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Abstract

In preparation for the fourth satellite in the CubeSat program at the Julius-Maximilians-
Universität in Würzburg, a real-time orbit determination algorithm was developed. Due to
strict power and volumetric constraints, the goal was to make use of sensors already existing
onboard the third satellite in the program, called UWE-3.

The algorithm implemented is an Extended Kalman Filter (EKF) that makes use of
magnetometer and sun sensor measurements in its update step. It is attitude independent as
it uses only the norm of the magnetic field, and the cosine of the angle between the magnetic
field and the sun vector. The propagation step models the satellite dynamics as a two-
body problem with J2 perturbations. The update step uses the International Geomagnetic
Reference Field (IGRF) and a model of the earth’s movement around the sun as references.

The filter was first tested with simulated measurements based on the orbit of UWE-3,
followed by tests with real flight data from the satellite. Using the simulated measurements,
the average root sum square (RSS) error of the absolute position was found to be 11.56 km.
When using real flight data, this value increased to 22.24 km.
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1 Introduction

Since the Soviet Union launched mankind’s first object into orbit around the earth in 1957,
satellite technology and its applications have come a long way. Starting with Sputnik 1 as
a pure demonstration of technology and power, satellites are nowadays of benefit for almost
everybody on the planet. Such applications range from communication, earth observation for
farming and other purposes, to navigation systems and weather observation and prediction.
In addition to that, satellites are widely used for scientific purposes, e.g. astronomy and
climate study, and for military purposes in the form of reconnaissance. Among other things,
what all of these types of satellites have in common is their need for orbit determination.
The accuracy to which they need this may however vary. Some only need a crude estimate
in order for the ground stations to know when the satellite will be visible, whereas satellites
used for navigation systems track their own position within a few centimetres in order to
correctly position others [39].

Alongside this development of satellite applications, there exists a trend towards minia-
turising satellites. This can be highlighted by noticing that 2014 was the first year where
more microsatellites, i.e. satellites having a mass lower than 10 kg, than traditional satellites
with masses above 100 kg were launched into orbit [26]. The motivation behind this develop-
ment is primarily driven by the will to cut down launch costs. This is because even though
gradual optimisations have been made throughout the decades, the fundamental method of
sending objects to space is still the same as 50 years ago. As a result, the price per kilogram
has not decreased much [25]. Apart from the more obvious way of making all parts smaller
and lighter, one part of the miniaturisation of satellites is to reduce their power consumption.
Since practically all satellites orbiting the earth are using solar panels to generate electricity,
using sensors and other components that are more energy efficient will make the satellite
smaller by allowing smaller solar arrays to be used.

One branch of this miniaturisation trend is the CubeSat standard. It was created in 1999
by professors at California Polytechnic State University and Stanford University in order to
give students an opportunity to get hands-on experience with space technology. It has since
been adopted by over 100 universities, high schools and private companies [42]. The original
single unit (1U) CubeSat is a 10 cm cube with a maximum mass of 1.33 kg. Also specified
are 1.5U, 2U and 3U CubeSats. One of the universities managing a CubeSat program is the
Julius-Maximilians-Universität in Würzburg, Germany. They have currently launched three
1U CubeSats into orbit, out of which the last one is still fully operational. The work for this
thesis has been carried out within this CubeSat program, called the University Würzburg
Experimental satellite (UWE), in preparation for the fourth iteration of their satellite. The
objective of the assignment has been to develop an orbit determination algorithm based on
measurements from the satellite’s magnetometer and sun sensors.
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1.1 Outline of the report

1.1 Outline of the report

This report will describe the work done to create the orbit determination algorithm for
the CubeSats within the UWE program. In this introduction chapter, the UWE program
will be presented along with a conceptual description of the principle behind the algorithm.
A presentation of other orbit determination methods will also be given, along with their
respective benefits and drawbacks. Following that, chapter two will introduce some of the
theoretical background necessary to understand the details of the algorithm. Chapter three
will then explain how that theory was used in order to design the filter, and chapter four will
show the results from the testing performed with the algorithm. In the last two chapters,
those results are summarised and discussed along with suggestions on further development.

1.2 UWE CubeSat program

The CubeSat program at Julius-Maximilians-Universität is a long-term project where stu-
dents are offered a chance to get hands-on experience with satellite technology, while at the
same time helping to improve each new iteration of the tiny satellite. The technological aim
of the program is to demonstrate formation flying with satellites in the pico-satellite range
(having a mass of less than 1 kg) [34]. This far, each new version of the satellite has brought
about new functionalities to achieve this. All of them have been adhering to the 1U CubeSat
standard.

UWE-1

On the 27 of October 2005, UWE-1 became the first German CubeSat to reach orbit. Its
main technical objective was to adapt and optimise the use of Internet Protocol (IP) based
communication for the ground station/satellite link, as preparation for future networked
communication with a formation of pico-satellites. Other objectives included technological
demonstrations, e.g. the first ever orbit test of a particular solar cell. Most experiments
were performed before contact was lost in early 2006 [4].

UWE-2

The next step of the development towards formation flying was achieving attitude determi-
nation. This was the primary technological objective of UWE-2 [35] when it was launched
into orbit on 23 September 2009. Unfortunately, contact was never fully established, and
the platform never got verified.

UWE-3

The third version of the UWE satellite was launched on 21 November 2013, and has been
continuously operational ever since. Apart from still complying with the 1U CubeSat stan-
dard, the design is rather a new one than a development of the former ones. One of the main
improvements is the modular design [7], which enables easy assembling and testing, as well
as allows different groups of people to work on different subsystems at the same time. In
Figure 1.1, the structure of the satellite is illustrated. As can be seen, all subsystems as well
as an optional payload (not present onboard UWE-3), are built on separate circuit boards
connected to a common backplane.
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1.2 UWE CubeSat program

Another step taken by UWE-3 towards achieving formation flying was complimenting the
attitude determination system with means for attitude control. The attitude determination
is achieved by using sun sensors mounted on each side panel, as well as nine single-axis
magnetometers and three single-axis gyroscopes [3]. The control is primarily obtained by
using magneto-torquers, i.e. coils conducting current to produce magnetic dipoles, mounted
on each side panel. One small reaction wheel is also part of the system. Orbit determination
for UWE-3 is not done onboard, but position and velocity data uploaded from the ground
station are propagated until a new set of information becomes available, since knowledge of
the position is required for the attitude determination algorithm.

The UWE-3 mission has been a success, and is still fully operational 21 months after
launch. Attitude determination is achieved, but the attitude control has only been a partial
success due to a problem identified as a residual magnetic dipole that is causing a pertur-
bation that is too large for the torquers to fully compensate for [8]. Since the satellite still
is functional, it has been possible to make use of it for testing the orbit determination algo-
rithm with real flight data. There are also plans to incorporate the algorithm in real time
onboard UWE-3, as a full evaluation before using it for UWE-4.

Figure 1.1: An illustration of the subsystems onboard UWE-3: (1) Front access board, (2)
Payload, (3) ADCS, (4) Communication board, (5) OBDH, (6) Power board, (7) Backplane,
(8) Outer panels [16].

UWE-4

After having achieved attitude control, the next step towards formation flying is performing
orbit control. To the knowledge of the group, that has never been tested in orbit for a 1U
CubeSat [32]. However, larger multiple unit CubeSats flying with an orbit control system
exist, e.g. the 3U CanX from the University of Toronto [10]. Whereas they were using
chemical propulsion, UWE-4 will incorporate an electrical propulsion system integrated in
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1.3 Orbit determination concept

the structure rails. This is the major technological objective of UWE-4, which in most other
aspects will make use of the proven platform from UWE-3.

In order to validate the effects of the propulsion system, a more responsive orbit de-
termination system is preferable to the current method of uploading information from the
ground approximately once per day. As the satellite will already have very tight power and
volumetric budgets, being able to make use of already existing hardware is ideal, and that
is the motivation behind this work.

1.3 Orbit determination concept

The entire concept behind the orbit determination algorithm is the fact that two measurable
identities are changing as the satellite moves around the planet, irrespectively of the current
attitude. The first one is the strength of the magnetic field, i.e. the norm of the magnetic
field vector measured by the magnetometer. The second one is the cosine of the angle
measured between the vector towards the sun and the magnetic field vector. The former
is illustrated in Figure 1.2, where the magnetic field strength for a fixed altitude is colour
coded on top of a map of the world. The latter identity is illustrated in Figure 1.3, where the
angle between incoming solar rays and the magnetic field vector is highlighted for different
positions around the planet. It is evident that neither of the identities uniquely defines the
position. However, if the position set as the initial guess is within a certain limit, repeated
measurement as the satellite travels within its orbit should be able to cause convergence to
the correct position. Using the two identities jointly is also improving this capability.

Figure 1.2: An illustration of the magnetic field strength for a fixed altitude over a world
map.
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1.4 State of the art

Figure 1.3: An illustration of the concept behind the angle measurement between sun vector
and magnetic field vector.

1.4 State of the art

Traditionally, orbit determination for satellites whose missions do not require particularly
accurate positioning are made by ground based instruments such as radars and telescopes.
The former are preferable since they can be operated both during day and night, as well
as during cloudy weather conditions. In addition to angles describing the position relative
to the observer, a radar based measurement can also provide distance and relative velocity
to the observer, by timing the radar echo and measuring its Doppler shift. Telescopes, on
the other hand, are primarily used for objects with orbital altitudes above 6000 km, since
that is an approximate practical limit of radar systems [23]. The initial accuracy of the
measurements is in the range of 1 km [15]. Using these two methods, all man-made objects
in earth orbit are tracked by NORAD. This data is publicly made available for anyone to
download. It is therefore a cheap and simple method of getting an orbit determination that is
sufficient for most missions. The drawbacks are the precision in case a higher one is required,
the slow response to changes and the dependence on external resources.

For example earth observation satellites that measure the sea level to a very high precision
must have equally high accuracy in the knowledge of their own position. A relatively cheap
and simple way to get much higher precision in the orbit determination is to include a GPS
receiver onboard the satellite. Depending on the configuration used, e.g. the number of
frequencies used, precision of down to 1 cm is possible to obtain [17]. Compared to using
ground based observations, a drawback of using GPS signals for orbit determination is that
it requires additional hardware. For a traditional satellite with a mass of several hundred
kilogram and power budget in the kilowatt range that might not be of major concern, but
for 1U CubeSats it definitely is. However, if accuracy can be compromised it is possible
to significantly mitigate the power problem. For example by using only single frequency
measurements and turning the receiver off for 80 minutes out of a 90 minute orbit, accuracy
of about 350 m is still possible to achieve [28]. Another drawback of a GPS based solution
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1.4 State of the art

is that it can only be regarded as being semi-autonomous, because even though it does not
require any contact with ground stations, external resources are still required in the form of
signals from other satellites. This might be an issue if it is crucial that the satellite remains
functional even if access to GNSS signals is blocked.

