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ABSTRACT
Stability analyses of underground rock excavations are often performed using traditional deterministic methods.
In deterministic methods the mean or characteristics values of the input parameters are used for the analyses.
These method neglect the inherent variability of the rock mass properties in the analyses and the results could
be misleading. Therefore, for a realistic stability analyses probabilistic methods, which consider the inherent
variability of the rock mass properties, are considered appropriate. A number of probabilistic methods, each
based on different theories and assumptions have been developed for the analysis of geotechnical problems.
Geotechnical engineers must therefore choose appropriate probabilistic method to achieve a specific objective
while taking into account simplicity, accuracy and time efficiency. In this study finite difference method was
combined with five different probabilistic methods to analyze the stability of an underground rock excavation.
The probabilistic methods considered were the Point Estimate Method (PEM), the Response Surface Method
(RSM), the Artificial Neural Network (ANN), the Monte Carlos Simulation (MCS), and the Strength
Classification Method (SCM). The results and the relative merits of the methods were compared. Also the
general advantages of the probabilistic method over the deterministic method were discussed. Though the
methods presented in this study are not exhaustive, the results of this study will assist in the choice of
appropriate probabilistic methods for the analysis of underground rock excavations.
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INTRODUCTION
As a result of underground construction in rock, the original state of the hosting rock mass is
disturbed. This disturbance may lead to instability of the excavation which would pose a threat to the
safety of personnel and equipment in and around such an excavation. The stability of underground
excavations has, therefore, always been of major concern to geotechnical engineers.
The stability of underground excavations depends on such factors as: the mechanical properties of
the rock mass, the orientation and properties of the rock discontinuities, the hydrological conditions
and the induced stresses [1]. In the stability analysis these parameters are determined either by in situ
investigations or laboratory tests. Because of the inherent uncertainties associated with natural
materials such as rock masses, the exact values for these parameters cannot be determined as the
values vary within a certain range [2].
The main sources of uncertainties are inherent random heterogeneity (spatial variability or
aleatory uncertainty) and knowledge-based or epistemic uncertainties, that is to say measurement
error and transformation uncertainties [3]. The in situ variability or aleatory uncertainty stems from
natural transformation processes such as diagenesis, fractional crystallization and metamorphism that
affect the physical and mechanical properties of the geotechnical materials [4]. Measurement error
arises from human error and equipment errors during data collection and measurement while the
transformation uncertainty or model uncertainty may be attributed to the transformation of field or
laboratory data into geotechnical design parameters using empirical equations.
If uncertainty in the geotechnical parameters is not properly considered, it can significantly affect
the results from analysis of underground excavations. With regard to geotechnical engineering
problems these uncertainties are sometimes accounted for by considering the best, mean and worst
cases of the material inputs for the analysis. This approach, however, does not give a clear
understanding of the compound effects of the input uncertainties. Therefore, for a realistic analysis of
underground excavations the compound effects of the uncertainties in the input parameters must be
adequately considered using probabilistic methods. Probabilistic methods provide a rational basis for
considering the uncertainties in the geotechnical analysis. Several probabilistic methods have been
used for geotechnical analysis, though majorly of surface geotechnical structures such as slopes and
embankments. Probabilistic methods have also been used to analyze underground rock excavations [4
– 13].
The probabilistic methods used in the geotechnical analyses employ different statistical tools and
assumptions. According [14] the probabilistic methods can be divided into two categories: analytical
approximation methods (e.g., the first-order second moment method) and sampling based methods.
Analytical approximation methods may not be suitable for the assessment of geotechnical problems
that involve numerical modeling since they require explicit functions which are not readily available
or which are difficult to apply to complex geotechnical problems. Sampling based methods could use
discrete or random sampling (simulation based). The discrete sampling methods such as the Point
Estimate Methods (PEM), the Response Surface Method (RSM) and the Artificial Neural Network
(ANN) assume that the scale of the variability is large compared to the domain of the problem being
considered such that the domain (i.e. the rock mass) can be treated as homogenous. When the scale of
the variability is small then the variability has to be treated as heterogeneous. In that case simulation
based methods such as the Monte Carlo Simulation (MCS) would be most appropriate to use. With
the simulation based sampling methods the heterogeneity of the rock mass can be explicitly
considered in the numerical modeling.
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Since different probabilistic methods utilize different theories and assumptions, one of the
problems that could hamper the application is the choice of probabilistic method to achieve a specific
objective while considering simplicity, accuracy and minimum computational time. Therefore in this
paper, the finite difference method (FDM) is combined with different probabilistic methods to
analyze the stability of a drift in a good quality rock mass conditions. The probabilistic methods
considered are the PEM, the RSM, the ANN, the MCS and the Strength Classification Method
(SCM). The PEM, the RSM and the ANN assume a homogenous rock mass while the MCS and the
SCM incorporate both variability and heterogeneity of the rock mass properties into the numerical
stability analysis of an underground excavation. The results from the methods were compared and the
relative merits and shortcomings of each method discussed.

