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Abstract

Railway bridges are expensive to build and when damage occurs, it can cause
serious problem in traffic due to repairing or in worst case total collapse of
the bridge. Today most railway bridges are older, but the traffic on them
is increasing both in numbers and tons. This sets high demands on service
of the bridges and on numerical calculations to uphold the infrastructure.
When damage occurs on a bridge, the load at the damaged area will increase
and standard calculation methods can not be applied anymore. To fully es-
timate lifetime in a bridge due to the cyclic loading that occurs when a train
passes over the bridge, advanced numerical methods can be used. To avoid
wear and fatigue problem, regular inspections are necessary.
In this work literature study, analysis and numerical modelling are used to
study the dynamics of railway bridges. The interaction between the vehi-
cle and the bridge is important and four different load models were created.
These load models were used to load two different beam spans at three differ-
ent velocities. By this, the basic theory of moving loads were verified showing
that the velocity has a significant impact on the loading of the beam. Present
method used by civil engineers follows the basic theory of moving loads. The
numerical results shows that the more degrees of freedom the load models
have the less the displacement will be. When analysing the dynamics of
bridges the finite element method works for both simple cases e.i. constant
moving force and more advanced cases e.i. more realistic load models and
bridge models.
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Nomenclature

c = speed of the load [m/s].
cr = critical speed that the load can move along the bridge.
f(j) = natural frequency of the bridge.
f0 = lowest eigenfrequency of the bridge unloaded [Hz].
j = 1,2,3, ...
k = speed parameter.
l = length of the beam span.
m = mass in kg.
t = time in seconds.
v0 = static displacement of a simply supported beam.
v(x) = beam deformation along the x-axis.
v(x, t) = beam deformation along the x-axis and time.
x = coordinate.
z|max| = length from midsection to edge.

C = dampning constant.
Cr = critical damping.
D = dynamic coefficient.
E = Young’s modulus.
I = moment of inertia.
K = spring constant.
L = given length of the bridge in meters (L = Lbest).
Mb = Bending moment of a beam.
Rd = maximum displacement.
Ri = inner diameter.
Rs = static displacement.
Ro = outer diameter.
P = load in Newton[N].
Wb = section modulus.

α = speed ratio.
αl = constant.
α2 = speed coefficient.
β = damping parameter.
βl = constant.
µ = mass per unit length of beam.
σb = bending stress.
σbs = bending stress for the short beam.
σbl =bending stress for the long beam.
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ϕ′ = parameter for calculating Dynamic coefficient.
ϕ” = parameter for calculating Dynamic coefficient.
ω = circular frequency implied by the moving load.
ωb = damped circular frequency of the beam.
ω

′2
(j) = circular frequency of a beam with light damping.
ξ = damping ratio.

IV



CONTENTS CONTENTS

Contents

1 Introduction 1
1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Goals, scope and limitations . . . . . . . . . . . . . . . . . . . 1

2 Literature survey 2
2.1 Moving constant force . . . . . . . . . . . . . . . . . . . . . . 3
2.2 Dynamic coefficient . . . . . . . . . . . . . . . . . . . . . . . . 6
2.3 Theory in bending of beams . . . . . . . . . . . . . . . . . . . 10

2.3.1 Static displacement . . . . . . . . . . . . . . . . . . . . 10
2.3.2 Bending stress . . . . . . . . . . . . . . . . . . . . . . . 11

3 Finite Element Method 13

4 Modelling 15
4.1 Load models . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

4.1.1 Load model 1 . . . . . . . . . . . . . . . . . . . . . . . 16
4.1.2 Load model 2 . . . . . . . . . . . . . . . . . . . . . . . 18
4.1.3 Load model 3 . . . . . . . . . . . . . . . . . . . . . . . 19
4.1.4 Load model 4 . . . . . . . . . . . . . . . . . . . . . . . 20

4.2 Bridge models . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

5 Results 22
5.1 Displacement . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

5.1.1 Beam span 56.56 m . . . . . . . . . . . . . . . . . . . . 22
5.1.2 Beam span 28.28 m . . . . . . . . . . . . . . . . . . . . 26

5.2 Dynamic coefficient and maximum displacement . . . . . . . . 30
5.3 Stresses . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

6 Discussion and Conclusion 36

7 Future work 39

8 References 40

9 Appendix 41
9.1 How to create load model 2 . . . . . . . . . . . . . . . . . . . 41

V



1 INTRODUCTION

1 Introduction

1.1 Background

Railway bridges are expensive to build and when damage occurs, it can cause
serious problem in traffic due to repair or in worst case total collapse of the
bridge. Today most railway bridges are old, but the traffic on them is in-
creasing both in numbers and tons. This sets high demands on service of the
bridges and on numerical calculations to uphold the infrastructure. When
damage occurs on a bridge, the load at the damaged area will increase and
standard calculation methods can not be applied anymore. New methods to
estimate loads and lifetime when a train passes over the bridge have to be
developed. Inspections also has to be done regularly to avoid serious failure.
Bridges plays a crucial roll in society and are important for interaction be-
tween people from, social, economical and environmental aspects. The in-
frastructure of a country highly depends on the functionality of bridges.

