + · · ·+ ĝn,3ŵ1,nsn ĝ1,3ŵ2,1s1 + · · ·+ ĝn,3ŵ2,nsn ĝ1,3ŵ3,1s1 + · · ·+ ĝn,3ŵ3,nsn

 (4.35)

Building the corresponding column vector results in

col(Ĝ
†
SŴ

T
) =



ĝ1,1ŵ1,1s1 + · · ·+ ĝn,1ŵ1,nsn
ĝ1,2ŵ1,1s1 + · · ·+ ĝn,2ŵ1,nsn
ĝ1,3ŵ1,1s1 + · · ·+ ĝn,3ŵ1,nsn
ĝ1,1ŵ2,1s1 + · · ·+ ĝn,1ŵ2,nsn
ĝ1,2ŵ2,1s1 + · · ·+ ĝn,2ŵ2,nsn
ĝ1,3ŵ2,1s1 + · · ·+ ĝn,3ŵ2,nsn
ĝ1,1ŵ3,1s1 + · · ·+ ĝn,1ŵ3,nsn
ĝ1,2ŵ3,1s1 + · · ·+ ĝn,2ŵ3,nsn
ĝ1,3ŵ3,1s1 + · · ·+ ĝn,3ŵ3,nsn


=



ĝ1,1ŵ1,1 ĝ2,1ŵ1,2 · · · ĝn,1ŵ1,n

ĝ1,2ŵ1,1 ĝ2,2ŵ1,2 · · · ĝn,2ŵ1,n

ĝ1,3ŵ1,1 ĝ2,3ŵ1,2 · · · ĝn,3ŵ1,n

ĝ1,1ŵ2,1 ĝ2,1ŵ2,2 · · · ĝn,1ŵ2,n

ĝ1,2ŵ2,1 ĝ2,2ŵ2,2 · · · ĝn,2ŵ2,n

ĝ1,3ŵ2,1 ĝ2,3ŵ2,2 · · · ĝn,3ŵ2,n

ĝ1,1ŵ3,1 ĝ2,1ŵ3,2 · · · ĝn,1ŵ3,n

ĝ1,2ŵ3,1 ĝ2,2ŵ3,2 · · · ĝn,2ŵ3,n

ĝ1,3ŵ3,1 ĝ2,3ŵ3,2 · · · ĝn,3ŵ3,n




s1

s2
...
sn

 =

ĝ1ŵ1,1 ĝ2ŵ1,2 · · · ĝnŵ1,n

ĝ1ŵ2,1 ĝ2ŵ2,2 · · · ĝnŵ2,n

ĝ1ŵ3,1 ĝ2ŵ3,2 · · · ĝnŵ3,n

 s (4.36)

⇒ col(Ĝ
†
SŴ

T
) =Ws (4.37)

Similar factorizations can be performed for the other two matrices in equation 4.32,
yielding

er = col(Er) =
[
W V U

] s
ϕx
ϕy

 = FTp (4.38)

SinceW , V and U are each 9× n, FT is 9× 3n and thus dim(F) = 3n× 9. The same

factorization can be applied to equation 4.33. Recall that N̂
T

=
[
n̂1 n̂2 . . . n̂n

]
,

where each column has n − 3 elements and dim(N̂
T

) = (n − 3) × n. By analogy to
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equation 4.36 we can write

col(N̂
T
SŴ

T
) =

n̂1ŵ1,1 n̂2ŵ1,2 · · · n̂nŵ1,n

n̂1ŵ2,1 n̂2ŵ2,2 · · · n̂nŵ2,n

n̂1ŵ3,1 n̂2ŵ3,2 · · · n̂nŵ3,n

 s =Wns (4.39)

where dim(Wn) = 3(n− 3)× n = (3n− 9)× n. Including the other two factorizations
yields

en = col(En) =
[
Wn Vn Un

] s
ϕx
ϕy

 = HTp (4.40)

Therefore HT has three times the columns ofWn and thus dim(HT ) = (3n− 9)× 3n
as well as dim(H) = 3n× (3n− 9).
p is a vector with 3n elements and er is 9× 1. In order to observe all calibration pa-
rameters in attitude, n must therefore not be larger than 3, as otherwise the null-space
of FT is non-empty and the parameters are not uniquely observable in attitude.
The observability dimensions in each subspace are determined by the ranks of F and
H. Given that FTF and HTH are non-singular, the combined rank of F and H would
be 9 + (3n− 9) = 3n, so the null-space measurements in combination with the attitude
measurements would render all 3n parameters observable.
The task is therefore to compute FTF and HTH then showing that they are indeed
non-singular.

FTF =
[
WWT VVT UUT

]
(4.41)

is a 9×9 matrix that can be partitioned into nine 3×3 sub-matrices. Each of these 3×3
sub-matrices can be described with one equation that depends on the position of the
sub-matrix (given through indices j and k), the indices of the sensitive axes (i = 1...n)
as well as their nominal sensitive directions. We shall now derive this equation.

Computation of FTF
From equation 4.36 we have

W =

ĝ1ŵ1,1 ĝ2ŵ1,2 · · · ĝnŵ1,n

ĝ1ŵ2,1 ĝ2ŵ2,2 · · · ĝnŵ2,n

ĝ1ŵ3,1 ĝ2ŵ3,2 · · · ĝnŵ3,n

 (4.42)

and therefore

WT =


ĝT1 ŵ1,1 ĝT1 ŵ2,1 ĝT1 ŵ3,1

ĝT2 ŵ1,2 ĝT2 ŵ2,2 ĝT2 ŵ3,2
...

