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Abstract

The interaction between a high frequency electromagnetic wave and the iono-
sphere induces arti�cial heating of the ionosphere which results in the Descending Arti-
�cial Ionospheric Layer (DAIL) phenomenon. This thesis shows that the basic processes
and environment that lead to DAIL formation can be calculated using ray-tracing tech-
niques and the Försterling equations. In particular, this work demonstrates that the
Försterling equations can model the enhancement of the electric �eld near the re�ection
point known as swelling. As swelling crosses a certain threshold it causes Langmuir tur-
bulence which excites suprathermal electrons, which will in turn ionize neutral atoms
that release more electrons, and results in DAIL formation. Previous simulations have
only just recently been able to approximate the 2D nature of ionospheric heating but at
great computational cost and with certain simplifying assumptions. This approach pro-
vides a rapid calculation of the electric �eld swelling created in these circumstances and
so facilitates the further study of DAIL formation. Results show maximum swelling
of the electric �eld near the magnetic zenith at 14.5◦ on the order of several tens of
volts per meter for a pump voltage of 1-2 V/m, which is in agreement with previous
computational models as well as experiment.

1 Introduction

The ionosphere is an important layer of the atmosphere in which charged particles and plasma e�ects
dominate. The ionosphere has its own peculiar physical characteristics and phenomena that are of
unique practical relevance for modern science and engineering. This layer of the atmosphere exists
primarily between 100 km and 600 km altitude and is composed of a dense cloud of electrons and
ions, primarily oxygen ions (O+). The electrons are created via the interaction of intense UV rays
from the Sun and cosmic rays which ionize neutral molecules, freeing their associated electrons. In
the polar regions of the Earth, above latitudes of 66◦, high energy particles from the magnetosphere
precipitate into the atmosphere and can further contribute to the population of the ionosphere as
well as result in optical emissions popularly known as auroras.

Practically, the ionosphere has become an important concern due to the now ubiquitous
usage of radio wave communications, whether via satellite or tower. All matter interacts with
electromagnetic waves, but the dense electron cloud that composes the ionosphere interacts most
intensely with radio waves of frequencies of 10 MHz or less. This is both boon and bane, as one
can use the ionosphere to e�ectively re�ect radio waves and create "skywaves" that have noticeably
farther propagation distances, reaching targets over the horizon. On the other hand, for radio
communications with satellites one must use much higher frequencies of at least 30 MHz that can
penetrate and traverse the ionosphere. These communications can be disturbed by ionospheric
perturbations, i.e. spikes and troughs in the electron density distribution.
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Since the ionosphere is an e�ective re�ector of radio waves, it has been theorized as early
as the 1930s that one can use high power radio emitters to alter the basic characteristics of the
ionosphere. This followed the discovery of the Luxembourg-Gorky e�ect in 1933 in which a stronger,
higher-frequency wave transfers part of its amplitude modulation to a weaker-wave propagating
simultaneously through the same plasma [Bloch, 1965]. Experiments have been on-going for many
decades but in the past twenty years or so scientists have managed to build su�ciently powerful
emitters to heat the ionosphere. Stations like Sura and Tromsø have been able to cause aurora-like
airglow while the High-Frequency Active Aurora Research Program (HAARP) has now been able
to initiate ionization in addition to airglow, the same phenomenon that created the ionosphere in
the �rst place [Pedersen, 2009]. By performing arti�cial ionization and heating experiments we will
be able to better understand the process by which the ionosphere is formed as well as to better
control it as new applications arise.

The purpose of the current study is to model the propagation of electromagnetic waves as
they traverse the atmosphere and the ionosphere and eventually re�ect. The primary work which
motivated this thesis was by Eliasson et al. [2012]. The Eliasson model is a �rst attempt to simulate
the formation of DAILs in 2D, by integrating a Fokker-Planck function for ionospheric electrons. A
key assumption in this model was that the electric �eld was static and had a constant direction for
each ray path. This is not the case in nature as the electric �eld, which is nominally perpendicular
to the magnetic �eld during a ray's ascent, becomes nearly parallel to the magnetic �eld at the
re�ection point, the altitude at which plasma resonance occurs. The primary objective of this
thesis, therefore, is to generate a 2D pro�le of the electric �eld with respect to the magnetic �eld
as a function of spatial coordinates.

Two numerical methods were primarily used in this analysis. First, I developed a ray tracing
algorithm based on the Haselgrove Hamiltonian equations to model the path that EM waves take up
to the re�ection point. Second, I used quasi-two-dimensional wave equations to model the swelling
of the electric �eld just prior to re�ection. The current e�ort, which has not been included in
this paper, is to attempt to use these results to model the wave spectrum of plasma waves in the
swelling region. Subsequent studies will establish the distribution function of the suprathermal
electrons, which are electrons with su�ciently high energies such that they are not subject to the
ponderomotive force but are rather further excited to higher energies.

My results are in relatively close quantitative and qualitative agreement with previous experi-
ments and computational e�orts to analyze the same phenomenon. Ray tracing is a well understood
technique and gave us the expected results. In addition to my primary e�orts, I applied the ray
tracing algorithm to a model of Descending Atmospheric Ionospheric Layers (DAILs) developed in
[Eliasson, 2012] in attempt to visualize the temporal distribution of EM energy in the arti�cially
heated ionosphere. For my primary studies I used a standard ionospheric pro�le with an F-layer at
approximately 240 km above the Earth's surface. After applying my quasi-2D wave calculation, I
demonstrated that the greatest swelling of the electric �eld takes place near the magnetic zenith.
Likewise, a minimum in the swelling pro�le takes place along the Spitze angle, the angle at which
HF waves convert to low frequency Z-mode waves. In addition, rudimentary calculations of the
wave spectrum showed that excitation of suprathermal electrons would be greatest in this region as
well.

In addition to the basic results there were some other considerations. The spatial dimensions
of the swelling of the electric �eld is signi�cant, over 10 km in distance or approximately 4 degrees
in arc width but only about 100 m in thickness. Likewise, the overall maximum in swelling took
place not along the ray launched exactly along the magnetic �eld but rather on a ray about one
degree inwards from the line of the magnetic �eld towards the vertical. Experiment is believed
to show that the greatest swelling takes place if radiation is launched along the magnetic zenith,
although there is no knowledge of high precision experiments that have tried to precisely locate the
maximum swelling if it is a bit o� the zenith [Kosch, 2004. Pedersen 2009, 2010].

In section 2.1 I will describe the basic physical processes that govern a plasma and its in-
teraction with an EM-wave in 2.2. In 2.3 I discuss how the atmosphere is naturally ionized and
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results in the ionosphere. Then I will review experimental and observational results from previous
campaigns, primarily those performed by Pedersen et al. in sections 2.4. In section 2.5 I will review
a computational model by Eliasson et al. which is the primary motivation for this study. In the
methodology section I will outline the physical environment I am modeling (3.1), then I will ex-
pound the derivations of Hamiltonian equations used to calculate the ray paths (3.2) as well as the
Försterling equations with which I calculate the swelling of the E-�eld (3.3). Finally I will present
my results and how they compare with experiment and previous models (4-5).
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2 Theory and Background

The study of the ionosphere is traditionally a domain of plasma physics but also relies on other �elds
such as radiative transfer, atmospheric chemistry, particle physics, and �uid dynamics. We will �rst
expound several basic concepts of plasma physics as well as the propagation of electromagnetic
waves through a plasma. Typical experiments studying the ionosphere use ionosondes (radar)
and sounding rockets, as well optical emission phenomena such as the Aurora Borealis. We will
consider the events involved in the creation of the ionosphere in addition to observations made
during experiments upon the ionosphere itself. Lastly we will review a computational model for
DAIL formation which motivated this study originally and which we hope to improve on given our
results in the future.

2.1 Basic Theory of Plasma

A plasma is de�ned to be a quasi-neutral gas in which as least a fraction of the particles are
ionized and their motion is governed by collective behavior caused by long-range electromagnetic
interactions. There are a variety of classes of plasma, but when considering the ionosphere we
speak of a low-density, cold, collisionless, magnetized plasma. Peak ionospheric densities are on the
order of 1011 particles per m3, while the solar corona can have densities of around 1015 and the
solar core and inertial fusion experiments on the order of 1030. It is cold because it generally has a
temperature of about 1000 K, while fusion plasmas and stellar plasmas have temperatures on the
order of 106 − 108 K. Since the ionosphere is a low density plasma it naturally follows that it is
relatively collisionless, that is that collisions between neutral particles are fairly rare. Finally, it
is magnetized since the earth's magnetic �eld exerts a noticeable e�ect on the motion of charged
particles in the ionosphere. Our subsequent derivation of important parameters in plasma physics
can be derive from the standard textbook by Francis Chen [1974].

Given the de�nition of a plasma as a quasi-neutral gas composed of charged particles, we can
de�ne several parameters to describe it. Two charged particles of opposite charges, such as an ion
and an electron, will attract one another. When dealing with a large number of particles we can
observe rapid oscillations in the electron density governed by this simple process. If one were to
displace all the electrons by a small amount with respect to the ions, the Coulomb force would pull
the electrons back, causing oscillations.

