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Abstract

In this PhD thesis we study some weighted regular Sturm-
Liouville problems in which the weight function takes on both pos-
itive and negative signs in an appropriate interval [a, b]. With such
problems there is the possible existence of non-real eigenvalues, un-
like in the definite case (i.e. left or right definite) in which only real
eigenvalues exist.

This PhD thesis consists of five papers (papers A-E) and an in-
troduction to this area, which puts these papers into a more general
frame.

In paper A we give some precise estimates on the Richardson
number for the two turning point case, thereby complementing the
work of Jabon and Atkinson from 1984 in an essential way. We
also give a corrected version of their result since there seems to be
a typographical error in their paper.

In paper B we show that the interlacing property, which holds
in the one turning point case, does not hold in the two turning
point case. The paper consists of a detailed presentation of numer-
ical results of the case in which the weight function is allowed to
change its sign twice in the interval (−1, 2). We also present some
theoretical results which support the numerical results. Moreover,
a number of new open questions are raised. We also observe that
the real and imaginary parts of a non-real eigenfunction either have
the same number of zeros in the interval (−1, 2) or the numbers of
zeros differ by two.

In paper C, we obtain bounds on real and imaginary parts of
non-real eigenvalues of a non-definite Sturm-Liouville problem, with
Dirichlet boundary conditions, thus complementing the results ob-
tained in a paper by Behrndt et.al. from 2013 in an essential way.
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vi ABSTRACT

In paper D we obtain a lower bound on the eigenvalue of the
smallest modulus associated with a Dirichlet problem in the general
case of a regular Sturm-Liouville problem.

In paper E we expand upon the basic oscillation theory for gen-
eral boundary problems of the form −y′′ + q(x)y = λw(x)y, on
I = [a, b], where q(x) and w(x) are real-valued continuous functions
on I and y is required to satisfy a pair of homogeneous separated
boundary conditions at the end-points. Already in 1918 Richardson
proved that, in the case of the Dirichlet problem, if w(x) changes its
sign exactly once and the boundary problem is non-definite, then
the zeros of the real and imaginary parts of any non-real eigenfunc-
tion interlace. We show that, unfortunately, this result is false in
the case of two turning points, thus removing any hope for a gen-
eral separation theorem for the zeros of the non-real eigenfunctions.
Furthermore, we show that when a non-real eigenfunction vanishes
inside I, then the absolute value of the difference between the total
number of zeros of its real and imaginary parts is exactly 2.



Preface

The main part of this PhD thesis consists of the following pub-
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C Kikonko, M. and Mingarelli, A. B., Bounds on real and
imaginary parts of non-real eigenvalues of non-definite Sturm-
Liouville problems. J.Differential Equations 261 (2016),
no. 11, 6221-6232.

D Kikonko, M. and Mingarelli, A. B., Estimates on the lower
bound of the eigenvalue of the smallest modulus associated
with a general weighted Sturm-Liouville problem. Int. J.
Differ. Equ. (2016). DOI:10.1155/2016/7396951

E Kikonko, M. and Mingarelli, A. B., Complex oscillations of
non-definite Sturm-Liouville problems. Research Report,
No. 10, ISSN:1400-4003, Department of Engineering Sci-
ences and Mathematics, Lule̊a University of Technology,
(10 pages), 2016. (Submitted to an international journal)

These publications are put into a more general frame in an intro-
duction.
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Remark: A shorter version of paper B can be found in

B1 Kikonko, M., Non-definite Sturm-Liouville problem with
two turning points, Proceedings of the East African Uni-
versities Mathematics Programme (EAUMP) conference,
Arusha, 22 to 25 August 2012, 52-60.
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Introduction

1. Brief outline of Sturm-Liouville problems

This PhD thesis deals with general weighted Sturm-Liouville
problems. The Sturm-Liouville (SL) differential equation is a real
second-order linear differential equation of the form

(1) − (p (x) u′ (x))′ + q (x) u (x) = λw (x) u (x) ,

given on the bounded or unbounded interval (a, b), the endpoints
a, b being finite or infinite. The parameter λ (generally complex)
for which the equation (1) has a solution u (non-identically zero)
in (a, b) is called an eigenvalue and the corresponding function
u is called an eigenfunction. Each eigenvalue may have one or
more eigenfunctions corresponding to it, depending on the bound-
ary conditions. When an eigenvalue has only one eigenfunction,
then it is called a simple eigenvalue, otherwise it is non-simple. By
a solution, we mean a generally complex-valued function u (x) of
the real variable x such that u and pu′ are absolutely continuous
on [a, b], that satisfies the the boundary conditions

(2) u (a) cosα− (pu′) (a) sinα = 0,

(3) u (b) cos β + (pu′) (b) sin β = 0,

where 0 ≤ α, β < π. The boundary conditions (2)-(3) can also take
the form

(4) α1u (a) + α2p (a) u
′ (a) = 0,

(5) β1u (b) + β2p (b) u
′ (b) = 0,

where α1 and α2 are not both zero, similarly for β1 and β2.

1



2 INTRODUCTION

In this thesis we shall use the form given by equations (2)-(3).
The functions p, q, w : [a, b] → R, have the following properties:

(6) p(x) > 0, q, w,
1

p
∈ Lloc(a, b) and

∫ b

a

|w(s)|ds > 0.

Sometimes we assume that the functions w(x), q(x), and p′(x) are
continuous functions over the finite interval [a, b]. The weight func-
tion w(x) and the coefficient function q(x) play a critical role in the
nature of the problem as shown in Sections 3 and 4.

In this Section we give some definitions and present some re-
sults, which have been specifically important as background for the
history and results obtained in this thesis. Throughout this thesis,
we shall use (, ) to denote the inner product in the Hilbert space
L2[a, b] of square integrable functions.

Definition 1. In this thesis, a SL problem is said to be regular
if (1), (2) and (3) are satisfied where p, q, w also satisfy (6) above.

In the event that the problem does not satisfy some of the con-
ditions above, then the problem is singular. A non-trivial solution
of an ordinary differential equation of the form (1) is called oscilla-
tory if it has an infinite number of zeros. An ordinary differential
equation with an oscillatory solution is called oscillatory.

Definition 2. The eigenfunctions of the problem involving (1)
and the boundary conditions (2)-(3) (or, equivalently, (4)-(5)) have
an interlacing property if between two zeros of the eigenfunction un
lies exactly one zero of the eigenfunction un+1. This is equipped
with the assumption that the eigenfunctions are ordered according
to increasing eigenvalues of the problem.

Definition 3. A homogeneous linear differential equation

Ly = y(n) + p1(x)y
(n−1) + · · · pn(x)y = 0

of order n is called disconjugate on an interval I if no non-trivial
solution has n zeros on I, multiple zeros being counted according to
their multiplicity.
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Definition 4. An eigenfunction ψ (real or not) for which

(wψ, ψ) =

b∫
a

w|ψ|2 = 0

is called a ghost state.

When dealing with qualitative theory of SL problems, we are
interested in asking and answering the following questions among
others on an equation of the form

(7) [P (x)u′(x)]′ +Q(x)u(x) = 0, a < x < b.

• How often does a solution oscillate in an interval (a, b), i.e,
how many zeros does it have?

• How many maxima and minima does it have between a
pair of consecutive zeros?

• What happens to the zeros when one changes P (x) and
Q(x)?

One of the main tools in SL theory used in the proofs of many
results is the so called Prüfer substitution (see e.g [15]), defined by
the equations below:

u (x) = r (x) sin θ (x) ,

P (x) u′ (x) = r (x) cos θ (x) ,

where r(x) > 0. This substitution is applied to the quantities in (7)
by introducing the new dependent variables r = r(x) and θ = θ(x)
induced by the transformation above.

When Pu′ = 0, then cos θ = 0 (since r > 0) and so

θ =
(2n+ 1)π

2
, with n = 0, 1, 2, 3, · · · ,

and
r2 = u2 > 0.

When Pu′ �= 0 we see that

(8) r2 = u2 + P 2u′2,

so that

(9) tan θ =
u(x)

P (x)u′(x)
.
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For any non-trivial solution we always have r > 0 (because if
r = 0, i.e., u′ (x) = 0 = u (x) for some particular x, then, by
the uniqueness theorem for second order linear ordinary differential
equations, u (x) ≡ 0, i.e., we have only the trivial solution). Differ-
entiating (8) and (9) with respect to x and using (7) we find the so
called Prüfer system

(10) θ′ = Q (x) sin2 θ +
1

P (x)
cos2 θ,

(11) r′ =
1

2

[
1

P (x)
−Q (x)

]
r sin 2θ.

Equations (10) and (11) give Prüfer’s differential equations for
the phase and amplitude, respectively. Solving the Prüfer equa-
tions (10) and (11) is thus equivalent to solving the originally given
equation (7). Any solution to the Prüfer system determines a
unique solution to (7), and conversely.

The statement is justified by the following theorem:

Theorem 1. Let (7), (10) and (11) hold.

• Suppose that θ and r are solutions of (10) and (11), re-
spectively. Then u = r sin θ is a solution of (7) on [a, b]
and Pu′ = r cos θ.

• Suppose that u is a nontrivial solution of (7). Then there
exists a solution θ of (10) and a solution r of (11) sat-
isfying r �= 0 for x ∈ [a, b], such that u = r sin θ and
Pu′ = r cos θ.

For the proof of the above theorem see e.g. [66]. This complete
equivalence of the two systems means that we can use whichever is
more convenient. Now, in the Prüfer transformation if we set

P (x) = p(x),

Q(x) = λw(x)− q(x),(12)

then from (9) and (1) we get that

(13) θλ =
[(pu′)uλ − (pu′)λu]

[u2 + (pu′)2]

(
λ =

∂

∂λ

)
.
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It can be shown that θ is an increasing (decreasing) function of λ
if w > 0 (w < 0) on (a, x) ⊂ (a, b]. To do so we state and prove the
lemma below.

Lemma 1. The numerator in (13) is equal to
x∫
a

w|u|2 dt for any
real solution u and for all x satisfying a < x ≤ b.

Proof. It is known that, for each x, the solutions u(x, λ) de-
pend continuously on the parameter λ (in fact, they are an entire
function of λ, see e.g [6].)

From (1) and the implicit function theorem we see therefore
that θ is also a differentiable function of λ and

∂

∂λ
[(−pu′)′ + qu] =

∂

∂λ
[λwu].

This implies that

(14) ((−pu′)′)λ + quλ = λwuλ + wu.

Multiplying (1) by uλ and (14) by u and subtracting the resulting
equations we get that

(15) (pu′)′uλ − (pu′)′λu = w|u|2.
Integrating both sides of (15) over [a, x], gives

x∫
a

w|u|2dt = [uλpu
′ − (pu′)λu]xa +

x∫
a

[(pu′)λu′ − pu′u′λ]dt.

However,

(pu′)λ =
∂(pu′)
∂λ

= p
∂u′

∂λ
, (since p is independent of λ)

= pu′λ, (since (u
′)λ = (uλ)

′),

and, hence,
x∫

a

[(pu′)λu′ − pu′u′λ]dt = 0.
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Therefore,
x∫
a

w|u|2dt = [uλpu
′ − (pu′)λu]xa. The boundary condition

(2) (or equivalently, (4)) ensures that (pu′)(a)uλ(a)−(pu′)λ(a)u(a) =
0. The proof is complete. �

From this Lemma, we can conclude that θ(x, λ) is an increas-
ing (decreasing) function of λ whenever w > 0(w < 0) for all x
satisfying a < x ≤ b.

2. A brief history of SL problems

SL boundary-value problems are named after the Swiss Math-
ematician Jacques Sturm (1803-1855) and the French Mathemati-
cian Joseph Liouville (1809-1882), who studied these problems and
the properties of their solutions. Pearson [54] brings to our at-
tention that in 1833 Sturm published a paper to the Academy of
Sciences on the theory of second-order linear ordinary differential
equations. This was followed in 1836 by a long and detailed mem-
oir in the Journal de Mathématiques Pures et Appliquées and was
one of the first to appear in the journal, which had recently been
founded by Joseph Liouville (see e.g.[54]). This paper contained the
first full consideration of the oscillation, comparison and separation
theorems. As Simon [59] puts it, Sturm’s mathematically deepest
results are clearly the oscillation and comparison theorems.

In 1837 Sturm and Liouville presented a remarkable short paper
in the same journal, which, as Pearson [54] alluded to, was the pa-
per that established the basic principles of what is now known as SL
theory. Pearson goes on to say that the problems considered in the
paper would today be described as SL boundary value problems
(second-order linear differential equation, with linear dependence
on a parameter) on a finite interval, with separated boundary con-
ditions. Furthermore, the paper became to be the foundation of
a new branch of Mathematics called spectral theory of differential
operators.

Everitt [22] brings to our attention that Sturm and Liouville’s
1837 paper contained a problem of the form:

(16) − d

dx

(
k
dV

dx

)
+ lV = λgV, on an interval [a, b],
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with the imposed separated boundary conditions

(17)
dV

dx
− c1V = 0, for x = a

and

(18)
dV

dx
+ c2V = 0, for x = b.

The coefficients k, l, g were considered positive on the interval [a, b],
c1 and c2 were given positive numbers and λ a real-valued param-
eter. Clearly, equation (16) is identical to (1) and the boundary
conditions (17)-(18) are special cases of the boundary conditions
(2)-(3). However, the conditions on the coefficients are not identi-
cal. The work of Sturm and Liouville had so much influence during
their time such that this subject became known as Sturm-Liouville
theory. As alluded to by Zettl [66] prior to the time of Sturm and
Liouville, the study of differential equations was largely limited to
the search for solutions as analytic expressions. Sturm and Liou-
ville were among the first to realize the limitations of this approach
and to see the need for finding properties of solutions directly from
the equation even when no analytic expressions for solutions are
available.

A great number of papers and books have since then been pub-
lished on this topic, extending the work of Sturm and Liouville, as
shall be seen in the sequel. There have been a lot of extensions on
Sturm’s results. Richardson, for instance in [58] and [57], extended
the oscillation results to the case in which the weight function takes
on both negative and positive signs. In this Section we highlight
some of the developments done in this field of Mathematics since
the works of Sturm and Liouville.

Everitt [22] has brought to our attention that in the 1910 paper
[62] by Weyl, was the first structured consideration of the analytical
properties of the SL equation. He adds that Weyl considered the
equation on the interval [0,∞) with the following restrictions on
the coefficient functions:

• p, q : [0,∞) → R;w(x) = 1 for all x ∈ [0,∞),
• p, q ∈ C[0,∞); p > 0 on [0,∞),
• the spectral parameter λ ∈ C.
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A closer look at Sturm amd Liouville’s problem (16)-(17)-(18) shows
that Sturm and Liouville started with the study of regular SL prob-
lems, while the 1910 paper of Weyl initiated the investigation of
singular SL problems.

Another significant paper in the development of SL theory is the
1912 paper [20] of Dixon. It was seen to be the first paper in which
the continuity conditions on the coefficients p, q, w are replaced by
the Lebesgue integrability conditions (see [22] for a discussion and
results on the Dixon paper). Dixon called equation (16) the “equa-
tion of Liouville and Sturm” and expressed the equation in terms
of two integral equations

U =

∫
V (l − λg)dx and V =

∫
1

k
Udx,

with the following assumptions:

• all integrals are taken in the sense of Lebesgue,
• g, k > 0 and l real,
• the integrals of g, k−1 and |l| exist.

Furthermore, the 1932 book [60] of Stone contained a detailed
study of SL differential operators, which seems to be the first study
on the extension of the properties of SL differential operators in
Hilbert function spaces, under the Lebesgue minimal conditions on
the coefficients of the differential equation (see also [22]).

Titchmarsh’s contributions to SL theory is another one of great
importance (see e.g [22]). His contributions began about 1938 and
concerned the analytic properties of the differential equation

−y′′(x) + q(x)y(x) = λy(x) for all x ∈ [0,∞),

under the conditions:

• q : [0,∞) → R,
• q(x) is continuous on [0,∞),
• the spectral parameter λ ∈ C.

Everitt brought to our attention that both the regular and singular
cases of SL boundary value problems are considered in the Titch-
marsh literature. The details on Titchmarsh’s contributions can be
found in [22] and the references therein.

We note here that the work outlined in the prequel covers cases
in which the weight function is positive and in some cases, singular
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problems are outlined. The main interest in this thesis is in the
regular problems with indefinite weight functions. Among the first
to consider regular SL problems with an indefinite weight function
was Richardson, see [57, 58]. In [57] Richardson presented some
results concerning the Klein oscillation theorem for the two differ-
ential equations with two parameters, given below:

(p1u
′)′ + q1u+ (λA11 + μA12)u = 0, p1(x) > 0,

(p2v
′)′ + q2v + (λA21 + μA22)v = 0, p2(y) > 0,

where the functions

p1(x), q1(x), A11(x), A12(x), p2(y), q2(y), A21(y), A22(y)

were supposed to be analytic in their respective intervals. In this
paper, the author obtained necessary and sufficient conditions on
the coefficients A11, A12, A21 andA22, guaranteeing existence of so-
lutions u(x), v(x) satisfying the conditions:

u(a1) = u(b1) = 0 and v(a2) = v(b2) = 0

and oscillating m and n times, respectively, in the intervals (a1, b1)
and (a2, b2).

In 1918 Richardson published yet another paper [58]. He con-
sidered the equation

(19)
d

dx

(
p(x)

dy(x)

dx

)
+G(x, λ)y(x) = 0,

on the interval 0 ≤ x ≤ 1, subject to selfadjoint boundary condi-
tions,

α1y(0) + α2yx(0) + α3y(1) + α4yx(1) = 0,

β1y(0) + β2yx(0) + β3y(1) + β4yx(1) = 0,

p(1)(α1β2 − α2β1) = p(0)(α3β4 − α4β3),

where the two sets of real coefficients α1, α2, α3, α4 and β1, β2, β3, β4
are linearly independent. The objective of this paper was to inves-
tigate the conditions that were to be imposed on G(x, λ) regarded
as a function of λ, so that definite oscillation theorems for solution
of the equation (19) could be determined. In the same paper, the
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author considered the special case in which G(x, λ) contained the
parameter λ linearly, that is:

(20) G(x, λ) = q(x) + λk(x).