...
...

ĝTn ŵ1,n ĝTn ŵ2,n ĝTn ŵ3,n

 (4.43)

Mind that the second index in ŵ is the actual vector and the first gives the component
of the vector. Computing

WWT =

ĝ1ŵ1,1 ĝ2ŵ1,2 · · · ĝnŵ1,n

ĝ1ŵ2,1 ĝ2ŵ2,2 · · · ĝnŵ2,n

ĝ1ŵ3,1 ĝ2ŵ3,2 · · · ĝnŵ3,n




ĝT1 ŵ1,1 ĝT1 ŵ2,1 ĝT1 ŵ3,1

ĝT2 ŵ1,2 ĝT2 ŵ2,2 ĝT2 ŵ3,2
...

...
...

ĝTn ŵ1,n ĝTn ŵ2,n ĝTn ŵ3,n

 (4.44)
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and equating the matrix product with the help of its definition in terms of outer
products (see appendix C), results in

WWT =
n∑
i=1

ĝiŵ1,i

ĝiŵ2,i

ĝiŵ3,i

 � (ĝTi ŵ1,i ĝTi ŵ2,i ĝTi ŵ3,i

)
(4.45)

where � defines the outer product which, upon evaluation, yields

WWT =
n∑
i=1

 ĝiĝ
T
i ŵ1,iŵ1,i ĝiĝ

T
i ŵ1,iŵ2,i ĝiĝ

T
i ŵ1,iŵ3,i

ĝiĝ
T
i ŵ2,iŵ1,i ĝiĝ

T
i ŵ2,iŵ2,i ĝiĝ

T
i ŵ2,iŵ3,i

ĝiĝ
T
i ŵ3,iŵ1,i ĝiĝ

T
i ŵ3,iŵ2,i ĝiĝ

T
i ŵ3,iŵ3,i

 (4.46)

Each block is a 3× 3 sub-matrix of its own. Putting the sum into each of these blocks
and defining a row-index j as well as a column-index k, we can find a uniform expression
for the 3× 3 sub-matrix in position (j, k):

(WWT )(j,k) =
n∑
i=1

ĝiĝ
T
i ŵj,iŵk,i (4.47)

The same procedure can be applied to VVT and UUT to obtain

(FTF)(j,k) =
n∑
i=1

ĝiĝ
T
i (ŵj,iŵk,i + v̂j,iv̂k,i + ûj,iûk,i) (4.48)

The focus now lies on the part in the brackets. We know that the vectors ûi, v̂i and ŵi

are orthonormal, hence χχT = I, where χ = [ûi v̂i ŵi] forms an orthogonal matrix.
It follows that

χχT = [ûi v̂i ŵi]

 ûTi
v̂Ti
ŵT
i

 = I (4.49)

⇔ ûiû
T
i + v̂iv̂

T
i + ŵiŵ

T
i = I (4.50)

By calculating ûiû
T
i + v̂iv̂

T
i + ŵiŵ

T
i in its components, we can infer that only the

diagonal elements are non-zero, viz 1. Hence

ûiû
T
i + v̂iv̂

T
i + ŵiŵ

T
i =

û1,iû1,i + v̂1,iv̂1,i + ŵ1,iŵ1,i û1,iû2,i + v̂1,iv̂2,i + ŵ1,iŵ2,i û1,iû3,i + v̂1,iv̂3,i + ŵ1,iŵ3,i

û2,iû1,i + v̂2,iv̂1,i + ŵ2,iŵ1,i û2,iû2,i + v̂2,iv̂2,i + ŵ2,iŵ2,i û2,iû3,i + v̂2,iv̂3,i + ŵ2,iŵ3,i

û3,iû1,i + v̂3,iv̂1,i + ŵ3,iŵ1,i û3,iû2,i + v̂3,iv̂2,i + ŵ3,iŵ2,i û3,iû3,i + v̂3,iv̂3,i + ŵ3,iŵ3,i

 = I (4.51)

from which it follows that

ûj,iûk,i + v̂j,iv̂k,i + ŵj,iŵk,i =

{
1 if j = k

0 if j 6= k
(4.52)

Introducing equation 4.52 to eq. 4.48 it therefore follows that

(FTF)(j,k) =

{∑n
i=1 ĝiĝ

T
i if j = k

0 if j 6= k
(4.53)

To further simplify equation 4.53 we need an expression for
∑n

i=1 ĝiĝ
T
i . Since
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n∑
i=1

ĝiĝ
T
i = ĝ1ĝ

T
1 + ĝ2ĝ

T
2 + . . .+ ĝnĝ

T
n (4.54)

=
(
ĝ1 ĝ2 . . . ĝn

)


ĝT1
ĝT2
...