We imagine that the ions, being much heavier, are treated as being �xed spatially with
respect to the electrons and that the electrons are displaced to the right by a small amount ξ. This
displacement creates a negative charge −eneξ, where e is the electron charge and ne is the electron
charge density. This in turn creates a net positive charge per unit area +eneξ on the left side.
A corresponding electric �eld E = eneξ/ε0 is created in the x-direction throughout the plasma.
This �eld then pulls on the plasma's electrons and protons, giving the electrons an acceleration
d2ξ/dt2 = −eE/me, where me is the electron mass, while also giving the ions an acceleration
smaller by a factor of me/mp = 1/1860, which is the reason we can say that the ions are relatively
�xed and motionless. The result of this formulation is the equation for the electrons' collective
displacement:

d2ξ

dt2
= − e

me
E = − e

2ne
ε0me

ξ. (1)

This is likewise the equation for a harmonic oscillator, and so the electrons move periodically with
a displacement of ξ = ξ0 cos(ωpt), where

ωp =

√
nee2

ε0me
, (2)
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which is known as the plasma frequency. These oscillations are known as plasma waves or Langmuir
waves. We can also write out a similar formulation for the ions, but since we are ignoring their
motion, whenever we write ωp we are referring to just the electrons.

In addition to the Langmuir waves, charged particles also demonstrate unique behavior in the
presence of a magnetic �eld. A charged particle in a magnetic �eld experiences the Lorentz force,
governed by the equation

F = meẍ = e(ẋ×B). (3)

Given that the motion of electrons is always circular, we can show that the Lorentz force is equal
to the centripetal force, that is

mv2

r
= evB (4)

where r is usually called the cyclotron radius or gyroradius and v is the speed. We can then rewrite
this equation to include the circulation frequency fc = v

2πr , which gives

fc =
eB

2πm
(5)

or in terms of angular frequency.

ωc = 2πfc =
eB

m
, (6)

ωc is called the cyclotron frequency. Even for many particles in a magnetized plasma, each individual
particle of a species will undergo oscillations at the same cyclotron frequency. As with plasma
oscillations, in this thesis ωc will only refer to electron cyclotron motion with no reference to ion
motion.

Given these two natural frequencies, ωp and ωc, a magnetized plasma, when exposed to an
EM �eld, will experience resonance at both the plasma frequency as well as the cyclotron frequency.
In order to reach these frequencies we use high frequency radios waves such as those produced by
HAARP, where we de�ne a pump frequency ω. In addition to these two resonance levels there are
several other signi�cant frequencies. The third one that is signi�cant in ionospheric heating is the
upper-hybrid frequency, de�ned as

ω2
uh = ω2

p + ω2
c + 3k2v2

e,th, (7)

where the third term on the right accounts for the thermal motion of the electrons. This term is
often neglected as ionospheric plasmas are generally fairly cold. Upper-hybrid oscillations consist
of a longitudinal motion of electrons perpendicular to the magnetic �eld. Our primary concern in
this paper is resonance at the plasma frequency, as the re�ection of impinging EM radiation takes
place approximately at the altitude where ωp = ω cos(Θ), where Θ is the angle between the launch
angle and the vertical [Morales, 1977]. However, the altitude at which ωuh = ω acts as the e�ective
boundary after which electric �eld swelling begins and can be the subject of future studies.

2.2 Electromagnetic Wave Propagation through a Plasma

In both nature and experimental scenarios we �nd instances of EM radiation interacting with a
plasma. In our case that is the ionosphere, in which radio-waves and UV rays from the cosmos
interact and actually create the ionosphere from the neutral atmosphere. On the Earth we can see
how communication radio waves bend while traversing through and also re�ect o� the ionosphere.
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In any substance, including a plasma, the measure of how light or any other radiation propagates
through that medium is the index of refraction, de�ned as

n =
c

vp
=
kc

ω
(8)

where n is the index of refraction, c is the speed of light in vacuum and is de�ned to bec = 1/
√
ε0µ0,

and vp is the phase velocity of light in the medium. The phase velocity can be greater or less than
the speed of light, meaning that the index of refraction can be both greater than or less than unity
[Jackson, 1975]. In a plasma we typically use the Appleton-Hartree expression for the index of
refraction which we will now derive.

When an EM wave propagates through a magnetized plasma there will be two di�erent refrac-
tive indices. These two indices correspond to two di�erent modes of propagation, the ordinary (O)
and extraordinary (X) modes, which behave di�erently with respect to the magnetic �eld. Both
modes have an index of refraction less than one when propagating through a plasma, with the
X-mode index being smaller than the O-mode's.

To derive the index of refraction for a plasma we start with Maxwell's equations, following
the derivation provided by Gillies [2006]. The two we consider are Faraday's law and Ampére's law,
which are

∇×E = −µ0
∂H

∂t
(9)

∇×H =
∂D

∂t
(10)

where H = B/µ0 is the magnetic �eld strength, D = ε0E + P is the electric displacement, and P
is the polarization �eld. The geometry of wave propagation through a magnetized plasma can be
seen in Figure 1.

Figure 1: Geometry of electromagnetic wave propagation through a magnetized plasma.

The polarization �eldP refers to the �eld that develops in a medium from the imposed external
electric �eld of the incoming EM wave applying a force in opposite directions on the electrons and
ions in the medium. P, it should be noted, is not the polarization of the wave itself.

We assume a harmonic EM wave traveling in the +z direction with its wave vector given by
k = kẑ. We assume that the x-axis is oriented so that the component of the B-�eld in the xy-plane
is aligned along it, so that B = Bx̂ + Bẑ. The E-�eld (as well as the H-�eld) of the wave is given
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by
E = E0 exp (i(kz − ωt)) (11)

where E0 is the maximum amplitude of the E-�eld, k is the wave number, and ω is the pump
frequency or wave angular frequency. When we apply the curl operator to E and H in Fourier space
we get an additional factor of ik, while the time operator will give us a −iω term. If we expand
equations (9) and (10) and rearranged them we get:

D =
k2

µ0ω2
(Exx̂+ Eyŷ), (12)

H =
k

µ0ω
(−Eyx̂+ Exŷ) (13)

It should be noted that the phasor terms are implied here, i.e. Ex means Ex0 exp (i(kz − ωt)). If
we combine these two equations with the expression for the electric displacement D, we get the
expression for the transverse polarization of the wave, that

ρ =
Py
Px

=
Ey
Ez

=
Dy

Dx
= −Hx

Hy
. (14)

The transverse polarization describes the ratio between the x and y components of the various �elds.
Using the basic de�nition of the index of refraction in equation (8) we can rewrite (12) as

D = ε0n
2(Exx̂+ Eyŷ). (15)

An additional expression we need is that of the charge polarization with respect to the electric-�eld,
that is

P = ε0(n2 − 1)(Exx̂+ Eyŷ)− ε0Ez ẑ, (16)

where we now have the additional Ez term. In most cases of EM wave propagation, there is
no component of the electric �eld along the wave vector direction, but this is not the case in
magnetoionic wave propagation. Typically the Ez component is small and can be ignored expect
when one approaches a resonance point.

Next we will consider the equation of motion of an electron in a magnetized plasma. On an
electron act three forces: the electric force, the magnetic force, and frictional forces. These give us
the equation of motion:

me
d2r

dt2
= −eE− edr

dt
×B− νme

dr

dt
(17)

where r is the position vector of an electron and ν is the collision frequency of electrons with neutral
particles. We assume that electrons follow harmonic oscillations as in equation (11). After some
rearranging and the use of the expression for the net polarization �eld from a displaced set of
electrons, P = −neer, we get

−P =
nee

2E

meω2
+
ieP×B

meω
+
iPν

ω
(18)
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We can simplify the previous expression by considering the plasma and cyclotron frequencies
as well as the dimensionless parameters U,X, Y, and Z.

X =
ω2
p

ω2 , ω2
p = nee2

meε0
, Y = ωc

ω , ωc = eB
me

, Z = ν
ω , U = 1− iZ,

Using these expressions, we can re-express equation (18) in its component forms, that is

−ε0XEx =UPx + iY Py cos θ (19)

−ε0XEy =− iY Px cos θ + UPy + iY Pz cos θ (20)

−ε0XEz =− iY Py sin θ + UPz (21)

We can now rearrange these equations to write an expression for the transverse polarization ρ
from equation (14) and therefore for the various magnitude ratios of the various �elds. The �nal
expression is

ρO/X =
iY 2 sin2 θ

2Y cos2 θ(U −X)
∓ i

√
Y 4 cos2 θ

4Y 2 sin2 θ(U −X)2
+ 1 (22)

which gives the ratio between Ex and Ey or Hx and Hy. Likewise, the O-mode ratio is determined
using the negative sign and the X-mode ratio is determined using the positive sign.

Using equations (16), (19), and (22) we can derive the �nal form of the equation for the index
of refraction in a magnetized plasma. The Appleton-Hartree equations is therefore written as

n2 = 1− X

U − 1
2
Y 2 sin2 θ
(U−X) ±

√(
1
2
Y 2 sin2 θ)
U−X

)2
+ Y 2 cos2 θ

, (23)

There are several considerations to keep in mind. First there are two values for the index of refraction
in a plasma which correspond to the two modes of propagation. The X-mode is the most susceptible
to a magnetized medium and therefore is smaller. The index of refraction is also highly dependent
on X which is related to the electron density. The O- and X-modes diverge the most for large
values of ne or when X approaches unity. Likewise, the only imaginary term is due to the collision
parameter U . If there are no collisions, the value for the index of refraction is purely real.