Concerning the continued development of this fascinating field we
have no possibility to give all details. We only refer to [1], [2], [3],
[4], [5], [6], [7], [8], [13], [14], [16], [17], [18], [19], [23], [24], [25], [29],
[30], [31], [39], [40], [41], [45], [47], [48], [49], [50], [51], [52], [53],
[54], [61], [62], [63], [65], [66] and the references given there.

3. Classification of general weighted regular SL problems

What we present here are well known results in Sturm-Liouville
theory. For more information we refer to [27], [32], [45], [48], [21],
[58], and the references therein. Let (1) be written as

(21) Tu = λwu, where T =
d

dx

(
− p(x)

d

dx

)
+ q(x).

For a function f satisfying (2)-(3) we let

D = {f ∈ L2(a, b) : f, pf ′ ∈ AC[a, b], w−1(Tf) ∈ L2(a, b)},
where we assume that w does not vanish identically on sets of pos-
itive Lebesgue measure or on some subintervals of (a, b). Then as-
sociated with the operator T are the quadratic forms Lu = (Tu, u)
and Ru = (wu, u). Using integration by parts, we get that

Lu = p(a)u′(a)u(a)− p(b)u′(b)u(b) +

b∫
a

(p(x)|u′|2 + q(x)|u|2)dx.

Using the boundary conditions (2)-(3), we have that
(22)

Lu = |u(a)|2 cot α + |u(b)|2 cot β +

b∫
a

(p(x)|u′|2 + q(x)|u|2) dx.

Similarly,

Ru =

b∫
a

w|u|2dx.
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At the turn of the 20th century Haupt [27] and Richardson [58]
noted that the nature of the spectrum of the general boundary value
problem (1)-(2)-(3) is dependent upon some definiteness conditions
on the forms Lu and Ru.

The problem consisting of (1) and the boundary conditions (2)-
(3) is called right-definite (RD) if the form Ru is definite, i.e.,
either Ru > 0 for all u �≡ 0 in D or Ru < 0 for all u �≡ 0 in
D. Such a problem was termed orthogonal by Hilbert and his
school. In this case, only one sequence of real eigenvalues {λn}, n =
0, 1, 2, · · · exists with λn → ∞ as n → ∞. Also, corresponding to
each eigenvalue λn is a unique (up to a normalization constant)
eigenfunction un(x), which has exactly n zeros in (a, b). It is clear
from this that the problem (1)-(2)-(3) is RD if and only if either
w > 0 a.e. on [a, b] or w < 0 a.e on [a, b], see e.g [45]. It is shown
in [52] that in the RD case, the problem (1)-(2)-(3) has at most
a finite number of negative eigenvalues. For more information on
this case, we refer to [24], [8], [58], etc and the references therein.
Particularly, Everitt, Kwong and Zettl ([24], Theorem 0) outline
oscillation properties of eigenfunctions of the right definite problem.
In the right definite case the eigenfunction corresponding to the
smallest eigenvalue λ0, has no zero in the interval (a, b).

Furthermore, the problem (1)-(2)-(3) is called left-definite (LD)
if Lu is definite on D for each u �≡ 0. Hilbert and his school termed
such a problem polar. In this case two sequences of real eigenvalues
{λ±n } exist where λ±n → ±∞, one positive and the other negative.
It is shown (see for example [45]) that the eigenvalues of certain
left-definite problems with separated boundary conditions can be
numbered by the index set

Z
∗ = {. . . ,−2,−1,−0, 0, 1, 2, . . .}

such that

. . . < λ−2 < λ−1 < λ−0 < 0 < λ0 < λ1 < λ2 < . . .

and for each n ∈ Z
∗ the eigenfunctions (which are unique up to con-

stant multiples) for λn have exactly |n| zeros in the open interval
(a, b). From this we see that it is possible to have two eigenfunctions
which do not vanish in (a, b) and these are the functions correspond-
ing to λ−0 and λ0. For more details on LD problems see for example
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[45][48], [58], and the references therein. In [45], the LD case was
covered in detail and it was shown there that the LD problems can
be characterized in terms of the RD ones. In particular we learn
that the SL problem consisting of (1) and the boundary conditions
(2)-(3) is LD if and only if the lowest eigenvalue of the RD problem
consisting of

−(pu′)′ + qu = λ|w|u, on [a, b]

and the same boundary conditions, is positive.
The general problem, i.e., when neither Lu nor Ru is definite

on D, was called non-definite by Richardson and Haupt (see e.g
[58], [26]). We retain Richardson’s terminology “non-definite” in
the sequel, in relation to the “general” Sturm-Liouville boundary
problem (1)-(2)-(3). Thus, in the non-definite case, there exists
functions y, z ∈ D for which Ly > 0 and Lz < 0 and also, for a
possibly different set of y, z, for which Ry < 0 and Rz > 0. This
can also be thought of as the most general case of (1)-(2)-(3). This
case seems to first have been discussed by Richardson in his 1912
paper [57], in which he treated the problem of oscillation theorems
for two equations with two parameters, but none of the principal
results were published. Hence, these results were repeated in the
1918 paper [58] Sections 2-4. Haupt [27] considered the case in
which w changes sign, but was corrected in a later article in 1915
(see e.g [48]). Hence, we can infer that Haupt was the first to
consider such problems.

As Mingarelli [48] puts it, in Haupt’s paper [26] one finds many
interesting results on the nature of non-definite problems, results
which are, unfortunately, not mentioned explicitly in Richardson
[58], a paper which deals essentially with “new” oscillation theo-
rems for (1) in the non-definite case and for the difficult case when
q in (1) is allowed to vary non-linearly with λ (see also McCrea-
Newing [46]). However, Richardson does refer to Haupt [26] insofar
as the oscillation theorem is concerned. Thus, as alluded to by
Mingarelli [48], the first version of an oscillation theorem (in the
case q �≡ constant) is due to Haupt [26] and that a non-trivial
sharpening, and the final beautiful form of the oscillation theorem,
was formulated by Richardson. In the non-definite case the spec-
trum is discrete, always consists of a doubly infinite sequence of real
eigenvalues, and has at most a finite and even number of non-real
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eigenvalues (necessarily occurring in complex conjugate pairs), see
e.g [2, 48, 58]. In the next Section we discuss the non-definite SL
problems.

4. The non-definite SL problems

Here we give some detailed results in the non-definite case. For
more details see for example [2, 7, 8, 28, 37, 48, 49, 55, 58] etc, and
the references therein.

Remark 1. If the problem consisting of the equation

− (p (x) u′ (x))′ + q (x) u (x) = λu (x) , λ �= 0

and the boundary conditions (2)-(3) has N distinct negative eigen-
values, then the number of distinct pairs of non-real eigenvalues of
the problem (1)-(2)-(3) cannot exceed N .

For more details on Remark 1 we refer to [52] (Theorem 4.2.1),
[49] (Theorem 2), [18] (Corollary 1.7), and the references therein.
In the non-definite case, as Richardson [58] puts it, the march of
the zeros is not monotone with λ ∈ R (in contrast with the left-
and right-definite cases). In fact, there may be a range of values
of λ such that as λ increases, the number of zeros first decreases,
then increases, after that decreases and finally increases again. As a
result the eigenfunction corresponding to the eigenvalue λ0 can have
any number of zeros in (a, b) in contrast with the LD and RD cases,
that is to say, a non-definite Sturm-Liouville problem will tend not
to have a real ground state (positive eigenfunction). In relation
to this behaviour of the real spectrum of the non-definite Sturm-
Liouville problem, Mingarelli [48] defines two types of indexes which
are inspired by results of Richardson [58] and Haupt [26].

Theorem 2. ([48] Haupt-Richardson Oscillation Theorem )
In the non-definite case of problem (1)-(2)-(3) there exists an in-
teger nR ≥ 0 such that for each n ≥ nR there are at least two
real solutions of problem (1)-(2)-(3) having exactly n zeros in (a, b)
while for n < nR there are no real solutions having n zeros in (a, b).
Furthermore, there exists a possibly different integer nH ≥ nR such
that for each n ≥ nH there are precisely two solutions having exactly
n zeros in (a, b).
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Mingarelli [48] calls nR and nH the Richardson Index and Haupt
Index, respectively. If we consider positive eigenvalues separately,
then we can define for all λ > 0, an integer n+

R ≥ 0, such that
for each n ≥ n+

R, there is at least one real solution of the problem
(1)-(2)-(3) having n zeros in (a, b), while for n < n+

R, there are no
real solutions having n zeros. Also, there is an integer n+

H ≥ 0
such that for each n ≥ n+

H , there is exactly one real solution having
precisely n zeros in (a, b). Analogously for λ < 0 there exist the
corresponding integers n−

R and n−
H .

Furthermore, for real λ there exist two numbers λ+ and λ−

called the Richardson numbers, defined as

λ+ = inf{ρ ∈ R : ∀λ > ρ,

∫ b

a

|u(x, λ)|2w(x) dx > 0}, ∀ λ > 0,

and

λ− = sup{
 ∈ R : ∀λ < 
,

∫ b

a

|u(x, λ)|2w(x) dx < 0}, ∀ λ < 0.

We note that λ+ < λn+
H
. We can interpret λ+ as the smallest

number such that the real eigenvalues greater than λ+ behave as
in a “typical” Sturm-Liouville problem, that is, an eigenvalue is
uniquely associated with its oscillation number, and λ− is inter-
preted similarly (see [7]). We note that in the right-definite case,
λ+ = λ− = −∞, while in the left-definite case, λ+ = λ− = 0. As
Jabon and Atkinson [7] rightly put it, in the non-definite case, the
determination of these numbers is a very significant problem.

The two statements below can be found in [49]

Theorem 3. Let λ and u(x, λ) be a non-real eigenvalue and
associated non-real eigenfunction of problem (1)-(2)-(3). If w(x)
has precisely n turning points in (a, b), then u(x, λ) may vanish at
most (n− 1)− times in (a, b).

Corollary 1. Let λ and u(x, λ) be a non-real eigenvalue and
associated non-real eigenfunction of problem (1)-(2)-(3). If w(x)
has exactly one turning point in (a, b), then u(x, λ) �= 0 in (a, b).

In relation to Corollary 1 we state the following theorem, which
is due to Richardson [58] (see also [49], [48]).
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Theorem 4. (Richardson’s Oscillation theorem) Let w be con-
tinuous and not vanish identically in any right neighborhood of
x = a. If w(x) changes its sign precisely once in (a, b), then the roots
of the real and imaginary parts φ and ϕ of any non-real eigenfunc-
tion u = φ + iϕ, corresponding to a non-real eigenvalue, separate
one another (or interlace).

Moreover, if the positive eigenvalues λ+n of a given non-definite
problem are labeled in such a way that λ+n has an eigenfunction
with precisely n zeros in (a, b), then

λ+n
n2

∼ π2(∫ b

a

√
(w(x)
p(x)

)+dx

)2 , n→ ∞,

where (w(x)
p(x)

)+ = max{w(x)
p(x)

, 0} is the positive part of w(x)
p(x)

(see e.g,

[8] and the references therein).
There have been a lot of open questions regarding the non-

definite SL problems, of which some are highlighted in the sequel,
not necessarily in any order. In the first place, there is need to esti-
mate the oscillation numbers n+

R, n
+
H , and the eigenvalues λn+

R
, λn+

H

in terms of the given data. In the one-turning point case for w,
Atkinson and Jabon [7] obtained upper bound for λ+ and lower
bound for λ−.

Secondly, when do the zeros of the real and imaginary parts of
an eigenfunction corresponding to a non-real eigenvalue have the
“interlacing property”?. The work of Richardson [58], more than
100 years ago, indicated that in the case of one turning point in the
weight function w(x) this is necessarily the case in general. The
question is whether there are cases where the interlacing property
fails? In other words, we ask whether Richardson’s Oscillation The-
orem (4) holds in cases where the weight function w has more than
one turning point.

Thirdly, in cases where the interlacing property fails, the ques-
tion is, what is the difference between the number of zeros of the
real and imaginary parts of non-real eigenfunctions? This question
is prompted by the phenomenon, which first appeared in the two
turning point case presented in [33], in which it was observed that
the difference between the number of zeros of the real and imaginary
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parts of a non-real eigenfunction was either zero or two. Further-
more, can a non-real eigenfunction (corresponding to a non-real
eigenvalue) ever vanish in (a, b) and under what conditions does it
do so, if ever? In the one turning point case of the weight function,
the interlacing property implies that no non-real eigenfunction of
the problem vanishes in (a, b).

In the fourth place, when non-real eigenvalues exist, can one
obtain a priori bounds on the real and imaginary parts of these
values? Mingarelli [48], brought to our attention that no a priori
bounds on these eigenvalues in terms of the coefficient functions w
and q and the boundary conditions had been found by then. This
question has been investigated for example by Mingarelli in [50] and
in the recent papers [12], [55], [10], [9], [56], [11] etc. The paper
[12] covers the singular case while in [55] the authors considered the
regular case, but the regular problem was solved almost completely
in [10]. In [9] the authors considered a specific case of Dirichlet
boundary conditions, which is a variant of the problem considered
in [10]. Furthermore, in [10] the general regular case with arbitrary
selfadjoint boundary conditions was investigated. Here, we have
bounds depending on p, q and on a function g ∈ H1(a, b) such that
sgn(g) = sgn(w) a.e. on (a, b). In [56] was given a priori upper and
lower bounds on non-real eigenvalues of regular indefinite Sturm-
Liouville problems only under some integrability conditions. Most
of these papers have used L2-estimates coupled with quadratic form
arguments and theory of Krein spaces.

Furthermore, there is a need to find out how the non-real spec-
trum “moves” with varying constant q in the Atkinson-Jabon case
(of 1984). Are the trajectories of these non-real eigenvalues “para-
bolic” or some other curve? There is also a need to investigate the
conjecture that if the problem consisting of (1) and the boundary
conditions (2)-(3) has a non-real eigenvalue, c+ id, d �= 0 and a real
eigenvalue, say, γ, then c �= γ. In other words we claim that, in the
non-definite case, there cannot exist a non-real eigenvalue whose
real part is also an eigenvalue. Whether this is an accident or a
result of a more general yet unproven theorem, is unknown, but we
conjecture that it is so and leave this for future research. Next,
there is need for the derivation of some theoretical estimates of the
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(positive/negative) Richardson numbers of a Sturm-Liouville prob-
lem with fixed-end boundary conditions in the non-definite case
where the weight function has any finite number of turning points.

Importance of Sturm-Liouville problems. We pronounce
that the strong interest of this field during all these years is that this
theory is important in Applied Mathematics, where many problems
arise in the form of boundary value problems involving second order
ordinary and/or partial differential equations. It is well known
that the vast majority of the ordinary differential equations are not
explicitly solvable so that we are unable to find specific expressions
that solve the differential equations. It turns out that any linear
second ordinary differential operator can be turned into the SL
operator T defined in (21). The SL oscillation theory can then be
used to investigate qualitative properties of the solutions to some
of the differential equations that we cannot solve explicitly.

Furthermore, the use of the method of separation of variables to
solve the classical partial differential equations of physics, such as
Laplace’s equation, the heat equation, and the wave equation (see
e.g [4]) also leads to SL problems. As a result, SL problems have
been discovered as describing the mathematics underlying a variety
of physical phenomena. Their use in problems of vibrations, heat
transfer, quantum mechanics and a lot of other areas have proven
very successful for many years (see e.g [5]). To make use of the sep-
arable solutions to a partial differential equation problem, we need
to know some of the properties of the solution sets to the boundary
value problem arising in the separation of variables procedure. It
is the Sturm-Liouville theory that tells us those properties.

In this thesis we have contributed to understand and partly
solve some of the questions described above. In the next Section
we shortly describe these contributions.

5. Short description of some results obtained in this
thesis

The main focus in this thesis is to contribute to the further de-
velopment of the rich area (with many open questions) described
above. In paper A (see [37]) we give a critical analysis of the im-
portant paper by Atkinson and Jabon [7] for the Dirichlet problem
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comprising of the equation

(23) y′′ (x) + (λw (x) + q(x)) y (x) = 0

and boundary conditions

(24) y(a) = y(b) = 0.

In the same paper Atkinson and Jabon further considered a specific
problem in which the weight function w has one turning point on
the interval (−1, 1). This led to the first major study of examples of
non-definite Sturm-Liouville problems having non-real eigenvalues.
This phenomenon was postulated by Richardson [57] in 1918, with
the first actual example found by Mingarelli [51]. In paper A we
revisit the proof of Proposition 2 in [7] (where a piecewise constant
weight function with one turning point is assumed) and provide a
corrected version since there is a serious typographical error there.
In particular, we consider the problem

(25) − y′′ + q(x)y = λw(x)y, y(−1) = y(1) = 0,

w(x) =

{
1, if x ≥ 0
−1, if x < 0

as given in [7]. It is shown there that if in (25) the function q(x) =

q0 <
−π2

4
, then λ+ ≤ |q0| − π2

4
.

We also find a priori estimates of the Richardson numbers of a
Sturm-Liouville problem with fixed end boundary conditions in the
non-definite case, where the weight function is piecewise constant
and has two turning points. To do this we first consider two proposi-
tions which in the long run make it easy to estimate the Richardson
numbers of this new problem. As an example of results obtained,
we mention the following proposition (see [37], Proposition 9).

Proposition 1. Let w, q be piecewise continuous and w(x) �≡ 0
on any subinterval of [a, b]. Assume further that w(x) > 0 only in
(c, d) ⊂ (a, b) where, in addition, for some generally positive μ,
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there holds

μw + q ≤ 0, in (a, c),(26)

μw + q ≥ 0, in (c, d),(27)

μw + q ≤ 0, in (d, e),(28)

(d− c) sup
(c,d)

√
μw + q ≤ π

2
,(29)

(d− c) inf
(c,d)

√
λ∗w + q > π.(30)

Then λ+ < λ∗.

