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Abstract—In electronics as well as in communications, it is
highly desirable to be able to transmit a signal that is preserved
from any distortions that is due to the lossy nature of the
medium in which the signal travels, normally a transmission line.
In this paper, we exploit the connections between the delayed
Green’s-function-based method from the authors and the well-
known distortionless Heaviside condition. It is found that, in
the method, an important results was already present but its
importance not yet understood. In particular, we prove that we
are able to identify the distortionless transmission line associated
to a generic transmission line. We consider only 1-conductor
transmission lines, with frequency-independent per-unit-length
parameters. The multiconductor transmission-line case will be
addressed in future works.

Index Terms—Heaviside condition, transmission lines, intercon-
nections.

I. INTRODUCTION

Transmission lines (TLs) play an important role in electrical
engineering. They are mainly used for signal transmission, for
example as interconnects in printed circuit boards (PCBs) [1],
and for energy distribution, for example as power transmission
lines [2]. The Telegrapher’s equations are commonly used
to characterize the quasi-TEM propagation mode of the
electromagnetic waves in TLs [3].

The Telegrapher’s equations are partial differential equations
(PDEs) that describe the voltages and currents of a generic
transmission line structure. The main drawback is that PDEs
are better solved in the frequency domain, and the time-domain
solution obtained via direct integration of the frequency-domain
solution is normally not recommended. Therefore, a number
of methods has been proposed to solve them efficiently both
in the frequency and in the time domain. A general overview
on the so called mixed time/frequency-domain representation
problem can be found in [1], [4], [5]. Many methods are based
on rational models of the line, e.g., ladder networks [3] and
state-space representations which is used by the authors in
the so called Delay-Rational Green’s-function-based (DeRaG)
method [6]–[8]. This method is based on Green’s functions and
it has an explicit line-delay extraction. The DeRaG model has a
reduced rational model, which accounts for the low-frequency
behavior, and a pure propagation contribution to the voltage
and current responses in the form of hyperbolic functions,
which account for the high-frequency behavior.

In this paper, we provide a new insight into the nature
and the properties of the hyperbolic functions. In particular,
we exploit the relations between the DeRaG method and the

well-known Heaviside condition in the scalar case, namely
for 1-conductor transmission lines. The Heaviside condition
provides an effective design for a distortionless transmission
over lossy transmission lines [9]. By resorting to similarities
between the hyperbolic functions and the Heaviside condition,
we provide a more meaningful interpretation of the underlying
physics, paving the way for a new efficient low-order model
for TLs. The new insight is in line with the results in paper
[10]. In particular, the high-frequency behavior of the line
manifests itself as a signal that propagates along a lossy TL
without distortion and with a constant velocity. Therefore, it is
straightforward to identify the distortionless TL associated to a
generic lossy TL. Differently from [10], in our case the formal
verification is straightforward to obtain, because we merely
adopt a different point of view on the existing results proposed
by the authors in [11]. Moreover, the mathematical formulation
has been simply obtained via a proper manipulation of the
model presented in [6]. Therefore, the new understanding of
the nature and the importance of the hyperbolic functions in
terms of distortionless signals are the main contributions of
this paper. Furthermore, some possible consequences in the
design of transmission lines can be pointed out. As suggested
in [10], the results can be applied for example to Time Domain
Reflectometers (TDRs), commonly used to detect faults in
cables, or to synchronization problems. Numerical results
validate the arguments. The extension to the multiconductor
transmission-line case will be addressed in future works.

II. BACKGROUND

In this section, we provide a short review of the DeRaG
model for a one-conductor transmission lines (TLs) of length `,
as depicted in Fig. 1. The line can be described in terms of per-
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Fig. 1: 1-conductor transmission line.

unit-length (pul) parameters, namely resistance R′, inductance
L′, capacitance C ′ and conductance G′ which can be frequency-
independent or frequency-dependent. If R′ = G′ = 0, the line



is said to be lossless, otherwise is lossy. Assuming frequency-
independent per-unit-length parameters and in the Laplace
domain, under the quasi-TEM mode assumption, the line
equations read as [6]:[