1.2 Goals, scope and limitations

The scope for the master thesis were to investigate how present day nonlinear
Finite Element Method(FEM) programs can be used to analyse the dynamics
of railway bridges when trains are moving along it. The main goal for the
dynamic analysis is to analyse different load models, that verifies the basic
theory and opens up possibilities for more complex multi-axle vehicle models
that moves along the bridge at different speeds. Another goal is to connect
the results from the dynamic analysis to obtain a realistic boundary for
future fracture mechanics and fatigue analysis. Due to limitations in time
the analysis will be restricted to 2D models only.
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2 LITERATURE SURVEY

2 Literature survey

In the field of dynamics of railway bridges there has been many authors
through the years. The first article on this matter was published in 1849
by R. Willis, where the author analysed a bridge that had collapsed due to
the load from the traffic. Back then and until the introduction of computers
in the mid 1950 the methods for solving the dynamics of railway bridges
or the problem of moving loads had to be based on simplified models. The
two models that were used extensively were a moving constant force model
and a massless bridge model. T. Huang[1] stated that for a problem where
the mass of the vehicle is relatively smaller than the mass of the bridge, the
use of the constant force model gives a fairly good solution to the problem.
If the vehicle is heavier then the bridge e.g. short bridge, a solution based
on the massless beam model is more practical to use. Huang[2] also stated
that these theoretical models gives not a realistic result for present-day ve-
hicle/bridge models and this was written in 1976.

In 1973 L. Frýba[2] published an exact solution for the moving constant
force model see section 2.1 and for the case of massless beam model which is
more difficult to solve due to the mass inertia of the load. When it comes to
solving a model where both the mass of the load and that of the bridge are
included it becomes increasingly more difficult to solve, different methods
have been used for example the modal expansion technique which can be
found in an article by E.C Ting, J.Genin and J.H Ginsberg [3].
When it comes to analysing large span bridges the effects of a moving con-
tinuous load can be of equal if not of greater importance then that of moving
concentrated force. A continuous load model exerts also a strong effect on
the critical speed that a train can move across a bridge.

With the help of simulation programs, more advanced models can be anal-
ysed e.g. more realistic vehicle models with suspension system. Which anal-
ysed theoretically becomes very complex and simplification has to be made
so that the final solution gives a satisfying result. Frýba[2] stated that it
is needed over 30 parameters to solve suspension models from one axle to
multi-axle systems. One way of describing more complex models is the use
of e.g. FEM. M. Olsson[4] used this method to analyse structural effects due
to vehicle/bridge interaction. In the present study the use of a non-linear
FEM program LS-DYNA[5] is used to verify both the basic theory and to see
how a beam behaves when loaded with different types of load models. An-
other factor that has a large impact on the dynamic part is track irregularity
but this will not be addressed in this report.
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2.1 Moving constant force 2 LITERATURE SURVEY

2.1 Moving constant force

One of the simplest way of describing a train passing over a bridge consist
of a moving constant force that travels at a constant speed along a simply
supported beam see Figure 1. In this section a shortened version of Frýba[2]
exact solution of moving constant force is presented. The final equation was
solved with MATLAB to verify the constant force FEM model in the present
study.

Figure 1: Simply supported beam subjected to a moving constant force

The equation for a simply supported beam with a moving constant force
is as follows.

EI
∂v4(x, t)

∂x4
+ µ

∂v2(x, t)

∂t2
+ 2µωb

∂v(x, t)

∂t
= δ(x− ct)P (1)

The left hand part of equation (1) describes the beam movement according
to Bernoulli-Euler’s differential equation. The equation is derived from the
assumption that the shear deformation is much smaller than the bending
deformation, Saint-Venant’s princple and Navier’s hypothesis can be used.
Furthermore the beam most have a constant cross-section and a constant
mass per unit length(µ)
The parameters in the equation are Young’s modulus E, area moment of
inertia I and the damped circular frequency ωb. The displacement of the
beam at point x and time t is described by v(x, t).
The part on the right hand side represent the motion of the constant force.
This is described by the Dirac function δ(x), the function describes an im-
pulse of a force acting at a certain point see Figure 1.
As mentioned in section 2, the advantages of a constant force model is that
the moment of inertia of the load can be neglected.
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2.1 Moving constant force 2 LITERATURE SURVEY

To solve this equation Frýba[2] uses Fourier sine integral transformation
and a series of Laplace transformation ending up with a general solution as
follows.

v(x, t) = v0

∞∑
j=1

1

j2
[
j2 (j2 − α2)2 + 4α2β2

] · [j2 (j2 − α2
)
sinjωt−

−
jα
[
j2 (j2 − α2)

2
+ 4α2β2

]
(j4 − β)1/2

· e−ωbtsinω′(j)t−

− 2jαβ(cosjωt− e−ωbtcosω′(j))] · sin
jπx

l
(2)

Where the parameters are.

j = 1, 2, 3...