This result is applied to the particular problem

(31) u′′ + (λw(x) + q(x))u = 0, u(−1) = u(2) = 0,

where w(x) is the piecewise constant weight function defined by
w(x) = −1, x ∈ [−1, 0), w(x) = 2, x ∈ [0, 1) and w(x) = −1, x ∈
(1, 2], and q is an arbitrary piecewise continuous function over
[−1, 2].

In Paper B (see [34]) we give a detailed presentation and analysis
of the numerical results of the two turning point case, (see also [33]).
The main motivation for this paper is the results obtained from
the important paper [7] in which the authors considered a special
indefinite (non-definite) problem in which the weight function w(x)
has one turning point in the interval (−1, 1). Presented in that
paper were results of numerical calculations of the spectrum of the
problem

−y′′ + q(x)y = λr(x)y, y(−1) = y(1) = 0,

q(x) = q0 ∈ R, r(x) = sgn(x).

We extend their study to the case in which the weight function
changes sign twice (has two turning points) on the interval (−1, 2).
In particular, we consider the problem (31) considered in paper
A ([37]), but only concentrate on the numerical results. For this
particular problem, we show that the forms Lu and Ru simplify to

Lu =

2∫
−1

(q(x)|u|2 − |u′|2)dx
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and

Ru = −|A|
0∫

−1

|u|2dx+B

1∫
0

|u|2dx− |C|
2∫

1

|u|2dx.

We show in this paper that the two forms are sign indefinite and,
hence, the problem (31) is indeed non-definite. The main results of
this paper are summarized in form of Tables and Figures showing
graphs of real eigenfunctions and graphs of real and imaginary parts
of non-real eigenfunctions. In particular, we wish to verify whether
or not Theorem 4 holds in the two-turning point case. Further-
more, Theorem 3 implies that in the two-turning point case, if a
non-real eigenfunction vanishes in (−1, 2) it can only do so once,
which is worthy verifying too. We carried out numerical calcula-
tions on the spectrum of our problem using the Maple c© package
RootFinding[Analytic]. This package attempts to find all complex
zeros of an analytic function, f(z) within the rectangular region
a ≤ (z) ≤ b, c ≤ �(z) ≤ d in the complex plane. The numeri-
cal computations in this paper indicate results which we pronounce
below:

• The interlacing property which holds in the one-turning
point case does not hold in general in the two turning-
point case.

• The real and imaginary parts of any non-real eigenfunction
corresponding to a non-real eigenvalue either have the same
number of zeros in the interval (−1, 2), or the numbers of
zeros differ by two.

• For some values of q0 considered in this paper, some non-
real eigenfunctions seem to vanish inside the interval (−1, 2).

These numerical results are partly surprising and lead us into rais-
ing a number of open questions. These questions partly influence
the research in paper E and are also guiding for further research.

In Paper C (see [35]) we consider the regular Sturm-Liouville
eigenvalue problem of the form

(32) − φ′′(x) + q(x)φ(x) = λw(x)φ(x),

(33) φ(a) = φ(b) = 0, x ∈ [a, b], λ ∈ C,
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where the functions w = w(x) and q = q(x) are assumed to be
real-valued integrable functions, and w takes on positive and neg-
ative values on subsets of [a, b] with positive Lebesgue measure.
In this paper we extend the contribution of the important paper
[9] by improving the bounds obtained in Theorem 2.1 there. Our
contribution is given as Theorem 5 below.

Theorem 5. Assume that there exists a function g ∈ H1(a, b)
such that gw > 0 a.e. on (a, b). Let

Ω = {x ∈ (a, b) : g(x)w(x) < ε, }
where ε > 0 is chosen such that Ωc �= ∅ and

|Ω| ≤ 1

8(b− a)‖q−‖21
.

Then, for any non-real eigenvalue λ ∈ C\R of problem (32)-(33)
we have:

|Imλ| ≤ 4

ε
‖q−‖1‖g′‖2

√
2 + 4(b− a)‖q−‖1

and

|Reλ| ≤ 4
ε
‖q−‖1

(
‖g′‖2

√
2 + 4(b− a)‖q−‖1 + 4(b− a)‖q−‖21‖g‖∞

)
.

We prove that the bounds in Theorem 5 are an improvement on
the bounds in Theorem 2.1 in [9].

In paper D (see [36]), we derive some lower bound for an eigen-
value of the smallest modulus (not necessarily unique) correspond-
ing to the problem

(34) − u′′(x) + q(x)u(x) = λw(x)u(x), a ≤ x ≤ b,

(35) u(a) = u(b) = 0,

consolidating the results obtained by Mingarelli [50]. In [50] a
lower bound for the eigenvalue of the smallest modulus was ob-
tained under the assumptions that q, w : [a, b] → R, w ∈ L∞(a, b),
q ∈ L∞(a, b), |w(x)| > 0 a.e. on (a, b), and that q = q(x) and
w = w(x) take on both positive and negative values on (a, b). Our
study in this paper is an extension of the results in [50] to the
case where the assumption on the coefficient function q is replaced
by the more general assumption that q ∈ L1(a, b). Especially, we
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use the Fredholm integral operator associated with (34)-(35) in the
Hilbert space L2

|w|(a, b) ≡ H and use the estimates on its norm and

the H-norms of solutions of a Cauchy problem related to (34)-(35).
In paper E (see [38]) we consider a case in which the weight

function w(x) has two turning points in (a, b) with the assumption
that w(x) does not vanish identically on a subinterval of (a, b). For
a problem of the form (1)-(2)-(3) we prove that if a given non-
real eigenfunction corresponding to a non-real eigenvalue vanishes,
then the numbers of zeros of the real and imaginary parts of the
eigenfunction differ by two, and that the zeros do not interlace, in
general. This is stimulated by the numerical results presented in
[34]( ≡ paper B). We also present a non-definite Sturm-Liouville
problem in which the weight function has more than two turning
points in (a, b) and show that the solution to the problem vanishes
in the interior of (a, b). In particular, this means that we have partly
answered the open questions in [34].
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ON NON-DEFINITE STURM-LIOUVILLE
PROBLEMS WITH TWO TURNING POINTS

MERVIS KIKONKO AND ANGELO B. MINGARELLI

Abstract. This is an inaugural study of the Dirichlet prob-
lem associated with a regular non-definite Sturm-Liouville equa-
tion in the case of two turning points. We give a priori lower
bounds on the Richardson numbers associated with this prob-
lem thereby complementing pioneering results by Atkinson and
Jabon [4] in the one turning point case.

1. Introduction

The general weighted regular Sturm-Liouville problem consists in
finding the eigenvalues λ ∈ C of a real second order linear differen-
tial equation of the form

(1) y′′ (x) + (λw (x) + q(x)) y (x) = 0

when a (separated homogeneous) boundary condition is imposed at
the ends of a finite interval [a, b], i.e.,

(2) y(a) cos α − y′(a) sin α = 0

(3) y(b) cos β + y′(b) sin β = 0

where 0 ≤ α, β < π.We assume throughout that w, q are piecewise
continuous though this is not, strictly speaking, necessary as mere
Lebesgue integrability suffices for the general results stated here.
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In this paper we will always be considering the Dirichlet problem
on [a, b]. In other words the boundary conditions are of fixed-end
type, or

(4) y(a) = 0,

(5) y(b) = 0.

Generally, we let
D = {y : [a, b] → C | y, y′ ∈ AC[a, b], w−1((−y′)′+qy) ∈ L2(a, b),
y satisfies(2)−(3)}, in the case |w(x)| > 0 a.e. on (a,b). Then asso-
ciated with the problem (1),(2)-(3) are the quadratic forms L and
R, with domain D where, for y ∈ D,
(6)

Ly = (Ty, y) = |y(a)|2 cot α+ |y(b)|2 cot β+
b∫

a

{|y′|2 − q(x)|y|2} dx

and

(7) Ry = (wy, y) =

b∫
a

w(x)|y|2 dx,

where

T =
d

dx
(− d

dx
) + q(x).

Here (, ) denotes the usual L2-inner product. (Moreover we note, as
is usual, that the cot α (resp. cot β) term in (6) is absent if α = 0
(resp. β = 0) in (2)-(3)).

About 100 years ago Otto Haupt [5], Roland Richardson, [11] (and
possibly Hilbert) noted that the nature of the spectrum of the gen-
eral boundary problem (1)-(3) is dependent upon some “definite-
ness” conditions on the forms L and R. Thus, Hilbert and his school
termed the problem (1)-(3) polar if the form Ly is definite on D,
i.e., either Ly > 0 for each y �= 0 in D or Ly < 0 for each y �= 0
in D (modern terminology refers to this case as the left-definite
case). Note that there are no sign restrictions on R here, i.e., on
w(x) in (1).



NON-DEFINITE STURM-LIOUVILLE PROBLEMS 3

The problem (1)-(3) was called orthogonal (or right-definite
these days) if R is definite on D, (see above), whereas the general
problem, i.e., when neither Ly nor Ry is definite on D, was dubbed
non-definite by Richardson (see [11], p. 285). In this respect, see
also Haupt ([6], p.91). We retain Richardson’s terminology “non-
definite” in the sequel, in relation to the “general” Sturm-Liouville
boundary problem (1)-(3). Thus, in the non-definite case, there
exists functions y, z ∈ D for which Ly > 0 and Lz < 0 and also,
for a possibly different set of y, z, Ry < 0 and Rz > 0. This can
also be thought of as the most general case of (1)-(3), that is, the
case of generally unsigned coefficients, w, q in (1). For more infor-
mation on such problems we refer to the survey [9] (also available
as a preprint, see [9]).

In this report we give a critical analysis of the important paper
by Atkinson and Jabon [4] for the Dirichlet problem (4)-(5) that
led to the first major study of examples of non-definite Sturm-
Liouville problems having non-real eigenvalues. This phenomenon
was postulated by Richardson [11] in 1918, with the first actual
example found by Mingarelli, [8]. We correct some typographical
and other errors in [4] and present different proofs of the results
therein with an eye at the two turning point case (a turning point
is a point around which w changes its sign). Because of the difficulty
of the calculations associated with this problem we assume that the
coefficients w, q in (1) are generally piecewise continuous as in [4].
As result of our general propositions, we find a priori estimates
of the Richardson numbers, defined below, of a Sturm-Liouville
problem with fixed end boundary conditions in the non-definite
case where the weight function is piecewise constant and has two
turning points.

Ultimately, our aim is to examine the behavior of the eigenfunc-
tions, both real and non-real, of this non-definite Sturm-Liouville
problem. As we mentioned above one of the features of the non-
definite problem is the possible existence of non-real eigenvalues.
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2. Preliminaries

We summarize here a few basic results about the theory of non-
definite problems. (Exact references may be found in [9] and will
not be needed here.) In what follows we always assume that the
problem under consideration is non-definite.

First comes the general form of the Haupt-Richardson oscillation
theorem in this case, which generalizes Sturm’s oscillation theorem
for the real eigenfunctions to this setting.

Theorem 1. There exists an integer nR ≥ 0 such that for each
n ≥ nR there are at least two solutions of (1), (4)-(5) having ex-
actly n zeros in (a, b) while for n < nR there are no real solutions
having n zeros in (a, b). Furthermore, there exists a possibly differ-
ent integer nH ≥ nR such that for each n ≥ nH there are precisely
two solutions of (1), (4)-(5) having exactly n zeros in (a, b).

The positive integer nR is called the Richardson index while the
integer nH is the Haupt Index of the problem (1), (4)-(5) for
historical reasons.

Under very general conditions on the coefficients w, q one can show
that ∫ b

a

w(x)|y(x, λ)|2 dx > 0

(resp. < 0) for all sufficiently large λ > 0 (resp. λ < 0), and so
the oscillation of the real eigenfunctions is “Sturmian” for all large
enough eigenvalues (i.e., the oscillation numbers go up by one as
we one moves from one eigenvalue to the next).

3. Estimating the Richardson Numbers

A number of classical results should be recalled in connection with
the general problem here. First, for a fixed initial condition at
x = a, (say y(a) = 0 and y′(a) = 1) the solution y(x, λ) of (1),(4)-
(5) is an entire function of λ ∈ C, [10]. In addition, the zeros
x(λ) of such a solution are continuous and indeed differentiable
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as a function of λ. In fact, use of the differential equation (1),
along with the implicit function theorem applied to the relation
y(x(λ), λ) = 0 gives us that

∂x

∂λ
= − 1

y′(a, λ)2 + y′(b, λ)2
·
∫ b

a

w(x)|y(x, λ)|2 dx.

It follows from this that a zero x(λ) of a real eigenvalue-eigenfunction
pair λ, u(x, λ) of (1),(4)-(5) moves to the left (or right) as λ in-
creases according to whether∫ b

a

|u(x, λ)|2w(x) dx > 0 (resp. < 0)

at the eigenvalue in question. The smallest such value of λ, denoted
by λ+, is what we call the Richardson number of the problem
(1),(4)-(5), with a similar definition for the negative eigenvalues.
Specifically,

λ+ = inf{ρ ∈ R : ∀λ > ρ,

∫ b

a

|u(x, λ)|2w(x) dx > 0}(8)

λ− = sup{ρ ∈ R : ∀λ < ρ,

∫ b

a

|u(x, λ)|2w(x) dx < 0}.(9)

Now consider the equation (1) where q (x) = q0 ∈ R is identically
constant for all x ∈ [a, b] and w(x) is a step-function with two
turning points inside [a, b]. We can now assume, without loss of
generality, that the finite interval [a, b] is the interval [−1, 2] since
we can always transform [a, b] into [−1, 2] via the linear change of
independent variable

x→ 3x− (b+ 2a)

b− a
.

The weight function w is now a piecewise constant step-function
described by the relations

w(x) =

⎧⎨
⎩

A, if x ∈[-1,0],
B, if x ∈(0,1],
C, if x ∈(1,2],

with A < 0, B > 0, C < 0 without loss of generality (observe that
the case where A > 0, B < 0, C > 0 reduces to the previous one
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upon replacing λ by −λ and w by −w in (1).) Thus, the boundary
conditions (4)-(5) now become simply,

(10) y (−1) = 0 = y (2) .

This said, a simple application of Sturm’s comparison theorem
shows that for large values of λ > 0 the zeros of u(x, λ) must
accumulate in the intervals [−1, 0] and [1, 2]. We recall that the es-
timation of these quantities, λ+, λ−, for the one-turning point case
of a piecewise constant weight function was considered earlier in
[4].

Now we revisit the proof of Proposition 2 in [4] (where a piecewise
constant weight function with one turning point is assumed) and
provide a corrected version since there is a serious typographical
error there. Thus, consider the problem

(11) − y′′ + q(x)y = λw(x)y, y(−1) = y(1) = 0,

w(x) =

{
1, if x ≥ 0
−1, if x < 0

as in [4]. It is shown there that if the constant function q(x) =

q0 <
−π2

4
in (11), then λ+ ≤ |q0| − π2

4
. In order to prove this fact

we require two lemmas from [4]. We shall state and reprove them
with the necessary corrections.

Lemma 2. Let y be a solution of y′′ = −μy with μ ∈ R, over
[−1, 1].

(1) If μ < π2

4
, y(0) = 0, and y′(x) > 0 in [0, 1], then

1∫
0

y2(x)dx <
1

2
y2(1).

(2) If μ < π2

4
, y(−1) = 0, and y′(x) > 0 in [−1, 0], then

0∫
−1

y2(x)dx <
1

2
y2(0).
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Proof. (1) There are two cases, here: Either μ ≤ 0 or 0 < μ <
π2/4. We first consider the case μ ≤ 0. Since y is increasing
on [0, 1] and y(0) = 0, this means that y′′ = |μ|y ≥ 0 in
[0,1]. That is, y is a convex function and by the theory of
convex functions, if g(x) is any line segment joining any two
points on the curve y(x), then g(x) ≥ y(x). If we let the
two points be (0, y(0)) and (1, y(1)), then,

g(x) = xy(1), and so, 0 ≤ y(x) ≤ xy(1) for all x ∈ [0, 1]

Thus,

1∫
0

y2(x)dx ≤
1∫

0

x2y2(1)dx =
1

3
y2(1) <

1

2
y2(1).

as required. Next, we consider the case 0 < μ < π2

4
. Then,

necessarily,

y(x) = C sin kx, C > 0, 0 < k <
π

2
where k2 = μ.

We then have,

1∫
0

y2(x) dx = C2

1∫
0

sin2 kx dx =
C2

2
(1− sin 2k

2k
).

But for 0 < k < π/2 we know that sin 2k/(2k) > cos2 k. So,

C2

2
(1− sin 2k

2k
) <

C2

2
(1− cos2 k) =

C2

2
sin2 k =

y2(1)

2
.

Therefore,
1∫

0

y2(x)dx <
y2(1)

2
.

(2) For the case μ ≤ 0, following the arguments in the proof of
(1), we get

0 < y(x) ≤ (x+ 1)y(0) for all x ∈ [−1, 0],
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which yields

0∫
−1

y2(x) dx <
y2(0)

2
.

Finally, if 0 < μ < π2

4
, as in (1), we can take y(x) =

B sin k(x + 1), B > 0 and k =
√
μ is as defined in the

proof of (1). Following the arguments in the proof of (1),
we see that

0∫
−1

y2(x)dx <
1

2
y2(0).

�

Lemma 3. Let y be a solution of y′′ = −μy with μ ∈ R, over
[−1, 1].

(1) If μ > 0, y(1) = 0, and y(0)y′(0) > 0, then

1∫
0

y2(x)dx >
1

2
y2(0).

(2) If μ > 0, y(−1) = 0 and y(0)y′(0) < 0, then

0∫
−1

y2(x)dx >
1

2
y2(0).

Proof. (1) As before, we can write y(x) = A sin k(x − 1), with
A �= 0, where k =

√
μ. The condition y(0)y′(0) > 0 implies
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that sin 2k < 0. So,

1∫
0

y2(x)dx = A2

1∫
0

sin2 k(x− 1)dx =
A2

2
(1− sin 2k

2k
)

>
A2

2
, (since sin 2k < 0)

≥ A2

2
sin2 k =

y2(0)

2
.

