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Sammanfattning 
 
I denna rapport analyseras data från sprickpropageringsprogrammen NASGRO 
och Franc2D. Resultat korreleras med rapporter skrivna på Volvo Aero, 
simuleringar gjorda i NASCRAC, ännu ett sprickpropageringsprogram, och även 
ett examensarbete utfört tidigare på Volvo. För något fall kommer även riktiga 
testdata att användas som jämförelse. Att utvärdera flera olika funktioner hos 
dessa program var nödvändigt eftersom Volvo i framtiden troligen kommer att 
förlita sig på dessa program till en hög grad. 
 
De olika sprickgeometrier som blivit behandlade under projektets tidsperiod är 
kantspricka, ytspricka och hörnspricka. Eftersom programmet Franc2D är helt 
tvådimensionellt så fanns inga möjligheter att simulera ytspricka och hörnspricka 
med dess hjälp utan för dessa sprickgeometrier kunde endast NASGRO 
tillämpas.  
 
Fall tillämpade i detta projekt härrör ifrån delar till turbiner som Volvo Aero 
Corporation tillverkar till den europeiska Arianeraketen, men presenterade 
resultat kan även användas för att dra allmänna slutsatser om programmens 
olika funktioner. I många avseenden kan denna rapport också ses som en 
handbok över lämpliga parameterval som en användare måste göra innan 
simulering initieras.  
 
En mängd olika simuleringar visade att NASGRO och Franc2D fungerar relativt 
olika i det avseendet att NASGRO tolkar en inmatad spänning längs sprickan och 
ingen höjd behöver definieras. I Franc2D, som är meshbaserat, så måste höjden 
definieras och programmet kräver därför att inmatad spänning läggs på i toppen 
av detaljen. Alltså arbetar programmen på två olika sätt och befintligt fall får 
avgöra vilken metod som är lämpligast. 
 
För kantsprickan så fungerade båda programmen tillfredsställande och många 
resultat korrelerade bra med både äldre resultat och förväntningar. Resultat 
erhölls även för yt- och hörnspricka, en del bra, men i många avseenden så 
skulle dessa geometrier behöva vidareutvecklas. Franc3D, som fungerar likadant 
som Franc2D men är baserat på tre dimensioner, skulle kunna användas i 
framtiden för jämförelse av simuleringar av yt- och hörnspricka. Den elastisk-
plastiska modulen i NASGRO användes också i detta projekt men en mängd 
körningar visade att modulen inte fungerar väl nog till fall använda i detta projekt. 
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Abstract 
 
In this report, data from fatigue crack growth programmes NASGRO and 
Franc2D is analyzed. Results are correlated with reports written on Volvo Aero, 
simulations performed in NASCRAC, another crack growth programme, and also 
another degree project previously performed at Volvo. For some case real test 
data will be used for comparison. To evaluate the function of these programmes 
is essential since Volvo in the future will rely on them to a high extent. 
 
The different crack geometries used during the execution of this project are 
through, surface and corner cracks. Since Franc2D is an entirely two dimensional 
programme there were no possibilities to simulate surface or corner cracks with it 
and hence these crack geometries were only applied in NASGRO.  
 
Cases used in this project originate from parts found in turbines, built by Volvo 
Aero to the European Ariane rocket.  However, presented results may also be 
used to draw general conclusions concerning the functionality of the 
programmes. This report may in many aspects be used as a handbook which 
helps the user to choose certain parameters before a simulation is initiated.  
 
A variety of simulations, originating from several cases, indicated that NASGRO 
and Franc2D handle stresses in two different ways. In NASGRO no height need 
to be stated for a case because the stress is used along the crack extension. In 
Franc2D which is a mesh based programme however, the height must be stated 
and the stress is applied at the top of geometry. Two different approaches and 
the case simulated should decide which approach is most truthful. 
 
For the through crack both programmes give satisfying results and many results 
correlate well with both older results as well as expectations. Results were also 
received for surface and corner cracks, some good, but in many aspects these 
geometries need further development. Franc3D, which operates in a similar 
manner to Franc2D but is based on three dimensions, could be used in future 
simulations concerning surface and corner cracks. The elastic-plastic module in 
NASGRO was also used in this project but a range of simulations indicated that it 
does not work well enough for cases presented in this project.  
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1   Introduction 
 
This thesis work was executed at Volvo Aero Corporation Space Propulsion in 
Trollhättan, the division for turbines and rotors 6670, during spring-summer in 
2006. Placement supervisor from Volvo was Per Ekedahl and examiner from the 
Department of Space Science in Kiruna was Johnny Ejemalm. 
 
1.1   Background 
 
VAC (Volvo Aero Corporation) is involved in developing and manufacturing 
components, turbine modules and exhaust nozzles to the main engine of the 
European Ariane rocket.  
 
During a rocket launch the engine and its parts are exposed to rapid variations in 
temperature at start and stop. In a turbine the blade and the parts surrounding 
the blade in the gas channel are cool initially but at start very hot gas is blown 
through the turbine. During the stop phase the conditions are contrary and the 
parts are substantially cooled.    
 
After developing tests of one of the turbines, the Vulcain 2 LH2 turbine (driven by 
hydrogen), it was found that cracks arise in the very thin forward and back edges 
of the blade and simulations have also been done on the LOX turbine (driven by 
oxygen). Volvo Aero uses commercial fracture codes, mainly NASCRAC[1], 
together with finite element calculations from the component to estimate growth 
velocity of cracks. This method is not adequate today because the commercial 
fracture codes only have limited fracture geometries and are only applicable for 
linear fracture mechanics.  
 
Volvo Aero is now in a transition phase, participating in developing NASGRO[2], a 
programme with more possibilities to apply newer crack theories.  
 
Further on an entirely two dimensional programme, franc2D[3], using information 
from FEM[4] and based on mesh-updating could offer simulation possibilities for 
deformation controlled loads caused by temperature gradients.  
 
1.2 Goals for project 
 
The goals for the degree project is to study previous tests undertaken by Volvo 
Aero, other degree projects and analysis, and quantify limitations with standard 
fracture models in NASGRO.  
 
To test and present possibilities of improvements with NASGRO and franc2D. 
Study and evaluate the possibility of using geometries, apart from the ones in 
standard fracture programs, in franc2D and represent complicated stress 
distributions, some due to temperature.    
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2 Fracture mechanics 
 
This part will give a description of basic fracture mechanics, important for 
comprehension of the rest of the report.  
 

 
Fracture mechanics is an important field of study 
because cracks exist in practically all structures. It 
provides ways to evaluate how much force a 
structure or component may withstand after a 
fracture.  The main reason for studying fracture 
mechanics is naturally to prevent fractures and to 
improve structures and components. For this 
project the details of interest is located in a gas-
generator cycle turbine. Due to the high loads           

Figure_2.1. Crack.    described earlier, cracks may arise in the  
                                                highstress areas of the turbine structures and the 
evolution of such cracks must be mastered to ensure reliable function 
 
A crack propagates when the crack driving force is larger than the material 
resistance. Figure 2.2 below illustrates the factors that influence the process:  
  
 
 
          Material                                                                                    Applied stress 
 
 
            Crack size 
 Environment 
 -temperature                    Material                Crack 
 -radiation                   resistance        >          driving                        Geometry  
           force         of body 
 
    Loading rate 
 
                     Loading rate 
             Fatigue                       /cycles 
 
 
 
Figure 2.2. Factors influencing the crack propagation. 

In fracture mechanics there are also a few concepts that are necessary to 
understand. The first concept is LEFM (Linear Elastic Fracture Mechanics) and in 
many cases where the reality is in fact nonlinear the assumption is made to use 
linear models. LEFM may be applied when the nonlinear deformation of the 
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material constitutes a very small fraction near the crack tip. In other words the 
plastic part is very small compared with surrounding material.  

Though when the plastic deformation constitute larger regions the LEFM-concept 
is not a good model. Instead EPFM (Elastic Plastic Fracture Mechanics), a model 
assuming isotropic and elastic-plastic properties, should be used. Isotropic 
signifies that the material properties are independent of direction.  

Most of the following information concerning fracture mechanics originates from 
“Fracture Mechanics – Fundamentals and Applications”, by T.L. Anderson[5].  
 
2.1 Basics  
 
For many years the existing fracture mechanic theories have been developed 
into various types of nonlinear material behaviour (i.e. plasticity, viscoelasticity 
and viscoplasticity). However they are all extensions of LEFM and thus a solid 
background in LEFM is essential in order to understand and apply the nonlinear 
behaviours.    
 
The fatigue crack growth rate in metals can usually be described by the empirical 
relation known as the Paris equation: 
 

 
         (2.1) 

 
 

( )mKC
dN
da

Δ=

Where da/dN is the crack growth per cycle, ΔK is the stress intensity range and 
C and m are material constants.  
 
When designing a component or an entire structure it is important to consider the 
useful service life required. Thus it is possible to define an allowable flaw size by 
dividing the critical size by a safety factor. A maximum initial crack is inserted 
based on the non-destructive examination (NDE) precision and the critical crack 
size is computed from the applied stress and fracture toughness. The predicted 
service life of the structure may then be calculated by knowledge of the time 
required for the flaw to grow from initial size to maximum allowable size.  
 
2.1.1 The stress intensity factor 
 
The stress intensity factor = aK I πσ=       (2.2) 
When a material fails locally because of some combination of stress and strain in 
brittle type failure it follows that fracture occur at the critical stress intensity = KIc. 
Thus KIc, called the “fracture toughness”, is a material dependent characteristic of 
sensitivity to cracks. Hence failure occurs when KI=KIc. It can be described: KI is 
the driving force for brittle fracture while KIc is a measure of the resistance in the 
material.  
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The stress intensity factor is often given a subscript to denote the type of loading. 
KI, KII and KIII are the three types: 
 
Mode 1: The load is applied normal to the crack plane and it tends to open 

the crack. 
Mode 2: In-plane shear loading. It tends to slide two crack faces against 

each other. 
Mode 3: Out-of-plane shear. 
 
A structure can be loaded with any of the three, but it may also be loaded with a 
combination of two or three modes. Figure 2.3 below displays the three different 
modes: 

Mode 1 Mode 2 Mode 3 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
        Figure 2.3. Available modes for the stress intensity factor. 
 
2.1.2 Stress effects from cracks 
 

σ 

  2a 

2b 

A 

    Fracture cannot occur unless the stress at the atomic 
   level exceeds the strength of the material. Thus the 
 stress locally must be increased to exceed the global 
 strength. This is performed by the crack. To simplify 
 explanation an example is used; an elliptical hole in a 
 flat plate, figure 2.4. The stress at the tip (A) will be  

 equal to )21(
b
a

A += σσ       (2.3) 

 When the major axis, a, increases relative to b the hole 
 becomes more and more like a sharp crack. For that 
 reason it is more convenient to express eq. 2.3 in terms  

 of radius of curvature, ρ: )21(
ρ

σσ a
A +=     (2.4) 

 

 
Figure 2.4. Internal           
elliptical crack. 
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Eventually when a>>b eq. 2.4 becomes: 
ρ

σσ a
A 2=               (2.5) 

This gives a good approximation for stress concentration due to a crack that is 
not elliptical except at the tip.  
 
However with eq. 2.5 comes a problem; when the tip is close to infinitely sharp 
(ρ≈0) the stress also becomes almost infinitely large and no material can 
withstand infinite stress. Instead of this course of action to solve fracture 
problems a theory based on energy is preferable.  
 
2.1.3 Energy release rate 
 
The energy release rate is a measure of the available energy for an increase of 
crack extension. For a plate in plane stress like the one in figure 2.4 the energy 
release rate equals: 

E
aG

2πσ
=          (2.6) 

  
E = Young’s modulus 

 σ = applied stress 
 a = half crack length 
 
Fracture occurs when G = Gc (critical energy). 
G can be described as the driving force for fracture while Gc is the materials 
resistance to fracture. In the same manner the applied stress is the driving force 
for plastic deformation while the yield strength is a measure of materials 
resistance to deformation. A fundamental assumption is that G is independent of 
size and geometry of the structure.  
 
Linear elastic analysis of stresses at a sharp crack predicts infinite stresses at 
crack tips and as stated earlier this is not possible since crack tips cannot be 
infinite. Also, inelastic material deformation leads to further relaxation of the 
stresses at the crack tip. In metals, plasticity is one such relaxant. For small 
amounts of plasticity small corrections to LEFM are available but for extensive 
plasticity alternative models must be used. One model taking a small amount of 
plasticity into account is the strip yield model, in particular for redistribution of 
stress under compression (so called crack closure), but for extensive plasticity in 
tension, elastic plastic fracture mechanics must be applied.  
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2.1.4 Strip Yield 
 
For strip yield (SY) a long thin plastic zone at the crack tip is assumed, figure 2.5: 
 
 

 2a + 2ρ 

σys

 
 
 
 
 
 
 
    Figure 2.5. Crack example. 
 
The crack length equals 2a + 2ρ where ρ is the length of the plastic zone, with a 
closure stress equal to σYS (the tensile yield strength). 
 
Hence SY can be described as two elastic solutions in one. The first is a through 
crack under remote tension and the other is a through crack with closure 
stresses at the tip. In the strip yield zone the stresses are finite and then there 
cannot be a stress singularity at the crack tip and therefore the stress intensity 
factors from the remote tension and closure stress must cancel each other out, 
hence the plastic zone length, ρ, must be chosen correctly. The stress intensities 
for the two crack tips in figure 2.5 above are given by: 
  

xa
xa

a
PK aI −

+
=+ π)(         (2.7a) 

 
 

xa
xa

a
PK aI +

−
=− π)(         (2.7b) 

 
The stress intensity due to the crack closure may be estimated as a normal force 
P which is applied to the crack at a distance x from the centre of the crack.  
Eq. 2.8 provides the closure force: 
 

dxP YSσ−=           (2.8) 
 
It is now possible to obtain the total stress intensity at each crack tip by replacing 
a with a+ρ in eq. 2.7 and summing the two tips:  
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dx
xa
xa

xa
xa

a
K

ra

a

YS
closure ∫

+

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++
−+

+
−+
++

+
−=

ρ
ρ

ρ
ρ

ρπ
σ

)(  

 

∫
+

−+

+
−=

ρ

ρπ
ρσ

a

a
YS

xa
dxa

22)(
2

    (2.9) 

 
Solving the integral in eq. 9 gives: 
 

)(cos2 1

ρπ
ρσ

+
+

−= −

a
aaK YSclosure     (2.10) 

 
This stress intensity must equal the intensity from the remote tension: 
 

)( ρπσσ += aK        (2.11) 
 
Hence the final eq. needed to choose a correct ρ is: 
 

)
2

cos(
YSa

a
σ
πρ

ρ
=

+  

 
2.1.5 The ASTM condition 
 
The American Society for Testing and Materials (ASTM) has stated an eq. for 
specimen size requirements to be able to obtain a valid KIc for metals: 
 

2)(5,2
YS

IcKl
σ

≥          (2.12) 

 
where l stands for the thickness of the structure, the crack length or the length of 
the ligament (the width minus the crack length).  
 
If this condition is not met one should use elastic plastic fracture mechanics 
(EPFM) instead of LEFM (by limitation of material data in plastic conditions 
though assumptions often are made to neglect this condition in some cases, like 
many for this project). 
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2.2 Elastic plastic fracture mechanics 
 
LEFM is valid when a nonlinear material deformation is confined to a small region 
surrounding the crack tip. Often it is very difficult, or even wrong, to use LEFM, 
hence elastic plastic fracture mechanics is required. EPFM applies to materials 
that experience time-independent nonlinear behaviour (i.e. plastic deformation). 
There are two parameters to describe crack tip conditions and both may be used 
as criterion for fracture. They are the crack tip opening displacement (CTOD, 
which will not be mentioned or used further on) and the J integral. Both have their 
limitations, but their analytical validity is better than LEFM at elevated loading.  
 
2.2.1 The J integral 

 
To introduce the J integral it is best 
to first examine the behaviour of 
elastic-plastic and nonlinear elastic 
materials. Figure 2.6 illustrates the 
stress-strain relation for the two and 
when loaded they behave identically. 
However, when unloaded the 
material responses differ. The 
nonlinear elastic material follows the 
loading path back whereas the 
elastic-plastic follows a linear 
unloading path with slope equal to 
Young’s modulus.    

S
tre

ss
 

Strain 

Elastic-plastic 
   material 

Nonlinear elastic 
       material 

 
The response from the two materials  

Figure 2.6. Stress-strain behaviour.        is  identical  if  the stresses  increase 
            monotonically. This enables the 
possibility to do valid analysis for an elastic-plastic material using nonlinear 
elastic behaviour, providing that no unloading takes place. This information can 
be used to apply deformation plasticity to the analysis of a crack in a nonlinear 
material. It shows that the nonlinear energy release rate (example in figure 2.7), 
J, can be described by a line integral. The J integral may also be viewed as an 
energy parameter as well as a stress intensity parameter.  
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 P 

Δ 

  
  
 a 

     Displacement 

P  
   Load 

U* 

U 

    dΔ 

-dP 

 
Δ 

dU* = -dU 

a 

a + da 

 
 
 
 
 
 
 
 
 
 
 
 
 
      Figure 2.7. Example of energy release rate. 
 
Consider the example in figure 2.7. It can be shown that the energy release rate 
may be derived from the J integral. The energy release rate for nonlinear elastic 
materials is given by:  
 

dA
dJ ∏

−=               (2.13) 

 
where Π = U – F. 
Π=potential energy, A=crack area, U=strain energy stored in body and F=work 
done by external forces. If the plate has unit thickness A=a=crack length. The 
potential energy may be rewritten:   
 

*UPU −=Δ−=∏         (2.14) 
 
where U* is the complimentary strain energy defined by: 
 

∫ Δ=
P

dPU
0

*          (2.15) 

where P is the load and Δ is the displacement. 
If the load controls the plate: 
 

Pda
dUJ ⎟

⎠
⎞

⎜
⎝
⎛=

*
         (2.16) 
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Assume that the crack propagates at a fixed displacement, F=0, J equals: 
 

Δ

⎟
⎠
⎞

⎜
⎝
⎛−=

da
dUJ          (2.17) 

 
Difference between dU* and –dU is very small, hence dU*=-dU. With eq. 2.16 
and 2.17 it is now possible to express J in terms of load and displacement: 
 
 

∫∫ ⎟
⎠
⎞

⎜
⎝
⎛
∂
Δ∂

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
Δ

∂
∂

=
P

PP

P

dP
a

dP
a

J
00

     (2.18) 

 
 

∫∫
Δ

ΔΔ

Δ

Δ⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

−=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
Δ

∂
∂

−=
00

d
a
PPd

a
J      (2.19) 

 
Integrating eq. (2.19) by parts leads to a very long proof that it actually equals eq. 
(2.18) stating that J is the same for fixed load and fixed grip conditions. Hence J 
is able to state the energy release rate. For elastic materials the energy release 
rate can be defined as potential energy released from a structure when the crack 
grows. In an elastic plastic material however, the absorbed energy is not 
recovered when the crack grows, because a plastic wake is left in elastic-plastic 
materials leading to different interpretation. This should be considered when 
applying J as an energy release rate for elastic-plastic materials.  
 