A method similar to the GPS and any other Global Navigation Satellite System (GNSS)
is the Doppler Orbitography and Radiopositioning Integrated by Satellite (DORIS). It is
essentially the reversed configuration, since it consists of ground based beacons sending high
frequency signals that are received by satellites equipped with the proper equipment. By
measuring how the Doppler effect of the signals changes as the satellite moves relative to the
beacons, a position can be calculated with an accuracy in the centimetre region [47]. The
drawbacks and benefits are thus the same as for using a GPS receiver.

The satellites within the GNSS require some form of independent orbit determination
method with very high precision in order to provide accurate positioning of other objects.
They typically make use of Satellite Laser Ranging, which achieves an accuracy of down to
below 1 cm by sending light pulses from ground based stations [6, 49]. The main drawback
with this technique is the need for special reflectors on the satellite and complicated ground
stations, which means it is also a non-autonomous method.

As onboard computational power developed, the possibility of performing more tasks
autonomously increased. As can be seen from the description of the high precision orbit
determination methods available, this is not of a major interest for large satellites capable of
incorporating GNSS, SLR or Doppler shift based equipment, since they typically have the
necessary resources to use those systems. For microsatellites in general, and 1U CubeSats
in particular, this is often not the case. For this reason, research has been conducted to find
alternative orbit determination techniques for this rapidly growing satellite segment.

Much has been written about different kinds of Kalman filters [13, 46, 33, 20, 36, 29] as
well as a particle filter [48] for orbit determination using only magnetometer measurements.
Position errors are stated between 0.38 km and 27 km when using simulated measurements,
and between 2 km and 70 km when using real flight data. Successful attempts have also been
made to use only magnetometer measurements to find both the attitude and the orbit of
satellites [19, 11, 1]. The position accuracies are stated in the same range as for the pure orbit
determination filters. The initial idea to make use of sun sensor measurements to compliment
the magnetic field measurement for an autonomous and attitude independent system was
proposed by Psiaki [31]. He developed a batch filter that demonstrated an accuracy in the
order of 500 m when used with 24 hours simulated data. Being a batch filter, it is not
suited for real-time orbit determination. Han et al. [22] made use of this theory to create
an Extended Kalman Filter (EKF) with a stated accuracy of about 1.4 km when using
simulated measurement. The literature study found no system actually implemented on a
satellite in orbit.
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2 Theoretical background

This chapter will introduce the necessary definitions for describing satellite motion. The the-
ory behind the effects relevant for the implementation of the algorithm will also be presented,
including orbital dynamics and state estimation.

2.1 Orbital dynamics

The main force governing the motion of a satellite orbiting earth is naturally the gravitational
force exerted on it by the planet. As it is so dominant, for some applications it may be enough
to just regard that two-body problem in its simplest form. For other applications, requiring
high precision in the description of the satellite motion, other forces must be taken into
account. They are then seen as perturbations to the main two-body case.

Two-body problem

For the most simple case, the force acting on the satellite in orbit can be described purely
by Newton’s gravitational law

F =
Gm1m2r

r3
. (2.1)

Here, r is the vector between the centre of the earth and the satellite, and r is the norm of
that vector. G is the universal constant of gravitation (G = 6.67384∗10−11m3/(kg ·s2)) [30].
This force is equally strong on both objects, but given how much more mass the earth has,
the acceleration it experiences as a result of the force is negligible. Using Equation (2.1),
the acceleration on the satellite can be written as

ag = −GmE
r

r3
, (2.2)

where mE = 5.972 ∗ 1024kg is the mass of the earth [9].

Orbital perturbations

Using the law of gravitation in the way of the two-body problem assumes either point masses,
or that the masses are uniformly and symmetrically distributed. For the earth, or for any
other planet in the solar system, the assumption of spheres with uniformly distributed masses
is an approximation. Earth is significantly flattened at the poles (6356.8 km compared to
6378.1 km at the equator [30]), which means that the gravitational force not only depends
on the distance from the centre, but also on the latitude of the satellite’s position. Adding
to that, the mass density is different for different parts of the planet, which also causes
perturbations to the two-body description.
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2.2 Orbital description

The perturbation due to earth’s nonsymmetric mass distribution can be modelled as the
gradient of a spherical harmonic expansion. Doing so shows zonal harmonics effects, where
the one corresponding to the flattening over the pole, denoted the J2 effect, is at least 400
times larger than the other ones [37]. The acceleration caused by it can be expressed as the
following in ECI coordinates:

FJ2x =
µJ2R

2
e

2

(
15
xz2

r7
− 3

x

r5

)
FJ2y =

µJ2R
2
e

2

(
15
yz2

r7
− 3

y

r5

)
FJ2z =

µJ2R
2
e

2

(
15
z3

r7
− 9

z

r5

) (2.3)

J2 = 1.0826 ∗ 10−6 is a dimensionless coefficient that has been found from satellite obser-
vations. Re is the mean radius of the earth, and µ = 3.986004418 ∗ 105m3s−2 [43] is the
standard gravitational parameter defined as the product of the gravitational constant G and
the mass of the earth. The distance between the centre of the earth and the satellite, r, is
the norm of the position vector.

Other forces that impact the satellite are atmospheric drag, solar radiation pressure and
gravitational influence from other celestial bodies, such as the sun and the moon. The
importance of the first two is heavily dependent on the altitude of the orbit, as well as on
the shape of the satellite. The drag force is given by the equation

Fd =
ρv2CdS

2
, (2.4)

where ρ is the air density, v is the velocity, Cd is the dimensionless drag coefficient and S is
the projected surface area in the direction of motion. Given that the air density decreases
with altitude in an exponential manner, the atmospheric drag is only of significance for
low orbits [2]. The force from the solar radiation pressure is also directly proportional to
the projected surface area, although the area facing towards the sun and not the direction
of motion. It is not dependent on the altitude, but as the atmospheric drag becomes so
prevalent in low altitude orbits, its relative importance for the satellite motion is.

2.2 Orbital description

In order to determine the orbit, a reference frame must first be defined. This should consist
of a coordinate system and a suitable method of describing the satellite’s position within that
system. For earth-orbiting satellites, employing a coordinate system with its origin at the
planet’s centre of mass is the most convenient because of the satellite’s motion around that
point. The Earth Centred Inertial (ECI) coordinate system is widely used since the orbit
stays fixed within it, except for orbital perturbation effects. However, the Earth Centred
Earth Fixed (ECEF) coordinate system is also used for many purposes, since it is well suited
for describing earth-bound phenomena such as the magnetic field. Lastly, although it is not
suited for orbital description, the body fixed system merits a description since the sensors
used on board the satellite are using it.
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2.2 Orbital description

2.2.1 Coordinate systems

Earth Centred Inertial coordinates

The ECI frame is a Cartesian coordinate system with its origin in the earth’s centre of
mass. Its Z axis is aligned with the rotational axis of the planet, pointing in the direction
of the Northern Hemisphere. Since that axis is inclined to the ecliptic plane, which is the
orbital plane of the earth around the sun, a line is formed where the equatorial plane of
earth intersects the ecliptic plane. That vector, pointing in the direction of the first point
of the star constellation Aries, is the X axis of the ECI frame. The Y axis is completing an
orthogonal right-handed system [37]. See Figure 2.1 for an illustration.

Figure 2.1: An illustration of the ECI coordinate system, as shown in [24].

Unfortunately, since the rotational axis of earth precesses slowly, this means that coor-
dinate system never is truly fixed. Therefore, it is also necessary to define the system with
reference to a certain date. Nowadays, it is common to use January 1, year 2000, as this
reference. It is commonly known as J2000.

Earth Centred Earth Fixed

The ECEF coordinate system is sharing most if its features with the ECI system. Specifically,
their Z axes and points of origin are identical. The difference is that the X axis of the ECEF
system is following the rotation of the earth around its own axis. It is intersecting the
surface of the planet at 0° latitude and 0° longitude. The Y axis is once again completing
an orthogonal right-handed system.

Body fixed coordinate system

A body fixed coordinate system refers to a Cartesian coordinate system with its origin fixed
to the satellite body, typically to its centre of mass or geometry, and having axes following
the rotation of the spacecraft. This is useful for dealing with the measurements made by
sensors on board the satellite, as they will then be fixed with respect to the coordinate
system. Since usually not all of the sensors themselves are aligned with the body frame
coordinate axes, a first transformation has to be performed from the sensors’ own frames
to the body fixed coordinate system. This transformation is typically constant and can
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2.2 Orbital description

therefore be predetermined before launch. In UWE-3, the body fixed coordinate system is
defined as in Figure 2.2.

Figure 2.2: Body fixed coordinate system for UWE-3 [40].

2.2.2 Orbital parameters

To fully describe a satellite’s orbit within these coordinate systems, six independent pieces
of information have to be used. This can either be in the form of a position vector and a
velocity vector, or it can be in the form of elements describing the shape and orientation of
the actual orbit and the angle to the position within that orbit at a certain time. The former
is a good way for numerical integration, while the latter is a more intuitive way of seeing the
orbit as the parameters involved change very slowly over time [22]. They are often referred
to as the Keplarian elements: (a,e,i,Ω, ω,M).

The first two orbital elements describe the shape of the orbit; a is the semi-major axis
and e is the eccentricity of the orbit. The inclination, i, is the angle between the orbital
plane and the equatorial plane. The line where the two planes intersect is called the node
line, and the angle within the equatorial plane between the node line and the X axis of the
ECI system is called the right ascension of the ascending node, Ω. The argument of perigee,
ω, is defined as the angle within the orbital plane from the node line to the perigee of the
orbit. Lastly, the mean anomaly, M, is a description of the position within the orbit at the
given epoch. See Figure 2.3 for an illustration.
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2.3 State estimation

Figure 2.3: Illustration of orbital parameters, taken from [37].

2.3 State estimation

The subject of state estimation is about making the best possible prediction of the state of a
system, given the information available about it. Since all descriptions of a system are bound
to include some sort of approximation error, and that no sensor is perfectly accurate, this
involves weighting the different types of data according to their associated statistics. State
estimation is an important aspect of many, and seemingly different, fields such as economics,
biology and all kinds of engineering. The common root is that they all have an interest in
measuring something in order to take actions or draw conclusions.

A note on notation

In equations and writing, a boldface type lowercase letter is used to indicate a vector, and a
boldface capital letter is used to indicate a matrix. Wherever a symbol is used to represent
the actual state of a system, whether a scalar or a vector, the same symbol with a hat above
is to be understood as the estimate of that state, e.g. x̂. A minus sign used as a superscript
for such a state estimate, e.g. x̂−, is indicating that the estimate is a priori, i.e. before the
new information arriving at the current timestep has been taken into account. Likewise, a
plus sign used as a superscript indicates that the estimate is a posteriori, i.e. made after
taking the new information into account.