(2) We use an argument similar to the above, except that here
y(x) = A sin k(x+ 1). Now the condition y(0)y′(0) < 0
implies that k sin 2k < 0 once again. A simple calculation
as in the proof of (1) gives the result.

�

Remark 4. If μ > 0, y(1) = 0, and y(0)y′(0) ≥ 0, then

1∫
0

y2(x)dx ≥

1

2
y2(0).

We give a modified proof of the next proposition as well since there
are a few misprints and errors that carry throughout the arguments.

Proposition 5. (Proposition 2 in [4])

If in (11), q0 < −π2

4
, then λ+ ≤ |q0| − π2

4
.

Proof. Let y satisfy (11), i.e, y is an eigenfunction with eigenvalue
λ of the boundary problem

y′′ + (λ− q0)y = 0, 0 ≤ x ≤ 1(12)

y′′ + (−λ− q0)y = 0, −1 ≤ x < 0(13)

y(−1) = y(1) = 0.
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Without loss of generality we may assume that y′(−1) = 1. Let

λ > |q0| − π2

4
. We will show that for such λ we must have∫ 2

−1

|y(x, λ)|2w(x) dx > 0,

from which the stated result follows from previous considerations.
Now, by assumption, λ > −q0− π2

4
. So, μ = −λ−q0 < π2

4
. Observe

that y′′ + μy = 0 on (−1, 0) and μ < π2/4. An application of
Sturm’s comparison theorem now implies that y(x) �= 0 in (−1, 0)
and so y′′(x) > 0 there as well. Hence y′ is increasing and since it
is positive at x = −1, then y′(x) > 0. So, we can apply the second
part of Lemma 2 to the interval (−1, 0), to find that (rewriting
y(x, λ) ≡ y(x) for simplicity)

0∫
−1

y2(x)dx <
1

2
y2(0).

Next, since by hypothesis we have q0 < −π2/4, it follows that |q0| ≥
−q0 > π2/4. So λ defined at the outset must be positive. Hence,
λ − q0 > 0. In addition, it is easy to see that k =

√
λ− q0 > π/2.

Since λ− q0 > 0 and since y is increasing on (−1, 0), it follows that
y(0)y′(0) ≥ 0. Hence, we can apply Remark 4 over (0, 1) to get

1∫
0

y2(x)dx ≥ 1

2
y2(0).

Now, combining the above results we obtain,

1∫
−1

w(x) y2(x) dx =

1∫
−1

sgn(x)y2(x) dx

= −
0∫

−1

y2(x)dx+

1∫
0

y2(x)dx

> −1

2
y2(0) +

1

2
y2(0) = 0.



NON-DEFINITE STURM-LIOUVILLE PROBLEMS 11

Thus,
1∫

−1

y2(x) sgn(x) dx > 0, for all λ > |q0| − π2

4
.

The definition of the Richardson number in (8) now yields the es-
timate

λ+ ≤ |q0| − π2

4
.

�

Remark 6. By symmetry, one can show that

λ− ≥ −|q0|+ π2

4
.

Neither bound on the Richardson numbers λ+, λ− is precise.

In [4], another approach to the problem of finding λ+ is the fol-
lowing. The conditions on the weight-function w and potential q
are quite general as mere Lebesgue integrability is assumed by the
authors. In addition, we provide a different proof than the one
sketched in [4].

Proposition 7. (Proposition 3 in [4])
Let λ be a real eigenvalue and y(x, λ) be a corresponding real eigen-
function of

(14) y′′ + (λw + q)y = 0, y(a) = y(b) = 0

with zeros

a = x0 < x1 < x2 < · · · < xk = b.

For each j = 0, 1, . . . , k−1, let there be a number μj < λ and a real
valued function uj satisfying the differential equation

u′′j + (μjw + q)uj = 0, x ∈ [xj, xj+1],

with the additional property that uj(x) > 0 in [xj, xj+1]. Then λ
+ <

λ, i.e., the Richardson number λ+ for (14) is less than the given
eigenvalue λ.
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Proof. Fix j, 0 ≤ j ≤ k − 1, and consider the function zj = y/uj
on [xj, xj+1]. A long but straightforward calculation shows that zj
satisfies a differential equation of the form

−(Pj(x)z
′
j)

′+Q(x)zj = (λ−μj)Wj(x)zj, zj(xj) = zj(xj+1) = 0,

which is another Sturm-Liouville equation with leading term Pj =
uj

2 > 0, potential term Q = 0 and weight function Wj = wuj
2.

This new boundary problem is a polar or left-definite problem [see
Chapter 10.7, [7]], [9] and so, for each j, the quantity νj = λ−μj is
an eigenvalue of the above Dirichlet problem over [xj, xj+1]. A sim-
ple integration by parts now shows that, for each j, the eigenvalues
νj and the eigenfunctions zj necessarily satisfy

νj ·
∫ xj+1

xj

z2j Wj dx > 0.

Observe that by hypothesis the numbers νj > 0. Since Wj(x) =
w(x)uj(x)

2 the eigenfunctions zj corresponding to these νj must
satisfy

xj+1∫
xj

wuj
2 zj

2 dx > 0,

that is,
xj+1∫
xj

w y2 dx > 0,

by definition of the zj above. Since this holds for every j we find
that

k−1∑
j=0

xj+1∫
xj

w y2 dx =

b∫
a

w y2 dx > 0.

The definition of the Richardson number now implies that λ+ <
λ. �

Remark: If for each j the λ < μj then we can conclude that
λ− > λ (the proof is similar with few changes and so is omitted.)
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Specializing to the case where for some c, d ∈ (a, b), w(x) > 0 in
(c, d), we have the following proposition:

Proposition 8. Let w, q be piecewise continuous and w(x) �≡ 0
on any subinterval of [a, b]. Assume further that w(x) > 0 only in
(c, d) ⊂ (a, b). For some μ ∈ R, let

(15) u′′ + (μw + q)u = 0

have a positive solution in [a, e] where e ∈ (d, b). In addition, for
some λ∗ > μ, let there be a solution y not identically zero of

y′′ + (λ∗w + q)y = 0,

with y(a) = 0 and having a zero in (c, d). Then λ+ < λ∗.

Proof. Let λ∗ > μ, and let y be the solution of y′′ + (λ∗w+ q)y = 0
satisfying y(a) = 0, where we can always assume that y′(a) = 1,
without loss of generality. For those zeros x1 < x2 < . . . of y(x)
that are in (a, e) we can use the given value of μ to guarantee that
there is a single solution u of (15) that is positive in [xj, xj+1] (since
it must be positive in (a, e)). This leaves the zeros of y(x) in (e, b).
But w(x) < 0 on (e, b). Thus, we can always find a value of μ > 0
such that (15) is disconjugate on [e, b]. We now apply Proposition 7
above to conclude that λ+ < λ∗. �

Another such application follows.

Proposition 9. Let w, q be as in Proposition 8 where in addition,
for some generally positive μ, there holds

μw + q ≤ 0, in (a, c),(16)

μw + q ≥ 0, in (c, d),(17)

μw + q ≤ 0, in (d, e),(18)

(d− c) sup
(c,d)

√
μw + q ≤ π

2
,(19)

(d− c) inf
(c,d)

√
λ∗w + q > π.(20)

Then λ+ < λ∗.
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Proof. First we note that an application of Sturm’s comparison
theorem to (15) and use of (16) implies the existence of a solution
u > 0 in [a, c]. On (c, d), we compare the two equations,

u′′ + (μw + q)u = 0,(21)

v′′ +
π2

4(d− c)2
v = 0, v(c) = 0, v(d) = 1.(22)

Since (22) has the solution v(x) = sin(π(x−c)
2(d−c)

), it is clear that

v(x) �= 0 in (c, d] (so that (22) is disconjugate by Sturm-Liouville

theory). Since μw+q ≤ π2

4(d−c)2
, by (19), we have that the solution u

found earlier on (a, c) must also be positive on (c, d] (else the Sturm
comparison theorem would imply that v would have to vanish some-
where in (c, d], which is impossible. Next, in the interval (d, e) we
know that μw + q ≤ 0, and so the equation is disconjugate once
again and so our solution u, now positive in both [a, c] and (c, d],
must also be positive in (d, e). Therefore, we have established the
fact that there is a solution of (15) that is positive on [a, e]. Now
(20) implies that

(23) λ∗w + q >
π2

(d− c)2
.

Comparing the two equations

y′′ + (λ∗w + q)y = 0,(24)

v′′ +
π2

(d− c)2
v = 0, v(c) = v(d) = 0,(25)

we see that (25) has the solution v(x) = sin(π(x−c)
d−c

). However, (23)
implies that y has at least one zero in (c, d), by Sturm’s comparison
theorem. Therefore, Proposition 8 applies and so λ+ < λ∗. �

4. Application

Now consider the particular case

(26) u′′ + (λw(x) + q(x))u = 0, u(−1) = u(2) = 0,

where w(x) is the piecewise constant weight function defined by
w(x) = −1, x ∈ [−1, 0), w(x) = 2, x ∈ [0, 1) and w(x) = −1, x ∈
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(1, 2], and q is an arbitrary piecewise continuous function over
[−1, 2]. This is equivalent to the linked problem

u′′ + (−λ+ q(x))u = 0, in (−1, 0)

u′′ + (2λ+ q(x))u = 0, in (0, 1)

u′′ + (−λ+ q(x))u = 0, in (1, 2),

since the same parameter λ appears in each of the three equations.
As before we assume that w, q are piecewise continuous with w(x)
not identically zero.

Proposition 10. For some M , with M > π2

20
, we assume that

q(x) ≤M in (−1, 0),(27)

−M ≤ q(x) ≤M, in (0,
π

2
√
5M

),(28)

q(x) ≤M in (1, 1 +
π

2
√
5M

).(29)

Then for (26), we have

λ+ <
21M

2
.

Proof. The results follow from Proposition 9, with the choice μ =
2M . We consider, a = −1, c = 0, d = π

2
√
5M

, e = 1 + π
2
√
5M

, b = 2.

Thus,

(d− c) sup
(c,d)

√
2μ+ q(x) =

π

2
√
5M

sup
(0, π

2
√
5M

)

√
2μ+ q(x)

≤ π
√
5M

2
√
5M

=
π

2
,
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(d− c) inf
(c,d)

√
2λ∗ + q(x) =

π

2
√
5M

inf
(0, π

2
√
5M

)

√
2λ∗ + q(x)

≥ π
√
2λ∗ −M

2
√
5M

,

>
π
√
20M

2
√
5M

(ifλ∗ > 21M/2)

= π.

�
Remark 11. Note that there are no bounds on q(x) in either of
the intervals ( π

2
√
5M
, 1) or (1 + π

2
√
5M
, 2).
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ON A NON-DEFINITE STURM-LIOUVILLE
PROBLEM IN THE TWO TURNING POINT CASE -

ANALYSIS AND NUMERICAL RESULTS

M. KIKONKO1,2

Abstract. In this paper we study the non-definite Sturm-
Liouville problem comprising of a regular Sturm-Liouville equa-
tion and Dirichlet boundary conditions on a closed interval.
We consider the case in which the weight function changes
sign twice in the given interval of definition. We give detailed
numerical results on the spectrum of the problem, from which
we verify various results on general non definite Sturm-liouville
problems. We also present some theoretical results which sup-
port the numerical results. Some numerical results seem to be
in contrast with the results that are so far obtained in the case
where the weight function changes sign once. This leads to
more open questions for future studies in this particular area.

1. Introduction

The regular Sturm-Liouville problem involves finding the values of
a parameter λ (generally complex) for which the equation

(1) − (p (x) u′ (x))′ + q (x) u (x) = λw (x) u (x)

has a solution u (non-identically zero) in (a, b) satisfying the bound-
ary conditions (2)-(3) below.
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(2) u (a) cosα− (pu′) (a) sinα = 0,

(3) u (b) cos β + (pu′) (b) sin β = 0,

a ≤ x ≤ b, −∞ < a < b < +∞, 0 ≤ α, β < π. The param-
eter λ is called an eigenvalue and the corresponding function u
is called an eigenfunction. The set consisting of all the eigenval-
ues of the problem consisting of (1) and the boundary conditions
(2)-(3) is called the spectrum. The coefficient functions are such
that p, q, w : [a, b] → R, py′ is absolutely continuous in (a, b), and
1
p
, q, w ∈ L1(a, b). In what follows (,) denotes the inner product of

the Hilbert space L2[a, b]. A point at which the weight function w(x)
changes sign is called a turning point. The number of zeros that
an eigenfunction has within the open interval (a, b), is called the
oscillation number of the corresponding eigenvalue. In this paper
the setting is that un(x) = u(x, λn) has exactly n zeros in (a, b).
That is, λn has oscillation number n.

Definition 1. Suppose that the eigenfunctions of a Sturm-Liouville
problem are ordered according to increasing eigenvalues of the prob-
lem, the eigenfunctions are said to have the interlacing property, if
between two zeros of the eigenfunction un lies exactly one zero of
the eigenfunction un+1.

Definition 2. A homogeneous linear differential equation

Ly = y(n) + p1(x)y
(n−1) + · · · pn(x)y = 0

of order n is called disconjugate on an interval I if no non-trivial
solution has n zeros on I, multiple zeros being counted according to
their multiplicity.

We pronounce that the strong interest of this field during all these
years is that this theory is important in Applied Mathematics,
where SL problems occur very commonly. The differential equations
considered here arise directly as mathematical models of motion
according to Newton’s law, but more often as a result of using
the method of separation of variables to solve the classical partial
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differential equations of physics, such as Laplace’s equation, the heat
equation, and the wave equation, (see e.g [1]). Let (1) be written as

(4) Tu = λwu, where T = − d

dx
(p(x)

d

dx
) + q(x).

Then the problem consisting of (4) and the boundary conditions
(2)-(3) is called right-definite if the form

(5) (wu, u) =

b∫
a

w|u|2dx

is definite. In this case there is a sequence {λn} of real eigenvalues
such that

−∞ < λ0 < λ1 < · · · < λn < · · ·
and λn → ∞ as n→ ∞, with a finite number of negative eigenvalues
(see e.g, [2, 3]). If the form

(6) (Tu, u) = |u(a)|2 cot α + |u(b)|2 cot β +

b∫
a

(|u′|2+q(x)|u|2) dx

is definite for each u �= 0, the problem is called left-definite. In
this case the problem consists of two sequences of eigenvalues {λ±n }
such that λ±n → ±∞ as n→ ∞. If we let λ0 to be a real eigenvalue
with smallest absolute value, then in the left- and right-definite
case, the corresponding eigenfunction has no zero in (a, b). When
neither (Tu,u) nor (wu,u) is definite, then the problem is called
non-definite (indefinite). In this paper our focus is on a non-definite
Sturm-Liouville problem in which the weight function w(x) has two
turning points in the interval of definition.

1.1. The non-definite (or indefinite) case. Here we give a sum-
mary on the non-definite case, detailed literature can be found in
the papers [3, 4, 5, 6, 7, 8, 9], etc, and the references there in. In
the non-definite case the spectrum is discrete, always consists of a
doubly infinite sequence of real eigenvalues, and has at most a finite
and even number of non-real eigenvalues (necessarily occurring in
complex conjugate pairs).
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Remark 3. If the problem consisting of the equation

(7) − (p (x) u′ (x))′ + q (x) u (x) = λu (x) , λ �= 0

and the boundary conditions (2)-(3) has N distinct negative eigen-
values, then the number of distinct pairs of non-real eigenvalues of
the problem (1)-(2)-(3) cannot exceed N .

For more details on remark 3, we refer the interested reader to the
papers [2] (Theorem 4.2.1), [3] (Theorem 2), [10] (Corollary 1.7),
and the references there. In the non-definite case, as Richardson
[4] puts it, the march of the zeros is not monotone with λ ∈ R

(in contrast with the left- and right-definite cases). In fact there
may be a range of values of λ such that as λ increases, the number
of zeros first decreases, then increases, then decreases and finally
increases, the minimum number being a positive integer. As a result
the eigenfunction corresponding to the eigenvalue λ0 can have any
number of zeros in (a, b) in contrast with the definite case, that
is to say, a non-definite Sturm-Liouville problem will tend not to
have a real ground state (positive eigenfunction). In relation to this
behaviour of the real spectrum of the non-definite Sturm-Liouville
problem, Mingarelli [6] defines two types of indexes which are due
to Richardson [4] and Haupt [11].

Theorem 4. ([6] Haupt-Richardson Oscillation Theorem )
In the non-definite case of (1)-(2)-(3) there exists an integer nR ≥ 0
such that for each n ≥ nR there are at least two real solutions of
(1)-(2)-(3) having exactly n zeros in (a, b) while for n < nR there are
no real solutions having n zeros in (a, b). Furthermore there exists a
possibly different integer nH ≥ nR such that for each n ≥ nH there
are precisely two solutions having exactly n zeros in (a, b).

Mingarelli [6] calls nR and nH the Richardson Index and Haupt
Index, respectively. If we consider positive eigenvalues separately,
we can define for all λ > 0, an integer n+

R ≥ 0, such that for each
n ≥ n+

R, there is at least one real solution of the problem (1)-(2)-(3)
having n zeros in (a, b), while for n < n+

R, there are no real solutions
having n zeros. Also, there is an integer n+

H ≥ 0 such that for each
n ≥ n+

H , there is exactly one real solution having precisely n zeros
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in (a, b), while for n < n+
H , there are no solutions having n zeros in

(a, b). Analogue for λ < 0 defines n−
R and n−

H .

Furthermore, for real λ there exist two numbers λ+ and λ− called
the Richardson numbers defined as

λ+ = inf{ρ ∈ R : ∀λ > ρ,

∫ b

a

|u(x, λ)|2w(x) dx > 0}, ∀ λ > 0

λ− = sup{
 ∈ R : ∀λ < 
,

∫ b

a

|u(x, λ)|2w(x) dx < 0}, ∀ λ < 0.