α =
c

cr
(3)

cr =
2f(j)l

j
(4)

f(j) =
j2pi

2l2

(
EI

ρA

)(1/2)

(5)

v0 =
Pl3

48EI
(6)

ω(j) = 2πf(j) (7)

ω =
πc

l
(8)

ωb = βω(1) (9)

ω
′2
(j) = ω2

(j) − ω2
b (10)

The equation changes for different cases, for example the equation for a beam
with light damping β << 1 which is primarily used when analysing bridges.
Due to that the structure itself gives a slight damping effect see equation(11).

v(x, t) = v0

∞∑
j=1

sin
jπx

l

1

j2 (j2 − α2)

(
sinjωt− α

j
e−ωbtsinω(j)t

)
(11)
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2.1 Moving constant force 2 LITERATURE SURVEY

An even simpler case with no damping is presented below.

v(x, t) = v0

∞∑
j=1

sin
jπx

l

1

j2 (j2 − α2)

(
sinjωt− α

j
sinω(j)t

)
(12)

Equation(12) was used to verify the moving constant force model in the
present study. When analysing beams only the first mode of vibration is
analysed, which is the bending vibration of the beam.
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2.2 Dynamic coefficient 2 LITERATURE SURVEY

2.2 Dynamic coefficient

When standard calculations are made on a bridge, a dynamic coefficient(or
the impact factor) is multiplied to the vertical load to find how much the
load increases due to dynamic effects occurring when a train is moving along
the bridge. According to Broutg̊avan[6] there are two ways of calculating
the dynamic coefficient. The first one is an empiric formula and the second
one is an equation that takes into account the velocity of the train and the
eigenfrequency of the bridge. The equations are as follows:

D = 1.0 +
4

8 + LBest

(13)

where LBest is the span of the bridge.
Equation (13) is valid for so called equivalent loads e.g. Iron ore trains.
Equivalent load models takes into account the parameters that effects the
dynamics from the load. The second formulation is using the assumption
that the train itself does not exert more force than the wagons that the train
pulls, equation (14) is used.

D = 1 + ϕ′ + 0.5 · ϕ” (14)

ϕ′ and ϕ′′ are given by.

ϕ′ =
k

1− k + k4
for k < 0.76 (15)

ϕ′ = 1, 325 for k ≥ 0.76 (16)

k =
c

2 · L · f0
(17)

ϕ” =
α

100
·
[
56 · e−( L

10)
2

+ 50 ·
(
f0 · L

80
− 1

)
· e−( L

20)
2
]

(18)

ϕ” ≥ 0

α2 =
c

22
if c ≤ 22m/s (19)

α2 = 1 if c > 22m/s (20)

If the frequency of the bridge is unknown then a upper and lower frequency
are calculated. The frequency value that gives the highest dynamic coefficient
is then used. The upper equation is.

f0 = 94.76 · L−0.748 (21)
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2.2 Dynamic coefficient 2 LITERATURE SURVEY

The lower frequency is divided into short span and long span bridges.

f0 =
80

L
For 4m ≤ L ≤ 20m (22)

f0 = 23.76 · L−0.592 For 20m ≤ L ≤ 100m (23)

Frýba[2] stated that the equation of the dynamic coefficient is based on the
maximum dynamic displacement divided by the static displacement of the
bridge.

D =
max v(l/2, t)

v0
(24)

In this formulation the dynamic coefficient will depend on more than just
the velocity, eigenfrequency and the span of the bridge. It will also take in to
account the complexity of the train model, the damping of the bridge and the
track irregularity which will change the outcome of the maximum dynamic
displacement. Figure 2 below shows how the dynamic coefficient changes for
different α for the basic model of a moving constant force moving along a
beam with out any damping.

Figure 2: The dynamic coefficient as a function of α

As shown in Figure 2, in the beginning up to α = 0.2 the curve is irregular.
Olsson[4] stated that this comes from the presences of multiple mathematical

7



2.2 Dynamic coefficient 2 LITERATURE SURVEY

maxima. For the interval 0.2 ≤ α ≤ 0.6 the dynamic coefficient increases
steadily and for α > 0.6 the dynamic coefficient decrease. For high values
of α the dynamic coefficient decreases rapidly towards zero but than the ve-
locity of the train is extremely high, for instance depending on how high the
first mode of vibration of the bridge is α = 1 can vary from 350 to 1500 km/h.

Yang Y.B[7] went one step further and presented a formula for the dynamic
coefficient for the case of moving constant force, the formula is as follows.

D =

{
1.54 · α α < 0.5

0.77 α ≥ 0.5
(25)

To compare Frýba[2] and Yang[7] the formula of Yang were reformulated.
The formulation Yang[7] had used for calculating the dynamic coefficient
were.

D =
Rd(x)−Rs(x)

Rs(x)
(26)

Here Rd(x) = max v(l/2, t) and Rs(x) = v0.
As can be seen the major difference between equation (24) and equation
(26) is that Yang[7] takes the maximum displacement minus the static dis-
placement. Equation (27) shows the reformulated dynamic coefficient and
equation (28) the formula.

D + 1 =
Rd(x)

Rs(x)
(27)

D =

{
1 + 1.54 · α α < 0.5

1.77 α ≥ 0.5
(28)

8



2.2 Dynamic coefficient 2 LITERATURE SURVEY

Figure 3: The difference between Frýba’s and Yang’s dynamic coefficient
equations.

Figure 3 shows the difference between equation (24) and (28), as seen
equation (28) might give a good representation of how the dynamic coeffi-
cient increases if the local maxima in the beginning of equation (24) are over
looked.
Broutg̊avan eq 2, Frýba and Yang, these three ways of describing the dy-
namic coefficient are to be compared with the present study.
However the empirical equation (13) of Broutg̊avan eq 1 will not be com-
pared with present study, because the load models used does not meet the
requirements needed to use the equation.

9



2.3 Theory in bending of beams 2 LITERATURE SURVEY

2.3 Theory in bending of beams

In this subsection the theory for how to calculate the static displacement
and the bending stress are presented. As seen in previous subsections the
static results are used to calculate the dynamic coefficient. Figure 4 shows
the static case, which is used in the present study.