2.3.1 Kalman filter

Linear filtering

The principle behind the state estimation in the orbit determination algorithm is based on
the theory presented by Rudolf Kalman in his initial paper on the topic [21]. In its original
form, which later was named after its inventor, the filter can only be used on linear systems.
For such, it can be proven to provide the optimal estimation for a system with Gaussian
noise, and the best linear estimator when the noise is non-Gaussian [38].
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2.3 State estimation

On a conceptual level, the mechanics of a Kalman filter is straightforward. In-between in-
coming measurements, the filter is propagating the state estimate and the level of confidence
in that estimate based on the system dynamics equations. The measurement of confidence
is called covariance. Unless the noise statistics assumed for the system are set to zero, the
covariance will always increase with time, meaning that the confidence in the estimate is
reduced. At the instance that a new measurement arrives, the assumed noise statistics for
the sensor will be used together with the current covariance of the state estimate, in order
to compute a gain factor called the ’Kalman gain’. This factor determines how much the
state estimate is to be corrected due to the new measurement. Following an update, the
covariance of the state estimate will be reduced by an amount depending on the current
covariance and the noise statistics of the sensor. This can be described by the following sets
of equations, where the first one describes the system dynamics:

xk = Fk−1xk−1 + Gk−1uk−1 + wk−1

yk = Hkxk + vk

wk ∼ (0,Qk)

vk ∼ (0,Rk)

E(wkv
T
j ) = 0

(2.5)

xk is the state at time k, given the state at time k-1, the state-transition matrix F, the control
command u, the control-input matrix G and the process noise w. yk is the measurement at
time k, and is given by the actual state x, the observation matrix H and the measurement
noise v. The noise statistics tell us that w and v are white, zero-mean and are uncorrelated,
having covariances Q and R, respectively.

The last set of equations describing the Kalman filter is the state and covariance updates:

P−k = Fk−1P
+
k−1F

T
k−1 + Qk−1

Kk = P−k HT
k (HkP

−
k HT

k + Rk)−1

x̂−k = Fk−1x̂
+
k−1 + Gk−1uk−1

x̂+
k = x̂−k + Kk(yk −Hkx̂

−
k )

P+
k = (I−KkHk)P−k

(2.6)

P is the covariance of the state estimate, K is the Kalman gain of the current step, I is the
identity matrix and x̂ is the state estimate. Note that there are other, but equivalent, ways
of calculating the covariance and the Kalman gain stated in different pieces of literature.

Non-linear filtering

Unfortunately, no real system is perfectly linear. Some systems are linear enough within the
intended operational range, that a standard Kalman filter can be used with good results.
However, since other systems are so non-linear that a linear filter is insufficient, a modification
of the regular Kalman filter was proposed in 1967 to be used for spacecraft navigation
problems, called the Extended Kalman Filter (EKF) [5]. For such a system, the noise
statistics are still assumed to be the same as in the equation set 2.5, but the system and
measurement equations are now functions depending on the current state, control input and
noise:
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2.3 State estimation

xk = fk−1(xk−1,+uk−1,+wk−1)

yk = hk(xk,vk).
(2.7)

The EKF is working by linearising the system about the current state estimate, using Taylor
expansions. As such, it requires the computation of four partial derivative matrices at the
current state estimate:

Fk−1 =
∂fk−1

∂x

∣∣∣∣
x̂+
k−1

Lk−1 =
∂fk−1

∂w

∣∣∣∣
x̂+
k−1

Hk =
∂hk

∂x

∣∣∣∣
x̂−
k

Mk =
∂hk

∂v

∣∣∣∣
x̂−
k

.

(2.8)

The first two are the state propagation function with respect to the state and to the process
noise, respectively, and the other two are the measurement function with respect to the state
and to the measurement noise. They can be used to rewrite the equations in 2.6 as

P−k = Fk−1P
+
k−1F

T
k−1 + Lk−1Qk−1L

T
k−1

Kk = P−k HT
k (HkP

−
k HT

k + MkRkM
T
k )−1

x̂−k = fk−1(x̂+
k−1,uk−1, 0)

x̂+
k = x̂−k + Kk[yk − hk(x̂−k , 0)]

P+
k = (I−KkHk)P−k .

(2.9)

2.3.2 Pseudomeasurements

The sensors used by the Kalman filter in this work are a three-axis magnetometer and a
two-axis sun sensor. Their outputs can be described as

Magnetic field vector: Bmes = AattBact + nm

Normalised sun vector: Smes = AattSact + ns,
(2.10)

where the subscripts indicate measured values, actual values and the rotation matrix to align
the current attitude to the ECI frame. That is necessary as the measured values are given in
body fixed coordinate system, and the actual values refer to the ECI system. The n vectors
are magnetometer and sun sensor noises, respectively. Their statistics are discussed in [31]
and [22], and can be summarized as being of zero-mean Gaussian with covariances given by

E(nmnT
m) = Iσ2

m

E(nsn
T
s ) = (I− SmesS

T
mes)σ

2
s,

(2.11)

where σm and σs are the standard deviations of the sensor outputs.
Using this formulation requires knowledge about the attitude, as seen in Equation (2.10).

In order to achieve orbit determination without having attitude information, the measure-
ments have to be manipulated in a way that position information is maintained. The
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2.3 State estimation

first such pseudomeasurement is the absolute value of the measured magnetic field, i.e. its
strength, and the second one is the measured cosine of the angle between the earth’s mag-
netic field and the direction towards the sun. They are attitude independent since neither
the absolute value of a vector, nor the angle between two vectors in the same coordinate
system, depend on the coordinate systems expressing their components. Mathematically,
the measurements can be written as

y1 =
√

BT
mesBmes ≈

√
BT

actBact + ny1

y2 =
BT

mesSmes√
BT

mesBmes

≈ BT
actSact√

BT
actBact

+ ny2 .
(2.12)

The new noise variables, ny1 and ny2 , are described in [22] as

E(ny1) = 0

E(ny1ny1) = σ2
m

E(ny2) = 0

E(ny2ny2) = σ2
m + BT

mes(I− SmesS
T
mes)Bmesσ

2
s .

(2.13)

The measurement readings can be summarised as a function of the current state and the
random noise variables

y = h(x) + ny, (2.14)

where the vector ny is a combination of ny1 and ny2 . The covariance matrix of ny can be
written as

E(nyny) = R. (2.15)
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3 Implementation

The Kalman filter was implemented in steps. The first one only made use of the magne-
tometer, and the second one included the sun sensor as well. This way it was possible to
see the possible benefit of including more measurements. The filters were first tested with
simulated measurements based on the reference orbit, in order to rule out any problems
arising from systematic errors in the sensor measurements and to have a comparison where
the reference orbit is exactly known. When that was successful, the filters were tested with
real measurements from UWE-3. This chapter will follow the same sequence.

3.1 Dynamic model

State dynamics

The two filters do not differ in their dynamical models, as the difference only lies in the
measurement model used. This is based on the theory presented in Section 2.3, where the
dynamical model is used for the propagation part to generate the a-priori estimate.

The state was chosen to be represented as position and velocity vectors in ECI coordi-
nates, as it makes for convenient integration of the motion. Thus, the state can be expressed
as a function of time:

x(t)=

[
r
v

]
=


x
y
z
ẋ
ẏ
ż

 . (3.1)

The dynamic model of the state is describing how it changes with respect to time, i.e.

ẋ(t)= f(x(t)) =


ẋ
ẏ
ż
ax
ay
az

 , (3.2)

where the a terms represent the accelerations in the three coordinate directions.
The main part of the dynamic model for this filter is to decide on how accurately the

acceleration should be calculated. The more physical effects that are accounted for, e.g.
third body gravitational effects and sun pressure, the more accurate the propagation will be.
However, since it is a matter of diminishing returns where computational effort is the cost,
a less accurate model may suffice for the task. Based on the theory presented in Section
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3.1 Dynamic model

2.1, as well as the conclusion in the work of Roh et al. [33], a choice was made to use the
two-body model with J2 perturbation. Roh et al. find that accounting for atmospheric drag
is insignificant for orbits higher than 800 km. However, their focus was on the MAGSAT
mission, which involves a much larger satellite than that of the UWE program. Because of
the projectile-like geometry of a pico-satellite, with its very small area to mass ratio, their
conclusion should be valid for the 700 km orbit of WUE-3 as well.

By combining the acceleration in Equation (2.2) with that of Equation (2.3), the accel-
eration terms can be described as

ax = µ

(
− x
r3

+
J2R

2
e

2

(
15
xz2

r7
− 3

x

r5

))
ay = µ

(
− y

r3
+
J2R

2
e

2

(
15
yz2

r7
− 3

x

r5

))
az = µ

(
− z

r3
+
J2R

2
e

2

(
15
z3

r7
− 9

x

r5

))
.

(3.3)

All representations of the satellite dynamics will be approximations to some extent. The
assumption lies in that the sources of error of that approximation cancel each other out over
time, allowing it to be modelled as zero-mean noise added to the time derivative of the state.
Since the inaccuracies are caused by the acceleration not being modelled fully accurately,
which then spreads to the velocity and position in the state vector, the full dynamics used
in this work are stated as

ẋ(t) = f(x(t)) + w(t)=


ẋ
ẏ
ż
ax
ay
az

+


0
0
0
w1

w2

w3

 . (3.4)

The w terms exhibit zero-mean white Gaussian noise and has covariance matrix Q, i.e.

w(t) ∼ N(0,Q). (3.5)

Covariance dynamics

As the state is propagated in-between measurements, the level of trust in the estimate is
decreasing due to the random vector w in Equation (3.4). This is described for a discrete
system in the first equation in equation set 2.9 in Section 2.3.1. For a continuous system,
the change in covariance with respect to time is written as [38]

Ṗ = FP + PFT + LQLT . (3.6)

Here, F is the first Jacobian matrix from the equation set 2.8, i.e. the matrix of partial
derivatives of function f(x(t)) with respect to the state vector x(t), calculated at the current
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3.2 Propagation step

state estimate. This can be formulated as

F = F(x̂(t)) =



0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
∂ax
∂x

∂ax
∂y

∂ax
∂z

0 0 0

∂ay
∂x

∂ay
∂y

∂ay
∂z

0 0 0

∂az
∂x

∂az
∂y

∂az
∂z

0 0 0


x(t) = x̂(t)

(3.7)

The acceleration partial derivatives are computed using Equation (3.3). The result is too
long to present here, but is included in the appendix with Matlab code.

The Jacobian matrix L in Equation (3.6) is also defined in the equation set 2.8. It is the
partial derivatives of the function f(x(t)) with respect to the noise vector w(t):

L =


0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

 . (3.8)

Since Q only has non-zero entries on the same places as L, the latter does not modify Q in
the multiplication in Equation (3.6) and will therefore be omitted.

3.2 Propagation step

For both variants of the filter, the propagation of the state and covariance in-between mea-
surements is done in the same way. The numerical Runge-Kutta method of fourth order
was chosen for this, as it provides good performance to a relatively low computational cost
even for larger integration steps. It is widely used in the literature, and can for example
be studied in [14]. The basic principal behind it is to find the value of the function for the
next time step by employing a weighted average of the derivative at four points within the
interval. A way of using the fourth order Runge-Kutta method for the propagation of the
state is given in [45] as

rk+1 = rk + ∆t
6

(
k1rk+1

+ 2k2rk+1
+ 2k3rk+1

+ k4rk+1

)
vk+1 = vk + ∆t

6

(
k1vk+1

+ 2k2vk+1
+ 2k3vk+1

+ k4vk+1

)
.