To help visualize how the EM modes behave in a magnetized plasma we can look to Figure
2. For this example we select an arti�cial ionospheric density pro�le to give us a function for X:

X =

(
1 +

z − zn
h

)
H [z − (zn − h)] , (24)

where H is the Heaviside step function (so as to keep density greater than or equal to zero), zn = 0.25
denotes the re�ection point (i.e. when X = 1), h = 0.1 is the scale length, and the parameters
are unitless. As we can see, both modes regardless of magnetization are equal to unity when the
plasma density is zero. If the plasma was unmagnetized, then the O- and X-modes would be the
same (dashed blue). However, given the ionosphere, we can see how the two modes diverge as
they approach the re�ection point, where X = 1. The X-mode goes to negativity in�nity before
the re�ection point while the O-mode decreases more slowly and crosses the x-axis at the re�ection
point. The X-mode can undergo mode conversion and transform into a low-frequency branch known
as the Z-mode. This can be important for communication satellites but is not a major consideration
in our thesis nor in ionospheric heating in general.
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Figure 2: Example plot of the index of refraction squared, n2, where Y = 0.5, ν = 104, ω =
2π × 3.2 × 106 Hz, and θ = 45◦. Plotted are the X-mode (red), Z-mode (magenta), O-mode with
Y = 0.5 (thick blue), O-mode with Y = 0 (dashed blue), and the X parameter which is proportional
to the electron density ne (black).

Generally speaking an EM wave does not have a longitudinal component, but in a magnetized
plasma it can develop a signi�cant longitudinal contribution near resonance points (such as the
re�ection point). A simple way to gain an understanding of this phenomenon can be done using
the concept of a ray path, which describes the path taken by the Poynting-vector of propagating
EM radiation. A visualization of this can be found in Figure 3, where we show two instances of
the interaction between the ray and the magnetized medium it is propagating through. On the
left-hand side we point out the fact that the electric �eld component of the EM wave is nearly
perpendicular to the external, geomagnetic �eld, which is case for all rays launched near to the
vertical in an environment where the angle between the vertical and the magnetic �eld is relatively
small (e.g. 14.5◦ at HAARP). At this point of the ray path not much physics occurs of interest
to the problem at hand. However, as the EM wave approaches the re�ection point it begin bend
over sharply, which we have highlighted in the �gure to the right. In this case the electric �eld of
the wave is nearly parallel to the external magnetic �eld. It is at this point we see the greatest
swelling of the electric �eld, primarily due to the development of a strong longitudinal electric �eld
component, and it is due to the coordination between the electric �eld and the magnetic �eld that
we begin to see ionospheric heating [Papadopoulos, 2013].
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Figure 3: Depiction of how the electric �eld relates to the external magnetic �eld along a ray path
of an EM wave. On the right we see an instance when the electric and magnetic �elds are nearly
perpendicular while on the left when they are nearly parallel. The altitude at which the upper-
hybrid frequency is equal to the pump frequency is a resonance point and acts as the lower boundary
for swelling. Swelling reaches a maximum just below the altitude at which the plasma frequency is
equal to the pump frequency.

The onset of ionospheric heating occurs when the electric �eld of an impinging radio wave is
parallel to the magnetic �eld, then electrons are most greatly excited. The idea is that electrons
are e�ectively con�ned to traveling along magnetic �eld lines, gyrating about them, and cannot
easily move in a direction perpendicular to the �eld line. However, they are free to move along
it. When a strong electric �eld is present and parallel to the magnetic �eld line then electrons are
most greatly excited. In addition, a strong electric �eld, on the order of 10 V/m or greater, will
e�ectively divide the electrons into two species, cold electrons and hot electrons. Cold electrons
are controlled by the ponderomotive force of the electric �eld oscillation, collecting into bunches in
the troughs [Macchi, 2013]. Hot electrons, on the other hand, are fast enough not to get trapped
and actually will instead be further excited and energized and become what we call suprathermal
electrons, getting and e�ective "kick" from the electric �eld oscillation [Papadopoulos, 2013]. These
suprathermal electrons then reach su�ciently high energies, in excess of 10 eV, that they can then
ionize surrounding neutral particles, thereby initiating the formation of a DAIL. This processes is
visualized in Figure 4.
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Figure 4: Visualization of how electrons interact with a strong electric �eld (black). The cold
electrons (blue) become trapped in the troughs of the electric �eld due to the ponderomotive force.
The hot electrons (yellow) can either loose energy and become cold electrons, or they can an
additional boost of energy from the electric �eld and become suprathermal electrons (red).

2.3 Formation of the Ionosphere

The ionosphere is a dense layer of electrons (peak density of 1011 electrons per m−3 at night and
1012 m−3 during the day) that surrounds the Earth and has a signi�cant presence between 100
km to 600 km. It exists primarily due to the interaction between ultraviolet radiation (UV) from
the sun and the upper atmosphere [Yonezawa, 1965]. Photoemission, when molecules that have
been excited to a metastable energy level and subsequently release a photon upon relaxation to
the ground state, only takes place above about 100 km due to the low density of neutral molecules
(10−5 kg/m−3), a threshold which is popularly known as the Kármán line or the e�ective boundary
between the lower atmosphere and the beginning of outer space. In this part of the atmosphere, the
population density is low enough that excited molecules do not undergo the phenomenon known
as quenching, where excited molecules collide with other molecules and lose their excitation energy
given to them by photons. The approximate time necessary for an excited atom to emit a photon
before su�ering quenching is known as its radiative lifetime. Likewise, this lifetime is inversely
correlated to atmospheric density, as higher densities mean shorter time spans before a neutral and
excited particle collide, resulting in quenching. Therefore, atoms that require more time to relax
from the metastable state only do so at higher altitudes where there are lower densities. This is
clearly visible in the auroral region, where the radiative lifetime of an excited, metastable O atom is
about 114 s and results in the red-line emission, while the green-line emission for O has a radiative
life time of 0.84 s, which means that red-line emissions occur at higher altitudes where lower density
predominate and so a smaller likelihood of quenching.

Typically, UV rays cause atmospheric molecules to undergo one of two sorts of reactions. The
�rst is photodissociation, which for oxygen takes the form

O2 + γ → 2O.

The other and more prevalent process, photoionization, can look like the following

N2 + γ → N+
2 + e−

O2 + γ → O+
2 + e−.
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Likewise, there are several relevant processes, such as charge exchange

O+ +O2 → O+
2 + 0

O+ +N2 → NO+ +N,

and recombination
O+

2 + e− → 2O

NO+ + e− → N +O.

These processes can have a variety of results, such as chemical mixing of the atmosphere in ad-
dition to the creation of free electrons. Key to all of these processes are high energy electromagnetic
waves, most often taking the form of UV rays in nature. UV photons typically have wavelengths
around 100 nm or shorter and thus energies in excess of 10 eV , the approximate threshold for neutral
particle ionization.

2.4 Experiments and Observations

The benchmark of any theoretical and computational model is experiment and observation. The use
of high power ordinary (O) mode electromagnetic waves produced by large HF radio wave emitters
such as the upgraded HAARP, the Ramfjordmoen facility at Tromsø, Norway and the Sura facility
near Nizhniy Novgorod, Russia has allowed us for the �rst time to perform controlled ionospheric
experiments that result in ionospheric photoionization on a large scale [Leyser, 2009]. In recent
years new power levels have been achieved at HAARP and it is now capable of producing HF radio
waves with an e�ective radiated power (ERP) of up to 4 GW. Experiments have resulted not only
in airglow, which is e�ectively an arti�cially stimulated aurora, with optical emissions at 630 nm
(red-line emission) and 557.7 nm (green-line), but at HAARP have also resulted in ionization of
the neutral atmosphere, creating an ion wave front or Descending Atmospheric Ionospheric Layer
(DAIL). Several mechanisms have been proposed for the formation of DAIL structures, such as the
suppression of recombination by electrons as the temperature increases, thermal redistribution of
the plasma by the electron pressure bulge, and ionization by suprathermal electrons. Observation
of strong optical emissions at 557.7 nm, 777.4 nm, and 427.4 nm at HAARP are believed to be
most consistent with suprathermal electrons being the primary driver of the ionization wave front
[Mishin, 2011].

The primary physical mechanism in DAIL formation is theorized to rely on high frequency
waves in the MHz range to heat up the bulk electrons to several thousand degrees Kelvin and in turn
produce suprathermal electrons in the range of several tens of electron volts. These suprathermal
electrons have su�cient energy, greater than 12-18 eV, to ionize the neutral gas in the atmosphere
[Schunk and Nagy, 2004]. This heating can be achieved by radio waves with an ERP of P0 ≈ 1 GW,
according to [Carslon, 1993], which is similar to the solar UV radiation resulting in the creation of
the F-layer of the ionosphere. For example, green-line emissions (557.7 nm) only have an excitation
potential of 4.2 eV and are easily accounted for by suprathermal electron collisions.