V0(s)
V`(s)

]
=

[
Z11(s) Z12(s)
Z12(s) Z11(s)

]
︸ ︷︷ ︸

Z(s)

[
I0(s)
I`(s)

]
, (1)

where s is the complex frequency of the Laplace transform,
V0(s) and I0(s) are the input-port voltage and current related
to the input ports, V`(s) and I`(s) are the output-port voltage
and current, and Z(s) is the matrix transfer-function between
the input (currents) and the output (voltages) and is symmetric.
The impedance matrix entries are

Z11(s) =

+∞∑
m=0

[
γ2(s) +

(mπ
`

)2
I

]−1
A2
mZ
′(s) (2a)

Z12(s) = Z11(s) cos (mπ) (2b)

where γ2(s) = Z ′(s)Y ′(s) = (R′ + sL′) (G′ + sC ′) is the
propagation constant, A2

0 = 1/` for m = 0, A2
m = 2/` for

m = 1, · · · ,+∞, and I is the identity matrix.

The poles of the transmission line can be evaluated as the
poles of impedance Z(s) and the zeros of the polynomial at
the denominator of the impedance matrix Z(s) entries:

γ2(s) +
(mπ
`

)2
= 0 (3)

which can be re-written as:

L′C ′s2 + (L′G′ + C ′R′) s+R′G′ +
(mπ
`

)2
= 0 . (4)

Hence, each mode m generates two poles:

pm,12 = −1

2

(
R′

L′
+
G′

C ′

)
(5)

±

√√√√1

4

(
G′

C ′
+
R′

L′

)2

−

(
R′G′

L′C ′
+

(
mπ
`

)2
L′C ′

)
.

If the infinite summation in (1) is truncated to m̂, the global
number of poles and residues is 2 (m̂+ 1). Such a rational
model results in a state-space representation [6] that becomes
large in the case of electrically-long transmission lines. In the
DeRaG method [7] the explicit line-delay extraction allows
to drastically reduce the size of the state-space model while
providing a superior accuracy.

By virtue of the delay extraction, in [7] we proved that the
impedance can be expressed as a sum of a rational delayless
part and a hyperbolic part as:

Zij(s) =

m̂∑
m=1

Rij,m

s− pm︸ ︷︷ ︸
Rational delayless

+ Hij(s)︸ ︷︷ ︸
Hyperbolic

for i, j = 1, 2 . (6)

The term Hij(s) takes the asymptotic delay into account and

is expressed in terms of hyperbolic functions as

Hij(s) =
R̂ijT

2
Φij

(
(s− α)

T

2

)
for i, j = 1, 2 (7)

where

Φij =

{
coth, if i = j

csch, if i 6= j .
(8)

T is the lossless time-delay associated to each conductor. As
shown in [11], for the scalar case we have

T = 2`
√
LC . (9)

Note that the lossless case is totally described by the hyperbolic
term (7) [11].

III. HYPERBOLIC FUNCTIONS AND HEAVISIDE CONDITION

In this section, we provide the link between the hyperbolic
part (7) and the Heaviside condition. We recall that a distor-
tionless 1-conductor transmission line satisfies the following
Heaviside condition:

R̂′Ĉ ′ = Ĝ′L̂′ . (10)

Note that the characteristic impedance of a distortionless line is
the same as a lossless line, that is Zc =

√
L̂′

Ĉ′ . For a Heaviside
line, the poles in (5) read as:

p̂m,12 = − R̂
′

L̂′
± j

mπ
`√
L̂′Ĉ ′

. (11)

As it has been already observed in [7] and related papers
from the authors, the hyperbolic part of the DeRaG model takes
the asymptotic behavior of poles and residues into account,
i.e., the behavior at high frequency. In this work, we show
that (7) can be thought as a lossy distortionless transmission
line. In this regard, it corresponds to a line whose behavior is
independent from the frequency. Firstly we note that, for high
summation modes, the poles in (5) read as

p̂m,12 = −1

2

(
R′

L′
+
G′

C ′

)
± j

mπ
`√
L′C ′

. (12)