ĝTn

 (4.55)

=
(
ĝ1 ĝ2 . . . ĝn

) (
ĝ1 ĝ2 . . . ĝn

)T
(4.56)

= Ĝ
†
(Ĝ
†
)T (4.57)

= (Ĝ
T
Ĝ)−1Ĝ

T
(

(Ĝ
T
Ĝ)−1Ĝ

T
)T

(4.58)

= (Ĝ
T
Ĝ)−1Ĝ

T
Ĝ((Ĝ

T
Ĝ)−1)T (4.59)

= ((Ĝ
T
Ĝ)T )−1 = (Ĝ

T
Ĝ)−1 (4.60)

= (ŴŴ
T

)−1 (4.61)

it finally follows that

FTF =

(ŴŴ
T

)−1 0 0

0 (ŴŴ
T

)−1 0

0 0 (ŴŴ
T

)−1

 (4.62)

Similar calculations for HTH =
[
WnWT

n VnVTn UnUTn
]

show that

(HTH)(j,k) =
n∑
i=1

n̂in̂
T
i (ŵj,iŵk,i + v̂j,iv̂k,i + v̂j,iv̂k,i) =

{∑n
i=1 n̂in̂

T
i if j = k

0 if j 6= k
(4.63)

where
∑n

i=1 n̂in̂
T
i = N̂

T
N̂ and thus

HTH =

N̂
T
N̂ 0 0

0 N̂
T
N̂ 0

0 0 N̂
T
N̂

 =

In−3 0 0
0 In−3 0
0 0 In−3

 = I3n−9 (4.64)

since N̂ is an orthonormal basis.

We assumed that the angular rate is measured in all spatial dimensions. Therefore

ŴŴ
T

is non-singular and rank(FTF) = rank(F) = 9. Since p is 3n, the maximum n
for full observability in attitude is 3.
The non-singularity of HTH is immediately clear due to it being an identity matrix
with full rank. Therefore rank(H) = 3n − 9. The combined ranks of H and F are
3n which shows that the SSF and misalignments are fully observable if attitude- and
null-space updates are performed.
Using these results one can also show how the calibration parameter vector p subdivides
into p = prow + pnull, the range-space and null-space components of the parameters.
For details regarding this matter and further discussions on the topic the reader is
referred to the original publication of Pittelkau in reference [24].
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Observability of the bias
Given that the angular rate varies sufficiently in equation 4.23, the effect of the bias

can be distinguished from that of the other calibration parameters. It can therefore

be treated independently. Since the bias is directly multiplied with Ĝ
†

and N̂
T

re-
spectively, it is the ranks of these two matrices that determine the observability of the
bias. We found these ranks to be 3 and n− 3, so it can directly be concluded that the
largest number of sense axes for full observability in attitude is n = 3. The null-space

observability of the bias is given by the rank of N̂
T

, which is n− 3. It should also be
clear that each parallel pair of sense axes reduces the observability in attitude by 1, as

the rank of Ĝ
†

will be reduced by 1.

Observability of the ASF
An ASF can be introduced into the model by extending equation 4.11:

w = (1 + si + sgn(ωG,i)µi)(ŵ − ûϕy,i + v̂ϕx,i) (4.65)

' ŵ + (si + sgn(ωG,i)µi)ŵ − ûϕy,i + v̂ϕx,i (4.66)

This will change equation 4.38 to become

er = FTp′ = FT

s + Σµ
ϕx
ϕy

 = FTp +WΣµ (4.67)

where Σ is the diagonal matrix of the signs of µ and therefore always either +1 or
−1 on the diagonal. Equation 4.67 implies that µ is observable in attitude as long as
W has rank n. Pittelkau states that it can be shown that this is the case as long as
n ≤ 6 [24]. Therefore the ASF is observable in attitude as long as 6 or less gyros are
used. This is also the reason for the ASF converging equally well in section 3.4.2.2
regardless of the null-space updates being enabled or not. If n > 6, null-space updates
are required for the ASF to be fully observable. The observability of the ASF in the
null-space is n, meaning that if n > 3 (= non-vanishing null-space) it can be estimated
even without attitude measurements [51].

Conclusion
The results on geometric observability are summarized in the following listing:

� The calibration model is fully geometrically observable. If n > 3, null-space
updates are necessary to maintain observability

� Bias and ASF can be treated independently of the symmetric scale factor and the
misalignments. Their observability holds independently of the other calibration
parameters that are estimated

� The observability dimensions of the SSF and misalignments depend on the ranks
of the matrices F and H. As Pittelkau has shown in [24], these ranks vary
depending on the actual configuration of parameters that are included in the
model, meaning the components of p. Therefore geometric observability depends
on the parameters that are estimated in the calibration filter
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� Each parallel sense axis reduces the rank of Ĝ
†

by one. Therefore also the maxi-
mum number of sense axes for full observability in attitude is decreased by 1 for
each parallel axis.

Table 2 published in [24] and refined in [51] shall be reprinted as table 4.2, since it neatly
summarizes the observability dimensions (including the cases not discussed here, such
as ”partial” calibration parameter sets which do not include symmetric scale factors
or misalignments).

Table 4.2.: Observability Dimensions

Parameter Set Dimension
Largest n for full
observability in

attitude†

Null-space
observability

for n > 3
Model-independent parameters:

bE n 3 n− 3
µE n 6∗∗ n

Model-dependent parameters:
s, ϕx, ϕy 3n 3 3n− 9
ϕx, ϕy 2n 4 2n−max(9−n, 3)∗

s n 6∗∗ n− 1

† Reduce by 1 for each parallel sense axis
∗ null-space dimension is 2n−max(9− n, 4) in the optimal cone configuration
∗∗ 5 in the optimal cone configuration (consult [52] for details on these arrangements)
E Observability dimensions hold for b and µ in any combination with b,µ, s,ϕx and ϕy

4.3. Dynamic observability

The results given in table 4.2 can be seen as the fundamental criteria of observability.
If one uses n = 4 gyros and wants to estimate a complete parameter set of 5n physical
parameters, there is no way to obtain full observability but to include null-space updates
in the calibration filter. Nevertheless fulfilling the requirements for full observability
according to table 4.2 is not enough. In order for a calibration filter to be able to
estimate the calibration parameters, geometric and dynamic observability is required
(cf. figure 4.1). We have seen that geometric observability is independent of the angular
rate but depends on the actual geometry and arrangement of the sensors.