 
Previous tests have been made on Volvo Aero, for example by degree student 
Jeanette Karlsson[6], in NASCRAC, on geometries that are interesting also for 
this project and during those tests the LEFM-model was used. It was assumed 
during those tests that all loads were effectively load controlled (load remain 
when the material deforms). This is not accurate since temperature is a major 
factor when running turbines and temperature is displacement governed (load 
decreases when the material deforms) and therefore nonlinear. One of the goals 
for this project is to try and simulate these temperature variations and their 
effects on the components. 
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3 Detail description 

The LH2 turbine (and the LOX turbine) consists among other things of rotors and 
stators. The gas passes rotors and generates driving force. There are two rotors 
and to be able to use the gas more than one time it must be accelerated and the 
flow direction must be reverted to the same state as before the rotor. This is 
achieved with the aid of stators. The channels in the stators are directed in the 
opposite direction compared to the rotors. This enables the gas to drive the next 
rotor as well. The first stator is built-in with the manifold, the part where the gas 
comes in. 

 

 
 
 
 
 
 
 
 
 
 
 
 
 

        Figure 3.1. Manifold with rotors and stators.  
 

Most cracks arise in the first stator because it is the part exposed to the gas first; 
hence the temperature changes are largest there. Simulations have been done 
on stator 2 in previous degree projects and it will be one of the main parts for this 
project also though many results are applicable for other details with similar 
specifications. Many simulations concerning stator 1 will also be addressed.  
            

Figure 3.2. Stator 2.                                           Figure 3.3. Two blade geometries. 
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It is often in the thin blade parts, the transition area between the blade and the 
surrounding casing, cracks arise, figure 3.4:  

 
   
   
   
  

 
 
 

 
 
 
          
 
                     Figure 3.4. Thin blade part where cracks arise. 
 
The manifold is another detail in the turbines which may experience cracks and it 
is the internal pressure and interface forces induced on the connection pipe that 
may lead to surface cracks, figure 3.5: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                    Figure 3.5. Part of manifold. 
 
The material in the parts simulated for this project is mainly Inconel 718.  
Inconel is a high-strength nickel-chromium-iron alloy. It is resistant to both high 
temperatures and corrosion and can be formed by conventional methods and 
allow welding.   
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4 NASGRO 
 
NASGRO (Fracture Mechanics and Fatigue Crack Growth Analysis Software) is 
developed and distributed under the terms of the Space Act Agreement between 
NASA Johnson Space Center and Southwest Research Institute. Volvo Aero is a 
participant of the NASGRO Industrial Consortium and thus they have the 
opportunity to affect the development of the software.  
 
NASGRO is equipped with a variety of models and geometries. Those with 
similarities with other simulations from other programmes will be run to 
investigate differences. Below follows a description of the most important models 
and equations used for this project.   
 
4.1 NASGRO equations and models 
 
Both cases of LEFM and EPFM will be simulated in NASGRO and there are 
important information to know about the different models and settings for these 
two concepts.  
 
4.1.1 Linear-elastics 
 
This section provides information not only for LEFM but also rules and theories 
that will be applicable for EPFM as well. 
 
In NASGRO there are a number of crack growth models. There are a number of 
load interaction models and one non-interaction model. The load interaction 
models should be used with caution because they are not as conservative as the 
non-interaction model. This is due to that load interaction models state that the 
dominant effect modeled is retardation of the crack and this type of model is 
generally not adapted to prediction of high loading and short lives. Hence these 
models were not used for this project.  
 
To calculate crack growth rate NASGRO uses an equation known as the 
NASGRO equation, 4.1:  
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N is the number of fatigue cycles applied, f the crack opening function, ΔKth the 
threshold stress intensity factor, Kc the critical stress intensity factor, R the stress 
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ratio and ΔK the stress intensity range. C, n, m, p and q are material dependent 
constants. This equation produces da/dN-ΔK curves.  
 
Other equations of importance are the Walker equation 4.2 and the Paris 
equation 4.3. They are very important because often, for example in NASCRAC, 
data is entered differently than in NASGRO, hence parameters need to be 
recalculated from time to time:  
 

         
 
           (4.2) 
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         (4.3) 

 
 

mKC
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Δ⋅=

Though several models and settings will be applied, each with individual 
equations, they originate from the NASGRO equation which is modified 
depending on what choices are made.  
 
4.1.1.1 The R value 
 
The R value is an important parameter for this project and its function in 
NASGRO should be investigated more thoroughly. R is the stress ratio and it 
follows that: 

 

max

min

K
K

R =          (4.4) 

  
where Kmin and Kmax represent the maximum and minimum stress intensity 
factors in a load cycle. The influence from R is evident on simulations  
in NASGRO, hence it is important to enter different sets of da/dN for each  
R value (when possible). The influence from R is best shown graphically on a  
da/dN-ΔK-curve. Example in figure 4.1 below: 
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Effect of R value
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 Figure 4.1. Sets of da/dN for different R values (typical high strength NI-base 
alloy). 
 
For a certain ΔK value the crack propagates more each cycle the higher the R 
value is. The reason for the length difference of the lines lies in the fact that ΔK 
may not exceed KIe(1-R), where KIe is the effective fracture toughness.  
 
4.1.1.2 Failure criteria 
 
When running NASGRO it is important to have knowledge of when failure occurs 
in order to enter data in a correct fashion and to draw accurate conclusions. 
Usually instability occurs if Kmax exceeds the fracture toughness of the material. 
The fracture toughness however is not the same parameter throughout 
NASGRO. For the through crack models Kmax is compared with Kc whereas for 
most part-through crack cases Kmax at both crack tips are compared with KIe 
(concern corner and surface cracks for this project). Though for some  
part-through models (only SC02 for this project) Kmax is compared with 1,1·KIe. 
Failure may also take place when the net section stress exceeds the flow stress 
of the material, where the flow stress is the average of yield and ultimate 
strengths (two material parameters fed into NASGRO when simulating). 
 
When yielding is present in part-through cracks both Kc and KIe are required 
since when net yielding occurs NASGRO starts to check for failure as a through 
crack. The following relation states when yielding check is made: 
 

ta ≥+ ρ          (4.5) 
 
where a is the crack size, t equals the thickness and ρ is the plastic zone size 
given by: 
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where σYS is the tensile yield strength. 
Hence before this criterion Kmax is compared with KIe and after criterion 
comparison is made with Kc. First NASGRO gives a yield warning and the crack 
growth stops when the net section stress exceeds the flow stress.  
 
4.1.2 Elastic-plastic 
 
The usage of LEFM to calculate, for example, critical crack sizes is non-
conservative when the fracture develops significant crack tip plasticity. NASGRO 
has the possibility to simulate using EPFM theories, though the amount of 
available models is low compared with LEFM. The most widely used EPFM 
parameter is the J integral, which is incorporated into NASGRO.  
 
4.1.2.1 The J integral 
 
The J parameter is an extension of concepts supporting LEFM where crack tip 
plasticity is central. The relation between the stress intensity factor, K, and the 
solution for J in a linear elastic material is: 
 

'

2

E
KGJ ==          (4.7) 

 

where EE =' for plane stress and 21
'

ν−
=

EE for plane strain. 

E=Young’s modulus and ν is Poisson’s ratio. 
 
However, as mentioned in chapter 2, J may also be a stress intensity factor. 
From before Paris’ equation is known, eq. 4.3, and the fatigue crack growth data 
correlated with Paris’ equation can be converted to correlate with ΔJ: 
 

m
effJC

dN
da

Δ⋅=         (4.8) 

 
where ΔJeff is the cyclic change in J due to cyclic load range and C and m are 
constants. The C and m here are not to be mistaken for the constants used in  
eq. (4.3). For simplicity the C and m in eq. 4.3 are renamed to C0 and m0. To 
determine the C and m in eq. 4.8 one must use the relations below: 
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where U0 is a measure of the cyclic driving force determined by the part of the 
primary load cycle where the crack is open.  
 
4.1.2.2 The correction factor 
 
To state the proper form of ΔJ for correlation of crack closure including plasticity 
data must include a correction. This factor is essential since the crack opening 
stress can be different depending on whether one has EPFCG (elastic-plastic 
fatigue crack growth) conditions or SSY (small scale yielding). Hence the stress 
intensity factor range ratio, U, exist: 
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where Kopen is the stress intensity factor at which the crack opens. 
The value U is then applied to eq. 4.7: 
 

'

22

E
KUJ =          (4.12) 

 
4.1.3 NASGRO simulations 
 
When a simulation is run in NASGRO it repeats a procedure, a cycle, until the 
crack has propagated so much that the material breaks. After the simulation a 
number of details are available depending on what information is desired. Other 
calculation modes are also available, for instance to calculate initial flaw size with 
given target life, but they were not used for this project. 
 
A cycle in this project may also be described as a flight and includes cooling of 
the engine, start, continuous operation and engine shut down. An entire cycle 
during testing takes approximately 700 seconds and the design life is 5 cycles 
including some pre-flight tests and adjustment of mission control parameters. 
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The different stages during a cycle give rise to a variety of stress distributions. 
During start the parts are heated, but they are evenly heated and the stresses 
are not as big as during engine shut down when thin parts cool down much faster 
than thicker parts. This gives rise to large stress distributions between the parts, 
resulting in areas sensitive to cracks. These stress distributions from testing are 
then fed into NASGRO and each time they are used represents a cycle. The very 
same procedure takes place in Franc2D.  
 
NASGRO have a variety of crack geometries to choose from for each type of 
crack and the ones of interest for comparisons with old simulations from other 
programmes are through cracks, corner cracks and surface cracks. The models 
used for these different crack cases are presented when used.   
 
4.2 NASGRO 5.0 
 
When this project was preformed a new version of NASGRO, version 5.0a, was 
released. Since it is only an alpha version which probably needs a lot of testing it 
may contain bugs. It was a hope that it may contain more models and functions 
than version 4.22, especially concerning the elastic-plastic module. However, it 
was found that no improvements to models concerning cases in this report had 
been made. All simulations done in version 4.22 were simulated once more in 
version 5.0a and it stated the exact same result for all cases except one. The 
deviating result, concerning corner crack model CC09, gave no real difference in 
results but version 5.0a was able to display the result better than version 4.22.  
 
Since no new models of interest for this project are available in NASGRO version 
5.0a, results will not be used or mentioned from that version further on.  
  

 22



Fracture Mechanics at very high load and different type of loads 
________________________________________________________________ 

5 Franc2D 
 
Franc2D (FRacture ANalysis Code) is distributed for free from the Cornell 
Fracture Group web page[7] along with user manual and a program, CASCA, 
necessary to build the mesh. It is also possible to use meshes generated from 
other programmes with similar features, but CASCA was used for this project. 
The initial mesh is required before simulation in Franc2D can be performed.  
 
During crack propagation, Franc2D automatically modifies the mesh at each step 
of the propagation to reflect the current crack configuration. The steps for this 
procedure are as follows: the elements in the vicinity of the crack tip are deleted, 
the crack tip is moved and last a trial mesh is inserted to connect the new crack 
to the existing mesh.   
 
5.1 Franc2D equations and models 
 
Franc2D does not use built-in models like NASGRO or NASCRAC. As mentioned 
above one must generate the mesh in a mesh generating programme. However, 
Franc2D is limited to two dimensions, hence only the through crack, from the 
crack cases in this project, can be simulated. The surface and corner cracks 
requires three dimensions.  
 

An example of a mesh with crack simulated in Franc2D is 
displayed in figure 5.1. The user may decide the features of 
the mesh but it is recommended to construct a mesh as fine 
as possible. The results from simulations will be more 
accurate the finer the mesh is, i.e. it consists of more 
elements.  
 
Franc2D does have possibility to simulate both linear-
elastics and elastic-plastic but the elastic-plastic capabilities 
in Franc2D are currently rudimentary and they have not been 
fully tested. They are undergoing substantial revision, hence 
later versions of Franc2D may contain better elastic-plastic 
functions. For this reason elastic-plastic simulations will not 
be performed in Franc2D.  
 
It is important to be aware of some differences in results 
received from Franc2D in comparison with for example 
NASGRO. In NASGRO a set of da/dN values are entered for 
different R values which influences the simulations (see 

Figure 5.1. Mesh     chapter 4). In  Franc2D it is  not possible to  enter  different R  
                                values and hence Franc2D follows Paris’ eq. 5.1 for only one 
set of da/dN values.  

  
mKC

dN
da

Δ⋅=
          

         (5.1)  
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Obviously it is a major disadvantage that the two programmes use different 
inputs because it results in difficulties when comparing the two.  
 
5.1.1 More Franc2D functions 
 
Franc2D differ a lot from NASGRO and since it is a recent acquaintance to Volvo 
Aero some functions that are of importance, not only for this project, will be 
described.  
 
Firstly it should be mentioned that Franc2D uses US units and hence all 
information available must be transferred from SI to US units whereas in 
NASGRO the user can simply chose which of the two to use. Normally this only 
results in extra work but with very small geometries it easily gets messy. In this 
report though, the values provided will be in SI units as often as possible. 
 
In NASGRO there are a number of failure criterions, telling the user when the 
geometry will break. This is not possible in Franc2D since the value of Kc has no 
effect for fatigue analysis and hence there will be no message when K exceeds 

the fracture toughness of the material. 
However it is possible to plot the value of 
K after a simulation and therefore one has 
to simulate crack growth until the  
K value that one knows leads to fracture is 
reached. If the final crack length is 
received from NASGRO or NASCRAC 
simulations and the result is trustworthy it 
is also possible to enter this as final crack 
length into Franc2D and then the 
programme will calculate the number of 
cycles until this crack length is reached. 
Both of these methods are useful but for 
this project the K value approach will be 
used when possible.   
 
Franc2D is very much a visual 
programme, unlike NASGRO, and it is 
possible to see the geometry after 
simulation and hence view the deformed 
mesh. Figure 5.2 is an example of how a 
deformed mesh may look like. The blue 
line in the figure represents the mesh 
before simulation took place. It is also 

Figure 5.2. Deformed mesh.    possible to view the stresses in the 
                                            geometry, see figure 5.3: 
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It should also be noted that when 
different values are wanted after a 
simulation most of them can only be 
given in plots and not in numerical 
values. 
 
A very important aspect when using 
Franc2D is that one does not simply 
change parameters after a simulation 
has been run and tries to simulate 
again. In order to run another 
simulation with some modification, in for 
example the stress distribution, one 
must initiate the crack from the 
beginning and then run another 
simulation. A time consuming but 
necessary procedure.  
 
 
 
 

Figure 5.3. Stresses in geometry. 
 

 
Franc2D is also based on a nodal system and 
here the elements in the geometry (for example 
the one in figure 5.2) are eight-noded. This means 
that each corner in a section is a node as well as 
the mid-side points. Figure 5.4 displays the nodes 
in an element:  
 
 
 
 
 
 
 
 
 

  Figure 5.4. Element nodes. 
 
5.1.2 Temperature distributions 
 
One feature available in Franc2D, unlike in NASGRO and NASCRAC, is the 
possibility to enter thermal distributions. Since parts in for example turbines 
experience large temperature fluctuations during a flight it is evident that it will 

 25



Fracture Mechanics at very high load and different type of loads 
________________________________________________________________ 

affect the parts. Hence it is most interesting to evaluate the possibility of using 
Franc2D for cases involving parts with different temperatures. As mentioned 
Franc2D uses US units (conclusion based on exercise examples in manual) but 
what unit one should use to the temperature is unclear. One might suspect that 
Kelvin might be correct since it is the most widely used unit in scientific circles. 
However it is possible to enter negative temperature values. Franc2D seems to 
use the difference in temperature between different regions to calculate stress 
values where the temperature is applied; hence it does not matter if one uses 
Kelvin or Celsius since the relation between the two is constant. For this reason 
Celsius is used in this report. It should be noted that when entering a number of 
positive temperatures Franc2D translates the values into negative stress values. 
Hence the user must know how a given temperature distribution should be 
interpreted and then choose which sign to use when entering the data. There are 
a few different methods available to enter temperature distributions and two of 
them will be investigated in this report.  
 
In the first method elements in the geometry may be given a certain temperature. 
One may choose up to ten temperature regions and where they should be 
located. Franc2D then translates these temperatures into stresses throughout the 
geometry.  
 
The second method is to use external files. In the file the user can define as 
many temperature regions as wanted by defining several coordinates and 
temperatures. Exactly how this is done is made known in the Franc2D manual. 
Both methods will be thoroughly investigated further on.  
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6 Through cracks 
 
This is the crack geometry that will be used in a majority of the simulations 
undertaken in this project. Partly because it can be simulated with both NASGRO 
and Franc2D. In Franc2D the user must construct the mesh but in NASGRO  
pre-built models are used. Models used for this project are TC02 (at edge of 
plate) and TC12 (at edge of plate, weight function solution), figure 6.1, and both 
are examples of edge cracks. For TC02 the user enters loads according to S0, S1 
and S2 whereas for TC12 loads are entered by tabular input along the width 
which is the crack propagation direction.  
 

 
       Figure 6.1. Used models to simulate through cracks. 
 
The elastic-plastic module in NASGRO is not as extensive as the linear-elastic 
one in terms of models and TC12 is non-existing in the EPFM module. TC02 
however, is available and further on it will be used to evaluate how well the 
EPFM module works. 
 
A variety of cases will be simulated in this chapter, both to compare with 
simulations undertaken in NASCRAC and to evaluate the capabilities in 
NASGRO and Franc2D. 
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6.1 Stator 2 
 
This case refers to simulations performed on a geometry found in blades (vanes) 
in stator 2 and many simulations will be run to compare results with a previous 
thesis work[6] which evaluated how NASCRAC works for a variety of stress 
distributions. Volvo Aero Corporation will in a near future stop using NASCRAC, 
hence evaluation of NASGRO and Franc2D is a necessity for the same case. 
This case will also contain some evaluations of how to simulate as truthful as 
possible with Franc2D. The varying of different parameters and geometries will 
be addressed more thoroughly in later cases.  
 
6.1.1 Comparison: NASCRAC, NASGRO and Franc2D 
 
Several models for each of the cracks are available but the ones with the best 
match to reality and NASCRAC models were used to simplify comparison.  
 

The simplification of the 
part simulated has a 
rectangular shape with a 
width of 8 mm, a 
thickness of 3 mm and 
the initial crack is 0,4 
mm long.      
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Figure 6.2. Geometry of simulated part. 
 