(3.9)

The coefficient vectors k1−4r and k1−4v are defined as the velocities and the accelerations,
respectively, at the four points within the time step ∆t. They can be calculated as

k1rk+1
= vk

k2rk+1
= vk + k1vk+1

∆t
2

k3rk+1
= vk + k2vk+1

∆t
2

k4rk+1
= vk + k3vk+1

∆t

(3.10)
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3.3 Reference models

and
k1vk+1

= a (rk)

k2vk+1
= a

(
rk + k1rk+1

∆t
2

)
k3vk+1

= a
(
rk + k2rk+1

∆t
2

)
k4vk+1

= a
(
rk + k3rk+1

∆t
)
,

(3.11)

where the accelerations are computed using Equation (3.3). Note that the kv coefficient
depend on the kr coefficients, and vice versa, so that they must be calculated alternately.

The Runge-Kutta integration of the covariance propagation is based on the same principle
as in Equation (3.9), i.e.

Pk+1 = Pk +
∆t

6

(
k1Pk+1

+ 2k2Pk+1
+ 2k3Pk+1

+ k4Pk+1

)
. (3.12)

Its k coefficient vectors are computed as Equation (3.6) for the four points in the time
interval. Since the F matrix is dependent on the current position state estimate, this involves
making use of the kr coefficients in order to calculate F with Equation (3.7) at those points:

Fk1 = F (x̂k)

Fk2 = F
(
x̂k + k1rk+1

∆t
2

)
Fk3 = F

(
x̂k + k2rk+1

∆t
2

)
Fk4 = F

(
x̂k + k3rk+1

∆t
)
.

(3.13)

The k1−4P
coefficients can then be calculated as

k1Pk+1
= Fk1Pk + PkF

T
k1

+ Q

k2Pk+1
= Fk2

(
Pk + k1Pk+1

∆t
2

)
+
(
Pk + k1Pk+1

∆t
2

)
FT

k2
+ Q

k3Pk+1
= Fk3

(
Pk + k2Pk+1

∆t
2

)
+
(
Pk + k2Pk+1

∆t
2

)
FT

k3
+ Q

k4Pk+1
= Fk4

(
Pk + k3Pk+1

∆t
)

+
(
Pk + k3Pk+1

∆t
)

FT
k4

+ Q.

(3.14)

3.3 Reference models

The entire concept behind the measurement update is based on the assumption that the
pseudomeasurements can somehow be linked to parts of the state vector - in this case the
position. In order to do so, reference models of the magnetic field and the vector towards the
sun are required for the orbit. In this work this is provided by the International Geomagnetic
Reference Field (IGRF) and a model of earth’s orbit around the sun. In addition to that, a
reference for the actual orbital position must be used in order to evaluate the performance
of the filter. For this filter, an SGP4 propagation of Two-Line Element (TLE) sets serves
this purpose.

3.3.1 International Geomagnetic Reference Field

The IGRF is modelling the magnetic field of earth by means of a scalar potential, where
the gradient of the scalar potential at the location of interest is the magnetic field vector.
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Since 1995, the model is of degree and order 13. The organisation behind it, International
Association of Geomagnetism and Aeronomy, issues coefficients for this scalar potential based
on observations made on ground as well as in orbit [41]. The current model, issued this year
(2015), is the twelfth generation and is valid from 2015-2020. However, this work employs
the previous generation of the IGRF, i.e. IGRF-11, as it is the one already in use in the
ADCS of UWE-3. Since the magnetic field is rotating with the planet, the field is dependent
on the position above the ground, and thus inputs ECEF coordinates. Therefore, in order
to calculate the reference magnetic field in the filter, the position part of the state vector is
first converted from ECI to ECEF coordinates.

The accuracy of the magnetic field model is not easy to estimate, but official documents
state an uncertainty in the order of 100 nT at the end of the validity of the current model
[27]. This error will not be apparent in the assessment of the filter based on simulated
measurement, as the ”measured” field strength is generated by the model itself, but should
be taken into consideration when using the filter with real flight data. The actual function
providing the reference magnetic field vector is the same one that was implemented for the
attitude determination system of UWE-3.

3.3.2 Sun vector model

Since the axes of the ECI coordinate system are inertially fixed in space, but its origin
is rotating with the planet around the sun, the vector towards the sun displays the same
behaviour as if the sun would rotate around earth with a time period of one year. This
motion of the planet around the sun is the only variable that the sun vector model used in
the filter is dependent on. That is because the position of the satellite relative to the centre
of the ECI coordinate frame, i.e. the distance to the centre of the planet, is negligible in
comparison to the distance between the sun and the earth. This can be shown by calculating
the angle between the sun vectors for two extreme points within the orbit [3] as

6 (S1,S2) = arctan

(
2(RE + h)

DS,E

)
. (3.15)

Here, h is the orbital altitude, RE the mean earth radius and DS,E the mean distance between
the sun and the earth. With the orbital altitude of UWE-3 being about 700 km, this equates
to an angle of about 0.0054◦. Even with higher orbits, it is clear that the large denominator
in Equation (3.15) makes all angles so small that only the very best sun sensors can measure
the difference [37]. Just as for the magnetic reference, the function providing the reference
sun vector is reused from the attitude determination system of UWE-3, and it is based on
the theory described by Vallado in [43].

3.3.3 Position reference model

The North American Aerospace Defence Command (NORAD) issues so-called Two-Line
Element (TLE) sets based on ground based measurements of all objects in orbit around
earth. These sets describe the shape of the orbits as well as mean perturbations acting
on the satellite within that orbit. Using the correct kind of propagator, it is possible to
analytically compute the position of the object in-between the times when new versions
of the TLE become available, which typically occurs once per day. The most widely used
among such propagators is the Simplified Perturbations Model 4 (SGP4) [18], and that is
also the one chosen for this filter.
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3.3 Reference models

How accurately the SGP4 propagation is following the actual motion of the satellite is
difficult to estimate analytically, given the lack of official information regarding the gener-
ation of TLE [44]. When evaluating the filter performance using simulated measurements,
this will not be a significant issue as the SGP4 propagation is then used both as a truth
model for the comparison with the filter position output, as well as being used to generate
the measurements. In this way, the truth model is the actual ”truth”, since that is where the
sensors get their information from. The only possible influence an imperfection in the truth
model can have in that case is that the filter’s propagation model might deviate slightly more
(or less) from the SGP4 output than from the actual true motion of the satellite. However,
that difference is small in comparison to the simplifications already made in the filter’s dy-
namical model. Any remaining difference should then be cancelled out by the update step
of the filter, given that the tuning parameters are set optimally.

For the case of evaluating the filter with real sensor measurement, the level of accuracy
of the truth model obviously becomes of greater concern. If the filter output position is
compared to a position that in itself has a significant error compared to the true position,
which is where the sensor measurements are coming from, the filter’s performance will not
be correctly assessed. In order to get a view of how large this error in SGP4 propagation is,
a comparison was made between a propagation based on a single TLE and a propagation
where updated TLE were incorporated as they become available. The result can be seen in
Figure 3.1. This shows that the error becomes significant within a ten day period. When
running the filter with real flight measurements, the SGP4 propagation making use of up-
dated TLE will be used as the truth model for evaluating the filter performance. However,
doing so for the simulated measurements would cause unrealistic discontinuities in the mea-
surements, which would cause problems for the filter. Therefore, TLE updates will not be
used in the truth model even for longer evaluations in that case.

Figure 3.1: The position differences between 10 day SGP4 propagations with and without
updated TLE.
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3.4 Magnetometer based filter

3.4 Magnetometer based filter

Based on the theory in Sections 2.3.2 and 2.3.1, the measurement model for the filter using
only the magnetometer readings can be written as

yk = hk(x(tk)) + vk. (3.16)

Here, vk is a scalar random number, modelled as zero-mean Gaussian white noise to rep-
resent the noise of the magnetic strength measurement. The state is updated using this
measurement and the a-priori covariance matrix using the following equations:

x̂+
k = x̂−k + kk[yk − hk(x̂−k )] (3.17)

kk = P−k hT
k (hkP

−
k hT

k +Rk)−1 (3.18)

P+
k = (I− kkhk)P−k (I− kkhk)T + kkRkk

T
k . (3.19)

Note that this differs from the equations in equation set 2.9 in that the measurement noise
is only a scalar and the observation and Kalman gain matrices H and K have reduced to
vectors. Also, M, being the Jacobian matrix of the measurement function with respect to
the noise vector is omitted since it is reduced to the scalar value 1 in this case.

The expected magnetic field strength at the a-priori state estimate, hk(x̂−k ) in Equa-
tion (3.17), is the IGRF model at that position. Thus, the measurement will only depend
on the position part of the state, and not the velocity. This means that hk in equations
3.19 and 3.18 will be a 1 × 6 vector, with the last three elements being zeroes. The first
three elements, i.e. the partial derivatives of the magnetic field strength with respect to the
ECI position coordinates, are calculated numerically by evaluating the IGRF model at three
positions around the state estimate and calculating the difference between those values and
the value at the state estimate. This is then divided by the step size, and can be described
mathematically as

hk1 =
∂hk(x(tk))

∂x
≈ hk(x̂−k + dx)− hk(x̂−k )

dx

hk2 =
∂hk(x(tk))

∂y
≈ hk(x̂−k + dy)− hk(x̂−k )

dy

hk3 =
∂hk(x(tk))

∂z
≈ hk(x̂−k + dz)− hk(x̂−k )

dz
.

(3.20)

In the implementation of the filter, the distances were set to be equal so that dx = dy =
dz = 1 km.

3.5 Dual sensor based filter

When using the pseudomeasurements from both sensors, the measurement model has to be
rewritten in terms of vectors

yk = hk(x(tk)) + vk. (3.21)

This also influences the state update equations, which are now written as

x̂+
k = x̂−k + Kk[yk − hk(x̂−k )] (3.22)

P+
k = (I−KkHk)P−k (I−KkHk)T + KkRkK

T
k (3.23)
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Kk = P−k HT
k (HkP

−
k HT

k + Rk)−1. (3.24)

As can be seen, the observation vector and Kalman gain vector are once again of the general
matrix form. Likewise is the measurement noise covariance R.

With the new measurement being taken into account, the observation matrix H is now
of the size 2×6, where the additional row is the partial derivatives of the second pseudomea-
surement taken with respect to the state vector. Once again, there is no dependence on the
velocity part of the state vector, which means that H looks like

H =

[
hk1 hk2 hk3 0 0 0
Hk21 Hk22 Hk23 0 0 0

]
. (3.25)

The elements hk1 , hk2 and hk3 are same as in Equation (3.20) in the previous section. The
Hk21 to Hk23 elements are calculated numerically in a way very similar to Equation (3.20).
That is, the modelled difference in the new pseudomeasurement between the a-priori state
estimate position and the three points around it, divided by that distance. This can be
written as

Hk21 =
∂hk2(x(tk))

∂x
≈ hk2(x̂

−
k + dx)− hk2(x̂

−
k )

dx

Hk22 =
∂hk2(x(tk))

∂y
≈ hk2(x̂

−
k + dy)− hk2(x̂

−
k )

dy

Hk23 =
∂hk2(x(tk))

∂z
≈ hk2(x̂

−
k + dz)− hk2(x̂

−
k )

dz
.