Geometric
observability

Dynamic 
observability

Full
Observability

Fig. 4.1.: Types of observability

The necessity of dynamic observability becomes ap-
parent when looking once again at equation 4.22.
Given an angular rate vector that is constant in di-
rection and magnitude, Eωb + b becomes a constant
and can effectively be written as b′; the individual
effects of the parameters vanish, i.e. only their com-
bined effect is observable. There is no telling which
parameter contributes how much to the overall out-
come, therefore the filter suffers from a lack of observ-
ability8. This is why we also need a proper calibration

8To point out the difference to the kind of observability presented in section 4.2 it may be better to
say that the parameters are not distinguishable.
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maneuver (i.e. angular rate pattern) that has to be flown for calibration purposes.
The filters presented in chapter 3 used such maneuvers which is why they were able to
estimate the individual parameters correctly.
In references [10], [13], [53] and [23] it is stated that in order to achieve dynamic
observability of the calibration parameters the following matrix condition has to be
fulfilled by the calibration maneuver:

M =

∫ t2

t1

ωb(ωb)
Tdt > 0 (4.68)

This equation goes under many names. In [10] it is called information matrix. Thienel
and Sanner in [54] define a similar condition as persistent excitation (PE) condition,
whereas in [23] it is the dynamic observability condition. We shall go with the definition
of [23] as it highlights the difference to the kind of observability described in section 4.2.
The purpose of this condition is to make sure that each component of ωb(t) is non-
zero for some non-vanishing interval of time. While Thienel and Sanner derive the
integral by analyzing Lyapunov-stability and subsequent exponential convergence of
their non-linear scale-factor observer, the other references do not name a source for
this equation. Pittelkau in reference [51] states that it can be shown that this integral
is in fact correct and announces to publish a rigorous proof in a future publication.
One year later however he published a survey on calibration algorithms [13] where it
is stated that this condition is empirically true, ”but remains to be proven”.
Therefore one always needs to run simulations and check if the error covariances of the
calibration filter parameters do indeed converge to small values. It is also stated in
[10] and [13] that a sufficient although not necessary calibration maneuver consists of a
non-harmonic body-axes angular rate vector. This is because non-harmonic frequencies
fulfill equation 4.68. An exemplary calibration maneuver of this kind is given in [23]
and looks like

ω(t) =

ωx sin(2πνxt)
ωy sin(2πνyt)
ωz sin(2πνzt)

 (4.69)

where e.g. [ωx, ωy, ωz] = [0.3464, 0.2828, 0.2] deg/s and [νx, νy, νz] = [3.818, 2.12, 1.05] · 10−3

Hz. These values are in the typical range of magnitude for calibration maneuvers used
on spacecrafts, which is why this profile was chosen for all calibration filter implemen-
tations of chapter 3.
An interesting point is the ”calibration maneuver” which is constructed from the mis-
sion maneuvers. If an actual calibration maneuver has to be flown depends on the
mission maneuvers as they themselves represent an angular rate pattern that can fulfill
equation 4.68. Since the calibration filters in chapter 3 use all motion for calibration
and estimate attitude and the gyro parameters concurrently, the estimates will start
converging once the pattern flown so far fulfills the dynamic observability criterion
(further studies on operational scenarios can be found in section 4.4). Given the case
that quick convergence of the parameters is not required, calibration maneuvers might
not actually be necessary. If on the other hand one wants to quickly obtain a reliable
set of estimates, an initial calibration phase is recommended.

Calibration maneuver metric
Since typically multiple maneuvers satisfy condition 4.68 one can tune the maneuver
depending on mission-specific requirements/constraints. Typical calibration durations
of EKF-based filters are in the order of a few hours, however other approaches might
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4. Observability

need up to 2 days, as in the case of AQUA [13]. Typical constraints lie in the ampli-
tude of the excitation, however the calibration time itself might also be limited. In [13]
Pittelkau defines a metric for calibration maneuvers with the purpose of comparing
them. The proposed quantities (Energy, Power, Quality) depend on the matrix M (cf.
equation 4.68) and the calibration duration (T = t2 − t1):

E = trace(M) (4.70)

P = E/T (4.71)

Q = rcond(M) (4.72)

rcond() is the reciprocal condition number - the ratio of the smallest to the largest
eigenvalue and a measure of linear independence of the angular rates in the body axes
[13]. Although this metric is not used in literature (yet?), the quantities might be
helpful for selecting upon multiple calibration maneuvers. For further details on this
metric consult reference [13].