Two different cases will be run in NASGRO; one with the simplified geometry 
above and one with extended width. The reason to do more than one simulation 
is to be able to state more correct conclusions and Franc2D will be used only for 
the extended geometry.  
 
6.1.1.1 Simplified geometry 
 
The model used in NASGRO for through cracks is TC12 in this case. This model 
was simulated with certain in-data that also were used in NASCRAC. The 
stresses that the part receives are calculated in FEM[12]. The results from FEM 
are stress distributions due to temperature and pressure and the results 
extractions are done on a number of nodes that are translated into coordinates. 
These coordinates are then implemented into the given geometry. The 
visualization of the stress distributions is in figure 6.3, note that all stresses are 
from linear-elastic FE modelling: 
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Stress distribution
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     Figure 6.3. On-load - yellow curve, off-load - purple curve. Stresses cross. 
 

Variable geometry
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After these stress distributions were run in NASCRAC it was found that the 
programme does not take into account that the two distributions cross each other 
for some geometries, for example the “variable” geometry, figure 6.4. That 
implies that if the last three coordinates are shifted so the distributions are not 

crossed (see figure 
6.5), the same outcome 
is received. For the 
geometry used here 
(rectangular shape) it 
should be noted that 
NASCRAC is able to 
handle the crossed 
stress distributions but 
the simulations will be 
performed in NASGRO 
also in order to 
determine NASGRO’s 
limitations. 
 

 Figure 6.4 Variable geometry in NASCRAC. 
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Stress distributions 
(stresses not crossing)
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     Figure 6.5. Stress distributions where stresses don’t cross. 
 
The statement that the distributions in figure 6.3 and 6.5 are equal is not 
reasonable because one stress distribution is due to the on-load and the other to 
off-load. The on- and off-load have two sources; tension from thermal gradient 
and pressure from the loads. Shifting the coordinates like this should give results 
that differ from the original case.  If the mean stresses are calculated from the 
two cases, see figure 6.6 and 6.7, it is obvious that there should be a difference 
in results and NASCRAC also gave different results for these two cases for 
different geometries. 
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          Figure 6.6. Mean stress distributions where the stresses cross. 
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          Figure 6.7. Mean stress distributions where the stresses don’t cross. 
 
Next step was to do the same simulations using NASGRO. In NASCRAC the 
mean stress distributions simulations worked as presumed and NASGRO 
confirmed the results. For the distributions in figure 6.6 the number of cycles 
were 9034 but for figure 6.7 only 540 cycles.  
 
In the next simulation the original stress distributions and the uncrossed stress 
distributions were simulated and they gave the exact same result, 31 cycles. 
However this was due to that fracture occurred at 2.862 mm and the stresses do 
not cross each other until closer to 4 mm in the geometry. Hence the stress 
distributions were scaled down by a factor 5 and 10 to investigate if there would 
be a difference in the results. Table 6.1 displays the outcome of the simulations 
and when the stresses are smaller the crack may propagate more slowly through 
the material. Therefore the effect of crossed or uncrossed stress distributions can 
be investigated.  
 

Stress distribution Crack size (mm) Cycles 
uncrossed divide by 5 6.03703 3312 
crossed divide by 5 6.1814 3324 
uncrossed divide by 10 6.74446 19640 
crossed divide by 10 6.83122 19712 

         Table 6.1. The sum up of the simulations.  
 
The lower stress distributions that are used in NASGRO the more the uncrossed 
and crossed distributions differentiates from each other. Interesting at this point is 
how much the crack propagates per cycle each cycle. NASGRO plots this as 
shown in figure 6.8: 
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          Figure 6.8. Uncrossed stress distribution divided by 10. 
 
This curve is similar irrespective of whether the distributions are uncrossed or 
crossed mainly because there are so many cycles. To get perspective it is best to 
plot only the last ten cycles. This plot for both uncrossed and crossed stress 
distributions is found in figure 6.9. Stress distributions divided with factor 10 is 
used because the results are clearer than the results with a dividing factor of 5.  
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            Figure 6.9. Plot visualizing the last ten cycles. 
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From these results it is evident that there is a difference between the two stress 
distributions. The crack for the uncrossed distributions has tendencies to grow 
faster towards the end, though the differences in crack length and number of 
cycles is negligible between the two cases. 
 
NASCRAC gave similar results for the very same simulations. Undivided stress 
distributions led the crack to grow around 3 mm and the number of cycles was 
almost identical. When the stresses were divided with a factor ten NASCRAC 
stated lifetimes around 30 000 cycles whereas NASGRO gave around 20 000 
cycles. However the relative difference is not big. The important result is that the 
uncrossed stress distributions give shorter lifetime which it did for both 
NASCRAC and NASGRO.   
 
Moreover it seems that NASGRO has the possibility to manage momentum load 
distributions. In through crack model TC02, figure 6.1, one of the stress 
distributions, S1, is a momentum load. This possibility is not available in 
NASCRAC.  
 
6.1.1.2 Extension of geometry 
 

 
As mentioned earlier the 
chosen geometry is an 
estimation of the true 
geometry of the detail 
located in stator 2. The true 
geometry is more banana 
shaped, see figure 6.10: 
 
 
 

Figure 6.10. Correct geometry of detail (a blade). 
 
In previous simulations the stress distributions crossed each other once (for the 
original case of course because manipulations were made to have an uncrossed 
distribution also) but what would occur if they crossed once more? To make this 
possible and to get a result that could be related to the previous results  
the model was extended to have a width of 16 mm instead of 8 mm and the 
stress distributions were mirrored and the new cases are displayed in figure 6.11 
and 6.12. As mentioned only half the blade was simulated in FEM, hence 
extended geometry might prove to give interesting results.  
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     Figure 6.11. Realistic case for complete stator 2 geometry.  
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    Figure 6.12.Uncrossed stress distribution (analysed to verify software 
    functionality). 
 
These two cases were run in NASGRO and again the original stress levels were 
used but they were also divided by a factor 10. Note that the max stress typically 
occur in the stop phase of turbine operation when the structures are rapidly 
chilled (tensional thermal stress in the thin parts of the vane), the min stress 
occur in the start-up sequence when the cold turbine is heated by the drive gas 
(compressive thermal stress). The main results are shown in table 6.2: 
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Stress distribution Crack size (mm) Cycles 
uncrossed  5.86297 81 
crossed 9.26832 121 
uncrossed divide by 10 13.1068 49334 
crossed divide by 10 14.4397 67871 

          Table 6.2. The sum up of the simulations. 
 
Considering that the width has been extended to 16 mm the results with the 
original stress levels are not reliable. The crack sizes of 9.26832 mm and  
5.86297 mm indicate that the crack has not yet reached the second crossing so 
the results are not of much use for this extended model. The stress levels divided 
with ten give more interesting results (even if the number of cycles is very large) 
with crack sizes of 14.4397 mm and 13.1068 mm. Again like in section 6.1.1.1 
the last ten cycles are plotted showing the how much the crack propagates the 
last ten cycles in figure 6.13: 
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              Figure 6.13. Plot visualizing the last ten cycles.   
 
From these results it is clear that the uncrossed stress distributions grow faster 
towards the end like previous results. However there was practically no 
difference in number of cycles or crack length for those cases so the results are 
clearer here. With extended width and mirrored stress distributions the difference 
in number of cycles and crack length is obvious (table 6.2). The fact that the 
uncrossed grows faster towards the end is simply because the fracture will occur 
at a shorter crack length than for the crossed. Hence the crossed stress 
distribution results in shorter lifetime as anticipated.   
 
Also for this case with extended geometry and mirrored stress distributions 
NASGRO is able to give different results depending on if the distributions are 
crossed or uncrossed.  
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As mentioned earlier this case with extended geometry was also simulated using 
Franc2D. In the NASGRO simulations the distributions are crossed or uncrossed 
but these configurations are not handled separately in Franc2D like in NASGRO 
and hence the distributions are added. To come as close as possible to the real 
distributions the absolute value of the two are added. I.e. the Franc2D code 
expects only a single stress distribution input, meaning that the actual stress 
range defined by σmax and σmin where R=σmin/ σmax has to be transformed to a 
corresponding load at R=0. The received distribution is given in figure 6.14: 
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   Figure 6.14. Manipulated stress distribution used in Franc2D. 
 
In Franc2D though, one would think a distribution of this type should be entered 
by using point loads and one must enter the value for each of the points in  
figure 6.14. However it is not possible to enter the width value, at which a certain 
stress value should be located. One can only target nodes in the mesh as points 
where loads can be placed and for this reason it is very important that the mesh 
used is carefully made and that it is fine enough to contain many elements so the 
user have the option to place the loads as correct as possible. The mesh for this 
case, figure 6.15, was constructed with 30 elements in the width direction and 
hence 60 nodes were available.  
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 Figure 6.15. Used mesh. 
 Figure 6.16. Stress distribution placed over nodes. 

  
←

  

   ↓ 

 
By using many nodes in a manner shown above the entered distribution in 
Franc2D, figure 6.16, may become almost identical to the real one.  
 
When the distribution was used in Franc2D however, it was found that Franc2D 
uses some function to recalculate the stresses depending on the thickness of the 
geometry. Therefore one must calculate the mean value of the given distribution 
after Franc2D has recalculated it and then compare it with the mean value of the 
entered distribution. The recalculated mean value will be a factor larger than the 
mean value of the entered distribution and in order to receive a correct mean 
value after entering the values, all stresses in the distribution were divided by this 
factor. However, when using this mean value factor, the distribution still does not 
take on the preferred shape in figure 6.16 which is not entirely surprising since it 
is a mean value that have been used.  
 
Instead it was decided to use multiple linear distributed loads in very short 
intervals over the geometry and this approach was successful when trying to 
copy the given stress distribution. The plotted stress distribution with this method 
is shown in figure 6.17: 
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                 Figure 6.17. Stress distribution in Franc2D. Note: US units. 
 
The result from simulation in Franc2D stated that the critical stress intensity 
(where failure occurs) is reached after 160 cycles at a crack length of 
approximately 2.5 mm.  NASGRO stated 81 and 121 cycles respectively for the 
uncrossed and crossed stress distributions. Since the stress distribution is 
manipulated in Franc2D it is hard to compare but the results from Franc2D are 
trustworthy and not peculiar in any way. The very same distribution used in 
Franc2D was also tried in NASGRO but the stresses were too high and fracture 
occurred instantaneously. It was found that NASGRO and Franc2D handle 
distributions differently even if they are identical. In NASGRO no height is defined 
when entering geometry data and the height is unimportant in NASGRO since 
the programme uses the stress along the crack. In Franc2D however, the 
entered distribution is used at the top of the model and the distribution has been 
altered when one moves downwards from the top to the crack. The effect given 
from what height one chooses will be investigated for another case further on. 
The height used above was set to twice the width; hence 32 mm. 
 
The most important matter when comparing lies in awareness of the difference 
between NASGRO and Franc2D. The results given above and the difference in 
handling stress distributions between the programmes is something that should 
be considered also further on. 
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6.1.2 Crack positioning in Franc2D 
 
The purpose of this part is to evaluate position possibilities for cracks in Franc2D. 
In NASGRO no height is defined whereas in Franc2D it must be used in order to 
create a mesh. During previous simulations the crack has been placed in the 
middle of the geometry and since the stress distributions are placed at the top of 
the geometry the distribution experiences alterations when working its way down, 
through the mesh, to the crack. For this reason simulations will be performed 
where the crack is positioned almost at the top of the geometry to compare 
differences with a mid crack. The different meshes used for the mid crack and 
top crack are shown in figure 6.18: 
 

 
              Figure 6.18. Mid crack and top crack. 
 
The actual height of the stator 2 blade is used, 21.71 mm, the initial crack length 
is 0.4 mm as before and the top crack is positioned 20 mm up. Again the 
geometry is extended and the stress distribution is mirrored. To use the 
distribution directly is not possible since the one with negative starting values will 
give negative K1 values and no simulation may be performed. Therefore they 
must be manipulated and in order to get as much data as possible three cases 
will be performed. 
 
Case 1: The absolute values from each of the transients will be added. 
 
Case 2: The transients will be added and then the absolute value from the results                  
              will be used. 
 
Case 3: The crack opening part of the transients will be used (the positive stress    
              values). 
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The distributions for the cases are given below in figure 6.19: 
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    Figure 6.19. Case 1-3 stress distributions. 
 
As mentioned the stress is altered when moving downwards from the top to the 
crack. Figure 6.20 displays how the stress distribution for case 3 is modified for 
both crack cases: 
 

 
Figure 6.20. Case 3 stress for mid crack and top crack respectively. Note: US 
units. 
 
As seen above the stress is largely modified for the mid crack whereas the top 
crack stress resembles the original stress to a high degree. The cases were also 
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run in NASGRO for comparative reasons. The results from simulations are given 
in table 6.3: 
 
                 Case 1                Case 2                Case 3
  Crack (mm) Cycles Crack (mm) Cycles Crack (mm) Cycles 
Mid crack 2.5 164 8.1 8470 6.0 2160 
           
Top crack - - 1.5 124 1.3 70 
           
NASGRO - - 7.7 2546 5.8 999 

Table 6.3. Results from simulations in cycles and final crack length. 
 
The stress distribution for case 1 contains very large stress values and fracture 
occurs immediately for the top crack and in NASGRO. For case 2 and 3 it is 

obvious that fracture occur much 
faster for the top crack and the 
explanation may be found by studying 
the mesh. Figure 6.21 display the 
deformed mesh for a top crack: 
 
Hence the crack grows towards the 
upper boundary of the geometry and 
fracture will occur much faster and at 
a shorter final crack length. For this 
reason it does not seem like the 
method of using top cracks is 
recommendable. As mentioned 
earlier Franc2D simply handles the 
stress differently than NASGRO and 
the user must decide which approach 
is the best for a specific case.  
 
It may also be interesting to view the 
K values from simulations and since 
no results were given for case 
concerning the top crack (or from 
NASGRO for that matter) only results 
from case 2 and 3 will be given. The 

Figure 6.21. Deformed mesh.                    results are plotted below in figure 6.22  
          and 6.23:  
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        Figure 6.22. K values from simulations. 
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        Figure 6.23. K values from simulations. 
 
Again it becomes clear why fracture occurs fast for the top cracks because the K 
value curves are rising rapidly. The mid cracks display a more modest growth 
and fracture occurs at final crack lengths similar to what NASGRO states. The 
NASGRO curves initially follow the top crack which is expected because both 
experience the same stress. But since the top cracks in Franc2D grow towards 
the upper boundary of the geometry the K curves increase unreasonably fast. It 
is harder to compare the mid cracks with NASGRO since the stress distributions 
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have been largely modified in Franc2D, but towards the end the curves seems to 
correlate and the final crack lengths they state are reasonable.  
 
To use the method of top cracks in Franc2D is not recommended and to avoid 
effects from geometric boundaries, cracks should be located near the middle. 
This may make comparisons with NASGRO more difficult but the two 
programmes use two different calculation methods. 
 
6.1.3 Shear load in Franc2D 
 
To describe a shear load it is best to use figure 2.3 from the Fracture mechanics 
chapter seen here again in figure 6.24:  
 

 
         Figure 6.24. Possible load modes for a structure. 

Mode 1 Mode 2 Mode 3 

 
The mode used in all other simulations is mode 1 but a shear load is of mode 2 
type. Usually loads applied to structures include some shear load but how large 
effect it actually has is unclear. In NASGRO it is not possible to simulate using 
shear loads but in Franc2D this possibility is incorporated. Data from stator 2 
simulations in FEM, which have calculated the shear load, will be used. The 
extended geometry will be used; hence the stress distributions will be mirrored. 
The shear load used will be manipulated to fit the stator 2 part width and in 
Franc2D the height is set to twice the width length. The stress distributions 
originate from two transients given from figure 6.11. They will be manipulated in 
the same manner as for section 6.1.2 and again all the three cases will be 
simulated with and without the shear load. The shear load is given below in  
figure 6.25: 
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         Figure 6.25. Realistic case for stator 2 vane. 
 
The shear load is distributed over nodes in Franc2D in the same manner as other 
linear distributed loads and one only have to choose the command “shear” before 
continuing. The other loads are distributed over the nodes using linear distributed 
load in short intervals. The results from simulations are provided below in  
table 6.4: 
 

               Case 1               Case 2               Case 3
  Crack (mm) Cycles Crack (mm) Cycles Crack (mm) Cycles
No shear load 2.7 218 8.1 10900 6 2455 
           
Shear load 2.6 192 7.8 7230 5.7 1870 

  Table 6.4. Results from Franc2D. 
 
Obviously the shear load does have an effect because the results state a clear 
decrease in lifetime when the shear load is introduced. The change in cycles in 
percentage for case 1, 2 and 3 is 88.1%, 66.3% and 76.2% respectively. The 
reason for the various percentage values is not surprising because the three 
cases differ from one another. It seems like, the higher loads one have relative to 
the shear load, the lesser influence the shear load has. It may also be interesting 
to view the K1 values from simulations. Figure 6.26 displays the K1 values for 
case 2 and the other cases feature similar characteristics:  
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     Figure 6.26. K1 values for case 2. 
 
As can be seen the shear load influences the K1 values and the curve rises faster 
than the one without shear load. Hence the lifetime will be decreased and 
fracture will occur at a shorter final crack length.  
 
Since NASGRO cannot simulate shear loads this possibility with Franc2D may 
be very important. Some cases may experience a relatively high shear load and 
its effect on the results can be evident. Hence, in those cases Franc2D can work 
as a complement to NASGRO simulations.  
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6.2 Thermal gradients 
 
In chapter 5 it was stated that Franc2D has the possibility to simulate taking 
temperature effects into account. This is not possible in NASCRAC or NASGRO; 
hence investigation of this function may prove to be both interesting and 
educational. The geometry used for this case as well as different kind of loads is 
arbitrary and chosen in order to receive reasonable results. The only important 
thing is to be able to compare the different simulations performed.  
 
As mentioned in chapter 5 two ways of entering temperatures distributions have 
been used and for all sections below both of them will be used in order to 
determine which is the better. Further on when mentioning “element distribution” 
the method where the user defines a certain area and a temperature for the area 
will be used. When mentioning “external file” the method where the user 
generates a file and implement it into Franc2D will be used.   
 
6.2.1 Linear distributed load 
 
The different temperatures that will be simulated are 0° C, 100° C, 300° C and 
500° C. The distribution over the geometry is featured in figure 6.27. Only two 
temperature regions will be used initially, the first one (red region) will contain 
one of the temperatures above while the second (brown region) will be set to  
0° C.  
 

The final crack length will be set to just over 
5 mm and 30 mm and therefore the width is 
of course larger than 30 mm. The reason to 
vary the crack length is to investigate what 
happens when the crack length passes 
from the first region into the second. Initial 
crack length is set to 0.4 mm as for 
following cases below. 
 