In particular, the poles share the same real part and the
imaginary part is linear respect to the summation mode m; the
same is valid for the Heaviside poles in (11). We exploit those
similarities by designing a line that has the same poles (12)
used in the hyperbolic functions and that, at the same time,
fulfills the Heaviside condition (10). The parameters of the
Heaviside line associated with the hyperbolic functions can be
found by solving the system obtained by equating the same
real and imaginary parts between (12) and (11):{

R̂ = 1
2

(
R′

L′ + G′

C′

)
L̂′

L̂′ = L′C′

Ĉ′ .
(13)

We can set Ĉ ′ = C, so that automatically L̂′ = L′. The
conductance is found using (10):

Ĝ′ =
R̂′Ĉ ′

L′
. (14)



Note that the characteristic impedance at high-frequency reads
the same as for a Heaviside or lossless line. In the following,
we also clarify that the solution in the time domain of the term
(7) has exactly the same attenuation factor that we expect from
the propagation constant. Let us consider the scalar propagation
constant γ in the frequency domain. It is known that, for small
losses and high frequency, the real and the imaginary parts
read as:

Re(γ) =

√
L′C ′

2

(
R′

L′
+
G′

C ′

)
, Im(γ) = ω

√
L′C ′ . (15)

The real part is usually denoted “attenuation factor”, and the
imaginary part is referred as “phase change constant”. By
naming

α =
1

2

(
R′

L′
+
G′

C ′

)
(16)

we recognize that the attenuation factor is proportional to the
asymptotic real part of the poles in (5), for high order-modes m.
We can now clarify that the asymptotic real-part of the poles
corresponds exactly, in the frequency domain, to the attenuation
factor of the propagation constant, in the space domain. It was
shown in [11] and proven in [7] that the hyperbolic part (7)
admits the analytical representation

Zhyp =

[
η coth((s− α)T2 ) η csch((s− α)T2 )
η csch((s− α)T2 ) η coth((s− α)T2 )

]
(17)

where η =
√

L′

C′ represents a lossless characteristic impedance,

and T
2 =

√
L′C ′` represents a lossless time-delay (see also

[12]). We can compare the expression (17) with the well-known
matrix for 1-conductor lossy transmission line [3]

Z =

[
Zc coth(γ`) Zccsch(γ`)
Zccsch(γ`) Zc coth(γ`)

]
(18)

where Zc =
√

R′+sL′

G′+sC′ is the characteristic impedance. We
can prove that the expressions (17) and (18) are equivalent at
high frequency. To serve this purpose, we verify the following
identity for high frequency

γ` = (s− α)
T

2
. (19)

By simply writing γ = Re(γ) + j Im(γ) in terms of the high
frequency expressions in (15), we can clearly see that the
equality (19) is satisfied. The real part of the poles represents,
in the frequency domain, the attenuation factor in the space
domain. In the following, we clarify this important point
by briefly recalling the time-domain solution for the coth
component in (17), in the 1-conductor case. In [7] it was
proven that

coth

(
(s− α)

T

2

)
= 2

(
1

2
eαt δ(t) + eαt

+∞∑
n=1

δ(t− nT )

)
.

(20)

A similar expression is obtained for the term in csch [7]. The α
in the expression (20) corresponds to the attenuation factor (15)

given in the time domain. Numerical results will be presented
at the conference.

IV. CONCLUSIONS

The contribution of the paper relies on the observation that
the hyperbolic part of the DeRaG model can be regarded
as a distortionless transmission line, whose per-unit-length
parameters can be easily recovered from the ones of the original
transmission line. This fact also proves that the distortion is
caused mainly by the low order modes rather than the higher
ones. As a consequence, a voltage signal that is computed by
using the hyperbolic part of the impedance modeled with the
DeRaG approach will travel along the transmission line not only
with fixed values of time-delay and attenuation but also without
any distortion. This suggests to design interconnects as much as
possible as transmission lines satisfying the Heaviside condition
because it allows to have full control of the propagation delay
and, at the same time, to have no distortion. Extensions and
applications of these results in the DeRaG method will be
further studied in forthcoming papers.
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