4.4. Operational scenarios

Once a satellite is released into its orbit, its first tasks are detumbling and finding
the sun. Depending on the actual mission, the angular rate profile might then be of
different nature. A simplified but yet accurate model for Earth-observing satellites
is a rotation about the y-axis (assuming a local vertical-local horizontal frame) with
the orbital rate. At some point in time one might then initiate the gyro calibration
procedure.
So far the filters were tested solely with the angular rate profile needed for calibration.
In this section we shall look at the impacts of performing the calibration maneuver
after an initial motion. We shall also look at the impact of an agile maneuver (45◦

rotation about the y-axis in 15 seconds). After all, the filters were designed for being
able to cope with agile maneuvers by estimating the rate-dependent gyro errors.
A realistic attitude determination system uses multiple gyros and star trackers. Serving
as an example, the RIG-version of the calibration filter was implemented with three
STRs of the Airbus DS internal equipment-model. Furthermore the gyro models of
the equipment-library were adapted to the presented measurement and misalignment
equations. A sophisticated noise-model using a discrete state-space approach was used
to replace the band-limited white noise blocks of the gyros in Simulink.

Fig. 4.2.: Realistic operational angular rate pat-
tern including calibration- and agile maneuver

The operational scenario for the simulation
results to be presented is as follows (cf. fig-
ure 4.2): after the initial phase (during the
first 15 min of which the filter is switched
off) with a major rate-component in the
body y-axis, the calibration maneuver is
initiated at tsim = 48 min. The calibra-
tion duration is 5 hours and 12 minutes. At
tsim = 4 h all three STRs suddenly suffer
from occultation for five minutes. The cali-
bration maneuver is not interrupted during
this period. At tsim = 6 h the angular rates
are slowly reduced to zero. 90 further min-
utes later (at tsim = 8 h) the agile maneuver
is initiated.
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4. Observability

In reality the star trackers output not only the attitude quaternion but also a validity-
flag. To simulate this behavior, a block generating these flags was added to the model.
The filter presented in table 3.3 was adapted to three STRs. The differences due to
these changes are:

� The initialization of the attitude estimate is done with the first available valid
measurement

� The validity flags are evaluated for initialization and during the update-step. The
calibration filter only uses the measurements which are marked as valid. If e.g.
STR 3 fails, then the matrices are adapted correspondingly and the other two
STRs are used to perform the update.

� Due to having multiple star trackers the measurement matrix H and measurement
covariance matrix R are enlarged

The Simulink simulation setup is shown in figure 4.3. Colors indicate the functional
dependency.

Fig. 4.3.: Simulink simulation setup for testing operational scenarios

Results
Simulations were performed with individual and Monte Carlo runs. The individual runs
were set-up with four equal gyros of Astrix-200 specification and alignment, whereas
the Monte Carlo run was done with one lower-grade gyro to demonstrate the robustness
of the setup. Figures 4.4a to 4.5 show the resulting attitude performance and residuals
of the individual run, whereas figures 4.6 to 4.7e present the output of the MCS.
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4. Observability

(a) Complete run (b) Zoom on agile
maneuver

Fig. 4.4.: Simulation of operational scenario: attitude estimation errors of individual run

Fig. 4.5.: Simulation of operational scenario: measurement residuals of individual run

104



4. Observability

Fig. 4.6.: Monte Carlo simulation of operational scenario: attitude estimation errors

(a) MCS of operational scenario: bias estimation
errors

(b) MCS of operational scenario: SSF estimation
errors

(c) MCS of operational scenario: ASF estimation
errors

(d) MCS of operational scenario: misalignment
ϕx estimation errors
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4. Observability

(e) MCS of operational scenario: misalignment
ϕy estimation errors

Fig. 4.7.: Monte Carlo simulation of oper-
ational scenario: estimation errors of
bias, scale factors and misalignments

The filter is started at tsim = 15 min.
During the initial motion all calibration
parameters exhibit a large associated un-
certainty in their estimates. This is be-
cause the angular rate pattern during
this phase is modeled constant in direc-
tion and magnitude, which is why the
dynamic observability criterion given in
equation 4.68 is not fulfilled, i.e. full ob-
servability not provided. Once the cal-
ibration maneuver is initiated, the esti-
mates quickly start converging to small
values and the associated covariances re-
main small also after the maneuver.
Regarding the performance of the calibra-
tion filter two points stand out:
First, it is noticeable that during the
phase in which all three STR drop out
and only null-space updates are being
performed, too much uncertainty is accumulated due to the assumptions made in the
AWN-modeling (cf. section 3.3.1.4). In the event that at least one STR still provides
attitude quaternions this phenomenon is not observable since attitude updates can be
executed and hence there is no prolonged period (in the order of minutes) in which
attitude estimation is based on gyros only.
Furthermore it strikes the eye that the agile maneuver at tsim = 8 h has no effect on
the attitude estimates - the performance prior, after and during the maneuver is
equal (cf. figure 4.4b). In reality a small degradation caused by unmodeled effects (e.g.
g-dependent drifts) is expected during this period, however the impact of this will be
small. It can be concluded that a) the calibration parameters are observable once the
calibration maneuver is executed, b) the agile scenario can be perfectly handled and
c) the inaccuracies due to the AWN-modeling strike hardest in case that all STRs are
blind.
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5. Summary

Kalman Filters which perform estimation of attitude and the gyro calibration param-
eters at the same time were developed. The filters are suitable for rate and rate-
integrating gyroscopes. The principle of state augmentation in combination with a
fully observable model allow to estimate the physical calibration parameters of each
individual axis. This is the key to obtaining good performance also in times of agile
maneuvers.
For the sake of completeness and practical applicability, a comparison to the filter so-
lution existing prior to this work, as well as details regarding the implementation when
using the filter with hardware, shall be given in the following.