The experimental basis and veri�cation of this and previous ionospheric heating models is
based on experiments like those seen in Pedersen [2010]. The results of these experiments serve as a
benchmark for my computational model which in turn test out the theoretical understanding, such
as the scope and breadth of electric �eld swelling and eventually the validity of the suprathermal
electron model. For example, Figure 5 clearly illustrates the structure of DAILs in the 557.7 nm
and 427.8 nm wavelength ranges. These experiments took place at HAARP in Gakona, Alaska at
coordinates (62.4◦ N, 145◦ W) where a 3.6 MW power HF radio wave was used, allowing for an ERP
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of 400-4000 MW. The spatial distribution of the DAIL as seen in Figure 5 in a plane perpendicular to
the launch angle, will be modeled by the calculations of this thesis. The experiment was performed
over the course of several nights leading to the clear conclusion that, from optical measurements and
ionosondes, that arti�cial ionospheric layers were created at altitudes between 150 to 200 km with
densities in excess of the natural plasma density at the original resonance point, i.e. the theoretical
altitude at which the plasma frequency equals the pump frequency.

In Figure 6 we provide ionograms taken at HAARP of DAIL formation at 05:21 UT on March
17, 2009. In the far left sub�gure we clearly see the electron distribution pro�le of the ionosphere
without ionospheric heating and how the re�ection altitude depends on the frequency band. The
dependence of the re�ection altitude (height), although not a focus of this thesis, can be reproduced
using the tools developed for this thesis. In the middle sub�gure we can see the formation of
arti�cial layers and in the far-right sub�gure we see the approximate density distribution of those
layers. These provide evidence of how the pro�le of the ionosphere was perturbed during these
experiments.

In Figure 7 we have an optical image of DAIL formation overlaid by contours of energy levels
corresponding to the peak energy of the main lobe at the resonance point. This �gure clearly
demonstrates the spatial variation in the ionosphere during DAIL formation as a function of time
while also clearly demarcating the areas of interest with respect to the cyclotron frequency and
the plasma frequency. The tools developed in this thesis can determine these boundaries given an
electron density pro�le. While this thesis does not go as far as to reproduce the results noted in
Figures 5-7, we believe it is important for the reader to comprehend the overall development of
arti�cial heating of the ionosphere and DAIL phenomena.

Figure 5: Arti�cial optical emissions as viewed away from the HAARP site at 557.7 nm (left, 1st
row), from the HAARP site with high resolution at 557.7 nm (left, 2nd row) and at 427.8 nm (left,
3rd row). The average calibrated intensities at 427.8 nm for the central lobe of the DAIL structure
as a function of time (left, 4th row). A tomographic algorithm was used to create a cross-section
of the optical volume emission rate in the magnetic meridian plane (right). The magnetic �eld and
nominal transmitter power in percent relative to the peak have been demarcated in white and black
[Pedersen, 2010].
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Figure 6: An ionogram showing the F-region echoes when the transmitter is turned o� (left). The
same ionogram except after several minutes of ionospheric heating, clearly showing high density
layers descending (i.e. DAILs) from the background ionosphere at about 200 km and 160 km
(middle). A plot of approximate density pro�les for the background ionosphere and the two arti�cial
layers obtained from the radio traces in the middle, with the top of the layers being interpolated by
means of software. The middle arti�cial layer is due to O-mode waves while the bottom arti�cial
layer is due to X-mode waves, which re�ect at a lower altitude. (right) [Pedersen, 2010].

Figure 7: A time versus altitude plot of the 557.7 nm optical emissions along the geomagnetic �eld
line, the �eld lines of the Earth's magnetic �eld, at HAARP with contours at points where fp = 3.16
MHz (blue), fp = 2.85 MHz (red), fuh = 2.85 MHz (green), and 2fce = 2.85 MHz (dashed white)
[Pedersen, 2010].

16



2.5 DAIL Simulation

The analysis of Descending Atmospheric Ionospheric Layers, or DAILs, is one of the focuses of
the overall push in the science of induced ionospheric heating. As noted above, the most success-
ful experiments regarding DAIL structures have been carried out at HAARP. These e�orts have
demonstrated that peak densities in the cusp of the DAIL to be equal to or even in excess of the
plasma density at the resonance point. I closely followed the analysis presented in [Eliasson, 2012].
The following analysis is a summary of the computational model of Eliasson et al., which is the
foundation of this study and into which future results of the current study will be incorporated.

In the aforementioned work [Eliasson, 2012], the interaction between HF radio waves and
particle excitation is analyzed by means of the generalized Zakharov model, which couples EM and
Langmuir electrostatic waves to a low-frequency wave, causing parametric instabilities and strong
Langmuir turbulence (SLT). In addition, this model takes into consideration the Landau damping
of electrons and ions, the process by which the particles of a plasma increase their average energy
at the expense of a plasma oscillation wave, thereby damping it, even when collisions are not a
major consideration. From this work it is apparent that direct mode conversion of EM waves to
electrostatic waves via resonant absorption without SLT is ine�cient for normal incidence, and is

important only for oblique incidence near the Spitze angle of θs = arcsin
(√

Y
1+Y sin(Θ)

)
, where Θ

is the angle between geometric vertical and the ray path. In that study an exponential pro�le was
used of the form ni0(z) = n0,max exp

[
−(z − z2

max)/L2
n0

]
, where n0,max = 1.436 × 1011 m−3 is the

density at the F peak located at zmax = 242 km. The ionospheric scale length is Ln0 = 31.62 km
and the peak density corresponds to a plasma frequency of foF = 3.41 MHz while a HAARP pump
frequency of 3.2 MHz was used.

At the resonant point, short-scale electrostatic waves associated with SLT interact with elec-
trons which are then stochastically accelerated. Electrons of kinetic energies below a certain thresh-
old are only mildly excited, generally just oscillating in place with the EM wave, while those above
the threshold are further excited as suprathermal electrons and form the high-energy tail of the
electron distribution. The transport process involved in the creation of suprathermal electrons can
be modeled by the 1D Fokker-Planck equation for the averaged 1D electron distribution [Sagdeev
and Galeev, 1969],

∂F

∂t
+ ν

∂F

∂z
=

∂

∂v
D(v)

∂F

∂v
, (25)

with di�usion coe�cient D(v)

D(v) =
πe2

m2
e

Wk(ω,
ω
v )

|v|
, (26)

where Wk(ω, k) = ∆E2/∆k is the spectral energy density of the electric �eld per wavenumber ∆k.
Wk is in V2/m and is normalized such that

∫
Wkdk =

1

∆z

∫ z0+∆z

z0

E2
zdz. (27)

With the knowledge of the di�usion coe�cient one can integrate the Fokker-Planck equation
and derive the energy distribution function of energetic electrons streaming away from the thermal
Maxwell distribution of the background plasma, F (ε) = F (v)dv/dε. The distribution of electrons
with energies above a certain threshold can be modeled as nhote (ε) =

∫∞
e F (ε)dε. The suprathermal,

hot electrons streaming up and down the magnetic �eld lines degrade due to elastic and inelas-
tic collisions with neutral atoms and molecules. It has been shown in [Gurevich, 1985] that the
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distribution of hot electrons outside a thin accelerating layer can be approximated as

Fs(ε, z) = F (ε) exp

(
−
∫ z

z0

dz

L(z, ε)

)
, (28)

where the collisional loss length L(z, ε) is given by

L(z, ε) =
1/
√

3√
N2
Oσ

O
trσ

O
in +N2

N2
σN2
tr σ

N2
in +N2

O2
σO2
tr σ

O2
in

. (29)

The model of newly ionized (arti�cial) plasma involves the spatial and temporal evolution
of ionospheric electrons and the four ion species, O+, NO+, O+

2 , and N+
2 . The main chemical

processes included in the model are the ionization of atomic and molecular oxygen and nitrogen by
the accelerated electrons, production of molecular oxygen ions and nitrogen monoxide ions via charge
exchange collisions, O+ +O2 → O+

2 +O and O+ +N2 → NO+ +N respectively, and recombination
between electrons and molecular ions [Schunk and Nagy, 2004]. The resulting system of equations
includes

∂n

∂t
= kionNn

1

n0
e

− nnNO+

τNO+

rec

− n
nO+

2

τ
O+

2
rec

− n
nN+

2

τ
N+

2
rec

− n

τd
(30)

∂nO+

∂t
= kOionNO

1

n0
e

− nO+

τ
(1)
exc

− nO+

τ
(2)
exc

− nO+

τd
(31)

∂nNO+

∂t
=

n+
O

τ
(1)
exc

− nnNO
+

τNO+

rec

− nNO+

τd
(32)

∂nO+
2
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1
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e
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nO+

τ
(2)
exc
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2
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2
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−
nO+
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(33)

∂nN+
2

∂t
= kN2

ionNN2

1

n0
2

− n
nN+

2

τ
N+

2
rec

−
nN+

2

τd
(34)

where the normalized density for each species i is ni = Ni(z, t)/n
0
e and n is the electron density.

The coe�cient of ionization is

kiion(z) = n

∫ ∞
εiion

√
2ε

me
σiion(ε, z)F hot(ε, z)dε, (35)

where σiion(ε, z) is the ionization cross-section, τ irec = (αin
0
e)
−1 and τ

(1,2)
exc = 1/(β2Ni) are the time

scales for recombination and exchange collisions respectively for each species. The relevant values
for the given species coe�cients can be found in [Schunk and Nagy, 2004].