(3.26)

Again, the distances were set to dx = dy = dz = 1 km.
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4 Testing and results

In this chapter, the techniques used to test the functionality of the filter will be explained.
After presenting the parameters of interest, the structure of the chapter will follow the
same as the workflow and the previous chapter, i.e. starting with tests done with only
magnetometer measurements and moving on to introduce the dual sensor setup.

4.1 Performance parameters and tuning

In order to evaluate the functionality and performance of the filter, suitable metrics must
be established. Since the object of the filter is to determine the position of the satellite,
an obvious performance parameter is to compare the position output of the filter to some
truth model of the same. As has been described in previous chapters, for this filter an
SGP4 propagation of TLE sets functions as that truth model. By calculating the difference
between the filter’s estimated position and the truth model’s position for each timestamp,
a graphical representation of the accuracy of the filter can be achieved by plotting the error
against time. In order to quantify that performance, the Root Sum Square (RSS) error,
which is the average absolute position error for all timestamps, is calculated as

r̄error =

n∑
k=1

√
(xk − x̂k)2 + (yk − ŷk)2 + (zk − ẑk)2

n
. (4.1)

When tuning the filter for optimal performance at steady state, the RSS will be used as
the indicator for the best result. Another interesting value to note is the highest absolute
position error after the filter has reached steady state. This will also be noted along the RSS
value.

Apart from the position error compared to the truth model, there are other metrics
that are more difficult to quantify. This includes the transient behaviour, i.e. how fast the
position estimate converges to the true position and what initial error it can tolerate, and
also how well the position variances correlate to the actual position error. If the filter’s
position variances are able to accurately predict when the precision of the estimate changes,
it is possible to know how trustworthy the estimated position is.

When tuning the filter, it is possible that these metrics conflict with each other. Tuning
is about selecting appropriate values for the system noise covariance Q, the measurement
noise covariance R, as well as an initial covariance matrix. Since setting high values in R
will make the filter trust measurements less, this can increase the accuracy of the filter at
steady state when the measurements are noisy. On the other hand, having low confidence in
the measurements may cause a longer settling time from an initial position error as well as
increasing the risk of divergence. The opposite holds true for Q, since when it increases, it
will cause the propagation to be trusted less and therefore the measurements more. Likewise,
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having an initial covariance that is too low relative to the actual initial error will cause the
convergence to be slow. Having it too high, on the other hand, will cause the filter to initially
correct too much for noisy measurements and in the worst case make it diverge as a result.
The initial values for the tuning variables will be set as educated guesses based on statistics
from the sensors and the system model. Thereafter, those values are changed within a tuning
script that finds the optimal performance by means of trial and error.

4.2 Simulated measurements

In order to test the filter without the risk of having to deal with systematic errors that
might exist in real flight measurements, the filter was first tested and tuned using simulated
measurements based on the IGRF model for the truth model positions. Specifically, the
tests were done based on SGP4 propagation of a TLE set for UWE-3 from 2015-04-18, with
vectors containing time as well as position and velocity information in both ECI and ECEF
coordinates for every ten seconds. For each timestamp, truth model reference measurements
were generated based on the models discussed in Section 3.3. Before the filter performed
the update step based on these truth model reference measurements, zero mean Gaussian
noise was added in order to correspond better to real measurements. The noise was added
to each of the axes of the actual measurements, and not as two single noise variables to the
pseudomeasurements. This way, the validity of the model is tested. Thus, the simulated
measurements based on the truth model positions can be written as

ymag(k) = ymag(k)truth
+ nmag(k) · σmag (4.2)

ysun(k) = ysun(k)truth
+ nsun(k) · σsun, (4.3)

where nmag(k) and nsun(k) are 3 × 1 vectors containing uncorrelated zero mean Gaussian
random variables. σmag and σsun are the standard deviations of the magnetometer and sun
sensor outputs, respectively. They were set to be representing sensors with the same accuracy
as the ones used on UWE-3.

The standard deviation of the magnetometer was found experimentally. Measurements
were made on a constant field using the engineering model of UWE-3, which has identical
components as the one in orbit. The measurements are illustrated as histograms for each axis
in Figure 4.1, along with Gaussian distribution fits (red curves). The standard deviations
were found to be 0.6719 µT , 0.6768 µT and 0.6881 µT for the X, Y and Z axes respectively.
σmag was therefore set to the highest of those values, i.e. 0.6881 µT . The same was done
for the total magnetic strength recorded, which can be seen in Figure 4.2. The standard
deviation of that was found to be 1.233 µT . The square of that was therefore set as the
initial value for the magnetometer variance part of the measurement noise covariance matrix
R. The figures also show that the noise fits a Gaussian distribution reasonably well.

The standard deviation of the sun sensor was found by inspection of the datasheet. It
states an accuracy of ±5° [12]. Assuming that it refers to 3σ, the worst case standard
deviation of one of the components in the sun vector is then given as

σsun = sin

(
5

3

)
≈ 0.0291, (4.4)

by dividing the 5° with three to get its 1σ value, and then computing what error such an
angular difference would make for a unit vector.
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4.2 Simulated measurements

Figure 4.1: Histogram for each magnetometer axis measuring a constant field.

Figure 4.2: Histogram of the total magnetic strength when measuring a constant field.

In order to find how the standard deviations set for the sensors influenced the variance
for the second pseudomeasurement in the measurement noise covariance matrix R, a script
was made that calculated the cosine of the angle between the magnetic field and sun vectors,
based on the truth model sensor values. The values were computed with and without adding
the simulated noise to the truth model’s values, and the difference between the results
were calculated for each timestamp. A histogram of that result is shown in Figure 4.3,
which displays a mean of −8.145 · 10−5 and a standard deviation of 0.05177. The square
of the latter number was therefore set as the initial value for the variance of the second
pseudomeasurement.

Having set the noise level to generate the simulated measurements from the truth models,
as well as the elements of the measurement noise covariance matrix R, the last thing to
select was the system noise covariance matrix Q. As introduced in Section 3.1, it was set
as a diagonal matrix with the elements in the diagonal being the variances of the system
noise vector w(t). In accordance to the system model, the first three entries are zeroes,
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4.2 Simulated measurements

Figure 4.3: Histogram of the difference in cosine of the angle between magnetic field and
sun vectors from simulated measurements with and without sensor noise added.

and the last three represent the noise in the acceleration terms. This is a tuning parameter
of the filter, but in an attempt to find an educated initial guess of an appropriate value,
a simulation was performed without the measurement update step to see how much the
velocity components of the state differed from the SGP4 truth model. The difference displays
a cyclic behaviour, and the variance of the acceleration in Q was therefore set to be the linear
acceleration corresponding to the velocity difference at the first peak. This was found to be
approximately 1 · 10−7ms−2.
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4.2 Simulated measurements

4.2.1 Magnetomteter based filter

Steady state optimization

In order to find out how well the filter could perform when optimized for steady state
performance, a simulation was done with the initial state equal to that of the truth model,
i.e. with no initial error. The initial covariance was set to be a diagonal matrix with elements
on the diagonal consisting of the position variances (1 km)2 and velocity variances (1m/s)2.
A tuning script was run, which computed the average RSS position error for various tuning
parameters. The result confirmed the initial values set for in the system noise covariance
matrix Q, as the results were not sensitive to changing the diagonal variances within about
five orders of magnitude. A graph showing the position errors along with the absolute
position error is shown in Figure 4.4. The average RSS of the absolute position error was
found to be 11.56 km, and the maximum error 35.93 km.

Figure 4.4: Graph of ECI position errors in four day simulation starting 2015-04-18, using
simulated measurements.

An illustration of the individual absolute position errors along with their associated 3σ
levels for the same simulation are shown in Figure 4.5. It can be seen that the standard
deviation is following the cyclic behaviour of the position errors rather well, constantly
staying above it. This indicates that the filter has knowledge of when the estimate is accurate
and when it is not. This is vital from an operations standpoint since it is possible to judge
by the covariance matrix how accurate the current estimate of the position is. The cyclic
behaviour of the standard deviation has a time period that is equal to half the orbital period
of the satellite. This indicates that the precision of the filter has a dependence on the position
within the orbit, and more specifically that it reaches two maxima and two minima within
one orbit. This is to be expected since the higher gradients of the magnetic field in the polar
regions offer more information for the filter. Under this higher frequency, there is also a daily
variation visible in the variances. This can be explained by seeing the orbit fixed in inertial
space with the earth rotating underneath it with a period of one day, as this will cause the
magnetic field to change more throughout one orbit at some points in time.
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4.2 Simulated measurements

Another pattern that can be seen in both figures from the simulation is that the Y
axis is behaving quite differently from the other two axes. In Figure 4.4, the Y coordinate
is displaying a generally smaller error than the other two coordinates, with much smaller
peaks. In Figure 4.5, its σ standard deviation is less connected to the actual error than
what it is for the other axes. After investigation, it became clear that this is because of the
current state of the sun-synchronous orbit of UWE-3 at the time of the simulation. As such,
its orbit’s RAAN is precessing 360° each year. Along with its high inclination, this means
that at the time of the simulation, the orbital plane was located mainly in the XZ-plane
of the ECI coordinate system, with much smaller variations in the Y coordinate. This was
confirmed by doing the same simulation based on a TLE set from three months earlier. The
result can be seen in figures 4.6 and 4.7, and it displays exactly the same pattern for the X
axis as the Y axis did in the original simulation. This is what would be expected, since a
three month shift translates to a 90° shift in RAAN.

Figure 4.5: Graph of ECI position errors (blue) and 3σ standard deviations (green) in four
day simulation starting 2015-04-18, using simulated measurements.

For a four day simulation without an initial error, using the measurement update step
of the filter is not improving the state estimate in relation to the truth model, compared
to when performing a pure propagation of the initial state. This can be seen in Figure 4.8,
which is a graph of the position error for a twenty day simulation with only propagation used.
In order to validate that the measurement update step is, in fact, contributing positively to
the state estimate, a longer simulation was performed to see if the steady state level would
be maintained. This is shown in Figure 4.9, which is a 20 day simulation with the same
parameters as in Figure 4.4. As can be seen, the position error is kept at the same level,
whereas the pure propagation in Figure 4.8 diverges.
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4.2 Simulated measurements

Figure 4.6: Graph of ECI position errors in four day simulation starting 2015-01-18, using
simulated measurements.

Figure 4.7: Graph of ECI position errors (blue) and 3σ standard deviations (green) in four
day simulation starting 2015-01-18, using simulated measurements.
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4.2 Simulated measurements

Figure 4.8: Graph of ECI position errors in twenty day simulation starting 2015-04-18, using
only propagation.

Figure 4.9: Graph of ECI position errors in 20 day simulation starting 2015-04-18, using
simulated measurements.
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4.2 Simulated measurements

Low noise simulated measurements

In order to investigate how the performance of the filter would change by employing a mag-
netometer with much lower noise, a simulation was performed where the standard deviation
was decreased by a factor 1000, i.e. from the 0.6881 µT found in the UWE-3 sensor to
0.6881 nT. However, no tuning parameters could be found that increased the performance of
the filter based on the improved measurements. In fact, the average RSS error was actually
increased from 11.56 km to 11.82 km, but that is most likely statistically insignificant. The
fact that having sensors with less noise does not improve the performance of the filter has
not been explained. One theory, although not consider to be likely, is that the numerical
calculation of the gradient vector has some error that gives rise to a limit of what accuracy
the filter can achieve.