We note that λ+ < λn+
H
. We can interpret λ+ as the smallest number

such that the real eigenvalues greater than λ+ behave as in a ”typical”
Sturm-Liouville problem, that is, an eigenvalue is uniquely associated
with its oscillation number, and λ− is interpreted similarly [7]. We
note that in the right-definite case, λ+ = λ− = −∞, while in the
left-definite case, λ+ = λ− = 0. As Jabon and Atkinson [7] rightly
put it, in the non-definite case, the determination of these numbers
is a very significant problem.

Theorem 5. ([3]Theorem 3 )
Let λ and u(x, λ) be a non-real eigenvalue and associated non-real
eigenfunction of problem (1)-(2)-(3). If w(x) has precisely n turning
points in (a, b) then u(x, λ) may vanish at most (n− 1)− times in
(a, b).

Corollary 6. (Corollary 1 [3])
Let λ and u(x, λ) be a non-real eigenvalue and associated non-real
eigenfunction of problem (1)-(2)-(3). If w(x) has exactly one turning
point in (a, b) then u(x, λ) �= 0 in (a, b).

In relation to corollary 6, we state the following theorem which is
due to Richardson [4], see also the papers [3], [6].

Theorem 7. (Richardson’s Oscillation theorem)
Let w be continuous and not vanish identically in any right neighbor-
hood of x = a. If w(x) changes its sign precisely once in (a, b) then
the roots of the real and imaginary parts φ and ϕ of any non-real
eigenfunction u = φ + iϕ corresponding to a non-real eigenvalue,
separate one another (or interlace).
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Below are some of the many open questions that Mingarelli in [3, 6]
raises on non-definite or indefinite Sturm-Liouville problems.

(1) Estimate the oscillation numbers n+
R and n+

H in terms of the
given data p, q, w, etc.

(2) Estimate the eigenvalues λn+
R
and λn+

H
in terms of the given

data.
(3) Give sufficient conditions for the existence of at least one

non-real eigenvalue.
(4) Estimate the real and imaginary parts of non-real eigenval-

ues.
(5) Is Richardson’s oscillation theorem for non-real eigenfunc-

tions true in general?
(6) To what extent is Richardson’s theorem for non-real eigen-

functions true?

The following is a brief list of part of the work done towards answer-
ing some of the questions raised above.

(1) In the one-turning point case for w, Atkinson and Jabon, [7]
obtain upper bound for λ+ and lower bound for λ−.

(2) In the two-turning point case for w, Kikonko and Mingarelli
[8] obtain upper bound on λ+.

(3) On sufficient conditions for the existence of at least one
non-real eigenvalue, Allegretto and Mingarelli [5] cover the
case q(x) ≡ q0, and w(x) = sgn(x); Also Behrndt, Katatbeh,
and Trunk [12] in a singular case with the same weight; [2],
[3], [10], etc.

(4) On estimating the real and imaginary parts of non-real
eigenvalues, Mingarelli [13] uses Green’s function arguments;
a good number of recent papers, e.g Qi and Chen [9]; Qi, Xie
and Chen [14]; Behrndt, Chen, Philip, and Qi [15]; Xie and
Qi [16]; Behrndt, Philip and Trunk [17]; etc, use L2-estimates
coupled with quadratic form arguments and theory of Krein
spaces.

(5) On Richardson’s Oscillation theorem, numerical results in
the conference paper [18] indicated that the interlacing prop-
erty fails in the two-turning point case and no non-real
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eigenfunction vanished inside the given interval of definition
at least for the values of q0 that were considered then.

The main motivation for this paper is the results obtained from
the important paper [7] in which the Authors considered a special
indefinite (non-definite) problem in which the weight function w(x)
has one turning point in the interval (−1, 1). Presented in that
paper were results of numerical calculations of the spectrum of the
problem

−y′′ + q(x)y = λr(x)y, y(−1) = y(1) = 0,

q(x) = q0 ∈ R, r(x) = sgn(x).

In the next section we extend their study to the case in which the
weight function changes sign twice (has two turning points) on the
interval (−1, 2). In particular, we wish to verify whether or not, the-
orem 7 holds in the two-turning point case. Furthermore, theorem 5
implies that in the two-turning point case, if a non-real eigenfunction
vanishes in (−1, 2) it can only do so once, which is worthy verifying
too. We carried out numerical calculations on the spectrum of our
problem using the Maple c© package RootFinding[Analytic]. This
package attempts to find all complex zeros of an analytic function,
f(z) within the rectangular region a ≤ (z) ≤ b, c ≤ �(z) ≤ d in
the complex plane. From the numerical results in this paper we
pronounce the following results.

i): The interlacing property which holds in the one-turning
point case does not hold in the two turning-point case in
general.

ii): The real and imaginary parts of any non-real eigenfunction
corresponding to a non-real eigenvalue either have the same
number of zeros in the interval (−1, 2), or the numbers of
zeros differ by two.

iii): For some values of q0 considered in this paper, some non-
real eigenfunctions seem to vanish inside the interval (−1, 2).

The result (ii) is partly surprising and leads us into raising yet more
open questions in the field.
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2. Main results

Here we consider the Dirichlet problem

(8) u′′ (x) + (λw (x) + q (x)) u (x) = 0

(9) u (−1) = 0 = u (2) .

Here, q (x) ≡ q0 ∈ R for all x ∈ [−1, 2], the weight w(x) is a
piecewise constant step-function described by the relations

w(x) =

⎧⎨
⎩

A, if x ∈[-1,0],
B, if x ∈(0,1],
C, if x ∈(1,2],

where we assume, without loss of generality, that A < 0, B > 0, C <
0. We note that (8) is in Sturm-Liouville form (1) with p(x) ≡ 1
and q(x) replaced by −q(x). In this case, the forms (5) and (6)
respectively simplify to

(10) (Tu, u) =

2∫
−1

(q(x)|u|2 − |u′|2)dx

and

(11) (wu, u) =

2∫
−1

w|u|2dx.

It was shown in [18] and [8] that the two forms are sign indefinite
for values of x for which q(x) > 0, hence we have the non-definite
case with two turning points since the weight function changes its
sign twice inside the interval of definition. The solution u(x) of the
problem (8)-(9) in this case is given by

u(x) =

⎧⎨
⎩

X(x), if x ∈[-1,0],
Y (x), if x ∈(0,1],
Z(x), if x ∈(1,2],
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where

X(x) =
sin(

√−λ|A|+ q0(x+ 1))√−λ|A|+ q0
,

Y (x) =

√
λB + q0 sin(

√−λ|A|+ q0) cos(
√
λB + q0x)√−λ|A|+ q0

√
λB + q0

+

√−λ|A|+ q0 cos(
√−λ|A|+ q0) sin(

√
λB + q0x)√−λ|A|+ q0

√
λB + q0

,

Z(x) =
sin(

√−λ|A|+ q0) cos(
√
λB + q0) cosκ(x− 1)√−λ|A|+ q0

+
cos(

√−λ|A|+ q0) sin(
√
λB + q0) cosκ(x− 1)√

λB + q0

+
cos(

√−λ|A|+ q0) cos(
√
λB + q0) sinκ(x− 1)

κ

−
√
λB + q0 sin(

√−λ|A|+ q0) sin(
√
λB + q0) sinκ(x− 1)

κ
√−λ|A|+ q0

,

κ =
√−λ|C|+ q0, and A < 0, B > 0, C < 0. The solution is found

by piecing together the various solutions on the intervals [-1,0], (0,1]
and (1,2] so as to obtain a continuously differentiable function on
[-1,2]. By solving the dispersion relation

0 = κ
√
λB + q0 sin(

√
−λ|A|+ q0) cos(

√
λB + q0) cosκ

+κ
√
−λ|A|+ q0 cos(

√
−λ|A|+ q0) sin(

√
λB + q0) cosκ

+
√
−λ|A|+ q0

√
λB + q0 cos(

√
−λ|A|+ q0) cos(

√
λB + q0) sinκ

−(λB + q0) sin(
√

−λ|A|+ q0) sin(
√
λB + q0) sinκ,

and fixing the values of A,B and C to be A = −1, B = 2, and
C = −1, we calculated eigenvalues lying within the rectangle

E = {λ ∈ C : |λ| < 1000 and |�λ| < 1000},
using the Maple c© package RootFinding[Analytic]. Since w(x)
changes sign in the interval (−1, 2), we need to pick values of q0
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carefully so that the spectrum can have non-real eigenvalues. Note
that if we set w ≡ 1 in equation (8) and solve the equation subject
to boundary conditions in (9) with the assumption that λ �= 0, we
see that the eigenvalues of this new problem (which we shall call
the corresponding right-definite problem (RDP)) are given by

λn =
n2π2

9
− q0, n = 1, 2, 3, · · · .

From this we see that if q0 < (n2π2)/9 for all n the new problem can
not have any negative eigenvalues and when q0 > (n2π2)/9 for all n
we expect to have at least one negative eigenvalue of the problem
and by remark 3 the problem (8)-(9) may have at least one pair of
non-real eigenvalues for such q0. Hence we are assured of non-real
eigenvalues for problem (8)-(9) for q0 > π2/9.

Therefore we calculated eigenvalues in the cases

q0 = π2, 2π2, 3π2, 5π2, 6π2, 10π2, 20π2, 30π2, and 40π2

in the rectangle E using the Maple package RootFinding[Analytic].
We note that this is an extension of the work covered in [18], where
we only considered values of q0 less than or equal to 6π2 in a
smaller rectangle. In Figure 2 we show graphs of eigenfunctions
corresponding to positive eigenvalues of the problem (8)-(9) when
q0 = 20π2, and from this figure, we estimate the upper bound of the
Richardson number λ+, and the integers n+

R and n+
H . We also show

a typical behaviour of the real and imaginary parts of the non-real
eigenfunctions corresponding to non-real eigenvalues of the problem
(8)-(9) in Figure 1.

The summary of the results are shown in Tables 1 and 2. Table 1
brings out the difference between the number of zeros of real and
imaginary parts of the non-real eigenfunctions corresponding to
non-real eigenvalues of the problem (8)-(9). The results in this
table are complemented by the results shown in Figure 1 which
shows that the number of zeros of the real and imaginary parts
of the non-real eigenfunctions are either equal or differ by two.
Figure 1 also shows that the interlacing property of the real and
imaginary parts of non-real eigenfunctions fails in the two-turning
point case. Table 2 shows that the smallest number of zeros of the
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eigenfunctions corresponding to positive eigenvalues for each value
of the parameter q0 considered, is two and so problem (8)-(9) has no
real ground state (positive eigenfunction). The table also compares
the number of distinct negative eigenvalues of the corresponding
right-definite problem with the number of pairs of distinct non-real
eigenvalues of the problem (8)-(9).

A closer look at Figure 2 shows that the smallest positive eigenvalue
for this case is λ1 ≈ 61.02 with corresponding eigenfunction u1(x)
oscillating twelve times in the interval. Furthermore, λ2 ≈ 119.62
and corresponding eigenfunction oscillating eleven times in (−1, 2).
The oscillation numbers decrease by one as the value of λ increases
until the fifth eigenvalue. From the sixth eigenvalue onwards the
oscillation numbers increase by one as the value of λ increases
and from the eleventh eigenvalue (i.e., λ11 ≈ 778.48) onwards,
each eigenfunction has a unique oscillation number. Since λ11 has
corresponding eigenfunction u11(x) oscillating thirteen times in
(−1, 2) we can say that for each n ≥ 13 there is precisely one
eigenfunction with n zeros in (−1, 2) and so n+

H = 13. Hence the
correct notation is that u11(x) = u(x, λn+

R
) and thus the Richardson

number λ+ satisfies λ+ < λn+
R
= 778.48. Another observation is

that there is no positive eigenvalue with corresponding eigenfunction
having less than eight zeros in (−1, 2) while for each n ≥ 8, there is
at least one eigenfunction having n zeros in (−1, 2), hence we have
that n+

R = 8.

Figure 3 gives the spectrum for larger values of q0 in the rectangle
E. We see that in each of the cases, the spectrum consists of a finite
number of non-real eigenvalues and two infinite sequences of positive
and negative eigenvalues.
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Table 1. Non-real eigenvalues obtained inside the
rectangle E for some values of q0

No. of zeros of
q0 Eigenvalues Re u(x, λi) Im u(x, λi)

2π2
−8.307± 5.599i 4 2
−4.220± 5.744i 3 3
12.940± 6.665i 4 2

3π2 5.161± 7.754i 4 4
−2.452± 10.51i 5 3

5π2

7.022± 10.94i 6 4
20.750± 12.13i 5 5
−19.75± 7.217i 6 4
−16.37± 10.34i 5 5

6π2

−6.434± 14.43i 6 6
−13.40± 13.53i 7 5
52.026± 7.100i 6 4
21.552± 15.25i 7 5

10π2

72.745± 8.215i 7 7
−31.75± 14.92i 9 7
−24.44± 15.55i 8 8
28.886± 17.61i 8 8
10.838± 21.17i 9 7

20π2

149.84± 13.56i 11 9
−10.66± 33.31i 12 12
88.706± 13.44i 12 10
39.590± 33.07i 13 11
−24.26± 31.05i 13 11

30π2

−12.75± 43.52i 15 15
−29.86± 40.63i 16 14
48.876± 42.62i 16 14
88.450± 18.68i 15 15
−121.2± 15.46i 14 14
−128.7± 15.57i 15 13
163.04± 21.11i 14 14
255.88± 15.37i 13 11
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Table 2. Comparing number of pairs of non-real
eigenvalues with number of negative eigenvalues of
corresponding RDP.

q0

number of number of negative Smallest
complex eigenvalues of corresponding oscillation
pairs right-definite problem number

2π2 3 3 3
3π2 2 4 3
5π2 4 4 4
6π2 4 5 5
10π2 5 6 7
20π2 5 9 8
30π2 8 11 10
40π2 9 12 11
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(a) λ = −29.86 + 40.63i (b) λ = −128.68 + 15.57i

(c) λ = 163.04 + 21.11i (d) λ = 255.88 + 15.37i

(e) λ = −121.206 + 15.46i (f) λ = −12.75 + 43.52i

Figure 1. The case q0 = 30π2. Interlacing property
for real and imaginary parts of non-real eigenfunctions
fails in the two turning points case.
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(a) 61.01691 (b) 119.6179 (c) 159.1937

(d) 186.9206 (e) 188.6653 (f) 227.9183

(g) 322.0658 (h) 422.4908 (i) 531.7293

(j) 650.3222 (k) 778.4830 (l) 916.3175

Figure 2. Eigenfunctions corresponding to positive
eigenvalues for the case q0 = 20π2.
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(a) qo = 20π2 (b) qo = 30π2

(c) qo = 40π2 (d) qo = 500π2

(e) qo = 4000π2 (f) qo = 8000π2

Figure 3. Spectrum for the two turning point case
for selected values of q0.



ON A NON-DEFINITE STURM-LIOUVILLE PROBLEM 17

3. Discussion and conclusion

3.1. Discussion. From Figure 3 we see that the spectrum is made
up of an infinite number of real eigenvalues and a finite number
of non-real eigenvalues for each value of q0 considered. That the
number of non-real eigenvalues of problem (8)-(9) is finite, is not a
surprise because this is expected, by remark 3. It can be seen from
the graphs of the eigenfunctions that generally oscillation numbers
decrease as the parameter value increases, but then oscillations
will stabilize and the usual oscillation theorem eventually holds.
This leads to the estimation of λ+, n+

R, and n
+
H . We also observe

disconjugacy in the first and last intervals and many oscillations
in the middle interval (0, 1), since q0 + λw > 0 for all x ∈ (0, 1)
because λ, w, q0 > 0 in the interval. However, for some values of λ
a few oscillations are expected in the first and last intervals. This
is so because in some cases, q0 can be so large that q0 − λ|w| > 0.
For example in Figure 2, eigenfunctions corresponding to the first
three positive eigenvalues have at least one zero in the first and
third intervals.

Generally speaking, the number of non-real eigenvalues seems to
increase with increasing q0. The number of pairs of distinct non-real
eigenvalues of the problem does not exceed the number of negative
eigenvalues of the corresponding right-definite problem. For all
values of q0 considered (cases where there are non-real eigenvalues),
the smallest oscillation number is 2 and so the problem does not
have a positive eigenfunction in (-1,2). Furthermore, the real and
imaginary parts of the non-real eigenfunctions do not interlace
which is different from the results in the one turning point case
considered by Richardson [4]. For larger values of q0, some non-
real eigenfunctions vanish once in (−1, 2), since the the real and
imaginary parts of such functions are both zero at x = 0.5 (see for
example, Figures 1 b,d, and f). This was not one of the observation
in the paper [18] in which we only considered generally smaller
values of q0.
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3.2. Conclusion. In this paper, we undertook a numerical study of
the non-real eigenfunctions and eigenvalues of a non-definite Sturm-
Liouville problem with two turning points, paralleling the study
in [7] in the case of one turning point. Our ultimate goal was to
examine the behavior of the eigenfunctions, both real and non-real,
of this non-definite Sturm-Liouville problem.

One of the interesting observations was that the zeros of the real
and imaginary parts of a non-real eigenfunction interlace in some
subintervals of (−1, 2) and not on the whole interval, contrary to the
results on the one turning point case covered in theorem 7. Whether
this is an accident or a result of a more general yet unproven theorem,
is unknown, but we conjecture that it is so and pose this as an open
question for future research.

It is further observed that the complex eigenfunctions (corresponding
to non-real eigenvalues) do not vanish in (−1, 2), at least for smaller
values of q0 considered in this paper, while for some larger values of
q0, there are cases in which the non-real eigenfunctions vanish once
in (−1, 2). We note that this result seems to verify theorem 5 which
indicates that if an eigenfunction of problem (8)-(9) has to vanish,
it may do so at most once in the interval (−1, 2), since in this case
n = 2. However, there is need to establish sufficient conditions for a
non-real eigenfunction to vanish in an interval, say (a, b). Thus, we
have our second open question.

Furthermore, the number of zeros of the real part of each of the non-
real eigenfunctions considered is greater (by two) than the number
of zeros of the imaginary part in some cases, while in other cases, the
number of zeros of the real part is equal to that of the imaginary part
of a non-real eigenfunction corresponding to a non-real eigenvalue.
Also this may be a consequence of a more general theorem which
we don’t know, so then, we have a third interesting open question
for future research.