After the di�usion coe�cient is found for a given incident angle and electric �eld, the distri-
bution of suprathermal electrons is recalculated for each time step and the DAIL descends along the
ray path until recombination out-paces ionization. As indicated in Figure 8, there is a speci�c angle
at which the interaction between the HF radio waves and the plasma attain resonance, resulting in
signi�cant growth and descent of the DAIL. At resonance, the peak electron density of the DAIL
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will exceed that of the background ionosphere. A few things ought to be noted about this model
regarding its scope and accuracy. It is only a 1D model, meaning that any interaction between
neighboring ray paths and varying plasma regions is ignored as well as any other 2D or 3D plasma
e�ects that may come into play, such as caustics. Likewise, the calculated electric �eld, although
it includes swelling and Langmuir turbulence, is only determined along a single direction relative
to the geomagnetic �eld along the entire ray path. This is not realistic as EM waves bend and
re�ect as they propagates through a plasma. This may be the reason that the model predicts that
the greatest swelling takes place near an incident angle of 3.5◦ rather than parallel to the magnetic
�eld line at 14.5◦ as seen in experiment. Early applications of the ray-tracing algorithm in the
current study helped visualize the way that EM radiation interacted with a DAIL structure as it
is descending down the magnetic �eld line. This can be seen in Figure 9. Therefore, the primary
motivation of this thesis is to generate an electric �eld pro�le that considers the 2D propagation of
EM radiation and thereby ameliorates the primary de�ciency of the Eliasson model, in which the
electric �eld is static and does not vary in direction.

Figure 8: The electron density as a function of altitude and time at di�erent angles of incidence for
the Eliasson computational model. [Eliasson et al. 2014]
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Figure 9: A 2D interpolation of the results used to produce Figure 8 made during this study in an
attempt to visualize the 2D structure of a DAIL for a pump wave of 3.2 MHz after 65 seconds (left).
The ray-tracing algorithm developed in this thesis was applied to the generated density pro�le. As
seen in the right, a great deal of the energy begins to be focused into the region around the cusp
of the DAIL, possibly resulting in the halo-like structure observed by Pedersen et al. [2009] and
shown in Figure 5.
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3 Methodology

My approach to the analysis of the interaction of HF electromagnetic waves with the ionosphere
involves both geometric optics and wave calculations. First, I will present the physical environment
within which I will be conducting computational analysis. I will then describe the interaction
between electromagnetic radiation and the electron plasma by means of the Hamiltonian equations,
the so-called technique of ray-tracing. Thereafter I will derive the components of the electric �eld as
the EM-wave approaches the re�ection point in the upper atmosphere using the linear, decoupled
Försterling equations.

Our algorithm involves several steps. In Figure 10 below we present a �ow chart including
all the major steps. In step 1 we select the pump frequency ω, the cyclotron frequency ωc, which is
proportional to the magnetic �eld strength, and �nally the magnetic �eld unit vector v. In step 2
we generate a collision frequency pro�le as well as an electron density pro�le according to the data
provided in [Schunk and Nagy, 2004]. The output of this step, ne, ωp, and ν, are then used as the
input for the ray tracing algorithm in step 3. The primary calculations here are the determination
of the ray path and the direction of the wave vector of the EM radiation. The output of this step
is the coordinates of the ray path x and z and the angle between the wave vector and the magnetic
�eld given by θ. Finally, in step 4 we use the Försterling equations to determine the components of
the electric �eld in the x, y, and z directions as well as the component parallel to the magnetic �eld
line. The �nal output is the 2D pro�le of the electric �eld as a function of the spatial coordinates
x and z, in which swelling is observed.

Figure 10: Flow chart of the steps involved in calculating the swelling of the electric �eld according
to the algorithm developed in this thesis.
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3.1 Ionospheric Model

For my simulations I used a fairly standard pro�le for the ionospheric properties, most notably the
electron plasma density and the electron-neutral collision frequency based on pro�les provided by the
textbook written by Schunk and Nagy [2004] and the results of Eliasson et al. [2012]. The electron
density was chosen so as to have a standard F-layer peak which rapidly levels o� to approximately
zero near the Earth's surface, Figure 11.

Figure 11: Electron density pro�le with a peak density of 1.5412 × 1011 m−3 at 256.6 km and
drop-o� at 100 km. [Schunk and Nagy, 2004. Eliasson, 2012]

The ionosphere can also have several secondary layers but at nighttime, such as the E-layer at
approximately 100 km, which we are not considering in this work. This can be a topic of interest
in its own right but for my simulation it only adds a small perturbation to the ray paths taken by
EM waves in the MHz range and so is not considered in this analysis.

In addition, I will use a standard model of the electron-neutron collision pro�le as presented by
Schunk and Nagy [2004] and assumed appropriate of the aforementioned experiments. Of primary
concern are the interactions between the electrons and the molecules N2, O2, and O, which are
predominant in this part of the atmosphere. These pro�les are presented in Figure 12.
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Figure 12: Electron-neutral collision frequency pro�les for species N2, O2, O, and total density of
the three combined. [Schunk and Nagy, 2004]

In this paper I denote the total electron-neutral collision frequency as ν. That quantity is
usually used in the form of the dimensionless collisional parameter Z = ν/ω. Furthermore, when
dealing with a DAIL density perturbation, I use the modi�ed collision frequency,

ν = ν0(z)

[
ne(z)

ne,0(z)

]5/6

(36)

where ν0 is the base collision frequency based on our standard model, ne is the perturbed electron
density of the DAIL structure, and ne,0 is the base electron density of the non-perturbed ionosphere.

For the magnetic �eld I have elected to use a static �eld with only a magnitude and direction.
A more expansive scheme would describe the geomagnetic �eld using a dipole model, but it was
determined to be unnecessary and the simpler model was found to be adequate, as the two di�ered
by a trivial amount for the spatial range involved. In our case, the magnetic �eld assumes the value
B = 5.17× 10−5 T and the angle it makes with the vertical is θB = 14.5◦, in correspondence with
the values found at the site of HAARP. These values, taken with the electron mass and charge, give
the cyclotron frequency, ωc = eB

m . The magnetic parameter assumes the value Y = ωc/ω.

3.2 Hamiltonian Equations

In order to account for the two-dimensional nature of EM wave propagation through a plasma, I will
use the Hamiltonian equations, the basis of the ray-tracing technique. The static electron density
distribution is e�ectively 1D in nature, but a DAIL is a 3D perturbation that can be e�ectively
modeled as a 2D perturbation with axial symmetry along the vertical. We can re-express the index
of refraction derived in equation (23), the Appleton-Hartree equation, in a more robust form:

n2 = 1− X

U − 1
2
Y 2(1−(v̄·ū)2)

(U−X) ±
√(

1
2
Y 2(1−(v̄·ū)2)

U−X

)2
+ Y 2(v̄ · ū)2

, (37)
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where the dot product can also be expressed in terms of the angle between the wave-vector and
background magnetic �eld, that is v̄ · ū = |v||u| cos(θ) and the two solutions associated with the ±
correspond to the ordinary (O) and extraordinary (X) modes, as noted before. In vector expression,
v is the unit vector in the direction of the magnetic �eld and u is the unit vector of the wave vector.
As is evident above, the index of refraction has both real and complex components. Likewise, I shall
assume that the parameters X, Y , Z, and θ are functions of x3, the vertical direction (or constant
if dealing with simpli�ed circumstances).

In Figure 13 I have plotted the real components of the index of refraction squared, n2, for the
X-mode and O-mode with the standard Y -parameter used in my model as well as the O-mode for
a magnetic parameter of Y = 0. As we can see in Figure 13, the real component of the index of
refraction goes to zero at the plasma resonance point (228.15 km) regardless of the magnetic �eld
involved, though a non-zero Y parameter results in a larger index of refraction up until the re�ection
point. We can also see the e�ect the angle of incidence has upon n2 when we compare that base
O-mode index with a constant θ = 0◦ to that of one with θ = 25◦. The X-mode index of refraction
reaches zero at a much lower altitude of approximately 200 km but then has a pole at the re�ection
point after which it again has a non-zero value. In addition to the base re�ection point, both the
O and X-modes have another transition point on the other side of the density peak, in this case at
295.21 km. An analysis including both O- and X-mode coupling and conversion to the Z-mode, the
low-frequency branch of the X-mode, at the Spitze angle would see another resonance spike in the
electric �eld at the second transition point. It is worth noting that although the index of refraction
goes below unity that radiation propagating through a plasma does not travel at a speed in excess
of the speed of light. This is because the index of refraction measure the phase velocity of light,
which does not carry information. The phase velocity can be greater than the speed of light, which
is associated with the displacement of the phase of the light wave and can be less than or greater
than unity. This is prevalent near resonance frequencies for absorbing materials such as plasmas
[Zhukov, 200].