Robustness with initial error

Since the initial state will never be known exactly, another interesting parameter to look
at is how the filter can handle initial errors in position and velocity. In order to do so, the
initial filter state estimate was set to be the fifth values in the truth model, rather than the
first. As this corresponds to a time difference of 40 seconds, the initial position error is in
the order of 7 · 40 = 280 km, due to the orbital velocity being about 7 km/s. The initial
covariance was increased in order for the filter to account for this error, with diagonal entries
being set to (20 km)2 and (20m/s)2. A tuning script was again employed to test various
values for the system noise, with the lowest order of magnitude found to result in position
convergence to be 1 ·10−4. A graph of the result is shown in Figure 4.10. The average RSS of
the absolute position error was found to be 19.08 km for the last two days of the simulation,
which is considerably higher than the 11.56 of the simulation without initial error. This can
be seen in the graph to be explained by the fact that the Y axis error, being the coordinate
seeing small changes throughout the orbit, only slowly converges towards a steady state (not
reached in simulation). The X and Z components reach steady state within one day.
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4.2 Simulated measurements

Figure 4.10: Graph of ECI position errors in 4 day simulation starting 2015-04-18, using
simulated measurements and having an initial state estimate that is offset by 40 seconds
within the orbit.

4.2.2 Dual sensor based filter

Steady state optimization

The same tests as in the previous section were done to validate the implementation of the
filter using both magnetometer and sun sensor measurements in the update step. The noise
variance for the pseudomeasurement based on the cosine of angle between magnetic field
and sun vector was set to 0.051772, as discussed in the beginning of Section 4.2. A four
day simulation was performed using the same reference data as for the purely magnetometer
based filter, but this time making use of the truth model’s sun vector information as well.
No eclipses were simulated, as the point of the tests were to validate the implementation
in an optimal scenario, so that any such errors can be ruled out if problems occur when
simulating with flight data. The result can be seen in Figure 4.11. The average RSS error
for the absolute position is 11.38 km, with a maximum of 30.89 km. The former is marginally
better than for the filter using only magnetometer, whereas the latter is an improvement by
just over 5 km, which may be more than a random effect due to the noise variables. The
same pattern as for the purely magnetometer based filter can be seen in the 3σ position
standard deviations as well, as shown in Figure 4.12.

Low noise simulated measurements

Just as for the purely magnetometer based filter, no tuning parameters were found that
improved the filter’s average RSS error when reducing the sensor noise’s standard deviations
by three orders of magnitude.

- 32 -



4.2 Simulated measurements

Figure 4.11: Graph of ECI position errors in 4 day simulation starting 2015-04-18, using
simulated measurements from both sensors.

Figure 4.12: Graph of ECI position errors (blue) and 3σ standard deviations (green) in four
day simulation starting 2015-04-18, using simulated measurements from both sensors.
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4.3 Tests with flight data

Robustness with initial error

A test with an initial state error corresponding to a 40 second offset within the orbit was
performed with the filter using both measurements as well. The system noise parameters
and the initial covariance were again raised to the same values as in the corresponding test
for the purely magnetometer based filter. The graph of the position errors can be seen in
Figure 4.13. Here, the average RSS of the absolute position error was found to be 14.90 km
at steady state. This is a significant improvement to the single sensor based filter, where
the corresponding value was found to be 19.08. What is also evident from the graph is
that steady state is reached for all axes within the first day, which shows that the main
contribution of including the sun sensor measurements is the information it provides about
the Y component in this case.

Figure 4.13: Graph of ECI position errors in 4 day simulation starting 2015-04-18, using
simulated measurements from both sensors and having an initial state estimate that is offset
by 40 seconds within the orbit.

4.3 Tests with flight data

The flight data was retrieved from UWE-3 for two days, from noon to noon, starting 2015-
06-12. The sensors were set to record one sample every 30 seconds. However, since the
sensor sampling is not implemented as a critical real time function, the actual time between
samples varied from as little as 3 seconds up to 45 seconds, with the vast majority centred
within one second from 30 seconds. Adding to that, there was no way to fully synchronise
the measurements from the two sensors. The filter is able to perform a measurement update
solely based on a magnetometer reading, since that is what it has to do for the approximately
2000 seconds that the satellite spends in eclipse each orbit (15 times per day). The other
pseudomeasurement, however, depends on both sensors and can therefore only work if the
measurements are synchronised. In addition to that, for every sampling of the sun sensors,
every panel that has the sun in its field of view provides a vector towards the sun in body
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4.3 Tests with flight data

frame coordinates. Often times, this is more than a single panel. This means that the flight
data must be pre-processed before it can be used in the filter.

The first thing that is done is to erase all doublet sun vectors, by averaging all the ones
that have exactly the same timestamp. The second thing that is done is to interpolate the
magnetometer measurement to the timestamps of the sun sensor measurements, so that there
is one magnetometer measurement corresponding to each sun vector measurement. This is
done using the MATLAB function interp1. Since the sensors are sampled approximately
every 30 seconds, the time difference between the real magnetometer measurement and
the interpolated one is typically smaller than one second. In the last step, all magnetometer
measurements that were the closest to the ones interpolated to the sun vector timestamps are
deleted in order not to account for them twice. The end result is a matrix containing seven
columns, the first of which contains timestamps with approximately 30 seconds sampling
rate. See Figure 4.14 for an illustration of the distribution of the time between consecutive
measurements. All timestamps have a corresponding magnetic vector in column two to four,
and most also have sun vector measurements in columns five to seven. When the satellite is
in eclipse, the sun vector part is set to zeroes.

Figure 4.14: Histogram of the time difference between consecutive measurements used for
the flight data tests.

In the measurement update step, the filter is checking whether or not the sun vector
measurement is all zeroes. For the timestamps where that is the case, the variance of the
second pseudomeasurement is set to a very high value (1 · 1010) in the measurement noise
covariance matrix R. The second pseudomeasurement is then also set equal to the expected
value based on the a-priori estimate. This is done so that there is no correction done based
on the non-existent measurement, using a high variance in order not to lower the state
covariance based on it.
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4.3 Tests with flight data

During initial testing, RSS errors in the order of several hundred kilometres were found.
An explanation was searched for, since no apparent reason for such bad performance could
be seen. It was found that a drift in the onboard clock of the satellite had caused the
timestamps of the satellites to be offset from the true time. When using those timestamps
to generate positions from the truth model to compare the filter output with, the result
would therefore be different than where the flight measurements actually were made, which
is to where the filter tries to converge. Trial and error concluded the time offset to be about
+36.5 seconds, and thus that time was subtracted from the timestamps before generating
truth model positions to compare with.

The simulation was performed using the same values found during the testing with sim-
ulated measurement. The result is shown in Figure 4.15. The average RSS of the absolute
position error, compared to a SGP4 propagation using updated TLE as they become avail-
able, was found to be 22.24 km. The maximum error was found to be 76.01 km. In Fig-
ure 4.16, the individual absolute position errors can be seen along with their corresponding
3σ position standard deviation.

Figure 4.15: Graph of ECI position errors in two day simulation starting 2015-06-12, using
flight measurements from both sensors.
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4.3 Tests with flight data

Figure 4.16: Graph of ECI position errors (blue) and 3σ standard deviations (green) in four
day simulation starting 2015-06-12, using flight measurements from both sensors.

4.3.1 Robustness with initial error

An identical test as the ones in Section 4.2 was performed in order to see if the filter could
handle an initial state error corresponding to a 40 second offset within the orbit. The graph
of the position errors are shown in Figure 4.17, and the corresponding 3σ standard deviation
graph is shown in Figure 4.18. They show that the error reaches its steady state level after
approximately twelve hours. From that point, the average RSS error is 56.52 km. Compared
to the simulated case, both the settling time and the average RSS at steady state is worse.
This indicates that the real measurements have some systematic errors that are not present
in the simulated data, and not accounted for by the filter. Also visible in the graphs is that
the position standard deviations do not reflect the large errors prior to reaching the steady
state level.
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Figure 4.17: Graph of ECI position errors in two day simulation starting 2015-06-12, using
flight measurements from both sensors and having an initial state estimate that is offset by
40 seconds within the orbit.

Figure 4.18: Graph of ECI position errors (blue) and 3σ standard deviations (green) in two
day simulation starting 2015-06-12, using flight measurements from both sensors and having
an initial state estimate that is offset by 40 seconds within the orbit.
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5 Conclusion

A satellite orbit determination algorithm based on measurements from a magnetometer and
sun sensors was developed and tested. The primary goal was to be able to use it onboard a 1U
CubeSat, considering their tight limitations regarding power, mass and space. The algorithm
is based on an Extended Kalman Filter (EKF), where the largest modification compared to
previously used filters is the simplified numerical calculation of the measurement gradients
with respect to position. All tests were performed using the orbit of the CubeSat UWE-3.
The algorithm has been demonstrated to work with sensors having the same noise levels as
the ones onboard UWE-3, i.e. 0.69 µT 1σ standard deviation for the magnetometer and
±5° for the sun sensor. It is attitude independent and fully autonomous, provided that it is
given a sufficiently good initial estimate and time information. Initial errors of 300 km have
been verified to result in convergence.

When used only with magnetometer measurements and having no initial state error,
the average RSS of the absolute position error was found to be 11.56 km for four days of
simulated measurements. This precision was reduced to an average RSS of 19.08 km for
the last two days of a four day simulation with an initial error of about 300 km. This was
found to be because of very slow convergence of the position coordinate that is not changing
much throughout the orbit. When making use of both measurements, that was improved as
the settling time was reduced to less than one day for all coordinates, and the average RSS
to 14.90 km. When starting without an initial error, however, no significant improvement
compared to using only the magnetometer could be seen.

The algorithm was also tested using real flight data retrieved from the sensors of UWE-3.
The result was found to be an average RSS error of the absolute position of 22.24 for a two
day simulation without an initial error. When starting with an initial estimate that was
approximately 300 km offset from the true position, the filter converged to an average RSS
error of 56.52 km within twelve hours.

Especially for the tests with simulated measurements, the standard deviation provided
by the filter for the position was shown to correlate well with the actual position errors. This
indicates that the system has been modelled correctly and that the position estimate can
be trusted to the level of the stated standard deviation. For the tests with flight data, this
correlation is also shown when starting without an initial error, but with the actual error
being closer to the standard deviation. When starting with an erroneous initial estimate,
the standard deviation is failing to recognise the large error prior to convergence. This
indicates that there are systematic errors in the flight measurements that are not present in
the simulated ones, and that the filter is not accounting for.