Figure 4: Simply supported beam subjected to a vertical force at midpoint

2.3.1 Static displacement

The elementary case for bending of a simply supported beam is given by
equation (29), and is shown by the thin bended line in Figure 4. Which
can be found in any handbooks regarding the subject of solid mechanics e.g.
Formelsamling i H̊allfasthetslära by Tore Dahlberg[8].

v(x) =
Pl3

6EI
β

(
(1− β2)

x

l
− x3

l3

)
(29)

Since it is the static solution that is calculated, parameter v(x) is changed
to v0. If x = αl equation (29) becomes.

v0(αl) =
Pl3

3EI
α2β2 (30)

In present case the vertical load is positioned at midpoint of the beam so α
and β are 1/2. Because αl + βl = l, this put in equation (30) gives.

v0

(
1

2

)
=

Pl3

48EI
(31)

Where the equation for the area moment of inertia is.

I =
bh3

12
(32)
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2.3 Theory in bending of beams 2 LITERATURE SURVEY

The final equation for the displacement of a simply supported beam when
loaded at midpoint is as follows.

v0

(
1

2

)
=

12Pl3

48Ebh3
(33)

With given data the static displacement for the two beam spans are presented
in subsection 5.1.

2.3.2 Bending stress

To calculate the bending stress in a simply supported beam, the bending
moment needs to be calculated. This is done by deriving equation (29) two
times. The first deriving gives the angel of the bending along the beam.

v′(x) =
Pl3

6EI
β

(
(1− β2)

1

l
− 3x2

L3

)
(34)

The second derivation is given in equation (35).

v′′(x) =
Pl3

6EI
β

(
−6x

l3

)
(35)

After some simplifications v′′(x) becomes.

v′′(x) = −Pβx
EI

(36)

The theory of the elastic deflection curve gives that if the bending stiffness
of the beam(EI) is constant, then it can be rewritten as in equation (37)
which is equal to the bending moment of the beam.

Mb(x) = −EIv′′(x) = Pβx (37)

So for present study αl = β = 1/2 gives.

Mb

(
1

2

)
=
Pl

4
(38)

The stress that occurs by bending is shown in equation (39).

σb =
Mb

Wb

(39)

Where Wb is the section modulus.

Wb =
I

z|max|
(40)

11



2.3 Theory in bending of beams 2 LITERATURE SURVEY

For a rectangular cross section z|max| = h/2. With equation (32), (38) and
(40) put in (39). The highest stress that occurs is then, after simplification
given by equation (41). The stress for the two beam spans are presented in
subsection 5.3.

σb =
3Pl

2bh2
(41)

12



3 FINITE ELEMENT METHOD

3 Finite Element Method

In the 1950’s when the first computers where introduced different methods
for solving both simple and more complex models of engineering problems
were made possible. The method that arose from this period and that is
wildly used in engineering applications today, is the Finite Element Method.
The method was introduced before the 1950’s in an article by R. Courant
which was published in 1943. What has made the method so popular is
to quote Michael I. Friwell et al.[9] ”It is undoubtedly the combination of
mathematical versatility with a simple geometric interpretation that led to
the immense popularity of the method across wide areas of engineering and
science”.

The basic outline of FEM is: first dividing the geometry into elements and
nodes. Elements can be of different forms and sizes e.g. 2D rectangle or 3D
tetrahedal. The number of the elements corresponds to the level of accuracy,
however, more elements will correspond to a longer simulation time.
The nodes connects the elements and it is through the nodes the movement
of the structure can be analysed.
After choosing the right type of elements, the material data are expressed.
The boundary condition can vary from simply locking the nodes in both ends
of a beam or to initiate a rotation of a wheel.
When it comes to contact conditions between two bodies different solution
has been suggest, but the methods most frequently used are the Lagrange
multiplier and the Penalty method. The main difference is that Lagrange
multiplier is more accurate but more time consuming. The Penalty method
is most used in commercial programs e.g. LS-DYNA.

To solve dynamic problems the use of different explicit time derivations tech-
niques are used because these techniques are the only ones that can solve re-
alistic wave propagation problems. The most common of these is the central
difference operator, the main advantage with this method is that the mass
matrix is diagonal, so no factorization of the coefficient matrix is needed.
Another advantage is that the equations become uncoupled and therefore
no solution to the system is needed. One drawback with this method, the
minimum time step has to be less then the critical time step e.i. the method
is conditionally stable.

13



3 FINITE ELEMENT METHOD

Some of the pros and cons for FEM and commercial FEM programs are:
It can solve an endless variety of geometries, time dependent problems e.g.
cracks and can connect different areas e.g. vibration problems which also are
affected by heat. The post-processor gives easy access to evaluate the results.
Some drawbacks are that the computers needs a lot of computer power to
solve more complex problems, therefore lot of companies uses clusters to
solve this matter. When working with commercial FEM programs it can
be difficult to know what settings to use, the programs comes with a whole
range of different settings.

14



4 MODELLING

4 Modelling

In present study the non-linear FEM program LS-DYNA [5] has been used.
The first version of LS-DYNA was lunched in 1976 by Hallquist. Today the
program are capable of solving a variety of different problems from simple
static bending of a beam problem to more elaborated time dependent multi
physics problems e.g. explosions. It is due to this range that the program
where chosen, to have the capability of solving dynamic problems and also
more non-linear cases e.g. crack propagation. A discretion of the fundamen-
tal properties of each load model is given below.