Figure 13: The real component of the index of refraction squared, n2, for an X-mode wave along
θ = 0◦, an X-mode along θ = 25◦, a Z-mode along θ = 0◦, a Z-mode along θ = 25◦, an O-mode
wave along θ = 0◦, an O-mode wave along θ = 25◦, and an O-mode wave along θ = 0◦ but in a
non-magnetized plasma (Y = 0), which would also be equal to the X-mode in that case. These
results were based o� the density pro�le and collision frequency pro�le depicted in Figures 11 and
12.
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Given the index of refraction and according to the analysis provided in [Haselgrove, 1960] one
can de�ne a scalar quantity G = u/n, where u = |u| is the length of the wave vector at a point
(x1, x2, x3) and it's length u =

√
u2

1 + u2
2 + u2

3 is equal to the index of refraction. Therefore G is
equal to unity. Using these, I can de�ne the Hamiltonian equations for a ray path in the form

dxi
dt

=
∂G

∂ui
, (38)

dui
dt

= −∂G
∂xi

. (39)

For clari�cation, while G is equal to u/n which is equal to unity, the partial derivatives ∂G/∂ui
and ∂G/∂xi do not equal zero by necessity because u =

√
u2

1 + u2
2 + u2

3 and n is a function of xi
and ui. This is a consequence of standard Hamiltonian mechanics for a natural system, where G
is proportional to the total energy, which in a frictionless system is constant [Taylor, 2005]. All of
the subsequent equations follow closely the derivation provided for in [Haselgrove, 1960], although
in my case I am considering collisions while Haselgrove did not. Due to this fact, it was necessary
to carefully re-derive all of their analysis as follows.

Let us re-express the Appleton-Hartree equation in its original form as a biquartic equation,
that is

An4 + 2Bn2 + C = 0 (40)

where,

A =
(
U3 − U2X − UY 2 +XY 2(v · u

)2
/(U −X)

2B =
(
2U3 − 4U2X +XY 2 + 2U(X2 − Y 2) +XY 2(v · u

)2
/(−U +X)

C = U2 − 2UX +X2 − Y 2

and U = 1− iZ. We multiply all the coe�cients by (U −X) and reformulate biquartic equation to
consider the Hamiltonian quantity G = u/n, that is

aG4 + 2bG2 + c = 0 (41)

where
a = C = (U −X)((U −X)2 − Y 2)

2b = 2Bu2 = −(2U(U −X)2u2 + (X − 2U)Y 2u2 +XY 2(v · u)2

c = Au4 = U(U2 − UX − Y 2)u4 +XY 2(v · u)2u2

Taking into consideration equations (38) and (39), we will now examine the contributing
partial derivatives by di�erentiating (41) with respect to a generalized variable ξ, giving us

∂a

∂ξ
G4 + 4aG3∂G

∂ξ
+ 2

∂b

∂ξ
G2 + 4bG

∂G

∂ξ
+
∂c

∂ξ
= 0

and so
∂G

∂ξ
= −

(
∂a

∂ξ
G4 + 2

∂b

∂ξ
G2 +

∂c

∂ξ

)/
4G(aG2 + b).

However, recalling that G = 1, we get
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∂G

∂ξ
= −

(
∂

∂ξ
(a+ 2b+ c)

)/
4(a+ b).

We shall ignore the factor 1/4(a+ b) for now as it appears in all of the subsequent equations,
which is equivalent to a change in independent variable, i.e. from t to t∗. If we write Q = a+2b+ c,
the Hamiltonian equations become

dxi
dt∗

= −∂Q
∂ui

, (42)

dui
dt∗

=
∂Q

∂xi
. (43)

However, the above equations are not directly suitable for computation since when X = 0, for
example at the bottom of the ionosphere where a ray path begins, we also have u = n = 1, and
all the partial derivatives of Q vanish. This is a problem because this means that a ray simulating
an EM wave will not propagate at the bottom of the atmosphere where it is launched and where
the plasma density is nearly zero and thus X = 0. Knowing this, we extract a factor X from the
derivatives and use the following forms of the equations,

dxi
dt∗∗

= − 1

X

∂Q

∂ui
, (44)

dui
dt∗∗

=
1

X

∂Q

∂ci
. (45)

As before, the transformation of our equations is equivalent to a change in variable, in this case
from t∗ to t∗∗.

We have Q = a+ 2b+ c

= (U3 − U2X − UY 2)(u2 − 1) +X[Y 2(v · u)2 + 2(U2 − UX)− Y 2](u2 − 1) +X2(U −X).

When X = 0, u2 = 1, the quantity (u2 − 1)/X, which we will call q, is �nite and not zero. This in
turn gives us

Q/X2 = (U3 − U2X − UY 2)q2 + [Y 2(v · u)2 + 2(U2 − UX)− Y 2]q + (U −X)

If we di�erentiate Q with respect to the ith component of u and divide by X, we get

1

X

∂Q

∂ui
= 2[2(U3 − U2X − UY 2)q + Y 2(v · u)2 + 2(U2 − UX)− Y 2]ui + 2(u2 − 1)(Y (v · u)Yi

For the X variation we have

1

X

∂Q

∂X
= [−(u2 − 1) + Y 2(v · u)2 + U2(2(1− 2XU)− Y 2]q + 2U − 3X.

For the Y variation we have two terms, that is Y 2 and Y · u. These together multiplied by 1/X
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give, when di�erentiating with respect to xi,

1

X

∂Q

∂x
=

1

X

∂Q

∂X

∂X

∂xi
+

3∑
j=1

[−2(u2 − 1)(Uq + 1)Yj + 2Y (v · u)(u2 − 1)uj ]
∂Yj
∂xi

.

Finally, for the U = 1− iZ variation we have

1

X

∂Q

∂U
= [(3U2 − 2UX − Y 2)(−u2 − 1) + 4UX − 2X2]q +X.

Now we can gather up all the above results and express the di�erential equations (38) and (39) in
the form

dxi
dt∗∗

= Jui −KYi (46)

dui
dt∗∗

= L
∂X

∂xi
+N

∂U

∂xi
+

3∑
j=1

(Kuj +MYj)
∂Yj
∂xi

(47)

where

J = −2[2(U3 − U2X − UY 2)(q + 1) + Y 2(v · u)2 + (2U − 1)Y 2] (48)

K = −2qX(Y (v · u)) (49)

L = −(U2(2(1− 2XU)− qX + Y 2(v · u)2 − Y 2)q + 2U − 3X) (50)

M = 2[UqX(q + 1)] (51)

N = [(3U2 − 2UX − Y 2)qX + 4UX − 2X2]q +X. (52)

To get the quantity q for an arbitrary point in space we use a quadratic equation derived from
equation (37),

αq2 + 2βq + γ = 0 (53)

where
α = U3 − U2X − UY 2

β = 2(U2 − UX)− Y 2 + Y 2(v · u)2

γ = U −X.

These equations can be further amended by substituting qX for u2 − 1 as well as noting that the
above collapse to zero when Y = 0, for then also does q + 1 = 0. To compensate for that we can
reform the equation as a quadratic of (q+ 1) and then write q+ 1 = pY . After some rearrangement
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and canceling of factors of Y , we get the new coe�cients of

J∗ = 2{2(U3 − U2X − UY 2)p+ Y [(2U − 1) + (v · u)2]} (54)

K∗ = −2X(v · u)(pY − 1) (55)

L∗ = U2[2(1− 2XU)− (pY − 1)X + Y 2(v · u)2 − Y 2](pY − 1) + 2U − 3X (56)

M∗ = 2UXp(pY − 1) (57)

N∗ = [(3U2 − 2UX − Y 2)X(pY − 1) + 4UX − 2X2][(pY − 1) +X]/Y. (58)

The new quantity p can be solved for via a quadratic equation derived from (53),

α∗p2 + 2β∗p+ γ∗ = 0, (59)

where
α∗ = −UY 2 + U3 − U2X

2β∗ = [2U2 − 2U3 − 2UX + 2U2X − Y 2 + 2UY 2 + Y 2(v · u)2]/Y

γ∗ = [U − 2U2 + U3 −X + 2UX − U2X + Y 2 − UY 2 − Y 2(v · u)2]/Y 2.

The above equations simplify greatly when we assume a collisionless plasma, i.e. U = 1, and reduce
to the simpler Hamiltonian equations in [Haselgrove, 1960]. Equations (46) and (47), using (54)-
(59), are solved for using numerical integration over a dimensionless time step dτ . Both simple
Euler integration and the commonly used fourth-order Runge-Kutta (RK4) integration algorithm
have been used in this study. The RK4 method is more accurate and better at resolving the ray-
path near the re�ection point, and thereby avoiding the numerical error of accidentally traversing
the re�ection point, but is noticeably slower. For the ray-paths used in the results section of this
study, Figure 16, I have just used simpler Euler integration with a small dimensionless time-step of
0.5, with a maximum of 81,550 steps (or approximately 620 seconds) for the ray launched at 4.5◦

and a minimum of 3,229 steps (or about 32 seconds) for the ray launched at 24.5◦. Rays launched
nearer to the vertical su�er the greatest computational cost because they re�ect very near to the
singularity we call the re�ection point. The scale factor reduces the time step to a very small value
as a ray gets closer to the singularity to avoid accidentally crossing it. It ought to be noted that rays
with a pump frequency greater than maximum plasma frequency will traverse the ionosphere near
the vertical but will actually re�ect if launched far away enough from the vertical line. Likewise,
for an X-mode wave ray, near the Spitze angle ray-tracing will simulate the Z-mode conversion and
actually pass through the re�ection point even if the pump frequency is below the maximum plasma
frequency.

3.3 Försterling Equations

In order to extend my analysis and thereby derive actual information on the behavior of the electric
�eld, as opposed to just the path take by the EM radiation, in the vicinity of the re�ection region as
well as the DAIL phenomena, I turned to techniques described in [Lundborg and Thidé, 1985, 1986].
In the end I will derive the Försterling equations, which allow us to calculate electric �eld in three
dimensions. For an electromagnetic wave impinging upon the ionosphere near vertical incidence
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(and so parallel to the electron density gradient), we can write down the following wave equations.