The first result of interest is how the 
temperature affects the stress applied 
to the geometry. Reasonably the boundary 
between the two regions for the element 
distribution should influence the simulation 
and therefore also the lifetime of the 
geometry. The effect should be different 
when using an external file. Firstly the 
stress without any temperature differences 
(0° C over the whole geometry) should be 

Figure 6.27. Element distribution.       plotted and the result is given in figure 6.28. 
          (Note that the axis´ and their values are 
unimportant for these simulations and the only important aspect is the 
appearance of the stress line.)  
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                             Figure 6.28. Linear distributed load as a function  
         of fraction  geometry width. 
 

However when the temperature regions are introduced the stress distribution 
adopts the appearance in figure 6.29:  
 

 
                            Figure 6.29. Linear distributed load as a function 
                            of fraction of geometry width – temp. effect on load. 
 

It is the boundary between the two regions that leads to this jump (spike) in the 
distribution. The higher the temperature difference is between the two regions the 
larger will this jump become. This is the effect for the element distribution, 
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whereas the smoother effect from an external file does not lead to these jumps. It 
should be noted that the distribution in figures 6.28 and 6.29 is taken from the top 
of the geometry where the linear distributed load is applied. The crack will 
experience a load somewhat different because it is located in the middle of the 
geometry and here the temperature will have an influence on the result.  
 
As mentioned, two different final crack lengths were used during the following 
simulations; >5 mm and >30 mm. Hence it is possible to see what happens when 
the crack crosses the boundary between the two regions.   
 
Apart from that, this simulation will also be performed with both plane stress and 
plane strain. Plane stress and plane strain are two different problem types 
(deformation constraints), two different simplifications of the reality. Which one to 
use is often decided by the shape of the geometry and how the load is applied to 
it. Here both the types will be simulated in order to determine if both of them work 
adequate. 
 
The results from the simulations are displayed in table 6.5 and 6.6 below in 
cycles. Again the number of cycles is not of importance, unlike the relation for the 
number of cycles between the different temperatures. For the results in this 
section the stress intensity will not be used as a fracture criterion since it is an 
objective to grow the crack to a certain crack length. Hence specific K values will 
not be considered. 
 

Temperature (° C ) 0 100 300 500 
Element distribution      

>5 mm 178 295 650 1400 
       

>30 mm 204 322 700 1500 
       
External file      

>5 mm 178 176 168 162 
       

>30 mm 204 199 190 184 
                     Table 6.5. Plane stress simulations. 
 

Temperature (° C ) 0 100 300 500 
Element distribution      

>5 mm 180 303 530 3200 
       

>30 mm 204 338 620 4000 
       
External file      

>5 mm 180 112 58 37 
       

>30 mm 204 130 75 48 
                     Table 6.6. Plane strain simulations. 
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The results for external file behave as predicted. As the temperature increases 
the number of cycles decreases due to that the stress increase as the 
temperature rises. The reason to why the number of cycles for a final crack 
length of 30 mm is not much larger than for 5 mm is due to that the stress 
distributions used are relatively large and the geometry cannot withstand much 
more.  
 
For the element distribution simulations the results are questionable. It takes a 
higher number of cycles to reach the longer final crack length than the short one 
which is correct. However, the results state that the geometry gets a larger 
lifetime with increasing temperature. This is incorrect but easily explained. As 
seen in figure 6.29 the element distribution adopts jumps in the boundary 
between temperature regions and these jumps lead to a K value curve like the 
one in figure 6.30: 
 

 
                          Figure 6.30. K1 values. (Note: US units). 
 
It seems that Franc2D only chooses a few points along the crack length to get 
information to state results and when the boundary between the two regions lead 
to stress spikes the results become unreliable.  
 
In theory the KI values are calculated from: 
 

aK I πσ=           (6.1) 
 
where σ is the stress at the crack length a. 
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Since the jump has a significant affect on the stress it also affects the KI values 
and the different temperature give rise to jumps of different sizes. The larger 
temperature difference, the larger jump and the more unreliable results are given.  
 
For the external file simulations there is no abrupt boundary in the temperature 
distribution and hence the K value curve becomes smooth as wanted.  
 
6.2.2 Constant distributed load 
 
In the section above a linear distributed load (the load goes from positive to 
negative according to figure 6.28) is used but often the load is constant over the 
geometry. For this reason the very same simulation as above will be performed 
with a constant load. Also in sections following this one, the constant load will be 
used instead of the linear since it is more common. 
 
The results from the simulations are given below in table 6.7 and 6.8: 
 

Temperature (° C ) 0 100 300 500 
Element distribution      

>5 mm 164 232 620 2040 
       

>30 mm 173 242 640 2080 
       
External file      

>5 mm 164 160 152 148 
       

>30 mm 173 168 163 157 
                     Table 6.7. Plane stress simulations. 
 

Temperature (° C ) 0 100 300 500 
Element distribution      

>5 mm 165 320 790 21400 
       

>30 mm 176 330 825 21600 
       
External file      

>5 mm 165 102 53 34 
       

>30 mm 176 111 60 39 
                     Table 6.8. Plane strain simulations. 
 
The results for the constant load are basically the very same as for the linear. 
The external file simulations work as predicted whereas the element distribution 
simulations give faulty results and the reason is the same as for the linear load. 
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6.2.3 Multiple temperatures 
 
In simulations above only two temperature regions exist and the difference 
between them is very large. In reality there is of course no clear limit between 
different temperatures, hence transition regions will be “softer”. To get an idea of 
what possibilities Franc2D has for the element distribution, a simulation was 
performed with the temperature distribution shown in figure 6.31. Since the 
external file simulations use a linear decrease the results here will be the same 
as when one goes directly from 500 ° C to 0 ° C.  
 
The different regions represent the following temperature distribution:  
500° C  400° C  300° C  200° C  100° C  0° C. 
 

 
                              Figure 6.31. Temperature regions. 
 
Also in this case the stress experiences spikes in the distribution, which is 
displayed in figure 6.32: 
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                      Figure 6.32. Temperature effect on load. 
 
Again this is the load at the top of the geometry and the load will be different 
nearer to the crack. The results from these simulations are provided in table 6.9 
below and represent various final crack lengths: 
 

Final crack >5 mm >10 mm >20 mm >30 mm >40 mm 
Element distribution       

Plane stress 515 530 535 535 535 
        

Plane strain 500 530 542 542 542 
        
External file       

Plane stress 148 153 157 157 157 
        

Plane strain 34 37 39 39 39 
             Table 6.9. Results from simulations with various final crack lengths. 
 
The results in table 6.9 are satisfactory because they state what one might 
expect. When the final crack length is prolonged the number of cycles increase in 
order to attain wanted crack length. During simulations it was also stated that the 
number of cycles stop increasing after a certain point and this is probably due to 
the programming feature within Franc2D, it appears as when the crack grows 
pass the middle of the model geometry and further it stops; it is likely that 
Franc2D should not be used to simulate cracks beyond ~75% of the model width. 
The reason for the large difference in cycles between element distribution and 
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external file is due to the jumps in figure 6.32. Hence the internal file simulations 
give more truthful results.  
 
6.2.4 Hot-cold-hot 
 

The simulations with multiple 
temperatures were a step closer to 
the reality compared with simulations 
preceding them. However at Volvo 
Aero it has often been observed that 
temperature distributions in details 
tend to be hot in the end parts and 
cool in the middle. For this reason 
simulations with the following 
temperature regions were used:  
500° C  0° C  500° C.  
Figure 6.33 displays the temperature 
regions in Franc2D for the element 
distribution: 
 
 
 

Figure 6.33. Temperature regions. 

 
For the internal file the appearance 
is displayed in figure 6.34:  
 
Also for this case one might expect 
problems for the element distribution 
because of the abrupt boundaries in 
the temperature distribution. The 
results are provided below in table 
6.10: 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 6.34. Temperature regions. 
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Final crack >5 mm >10 mm >20 mm >30 mm >40 mm 
Element distribution       

Plane stress 66 70 72 72 72 
        

Plane strain 69 72 73 73 73 
        
External file       

Plane stress 32 35 36 36 36 
        

Plane strain 7 8 8.5 8.8 8.8 
             Table 6.10. Results from simulations. 
 
The results above are satisfactory for the external file and the results from 
element distribution simulations give a lifetime that is probably too high and again 
it is because of how the element distribution method works. 
 
 
When overlooking the results in this chapter, which investigates temperature 
functions in Franc2D, a pattern arises. The external file simulations work 
satisfactory for all cases and both for plane stress and plane strain. Sometimes 
the results differ a lot between plane stress and plane strain and it is simply 
because they are based on two different assumptions. Which one to use 
depends on what geometry and loads are used as inputs.  
 
For the element distribution method the results are highly questionable and most 
likely wrong for cases simulated in this report. This method is probably more 
reliable if one uses several details with different temperatures in one simulation. 
Hence the recommended method is the one using external input files and it is the 
method used further on when temperature distributions with Franc2D are applied. 
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6.3 Comparison to previous simulation of thermal gradients 
 
The effects from thermal sources are obvious in cases involving turbines, 
especially those in rocket engines. Large stresses arise when details are 
exposed to substantial temperature changes.  
 
Data exist from prior simulations stating how large portion of a stress that is due 
to the thermal gradient. Again in a previous degree project[6], simulations are 
performed in NASCRAC. Those results will first be compared with simulations in 
NASGRO and later on with results from Franc2D. However, the cases will not be 
identical for the two programmes.  
 
6.3.1 NASGRO 
 
Most data used for the NASGRO simulations originate from the stator 2 case, i.e. 
the geometry, but new loads will be introduced and the initial crack length is set 
to 1 mm. In NASGRO the simulation can only be performed with load with or 
without the thermal gradient (loads are given from FEM simulations) but with 
Franc2D the actual temperatures can be used. Hence the stress distribution new 
to the case is the one where thermal gradient stress is supposed to relax as the 
crack grows giving an estimate of remaining stress, figure 6.35: 
 

Stress distribution with relaxed thermal gradient
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 Figure 6.35. Stress distribution with relaxed thermal gradient.  
 
When running the simulation for the original stress distributions (description of 
distributions available in chapter 6.1) the detail lasts 31 cycles before failure 
compared to 685 cycles when the thermal gradient is removed. Neither of the 
distributions gives any particular interesting results by themselves. During a flight 
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the detail will be cyclically heated/cooled but when the crack initiates and grows 
the stress relaxes. Therefore a more truthful approach would be to combine the 
two stress distributions and this is accomplished in the following manner: During 
the initial phase the original stress data is used but when the crack has reached 
an arbitrary length the data from the stress without thermal gradient is used. For 
this specific case it was suitable to stop after 11 cycles where the crack had 
reached a length of approximately 2.0187 mm. This length was then used as 
initial crack length for a simulation without thermal gradient and the results stated 
the detail would last another 130 cycles. The result from these combined 
simulations is along with the original results and the results from the simulation 
without thermal gradient plotted in figure 6.36: 
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 Figure 6.36. The crack propagation for the three load cases. 
 
Almost the very same procedure was undertaken in NASCRAC and the results 
state similarities though the number of cycles varies between the two 
programmes. NASCRAC stated 418 cycles for the original load case, 2558 
cycles for the load without thermal gradient and 1062 cycles for the combined. To 
make comparisons with NASCRAC in this case is however difficult because 
regardless of how similar the data is, the geometry used in NASCRAC differed 
from the one used in NASGRO. NASCRAC have a geometry called “variable” 
(see figure 6.4) which is more resembling to the real detail but this geometry is 
not available in NASGRO. Furthermore it has previously been shown that the 
“variable” geometry in NASCRAC has problems with stress distributions that 
cross. 
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For this reason comparisons between the two programmes may be faulty. This 
procedure however is somewhat closer to the realistic behaviour of the 
component than previous simulations and will be investigated further with the use 
of Franc2D.  
 
6.3.2 Franc2D 
 
The difference when running this simulation in Franc2D is that it is possible to 
enter different temperature regions which could not be done in NASGRO. 
Otherwise the procedure is similar but loads and the geometry is somewhat 
different. The differences in geometry is the width that is set to 13.306 mm, the 
thickness to 10 mm and the height is set to 18.745 mm One load, containing 
thermal gradient, will be used to grow a crack from 0.4 mm to 10 mm and then 
another load without any thermal gradient will be used to grow the crack from 2.4 
mm to 10 mm. After simulation the two will be combined in such manner that the 
first load is valid from the initial crack length of 0.4 mm to 2.4 mm and the second 
load is valid from 2.4 mm to 10 mm. In other words the same procedure as in 
NASGRO but now the results may be compared with a second load, containing 
temperature regions, by using external input files. It should be noted that the 
value 10 mm as final crack length is arbitrary and it is used as stopping point if 
the KC is not exceeded earlier. Hence one might say that 10 mm is a failure 
criterion.  
 
Two different cases will be simulated and handled in the same manner and they 
are bound together. The loads used in this chapter originate from two transients 
received from FEM-simulation. The first case handled here use stress values 
from one of the transient while the second case adds the absolute values from 
both the transients. In FEM only half the detail was simulated and therefore it will 
be mirrored (to reach a width of 13.306 mm) together with the stress 
distributions. 
 
6.3.2.1 Case 1 
 
As mentioned this case handles one of the two transients (the max part in figure 
6.5) received from FEM. It is in the end parts of a detail the temperature usually 
affects the stress distribution and this becomes obvious when looking at figure 
6.37 which contain the distributions: 
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Distributions for case 1
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      Figure 6.37. Stress distributions used for case 1. 
 
When running this simulation in Franc2D it was found that the load including 
thermal gradient holds 5550 cycles before failure while load without thermal 
gradient holds 136000 cycles. The combined curve is plotted below in figure 6.38 
together with the curves used to construct it: 
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      Figure 6.38. Franc2D results combined.  
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This was as far one could come with NASGRO or NASCRAC but usage of 
Franc2D enables further investigation. A simulation containing the load without 
thermal gradient together with a thermal load was run. The thermal load 
originates from the temperature distribution shown in figure 6.40 and the 
appliance in Franc2D is shown in figure 6.39. However, it was found that the 
temperature distribution proposed could not be simulated in Franc2D due to 
negative K values and for that reason it had to be manipulated. The new 
temperature distribution is also available in figure 6.40: 
 

 

   Figure 6.40. Manipulated temperatures. 
 

 
  
 
   

↓ 

 
 

Figure 6.39. Temperature distribution in 
Franc2D 

  

     ←  

                    
It was found that number of cycles before failure for this load is 15200 cycles. 
The result is plotted together with the combined curve from earlier in figure 6.41: 
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     Figure 6.41. Final results for case 1. 
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Clearly there is a large difference for the two curves but that is not unexpected 
considering how the combined curve was constructed. The simulation with 
thermal gradient is a better assumption than the use of the thermal relaxation 
method where two simulations are necessitated. It opens interesting prospects of 
better capturing the interaction of thermal gradient stress and primary stress in 
crack propagation using the Franc2D code.  
 
6.3.2.2 Case 2 
 
This case will deal with both the transients from the FEM simulation (the max and 
min parts combined to the corresponding R=0 stresses). The two loads used 
initially in Franc2D are provided in figure 6.42: 
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      Figure 6.42. Stress distributions used for case 2. 
 
It was found that load including thermal gradient holds 139 cycles whereas the 
load excluding the thermal gradient holds 560 cycles. It is expected to receive 
shorter lifetimes for case 2 since the load values from both transient are added. 
Again it is possible to plot the combined curve seen in figure 6.43: 
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     Figure 6.43. Franc2D results combined. 
 
After this the simulation containing the load without thermal gradient was run 
together with a thermal load and the temperature distribution is shown in  
figure 6.44: 
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                 Figure 6.44. Used temperature distributions. 
 
Franc2D stated that the number of cycles before failure is 170 cycles and the 
result is plotted in figure 6.45:  
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  Figure 6.45. Final results for case 2. 
 
Also for case 2 the thermal simulation has a shorter lifetime than the combined 
one. For both cases it is obvious that the load with thermal gradient follows the 
combined curve in the beginning of the simulation. This is because the stresses 
from the temperature distributions are relatively large in the end parts of the 
geometry. Then the combined curve grows a lot slower than the thermal because 
the temperature load has relaxed. Hence it has been shown that using the actual 
temperature distributions affect the results more drastically than one may 
anticipate by using the combined method.  
 
 
Clearly Franc2D has some advantages over NASGRO when temperature 
distributions are involved and for cases concerning such loads the best course of 
action may be to use both programmes in a similar manner used in this report.  
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6.4 Stator 1 
 
This case refers to previous simulations performed on stator 1[8] and for this case 
the elastic-plastic module in NASGRO will be thoroughly investigated. Data will 
also be used for linear-elastic modules to compare the two and to be able to 
simulate using Franc2D. Substantial parameter and geometry varying will take 
place for this case in order to evaluate the programmes.  
 
6.4.1 Comparison: NASCRAC, NASGRO and Franc2D 
 
As mentioned this case has previously been simulated with the aid of NASCRAC 
and the EPFM module was used. Two different cases, due to two different 
turbine operational conditions: “reference” meaning medium combustion rate, 
and “extreme” meaning high combustion rate, were run. The higher temperature 
for the extreme case led to lower material strength. For the reference case, which 
is the one addressed in this report, the temperature was 871 K and NASCRAC 
stated a lifetime of 440 cycles and this is in reasonable accordance with 
expertise after previous testing of the turbine.  
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The geometry used in NASCRAC 
differed from the ones available in 
NASGRO. Simplification of the 
geometry in figure 6.46 led to a 
rectangular geometry with a width 
of 53.1 mm and a thickness of 2.83 
mm.  
 
Firstly the simulation was run for 
the linear-elastics case in order to 
determine differences between the 
two elasticity types. 
 

 Figure 6.46. NASCRAC geometry. 
 
6.4.1.1 Linear-elastic simulations 
 
Since the crack is a through crack with an initial crack size of 0.4 mm the 
NASGRO model TC02 was used. Two transients corresponded to two maximum 
stress distributions shown in figure 6.47: 
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 Figure 6.47. Stress distributions used for stator 1 case, reference and extreme. 
 
As seen the loads are very high, especially in the commencing part of the detail 
and since the number of stresses is large over the width of the geometry model 
TC12 would be suitable, but the elastic-plastic part of NASGRO does not have 
many models available so TC02 must be used. TC12 is of course available for 
the linear-elastic but since comparison is the goal the same model should be 
used in both linear-elastic and elastic-plastic. In TC02 it is not possible to enter 
stresses at different coordinates; hence only one stress value (with positive and 
negative sign) may be entered. To be able to continue, some mean values were 
calculated for transient 1 and 2 respectively and then simulations could be 
performed for them respectively. The “area under curve” – technique was applied 
for half the width (the latter halves are fairly even) and the mean value is 287 
MPa for transient 1 and 985 MPa for transient 2.  
 