Summing up, we mean that the research initiated in [18] and pre-
sented in detail in this paper has implied a number of new interesting
open questions of both theoretical and practical importance.
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Appendix to Paper B

Here, we give more results related to the numerical calculations presented in paper B.
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MERVIS KIKONKO

Abstract. In this appendix, we give more results related to
the numerical calculations presented in paper B.

Graphs of eigenfunctions corresponding to, and
asymptotic behavior of positive eigenvalues

Here we consider the particular problem

(1) u′′ (x) + (λw (x) + q (x)) u (x) = 0

(2) u (−1) = 0 = u (2) ,

where q (x) ≡ q0 ∈ R for all x ∈ [−1, 2], the weight function w(x) is
a piecewise constant step-function described by the relations

w(x) =

⎧⎨
⎩

−1, if x ∈[-1,0],
2, if x ∈(0,1],
−1, if x ∈(1,2].

We present more graphs of eigenfunctions corresponding to positive
eigenvalues of problem (1)-(2) from which we estimate n+

R, n
+
H , λ+,

and λn+
H
(see paper B pg. 4-5, or [2]) . In Figures 1 to 6 we present

graphs of eigenfunctions corresponding to the positive eigenvalues
of problem (1)-(2) that are not presented in paper B. In each of
the figures we give the Richardson and Haupt indexes n+

R and n+
H ,

respectively. We further give an upper bound on the Richardson
number λ+ < λn+

H
where λn+

H
is the eigenvalue having n+

H zeros in

(−1, 2).

1
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Figure 1. The case q0 = 2π2.

(a) 9.86960 (b) 43.21646 (c) 82.91995

(d) 131.7669 (e) 190.2525 (f) 258.4983

(g) 336.5518 (h) 424.4359 (i) 522.1634

(j) 629.7418 (k) 747.1761 (l) 874.4695

n+
R = 3, n+

H = 4, λ+ < 82.92 = λn+
H
.



APPENDIX TO PAPER B 3

(m) 17.41515 (n) 23.56179 (o) 33.61391 (p) 76.37312

(q) 125.7503 (r) 184.4839 (s) 252.8783

(t) 331.0323 (u) 418.9898 (v) 516.7734

(w) 624.3963 (x) 741.8669 (y) 869.1905

Figure 2. The case q0 = 3π2.

n+
R = 3, n+

H = 5, λ+ < 125.75 = λn+
H
.
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(a) 37.87737 (b) 41.81016 (c) 60.78827 (d) 113.1877

(e) 172.7152 (f) 241.5113 (g) 319.9150

(h) 408.0451 (i) 505.9564 (j) 613.6782

(k) 731.2279 (l) 858.6165 (m) 995.8514

Figure 3. The case q0 = 5π2.

n+
R = 4, n+

H = 6, λ+ < 172.72 = λn+
H
.
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(a) 22.80178 (b) 49.34802 (c) 106.4766

(d) 166.6810 (e) 235.7529 (f) 314.3121

(g) 402.5441 (h) 500.5282 (i) 608.3049

(j) 725.8978 (k) 853.3213 (l) 990.5851

Figure 4. The case q0 = 6π2.

n+
R = 5, n+

H = 7, λ+ < 235.75 = λn+
H
.
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(a) 51.10017 (b) 84.92561 (c) 89.41175

(d) 140.5961 (e) 211.9994 (f) 291.5240

(g) 380.3107 (h) 478.6621 (i) 586.7031

(j) 704.4968 (k) 832.0789 (l) 969.4716

Figure 5. The case q0 = 10π2.

n+
R = 6, n+

H = 9, λ+ < 380.31 = λn+
H
.
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(a) 118.7960 (b) 196.7942 (c) 214.6311

(d) 256.8629 (e) 285.1199 (f) 286.6656

(g) 361.1102 (h) 474.3317 (i) 594.7018

(j) 723.9246 (k) 862.4792 (l) 1010.5669

Figure 6. The case q0 = 30π2.

n+
R = 10, n+

H = 16, λ+ < 1168.3 = λn+
H
.
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Table 1. The case q0 = 20π2

n λ+n λ+n /n
2 theoretical est.

16 1221.2 4.7703 4.9348
17 1388.4 4.8042 ′′

18 1565.3 4.8312 ′′

19 1752.1 4.8535 ′′

20 1948.7 4.8718 ′′

21 2155.1 4.8868 ′′

22 2371.4 4.8996 ′′

23 2597.5 4.9102 ′′

24 2833.5 4.9193 ′′

25 3079.3 4.9269 ′′

26 3335.0 4.9334 ′′

27 3600.6 4.9391 ′′

28 3876.0 4.9439 ′′

Moreover, if the positive eigenvalues λ+n of a given non-definite
problem are labeled in such a way that λ+n has an eigenfunction
with precisely n zeros in (a, b), then

λ+n
n2

∼ π2(∫ b

a

√
(w(x)
p(x)

)+dx

)2 , n→ ∞,

where (w(x)
p(x)

)+ = max{w(x)
p(x)

, 0} is the positive part of w(x)
p(x)

, (see e.g,

[1] and the references therein). For problem (1)-(2)

λ+n
n2

∼ π2(∫ 2

−1

√
w+(x)dx

)2 , n→ ∞,

where w+(x) = max{w(x), 0}. A simple calculation yields that

λ+n
n2

∼ π2

2
= 4.9348022 ≈ 5.

We compare this value with the numerical computations in the cases
q0 = 20π2, 40π2. The computations in Tables 1 and 2 indicate that
λ+
n

n2 ≈ 5.
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Table 2. The case q0 = 40π2

n λ+n λ+n /n
2 theoretical est.

11 406.6 3.3603 4.9348
12 536.1 3.7229 ′′

13 667.8 3.9515 ′′

14 807.6 4.1204 ′′

15 956.6 4.2516 ′′

16 1114.9 4.3551 ′′

17 1282.8 4.3875 ′′

18 1460.3 4.5071 ′′

19 1647.6 4.5640 ′′

20 1844.6 4.6115 ′′

21 2051.4 4.6517 ′′

22 2268.0 4.6860 ′′

23 2494.4 4.7153 ′′

24 2730.6 4.7406 ′′

25 2976.7 4.7627 ′′

26 3232.6 4.7820 ′′

27 3498.3 4.7988 ′′

28 3773.8 4.8135 ′′
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BOUNDS ON REAL AND IMAGINARY PARTS OF
NON-REAL EIGENVALUES OF A NON-DEFINITE

STURM-LIOUVILLE PROBLEM

MERVIS KIKONKO1,2 AND ANGELO B. MINGARELLI3

Abstract. In this paper we obtain bounds on the real and
imaginary parts of non-real eigenvalues of a non-definite Sturm-
Liouville problem, with Dirichlet boundary conditions, that
improve on corresponding results obtained in Behrndt et al.,
[1].

Introduction

In this paper we consider the regular Sturm-Liouville eigenvalue
problem in the form

(1) − (p(x)φ′(x))′ + q(x)φ(x) = λw(x)φ(x),

(2) φ(a) = φ(b) = 0, x ∈ [a, b], λ ∈ C,

where the functions w, q, and 1/p (where p > 0 a.e.) are assumed
to be real-valued integrable functions, and w takes on positive and
negative values on subsets of [a, b] with positive Lebesgue mea-
sure. Such problems are called non-definite (or indefinite) Sturm-
Liouville problems. Earlier studies on such problems were carried
out by Haupt [2] and Richardson [3] who pointed out the possibility
of the problem (1)-(2) possessing a finite number of non-real eigen-
values. However, as pointed out in [4], no a priori bounds on these

2010 Mathematics Subject Classification. 34C10, 34B25.
Key words and phrases. Sturm-Liouville, non-definite, indefinite, Dirichlet

problem, turning point, spectrum, non-real eigenvalues.
This research is supported, in part, by the International Science Programme
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eigenvalues in terms of the coefficients w and q and the boundary
conditions had been found until recently.

This question has been investigated in the recent papers [5], [6],
[7], [1], [8] etc. The paper [5] covers the singular case while in [6] the
authors considered the regular case, but the regular problem was
solved almost completely in [7]. The paper [1] considers a specific
case of Dirichlet boundary conditions, which is a variant of the
problem considered in [7]. In paper [7], the general regular case with
arbitrary selfadjoint boundary conditions was investigated. Here,
we have bounds depending on p, q and on a function g ∈ H1(a, b)
such that sgn(g) = sgn(w) a.e. on (a, b). The paper [8] gives a priori
upper and lower bounds on non-real eigenvalues of regular indefinite
Sturm-Liouville problems only under the integrability conditions.

In most of these papers, a priori bounds are obtained for all
selfadjoint boundary conditions, all functions p, q and w for which
the absolutely continuous function g, exists. In this paper we extend
the contribution of the important paper [1] by improving on the
bounds obtained there, (Theorem 2.1).

1. Preliminary results

If f is a real-valued function on [a,b], then we define
f+(x)=max{0,+f(x)} and f−(x)=max{0,−f(x)} so that f = f+−
f−. The symbol |A| will denote Lebesgue measure of a given set A,
and Ac denotes the complement of the set A. For easy reference,
we include a proof of theorem 1 as presented in [1].

Theorem 1. (Theorem 2.1 in [1])
Assume that there exists a function g ∈ H1(a, b) such that gw > 0
a.e. on (a, b) and let ε > 0 be such that

|{x ∈ (a, b) : g(x)w(x) < ε}| ≤ 1

8(b− a)‖q−‖21
.

Then, for any non-real eigenvalue λ ∈ C\R of problem (1)-(2) with
p ≡ 1, we have:

|Imλ| ≤ 8

ε

√
b− a‖q−‖21‖g′‖2,
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and

|Reλ| ≤ 8

ε
‖q−‖21

(√
b− a‖g′‖2 + 2(b− a)‖q−‖1‖g‖∞

)
.

Proof. Let φ be an eigenfunction corresponding to λ. Without loss
of generality, we can assume that ‖φ‖2 = 1. Multiplication of the
differential equation in (1) by φ, followed by integration over [x, b],
yields

(3) λ

∫ b

x

w|φ|2 = φ′(x)φ(x) +
∫ b

x

(|φ′|2 + q|φ|2).

Taking the real and imaginary part of (3) gives

(4) (Reλ)

∫ b

x

w|φ|2 = Re

[
φ′(x)φ(x)

]
+

∫ b

x

(|φ′|2 + q|φ|2).

(5) (Imλ)

∫ b

x

w|φ|2 = Im

[
φ′(x)φ(x)

]
.

Setting x = a in (4) and (5), we obtain that

(6)

∫ b

a

w|φ|2 =
∫ b

a

(|φ′|2 + q|φ|2) = 0.

For x ∈ [a, b], we have that

(7) |φ| =
∣∣∣∣
∫ x

a

φ′
∣∣∣∣ ≤

∫ x

a

|φ′| ≤ √
b− a‖φ′‖2.

Putting Q(x) =
∫ x

a
q−(t)dt, x ∈ [a, b], then by (6) and integrating∫ b

a
Q′|φ|2 by parts and applying (7) leads to that

(8) ‖φ‖∞ ≤ 2
√
b− a‖q−‖1

and

(9) ‖φ′‖2 ≤ 2‖q−‖1.
Let Ω = {x ∈ (a, b) : g(x)w(x) < ε}, then from (6) and the esti-
mates in (8) and (9), we get that∫ b

a

g′(x)
∫ b

x

w(t)|φ(t)|2dtdx =

∫ b

a

gw|φ|2 ≥ ε

∫
Ωc

|φ2|
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= ε

(
1−

∫
Ω

|φ|2
)

≥ ε(1− ‖φ‖2∞|Ω|) ≥ ε

2
.

Hence (5) and the estimates in (8) and (9) lead to the following:

ε

2
|Imλ| ≤

∣∣∣∣
∫ b

a

g′Im(φ′φ)

∣∣∣∣
∫ b

a

|g′φφ′|(10)

≤ ‖φ‖∞‖g′‖2‖φ′‖2
≤ 4

√
b− a‖q−‖21‖g′‖2,

and the first estimate is proved. Furthermore, (4) and (6) yield
that

ε

2
|Reλ| ≤

∣∣∣∣
∫ b

a

(
g′Re(φ′φ) +

∫ b

x

(|φ′|2 + q|φ|2)
)
dx

∣∣∣∣(11)

≤ ‖φ‖∞‖g′‖2‖φ′‖2 +
∣∣∣∣
∫ b

a

g

(
|φ′|2 + q|φ|2

)∣∣∣∣.

Setting

D+ = |φ′|2 + q+|φ|2, D− = q−|φ|2
and

D = D+ −D− = |φ′|2 + q|φ|2,
we have that∣∣∣∣

∫ b

a

gD

∣∣∣∣ ≤
∫ b

a

(g±D+ + g∓D−) ≤ ‖g‖∞
∫ b

a

(D + 2D−)

= 2‖g‖∞
∫ b

a

q−|φ|2 ≤ 2‖g‖∞‖φ‖2∞‖q−‖1.
Combining this result with the estimates in (8), we obtain the
bound on |Reλ|. The proof is complete. �

In what follows we revisit some important results and definitions.
Let σ be a real-valued function defined on the closed, bounded
interval [a, b] and P = {x0, · · · , xk} be a partition of [a, b]. We
define the variation of σ with respect to P by

V (σ, P ) = Σk
i=1|σ(xi)− σ(xi−1)|,
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and the total variation of σ on [a, b] by

TV (σ) = sup{V (σ, P )| P a partition of [a,b]}.
Definition 1. A real-valued function σ on the closed, bounded in-
terval [a, b] is said to be of bounded variation on [a, b] if TV (σ) <∞.

Lemma 1. (Ganelius Lemma [9])
Let f ≥ 0 and g be functions of bounded variation on the closed
interval J. Then∫

J

fdg ≤
(
inf
J
f + V arJf

)(
sup
K⊂J

∫
K

dg

)

where V arJf =
∫
J

|df(x)| and the sup is taken over all compact

subsets of J.

In view of lemma 1, we state and prove lemma 2 which is a variant
of lemma 5.2.2 in [9].

Lemma 2. Let σ be of bounded variation over all of [a, b], that is,

σ satisfies the inequality
x∫
a

|dσ(x)| <∞. Then for all x ∈ (a, b] and

for every δ > 0 there exists a ρ = ρ(δ, x) > 0 such that

(12)

x∫
a

|f(t)|2|dσ(t)| ≤ ρ(δ, x)

x∫
a

|f(t)|2dt+ δ

x∫
a

|f ′(t)|2dt

where

ρ(δ, x) =
1

x− a
+
c

δ
, c =

b∫
a

|dσ(x)|.

To prove the lemma we use the approach used in the proof of
lemma 5.2.2 in [9].

Proof. We assume lemma 1 with f and g replaced by |f |2 and the
variation of σ over [a, b], respectively. Since |f |2 and variation of σ
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satisfy the assumptions of lemma 1 we have that
(13)

x∫
a

|f(t)|2|dσ(t)| ≤
(
inf
[a,x]

|f(t)|2 + V ar[a,x]|f(t)|2
)( x∫

a

|dσ(t)|
)
.

For x ∈ (a, b]

(14) inf
[a,x]

|f(t)|2 ≤ 1

x− a

x∫
a

|f(t)|2dt,

V ar[a,x]|f(t)|2 =
x∫

a

|d|f(t)|2| =
x∫

a

2|f(t)||f(t)|′dt =
x∫

a

|2Re(f(t)f ′(t))|dt,

and by Schwarz inequality

x∫
a

|2Re(f(t)f ′(t))|dt ≤ 2

( x∫
a

|f(t)|2
) 1

2
( x∫

a

|f ′(t)|2
) 1

2

.

Hence,

(15) V ar[a,x]|f(t)|2 ≤ 2

( x∫
a

|f(t)|2
) 1

2
( x∫

a

|f ′(t)|2
) 1

2

.

Let A(x) =

(
x∫
a

|f(t)|2
) 1

2

and B(x) =

(
x∫
a

|f ′(t)|2
) 1

2

, then inserting

(14)-(15) into (13) yields

x∫
a

|f(t)|2|dσ(t)| ≤
(

1

x− a
A2(x) + 2A(x)B(x)

) x∫
a

|dσ(t)|.

For some δ > 0, we see that(
1√
δ
A(x)−

√
δB(x)

)2

≥ 0

and so

2A(x)B(x) ≤ 1

δ
A2(x) + δB2(x).
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Thus,

x∫
a

|f(t)|2|dσ(t)| ≤
((

1

x− a
+
1

δ

) x∫
a

|f(t)|2+δ
x∫

a

|f ′(t)|2
) x∫

a

|dσ(t)|.

Replacing δ with δ/c where c =
b∫
a

|dσ(t)|, we have

(16)

x∫
a

|f(t)|2|dσ(t)| ≤
(

1

x− a
+
c

δ

) x∫
a

|f(t)|2dt+ δ

x∫
a

|f ′(t)|2dt,

hence equation (12) is established. The proof is complete. �

LetD = {f ∈ L2(a, b) : f, f ′ ∈ AC[a, b],−f ′′+q(x)f ∈ L2(a, b), f(a) =
f(b) = 0}.
Lemma 3. Let q− ∈ L1(a, b) and φ ∈ D. Then for all x ∈ (a, b]

(17)

x∫
a

|φ(t)|2q−(t)dt ≤
(

1

x− a
+
c

δ

) x∫
a

|φ(t)|2dt+ δ

x∫
a

|φ′(t)|2dt

where c = ||q−||1.

Proof. This follows from lemma 2 with f(t) and σ(t) replaced by

φ(t) and
t∫
a

q−dx, respectively, so that

x∫
a

|dσ(t)| =
x∫

a

∣∣∣∣d
( t∫

a

q−(x)dx
)∣∣∣∣ =

x∫
a

q−(t)dt.

Using this result in (12), we have (17). �

2. The Main Result

In this section we consider problem (1)-(2) and improve on the
bounds obtained in the important paper [1].
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Theorem 2. Assume that there exists a function g ∈ H1(a, b) such
that gw > 0 a.e. on (a, b). Let

Ω = {x ∈ (a, b) : g(x)w(x) < ε}
where ε > 0 is chosen such that Ωc �= ∅ and

|Ω| ≤ 1

8(b− a)‖q−‖21
.