E′′1 + k2[Q11E1 +Q12E2] = 0 (60)

E′′2 + k2[Q21E1 +Q22E2] = 0 (61)

E3 +Q31E1 +Q32E2 = 0 (62)

where k = w/c, the prime denotes the derivative with respect to x3, i.e. z, and the coe�cients
above are de�ned as following:

Q11(x3) = 1− X(x3)[1− iZ(x3)][1− iZ(x3)−X(x3)]

D(x3)
(63)

Q12(x3) = −Q21 (64)

= −iX(x3)[1− iZ(x3)−X(x3)]Y cos(θ)

D(x3)
(65)

Q22(x3) = 1− X(x3)[1− iZ(x3)][1− iZ(x3)−X(x3)]

D(x3)
+
X(x3)Y 2 sin2(θ)

D(x3)
(66)

Q31(x3) = i
X(x3)[1− iZ(x3)]Y sin(θ)

D(x3)
(67)

Q32(x3) = −X(x3)Y 2 sin(θ) cos(θ)

D(x3)
(68)

The denominator is given by

D(x3) = [1− iZ(x3)−X(x3)][(1− iZ(x3))2 − Y 2]−X(x3)Y 2 sin2(θ). (69)

The analysis of these equations is rigorously described in [Ginzburg, 1971].
For a homogeneous medium the exact solution of equations (60) and (61) can be obtained by

considering the index of refraction (37) and the polarization ratio (22). We can easily �nd that the
polarization coe�cients satisfy the relation ρOρX = 1 and so simplify the subsequent analyses.

Following the procedure pursued by Budden [1966], we will describe the transverse �eld (the
two components of the �eld perpendicular to the wave vector) in terms of the Försterling equations
FO and FX :

E1 = ρXE2,O + E1,X (70)

E2 = E2,O + ρXE1,X (71)

E2,O = (ρ2
X − 1)−1/2FO (72)

E1,X = (ρ2
X − 1)−1/2FX (73)

FO and FX satisfy the equations

F ′′O + (k2n2
O + q2)FO = q′FX + 2qF ′′X (74)

F ′′X + (k2n2
X + q2)FX = q′FX + 2qF ′′X (75)
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where the coupling term is expressed by

q = ρ′X/(ρ
2
X − 1) = ρ′O/(ρ

2
O − 1). (76)

Equations (74) and (75) have no approximations in them and are equivalent to the original equations
(60) and (61). We can further simplify the analysis by introducing the longitudinal polarization,

ρL = E3/E1 (77)

which we can express as
ρL,O/X = −(Q31 +Q32ρO/X) (78)

or as

ρL,O/X =
iY sin(θ)

1 + iZ −X
(n2
O/X − 1). (79)

The polarization and coupling factors are plotted in Figures 14 and 15. These �gures show the
real and imaginary components of the X-mode transverse and O-mode longitudinal polarizations
ρX and ρL,O used in the previous formulations. In addition I have plotted the real and imaginary
components of the coupling factor g launch angles with respect to the magnetic zenith of θ = 1◦,
5◦, and 10◦ for the majority of the length of the ray-path (50 - 300 km, Figure 14) as well as near
the re�ection point (226 - 230 km, Figure 15).

Figure 14: Plots of the real and imaginary components of the X-mode transverse polarization ρX ,
of the O-mode longitudinal polarization ρL,O, and the coupling factor q = ρ′X/(ρ

2
X − 1) for launch

angles θ = 1◦, 5◦, and 10◦ with respect to the magnetic zenith, θB = 14.5◦.
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Figure 15: Plots of the real and imaginary components of the X-mode transverse polarization ρX ,
of the O-mode longitudinal polarization ρL,O, and the coupling factor q = ρ′X/(ρ

2
X − 1) for launch

angles θ = 1◦, 5◦, and 10◦ with respect to the magnetic zenith, θB = 14.5◦.

We can now write the full expression of the electric �eld as

E = EO + EX (80)

where

EO = (1, ρO, ρL,O)ρX(ρ2
X − 1)−1/2FO (81)

= (ρX , 1, ρXρL,O)(ρ2
X − 1)−1/2FO (82)

EX = (1, ρX , ρL,X)(ρ2
X − 1)−1/2FX . (83)

By studying the q-parameter we can conclude that the coupling between equations (74) and
(75) is su�ciently small that we can rewrite them as

F
′′
O + k2n2

OFO = 0 (84)

F
′′
X + k2n2

XFX = 0. (85)

We can assume this given two facts. As suggested by the plot in Figure 15, we see that the coupling
factor q only reaches signi�cant non-zero values within a few hundred meters of the re�ection point
of an O-mode ray. Even so, in that region, the small value of q would not contribute much, and
even less so for the q2 terms. In addition, given Figure 13 we know that X-mode rays re�ect at
lower altitudes than O-mode rays (which are used in ionospheric pumping), and so would not even
be present near the O-mode re�ection point except when considering Z-mode conversion. So even if
there was a signi�cant value to the coupling factor near the re�ection point, the X-mode rays would
never even reach that point in the atmosphere.

Since we are only interested in the O-mode, we can focus all our attention on solving equation
(84). However, one additional step must be included, and that is the expansion of the di�erential
equation into the two-dimensional plane. Normally this would require a full 2D wave approach.
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Given that we are calculating the electric �eld along up-going, non-interacting ray paths in an
e�ectively 1D density gradient, we can approximate it using the split-Fourier method to turn a 2D
problem into a 1D one. That is, we take an equation of the form

d2FO
dz2

+
d2FO
dx2

+ k2n2
OFO = 0

and use the Fourier transform for the x-derivative, that is d/dx = ikx, which gives us the following
relation

d2FO
dz2

− k2
xFO + k2n2

OFO = 0. (86)

We use information generated by the ray-tracing solver for the normalized wave vector, θ =
arctan(u1/u3), the angle between the wave vector and the vertical, and rewrite equation (86) as

d2FO
dz2

= −k2[n2
O(z)− sin2 (θ(z))]FO. (87)

The x-component of the wave vector is in turn de�ned as kx = ω
c sin(θ). We solve for equation (87)

by turning it into a system of �rst-order equations and using a fourth-order Runge-Kutta integrator
provided by the MATLAB's ode45 function.
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4 Results

Combining my ray tracing algorithm and the quasi two-dimensional Försterling equations I am now
able to model the EM radiation as it impinges upon the ionosphere. This is a two-step calculation, as
we produce the ray paths using the algorithm based on the Haselgrove equations, (46) and (47), and
then we take the outputted ray-path coordinates as well as the normalized wave vector, u = k/|k|,
and use them to determine the direction of the electric �eld plane with respect to the geomagnetic
�eld line at the source. A collection of rays generated in this fashion can be seen in Figure 16,
where we generated 201 rays with launch angles between θL = 4.5◦ and 24.5◦, each 0.1◦ apart, or
ten degrees about the magnetic zenith.

Figure 16: Ray paths generated using the Haselgrove Hamiltonian equations, with magnetic zenith
θB = 14.5◦, launch angles with respect to the vertical θL = 4.5◦ : 0.1◦ : 24.5◦, pump frequency of
ω = 2π × 3.2 × 106Hz = 2.01 × 107, magnetic parameter Y = 0.452, plasma resonance at 228.16
km at the ωrefl line, and upper-hybrid resonance at 215 km at the ωuh line.

The Försterling equation F ′′O+k2[n2
O(z)−sin2 (θ∗(z))]FO = 0 is integrated about the re�ection

point over the course of several tens of kilometers. Due to the singularity in the equations at the
re�ection, de�ned by X = 1 + iZ, we instead integrate "backwards" by starting with a distance
d of several kilometers above the re�ection point when the wave is evanescent with a very small
initial value on the order of F (z(0)) = 10−10 and then integrate down the ray path. At each point
a value for the collision frequency ν and the �eld-zenith angle θ is interpolated from the starting
data and then incorporated into the equations. For this analysis we are integrating generally over
the altitudes 210 km to 235 km, with a varying spatial step on the order of 5 m below the resonance
point and 0.5 m near and above the re�ection point.

Once the Försterling equation is integrated the solution is transformed back into the electric
�eld using the following relations

EO,1 = ρX(ρ2
X − 1)−1/2FO (88)

EO,2 = (ρ2
X − 1)−1/2FO (89)
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where ρX = E2/E1 is the transverse polarization. These solutions are normalized so that at the
bottom of integrated altitude we have the desired static electric �eld value (e.g. 1-2 V/m). The
electric �eld parallel to the ray path is calculated using the longitudinal polarization ρL,O = E3/E1,

EO,3 = ρL,0ĒO,1 (90)

where ĒO,1 is the normalized electric �eld component. In addition to the base voltage, we can more
realistically model the experiments at HAARP by including an additional factor to compensate for
the directional gain. The main lobe produced at HAARP can have a variety of pro�les, but for the
heating experiments we will assume that it has a Gaussian pro�le with a Full-Width-Half-Maximum
(FWHM) beam width of 17.7 degrees. To account for that width, we write the base electric �eld
for each ray as,

Ê = E0 exp
(
−θ2

L/σ
2
)

(91)

where θL is the launch angle relative to the magnetic zenith, and σ = 10.6299. As mentioned before,
the electric �eld is calculated so that the amplitude at the Earth's surface is normalized to match
the corresponding Gaussian value. Finally, as we know that Langmuir turbulence is most directly
caused by the electric �eld parallel to the geomagnetic �eld line, the corresponding perpendicular
and parallel components can be expressed as

E‖ = − sin(θ)EO,2 + cos(θ)EO,3 (92)

E⊥ = − cos(θ)EO,2 + sin(θ)EO,3. (93)

For example, we implement the electric �eld solver along a ray launch initially parallel to the
geomagnetic �eld at θB = 14.5◦, as seen in Figure 17. The numerical algorithm used solved the
Försterling equation for the x and y components with respect to the geomagnetic �eld, i.e. the
components parallel to the horizontal plane in the direction of propagation and perpendicular to it.
The electric �eld components are derived via additional transformations. We can see that there is
only minor swelling of the electric �eld components E1 and E2 but that the E3 component and E‖
components swell almost by a factor of 5 of the base voltage.