To compare how a simply supported beam responds to different types of
loads moving along it, four load models and two sorts of beam spans 28.28
m and 56.56 m were created.

• Load model 1 represents a constant force moving along the beam. This
model is used to verify the basic theory of moving loads.

• Load model 2 represents a mass moving system where the moment of
inertia of the load will effect the beam.

• Load model 3 that corresponds to a train wagon with equal mass as
models 1 and 2.

• Load model 4 consist of two load model 3 and is 3.6 % heavier the
model 1,2 and 3 due to a miss in the calculation of the mass . This
model enhances the effect of a distributed load moving along the beam.

15



4.1 Load models 4 MODELLING

4.1 Load models

A detail description of the different load models are found in the following
section.

4.1.1 Load model 1

Figure 5: Load model 1

The basic model consists of a wheel with a spring and a damper which are
attached from the center of the wheel to a node above the wheel. The wheel
have the diameter of 1.25 m which is the diameter of the iron ore train wheels,
this data were given by LKAB. The wheel consists of a thin outer rim with
the dimensions of Ro = 0.625 m, element density = 300 and Ri = 0.59 m,
element density = 300, the element density gives how many elements there
are on the line. The wheel was constructed in this way to keep both the
number of elements down and not loosing the circularity of the wheel to a
coarse mesh. The rim is connected to the center of the wheel with eight beam
element links see Figure 6.

16



4.1 Load models 4 MODELLING

Figure 6: One quarter of the wheel showing the mesh and the connecting
beam elements.

The wheel system were given rigid properties since the dynamic of the
bridge is the main purpose of the study. The rigid properties have another
function, when the program calculates the minimum time step it excludes the
elements that have rigid properties. The vertical load acts on the node above
the wheel and the spring and damper constants are calculated as follows.

Figure 7: Simple 1 DOF system

Known data: m = 15000 kg ∆ = 0.1 m
The circular frequency for a 1 DOF system is given by.

ωn =

√
K

m
(42)

From equation (42) the spring constant K is given.

K = m · ω2
n (43)

ω2
n can be rewritten as g/∆ where ∆ is the deflection of the spring.

K =
m · g

∆
(44)

17



4.1 Load models 4 MODELLING

With given values the spring constant becomes K = 1.473 MN/m.

To calculate the damper constant the assumption were made that it is equal
to the critical damping of the system ξ = 1 or C = Cr which is given by
equation (45).

C = 2
√
K ·m (45)

Applying 50 % of critical damping for the damper system gives C = 1.486 ·
105kg/s.

For present load model the spring-damper system is not needed. The spring-
damper system was designed into the wheel system to save time for later load
models. When the simulation starts, the spring compresses to its maximum
and stays there. The wheel moves forward due to rotation and friction be-
tween the wheel and the beam. To make the upper node move parallel with
the center node of the wheel, a global linear constrain is used to lock them
into the x-plane.

4.1.2 Load model 2

Figure 8: Load model 2

For the moving mass system the only difference from the first model is that
the upper node now has a mass corresponding to the force that acted on
the node in the first model. As mentioned in previous subsection about the
spring-damper system, the system is now activated. Moreover, to make the
upper and center node move with the same speed along the bridge, velocity
in the x-direction is applied on the upper node instead of the global linear
constrain. If the global linear constrain is used, the system becomes unstable.
To minimise the risk of a wobbling system (rocketing back and forward) the
rotation and velocity in the x-direction are ramped up.

18



4.1 Load models 4 MODELLING

4.1.3 Load model 3

Figure 9: Load model 3

The model consists of two wheels that are connected with a rigid link that
has a spread out mass corresponding to the mass of load model 2. When
calculating the distributed mass of load model 3, the mass of the wheels
needs to be considered. To retrieve equal mass as load model 2, subtraction
of one wheel mass divided along the rigid link has to be carried out. The
wheels are placed 5.2 meters apart which are the middle between front and
rear tandem axles of an iron ore wagon.
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4.1.4 Load model 4

Figure 10: Load model 4

The model consist of two load model 3 which is connected with a spring that
acts has the coupling between train wagons. Due to a miss in the modelling
the total mass of the model is 3.6 % higher then model 1,2 and 3. The model
can still be used to show how moving distributed load acts on a simply
supported beam.
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4.2 Bridge models

Figure 11: Bridge model with three sections

As mentioned in Section 2.1 the simplest form of describing a bridge is to
convert it to a simply supported beam. Bridge models in the present study
are built up by three parts starting-, measuring- and ending beam as seen in
Figure 11. The beam models are built up with 2-D shell elements, the shell
elements are given element formulation 12 and four integration points. The
load models ramps up in speed on the starting beam so that the velocity is
constant when the load models are entering the measuring beam. The mea-
suring beam is simply supported as shown in Figure 11. From the measuring
beam data are collected from the centre node and from all elements below
the midsection of the beam to record the tensile stress of the beam. The
ending beam are mainly for the third and forth load models, its purpose is
to prevent the first wheel to pull down the second wheel when it has left the
measuring beam. Both the starting beam and the ending beam have been
given rigid properties to shorten the simulation time. The dimensions of the
measuring beam for the long bridge are 0.302 x 1.25 x 56.56 m. The length
dimension for the long bridge comes form Frýba who used a bridge that was
56.56 meters long and had a weight of 167 tons. The dimension of the area
have been created so that the weight of the measuring beam is the same has
the bridge used by Frýba. The dimensions of short bridge are 0.302 x 1.25 x
28.28 m and as a weight of 84 tons.
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5 Results

5.1 Displacement

To relate the dynamic results, static calculations according to equation (33)
for the two beam spans were preformed.
The data used were P = 147300 N, E = 207 GPa, b = 0.302 m , h = 1.25 m.
For the long beam l = 56.56 m the static displacement was 0.0549 m and
0.0069 m for the short beam l = 28.28 m.