Then for any non-real eigenvalue λ ∈ C\R of problem (1)-(2) with
p(x) ≡ 1, we have:

|Imλ| ≤ 4

ε
‖q−‖1‖g′‖2

√
2 + 4(b− a)‖q−‖1

and

|Reλ| ≤ 4
ε
‖q−‖1

(
‖g′‖2

√
2 + 4(b− a)‖q−‖1 + 4(b− a)‖q−‖21‖g‖∞

)
.

Proof. From equation (6)∫ b

a

|φ′|2dt = −
∫ b

a

|φ|2qdt ≤
∫ b

a

|φ|2q−dt

which yields

(18) ‖φ′‖22 ≤
∫ b

a

|φ|2q−dt.

We set x = b in equation (17) and insert the result into the RHS of
the inequality in (18) to get

(19)

b∫
a

|φ|2q−dt ≤
(

1

b− a
+
c

δ

) b∫
a

|φ|2 + δ

b∫
a

|φ′|2, c = ‖q−‖1.

Hence,

‖φ′‖22 ≤
(

1

b− a
+
c

δ

)
‖φ‖22 + δ‖φ′‖22.

Like in the proof of theorem 1 we assume without loss of generality
that ‖φ‖2 = 1, then

‖φ′‖2 ≤
√

1

(1− δ)(b− a)
+

c

δ(1− δ)
.
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Setting δ = 1
2
, we have that

(20) ‖φ′‖2 ≤
√

2

b− a
+ 4‖q−‖1.

Inserting (20) in equations (10) and (11) we get bounds on the
imaginary and real parts of non-real eigenvalues as shown in (21)
and (22) below.

(21) |Imλ| ≤ 4

ε
‖q−‖1‖g′‖2

√
2 + 4(b− a)‖q−‖1

and
(22)

|Reλ| ≤ 4

ε
‖q−‖1

(
‖g′‖2

√
2 + 4(b− a)‖q−‖1 + 4(b− a)‖q−‖21‖g‖∞

)
.

The proof is complete. �
Remark 1. We note that the bounds in Theorem 2 are an improve-

ment on the bounds in Theorem 1 as long as ‖q−‖1 ≥ 1+
√

1+ 2
b−a

2
≥ 1.

In section 2.1 we verify Remark 1 by approximating the non-
real eigenvalues of a particular non-definite Sturm-Liouville prob-
lem and then comparing their size with both our results and those
in [7].

2.1. Comparing the bounds.

Example 1. To verify the bounds in the prequel we assume that
the weight function has one turning point (changes sign once) in
(−1, 1) and the functions g and w are as follows:

g(x) =

⎧⎪⎪⎨
⎪⎪⎩

−1, if x ∈(−1, ξ),
1
ξ2
x2 + 2

ξ
x, if x ∈(−ξ, 0),

− 1
ξ2
x2 + 2

ξ
x, if x ∈ (0, ξ),

1, if x ∈(ξ, 1),
and

w(x) =

{ −1, if x ∈(−1, 0),
1, if x ∈(0, 1).
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For x ∈ (−1, 1)

g′(x) =

⎧⎨
⎩

2
ξ2
x+ 2

ξ
, if x ∈ (−ξ, 0),

− 2
ξ2
x+ 2

ξ
, if x ∈ (0, ξ),

0, otherwise.

Clearly,

‖g‖∞ = 1, ‖q−‖1 =
√

2|q0|, ‖g′‖2 =
( 1∫

−1

|g′|2dx
) 1

2

=

√
8

3ξ
.

We start by comparing the bounds in Theorem 1 with those in equa-
tions (10) and (11). We substitute ‖g‖∞, ‖g′‖2, and b − a by 1,√

8
3ξ
, and 2, respectively in the inequalities under consideration. By

Theorem 1 we have

|Imλ| ≤ 64√
3ξε

|q0|,

|Reλ| ≤ 64√
3ξε

|q0|+ 64
√
2

ε
|q0| 32 ,

and by (10)-(11) we get

|Imλ| ≤ 16√
3ξε

√
|q0|

√
2 + 8

√
2|q0|

and

|Reλ| ≤ 16
√|q0|√
3ξε

√
2 + 8

√
2|q0|+ 64

√
2

ε
|q0| 32 .

If we let ε = 1, then according to the given data, we should have
that

|Ω| ≤ 1

32|q0|
where |Ω| is the length of the sub-interval of (−1, 1) on which g(x)w(x) <
1. In this case, |Ω| = 2ξ so that ξ ≤ 1

64|q0| . For the particular case

when q0 = −6π2, we have that ξ ≤ 1
384π2 , thus we can set ξ = 1

384π2 .
Let |.|thm1 and |.|thm2 be bounds from Theorem 1 and Theorem 2,
respectively. Then we have

|Imλ|thm1 ≤ 384
3
2π3

√
3

= 134705.7,
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|Reλ|thm1 ≤ 384
3
2π3

√
3

+ 384
√
12π3 = 175950.7,

(23) |Imλ|thm2 ≤ 16

√
768(2 + 16

√
3π)π2 = 41299.8,

and

(24) |Reλ|thm2 ≤ 16

√
768(2 + 16

√
3π)π2 + 384

√
12π3 = 82544.8,

and Remark 1 is verified.

In Example 2 we find the non-real eigenvalues corresponding to
a particular non-definite Sturm-Liouville problem.

Example 2. We considered the problem

(25) − u′′ (x) + (q (x)− λw (x)) u (x) = 0

(26) u (−1) = 0 = u (1) .

Here, q (x) = −6π2 for all x ∈ [−1, 1], and the weight w(x) is given
by

w(x) =

{ −1, if x ∈(−1, 0),
1, if x ∈(0, 1).

We used the Maple c© package RootFinding(Analytic) to find, nu-
merically, the eigenvalues corresponding to problem (25)-(26) in the
rectangle

E = {λ ∈ C||Reλ| ≤ 100, |Imλ| ≤ 100}.
We note also that the corresponding problem (one with w(x) ≡ 1)
to this problem has only four distinct negative eigenvalues and so
distinct conjugate pairs of non-real eigenvalues of problem (25)-(26)
can not exceed four, by Theorem 4.2.1 in [9]. See also [10] and the
references within. For this particular case there are two pairs of
non-real eigenvalues occurring in conjugate pairs shown below and
in figure 1

14.2528± 11.8212 i and − 14.2528± 11.8212 i.
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Figure 1. Spectrum for problem (25)-(26)

3. Conclusion

In this paper we improved on an important result by Behrndt et
al. in [1] on the bounds of real and imaginary parts of non-real
eigenvalues of a non-definite Sturm-Liouville Dirichlet problem on
the finite interval [a, b]. As seen from the results, these bounds
depend on the end points of the interval, on the norm of the neg-
ative part of the coefficient function q(x) and on the function g(x)
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(See Theorem 1). In future studies on such problems, we hope to
establish bounds that depend only on the coefficient functions of
the Sturm-Liouville problems and boundary points of the interval
of definition. This seems to be a very hard but interesting and
important problem.
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ESTIMATES ON THE LOWER BOUND OF THE
EIGENVALUE OF THE SMALLEST MODULUS
ASSOCIATED WITH A GENERAL WEIGHTED

STURM-LIOUVILLE PROBLEM

MERVIS KIKONKO1 AND ANGELO BERNADO MINGARELLI2

Abstract. We obtain a lower bound on the eigenvalue of
smallest modulus associated with a Dirichlet problem in the
general case of a regular Sturm-Liouville problem. The main
motivation for this study is the result obtained by
A.BMingarelli (1988) Non-real eigenvalue estimates for bound-
ary problems associated with weighted Sturm-Liouville equa-
tions Proc. International Conference on Theory and Applica-
tions of Differential Equations 222-228.

1. Introduction

In this paper, we derive some lower bound for an eigenvalue of
the smallest modulus (not necessarily unique) corresponding to the
problem

(1) − u′′(x) + q(x)u(x) = λr(x)u(x), a ≤ x ≤ b

(2) u(a) = u(b) = 0,

consolidating the results obtained by Mingarelli ([1]). In the paper
a lower bound for the eigenvalue of the smallest modulus was ob-
tained under the assumptions that q, r : [a, b] → R, r ∈ L∞(a, b),
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q ∈ L∞(a, b), |r(x)| > 0 a.e. on (a, b), and that q(x) and r(x)
take on both positive and negative values on (a, b). The param-
eter λ ∈ C is called an eigenvalue and corresponding function
u not identically zero on [a, b], is called an eigenfunction. The
eigenfunctions corresponding to real eigenvalues can be labeled in
such a way that un(x) = u(x, λn) and un(x) has |n| zeros in (a, b),
n = · · · ,−2,−1, 0, 1, 2 · · · . Therefore the eigenvalue of the small-
est modulus will be labeled λ0 and the corresponding eigenfunction
u0(x) has no zero in (a, b). In this paper we assume in general that
λ = 0 is not an eigenvalue. Our studies here are an extension of
the results in [1] to the case where the assumption on the coeffi-
cient function q(x) is replaced by the more general assumption that
q ∈ L1(a, b). We use the Fredholm integral operator associated with
(1)-(2) in the Hilbert space L2

|r|(a, b) ≡ H and use the estimates on
its norm and the H-norms of solutions of a Cauchy problem re-
lated to (1)-(2). We consider the general weighted Sturm-Liouville
problem which is the case in which the coefficient functions q(x)
and r(x) have no sign restrictions imposed on them. The weight
function r(x) plays a critical role in the nature of λ0. In the next
subsection we give a brief outline of the three different cases that
arise as one varies the signs of the weight function r(x) and the
coefficient function q(x).

1.1. Preliminary results. When r(x) > 0 and q(x) takes on both
positive and negative values on the interval (a, b), the problem (1)-
(2) is right definite and only one sequence of real eigenvalues λn
exists with λn → ∞ as n→ ∞. For more information on this case,
we refer the interested reader to the references [2], [3], [4], etc and
the references within. Particularly, Everitt, Kwong and Zettl ([2],
theorem 0) outline oscillation properties of eigenfunctions of the
right definite problem. In the right definite case λ0 is the smallest
eigenvalue with the corresponding eigenfunction having no zero in
the interval (a, b).

When q(x) ≥ 0 a.e. and r(x) takes on both signs on sets of
positive Lebesgue measure, the problem is left definite. For more
details see for example [4], [5], [6] and the references there in. In this
case two sequences of real eigenvalues λ±n exist where λ±n → ±∞,
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one positive and the other negative, and λ0 is then the first positive
(and or negative) eigenvalue (whose eigenfunction is positive on
(a,b)) labeled according to a Sturm oscillation theorem.

When q(x) < 0 a.e, and r(x) changes sign, the problem (1)-(2) is
non-definite (or indefinite). In this case, non-real eigenvalues may
exist and so λ0 may be either real or non-real. In the non-definite
case, if λ0 is real, then the corresponding eigenfunction can have
any number of zeros on the interval (a, b) in contrast with the other
two cases. There is a lot of literature covering this case (see e.g [4],
[7], [8], and references there in). More studies are carried out on
existence and estimation of non-real eigenvalues in the recent papers
[9], [10], [11], [12], [13], etc. In some of these papers upper and lower
bounds on the non-real eigenvalues of indefinite Sturm-Liouville
problems are estimated and the existence of non-real eigenvalues
discussed in others.

The discreteness of the spectrum for the problem (1)-(2) and the
assumption that λ = 0 is not an eigenvalue of the problem, guar-
antees the existence of such an eigenvalue λ0. Moreover, this eigen-
value is not unique, since there exist problems where the real spec-
trum is symmetric about zero in the left definite case. In fact even
when non-real eigenvalues exist, they appear in conjugate pairs,
hence the non-real spectrum is symmetric about the x-axis.

The assumption that λ = 0 is not an eigenvalue of the problem
(1)-(2) is equivalent to the fact that the problem consisting of the
equation

(3) − y′′(x) + q(x)y(x) = 0

and the boundary conditions (2) admits a unique Green’s function,
G(x, t), defined and continuous over I ≡ [a, b] × [a, b]. We define
the inner product on H by

(4) (f, g) =

b∫
a

f(x)g(x)|r(x)|dx, f, g ∈ H,
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and the associated norm ‖.‖ is given by

‖f‖ =

⎛
⎝ b∫

a

|f(x)|2|r(x)|dx
⎞
⎠

1
2

.

Green’s function for the problem (3)-(2) takes the form

(5) G(x, t) =

⎧⎪⎨
⎪⎩

y(x)z(t)
y(b)

, if x ∈[a, t],

y(t)z(x)
y(b)

, if x ∈[t, b],
where y, z are (real) linearly independent solutions of (3) satisfying
the initial
conditions

(6) y(a) = 0; y′(a) = 1,

(7) z(b) = 0; z′(b) = 1,

respectively. In a lot of literature (see e.g [14]) it is shown that
the spectral problem (1)-(2) can be reduced to a single eigenvalue
equation

(8) Tu = μr(x)u,

where the operator T is defined by

(9) (Tf)(x) =

b∫
a

G(x, t)f(t)r(t)dt

on H. Here G is the Green’s function associated with the problem
(1)-(2), |r(x)| > 0, and μ = −1/λ. That is, u is an eigenfunction
of the problem (1)-(2) if and only if u is an eigenfunction of T
associated with the eigenvalue −1/λ.

2. The main results

We start by stating two important lemmas from [1] whose results
we will use in proving the results in this section. We present the
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lemmas without proof and refer the interested reader to the cited
paper.

Lemma 1. The linear operator T defined by (9) maps H into H
and is a bounded (compact but not necessarily self-adjoint) operator
on H whose operator norm, ‖T‖ is given by

(10) ‖T‖ =

(∫ ∫
I

|G(x, t)|2|r(x)||r(t)|dxdt
) 1

2

.

In the same paper it is also shown that an eigenvalue λ0 of
the problem (1)-(2) having the smallest modulus admits the lower
bound

(11) |λ0| ≥ 1

‖T‖ .

Lemma 2. An eigenvalue λ0 of (1)-(2) of the smallest modulus
satisfies

(12) |λ0| ≥ |y(b)|
(√

2‖y‖‖z‖
)−1

where y, z are given in (5), (6), (7), and ‖y‖, ‖z‖ are their respective
H-norms.

We now give a variant of lemma 4 in [1].

Lemma 3. Let y(x, q) denote the solution of the Cauchy problem

(13) − y′′(x) + q(x)y(x) = 0, a ≤ x ≤ b,

(14) y(a) = 0; y′(a) = 1,

and

B(c) =
{
q : [a, b] → R, q ∈ L1(a, b), ‖q‖1 = c

}
.

Then for fixed x in [a, b],

(15) sup
q∈B(c)

|y(x, q)| ≤ (x− a)ec(x−a).

Similarly, if z(x, q) denotes the solution of (13) satisfying

(16) z(b) = 0; z′(b) = 1.
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Then for fixed x in [a, b],

(17) sup
q∈B(c)

|z(x, q)| ≤ (b− x)ec(b−x).

Proof. To prove (15), we use the integral representation of (13)-(14)
which is given by

(18) y(x) = x− a+

x∫
a

(x− s)q(s)y(s)ds.

From this we get the Neumann series expansion of y which is given
by the terms below.

A0 = x− a

A1 =

x∫
a

(x− s1)(s1 − a)q(s1)ds1

and |A1| ≤ (x− a)2

22
‖q‖1.

A2 =

x∫
a

s1∫
a

(x− s1)(s1 − s2)(s2 − a)q(s1)q(s2)ds2ds1

and |A2| ≤ (x− a)3

33
‖q‖21.

A3 =

x∫
a

s1∫
a

s2∫
a

(x−s1)(s1−s2)(s2−s3)(s3−a)q(s1)q(s2)q(s3)ds3ds2ds1

and |A3| ≤ (x− a)4

44
‖q‖31.

Generally,

An =

∫
Rn

n∏
i=0

(si − si+1)Q(s)ds, n ≥ 1,

where

Rn = {(s1, s2, · · · , sn) : a ≤ s1 ≤ x, a ≤ si ≤ si−1, i = 2, 3, 4, · · · , n},
Q(s) = Q(s1, s2, · · · , sn) = q(s1)q(s2) · · · q(sn),
ds = dsndsn−1 · · · ds1, and s0 = x, sn+1 = a.
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If ‖q‖1 = c similar working as above yields the upper bound

|An| ≤ cn
(
x− a

n+ 1

)n+1

, n ≥ 1.

Therefore we have that

|y(x)| =

∣∣∣∣∣x− a+
∞∑
n=1

An

∣∣∣∣∣
≤ |x− a|+

∞∑
n=1

|An|

≤ x− a+
∞∑
n=1

cn
(
x− a

n+ 1

)n+1

= (x− a)
∞∑
n=0

cn(x− a)n

(n+ 1)n+1

< (x− a)
∞∑
n=0

cn
(x− a)n

n!
,

and the series ∞∑
n=0

cn
(x− a)n

n!

converges, so the Neumann series converges too. This yields that

|y(x)| < (x− a)ec(x−a)

and the bound in (15) is established.

Similarly, the integral representation of (13)-(16) is given by

(19) z(x) = x− b+

b∫
x

(s− x)q(s)y(s)ds.

The corresponding Neumann series is given by the terms

B0 = b− x

Bn =

∫
Rn

n∏
i=0

(si − si+1)Q(s)ds, n ≥ 1,
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where
Rn = {(s1, s2, · · · , sn) : x ≤ s1 ≤ b, a ≤ si ≤ si−1, i = 2, 3, 4, · · · , n},
Q(s) = Q(s1, s2, · · · , sn) = q(s1)q(s2) · · · q(sn),
ds = dsndsn−1 · · · ds1, and s0 = b, sn+1 = x, and

|Bn| ≤ cn
(
b− x

n+ 1

)n+1

, n ≥ 1.