5.1. Comparison to prior filter solution

The calibration filter used prior to this thesis estimated the non-physical body-frame
calibration parameters. This is necessary, as without mapping the physical axes-
parameters to those of the body frame, one cannot perform 4-axes calibration without
null-space updates. The core algorithm of this filter is the standard 6-state filter ex-
tended by the technique of covariance-tuning. Using this approach, the covariance
of the attitude estimate is adapted depending on the additional uncertainty resulting
from the current body rate vector and maximum scale factors/misalignments. This
error-covariance can be calculated and included in the filter propagation step, thereby
avoiding the filter becoming inconsistent. The disadvantage of this solution is, that
instead of estimating the influence of scale factors and misalignments one adds addi-
tional uncertainty to the a-priori estimate.
Both filter solutions were compared with a maneuver similar to that of figure 4.2. First
a calibration phase for the covariance-tuning filter is flown. Since only the bias and
attitude are estimated, an angular rate pattern constant in direction and magnitude
is sufficient. Following, the sinusoidal calibration pattern for the parameter-estimation
filter is executed. After slowly reducing the body-rates to zero and waiting for 90 min,
the agile maneuver (45◦ in 15 s about the body y-axis) is initiated.
Figure 5.1 demonstrates the attitude performance. A zoom on the agile maneuver
is given in figure 5.2. It can be seen that the attitude covariances increase from
≈ 0.2− 0.4 arcsec to levels of up to 7 arcsec in case of the covariance-tuning filter.
After the high slew-rate maneuver the filter needs a settling time of ≈ 125 s until the
attitude covariances reach steady-state performance again. There is no performance
degradation in case of the parameter-estimation filter. This is a major im-
provement considering that all systems relying on the attitude estimates
(such as the attitude control system) also obtain precise information during
the agile periods.
To compare the bias, the physical bias estimates and their associated covariance were
converted to the non-physical body parameters via

Pbias
b = Ĝ

†
Pbias Ĝ

†T
and (5.1)

bb = Ĝ
†
b (5.2)

where Pbias is the bias estimation error covariance matrix of the sensitive axes and Ĝ
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5. Summary

Fig. 5.1.: Parameter estimation vs. covariance tuning: attitude estimation errors

Fig. 5.2.: Parameter estimation vs. covariance tuning: attitude estimation errors during
agile maneuver
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5. Summary

Fig. 5.3.: Parameter estimation vs. covariance
tuning: body-axes bias estimation errors

the nominal (= not accounting for
scale factors and misalignments) con-
version matrix from the measurement
axes to the body frame. As can
be seen by looking at figure 5.3, the
steady-state performance of both fil-
ters is basically identical, however the
bias uncertainty of the covariance-
tuning filter continues to grow dur-
ing long periods of increased rota-
tional rates (the sinusoidal motion),
whereas the calibration parameter fil-
ter does not exhibit this growth in the
covariances.

5.2. Asynchronous measurement processing
In simulations targeting at theoretical relationships rather than the performance of real
hardware, it is often common practice to give the star tracker(s) a sample-time which
is an integer multiple of the gyro sample-time. This way the calibration filter can be
triggered with the gyro measurements and each iteration it either processes only the
gyro data in the propagation-step or further executes an update-step with the STR or
null-space measurement data.
While this is a simplified view, in reality the STR measurements might be taken at
times in between gyro measurements. Ignoring the time-tags and assuming the STR
measurements to be valid at the gyro measurement times can lead to significant errors.
Practical implementations therefore need to consider the measurement time-tag and
the associated validity flag. Instead of performing either only the state-propagation or
the propagation and an additional update-step, the filter needs to execute the sequence
of steps shown in figure 5.4 to correctly handle the measurement data.

Time
STR 2STR 1STR 3

Previous gyro 
measurement

Current gyro 
measurement

Propagation Propagation

Update Update
Invalid

measurement
Null-space
Update*

* in case of a RIMU

Propagation

t

Fig. 5.4.: Asynchronous processing of measurements

Assuming constant angular rate in between the gyro measurements, each filter-cycle
ω̂b is used to propagate the state up to the point in time where the next valid STR
measurement has been taken. Then an update-step has to be executed. After this up-
date the filter continues the state-propagation using ω̂b. If other valid measurements
are available, the propagation is performed up to the time given in their time-tags,
otherwise the state is propagated up to the current time t.
If a measurement is flagged invalid, it is not considered for a filter update (cf. measure-
ment of STR 2 in figure 5.4). Given the case of a RIMU, the null-space update is to be
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performed with the current gyro measurement, meaning at time t. It thus represents
the last step of each filter-cycle.
Since this implementation-scheme requires multiple propagation and update-steps each
iteration, it is no longer beneficial (in terms of combining the update-code) to perform
the null-space updates only together with attitude updates. Merely in the case of star
tracker measurements being valid at time t, the filter should use both measurements
in a combined update-step.