Compared to the similar orbit determination solutions presented in Section 1.4, the al-
gorithm performs about average. Some state accuracies that are a full order of magnitude
better, and others perform worse. The precision is adequate for the demands of UWE-3. De-
pending on the requirements of UWE-4, it may serve as a complemental orbit determination
system to the standard use of TLE sets and SGP4 propagation. Based on the current status
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of the filter, the is no need from an orbit determination point of view to use more accurate
sensors onboard UWE-4, as that does not yield better accuracy according to simulations
done.
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6 Future work

Even though the filter implementation has been proven to track the position of a satellite
in orbit, there is room to take this work further than what was possible during the scope
of this thesis. It can be divided into two different areas: further testing of the current filter
and implementation of more features.

Additional testing of the performance of the current state of the filter could be done in
order to investigate the transient behaviour from larger initial errors. Those initial errors
could also be set cross-track rather than along-track. Tests with higher and lower sampling
rate could be performed in order to see how sensitive the filter is to that factor. Being able to
operate with a longer time between updates would be especially beneficial for small satellites
with limited computational power. It could also be looked into adapting the sampling rate
to perform an update step when the position variances reach above a certain threshold.

Other interesting tests would be to investigate how applicable the filter is to satellites in
different orbits than the 700 km sun-synchronous one of UWE-3. Factors that are expected
to degrade the accuracy are lower inclination and more time in eclipse. The former one
will cause the satellite to experience less change in the magnetic field due to the shape of
the earth’s magnetic field, and the latter factor will naturally cause the sun sensor based
measurement to be less useful. Another orbital factor that might affect the performance is
the altitude. A lower orbit will cause the perturbation from atmospheric drag to become
important, and a higher orbit will mean a weaker magnetic field to measure. A more elliptical
orbit would lead to larger changes in the experienced magnetic field, which is expected to
improve the accuracy.

In addition to those kinds of tests, performing simulations to try to recreate the deterio-
rated accuracy seen when using flight data compared to simulated data, could be beneficial
for the understanding of the filter. One thing that could be done is to add constant biases
and/or biases relative to the current field strength to each of the sensor axes in the simu-
lated measurements. As this is not modelled by the filter, it should impair the accuracy of
the state estimate. Such offsets do exist in the measurements from UWE-3, but since they
are calibrated for, the data used for the tests in this work should not be affected by them.
However, if the calibration is not perfect, it could still be the case. Lastly, retrieving longer
measurement series from UWE-3 could be done in order to see whether or not the RSS error
eventually settles to a lower value in the case of a large initial error. Some of the behaviour
of the filter also remains to be explained. Especially the fact that more accurate sensors do
not result in higher position accuracy of the state estimate is of concern.

Regarding further development of the orbit determination algorithm, there is also some
potential. As it was experienced during testing that a time offset onboard the satellite causes
the position accuracy to deteriorate, an idea has come up to make use of the filter to detect
this time offset as a part of the state vector. Other candidates to be added to the state
vector are the bias offsets on each of the sensors’ axes. It is possible that calibrating for
such offsets within this filter gives better result than the current calibration method used.
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To increase the potential of finding the new state variables, one suggestion is to incorporate
some sort of earth sensor in the filter update step. Furthermore, it is possible that adjusting
the numerical calculation of the gradients in the update step, so that it uses a variable
distance step depending on the current magnitude of the gradient instead of a constant one,
improves performance.

Lastly, in order to be used in real-time onboard the UWE satellites, the filter must first
be implemented in C. One particular issue to address will then be the synchronisation of
the sensors. At the moment, this is not done onboard since it has not been needed for the
attitude determination system that the sensors are used for. It should however be possible
to do to within 30 ms, with the current setup of the onboard hardware and software.

Since the filter has achieved orbit determination based on sensors already available in
the UWE platform, and has the potential to do even more, work on the system will be
an ongoing task. It is one step of the constant evolution of the CubeSats at the Julius-
Maximilians-Universität in Würzburg.
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7 Appendix: MATLAB code

Main filter script for tests with flight data

%% Sort out doublets in the sun sensor flight data. NOTE: flight data ...
contained in structure starting with 'A.'

dates y1 = A.magvec.matlabtime;
dates y2 doublets = A.sunvec.data.sunvec all over threshold(:,1);
unique sun vector = [diff(dates y2 doublets)==0; 0];
dates y2 = [];
i = 1;
j = 1;
while i <= length(unique sun vector)

if unique sun vector(i)
if unique sun vector(i+1)

if unique sun vector(i+2)
error('Error. More than three sequential identical ...

timestamps.')
break

else
dates y2(j) = dates y2 doublets(i);
sun sensor measurement(j,1:3) = ...

(A.sunvec.data.sunvec all over threshold(i,2:4) + ...
A.sunvec.data.sunvec all over threshold(i+1,2:4) + ...
A.sunvec.data.sunvec all over threshold(i+2,2:4)) ...
/calc norm of vector(A.sunvec.data.sunvec all over threshold(i,2:4) ...

+ A.sunvec.data.sunvec all over threshold(i+1,2:4) ...
+ A.sunvec.data.sunvec all over threshold(i+2,2:4));

i = i+3;
j = j+1;

end
else

dates y2(j) = dates y2 doublets(i);
sun sensor measurement(j,1:3) = ...

(A.sunvec.data.sunvec all over threshold(i,2:4) + ...
A.sunvec.data.sunvec all over threshold(i+1,2:4)) ...
/calc norm of vector(A.sunvec.data.sunvec all over threshold(i,2:4) ...

+ A.sunvec.data.sunvec all over threshold(i+1,2:4));
i = i+2;
j = j+1;

end
else

dates y2(j) = dates y2 doublets(i);
sun sensor measurement(j,1:3) = ...

A.sunvec.data.sunvec all over threshold(i,2:4);
i = i+1;
j = j+1;
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end
end
dates y2 = dates y2';

%% Interpolate magnetometer measurements onto sun sensor measurements
interpolated B = zeros(length(dates y2),3);
for i = 1:3

interpolated B(:,i) = interp1(dates y1, ...
A.magvec.calibrated.vector(:,i), dates y2, 'linear', 'extrap');

end
interpolate B strength = calc norm of vector(interpolated B);

%% Delete magneteomter measurements that are the closest to the ones that ...
got interpolated

if length(A.magvec.matlabtime) > length(dates y2)
unique magvec times = A.magvec.matlabtime;
unique magvec vectors = A.magvec.calibrated.vector;
idx to delete = [];
for i = 1:length(dates y2)

[˜, idx] = min(abs(A.magvec.matlabtime − dates y2(i)));
idx to delete = [idx to delete, idx];

end
unique magvec times(idx to delete) = [];
unique magvec vectors(idx to delete,:) = [];
all measurement times and vectors = [ unique magvec times, ...

unique magvec vectors, zeros(length(unique magvec times),3);...
dates y2, interpolated B, ...

sun sensor measurement];
all measurement times and vectors = ...

sortrows(all measurement times and vectors, 1);
else

error('not implemented');
end

%% Ectract date vector from flight data timestamps and TLE from flight ...
data, as well as maximum timestep in the integration

integration resolution = 10; % seconds
clock offset = − 36.5; % seconds
tle = A.position.tle;
dates = all measurement times and vectors(:,1) + time offset/86400;

%% Generate truth model positions for date vector using SGP4 propagator
tic
[reci, veci, recef, vecef, lla, jd] = orbit propagator(dates, tle);
toc

%%

% Set seed for random number generation
rng(1,'twister')

% Set system and sensor noise covariances
Q = [0 0 0 0 0 0; 0 0 0 0 0 0; 0 0 0 0 0 0; ...

0 0 0 1e−7 0 0; 0 0 0 0 1e−7 0; 0 0 0 0 0 1e−7];
R = [(1.233e−6)ˆ2 0; 0 0.05177ˆ2];
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% Initialise the state vector based on the truth model
state vector(1:3) = reci(1,1:3)'*1e3;
state vector(4:6) = veci(1,1:3)'*1e3;

% Set initial covariance
covariance = [1e6 0 0 0 0 0; 0 1e6 0 0 0 0; 0 0 1e6 0 0 0; ...

0 0 0 1 0 0; 0 0 0 0 1 0; 0 0 0 0 0 1];

% Initialise every variable used inside loop
r propagated = zeros(length(dates),3);
v propagated = zeros(length(dates),3);
r propagated(1,:) = state vector(1:3);
v propagated(1,:) = state vector(4:6);
r corrected = zeros(length(dates),3);
v corrected = zeros(length(dates),3);
r corrected(1,:) = state vector(1:3);
v corrected(1,:) = state vector(4:6);
all position variances = zeros(length(dates),3);
all position variances(1,1:3) = [covariance(1,1) covariance(2,2) ...

covariance(3,3)];

% Set starting time for the first propagation to the first timestamp
intermediate date old = dates(1);

% Main loop, running over all timestamps where measurements exist
tic
textprogressbar(sprintf('Calculating On−Board Integration and Kalman ...

Filter: \t\t\t'));
for i = 2:length(dates)
% for i = 2:20

textprogressbar(ceil(i/length(dates)*100));
intermediate date new = dates(i);
state vector old = state vector;

% Propagate in steps no larger than the integration resolution
while abs(intermediate date new − intermediate date old) > ...

integration resolution/86400
intermediate date step = intermediate date old + ...

integration resolution/86400;
[state vector, covariance] = onboard integration(state vector, ...

covariance, intermediate date old, intermediate date step,Q);
intermediate date old = intermediate date step;

end
[state vector, covariance] = onboard integration(state vector, ...

covariance, intermediate date old, intermediate date new,Q);
intermediate date old = intermediate date new;

% Save propagated state vector for plotting
r propagated(i,:) = state vector(1:3);
v propagated(i,:) = state vector(4:6);

% Perform update step based on a−priori state estimate, covariance and
% flight measurement
[corrected state vector, corrected covariance] = ...

correction step flight sunsensor(state vector, covariance, ...
dates(i), (all measurement times and vectors(i,2:4)*1e−6), ...
all measurement times and vectors(i,5:7),R);

% Save corrected state vector for plotting
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r corrected(i,:) = corrected state vector(1:3);
v corrected(i,:) = corrected state vector(4:6);

% Save position variances for plotting
all position variances(i,1:3) = [corrected covariance(1,1) ...

corrected covariance(2,2) corrected covariance(3,3)];

state vector = corrected state vector;
covariance = corrected covariance;

end
textprogressbar(sprintf('done'));
toc

%% Generate position error and position std graphs

ax = [];
figure
ax(1) = subplot(3,1,1);
plot(dates, abs(reci(:,1) − ...

r corrected(:,1)*1e−3),dates,sqrt(all position variances(:,1))*3e−3)
ylabel('error and 3 \sigma [km]')
title('X position errors and 3 \sigma std.');
ax(2) = subplot(3,1,2);
plot(dates, abs(reci(:,2) − ...

r corrected(:,2)*1e−3),dates,sqrt(all position variances(:,2))*3e−3)
ylabel('error and 3 \sigma [km]')
title('Y position errors and 3 \sigma std.');
ax(3) = subplot(3,1,3);
plot(dates, abs(reci(:,3) − ...

r corrected(:,3)*1e−3),dates,sqrt(all position variances(:,3))*3e−3)
ylabel('error and 3 \sigma [km]')
title('Z position errors and 3 \sigma std.');
linkaxes(ax, 'x')
dynamicDateTicks(ax,[], 'HH:MM')

figure
plot(dates, reci − r corrected*1e−3)
hold on
plot(dates, calc norm of vector(reci − r corrected*1e−3),'k')
ylabel('Distance [km]')
dynamicDateTicks([],[], 'HH:MM')
legend('X','Y','Z',' | r {error} |')