Hence,

|z(x)| =

∣∣∣∣∣b− x+
∞∑
n=1

Bn

∣∣∣∣∣
≤ |b− x|+

∞∑
n=1

|Bn|

≤ b− x+
∞∑
n=1

cn(
b− x

n+ 1
)n+1

< (b− x)
∞∑
n=0

cn
(b− x)n

n!
,

which yields that
|z(x)| < (b− x)ec(b−x)

and the bound in (17) is established. �

The results in lemma 3 lead to the estimation of the H−norm of
the solutions y, z, which leads to the following result.

Lemma 4. Let y, z denote the two linearly independent solutions
of (13) satisfying (14) and (16), respectively. Then

(20) sup
q∈B(c)

‖y(x, q)‖ ≤
⎛
⎝ b∫

a

(
(x− a)ec(x−a)

)2 |r(x)|dx
⎞
⎠

1
2

and

(21) sup
q∈B(c)

‖z(x, q)‖ ≤
⎛
⎝ b∫

a

(
(b− x)ec(b−x)

)2 |r(x)|dx
⎞
⎠

1
2

.
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Proof. We prove the results by calculating the H−norms of y and
z, and use the bounds in lemma 3 as shown below.

‖y(x, q)‖ =

( b∫
a

|y(x, q)|2|r(x)|dx
) 1

2

<

( b∫
a

(x−a)2e2c(x−a)|r(x)|dx
) 1

2

.

Taking the supremum on ‖y(x, q)‖ in the inequality yields the
bound in (20). A similar procedure yields (21). �

Applying the results in lemma 4 to the lower bound in (12), we
get the main result which is a variant of theorem 1 in [1].

Theorem 1. Let ‖q‖1 = c. Then for the problem (1)-(2), an eigen-
value λ0 of the smallest modulus may be estimated by
(22)

|λ0| ≥ |y(b)|
(√

2‖(x− a)ec(x−a)‖‖(b− x)ec(b−x)‖
)−1

, x ∈ (a, b)

where y(b) is the solution of the Cauchy problem (13)-(14) evaluated
at x = b.

2.1. Examples. Here we give examples to verify if the inequality
in (22) really holds. Without loss of generality, we consider the
case where q(x) = q0 ∈ R on the interval [−1, 1]. In this case, (22)
becomes

(23) |λ0| ≥ |y(1)|
(√

2‖(x+ 1)ec(x+1)‖‖(1− x)ec(1−x)‖
)−1

,

where c =

(
1∫

−1

|q0|
)1/2

. The eigenvalues are found using the Maple c©

package RootFinding(Analytic).

Example 1. (The case q0 = −6π2 and r(x) changes sign)

We consider the problems

(24) y′′ + 6π2y = 0, y(−1) = 0, y′(−1) = 1

(25) y′′ + 6π2y = −λr(x)y, y(−1) = 0 = y(1),
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where

r(x) =

{ −1, if x ∈(-1,0),
1, if x ∈(0,1).

The solution to the problem in (24) is y(x) = sin
√
6π(x+1)/(

√
6π)

and so
y(1) = sin 2

√
6π/(

√
6π).

Substituting in (23) yields that λ0 ≥ 3.048 × 10−11, and solving
problem (25) gives the spectrum to be

· · ·−157,−67.2,−52.2,−14.3±11.8ı, 14.3±11.8ı, 52.2, 67.2, 157.8, · · · .
From the spectrum we see that λ0 is not unique in this particular
case since
|−14.3±11.8ı| and |14.3±11.8ı| all give the smallest modulus which
is 18.5. Therefore, |λ0| = 18.5 and (23) is satisfied.

Example 2. (The case q0 = 6π2 and r(x) changes sign)

We consider the problems

(26) − y′′ + 6π2y = 0, y(−1) = 0, y′(−1) = 1

(27) − y′′ + 6π2y = λr(x)y, y(−1) = 0 = y(1),

where r(x) is as given in example 1.

The solution to the problem in (26) is y(x) = sinh
√
6π(x +

1)/(
√
6π) and so y(1) = sinh 2

√
6π/(

√
6π). Substituting in (23)

yields that λ0 ≥ 0.000236, and
solving problem (27) gives the spectrum to be

· · · − 137.7,−93.3,−67.6,−59.2, 67.6, 93.3, 137.7, · · · .
From the spectrum we see that |λ0| = 59.2 and (23) is satisfied.

Example 3. (The case q0 = 6π2 and r(x) ≡ 1 )
Here we consider problem (26) and the problem

(28) y′′ + (λ− 6π2)y = 0, y(−1) = 0 = y(1).

Solving problem (28) gives the spectrum to be

61.7, 81.4, 120.9, 180.1, · · · ,
and clearly, (23) is satisfied since λ0 = 61.7.
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3. Conclusion

In this paper, we undertook a study that consolidates results
obtained in [1] where a lower bound for an eigenvalue λ0 of smallest
modulus is obtained under the assumption that q(x) ∈ L∞(a, b).
In this paper, we have considered the general case where q(x) ∈
L1(a, b) in which we obtain different bounds for the eigenvalue λ0.
As can be seen from examples 1, 2 and 3 the result holds.
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1. Introduction

We will be concerned here with Sturm-Liouville problems of the
form

(1) −y′′ + q(t)y = λr(t)y

where −∞ < a ≤ t ≤ b < ∞ and y satisfies the boundary condi-
tions

(2) y(a) cosα− y′(a) sinα = 0,

(3) y(b) cos β + y′(b) sin β = 0,

0 ≤ α, β < π, the potential function q(t) and the weight function
r(t) are real-valued in general. The value of the parameter λ ∈ C

for which there exists a solution y(t, λ) which is non-identically zero
on [a, b] is called an eigenvalue of the problem (1)-(2)-(3), and the
corresponding function y(t, λ) is called an eigenfunction of the
problem. The set consisting of all the eigenvalues of the problem is
called the spectrum of (1)-(2)-(3). For the sake of simplicity we’ll
assume occasionally that q, r are both continuous or both piecewise
continuous on [a, b].

As alluded to in [3], the classical Sturm-Liouville oscillation theory
of problems of the form (1)-(3) is concerned with the position and
the number of zeros of solutions. The position of such zeros varies
when the functions q, r, and/or the parameter λ are changed. In
particular, the weight function r plays a critical role in the form
and nature of these results. For example, in [7] the authors show
that the oscillation of the weight function can drive away the real
eigenvalues from the real line into the complex plane. It is also
known [2] that for a fixed weight function, an increase in the number
of negative squares of

B +

b∫
a

(|y′|2 + q|y|2)

by varying q, can lead to an increase in the number of non-real
eigenvalues. For an historical overview of this subject until 1986,
see [6].

It is clear that, in the non-definite case, the weight function r must
take on both signs in the interval (a, b), [8]. A point about which

1
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the weight function r(t) actually changes its sign in the interval
(a, b) is called a turning point of r.

We now focus on the the Dirichlet problem (i.e., α = β = 0 in
(2)-(3)).

Theorem 1. ([5], Theorem 3 ) Let λ and y(t, λ) be a non-real
eigenvalue and associated non-real eigenfunction of the problem (1).
If r(t) has precisely n turning points in (a, b) then y(t, λ) may vanish
at most (n− 1)− times in (a, b).

Corollary 1. ([5], Corollary 1) Let λ and y(t, λ) be a non-real
eigenvalue and associated non-real eigenfunction of the problem (1)-
(3). If r(t) has exactly one turning point in (a, b) then y(t, λ) �= 0
in (a, b).

Below we show that the previous conclusion fails in the case of more
than one turning point.

Theorem 2. (See [8], [5], [6]) Let r be continuous and not vanish
identically in any right neighborhood of t = a. If r(t) changes its
sign precisely once in (a, b) then the roots of the real and imaginary
parts ψ and ϕ of any non-real eigenfunction y = ψ+ iϕ correspond-
ing to a non-real eigenvalue, separate one another (or interlace).

Thus, Theorem 1 implies that if the weight function has one turning
point (i.e., n = 1) then no non-real eigenfunction can have a zero
in (a, b). Of course, Richardson’s separation theorem, Theorem 2
above, also gives the same conclusion. In the case where the weight
function r(t) has exactly two turning points, numerical results in
[4] indicate that some non-real eigenfunctions can vanish once in
(a, b), in agreement with Theorem 1.

In the sequel we present basic results in the non-definite case of
Sturm-Liouville problems and give necessary examples in some
cases. In Section 2 we present a non-definite Sturm-Liouville prob-
lem in which the weight function has two turning points in (a, b)
which then violates Richardson’s separation theorem, Theorem 2.
This shows that we cannot easily generalize said separation theo-
rem to the case of more than one turning point.In Section 3, we
consider the case in which the weight function r(t) has two turning
points in (a, b) with the assumption that r(t) does not vanish iden-
tically on a subinterval of (a, b). We prove that the absolute value
of the difference between the total number of zeros of the real and
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imaginary parts of a given non-real eigenfunction (corresponding to
a non-real eigenvalue) of a problem of the form (1)-(3) is equal to
2. The main stimulus for the work covered in Section 3 arose out
of the numerical results presented in the paper [4].

2. Failure of the interlacing property

In this section we show that Richardson’s separation theorem, The-
orem 2 above, fails for a weight function having two turning points.
We do this by exhibiting a non-definite Sturm-Liouville problem
whose weight function has two turning points in (a, b) having a
non-real eigenfunction that vanishes there.

Let λ = σ+ i τ , y(t) be some non-real eigenvalue-eigenfunction pair
of the complex coefficient Sturm-Liouville equation

(4) −y′′ + exp(it)y = λy,

satisfying the boundary conditions

(5) y(a) = y(b) = 0.

The existence of such eigenvalues is due to Hilb, see [6].

Next, let κ = μ+ iη, z, be a non-real eigenvalue-eigenfunction pair
of the problem

(6) −z′′ + exp(it)z = κz,

satisfying the new set of boundary conditions, namely,

(7) z(b) = z(2b) = 0, z′(b) = y′(b),

where y already satisfies (4)-(5) (and, of course, y′(b) �= 0). Sepa-
rating real and imaginary parts in (4) and in (6) we get,

−y′′ + (cos t− σ)y = i (τ − sin t)y, y(a) = y(b) = 0,(8)

−z′′ + (cos t− μ)z = i (η − sin t)z, z(b) = z(2b) = 0,(9)

with z being normalized by setting z′(b) = y′(b).

Now, on the interval [a, 2b], consider the equation

(10) −W ′′ +
(
cos t− ρ(t)

)
W = i

(
r(t)− sin t

)
W,

where,

ρ(t) =

{
σ, if t ∈(a,b)
μ, if t ∈(b,2b)
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r(t) =

{
τ, if t ∈(a,b)
η, if t ∈(b,2b).

Then ρ, r are real piecewise continuous functions on [a, 2b]. In ad-
dition, we know that τ − sin t must change its sign at least once in
(a, b) since i is a non-real eigenvalue in (8). So, the function r(t)
changes its sign on (a, b) on account of (8) and then again on (b, 2b)
on account of (9). Now the function,

W (t) =

{
y(t), if t ∈[a,b]
z(t), if t ∈[b,2b]

satisfies the boundary conditions,

(11) W (a) = W (2b) = 0.

Claim: W is an eigenfunction of the Sturm-Liouville problem (10)-
(11) having the complex eigenvalue, i. In addition, W (b) = 0.

Proof. That W (b) = 0 is clear from the definition. Clearly, W ′(t)
exists in the two intervals (a, b) and (b, 2b). We show thatW ′(b) ex-
ists. Let W ′

±(b) be the right/left derivatives of W at t = b. By the
definition of W (t), we know that W ′

+(b) = z′(b) = y′(b) = W ′
−(b),

so we conclude that W ′(b) exists, and that the function W (t) is
thus continuously differentiable on the interval (a, 2b). Finally, W ′

is an absolutely continuous function on each of (a, b) and (b, 2b)
since y′, z′ have this property. It follows that, in fact, W ′ is itself
absolutely continuous on [a, 2b], and therefore W is an eigenfunc-
tion of (10)-(11), corresponding to the non-real eigenvalue i that
vanishes at an interior point (i.e, t = b). �

We have therefore proved the following theorem.

Theorem 3. There exists a regular non-definite Sturm-Liouville
problem on a finite interval I having a non-real eigenfunction
y(t, λ), corresponding to some non-real eigenvalue λ, such that
y(t, λ) = 0 for some t in the interior of I.

Of course, this shows that the expected interlacing property of the
zeros of the real and imaginary parts of a non-real eigenfunction
cannot hold, in general.
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3. The zeros of real and imaginary parts of non-real

eigenfunctions in the two-turning point case

In the case where the weight function r(t) has two turning points,
a non-real eigenfunction may vanish at most once in the interval
(a, b), by Theorem 1. If r(t) has two turning points, then the two
turning points divide the interval (a, b) into three subintervals and
if a non-real eigenfunction vanishes once in the interval (a, b), it will
vanish in the middle interval. Moreover, we establish the difference
between the number of zeros of the real and imaginary parts of a
non-real eigenfunction corresponding to a non-real eigenvalue of a
problem of the form (1)-(3).

Theorem 4. Let q, r ∈ C[a, b] and assume that the weight function
r has precisely two turning points in the interval (a, b), and that it
does not vanish identically in any subinterval of (a, b).

Let λ be a non-real eigenvalue of problem

(12) −y′′ + q(t)y = λr(t)y

(13) y(a) = y(b) = 0

and let y(t, λ) be a corresponding, necessarily non-real, eigenfunc-
tion having exactly one zero in (a, b). Then the absolute value of the
difference between the total number of zeros of the real and imagi-
nary part of y in (a, b) is two.

Proof. Since λ /∈ R, now classical arguments imply that

(14)

b∫
a

r|y|2dt = 0.

We define a function f by f(t) =
t∫
a

r |y|2 dx, (see [5]). It then

follows that

(15) f(a) = f(b) = 0.

By hypothesis there exists k ∈ (a, b) such that y(k) = 0. Hence, y
is a non-real eigenfunction of (12) on the interval [a, k] satisfying
y(a) = 0 = y(k) and, as a result, f(a) = 0 = f(k) must hold.
Similarly, y(k) = 0 = y(b) forces f(k) = f(b) = 0. Let c1 and c2 be
the two turning points of r with a < c1 < c2 < b.
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We now claim that k ∈ (c1, c2). For, without loss of generality,
let’s assume that k ∈ (a, c1). Then there is a number t1 ∈ (a, c1)
such that 0 = f ′(t1) = r(t1)|y(t1)|. This means that y(t1) = 0,
since r �= 0 in (a, c1). Hence t1 is another zero of y, contradicting
the assumption that k is the only zero of y in (a, b). The same
argument holds if k ∈ (c2, b). So, this case is impossible.

In the second case, without loss of generality, we assume that
k = c1. Then the open interval (a, c1) is turning point free, by
hypothesis. This means that r(t) �= 0 for any t ∈ (a, c1). But then
the Dirichlet problem for (12) must be definite on [a, c1]. Classical
Sturm-Liouville Theory now implies that all its Dirichlet eigenval-
ues on [a, c1] must be real. But this is impossible as we started with
a non-real eigenvalue! A similar argument applies in the case where
k = c2. Thus, this case cannot occur. Since the first two cases are
impossible, it must be the case that k ∈ (c1, c2), as stated.

Now, k divides the interval (a, b) into two intervals (a, k) and (k, b)
on each of which r(t) has one turning point. So, in particular,
our non-real eigenfunction y satisfies a Dirichlet problem for (12)
on the interval [a, k], where r has one turning point (namely, c1)
in (a, k). By Richardson’s Theorem 2, the zeros of the real and
imaginary parts of y must interlace in the interval (a, k). Similarly,
the same argument applied to [k, b] yields that the zeros of the real
and imaginary parts of y must interlace in the interval (k, b). This
means that the zeros of the real and imaginary parts of y interlace
on almost the whole interval (a, b) except near, and at, the only
zero of y(t), i.e., where t = k.

We write y(t) = ϕ(t) + i ψ(t). If ϕ(t) has n zeros in (a, k), then
ψ(t) has n − 1 zeros in (a, k), since the zeros interlace in (a, k).
Similarly, if ϕ(t) has m zeros in (k, b), then ψ(t) has m − 1 zeros
in (k, b). Recall that both ϕ(k) = ψ(k) = 0 by hypothesis. Adding
the total number of zeros we find that ϕ has n+m+1 zeros in (a, b)
while ψ(t) must have n + m − 1 zeros in (a, b). The difference in
the number of zeros being equal to two, the proof is complete. �

4. Conclusion

We have proved two main results that further develops the work
that R.G.D. Richardson started some 100 years ago. First, we show
that Richardson’s separation theorem (1918) for the zeros of the real
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and imaginary part of a non-real eigenfunction (corresponding to
a non-real eigenvalue) of a non-definite Sturm-Liouville Dirichlet
problem in the case of one turning point is false, in general, by
exhibiting a counterexample in the case of two turning points. The
counterexample shows that a complex eigenfunction can actually
vanish in the interior of the interval of definition!

Then we show that if a non-real eigenfunction (corresponding to
a non-real eigenvalue) of a non-definite Sturm-Liouville Dirichlet
problem in the case of two turning points vanishes in the interior of
the interval under consideration then the absolute value of the dif-
ference between the total number of zeros of the real and imaginary
parts of this eigenfunction must be equal to 2.

Many questions in this area remain unanswered. For instance, one
observation on the spectrum of a non-definite Sturm-Liouville prob-
lem is that if the problem

(16) −y′′ + q(t)y = λr(t)y

(17) y(a) = y(b) = 0

has a non-real eigenvalue, c+ id, d �= 0 and a real eigenvalue, say γ,
then c �= γ. In other words we claim that, in the non-definite case,
there cannot exist a non-real eigenvalue whose real part is also an
eigenvalue. Whether this is an accident or a result of a more general
yet unproven theorem, is unknown, but we conjecture that it is so
and leave this for future research.

Furthermore, there is a need to prove general results on the be-
haviour of the real and imaginary parts of non-real eigenfunctions
in the case where the weight function has a finite number of turn-
ing points. For further open questions on the non-real spectrum of
non-definite problems see the monograph [1].
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