We will use a pseudo-color plot to visualize the extent of swelling of the parallel component of
the electric �eld along ray paths. In Figure 18 we plot the absolute value, |E‖|, and we can clearly
see a large swath of the beam in which the electric �eld exceeds 10 V/m, an approximate threshold
above which Langmuir turbulence may arise. To more clearly visualize the area of heating, we plot
the amplitude envelope of the electric �eld in Figure 19, i.e. a curve only considering the extremes in
amplitude and ignoring the local oscillations in the EM �eld. The area of greatest interest is in the
region a few degrees about the magnetic zenith line. This is approximately demarcated by a black
contour line designating an amplitude of 10 V/m or greater, which is on the order of ten kilometers
in horizontal spread but only about 200 m in height. This aligns with other computational models
and experimental work that have shown ionospheric heating to be a very localized phenomenon.
Another interesting result is that there is a clear minimum near the Spitze-angle of approximately
θS = 8◦ given the physical parameters.

An interesting consequence of these simulations is that peak swelling does not seem to occur
along rays launched parallel to the magnetic �eld line but rather along rays launched a bit closer to
the zenith. If we plot the peak voltage for each ray and plot it as a function of launch angle as in
Figure 20, we can see that peak in electric �eld occurs around the ray launched at 13.6◦. This does
not necessarily contradict experimental results. Peaks have been observed a bit o� the magnetic
zenith in [Kosch, 2004]. Likewise, the fairly large extent of the swelling, within a window of a �ve
degrees about the magnetic zenith, does not necessarily contradict the results for DAIL formation.
This is due to the fact that suprathermal electrons excited away from the magnetic zenith will
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Figure 17: The O-mode electric �eld calculated along a ray launch parallel to the geomagnetic �eld
line at HAARP, at θB = 14.5◦. The model solves for the E1 and E2 components and the determines
the E3 and E‖ components by means of the polarization relations. The base voltage is 2 V/m.

disperse and escape from heating zone, not contributing as much energy to the DAIL structure as
those electrons which are trapped on the magnetic �eld lines along the beam's path.

Figure 18: The O-mode electric �eld component |E‖|, where the rays launched along the Spitze
angle and magnetic zenith are demarcated in red and green. A base amplitude of 2 V/m was used.
This matches the result of Figure 1 from [Eliasson, 2014]
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Figure 19: The amplitude envelope of the O-mode electric �eld component |E‖|, i.e. considering
only the peaks and not the full-wave oscillations, where the rays launched along the Spitze angle and
magnetic zenith are demarcated in red and green. The region of 10 V/m or higher is demarcated
by the black contour line. A base amplitude of 2 V/m was used.

Figure 20: The peak voltage for each ray as a function of launch angle. The peak electric �eld
pro�le for constant directivity gain (thin red), for a Gaussian directivity gain pro�le (dotted red),
and the initial electric �eld for the Gaussian pro�le with a peak of 2 V/m (green). With a constant
electric �eld, the greatest swelling occurs near the vertical, reaching values as high as 80 V/m (not
shown).

Looking at the plot of the E-�eld pro�le without a dependence on direction and so a constant
base voltage, in Figure 20, produced by these calculations, we see that the electric �eld swells
the most for the rays that get nearest to the re�ection point, with the exception of rays launched
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near the Spitze angle. Just to clarify, the directivity is a quantitative measure of the deviation of
radiation properties away from those of an isotropic antenna [Coleman, 2011], and a directivity gain
with a Gaussian pro�le has been applied to more realistically simulate what happens at HAARP.
While a constant pro�le suggests that the greatest ionization occurs near the vertical, suprathermal
electrons generated there would be lost as they would follow the magnetic �eld line at that point.
This would in turn guide them away from the heating region and so cease to contribute to Langmuir
turbulence and ionization, while electrons excited by rays launched parallel to the magnetic �eld
line would be trapped in the heating region.

5 Conclusion

In this study I have formulated and tested a two-step technique for calculating the interaction be-
tween HF electromagnetic waves and the ionosphere. I did this by �rst using a ray-tracing algorithm
to generate the paths taken by radio waves emitted from a source, using HAARP parameters for
my initial parameters. For the second step, relying on the generated ray-paths as well as k-vector
associated with each ray, I then used the decoupled, linear Försterling equations to calculate the
steady-state, linear electric �eld of the impinging radio waves. This proved to be a much faster ap-
proach to determining the electric �eld pro�le than that provided by the Eliasson model, although
it does not go as far as to determine Langmuir turbulence.

The implementation of these computational algorithms was not completely straight-forward
and many numerical considerations had to be taken into account. In particular, the stability of
the ray-tracing algorithm near the re�ection point required the implementation of a nested grid
and evolving scale factor, which greatly increased the computational time. Likewise, analysis of the
electric �eld swelling was approach using several di�erent techniques. In the end, a split-step Fourier
method was used in addition to backwards integration of the evanescent wave into the region below
the re�ection point.

My results demonstrated several things. First of all I observed maximum swelling of the
electric �eld near the magnetic zenith at about 14.5◦. However, the absolute maximum actually
occurred about one degree above that, at 13.6◦. This does not necessarily contradict experimental
work, as some previous papers have demonstrated a shift of maximum away from the magnetic
zenith [Pederson, 2009. Kosch, 2004]. Likewise, I observed a minimum in the parallel electric �eld
near the Spitze angle, corresponding to Z-mode conversion.

The ultimate objective of this project is to facilitate the simulation of DAIL formation, upon
which computational experiments could be performed. The model created by Eliasson et al. [2012]
is much more complete and rigorous than the one used in this study, but takes on the order of
weeks to generate results, while the current approach takes several hours. The last step needed for
a full analysis of DAIL formation is to include a tertiary component to my algorithmic set that will
use the generated steady-state electric �eld and then determine the Langmuir turbulence generated
near the re�ection point. Work on this third step is still in progress, but the technique most likely
to be used is to integrate the Zakharov equations using the pseudo-spectral method.

Future work in this project will involve the inclusion of Langmuir turbulence. This will allow
us to accurately determine the wave spectrum for the EM wave along each ray-path and in turn
give us the di�usion coe�cient. This coe�cient will then allow us to integrate the Fokker-Planck
equation con�dently and in turn generate new DAIL simulations using already written solvers which
are able to quickly determine the electron distribution function of the perturbed ionosphere. This
in the end will allow us to see whether this simpli�ed three-step approach to determining swelling
and turbulence near the re�ection point is able to generate simulations that match experimental
results accurately.
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6 Table of Variables

B − Geomagnetic �eld
c − Speed of light
D − Di�usion coe�cient
D − Electric displacement
e − Electron charge
E − Electric �eld
F − Electron distribution function
FO/X − Försterling equation

fc − Cyclotron frequency (degrees)
G − Normalized ray-tracing Hamiltonian equation
H − Magnetic �eld strength vector
h − Scale length for a linear electron density pro�le
k − Wave vector
L − Collisional loss length
me − Electron mass
ne − Electron plasma density
ne,0 − Base electron plasma density
nO/X − Index of refraction of electron plasma for the O- and X-modes

P − Electric polarization of a medium
Qij − Försterling coe�cients
r − Position vector of an electron
t − Time variable
u − Normalized wave vector
U − Compacted collisional parameter, equal to 1− iZ
v − Magnetic �eld unit vector
ve,th − Electron thermal speed
vp − Phase velocity
Wk − Spectral energy density
x − Horizontal spatial coordinate
xi − Ray-path coordinate
X − Plasma parameter, equal to ω2

p/ω
2

Y − Magnetic parameter, equal to ωx/ω
z − Vertical spatial coordinate
Z − Collisional parameter, equal to ν/ω
zn − Re�ection point in the ionosphere
ε − Electron energy
ε0 − Electric permittivity of free space
Θ − Angle between the ray and the geometric vertical for a straight path
θ − Angle between the ray-path at a given point and the geomagnetic �eld
θB − Geomagnetic �eld angle with respect to the vertical
µ0 − Magnetic permeability of free space
ν − Electron-neutral collision frequency
ν0 − Base electron-neutral collision frequency
ξ − Electron displacement for plasma waves
ρO/X − Transverse polarization for the O- and X-modes

ρL,O/X − Longitudinal polarization for the O- and X-modes

ωp − Plasma frequency
ω − Pump frequency
ωc − Angular cyclotron frequency
ωuh − Upper-hybrid frequency
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