Onboard integration function

function [state vector new, covariance new] = ...
onboard integration(state vector old, covariance old, time old, ...
time new,Q)

r old = state vector old(1:3);
v old = state vector old(4:6);

delta t = (time new−time old)*86400;

% Calculate Runge−Kutta coefficients for state propagation
k1 v = calc acceleration(r old);
k1 r = v old;
k2 v = calc acceleration(r old + k1 r*delta t/2);
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k2 r = v old + k1 v * delta t/2;
k3 v = calc acceleration(r old + k2 r*delta t/2);
k3 r = v old + k2 v * delta t/2;
k4 v = calc acceleration(r old + k3 r*delta t);
k4 r = v old + k3 v * delta t;

% Propagate state
v propagated rk4 = v old + delta t/6 * (k1 v + 2*k2 v + 2*k3 v + k4 v);
r propagated rk4 = r old + delta t/6 * (k1 r + 2*k2 r + 2*k3 r + k4 r);

% Calculate Runge−Kutta coefficients for covariance propagation
F k1 = calc F(r old);
F k2 = calc F(r old + k1 r*delta t/2);
F k3 = calc F(r old + k2 r*delta t/2);
F k4 = calc F(r old + k3 r*delta t);

k1 P = F k1*covariance old + covariance old*F k1' + Q;
k2 P = F k2*(covariance old + k1 P*delta t/2) + (covariance old + ...

k1 P*delta t/2)*F k2' + Q;
k3 P = F k3*(covariance old + k2 P*delta t/2) + (covariance old + ...

k2 P*delta t/2)*F k3' + Q;
k4 P = F k4*(covariance old + k3 P*delta t) + (covariance old + ...

k3 P*delta t)*F k4' + Q;

% Propagate covariance
covariance new = covariance old + delta t/6 * (k1 P + 2*k2 P + 2*k3 P + k4 P);

state vector new(1:3) = r propagated rk4;
state vector new(4:6) = v propagated rk4;

Correction step function

function [corrected state vector, corrected covariance] = ...
correction step flight sunsensor(state vector, covariance, t1, ...
measured magneticField vector, measured sun vector, R)

reci = state vector(1:3);
veci = state vector(4:6);
P priori = covariance;

% Julian date calculation
matlab date vec = datevec(t1);
jD t0 = jday(matlab date vec(1), matlab date vec(2), matlab date vec(3), ...

matlab date vec(4), matlab date vec(5), matlab date vec(6));

% Calculate model reference measurements based on a−priori state estimate
[r ECEF, ˜, ˜] = ECItoECEF(jD t0, reci', veci', [0,0,0]');
[apriori magnetic vector, apriori magnetic strength, ...

apriori sun vector eci] = Rikard calc ref vectors(reci*1e−3, ...
r ECEF'*1e−3, jD t0);

apriori magnetometer sun vector = dot(apriori magnetic vector, ...
apriori sun vector eci)/calc norm of vector(apriori magnetic vector);

% Set magnetic field measurement based on actual measurement
magnetic field measurement = measured magneticField vector;
magnetic strength measurement = ...
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calc norm of vector(magnetic field measurement);

% Set sun sensor measurement based on actual measurement
sun vector measurement = measured sun vector;

% Calculate measurement of vector between magnetic field and sun
magnetometer sun vector measurement = dot(magnetic field measurement, ...

sun vector measurement)/calc norm of vector(magnetic field measurement);

% Set model noise of second measurement very large and second measurement
% equal to apriori estimate in case second measurement is missing
if ˜any(measured sun vector)

R(2,2) = 1e10;
magnetometer sun vector measurement = apriori magnetometer sun vector;

end

% Calculate H matrix
delta r = 1e3;

x plus = reci + [delta r 0 0];
y plus = reci + [0 delta r 0];
z plus = reci + [0 0 delta r];
all alternative positions = [x plus;y plus;z plus];
all alternative magnetic field strengths = zeros(1,3);
all alternative magnetometer sun vector = zeros(1,3);

for i = 1:3
[r ECEF, ˜, ˜] = ECItoECEF(jD t0, all alternative positions(i,:)', ...

[0,0,0]', [0,0,0]');
[temp magnetic field vector, temp magnetic field strength, ...

temp sun vector eci] = ...
Rikard calc ref vectors(all alternative positions(i,:)*1e−3, ...
r ECEF'*1e−3, jD t0);

all alternative magnetic field strengths(i) = ...
temp magnetic field strength;

all alternative magnetometer sun vector(i) = ...
dot(temp magnetic field vector, ...
temp sun vector eci)/calc norm of vector(temp magnetic field vector);

end

H(1,1:3) = (all alternative magnetic field strengths − ...
[apriori magnetic strength apriori magnetic strength ...
apriori magnetic strength])/delta r;

H(2,1:3) = (all alternative magnetometer sun vector − ...
[apriori magnetometer sun vector apriori magnetometer sun vector ...
apriori magnetometer sun vector])/delta r;

H(1,4:6) = [0 0 0];
H(2,4:6) = [0 0 0];

% Calculate Kalman gain and make correction
K = P priori*H'/(H*P priori*H'+R);

corrected covariance = (eye(6) − K*H)*P priori*((eye(6) − K*H)') + K*R*K';
corrected state vector(1:6) = state vector(1:6) + ...

(K*([magnetic strength measurement; ...
magnetometer sun vector measurement] − [apriori magnetic strength; ...
apriori magnetometer sun vector]))';
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Function for calculation Jacobian matrix F

function F = calc F(r)

mu = 3.986004418e14;
R Earth = 6378.16e3; % m
J2 = 1.082629e−3;

x = r(1);
y = r(2);
z = r(3);

% Calculate partial derivatives of acceleration (two−body and J2) with
% respect to position
d ax dx = −(2*mu*(xˆ2 + yˆ2 + zˆ2)ˆ3 + 3*J2*R Earthˆ2*mu*(xˆ2 + yˆ2 + ...

zˆ2)ˆ2 − 6*mu*xˆ2*(xˆ2 + yˆ2 + zˆ2)ˆ2 + 63*J2*R Earthˆ2*mu*xˆ2*zˆ2 − ...
15*J2*R Earthˆ2*mu*xˆ2*(xˆ2 + yˆ2 + zˆ2) − 9*J2*R Earthˆ2*mu*zˆ2*(xˆ2 ...
+ yˆ2 + zˆ2))/(2*(xˆ2 + yˆ2 + zˆ2)ˆ(9/2));

d ax dy = (6*mu*x*y*(xˆ2 + yˆ2 + zˆ2)ˆ2 − 63*J2*R Earthˆ2*mu*x*y*zˆ2 + ...
15*J2*R Earthˆ2*mu*x*y*(xˆ2 + yˆ2 + zˆ2))/(2*(xˆ2 + yˆ2 + zˆ2)ˆ(9/2));

d ax dz = (6*mu*x*z*(xˆ2 + yˆ2 + zˆ2)ˆ2 − 63*J2*R Earthˆ2*mu*x*zˆ3 + ...
33*J2*R Earthˆ2*mu*x*z*(xˆ2 + yˆ2 + zˆ2))/(2*(xˆ2 + yˆ2 + zˆ2)ˆ(9/2));

d ay dx = (6*mu*x*y*(xˆ2 + yˆ2 + zˆ2)ˆ2 − 63*J2*R Earthˆ2*mu*x*y*zˆ2 + ...
15*J2*R Earthˆ2*mu*x*y*(xˆ2 + yˆ2 + zˆ2))/(2*(xˆ2 + yˆ2 + zˆ2)ˆ(9/2));

d ay dy = −(2*mu*(xˆ2 + yˆ2 + zˆ2)ˆ3 + 3*J2*R Earthˆ2*mu*(xˆ2 + yˆ2 + ...
zˆ2)ˆ2 − 6*mu*yˆ2*(xˆ2 + yˆ2 + zˆ2)ˆ2 + 63*J2*R Earthˆ2*mu*yˆ2*zˆ2 − ...
15*J2*R Earthˆ2*mu*yˆ2*(xˆ2 + yˆ2 + zˆ2) − 9*J2*R Earthˆ2*mu*zˆ2*(xˆ2 ...
+ yˆ2 + zˆ2))/(2*(xˆ2 + yˆ2 + zˆ2)ˆ(9/2));

d ay dz = (6*mu*y*z*(xˆ2 + yˆ2 + zˆ2)ˆ2 − 63*J2*R Earthˆ2*mu*y*zˆ3 + ...
33*J2*R Earthˆ2*mu*y*z*(xˆ2 + yˆ2 + zˆ2))/(2*(xˆ2 + yˆ2 + zˆ2)ˆ(9/2));

d az dx = (6*mu*x*z*(xˆ2 + yˆ2 + zˆ2)ˆ2 − 63*J2*R Earthˆ2*mu*x*zˆ3 + ...
45*J2*R Earthˆ2*mu*x*z*(xˆ2 + yˆ2 + zˆ2))/(2*(xˆ2 + yˆ2 + zˆ2)ˆ(9/2));

d az dy = (6*mu*y*z*(xˆ2 + yˆ2 + zˆ2)ˆ2 − 63*J2*R Earthˆ2*mu*y*zˆ3 + ...
45*J2*R Earthˆ2*mu*y*z*(xˆ2 + yˆ2 + zˆ2))/(2*(xˆ2 + yˆ2 + zˆ2)ˆ(9/2));

d az dz = −(2*mu*(xˆ2 + yˆ2 + zˆ2)ˆ3 + 9*J2*R Earthˆ2*mu*(xˆ2 + yˆ2 + ...
zˆ2)ˆ2 − 6*mu*zˆ2*(xˆ2 + yˆ2 + zˆ2)ˆ2 + 63*J2*R Earthˆ2*mu*zˆ4 − ...
72*J2*R Earthˆ2*mu*zˆ2*(xˆ2 + yˆ2 + zˆ2))/(2*(xˆ2 + yˆ2 + zˆ2)ˆ(9/2));

F = [0 0 0 1 0 0; 0 0 0 0 1 0; 0 0 0 0 0 1; ...
d ax dx d ax dy d ax dz 0 0 0; ...
d ay dx d ay dy d ay dz 0 0 0; ...
d az dx d az dy d az dz 0 0 0];

Function for calculating acceleration

function acc total = calc acceleration(r)

mu = 3.986004418e14;
R Earth = 6378.16e3; % m
J2 = 1.082629e−3;

acc Newton = −mu/norm(r)ˆ3*r;

acc J2 = −3/2 *mu *J2 *R Earthˆ2/norm(r)ˆ4*...
[(1−5*r(3)ˆ2/norm(r)ˆ2) * r(1)/norm(r),...
(1−5*r(3)ˆ2/norm(r)ˆ2) * r(2)/norm(r),...
(3−5*r(3)ˆ2/norm(r)ˆ2) * r(3)/norm(r)];
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acc total = acc Newton + acc J2;
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