5.1.1 Beam span 56.56 m

Figure 12: Combined plot of the three different velocities for load model 1,
long span

As seen in Figure 12, the displacement increases with increased velocity as
the theory suggested, see Figure 2 in section 2.2. To make it easier to com-
pare the different velocities, the x-axle have been changed from time(s) to
the non-dimensional(ct/L). The wave patterns comes from the bending vi-
bration which starts when the load model enters the measuring beam. As
the measuring beam has no damping, the bending vibration will continue
through the entire simulation.
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Figure 13: Plot of the four models at 10 km/h, long span

The largest difference between the models in Figure 13 is the level of
damping. The beam itself has no damping but when a damped system is
introduced to a non-damped system it transfers the damping to the non-
damped part, decreasing the amplitude of the bending vibration.
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Figure 14: Plot of the four models at 40 km/h, long span

As seen in Figure 14 the displacement for load model 3 and 4 does not
become greater than the static displacement for a point load. Load model 3
and 4 have almost damped out the bending vibration of the beam.
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Figure 15: Plot of the four models at 100 km/h, long span

Figure 15 shows the four models moving across the beam at 100 km/h.
Here the differences between the models are not that evident as in Figure 14
but the mass models are slightly out of phase from the constant force model,
which is due to the effect of mass inertia.
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5.1.2 Beam span 28.28 m

Figure 16: Combined plot of the three different velocities for load model 1,
short span

For the shorter beam span the theory still applies for the moving constant
force model. As the shorter beam is stiffer then the first beam the bending
waves have smaller amplitude and shorter wave length see Figure 16.
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Figure 17: Plot of the four models at 10 km/h, short span

The lines in Figure 17 are out of phase, the reason for this is that the
models were not properly aligned in the beginning. However, comparing the
result for 10 km/h with the result of the long span beam Figure 13 shows
that load model 4 gives a slightly lower displacement because of the ratio
between the load models length and the beam length.
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Figure 18: Plot of the four models at 40 km/h, short span

For 40 km/h, the load model 2 is damping the bending vibration more
than the load model 3. The reason for this is that the length between the
wheels together with the velocity moves in phase with the bending vibration.
So instead of damping the bending vibration an increase in vertical motion
of load model 3, can give an even greater displacement than the result shown
here. It is also shown that the displacement for the load model 4 is the same
as for 10 km/h.
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Figure 19: Plot of the four models at 100 km/h, short span

In Figure 19 it becomes evident that a distributed load gives a smaller
displacement for a short bridge span due to the load model beam span ratio.
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5.2 Dynamic coefficient and maximum displacement

The dynamic coefficient was compare for the cases of Frýba[2], Yang[7],
Broutg̊avan[6] eq 2 and present studies where LM = Load Model and are
shown in Table 1 and 2 below.

Table 1: Comparing the load models with the theory for the short beam.

Beam span 28.28 m
Velocity Frýba Yang Broutg̊avan eq 2 LM 1 LM 2 LM 3 LM 4
10 km/h 1.014 1.014 1.014 1.014 1 0.986 0.928
40 km/h 1.058 1.072 1.058 1.072 1.014 1.029 0.928
100 km/h 1.160 1.200 1.145 1.174 1.116 0.986 1

Table 2: Comparing the load models with the theory for the long beam.

Beam span 56.56 m
Velocity Frýba Yang Broutg̊avan eq 2 LM 1 LM 2 LM 3 LM 4
10 km/h 1.036 1.042 1.029 1.046 1.020 0.995 1.038
40 km/h 1.093 1.168 1.122 1.093 1.056 1.022 1.056
100 km/h 1.342 1.415 1.366 1.353 1.348 1.340 1.311

As seen in the Table 1 and 2, load model 1 gives roughly the same dynamic
coefficient as Frýba and load model 2 gives a smaller value which is in line
with the theory. In the case of Broutg̊avan it can be seen that for the different
velocities studied here, it will give a value that is between Frýba and Yang.
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The results of the maximum displacements in non-dimensionless form for
the four load models are presented in Table 3 and 4. As a recapitulation of
the results from the static calculations of a simply supported beam loaded
at midpoint. The results were 0.0069 m for the short beam and 0.0549 m for
the long beam.

Table 3: The maximum displacements that are recorded in meters for the
short beam.

Beam span 28.28 m
Velocity LM 1 LM 2 LM 3 LM 4
10 km/h 0.0070 0.0069 0.0068 0.0064
40 km/h 0.0074 0.0070 0.0071 0.0064
100 km/h 0.0081 0.0077 0.0068 0.0069

Table 4: The maximum displacements that are recorded in meters for the
long beam.