PROBABILISTIC METHODS
In most rock masses the uncertainty in their properties is so great that cannot be ignored.
Probabilistic methods need therefore to be applied. In this section, the different probabilistic methods
used in this paper are briefly explained. These probabilistic methods were divided into two categories
based on their sampling methods and assumptions – those methods that consider the heterogeneity of
the rock mass and those which do not consider the heterogeneity.

Methods neglecting rock mass heterogeneity
For the purpose of this study, the Point Estimate Method (PEM), the Response Surface Method
(RSM) and the Artificial Neural Network (ANN) were considered.

Point Estimate method (PEM)
The PEM was originally proposed by [15] for symmetric variables and revised in 1981 [16] to
also include asymmetric variables. According to [17] the PEM is a special case of the Gaussian
quadrature. In the PEM, the statistical moments of a function are approximated from the random
variables by replacing the probability density functions (PDFs) of each of the random variables with
probability mass functions (PMFs) consisting of a few discrete points, typically two points. In the two
point estimate method, 2n estimations are needed when there are n correlated or uncorrelated random
variables with symmetric distribution. The two points of estimation are chosen at ± one standard
deviation from the mean value for each distribution. Furthermore, each point of estimation has a
weighting value which depends on the correlation between the variables. For uncorrelated variables,
each point of estimation will be weighted equally with the value 2-n.
A great limitation of the original PEM is that when large numbers of random variables are
involved in the analysis the number of estimations becomes too large for practical application. For
this reason, modifications of the PEM to reduce the number of the sampling points have been
proposed by e.g. [18 – 21]. However, according to [22] these modifications move the weighting
points further away from the mean values as the number of variables increases. This can lead to input
values that extend beyond the valid domain. Due to this problem, the original Rosenblueth PEM is
often used with fewer random variables. The PEM is widely used together with numerical methods in
geotechnical engineering because of its simplicity [6, 9, 13, 23].

Response surface method (RSM)
The RSM is a collection of mathematical and statistical techniques used to develop a functional
relationship between a dependent output y and a number of associated input variables (x1, x2,..xn).
This relationship is implicit in most geotechnical engineering problems and is generally an unknown.
However, it can be approximated by a low-degree polynomial model of the form:
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y = f ( x1 , x2 ,...xn ) + ε

(1)

where 𝜀𝜀 is the error observed in the output y and f ( x1 , x2 ,...xn ) is called the response surface.
The most common response surfaces used in geotechnical engineering problems are low-order
polynomials (first-order and second-order models). If the output can be well modeled by a linear
function then the first-order model is used: otherwise the second-order model is used. A general firstorder model is defined as:

y = a0 + a1 x1 + a2 x2 + ... + an xn + ε

(2)

and the general second-order model with interacting terms is defined as:
n

n

i =1

i =1

n

y = a0 + ∑ ai xi + ∑ aii xi2 + ∑

n

∑a x x

i =1 j =1, i < j

ij i

j

+ε

(3)

where ai are the regression coefficients and n is the number of basic input variables.
In the RSM analysis 2n full factorial design is used to fit the first order linear regression. For the
(𝑛𝑛+1)(𝑛𝑛+2)
evaluation points are needed to fit the
second order quadratic regression, at least
2
polynomial. RSM has been used in combination with numerical analysis to assess the stability of
underground rock excavations [8, 12].