6. Future Work

While the rate-gyro version of the calibration filter represents a pretty complete and
solid framework, the rate-integrating version leaves room for further enhancements.
Multiple assumptions are being used, such as:

�

∆tGyro
∆tSTRs

being an integer number if null-space updates are performed at ∆tSTRs

� neglecting the error due to
∫ tk
tk−1
|ωGi | dt ≥ |

∫ tk
tk−1

ωGi dt| = |∆θGi | in the matrix J

� constant calibration parameters during the integration

� neglecting the cross-correlation between range-space and null-space equations
when performing null-space updates with ∆tSTRs

� considering ηA(t) and ηA(t−∆t) as being independent white noise sources

The first and fourth point can be overcome by performing null-space updates each
filter-cycle (at the cost of increased computational load). The last assumption however
is inadequate. The performance degradation due to this shortcoming depends on the
angle white noise coefficient in relation to the other noise coefficients, as well as the
difference in the sample-times of the propagation and update-steps. It is negligible in
case of the Astrix-200 specifications as long as not all STR drop out at the same time.
Further work should target the modeling of the effective angle noise. As has been shown
in section 3.4.3.1, the effective angle noise is purple noise created by differentiating
white noise. While a first order Gauss-Markov model is typically considered for time-
correlated noise, it cannot be used for ηAeff as a Gauss–Markov process represents
low-pass filtered white noise with exponentially decreasing correlation [46]. Hence a
different approach is required to develop a noise-model of this purple noise that could
be integrated into the calibration filter to further improve its performance.
Another possibility for future work is to consider the angle noise ηA(t) as low-pass
filtered white noise. The reason for this is, that RIGs internally operate a low-pass
filter and hence a small correlation-time exists already within ηA(t) itself. This calls
for a Gauss-Markov model which is perfectly suitable to describe low-pass filtered
white noise. Considering a correlation-time within ηA, the terms E〈ηA(t)ηA(t−∆t)T 〉
and E〈ηA(t − ∆t)ηA(t)T 〉 in equation 3.240 do not vanish, causing a larger expected
null-space residual covariance.

Summarizing, future work should target the angle noise modeling of the RIG-filter.
The models of ηA(t) as well as ηAeff (t) both leave room for further optimization.
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7. Conclusion
Simple calibration filters such as the widely used 6-state filter cannot be used in case of
agile missions. They suffer from severe performance degradation in situations of large
angular rates. To circumvent this behavior, a gyro calibration filter design which ex-
plicitly models the error sources that corrupt the 6-state filter estimates was developed
and presented.
Two variants of the filter (for usage with rate- and rate-integrating gyroscopes) were
implemented and subjected to various simulated scenarios in order to demonstrate
their performance. Monte Carlo simulations were employed to prove consistent behav-
ior. While the rate-gyro version, even though being developed using the Gibbs vector
representation of attitude and a clear error definition, essentially reduces to the design
presented by Pittelkau in [23], the version for rate-integrating gyros has not been pub-
lished before and extends Pittelkau’s ideas by an explicit integration of angle noise in
the sensor- and filter-models. Both filters make use of null-space updates to provide
full geometric observability of the calibration parameters. Geometric observability is
a necessary criterion however not sufficient - dynamic observability is still required for
the filter to succeed in estimating the parameter sets.
The filter design allows for different gyros to be combined in a sensor unit. This is
possible since a weighting process either removes the correlation between the range-
and null-space equations or reduces it to negligible magnitude. This way the filter is
unrestricted in the number and models of sensors used (all gyros have to be of the same
type, i.e. either rate-gyros or rate-integrating gyros) and especially advantageous in
case of RIMUs since they have a non-vanishing null-space dimension.
It could be shown through simulation that both filter frameworks (rate- and rate-
integrating versions) are able to cope with highly agile operational scenarios and thus
eliminate the problems arising with the usage of simpler filter algorithms. In case of
on-orbit operations, the Kalman Filter solution has the major advantage that every
motion is used for calibration. If the mission-maneuvers are not persistently excit-
ing enough to provide full dynamic observability or if a fast convergence of the filter
parameters is desired, an additional calibration maneuver can be performed. Using
the Astrix-200 gyro unit, a calibration maneuver-duration of 4 h should be more than
sufficient.
An asynchronous implementation-scheme has been presented to correctly account for
the measurement times. It is strongly recommended to consider these time-tags (e.g.
by following this scheme) when working with hardware.
Simulation results have shown that STR-blindouts can be covered for by solely using
the gyro data. The attitude and calibration parameter estimates remain within the 3σ
boundaries imposed by the state covariance matrix. Depending on the quality of the
gyros, the associated uncertainty in the estimates will increase with corresponding rate.
The RIG-filter makes use of multiple assumptions. One of them, viz considering the
difference of two successive angle white noise samples as being white itself, is inad-
equate and leads to a degradation of the theoretically achievable performance. This
shortcoming leaves room for further work on the filter. Despite this crude assumption
the performance of the currently existing filter solution could be exceeded. The im-
provement is particularly valuable and noticeable in times of increased rotational rates.

It can be concluded that the objectives initially set, viz creating filter solutions for
agile operational scenarios that shall be used within the scope of the HOREOS agil
project, have been met.
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A. Pseudo-inverse and left null-space
basis via QR decomposition

Given a matrix A, it shall be investigated how to compute the pseudo-inverse and basis
for the left null-space in an efficient manner. The advantage of performing this via a
QR decomposition of A is, that only one decomposition is necessary for obtaining the
required matrices Q and R which can then be used for both calculations.
The QR decomposition is given by:

[Q R] = qr(A) (A.1)

where Q is orthogonal and R an upper triangular matrix.