For transient 1 the results stated a lifetime of 816 cycles and for transient 2 the 
stress value was too large to be simulated (immediate failure).  
 
6.4.1.2 Elastic-plastic simulations 
 
In the elastic-plastic simulation the very same mean stress values were used as 
in the linear-elastic simulation. However, it is two different models and the results 
should differ from one another. The results (in number of cycles) from the elastic-
plastic simulations are summarized in table 6.11 together with the results from 
the linear-elastic simulations and the NASCRAC results: 
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  Transient 1 Transient 2 
LEFM 816 - 
      
EPFM 4287 2 
      
NASCRAC                     440 

                                  Table 6.11. Results from simulations.   
 
The transient 2 is ignored also for the elastic-plastic model because of the 
unreliable results (the stresses are simply too big).  
 
Comparisons between NASCRAC and NASGRO are not justified because there 
are too many differences in the simulations. First of all this case has not been 
simulated in NASCRAC for the linear elastic model, hence such comparison is 
not of current interest. Closer comparison is prevented by the fact that the load 
for the two programmes differ too much. In NASCRAC the entire distribution is 
simulated, whereas in NASGRO only one value is used. The effect of different 
values along the width of the geometry will play a significant role in the simulation 
as well as the fact that NASCRAC uses both the transients at once. In addition, 
for the NASCRAC simulation, a feature allowing shake down redistribution of 
stress allowed by the code was used but there is no such shake down option in 
NASGRO    
 
NASGRO needs to be developed with more geometries and more ways to enter 
stress distributions before comparisons can be performed in a correct manner.  
 
6.4.1.3 Franc2D 
 
As mentioned in chapter 5 (Franc2D) the elastic-plastic capabilities are not 
sufficient in Franc2D and hence only linear-elastic simulations were run. 
Previously simulations were run in NASGRO with only the mean values but in 
Franc2D the actual distribution will also be run. Height in Franc2D is chosen to 
100 mm. 
 
The mean values were calculated to 287 MPa and 985 MPa respectively for 
transient 1 and 2 and the results from using these mean values are given below 
in table 6.12: 
 

  NASGRO Franc2D 
Transient 1 816 4700 
Transient 2 - 48 

            Table 6.12. Results for comparison. 
 
Transient 2 breaks immediately in NASGRO whereas in Franc2D the number of 
cycles before failure reaches a value of 48 before KC is exceeded. However, the 
final crack length at this point is approximately only 0.25 mm. 985 MPa is simply 
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too much load for this geometry. Transient 1 gives results for both NASGRO and 
Franc2D though they differ greatly from one another. It is likely that the reason 
for this lies in how the programmes handle distributions.  
 
The distributions were also entered as linear distributed loads in short intervals 
into Franc2D. Figure 6.49 displays the new load distributed over the mesh,  
figure 6.48: 
 

 

  
          

         ←   

F
 

  

Figure 6.48. Used mesh. 
      igure 6.49. Stress distribution placed over nodes.     

  ↓ 

 
In order, once again, to show how well it works to use linear distributed loads in 
short intervals the stress from Franc2D is plotted below in figure 6.50:  
 

 
           Figure 6.50. Franc2D distribution. 
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The two transient were also run separately and for comparative reasons all  
these simulations were performed in NASGRO also with model TC12 which is 
able to handle these kinds of distributions. The results are summarized in  
table 6.13:  
 

Cycles  NASGRO Franc2D 
Transient 1 377 3400 
Transient 2 - 260 

Both - 55 

 
 
 
 
             Table 6.13. Results for comparison. 
 
The load from transient 2 was to large for NASGRO and hence immediate 
fracture occurred and then of course both of the transients together also lead to 
immediate fracture. For transient 1 the results are more resembling (even if the 
difference is a factor of ten) and altogether the results from Franc2D appear 
trustworthy. In order to analyze these results more thoroughly the K values 
during simulation can be investigated. The two programmes use stress in two 
different ways and to be able to compare some results the K values are used. 
Since transient 1 is the source of most results it is the one used. First the mean 
value distribution from transient 1 is used for comparison. Figure 6.51 displays 
the curves for the K values: 
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    Figure 6.51. K values as a function of the crack length. 
 
In this comparison virtually all data is identical between NASGRO and Franc2D, 
hence one may expect similar results. The first thing that should be commented 
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is the dip the Franc2D curve experiences. Why this occurs is probably because 
Franc2D uses the stress in some point where it is decreasing to calculate the K 
value and it may not affect the results much since the curve continue as 
predicted later on. Possibly it may depend on the mesh as stated it should be 
created as carefully as possible. Otherwise the two curves are very similar. The 
K starting value is almost identical between the two and the final crack length is 
also almost identical. The results in cycles were 816 and 4700 cycles 
respectively for NASGRO and Franc2D and this difference despite the similarities 
in figure 6.51 is due to the difference in stress handling. This means that the 
crack grows more each cycle in NASGRO than in Franc2D, hence shorter 
lifetime even if the K value curves are virtually identical. 
 
Since the real distribution from transient 1 was also used in Franc2D and 
NASGRO, instead of the mean value, these K values might also be interesting. 
The curves are plotted in figure 6.52: 
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           Figure 6.52. K values as a function of the crack length. 
 
As can be seen the K start value from NASGRO is very large in the beginning but 
it is not growing during the entire crack propagation. For Franc2D the geometry 
has a lifetime of 3400 cycles and for NASGRO 377 cycles. When the mean value 
was used the lifetime was a factor larger for Franc2D than NASGRO and here 
this factor is even larger. One would expect a similar factor for the two ways to 
enter the stress if the K values were more alike. However, initially, according to 
figure 6.52, the values differ greatly. This may very well be the reason to why the 
difference in cycles here is larger than for the mean value simulations. The curve 
from NASGRO does not increase during the entire propagation and its 
appearance becomes even clearer if one only looks at it without the Franc2D 
results included. Figure 6.53 below is a plot generated in NASGRO:   
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          Figure 6.53. NASGRO generated plot. 
 
The reason to this appearance lies in the stress distribution, which experiences 
several bumps, giving rise to the K curve seen above. 
 
 
In this section it has been shown that Franc2D does work satisfactory but due to 
the fact that one cannot enter the same amount of material properties, or stress 
distributions in the same manner as in NASGRO comparisons are difficult. It has 
also been shown that the EPFM module in NASGRO does not work satisfactory 
and more models and ways to enter stress distributions are necessary. Despite 
this it should not be concluded that NASCRAC works better than NASGRO 
because when entering data more parameters need to be set in NASGRO and 
hence more failure criterions are present than in NASCRAC. This fact may very 
well lead to large differences between the programmes and later on this will be 
addressed more thoroughly.  
 
6.4.2 Evaluation of EPFM module in NASGRO 
 
Since results given above for the EPFM module in NASGRO are quite 
unsatisfactory and the fact that it is vital that elastic-plastic simulations can be run 
with NASGRO in the future in detail investigation of the module will be 
undertaken. 
 
6.4.2.1 Linear-elastic vs. elastic-plastic 
 
This part will compare a case simulated with both linear-elastic module and 
elastic-plastic module. The stress used will be constant and increased in steps in 
order to see how the results are affected for the two modules. Other data used is 
the very same as for previous stator 1 simulations.  
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There is a fracture criterion for the linear-elastic module in NASGRO, when the 
stress exceeds the average of the yield and ultimate stress. For this case the 
yield stress is 851 MPa and the ultimate 981 MPa. The stress used will be a 
factor multiplied with the yield stress. The first value will start at 0.1*yield and will 
be increased in steps of 0.1 each time. This procedure will go on until fracture 
criterion is reached. The stress values used are given below in figure 6.54 (note 
that values in figure are maximum values and they will be entered as minimum 
values also with negative sign, hence R= -1). 
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       Figure 6.54. Input stress values for different multiplication factors. 
 
The results from simulations are given below in table 6.14: 
 

            Linear-elastic           Elastic-plastic
x cycles crack (mm) cycles crack (mm) 

0,1 52405 30.22 419873 28.41 
0,2 6250 21.24 25659 18.85 
0,3 1187 15.63 2594 12.59 
0,4 279 11.73 230 7.01 
0,5 67 8.93 22 3.11 
0,6 39 6.86 3 1.50 
0,7 26 5.47 <1 1.45 
0,8 18 4.52 <1 6.06 
0,9 13 3.37 <1 26.74 
1,0 6 1.29 <1 109.50 
1,1 - 0.40 <1 336.40 

                 Table 6.14. Number of cycles and final crack lengths. 
 
The change in final crack length becomes more obvious when seeing them 
plotted together with the multiplication factor in figure 6.55: 
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       Figure 6.55. Results from simulations. 
 
Both modules state a large number of cycles initially when the stress values are 
relatively low. However, as the values increase there is a clear difference 
between the modules. The linear elastic behaved as presumed, the increase in 
stress led to shorter lifetimes and shorter final crack lengths, the latter almost in a 
linear fashion. When the stress exceeds the average of the yield and ultimate 
stress, failure occurs instantly. 
 
The elastic-plastic results however are much more drastic. The decrease in 
lifetime with increased stress is remarkably fast and hence the final crack lengths 
also decrease fast. But when the stress is too high and fracture occurs almost 
immediately the crack grows to extreme lengths, even outside the geometry of 
the detail. However, if the ASTM condition (eq. 6.2 below) is used to check what 
module should be applied one finds out that for almost all stress values the 
elastic-plastic module should be used.  
 

)(5,2
YS

IcK
l

σ
≥          (6.2) 

 
where l stands for the thickness of the structure, the crack length or the length of 
the ligament (the width minus the crack length). For KIc the Kmax value was used. 
 
Often it is decided, according to reference [10], to use linear-elastic even though 
the ASTM condition states otherwise and also for this case the linear-elastic 
results were more reasonable and satisfactory.  
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6.4.2.2 Varying elastic-plastic parameters 
 
When using the EPFM module in NASGRO there are quite many parameters that 
need to be set before commencing simulation. In this sub part several of these 
parameters will be varied from their initial values used before. The load for this 
case is chosen arbitrary to 550 MPa in order to receive results that are probable. 
Parameters that will be varied, for model TC02 which is used, are the following: 
 

• Method to estimate elastic-plastic J 
- EPRI (Elec. Power Research Inst.) 
- RSM (Reference Stress Method) 
 

• Deformation constraint 
- Plane strain 
- Plane stress 

 
• Loading option 

- Remote tension 
- Bending  

 
• Estimate of crack closure U0 

- Numerical value varied from 0.25  1 
 

• Constraint alpha 
- Numerical value varied from 1  3 
 

The two methods to estimate J are based on different methods, thoroughly 
explained in the NASGRO manual, but during simulation it was found that they 
give almost identical results and hence it will not be mentioned further on. The 
RSM method was used before and for results presented later on it is the used 
method. As mentioned in chapter 6.2 plane stress and plane strain are two 
different simplifications of the reality depending on the geometry of a detail. The 
loading options are explained in figure 6.1 where S0 represents remote tension 
and S2 represents bending. U0 is a measure of the cyclic driving force determined 
by the part of the primary load cycle where the crack is open. It is used to 
recalculate material parameters in Paris’ equation. The default value for U0 is set 
to 0.75. No accurate algorithm exists to select the constraint alpha exact and 
hence other factors, such as crack type and ductility, are used in order to choose 
a proper value. Often α=1 constitutes a brittle material whereas α=3 constitutes a 
ductile material and often α=2 is chosen when simulating steal type metallic 
materials. Figure 6.56 and 6.57 presents the results given from simulations for 
various U0 values and alpha values: 
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   Figure 6.56.Simulations with various U0 values with alpha set to 2. 
 
Above, in figure 6.56, the two different deformation constraints are simulated with 
both loading options available. As seen, bending as loading option give much 
longer lifetimes than tension and when using the same loading option for plane 
stress and plane strain it was found that strain leads to longer lifetimes than 
stress. It becomes obvious that U0 has a large effect and if the correct value of it 
is known it should be used because assumptions may alter the results a lot.    
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 Figure 6.57. Simulations with various alpha values with U0 set to 0.75. 
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The results for figure 6.57 are similar to the ones in figure 6.56 because again 
bending and plane strain gave longer lifetimes than tension and plane stress. 
The value of alpha may not affect a simulation to the same extent as U0 but 
nonetheless it is important.  
 
The results in this sub part are reasonable and simulations were performed in 
order to determine if the functionality of the EPFM module is affected when 
altering certain parameters.  
 
6.4.2.3 Temperature as secondary load in NASGRO 
 
Previously it has been shown how temperature loads are used in Franc2D and 
as mentioned those procedures are not available in NASGRO but for the EPFM 
module the possibility exist to enter secondary loads for each primary load 
entered. By using eq. 6.3 it is possible to translate a temperature into a load: 
 

TELoad Δ⋅⋅= α            (6.3) 
 
where E is Young’s modulus, α is the coefficient of thermal expansion (not 
constraint alpha as used before) and T is the temperature difference. Hence 
various temperatures may be used to calculate a set of secondary loads,  
figure 6.58: 
 

 

Primary load 

     Secondary load 

Figure 6.58. NASGRO model TC02 with load page. 
 
Several simulations were run, with plane stress and tension chosen, for various 
arbitrary loads with several temperature values for each load and the results are 
given in table 6.15: 
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Cycles 100 MPa 300 MPa 500 MPa 
0 °C 276441 4564 277 

100 °C 249238 4403 274 
300 °C 210827 4120 268 
500 °C 183337 3877 262 

                       Table 6.15. Results from secondary load simulations. 
 
As seen the secondary load, calculated from a certain temperature, does have 
an effect and as expected the number of cycles decrease with increasing 
temperature. With increasing primary load however, the effect from the 
secondary load decreases. Since Franc2D can simulate using the temperatures 
directly as input the very same simulations were undertaken there and results are 
given in table 6.16: 
 

Cycles 100 MPa 300 MPa 500 MPa 
0 °C 164000 3300 520 

100 °C 144000 3150 500 
300 °C 116000 2900 482 
500 °C 100000 2700 465 

                       Table 6.16. Results from Franc2D. 
 
Firstly it should be made clear that in NASGRO the EPFM module was used and 
in the Franc2D simulation LEFM was used; hence direct comparisons should not 
be made. However it is evident, once again, that Franc2D is able to handle the 
temperature distributions in the LEFM region.  
 
It might also prove interesting to compare the secondary load for tension with a 
primary load for bending because the results should be similar. By using an 
extremely low (=1 MPa) primary tension load together with secondary loads 
calculated for different temperatures the results received are almost only due to 
the secondary load. Those results are then to be compared with simulations with 
bending where the secondary load is used as primary load instead. Results are 
given below in table 6.17: 
 

Load (MPa) Tension Bending 
160 53618 60722 
480 757 803 
800 49 30 

                                  Table 6.17. Results from NASGRO. 
 
As seen the results are very resembling and it is an indication that the possibility 
to enter secondary loads work satisfactory. However it is unclear why the tension 
simulations give shorter lifetimes than the bending simulations for low loads but 
for higher loads the opposite result is given.  
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Results from parts above state that many functions for the EPFM module are 
adequate but all over the EPFM module does not work satisfactory. The crack 
growth increases unreasonably fast when the load is increased by relatively 
small numbers.  
 
6.4.3 Geometric modifications 
 
Since simplifications often are made concerning the geometry, due to the fact 
that in reality the geometries most of the times are more complex, it is important 
to investigate what happens when parameters such as height, width and 
thickness is altered.  
 
6.4.3.1 Height modifications 
 
When creating a mesh to be used in Franc2D the height of the geometry must be 
stated, unlike in NASGRO and therefore these simulations can only be run with 
Franc2D. To investigate how the height affects results several different heights 
were used for one case for comparison. Three different heights were simulated, 
50 mm, 100 mm (the one used previously) and 200 mm. All other data, such as 
the loads, are from the original case. The results from simulations are displayed 
below in table 6.18 and 6.19: 
 

Cycles 50 mm 100 mm 200 mm 
Transient 1 1800 3400 3400 
Transient 2 180 260 252 

Both 33 55 54 
         Table 6.18. Results for comparison in cycles. 
 
 

Crack (mm) 50 mm 100 mm 200 mm 
Transient 1 13 16 16 
Transient 2 4.5 5.5 5 

Both 2 2.5 2.5 
                   Table 6.19. Results for comparison in final crack length. 
 
As can be seen there is a large difference between a height of 50 mm and the 
rest. The difference between 100 mm and 200 mm is negligible when comparing 
number of cycles and the final crack lengths are also alike. Since Franc2D uses 
stress distributions along the top of the geometry and not along the crack like in 
NASGRO the height should influence the results. If the height is small compared 
to, for example, the width the results are largely affected. However if the height is 
large enough it does not seem like the results are largely affected. For this case 
the width is 53.1 mm so when simulating one should use a height somewhat 
larger than the width for trustworthy results. This is valid for comparison with 
NASGRO but if the real height is known it can of course be used instead if such 
simulation is preferred. See also section 6.1.2 for influence of model height and 
crack position using Franc2D. 
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In order to investigate the differences in table 6.18 and 6.19 above the K values 
may prove to enlighten the situation. Previous NASGRO results will also be 
included and therefore only transient 1 will be used since transient 2 (and hence 
both together) were too high to give any results in NASGRO. The received K 
values are provided below in figure 6.59: 
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     Figure 6.59. K-values received from simulations. 
 
Firstly it can be stated that the results in table 6.18 and 6.19 are confirmed. For a 
height of 50 mm the results differ a lot compared to 100 or 200 mm. The lower K 
values for 100 and 200 mm is the reason to the longer lifetime in comparison with 
50 mm height and also why the final crack length is longer for the larger heights. 
The NASGRO result (which is the same as in figure 6.53) though, is different due 
to the stress distribution. It is obvious that the NASGRO modelling and the 
Franc2D model is fundamentally different: NASGRO K-solution is based on 
traditional crack propagation theories and uses the stress input as they where 
positioned exactly in the crack plane. Franc2D, on the other side, computes K 
based on the stress established in the modelled area by the applied boundary 
conditions; the Franc2D modelling corresponding to the NASGRO case would be 
a model of height zero (or just some little value) but such a simulation is not 
possible to accomplish, see section 6.1.2. 
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6.4.3.2 Width and thickness modifications 
 
This part will contain simulations were the stator 1 case is the original case but 
some simulations will also refer back to the stator 2 case.  
 
Firstly the results from initial simulations for the stator 1 case will be presented 
again in table 6.20: 
 

  Transient 1 Transient 2 
LEFM 816 - 
     
EPFM 4287 2 

                        Table 6.20. Original results. 
 
Then, in order to determine the effect of thickness it was increased 20% and the 
results stated that nothing happened when it was increased. In fact it did not 
matter what value one chose for the thickness because the results where 
identical with table 6.20. After this the width also was increased 20% and results 
are given in table 6.21: 
 

  Transient 1 Transient 2 
LEFM 813 - 
     
EPFM 4268 2 

              Table 6.21. Increased width. 
 