Artificial Neural Network (ANN)
The ANN is a form of artificial intelligence that attempts to imitate the behavior of the human
brain and nervous system. The ANN can be used to capture the relationship between a set of inputs
and outputs, which are not sufficiently known, by means of training the data obtained from either real
experiments or numerical simulations [24]. The ANN has been applied in the stability analysis of
tunnels and underground excavations by, for example, [25 – 29]. In principle, the ANN consists of
simple interconnected nodes or neurons where p is the input, w is the weight, b is the bias, f is the
transfer function and a is the output.
If the neuron has N number of inputs then the output a can be calculated as:

 N

a = f  ∑ wi pi + b  .
 i =1


(4)

Different types of transfer functions can be used in the ANN such as hard limit, linear and logsigmoid transfer functions [30]. The choice of transfer function depends on the specification of the
problem that the neuron is attempting to solve [30].
The architecture of the ANN consists of the number of layers, the number of neurons in each
layer and the neuron transfer functions. Two or more neurons can be combined in a layer and a
network could contain one or two layers whereby each layer has different roles. There is always one
output layer and one input layer while there can be many hidden layers for an ANN. However, it is
known that a network with one hidden layer can approximate any continuous function provided with
sufficient connection weights [31]. The number of neurons in the input and output layers are
determined by the number of the model input and output variables. There is no any exact guide for
determining the number of neurons in the hidden layer [32]. However some researchers e.g. [33 - 35]
have proposed heuristic relations for determining the neuron size.
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Before an ANN can be used to make projections or predictions it has to be trained. In the training
or learning process, the network is presented with a pair of training datasets including input and the
corresponding target values. The network computes its own output using its initial weights and biases.
Then, the weights and biases are adjusted iteratively to reduce the errors between the network output
and the target output. Mean square error is used as error index during the training phase to improve
the network performance [36]. One of the most commonly used learning algorithms in geotechnical
engineering is the back-propagation algorithm (BPA) proposed by [37]. In the BPA there are two
phases: forward prediction which calculates the output values of the ANN from training data and
error back-propagation which adjusts the weight. There are many techniques to adjust the error but
the steepest descent method is often used [36]. Once the training process of the ANN is completed
predictions can be made for a new input dataset.

Methods considering rock mass heterogeneity
As mentioned previously the basic assumption of the methods in Section 2.1 is that the properties
of the geotechnical domain being analyzed can be treated as homogeneous. However, this assumption
may affect the results of the analysis especially when the natural variability (i.e. heterogeneity) of the
geotechnical parameters is more profound. Hence, the Monte Carlo Simulation (MCS) technique is
often employed to model the natural randomness or heterogeneity. The MCS requires a large number
of simulations to achieve the required level of accuracy and because of this there have been some
modifications to the sampling techniques of the MCS in order to reduce the number of the simulations
or the computational time. Two examples of alternatives to the MCS are the Latin Hyper Cube (LHC)
techniques and the Strength Classification Method (SCM) [38]. For this study the MCS and the SCM
are considered as the methods which consider the heterogeneity.

Monte Carlo simulation (MCS)
In geotechnical analysis the MCS can be used to obtain the probability distribution of dependent
random variables given the probabilistic distribution of the independent random variables. The MCS
is considered a powerful tool as it can accurately cover the entire distribution of all uncertain
parameters. In another application, the MCS can be utilized to explicitly introduce the rock mass
heterogeneity into numerical models by randomly assigning different material properties to each zone
of the model based on their probability distribution. In this case, each zone of the model is considered
as a “grain” of the rock mass fabric. The locations and combinations of the input variables randomly
assigned in the model are different for each simulation. The main disadvantage of the MCS is that it
requires many simulations in order to achieve desired accuracy. However, few Monte Carlo
simulations can be used to approximate the statistical moments of the output variables [39].

Strength Classification method (SCM)
The strength classification method is a modified form of the MCS with the aim of reducing the
computation time. For the SCM the probability density function (e.g. normal distribution) for each
random input parameter can be divided or partitioned into a number of classes or groups of different
intervals. The PDF can be approximated with histogram as shown in Figure 1 where the width of the
rectangle of the histogram represents each of the interval or group. The probability of a random value
X of the input parameter within the interval (a, b) can be calculated as
b

P(a < X ≤ b) = ∫ f X ( x)dx
a

(5)
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where f X (x) is the probability distribution function (PDF). For a normally distributed input the
probability that a random value of the input parameter is within the interval (𝜇𝜇 − 𝜎𝜎 and 𝜇𝜇 + 𝜎𝜎),
(𝜇𝜇 − 2𝜎𝜎 and 𝜇𝜇 + 2𝜎𝜎) and (𝜇𝜇 − 3𝜎𝜎 and 𝜇𝜇 + 3𝜎𝜎) is 68.3%, 95.4% and 99.7%, respectively. The mean
and the standard deviation of the random value are µ and σ, respectively.