Beam span 56.56 m
Velocity LM 1 LM 2 LM 3 LM 4
10 km/h 0.0574 0.0560 0.0546 0.0570
40 km/h 0.0600 0.0579 0.0561 0.0579
100 km/h 0.0743 0.0740 0.0736 0.0720
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5.3 Stresses

The equation for the bending stress in a simply supported beam loaded at
midpoint by a vertical force was presented in section 2.3.
The data used are P = 147300 N, b = 0.302 m , h = 1.25 m.
Following bending stresses were given for the two beam spans were σbs is the
bending stress for the short beam and σbl is for the long beam:
σbs = 13.23MPa and σbl = 26.45MPa.
Below figures for load model 2, 3 and 4 at 100 km/h are shown. The highest
stress has been divided with the static stresses σbs and σbl which gives a
dynamic influence of the bending stress. This is done to compare the results
with the dynamic coefficients given by the displacement. To see if the bending
stress increases linear to the displacement and what effect the load models
have.

Figure 20: Horizontal stress is 14.6 MPa at the middle of the short beam
subjected to load model 2 at 100 km/h

As seen in Figure 20 the horizontal stress(bending stress) for the short
beam span becomes 14.6 MPa which is an increase of 1.1036. Comparing
this with the dynamic coefficient in Table 1 for load model 2, the different is
not that evident.
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Figure 21: Highest horizontal stress is 33.5 MPa at 4 meters from the middle
of the long beam subjected to load model 2 at 100 km/h

For the long beam span the horizontal stress is 33.5 MPa which is a
1.267 increase. Comparing with Table 2 it is shown that it is less than 1.348
however, Figure 21 shows that the highest stress occurs at the same time as
the largest displacement is recorded. Figure 21 has been cut to display the
middle of the beam, so the end points are not shown.

Figure 22: Horizontal stress is 12.6 MPa at middle of the short beam sub-
jected to load model 3 at 100 km/h

When load model 3 moves along the short beam see Figure 22, the dy-
namic influence of the horizontal stress is decreased to a value of 0.952 of σsb.
Compared with Table 1, the decrease is not significantly less than of 0.986.
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Figure 23: Horizontal stress is 31.8 MPa at middle of the long beam subjected
to load model 3 at 100 km/h

In Table 2 the dynamic coefficient for load model 3 was 1.34. The hor-
izontal stress given in Figure 23 is 31.8 MPa which gives the value of 1.2.
Which is less than the dynamic coefficient. Figure 23 has been cut to display
the middle of the beam, so the end points are not shown.

Figure 24: Horizontal stress is 11.2 MPa at middle of the short beam sub-
jected to load model 4 at 100 km/h

Figure 24 shows the short beam loaded with load model 4. The dynamic
coefficient was 1 and with given result of the horizontal stress, an decrease
of the stress with 0.847 was recorded. So although the displacement for load
model 4 was higher than load model 3 it exerted a lesser stress on the beam.
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Figure 25: Horizontal stress is 28.9 MPa at middle of the long beam subjected
to load model 4 at 100 km/h

The highest horizontal stress for the long beam when load model 4 is
moving along it is 28.9 MPa which only gives an increase of 1.09 compared
with the result of Table 2 which gives an increase of 1.31. Figure 25 has been
cut to display the middle of the beam, so the end points are not shown.
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6 Discussion and Conclusion

The goals for this master thesis were to investigate how present day nonlinear
Finite Element Method programs can be implemented to analyse the dynam-
ics of railway bridges when trains are moving along it. Also to connect the
results from the dynamic analysis to solve fracture mechanics problems. The
main target for the dynamic analysis was to analyse different load models,
that verifies the basic theory and opens up possibilities for more complex
multi-axle vehicle models that moves along the bridge at different speeds.
The goals for the dynamic part have been reached and gives a good starting
point in analysing the dynamics of railway bridges with FEM. The loading
of the beam can be used for simple fatigue and fracture mechanical analysis.

The reason for using a constant moving force model was that the load model
was much lighter then the beam model but the load used in this study is
only half an axle load of a train. Would the result be the same if load is for
a fully loaded train, probably it will for the long beam, but the short beam
it will probably be in the area were the force model starts to be inaccurate.
The critical ratio between the load and the weight of the bridge have not
been found in any literature used in this study.

As mentioned in section 2, (bridges with long span) the analysis of a dis-
tributed force is of equal if not of greater importance then that of a point
force. Looking at the load models at 100 km/h see Figure 15 in subsection
5.1.1 it is shown that the difference between the load models is not that clear.
When comparing the result with that of 40 km/h results, it becomes evident
that the displacement for the two multi axle models have increased more
then the single axle models. What would then happen when the velocity
increases, will the continues load models give a higher displacement then the
point force models. From the data acquired in the present study it is difficult
to say. For higher velocities the distributed force behaves more like a point
force. Maybe future simulations can answer this question.

The model for the moving constant force in LS-DYNA, looks rather advanced
for applying only a force. The decision was made early in project to make
the model with the suspension system included so that the only parameter
that had to be change between load model 1 and 2 was to give the node a
mass instead of a force.
A simpler model was made without the suspension system and the force was
applied in the centre node of the wheel. Another feature was that the wheel
slides frictionless over the beam. This was done to verify that the suspen-
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sion system do not have any influence on the global system when a force is
applied instead of a mass. The result was the same for the two models and
the simulation time was decreased. Based on this result the moving constant
force model could be simplified even more e.i. it is only the contact point
between the load model and the beam that is needed and it could be possible
to use only one quarter of the wheel. If similar simplification could be done
on the mass models have not been investigated.