For transient 2 the results are equal, if any are received, and this is due to that 
the stresses are very high. Transient 1 gave different results when the width was 
increased though the difference is negligible. It should be noted that when 
altering the width in NASGRO the placement for a stress distribution is also 
changed along with the width. This may very well be the reason to the small 
change. One would also expect longer lifetime with increasing width since a 
width increase in comparative terms means a decrease of the start crack, hence 
this behaviour is not understandable but the difference is small.  
 
Simulation of this case with varied thickness also took place in Franc2D and 
since various heights were used previously they are used once more. Table 6.22 
displays the results before thickness is altered and 6.23 after it is increased 20%: 
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Cycles 50 mm 100 mm 200 mm 
Transient 1 1800 3400 3400 
Transient 2 180 260 252 

Both 33 55 54 
Crack (mm)     
Transient 1 13 16 16 
Transient 2 4.5 5.5 5 

Both 2 2.5 2.5 
         Table 6.22. Simulation results for various heights. 
 

Cycles 50 mm 100 mm 200 mm 
Transient 1 3500 6400 6500 
Transient 2 365 560 495 

Both 77 120 108 
Crack (mm)     
Transient 1 18 19 19.5 
Transient 2 6 7 7 

Both 3 4 3.5 
         Table 6.23. Increased thickness for various heights. 
 
In difference with NASGRO it is obvious that the thickness has a large effect on 
results and gives rise to larger final crack length as well as larger number of 
cycles before failure.  
 
Simulations were also made with Franc2D with various widths but no clear 
results were given from those simulations because for some cases the lifetime 
increased whereas for others it decreased. It has previously been stated that 
there is a connection between the height and width and that the height, if not 
known, should be given a value around twice the width or more for consistent 
results. On the whole it is anticipated that Franc2D simulations must be 
performed with a real geometry and with the boundary conditions and meshing 
chosen with care, see further remarks in chapter 9.1, “Proposed continuation of 
work”. 
 
As mentioned some simulations that refer back to the stator 2 case (chapter 2) 
were also simulated again in NASGRO with increased thickness and width. The 
original results are given again in table 6.24: 
 

Stress distribution Crack size (mm) Cycles 
uncrossed 2.86206 31 
crossed 2.86206 31 
uncrossed divided by 5 6.03703 3312 
crossed divided by 5 6.1814 3324 
uncrossed divided by 10 6.74446 19640 
crossed divided by 10 6.83122 19712 

                     Table 6.24. Simulation results. 
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Again after changing the thickness the exact same results were received. The 
width was increased 20% with results given in table 6.25: 
 

Stress distribution Crack size (mm) Cycles 
uncrossed 3.15513 31 
crossed 3.15513 31 
uncrossed divided by 5 7.07272 3322 
crossed divided by 5 7.38379 3334 
uncrossed divided by 10 7.89541 19391 
crossed divided by 10 8.17318 19459 

            Table 6.25. Increased width.  
 
For stress distributions divided by 10 the lifetime became shorter as for the first 
case. However for the other distributions the lifetimes increased (or were equal) 
and for all the distributions the final crack length increased.  
 
 
It can be stated that thickness has no obvious effect in NASGRO simulations and 
the explanation lies in theories NASGRO uses to simulate. This is at least valid 
for most models used in this project but in other models the thickness may play 
an important role. The width however does have a small effect. It seems like 
NASGRO does not take much into account concerning geometric specifications 
when simulating. Most likely, the distributions used have a large effect and the 
results will vary depending on what distributions are entered.  
 
In franc2D however the thickness has a large effect and for both programmes the 
stress distributions most certainly affect the results. For example it is a fact that 
temperature distributions, depending on their appearance, may sometimes 
accelerate the process leading to shorter lifetime, but they can also contribute to 
compression, preventing crack propagation leading to longer lifetime. These 
kinds of distributions together with various geometric values can very well give 
varying results. Of course the best scenario when simulating is to use values as 
close to reality as possible because as shown certain parameters may affect 
results to a high extent.  
 
  
 
 

 80



Fracture Mechanics at very high load and different type of loads 
________________________________________________________________ 

7 Surface cracks 
 
The surface crack requires three dimensions and therefore Franc2D cannot be 
used to simulate. The surface crack models used in NASGRO are SC01 (in 
plate, tension and/or bending) and SC02 (in plate, non-linear stress) and they are 
displayed in figure 7.1: 
 

 
 
Figure 7.1. Models to simulate surface cracks in NASGRO. 
 
Model SC01 and SC02 have many similarities but SC02 is more extensive since 
it enables the possibility to enter entire stress distributions which is not possible 
in SC01. The difference between these two models is practically the same as are 
to be found between TC02 and TC12 for the through cracks. 
 
Only model SC01 exist in the elastic-plastic module for surface cracks and it 
does not contain as many options like the EPFM-models for through crack. For 
example deformation constraint may not be chosen.   
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7.1 LOX turbine 
 
This case has also previously been run in NASCRAC and concerns the manifold 
in the LOX turbine. A report[9] exists, containing stress distributions, other input 
data and results. The model used in NASGRO was SC02 and the dimensions of 
the detail investigated are a width of 80 mm, a thickness of 3.32 mm and an 
initial crack size of 0.4 mm. The relation between a and c is 1.  
 
In NASCRAC the possibility exist to use stress distributions which varies with 
both the x-coordinate and the y-coordinate. In NASGRO this is currently not 
applicable, hence the x-coordinates for the value y=0 must be used.  
 
The stress distributions are divided in three transients for this case. That signifies 
that the stress distributions are divided into three different load cases and each 
transient may be described as a sub block. During one cycle for the detail one or 
more transients may very well be cycled repeatedly. Since different loads depend 
on different sources they do not necessarily have the same number of sub 
cycles. In this simulation there were three transients. The first consist of a 
maximum and a minimum stress distribution (corresponding to a start-stop load 
case) and will be run only once. The second and third distributions are run 305 
and 3150 sub cycles respectively (corresponding to dynamic load cases within 
the start-stop sequence). Often there is both a maximum and a minimum stress 
distribution for a transient because during a cycle (a flight) the stress changes 
sign in areas exposed to thermal variation loads and the shape of the transient 
become sinusoidal, alike with one period equal to one flight duration. The 
dynamic loads occur for some time within the transient load and are sinusoidal 
with a much shorter period; i.e. the period depends on the natural frequency that 
causes the vibration.   
 
The stress distributions used are the same as the ones used in the NASCRAC 
simulation (at least for y=0) and their values are given below in figure 7.2 and 
7.3:   
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    Figure 7.2. Stress distributions used for simulating surface crack.  
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    Figure 7.3. Enlargement for trans. 2 (max) and trans. 3 (max).  
 
The x-axis’ are labelled X=x/t, where x is the position for the stress point and t is 
the thickness of the detail. When entering the data into NASGRO this is the 
required format.    
 
In NASCRAC the estimated number of cycles before failure was 152 but in 
NASGRO the result of the simulation was that the detail will hold 59 cycles 
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before failure, which is only about a third of the number of cycles NASCRAC 
gave. The crack propagation is shown below in figure 7.4: 
 

Figure 7.4. Crack size for a and c. Number of flights equals number of cycles. 
 
From figure 7.4 it is clear that the propagation is larger for c which is in the width 
direction. In NASCRAC the results stated that the crack grows through the plate 
in the thickness direction, hence failure occurs. There are a number of reasons 
why the results from the two programmes differ: 
 
1) In NASGRO only the stress values for y equals zero are used because for 
model SC02, only coordinates in one direction (x-direction here) can be entered.  
In NASCRAC there are better possibilities to enter data for stress distributions 
that varies with both x and y. As a matter of fact this difference causes the failure 
modes to be different: NASCRAC predicts failure when a crack goes through the 
thickness while NASGRO stops computation when c is through the model width. 
The NASGRO result could be used as input to a continued crack propagation for 
a through crack model like TC12.  
 
2) The stress distributions entered cross each other (see figure 7.2) and 
NASCRAC interprets this in a faulty manner. It automatically swaps Kmax and Kmin 
with each other in order to prevent the distributions to cross each other. 
NASGRO however is able to handle these distributions. 
   
With this knowledge it is not surprising that the results from NASCRAC and 
NASGRO differ. 
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7.2 Testing of manifold-alike specimens - comparison to computation 
 
This case concerns the manifold and the surface cracks that may arise in it 
mainly due to welds and the NASGRO model used is SC01. Simulations have 
been performed in NASCRAC for this case but more importantly; it has also been 
tested in reality. Hence it is possible to compare both NASCRAC and NASGRO 
with the test. Two cases will be simulated and both are tested but only the first 
case is run in NASCRAC. There are several reports[10], [11] and [12] concerning 
these cases and both of them are run with two different temperatures, 550 °C 
and 687 °C. These reports contain all details concerning this chapter. It is very 
important to note that during real tests the procedure was stopped before fracture 
occurred, but here the crack lengths received will be compared to final crack 
lengths from NASCRAC and NASGRO. 
 
7.2.1 Case 1: load controlled & displacement controlled testing 
 
The specimen geometry for this case is practically the same for both 
temperatures. For 550 °C the width is 10.20 mm and the thickness 4.29 mm 
whereas for 687 °C the width is 10.19 mm and the thickness 4.28 mm. The initial 
crack length for 550 °C and 687 °C is set to 0.376 mm and 0.735 mm 
respectively.  
 
When this case was run in NASCRAC simulations were made with the actual test 
loads and with loads taken as for a linear material model (strain, 74 %, multiplied 
with modulus of elasticity) Because of the load values, R=-1 is used. The 
average load values and the linear values are presented below in table 7.1: 
 

Loads (MPa) 550 °C 687 °C 
Test loads +720/-770 +600/-650 
Linear loads +/- 1258 +/- 1184 

                Table 7.1. Loads for case 1. 
 
Usually when studying a stress-strain-curve it is initially linear but with time it 
starts to fall, leading to high strain values even though the increase in stress is 
very small. For the simulations involving the linear loads it will be assumed that 
the stress-strain-curve is linear all over. In NASGRO the user must define two 
material parameters, the ultimate tensile stress and the yield stress, before 
commencing a simulation. In NASCRAC this is not an option but in NASGRO it is 
necessary because the programme uses the average of these two values as a 
failure criterion. For the linear loads in this section it would mean that failure 
would occur instantly. In order to compare with NASCRAC the two parameter 
values were set very high and hence only the K value were used as a failure 
criterion. It should be noted that it is a clear advantage to use NASGRO since 
this failure criterion is an improvement compared to NASCRAC but it will be 
suppressed in this chapter, 7.2 to focus on the crack evolution and the 
comparison to the behaviour of the test.  
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For the linear load simulations using the EPFM-module has also been run. 
Previous simulations have shown questionable results concerning the EPFM-
module and after consulting the Southwest Research Institute (partner in 
developing NASGRO) some material parameters were recalculated, by using 
other cases, and implemented. It is important to make clear that it is only in this 
part, chapter 7.2.1, the parameters have been changed. 
 
The results from tests, NASCRAC and NASGRO are found below in table 7.2 
and 7.3: 
 

550 °C Test NASCRAC LEFM EPFM 
Test loads 871 5350 3469 - 
Linear loads - 550 413 518 

                   Table 7.2. Results (NASGRO results in LEFM and EPFM). 
 

687 °C Test NASCRAC LEFM EPFM 
Test loads 291 3100 2025 - 
Linear loads - 350 255 337 

                   Table 7.3. Results (NASGRO results in LEFM and EPFM). 
 
As seen the results from the linear loads is a better match to the actual test than 
the test loads. This is the case for both NASCRAC and NASGRO. The results 
from NASGRO and the tests for 550 °C are plotted in figure 7.5: 
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       Figure 7.5. Simulation results from NASGRO and from actual test. 
 
The results from NASCRAC are not incorporated into figure 7.5 but they 
resemble the NASGRO results to a high degree, both in number of cycles and 
final crack length. The final crack length used from NASGRO is the one in width 
direction, the c crack, because it is there fracture occurs. The final crack lengths 
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for the simulated linear loads for a and c are 1.775 mm and 1.886 mm (plastic: 
1.932 mm and 2.03 mm) respectively and for the simulated test loads the final 
crack lengths for a and c are 2.757 mm and 3.303 mm respectively. The very 
same plot for 687 °C is plotted in figure 7.6: 
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       Figure 7.6. Simulation results from NASGRO and from actual test. 
 
These results are also somewhat alike with NASCRAC results but slightly closer 
to the results from the tests.  
 
Considering figure 7.5 and 7.6 it is clear that simulations in both NASCRAC and 
NASGRO with linear loads correspond better to the reality than the actual test 
loads. The EPFM-module also gave results close to the LEFM-module and the 
NASCRAC results (also LEFM-module); hence for this case the EPFM-results 
are satisfactory. The test loads state too long life and it is shown that it is more 
appropriate to use linearly calculated stresses, though it has only been shown for 
this type of loads and it may be different for other kinds of loading. To investigate 
further another case, concerning only the test loads, very similar to case 1 will be 
run. 
 
7.2.2 Case 2: load controlled testing 
 
The geometry of the specimen for case 2 is the same for both temperatures as 
for case 1. However the initial crack lengths are somewhat different. For 550 °C 
and 687 °C the initial crack length is set to 0.328 mm and 0.626 mm respectively. 
As mentioned this case has not been run in NASCRAC but the NASGRO 
simulations will be compared with actual tests. Only the test loads will be used for 
this case. The loads are +600 MPa and +700 MPa for 550 °C and 687 °C 
respectively and hence R=0 is used. The result in cycles is shown in table 7.4 
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and the table also contain results from the EPFM module which was run with the 
very same conditions as in the LEFM module: 
 

  Test LEFM EPFM 
550 °C 17140 20650 4838 
687 °C 7110 7486 1944 

                               Table 7.4. Results in cycles. 
 
There is a clear similarity between the test and the LEFM result in NASGRO but 
the EPFM results are very different and the final crack lengths for the EPFM 
module are also very short explaining the relatively low number of cycles. The 
LEFM result will be plotted along with the test results in figure 7.7: 
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           Figure 7.7. Simulation results from NASGRO and from actual test. 
 
The final crack lengths are also alike but the results for 687 °C should also be 
investigated, figure 7.8: 
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           Figure 7.8. Simulation results from NASGRO and from actual test. 
 
Also these results state obvious similarities between test results and NASGRO 
simulations. Hence it has been shown that to use linear loads is not the only way 
to receive results that give good correspondence to actual tests. Data for the 
crack growth for the actual test were also available and it is compared with the 
crack growth data from NASGRO in figure 7.9. The simulation for 550 °C is used. 
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           Figure 7.9. Crack growth data. 
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As seen the simulation follows the test results almost exactly except that it grows 
to a longer final crack length, because in reality, as mentioned, the test 
procedure is stopped before fracture. 
 
 
An important thing to be aware of, concerning chapter 7.2.1 and 7.2.2, is that it is 
only in NASGRO fracture occurs in the width direction whereas in NASCRAC 
and for the real test it occurs in the thickness direction. As stated in an earlier 
chapter modifications in thickness and width does not change results much and 
hence those parameters are not responsible for these results. Since real testing 
shows fracture in the thickness direction it can be stated that the NASGRO 
results are faulty in this aspect but since the final crack lengths for a and c are 
rather similar the stated lifetime may be somewhat accurate. An example of 
crack propagation is shown in figure 7.10: 
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      Figure 7.10.Simulation from EPFM-module for case 1 and 550 °C. 
 
As seen the propagations are almost identical for the two directions and in order 
to show that NASGRO results, even though stating fracture in the wrong 
direction, can be used in a conservative way the Jmax values are plotted in  
figure 7.11: 
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      Figure 7.11. Simulation from  EPFM-module for case 1 and 550 °C. 
 
It is clear that if fracture did not occur for the c crack it would shortly after occur in 
the thickness direction for a. Consequently it is safe to use the result stated for 
the c crack since the detail probably would last a little longer. By using this 
approach NASGRO results can be used with a good accuracy compared to both 
NASCRAC and real tests. 
 
7.2.3 Further evaluation of the EPFM module in NASGRO 
 
Since the EPFM module in NASGRO is needed in future simulations at Volvo 
Aero its functions should be investigated as thoroughly as possible. The results 
received are often not satisfactory and more simulations will be performed to 
compare the linear-elastic module with the elastic-plastic for. Much data will be 
similar to case 1 above but the new parameter data used there will not be used 
here. A through crack of model TC02 will be used because in the EPFM module 
surface cracks propagate too much in the width direction relative to the thickness 
direction. The J value used will be 52.2 MPa·mm in the EPFM module and the K 
value corresponding to this in the LEFM module will be 2890 MPa·√mm 
according to eq. 7.1. 
 

'

2

E
KJ =                           (7.1) 

 
where E’ is equal to E (Young’s modulus) because plane stress is used. 
 
Several loads will be used in this evaluation, in the same manner as above 
where the maximum and minimum loads were 600 MPa and -650 MPa 

 91



Fracture Mechanics at very high load and different type of loads 
________________________________________________________________ 

respectively. Several load values will be used in a similar manner to investigate 
where the elastic-plastic results start to be questionable. The final load values of 
1184 MPa and -1184 MPa are also from section above. The results from 
simulations are presented in table 7.5: 
 
  Linear-elastic     Elastic-plastic   
Loads (MPa) Range (MPa) Cycles Loads (MPa) Range (MPa) Cycles 
-250  200 450 8175 -250  200 450 15016 
-450  400 850 1105 -450  400 850 78 
-550  500 1050 534 -550  500 1050 4 
-650  600 1250 282 -650  600 1250 - 
-850  800 1650 120 -850  800 1650 - 

-1050  1000 2050 57 -1050  1000 2050 - 
-1184  1184 2368 27 -1184  1184 2368 - 

Table 7.5. Results for comparison (yellow is the condition in test, 291 cycles). 
 
The column “range” is the absolute value of the maximum and minimum values 
which are added and it is used below in figure 7.12 where the number of cycles is 
plotted as a function of the range of the load. The yield limit and the ASTM 
condition are doubled in figure 7.12 in order to correspond correctly with the 
range of loads. 
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 Figure 7.12. Results of stress vs. final life simulation. Note that in theory the non-
linear theory is applicable for all used simulations but the LEFM method give 
much better results with reference to test. 
 
As can be seen the elastic-plastic results are much more drastic, beginning with 
relatively high number of cycles, though decreasing very fast. As for some 
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previous simulations concerning the manifold the ultimate tensile stress and the 
yield stress will be disregarded. In reality the strength of the test specimen after 
the yield limit (yellow line in figure 7.12) should decrease fast, and the detail 
would fail when approaching the ultimate strength. For the elastic-plastic 
simulations however, the fracture of the detail is predicted much earlier and too 
early compared to the real test.  
 