PDF

The SCM can also be used to introduce heterogeneity of the material properties into a numerical
model. The zones in the model will randomly be assigned properties from the classes according to
their probabilities, for instance N % of the zones will get properties corresponding to the class or
group of the input parameter with N % probability. The middle value of the interval can be used to
represent the random input variables for each class or group. Similar to the MCS, the location of each
input variable is randomly varied at each realization of the numerical simulation. Similar to MCS the
SCM requires many simulations to achieve the required accuracy.

a

b

c

d

Figure 1: Probability density function partitioned into different intervals

PROBABILISTIC ANALYSIS OF DRIFT STABILITY
IN GOOD QUALITY HARD ROCK MASS
To implement and compare the aforementioned probability methods, the stability of a drift in a
good quality rock mass, but with varying properties, was investigated.

Problem description and model parameters
An underground mine drift (Figure 2) which has an arched roof and a width and height of 7 m is
excavated in a rock mass at a depth of 1000 m. The basic statistical parameters for the rock mass
properties are listed in Table 1. The statistical parameters and the distributions of the rock mass
parameters are based on the published data in [6, 9, 40, 41]. The minimum and maximum values for
the parameters were taken at 95% confidence interval (CI). The rock mass behavior is described by an
elastic-perfectly plastic model.
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Figure 2: Geometry of the drift
Table 1: Statistical parameters for the rock mass
Parameters

Mean

COV (%)

Max.

Min.

UCS (MPa)

150

15

195

106

GSI

75

10

90

60

mi

25

10

30

20

Poisson’s ratio (v)

0.2

-

-

-

Density (ρ)

2700

-

-

-

The mean values and the coefficient of variation (COV) for the UCS, GSI and mi together with
their respective truncated distributions were used as inputs in the empirical equations proposed by
[42, 43] to generate the distribution and statistical parameters of the deformation modulus (Em), the
tensile strength and the equivalent shear strength parameters (i.e. cohesion and internal friction
angle). The Monte Carlo technique available in the Excel add-in program @RISK [44] was used for
this purpose. Table 2 shows the statistical parameters; mean (µ) and standard deviation (σ), for the
deformation modulus (Em), the tensile strength (σt), the cohesion (c) and the internal friction angle (ϕ).

Table 2: Statistical parameters for the deformation modulus (Em), tensile strength and the
equivalent shear strength parameters for the rock mass
Parameters

Mean

Em (GPa)

50.00

c (MPa)

σ

Distribution
14.05

Normal

4.10

1.64

Normal

σt (MPa)

1.03

0.51

Normal

Φ(ₒ)

65.13

0.90

Normal

As the drift will be excavated at a depth of 1000 m the in-situ stresses can be determined from the
equations proposed by [45] which are based on over-coring measurements. These are:
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σ v = γz

(5)

σ H = 6.7 + 0.044 z

(6)

σ h = 0.8 + 0.034 z

(7)

σ H is the maximum horizontal stress, and σ h is the minimum
horizontal stress. γ , z are the unit weight and depth, respectively. It is assumed that σ H is
perpendicular to the axis of the drift, while σ h is parallel to the drift axis. The calculated in-situ
where σ v is the vertical stress,

stresses using equations (5 - 7), are shown in Table 3. It was assumed that there is no variability in the
stresses with respect to the rock mass.

Table 3: In-situ stress component at 1000 m depth
Mining depth (m)

Unit weight (MN/m3)

σv
(MPa)

1000

0.027

27.0

σh

σH
(MPa)

(MPa)

50.7

34.8

PERFORMANCE FUNCTION FOR THE DRIFT
When a drift is excavated underground the original state of the rock mass surrounding the
excavation is disturbed. This disturbance can be in the form of redistribution of stresses; creation of
new fractures; closure and opening of existing fractures [46]. These changes have the potential of
causing uncontrolled displacement or strain in the rock mass. The uncontrolled displacement could be
in various forms such as ejection of material into an excavation caused by a rock burst, plastic
deformation and squeezing of the rock mass, or wedge failure [47]. When the magnitude of the
displacement exceeds a maximum tolerable limit then the excavation becomes unstable and cannot
perform its functions. This tolerable limit is called the serviceability limit. Therefore, an underground
excavation is regarded as being unstable if the magnitude of the displacement of the rock mass around
an excavation exceeds the serviceable limit. The maximum displacement that a rock mass can
withstand depends on the mechanical properties of the rock mass and the objective of the excavation.
The deformation of the rock mass can also be expressed in terms of strain. Sakurai [48] proposed the
concept of a critical strain limit which he used as a stability criterion for tunnels. Figure 3 shows the
relationship between the critical strain and the uniaxial compressive strength (UCS) [49, 50]. The
hazard warning level II in Figure 3 is the transition line from stable to unstable conditions. In this
study, the hazard warning level II was used as the stability criterion for the drift. The equation for the
hazard warning level II, estimated from Figure 3, can be expressed as

𝜀𝜀𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 10(−0.3601𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿+0.0702)

(8)

where εcritical is the critical strain in percent. The value of the UCS of the rock mass can be
estimated from the relationship proposed by [40] as:
UCS =

2c cos φ
1 − sin φ

where c is the cohesion and φ is the friction angle of the rock mass.