For this study the velocities should have been changed to velocities which are
more separated from each other. A more suitable range of velocities could
have been α = 0.1, 0.3 and 0.6. Because with the present values it is difficult
to separate the different load models. Also instead of comparing all models
in the same figure, equal constant force models should be created for load
model 3 and 4.

The results of the stresses shows that for a simply supported beam the high-
est registered stress occurs at the edges in the area around the middle of the
beam. This area is probably were the highest stress in a real bridge is found.
An interesting thing was the case were the long beam were subjected to the
load models moving along it at 100 km/h. The dynamic coefficient for load
model 2, 3 and 4 were almost equal to load model 1, but although this were
the case for the displacements. The stresses did not have the same increase
of the dynamic influence. This has to do with the bending moment of the
beams that although the displacement was high the bending moment, due
to the length and weight distribution of the load models was not that great.
When it comes to finding stress concentrations in a more complex structure
the use of FEM is a good tool to use.

The method use in Broutg̊avan[6] to calculate the dynamic coefficient gives a
slightly higher values then the present study for the long beam span but the
result for the shorter beam span gives lower values. So the question arises if
the velocity on the short beam span increases will the difference between the
models become greater or will difference stay the same. One way of checking
this is to use the model that Frýba[2] presented and it is shown that the
difference does not increase with increasing velocity.
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The Conclusions drawn from this study are that the method used today, by
the civil engineers follows the theory of moving constant force.
The numerical results shows that the more degrees of freedom the load mod-
els have the less the maximum displacement will be.
The bending moments of the beams should not be overlooked.
Furthermore, as written in the basic theory the velocity do have a significant
impact on the displacement of the bridge.
The use of a FEM program to analyse the dynamics of railway bridges works
but it takes time to learn how the software is built up.
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7 Future work

The work that could be done in the future to finish the project goals are.

• Solve the problem of changing the 2nd moment of inertia for the 2D
mesh. One way to solve it can be to create three beams that are
connected so that they create a I-beam.

• Run the models for different velocities to cover more of the dynamic
coefficient span. Especially for α = 0.2 to see what the dynamic coef-
ficient becomes with present constant force model.

• Collect data of the bending moment of the beams and compare i with
the stresses.

• Simulate surface irregularity for the suspension models which is stated
in literatures to have a large impact on the dynamics of a bridge. This
can be achieved by using the motion node card to give the node a
motion in the y-axis either as a sinusoidal wave or short impact motions.

• Create the load models in 3D, first to be used on a beam and finally
on a 3D model of a bridge.

• Do fracture mechanics and fatigue calculations on the bridge.
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9 Appendix

9.1 How to create load model 2

First to make it easier to find in LS-DYNA press F11 to change the operating
view, every step will be referenced to the page number under the menu to
the right.
Secondly fill in the material cards on page 3 *MAT, three different card needs
to be filled.

• 020-Rigid

• S01-Spring elastic

• S02-Damper viscous

The spring and the damper constant are found in subsection 3.1.1 and
the rigid material cards is shown in Figure 26.

Figure 26: Material Data for the wheel and the sprockets

Were con1 = 3 and con2 = 4 makes the wheel rotate around the Z-axis.
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The section cards are also found on page 3 SECTION, here card SHELL,
BEAM and DISCRETE are used. The data are shown in Figure 27.

Figure 27: Section Data for the wheel, the sprockets and the suspension
system
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Creating the wheel.
First create two nodes, one for the centre point of the wheel and the other one
1.5 m above the first node, this is done on page 3 option *NODE. Secondly
give the node above a mass of 15 tons and the other node a mass of 1, same
page but option *ELEM entity MASS.
The mesh options are find on page 7 use option MESH and change the entity
to Circle Shell put in following data that is shown in Figure 28.

Figure 28: Data required to build the wheel

Add the material- and section cards to the part on page 3 *PART, this
is done after that new the part have been created.
Next step is to create the sprockets.
First must every node on the inner rim that will be connected to the centre
node be found, easiest way is to go clockwise starting with 12 o’clock and
then quarter passed and so on. When this is done use *ELEM entity BEAM
to create the sprockets see Figure 29. N1 is the centre node and N2 are the
nodes on the inner rim.

Figure 29: Data required to build the sprockets
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The suspension system is built in the same way but entity DISCRETE
is used and N2 is the node above the wheel.
Due to that both the wheel and the sprockets are rigid the RIGID BODIES
card under CNSTRND has to be used, put the wheel as master.
To make the model move in the x-direction, following load curves have to
be created and put in *BOUNDARY, the PRESCRIBED MOTION RIGID
card is used for the wheel and the PRESCRIBED MOTION NODE card for
the upper node.

Figure 30: Load curves for the motion in x-direction

Finally put in gravity on page 3, *Load cards BODY PARTS and BODY
GENERALIZED SET NODE

The beam model consist of three parts. Only how to create the measur-
ing beam will be presented below but the other two are created in the same
way.
Choose 4-N MESH when creating the mesh entries are 0.3 x 1.25 x 56.56 and
ELASTIC for the material card same entries as the sprockets and SHELL
for the section card same entries as the wheel. To lock the beam go to page 5
and option SPC choose the node in the midsection of the beam at each end
see Figure 11 in subsection 4.2. To insert the measuring node and elements
go to page 5 DBHist.
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To tie the two models together 2D AUTOMATIC SURFACE TO SUR-
FACE is used and is found on page 3 under *CONTACT. Also two part
sets have to be created and this done under *SET where the beam parts are
merged in to one set.
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