As mentioned in chapter 2 (Fracture mechanics) there is a condition applicable 
on which module to use. The ASTM condition (eq. 7.2) states which module to 
use based on geometric sizes of a specimen.  
 

2)(5,2
YS

IcKl
σ

≥          (7.2) 

 
where l stands for the thickness of the structure, the crack length or the length of 
the ligament (the width minus the crack length). 
 
The line drawn in figure 7.12 for the ASTM condition is based on the crack length 
because it is the first of the geometric sizes that will break the condition. If one 
where to follow this condition it is obvious that for almost the entire simulation the 
EPFM module should be used. In reality, if NASGRO and other programmes 
could simulate more correctly using EPFM, one should always use the method of 
using both modules. During initial crack propagation the linear module could be 
used and then a transition could be made to use the plastic. Unfortunately it has 
been shown, partly with actual test data, that neither NASCRAC nor NASGRO is 
able to simulate satisfactory in the EPFM module. The LEFM module however, 
seems to, for these particular cases, give reasonable results for both 
programmes, even outside their range of application. 
 
7.2.3.1 R value correction 
 
In data used from the actual test the R value is 0 but if one uses the maximum 
and minimum values of 1184 MPa and -1184 MPa respectively the R value is -1. 
For the linear-elastic analysis it does not alter the results since several sets of 
da/dN- and ΔK values are used for different R values. In the EPFM module 
however, only the C and m values in Paris´ equation are entered. The C and m 
values used in the previous section are based on the R value 0. Therefore, in 
order to have EPFM conditions correlating to the LEFM simulations, the 
parameters in Paris´ equation must be corrected to fit the new R value. How this 
is done was previously shown in chapter 4 (NASGRO). The result for the new 
simulations with corrected R value is shown below in table 7.6: 
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  Elastic-plastic   
Loads Range Cycles 

-250 --> 200 450 114442 
-450 --> 400 850 580 
-550 --> 500 1050 25 
-650 --> 600 1250 <1 
-850 --> 800 1650 <1 

-1050 --> 1000 2050 <1 
-1184 --> 1184 2368 <1 

                                Table 7.6. New elastic-plastic results. 
 
The results are incorporated into figure 7.12 above giving figure 7.13: 
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 Figure 7.13. Corrected elastic-plastic simulations incorporated. 
 
As shown the new curve is very similar to the original EPFM curve but it is 
dislocated to the right. Incorporated into this curve is also the place where 
fracture occurs at the first cycle for both the LEFM and EPFM module. The result 
from the test is also incorporated (+/-1184 MPa). The results with corrected R 
value do not change the results much, they are still not satisfactory. Hence the 
LEFM simulations give the best result for this case.  
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8 Corner cracks 
 
The corner crack, like the surface, cannot be simulated using Franc2D and 
hence only NASGRO can be used. Models used for this project to simulate 
corner cracks are CC05 (at edge of plate, 2D non-linear stress) and CC09 (at 
edge of plate, improved bivariant weight function solution). Figure 8.1 displays 
the models: 

 

Figure 8.1. Model CC09 and CC05. 
 
The models in figure 8.1 are visually identical because CC09 is an upgrade to 
CC05 which have some accuracy limitations. Both models still exist in NASGRO 
for historical and comparative purposes but CC09 is the recommended. Neither 
of these models are available for the EPFM module. 
 
For these models, unlike the through and surface models used, the possibility 
exists to enter stress distributions that vary with both the x -and y-coordinate. The 
stress distributions and coordinates belonging to the stress values for CC05 and 
CC09 must be entered by generating an external file containing all required data. 
This gives the user the possibility to enter rather complicated stress distributions.  
 
Only one case was simulated with corner cracks and its purpose was to 
investigate how well NASGRO simulates corner cracks.   
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8.1 Blades in LOX turbine 
 
This case have previously been run in NASCRAC and concerns blades in the 
LOX turbine and used input data originates from a design record report[13]. The 
geometric specifications are a width of 4 mm, a thickness of 15 mm and the initial 
crack size is 0.4 mm in both directions.  
 
Two transients, each with a maximum and a minimum stress distribution, are fed 
into the NASGRO models. In the design record, the input used in NASCRAC, 
one more transient exists but are left out because NASGRO is not able to handle 
more than four distributions, hence only four external files can be generated. The 
two transients believed to have most effect are used. The first transient, 
consisting of a maximum and a minimum distribution, is applied once each cycle 
while the third (the second is the one left out) is applied as 5 500 000 sub cycles 
each cycle. The first transient is due to thermal effects and the third is due to 
vibration stresses. Therefore the first transient will be used once each cycle 
whereas the third will be used 5 500 000 times each cycle.       
 
The appearance for one of the stress distributions is shown below in figure 8.2 
and the other distributions are similar. 
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       Figure 8.2. Maximum stress distribution for transient 1. 
 
Each curve above represents a value of Y where Y=y/t and the x-axis is labelled 
X=x/t. This is the required format when entering the data into the external files 
used by NASGRO.  
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When running the simulation for CC05 no results are received since NASGRO 
gives a message concerning the stress distributions. No matter how large, or 
small, the distributions are, the same message, net-section stress exceeds flow-
stress, is given. This result is not reasonable when the stress distributions are 
low (transients divided with a factor 10) but NASGRO does not seem to be able 
to handle these types of combined stress distributions for CC05.  
 
It is not only comparison between NASCRAC and NASGRO that is of interest, 
hence manipulation of different parameters in NASGRO will be undertaken to 
investigate different possibilities. The corner crack models in NASGRO have 
some limitations and therefore CC09 with one R value will be simulated as well 
as CC09 with different da/dN values for each R.    
 
8.1.1 Simulation 1 - One R value in material properties (R=0.05) 
 
CC09 did give results, though they are questionable. The result given was 73 
cycles to failure. NASGRO output is consistent since only crack lengths up to 
around 1 mm is listed even though it also states that the final crack length for 
a=7.42449 mm and c=4.00907 mm. Considering that c propagates in the width 
direction the result for final crack length for c indicates that the crack has 
propagated through the geometric bounds, hence the programme stops. The 
crack length for a has propagated substantially more and even though the results 
in NASGRO are not complete the crack size for the cracks can be plotted as in 
figure 8.3: 
 

 
Figure 8.3. Crack a and c. 
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The fact that NASGRO only plots the crack propagation to approximately 1 mm 
and at the same time claims that the final crack lengths are much bigger is 
unclear. It is very possible that NASGRO model CC09 is unable to handle 
several stress distributions that are cycled a different number of times. Another 
point of view is that NASGRO may have simulated the case somewhat accurate 
but is unable to display all the results in a coherent fashion.  
 
NASGRO produces a debug-file every time a simulation is run and this file is 
helpful when computations do not proceed as planed. In this case the debug file 
contained some values concerning the cracks and from these values it was 
possible to plot the crack propagation for the last eleven cycles (ten listed values 
plus the final result). Figure 8.4 and 8.5 show the course of events: 
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 Figure 8.4. Crack a.                 Figure 8.5. Crack c. 
 
The plots above do not give any valuable information but it can at least be seen 
that the cracks propagate.  
 
In NASCRAC the number of cycles before failure for this case was 88 in 
difference with 73 cycles in NASGRO. It is clear that NASGRO has problems 
running a simulation with the entered stress distributions. CC05 did not give any 
result and CC09 gave insufficient results. However they do not need to be faulty 
and both NASCRAC and NASGRO states that the crack will grow through the 
geometry in the width direction. The results between the two programmes are 
alike and hand calculations have been made in the past for this specific case, 
stating that the number of cycles before failure is 102. The next step was to 
simulate with CC09 with different da/dN values for each R.    
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8.1.2 Simulation 2 - R value dependent da/dN 
 
To use different da/dN values for each R is a more correct approach and this 
method is the one used in NASCRAC, hence most simulations presented in this 
report will use this possibility when available.   
 
At an early stage it became clear that NASGRO is unable to simulate if a certain 
threshold is used for the ΔK value for all R values. Normally for a structure, one 
has a threshold value in order to get coherent results (when there is a larger and 
smaller load mix typical for start-stop load and a dynamic load as here) and for 
this case the value used in NASCRAC was supposed to be used also in 
NASGRO. However since NASGRO displayed an error message during 
simulation the threshold value was altered for each R in order to get at least 
some results. Figure 8.6 and 8.7 below displays the R values before and after 
alteration:   
 

1.E-05

1.E-04

1.E-03

1.E-02

1.E-01

1.E+00

1.E+01

10 100 1000 10000
ΔK [MPa√mm]

da
/d

N 
[m

m
/c

yc
le

] R=-2

R=-1

R=-0.5

R=0.25

R=0.5
R=0.9

 
    Figure 8.6. R values with same threshold.  
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    Figure 8.7. R values with individual thresholds.  
 
An arbitrary line has been drawn in figure 8.7 to be able to expand the threshold 
value and still retain some level of regularity. The reason for the difference in 
length for the lines is due to that ΔK may not exceed KC(1-R); hence smaller R 
values result in larger usage areas.  
 
When simulation with altered R values was run, NASGRO stated that the 
geometry would break before one cycle. Not a desired result but it can easily be 
explained from the fact that due to much lower threshold values for the applied 
ΔK, failure under the vibration load is predicted.  
 
 
These results may not give any guidance to compare with NASCRAC results but 
it maps the limitations in NASGRO. Simulations with different da/dN values for 
each R is operational for the corner crack models but the threshold values must 
be manipulated, in difference with other crack models in NASGRO. For corner 
crack models CC05 and CC09 it is clear that NASGRO has limitations and it can 
not be concluded if NASGRO for this case is an improvement or a deterioration 
compared to NASCRAC. It may also be the case that NASGRO calculates 
correct for some cases but is unable to display the results in a good manner. The 
NASGRO consortium has been addressed in this context to clarify the CC05 and 
CC09 function but no response is yet received.  
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9 Conclusions 
 
The through crack is the crack type most used in this report and many results 
have been received. Franc2D is clearly hard to use for comparison since the 
difference in handling stress distributions. However, several functions are 
incorporated into Franc2D which are not to be found in NASCRAC or NASGRO, 
such as shear loads and temperature distributions. Both these functions have 
been tested with positive results. Overall it can be stated that Franc2D results are 
very satisfactory but there are negative things to that must be considered. The 
most obvious one is the limitations in entering some stress distributions. The fact 
that the user often must manipulate the distribution before using it is negative as 
well as the fact that it adds all distributions entered. Franc2D is a free of charge 
programme and it is not user friendly. Often it is terminated without stating any 
reason and the manual does not explain upon which theories and equations the 
programme is based.  
 
In NASGRO the overall results from the through crack models are satisfactory. 
Often results correspond well with NASCRAC and in some cases even better. As 
stated NASCRAC is unable to handled stress distributions that cross each other 
for several models but NASGRO is able to interpret them correctly. There are 
also more functions incorporated into NASGRO, such as more fracture criterions 
and the possibility to use momentum loads for some models. However, there are 
not as many geometries available in NASGRO as in NASCRAC and hopefully 
this will be attended to in future NASGRO versions. The possibilities when 
entering stress distributions is another thing that must be upgraded because the 
current NASGRO version is too limited in this area. 
 
Also for the surface crack the problem with crossing stress distributions has 
come up when using NASCRAC and again NASGRO simulates those 
distributions more correctly. Comparison with real tests also state that NASGRO 
models used work satisfactory. However, also for the surface crack the number 
of models is too few. 
 
The corner crack models in NASGRO have not been used to a large extent and 
the results are poor. In many cases no result is received and in other cases 
NASGRO has problems with displaying the results received. Hence it can be 
concluded that NASGRO corner crack models do not work well enough to be 
trusted.  
 
The elastic-plastic module in NASGRO has also been evaluated for some cases 
and the first thing that should be mentioned is that the number of models 
available for the EPFM module in NASGRO is way too few. For those used, 
results are often unsatisfactory but it may not depend entirely on NASGRO. 
Many parameters must be set before simulating and for some cases the 
parameters used are questionable.     
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9.1 Proposed continuation of work 
 
In this project only Franc2D was used which only allowed simulations concerning 
through cracks but there is a similar programme, Franc3D, which enables the 
user to construct 3D-meshes and simulate other crack types. This would give 
VAC the possibility to simulate surface and corner cracks with another 
programme except NASGRO and comparisons could be made. The usage of 
temperature distributions would also be very interesting for 3D-models. 
 
It has been stated that Franc2D simulations should be performed with boundary 
conditions and a mesh chosen carefully but it has been found that when creating 
a mesh to fine the programme terminates. Since Franc2D is run from an external 
window in Windows the memory may be too small. The usage of another 
operative system may enable the possibility to use more memory and hence 
construct finer meshes.   
 
VAC is a member of the NASGRO consortium and may influence the 
development of the programme. More geometries as well as more possibilities 
when entering stress distributions are a necessity if truthful results are to be 
received. Some functions should also be investigated, such as some corner 
crack models, because results indicate that they do not work correctly. The 
EPFM module should also be tested more thoroughly with parameters chosen 
very carefully.  
 
An alpha version of NASGRO 5.0 has been released but for cases used in this 
project no apparent differences have been found.  
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11 Picture references 
 
Front page picture featured: http://www.esa.int/
 
 
2 Fracture mechanics 
 
Figure 2.1: http://www.structint.com/tekbrefs/sib96154/
 
 
3 Detail description 
 
Figure 3.1: http://www2.volvo.com/NR/rdonlyres/185084F6-EA3F-46C4-B45E-
EAD988D76467/0/LH2Turbine2005.pdf
 
Figure 3.2, 3.4 and 3.5: PPT presentation (fracture_mechanics_pres), author Per 
Ekedahl 
 
Figure 3.3: http://www2.volvo.com/NR/rdonlyres/F86D8008-7DF6-44D6-A793-
FCE84A6AAB14/0/turbopumpV2paper.pdf
 
 
6 Through cracks 
 
Figure 6.1: NASGRO 4.2 user manual 
 
 
7 Surface cracks 
 
Figure 7.1: NASGRO 4.2 user manual 
 
 
8 Corner cracks 
 
Figure 8.1: NASGRO 4.2 user manual 
 
 
 
All other figures are generated in programmes used for this project and to write 
the report. 
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12 Abbreviations 
 
ASTM    American Society for Testing and Materials 
 
CC    Corner Crack 
 
CTOD    Crack Tip Opening Displacement 
 
EPFCG   Elastic Plastic Fatigue Crack Growth 
 
EPFM    Elastic Plastic Fracture Mechanics 
 
EPRI    Elec. Power Research Inst. 
 
FEM    Finite Element Method 
 
Franc2D   FRacture ANalysis Code 
 
LEFM    Linear Elastic Fracture Mechanics 
 
LH2    Liquid Hydrogen 
 
LOX    Liquid Oxygen 
 
NASCRAC   NASA CRack Analysis Code 
 
NASGRO   Fracture Mechanics and Fatigue Crack Growth  
    Analysis Software 
 
NDE    Non-Destructive Examination 
 
RSM    Reference Stress Method 
 
SC    Surface Crack 
 
SSY    Small Scale Yielding 
 
SY    Strip Yield 
 
TC    Through Crack 
 
VAC    Volvo Aero Corporation 
 
YS    Yield Strength 
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Appendices 
 
Many things presented in figures in this report are of importance, for example 
stress distributions and results. The numerical values of the most important ones 
will be presented in these appendices. There is one appendix for each crack 
type. 
 
A1 Through cracks 
 
To figure 6.3 

Coordinate (m) off-load stress path (MPa) on-load stress path (MPa) 
0 914.5203 -1717.38 

0.00008209 817.2047 -1529.74 
0.00051025 697.0862 -1287.41 
0.00068155 601.48 -1098.51 
0.00086802 509.9503 -919.86 
0.0010422 420.6637 -745.34 
0.0012782 342.3386 -596.378 
0.0015646 264.8784 -418.493 
0.0017417 248.0526 -377.577 
0.0019687 229.7128 -332.918 
0.0023954 182.6664 -239.47 
0.0028807 133.416 -141.968 
0.0037401 25.02764 8.947058 
0.0051665 -94.1426 176.1116 
0.006653 -166.263 260.6092 

0.008 -166.263 260.6092 
 
To figure 6.9 
          Crossed         Uncrossed 

 da/dN Cycle da/dN Cycle 
3.20E-02 1 3.56E-02 1 
3.49E-02 2 3.89E-02 2 
3.88E-02 3 4.28E-02 3 
4.36E-02 4 4.84E-02 4 
5.00E-02 5 5.59E-02 5 
5.85E-02 6 6.63E-02 6 
6.99E-02 7 8.24E-02 7 
8.66E-02 8 0.10619 8 
0.11373 9 0.15305 9 
0.1699 10 0.2019 10 
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To figure 6.13 
          Crossed         Uncrossed 

da/dN Cycle da/dN Cycle 
3.92E-02 1 5.08E-02 1 
4.28E-02 2 5.44E-02 2 
4.74E-02 3 5.85E-02 3 
5.27E-02 4 6.36E-02 4 
5.99E-02 5 7.03E-02 5 
6.95E-02 6 7.90E-02 6 
8.21E-02 7 9.17E-02 7 
0.10029 8 0.11058 8 
0.12986 9 0.14045 9 
0.17767 10 0.1944 10 

 
To figure 6.22 (except NASGRO results) 
               Mid crack               Top crack 
a (mm) K (MPa√mm) a (mm) K (MPa√mm) 

0.40 208 0.40 754 
1.52 417 0.64 973 
3.10 695 0.90 1251 
4.52 973 1.02 1390 
5.74 1251 1.22 1668 
6.60 1529 1.42 1946 
7.24 1807 1.47 2085 
7.84 2085 1.54 2214 
8.13 2214     

 
To figure 6.23 
               Mid crack               Top crack 
a (mm) K (MPa√mm) a (mm) K (MPa√mm) 

0.40 341 0.40 869 
1.09 556 0.54 1042 
1.82 764 0.70 1251 
2.86 1042 0.81 1390 
3.99 1390 0.96 1598 
4.58 1598 1.08 1807 
5.15 1807 1.17 1946 
5.59 2015 1.24 2085 
5.97 2214 1.34 2214 
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To figure 6.25 
pos (mm) load (MPa) 

0.000 46.41 
0.783 32.51 
2.346 29.80 
3.146 44.21 
4.746 -3.13 
5.545 -21.15 
6.345 -31.77 
7.155 -35.68 
7.964 -31.97 
8.773 -25.06 
9.393 -18.94 
10.013 -13.61 
10.597 -8.17 
11.181 -2.24 
11.764 4.16 
13.406 16.24 
14.226 12.89 
15.578 -11.13 
17.331 -40.76 
18.344 -73.37 