Obtaining the basis for the left null-space
The right null-space of A is obtained via the QR-factorization of AT . Since we want

a basis for the left null-space, we can directly calculate A = QR =
[
Q1 Q2

]
R

via qr(A). The trick lies in splitting Q, which if A is m by u, is a m × m matrix.
This m×m-matrix can be partitioned into Q1 (dimension m× u) and Q2 (dimension
m× (m− u)).
In case of four gyros, A = L̂ and L̂ is n× 3, i.e. 4× 3. Hence m = 4 and u = n = 3,
which results in Q1 being 4× 3 and Q2 being 4× (4− 3) = 4× 1. Thus Q2 is the last
m− n columns of Q, i.e. the last column in the case of four gyros.
As the bottom m− n rows of the m× n upper-triangular matrix R consist entirely of
zeroes, it is often useful to partition R1:

qr(A) = QR = [Q1 Q2]

[
R1

R2

]
= [Q1 Q2]

[
R1

0

]
= Q1R1 (A.2)

This is the reduced decomposition of A. As the columns of Q1 form the column space
of A and Q2 is orthogonal to Q1, i.e. Q2

TQ1 = 0, the column(s) of Q2 form the left
null-space of A. This becomes obvious when realizing that Q2

TA = Q2
TQ1R1 = 0.

This tells us, that the column(s) of Q2 build the basis for the left null-space of A. In
case of n = 4 this is simply the last column of Q.

Obtaining the pseudo-inverse
We shall assume that A has full column rank (a formulation for full row rank can also

be found in a similar manner). The pseudo-inverse of A is then given via

A† = (ATA)−1AT (A.3)

= ((QR)TQR)−1(QR)T (A.4)

= ((Q1R1)TQ1R1)−1(Q1R1)T (A.5)

= (R1
TQ1

TQ1R1)−1(R1
TQ1

T ) (A.6)

= (R1
TR1)−1(R1

TQ1
T ) (A.7)

= R1
−1R1

T−1
R1

TQ1
T = R1

−1Q1
T (A.8)

This allows for an efficient computation of both the pseudo-inverse and left null-space
basis with only one decomposition.

1This is also why Q was split into sub-matrices of corresponding dimension.
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B. Block-matrix inverse

During the process of inverting the measurement equations, the computation of a
block-square matrix is necessary. For a square matrix the inverse is equal to the
pseudo-inverse, hence we can make use of the rule for computing the block matrix
pseudo-inverse to obtain [L N]−1. In general it holds that:

[A B]† =

[
(P⊥BA)†

(P⊥AB)†

]
where P⊥A and P⊥B are orthogonal projection matrices defined as

P⊥A = I−A(ATA)−1AT

and P⊥B similarly. Applying this to equation 3.95, we obtain(
ωb
0

)
=

[
(P⊥NL)†

(P⊥LN)†

]
(ω̃ − b− η) (B.1)

Let’s look at each line separately, keeping in mind the dimensions and ranks 1 of L and
N , as well as equations 3.93 and 3.94:

(P⊥NL)† = [(I−N(NTN)−1NT )L]† (B.2)

= [(I−NNT )L]† (B.3)

= [L−N NTL︸ ︷︷ ︸
= 0

]† (B.4)

= L† (B.5)

Similarly:

(P⊥LN)† = [(I− L(LTL)−1LT )N]† (B.6)

= [N− L(LTL)−1LTN]† (B.7)

Since

NTL = 0 (B.8)

⇔ (NTL)T = 0T (B.9)

⇔ LTN = 0T (B.10)

it follows that the second term in equation B.7 also equates to zero. This yields

(P⊥LN)† = N† = (NTN)−1NT = NT (B.11)

Therefore the result of the inversion is given via

[L N]−1 =

[
L†

NT

]
(B.12)

1dim(L) = n× 3 and dim(N) = n× (n− 3), both have full column rank.
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C. Matrix multiplication via outer
products

The outer product of two vectors a and b is defined as
a1

a2
...
an

 �

b1

b2
...
bn

 =


a1

a2
...
an



b1

b2
...
bn


T

=


a1

a2
...
an

(b1 b2 . . . bn
)

=


a1b1 a1b2 . . . a1bn
a2b1 a2b2 . . . a2bn

...
...

. . .
...

anb1 anb2 . . . anbn

 (C.1)

This product can now be used to define the matrix multiplication. Given two matrices
A and B, we can partition matrix A column-wise and matrix B row-wise:

A =
[
a1 a2 . . . an

]
, B =


b1

b2
...

bn

 (C.2)

The matrix product AB can now be computed via the sum of the pairwise outer
products:

AB = a1 � b1 + a2 � b2 + . . .+ an � bn =
n∑
i=1

ai � bi (C.3)

Example

1 2 3
4 5 6
7 8 9

a d
b e
c f

 =

1
4
7

 � (a d
)

+

2
5
8

 � (b e
)

+

3
6
9

 � (c f
)

(C.4)

=

1a 1d
4a 4d
7a 7d

+

2b 2e
5b 5e
8b 8e

+

3c 3f
6c 6f
9c 9f

 (C.5)

=

1a+ 2b+ 3c 1d+ 2e+ 3f
4a+ 5b+ 6c 4d+ 5e+ 6f
7a+ 8b+ 9c 7d+ 8e+ 9f

 (C.6)
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[11] Astrium GmbH, “Hochpräzise Ausrichtung von Erdbeobachtungssatelliten
(HOPAS): Schlussbericht zur Machbarkeitsanalyse; Teil 1: Missions- und Sys-
temauslegung von HEMP-Triebwerken für Geostationäre (GEO) Satellitenmissio-
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