 
To figure 6.26 
                 No shear                Shear 
a (mm) K (MPa√mm) a (mm) K (MPa√mm) 

0.40 174 0.40 219 
0.89 278 0.91 347 
1.75 417 2.08 556 
2.60 556 3.00 695 
3.44 695 3.96 903 
4.83 973 4.60 1042 
5.41 1112 5.11 1181 
6.27 1390 5.84 1390 
6.99 1668 6.22 1529 
7.62 1946 6.74 1737 
8.10 2214 7.24 1946 

    7.85 2214 
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To figure 6.36 
  Trans1 max Trans2 max  17.715 140.59 500.94 
x (mm) stress (MPa) stress (MPa)  18.521 138.15 519.55 

0 1594.8 2866.6  19.327 128.32 525.79 
0.018398 1487.7 2617.1  20.133 119.03 534.92 
0.036796 1380.7 2369.2  21.746 108.89 550.48 
0.10723 1148.9 2020.8  22.351 98.175 549.81 
0.17767 918.45 1684.1  22.956 87.742 551.37 
0.25996 818.05 1474.7  23.561 77.979 552.47 
0.34227 718.85 1279.5  24.166 68.424 555.8 
0.46446 621.5 1135.3  24.771 58.249 559.03 
0.58669 526.14 1004.2  25.377 48.29 564.35 
0.70391 506.19 900.53  25.981 38.582 567.69 
0.82115 489.18 800.28  26.586 29.098 572.75 
1.0213 455.85 739.84  27.672 13.819 582.28 
1.1166 441.94 693.68  28.214 8.2057 579.53 
1.2118 428.23 647.58  28.756 2.6819 577.79 
1.3125 401.68 627.19  29.298 -1.166 569.44 
1.4131 375.48 607.18  29.841 -5.026 562.06 
1.5165 362.86 580.35  30.383 -9.79 572.77 
1.6198 350.57 553.86  30.926 -14.58 584.65 
1.7229 341.29 545.37  31.468 -17.01 587.14 
1.8259 332.08 536.94  32.011 -19.49 590.67 
1.9312 325.57 535.79  32.553 -19.74 596.34 
2.0366 319.16 534.79  33.096 -20.05 603.07 
2.1443 310.59 513.9  34.824 -22.72 605.47 
2.2519 302.06 493.1  35.587 -21 603.91 
2.3862 298.25 483.86  36.352 -19.36 604.65 
2.5205 294.63 474.77  36.894 -16.28 610.11 
2.9127 286.83 464.39  37.436 -13.03 616.84 
3.096 306.03 461.65  38.25 -18.57 614.62 
3.323 306.85 459.3  39.065 -24.2 615.14 
3.55 325.31 485.95  40.691 -5.515 607.4 

4.2815 103.43 359.48  41.369 -8.185 611.09 
4.9513 98.948 337.33  42.047 -10.85 616.8 
5.6214 95.511 321.93  42.861 41.248 648.48 
7.2332 88.151 327.37  44.353 69.252 661.08 
8.0248 84.432 337.5  45.032 47.936 643.54 
8.8161 81.421 350.08  45.574 133.54 664.58 
9.6372 82.365 373.83  46.813 216.74 740.61 
10.458 83.865 399.9  47.508 211.11 764.63 
11.314 97.545 407.31  48.203 182.13 754.29 
12.17 111.75 418.31  48.897 154.51 749.7 

12.927 116.25 433.36  49.593 115.03 755 
13.684 121.18 450.84  50.288 76.647 763.13 
14.49 129.21 459.4  50.983 93.7 850.82 

15.296 137.69 470.73  51.678 112.1 951.61 
16.102 140.39 476.5  52.373 58.77 1029.3 
16.908 143.63 484.7 −  

←

53.068 30.183 1110.9 
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To figure 6.40 
            Franc2D              NASGRO 
a (mm) K (MPa√mm) a (mm) K (MPa√mm) 

0.40 347.4848 0.40 358 
1.52 695 0.51 402 
3.86 1042 0.75 489 
6.60 1390 1.01 563 
10.57 1737 1.50 683 
13.72 2085 2.02 786 
17.55 2502 3.05 951 
18.34 2571 4.01 1078 
19.30 0 5.02 1195 
20.32 2815 6.00 1297 
20.83 2909 7.12 1406 

    8.10 1497 
    9.03 1582 
    10.06 1674 
    11.20 1778 
    12.04 1856 
    13.21 1967 
    14.00 2045 
    15.18 2166 
    16.18 2275 
    17.32 2407 
    18.18 2512 
    19.14 2637 
    20.21 2786 
    21.41 2909 
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To figure 6.41 
              Franc2D              NASGRO 
a (mm) K (MPa√mm) a (mm) K (MPa√mm) 

0.40 382 0.4 1688.8 
1.27 695 0.4674 1764.1 
3.10 1042 0.5413 1826.7 
5.28 1390 0.62063 1873.8 
8.08 1737 0.74665 1912.6 
10.62 2085 0.85453 1916.9 
13.16 2432 0.96165 1899.4 
14.50 2641 1.166 1853.1 
15.85 2909 1.4258 1856.1 

    1.5465 1859.6 
    1.668 1866.4 
    1.811 1873.5 
    1.9553 1881.5 
    2.1007 1887.9 
    2.3529 1900.4 
    2.6091 1914 
    2.9337 1924.5 
    3.3727 1936.8 
    3.8392 1944 
    4.4419 1943.8 
    4.7976 1938.5 
    4.9302 1935.3 
    5.0624 1932 
    5.52 1916 
    6.0933 1887 
    6.4029 1870.4 
    6.8703 1861.8 
    7.4572 1864.1 
    7.9062 1875.4 
    8.5105 1897.6 
    9.1986 1932.8 
    9.7578 1963.6 
    10.221 1993.3 
    10.8 2036.9 
    11.025 2056.7 
    11.463 2098.5 
    11.952 2150.9 
    12.44 2208.3 
    12.928 2271 
    13.655 2371.8 
    14.195 2454.3 
    14.699 2532.5 
    15.199 2614.2 
    15.877 2718.4 
    16.624 2839.1 
    17.001 2909 
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To figure 6.43 
x*yield   

x load 
0.1 85.1 
0.2 170.2 
0.3 255.3 
0.4 340.4 
0.5 425.5 
0.6 510.6 
0.7 595.7 
0.8 680.8 
0.9 765.9 
1.0 851.0 
1.1 936.1 

 
To figure 6.44 

x*yield Elastic Plastic 
x a (mm) a (mm) 

0.1 30.22 28.41 
0.2 21.24 18.85 
0.3 15.63 12.59 
0.4 11.73 7.01 
0.5 8.93 3.11 
0.6 6.86 1.50 
0.7 5.47 1.45 
0.8 4.52 6.06 
0.9 3.37 26.74 
1.0 1.29 109.50 
1.1 0.40 336.40 

 
To figure 6.47 
               50 mm               100 mm               200 mm 
a (mm) K (MPa√mm) a (mm) K (MPa√mm) a (mm) K (MPa√mm) 
0.4064 694.9696 0.4064 538.60144 0.4064 555.97568 
0.9398 1042.4544 0.7112 694.9696 0.6096 694.9696 
1.5748 1389.9392 1.4478 1042.4544 1.524 1042.4544 

2.54 1737.424 2.5908 1389.9392 2.6416 1389.9392 
3.6322 2084.9088 3.8608 1737.424 4.1148 1737.424 
4.8768 2432.3936 5.8674 2084.9088 5.588 2084.9088 
5.842 2640.88448 7.6454 2432.3936 7.7724 2432.3936 

6.9088 2909 8.9408 2640.88448 8.89 2640.88448 
    10.1854 2909 10.5664 2909 
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To figure 6.48 
pos (m) Start (MPa) Stop (MPa) 

0.00E+00 -3.49 26.46 
8.21E-05 -3.70 27.04 
5.10E-04 -4.72 29.89 
6.82E-04 -5.46 31.97 
8.68E-04 -6.18 33.97 
1.04E-03 -745.34 420.66 
1.28E-03 -596.38 342.34 
1.56E-03 -418.49 264.88 
1.74E-03 -377.58 248.05 
1.97E-03 -332.92 229.71 
2.40E-03 -239.47 182.67 
2.88E-03 -141.97 133.42 
3.74E-03 8.95 25.03 
5.17E-03 176.11 -94.14 
6.65E-03 260.61 -166.26 
8.00E-03 260.61 -166.26 

 
To figure 6.50 

Node load (0.4 - 10 mm. MPa) load (2.4 - 10 mm. MPa) 
0 132.6 9.6 
2 101.1 8.7 
4 74.0 7.9 
6 49.7 6.7 
8 36.0 8.6 
10 26.5 26.5 
14 19.4 19.4 
18 3.6 3.6 
24 -13.7 -13.7 
30 -24.1 -24.1 
36 -13.7 -13.7 
42 3.6 3.6 
46 19.4 19.4 
50 26.5 26.5 
52 36.0 8.6 
54 49.7 6.7 
56 74.0 7.9 
58 101.1 8.7 
60 132.6 9.6 
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To figure 6.51 
               0.4 - 10 mm                2.4 - 10 mm                Combined 
Cycles Crack length (mm) Cycles Crack length (mm) Cycles Crack length (mm) 

0 0.400 0 2.400 0 0.400 
1000 0.559 20000 2.591 1000 0.559 
2000 0.762 40000 2.870 2000 0.762 
3000 0.940 60000 3.124 3000 0.940 
4000 1.524 80000 3.581 4000 1.524 
4600 2.083 100000 4.267 4600 2.083 
4800 2.388 112000 4.724 4800 2.388 
5000 2.794 124000 5.639 24800 2.591 
5400 4.597 136000 10.000 44800 2.870 
5550 7.061    64800 3.124 

       84800 3.581 
       104800 4.267 
       116800 4.724 
       128800 5.639 
        140800 10.000 

 
To figure 6.53 

Node Actual temp Used temp 
0 490.75 69 
2 499.44 59 
4 505.77 52 
6 512.46 35 
8 527.44 11 
10 542.75 -7 
12 558.61 -27 
14 594.69 -72 
16 622.5 -101 
22 671.53 -114 
30 671.53 -114 
38 671.53 -114 
44 622.5 -101 
46 594.69 -72 
48 558.61 -27 
50 542.75 -7 
52 527.44 11 
54 512.46 35 
56 505.77 52 
58 499.44 59 
60 490.75 69 
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To figure 6.54 
                 Thermal                 Combined 
Cycles Crack length (mm) Cycles Crack length (mm) 

0 0.400 0 0.400 
2000 0.965 1000 0.559 
3200 1.778 2000 0.762 
4000 2.413 3000 0.940 
5200 3.416 4000 1.524 
6000 3.848 4600 2.083 
7200 4.445 4800 2.388 
8000 4.851 24800 2.591 
10000 5.588 44800 2.870 
12000 6.502 64800 3.124 
13200 7.214 84800 3.581 
14000 7.823 104800 4.267 
14800 8.852 116800 4.724 
15200 10.000 128800 5.639 

    140800 10.000 
 
To figure 6.55 

Node load (0.4 - 10 mm. MPa) load (2.4 - 10 mm. MPa) 
0 381.7 10.9 
2 287.8 10.0 
4 207.4 9.3 
6 136.1 8.1 
8 90.7 10.6 
10 61.2 61.2 
14 39.9 39.9 
18 2.3 2.3 
24 39.2 39.2 
30 61.9 61.9 
36 39.2 39.2 
42 2.3 2.3 
46 39.9 39.9 
50 61.2 61.2 
52 90.7 10.6 
54 136.1 8.1 
56 207.4 9.3 
58 287.8 10.0 
60 381.7 10.9 
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To figure 6.56 
               0.4 - 10 mm                2.4 - 10 mm                Combined 
Cycles Crack length (mm) Cycles Crack length (mm) Cycles Crack length (mm) 

0 0.400 0 2.400 0 0.400 
20 0.533 100 2.616 20 0.533 
60 0.737 200 2.819 60 0.737 
80 0.864 300 3.175 80 0.864 

100 1.194 400 3.708 100 1.194 
120 1.575 460 4.166 120 1.575 
132 2.007 500 4.623 132 2.007 
139 2.398 540 5.283 139 2.398 

    560 6.223 239 2.616 
       339 2.819 
       439 3.175 
       539 3.708 
       599 4.166 
       639 4.623 
       679 5.283 
        699 6.223 

 
To figure 6.57 

Node Temp 
0 588.21 
2 560.71 
4 541.11 
6 520.46 
8 474.03 
10 426.18 
12 376.53 
14 266.04 
16 183.92 
22 44.42 
30 44.42 
38 44.42 
44 183.92 
46 266.04 
48 376.53 
50 426.18 
52 474.03 
54 520.46 
56 541.11 
58 560.71 
60 588.21 
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To figure 6.58 
                 Thermal                 Combined 
Cycles Crack length (mm) Cycles Crack length (mm) 

0 0.400 0 0.400 
20 0.521 20 0.533 
40 0.711 60 0.737 
60 0.838 80 0.864 
80 1.143 100 1.194 
92 1.346 120 1.575 

100 1.588 132 2.007 
112 1.905 139 2.398 
120 2.172 239 2.616 
132 2.616 339 2.819 
140 2.946 439 3.175 
152 3.556 539 3.708 
160 3.988 599 4.166 
170 4.470 639 4.623 

    679 5.283 
    699 6.223 

 
A2 Surface cracks 
 
To figure 7.2 
 

pos (m) 
trans 1 (max. 

MPa) 
trans 2 (min.  

MPa) 
trans 3 (max. 

MPa) 
trans 4 (max. 

MPa) 
0 2437 -1470 -73.97 -60.2 

0.000474 1077.3 -639.1 -39.3 -31.65 
0.000948 592.18 -335.9 -31.2 -24.71 
0.001423 384.11 -84 -24.83 -19.4 
0.001897 148.76 142.2 -19.34 -14.9 
0.002371 -87.28 314.4 -13.88 -10.46 
0.002845 -324.7 378.62 -8.495 -6.113 
0.00332 -815 642.12 -4.504 -2.567 
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A3 Corner cracks 
 
To figure 8.2 

y-pos x-pos trans1_max (MPa) trans1_min (MPa) trans3_max (MPa) trans3_min (MPa) 
0 0 620 -715 123 45.1 
  0.1 507 -602 90.2 46.9 
  0.2 494 -591 58.3 34.2 
  0.3 493 -590 40 27.7 
  0.4 491 -587 35.5 26.9 
  0.5 490 -584 31 26.2 
  0.6 484 -575 38.8 25.9 
  0.7 478 -567 46.6 25.6 
  0.8 474 -560 68.2 33.6 
  0.9 485 -565 105 49 
  1 597 -668 147 50.5 

0.25 0 182 -31.2 149 63.8 
  0.1 107 -31.1 116 63 
  0.2 144 -76.3 82.7 50 
  0.3 180 -107 61.8 43 
  0.4 199 -120 53.7 43.1 
  0.5 217 -132 45.5 43.2 
  0.6 205 -119 54.4 41.8 
  0.7 192 -107 63.3 40.3 
  0.8 160 -75.8 85.9 48.2 
  0.9 125 -30.4 122 63.4 
  1 178 -25.5 160 66.9 

0.5 0 209 -50.5 144 68.1 
  0.1 208 -108 113 65.6 
  0.2 249 -156 82.7 51.4 
  0.3 286 -192 62.5 43.1 
  0.4 301 -206 53.2 42.7 
  0.5 315 -219 44 42.3 
  0.6 292 -201 50.1 41.1 
  0.7 268 -184 56.2 39.9 
  0.8 223 -145 75.5 47.7 
  0.9 175 -95.6 106 62.6 
  1 171 -37.8 136 64.7 

0.75 0 166 -24.3 135 73.8 
  0.1 109 -29.9 106 66.9 
  0.2 146 -74.9 76.5 49.9 
  0.3 180 -105 57.6 40.1 
  0.4 195 -118 49.4 39.1 
  0.5 211 -131 41.1 38.1 
  0.6 194 -118 46.1 38.6 
  0.7 178 -105 51 39 
  0.8 143 -73.5 68.1 48.1 
  0.9 130 -27.3 95.8 64.6 
  1 157 -42.8 121 69.8 
1 0 614 -705 96.2 50.1 
  0.1 501 -593 72.2 45.9 
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  0.2 489 -584 46.8 28.4 
  0.3 489 -585 31.3 19 
  0.4 488 -585 25.5 18.7 
  0.5 487 -585 19.8 18.5 
  0.6 483 -580 25.1 18.8 
  0.7 479 -576 30.4 19.1 
  0.8 477 -572 44.6 28.2 
  0.9 489 -581 67.9 45.2 
  1 603 -692 87.3 48.6 

 
To figure 8.4 

Cycle a (mm) 
1 7.250 
2 7.267 
3 7.284 
4 7.301 
5 7.318 
6 7.336 
7 7.353 
8 7.371 
9 7.389 
10 7.407 
11 7.424 

 
To figure 8.5 

Cycle c (mm) 
1 3.814 
2 3.833 
3 3.852 
4 3.872 
5 3.891 
6 3.910 
7 3.930 
8 3.950 
9 3.969 
10 3.989 
11 4.009 
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To figure 8.6 

R     
  ΔK (MPa√mm) da/dN (mm/cycle) 

-2 7500 2.696445459 
  2000 0.066604579 
  800 0.005120025 
  221.36 0.000140248 
      
      

-1 5000 1.793844142 
  2000 0.137896322 
  600 0.004736878 
  221.36 0.000290366 
      
      

-0.5 3700 1.293819124 
  1500 0.103267643 
  500 0.004764581 
  221.36 0.000486616 
      
      

0.5 1200 0.397148984 
  800 0.127613885 
  500 0.03422646 
  221.36 0.003495615 
      
      

0.25 1800 0.596980835 
  1000 0.115132352 
  500 0.016531543 
  221.36 0.001688399 
      
      

0.9 250 0.088305826 
  240 0.078767817 
  230 0.06991901 
  221.36 0.062810889 
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To figure 8.7 
R     
  ΔK (MPa√mm) da/dN (mm/cycle) 

-2 7500 3.251187444 
  2000 2.836371762 
  800 2.580291825 
  160 2.185183143 
      
      

-1 5000 3.117866242 
  2000 2.836371762 
  600 2.504763336 
  135 2.147178319 
      
      

-0.5 3700 3.022409793 
  1500 2.753347482 
  500 2.458045043 
  123 2.126635900 
      
      

0.25 1800 2.805678376 
  1000 2.640441166 
  500 2.458045043 
  94 2.068396665 
      
      

0.5 1200 2.690626131 
  800 2.580291825 
  500 2.458045043 
  80 2.034235287 
      
      

0.9 250 2.288248460 
  150 2.170667887 
  100 2.081655470 
  43 1.907910523 
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