(9)
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To determine the probability of instability of the drift a limit state function or performance
function, g(x), has to be defined as:

g ( x) = R( x) − S ( x)

(10)

where R and S are the critical strain and the strain around the drift due to the excavation,
respectively. The strains in the roof and in the sidewalls of the drift were calculated from the
displacements around the drift obtained from the numerical analyses. This will be discussed in
Section 5. R(x) and S(x) are the probability density functions (PDFs) of the random variable x. For
g(x) > 0 the drift is stable and the performance is satisfactory otherwise if g(x) < 0 the drift is unstable
with unsatisfactory performance. The limit state boundary is therefore defined by g(x) = 0 and the
probability of instability (Pf) can be defined as:

Pf = P[g ( x) < 0] =

∫ f ( x)

(11)

g ( x ) <0

where f(x) is the joint PDF for the random variables, x. Another important characteristic for
assessing the stability of geotechnical structures is the safety index or the reliability index (β). The
reliability index can be defined as:

β=

mm
σm

12)

where m m and σ m are the mean and standard deviation of the PDF of g(x), respectively. If the
performance function can be assumed to follow a normal distribution then Pf can be defined as:

p φ = 1 − φ (β )

(13)

where φ is the cumulative density function (CDF) of the standard normal variable.

Figure 3: Sakurai’s relationship between critical strain and UCS, also indicating hazard
warning level II for assessing stability of tunnels (adapted from [49, 50])
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NUMERICAL MODELLING
The numerical analyses of the drift were carried out using the explicit finite difference software
FLAC [51]. FLAC has a built-in programming language called FISH which enables the user to define
new variables and functions. This makes FLAC suitable for numerical analysis of complex rock
mechanics problems. Two types of numerical analyses were conducted in this study: deterministic
and probabilistic. In the deterministic models a single input value was used to represent each variable,
while variability in the input values was considered in the probabilistic models.
The FLAC model size was chosen to be 77 m high and 77 m wide. These dimensions are large
enough to eliminate boundary effects. The zone size of 0.25 x 0.25 m was used in the whole model to
maintain the same zone size or mesh homogeneity. Roller boundary conditions were used for the
model boundaries (see Figure 4).
The FLAC models were first brought to equilibrium with the stresses and boundary conditions
applied before the excavation. Then the drift was excavated and the model cycled to equilibrium. The
displacements normal to the boundary of the drift were tracked on the side walls, roof and the floor of
the drift. The induced strains ( ε ) of the drift roof and sidewall were calculated from their respective
radial displacements (U) from:

ε=

U
R

(14)

where R is the equivalent radius of a circular opening with the same cross-sectional area (A) as the
drift. R can be approximated from the relationship:

R=

A

π

(15)

Deterministic models
Mean values are often used as inputs deterministic analyses. However, extreme values such as
worst case and best case values may also be considered. Experience and engineering judgment must
be used when selecting these extreme values. For the deterministic models the mean values of the
rock mass parameters were used as input parameters for the mean/expected case. The maximum
values (mean + two standard deviations) and minimum values (mean – two standard deviations) of
the input parameters were used for the best case and worst case, respectively. The mean values of the
input parameters are summarized in Table 2. The in-situ stress components used for the models are
those summarized in Table 3.
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Figure 4: FLAC model size for the simulations

Deterministic model results
Induced strains around the drift (deterministic)
The induced strains around the drift due to the excavation were estimated from the displacements
(perpendicular to the drift boundary) obtained in the left and the right sidewalls of the drift as
explained previously. Since the induced strains of the left and right sidewalls of the drift are almost
similar because of symmetry therefore only the results for the left sidewall were presented (Figure 5).
The worst case showed the highest strain in the floor, roof and the sidewall of the drift when
compared with the other cases. For the best and mean cases the strain in the sidewall was greater than
that in the roof and the floor. However, when the rock mass becomes weaker as in the worst case the
strain in the floor increased more significantly than in the sidewall and the roof of the drift. It can also
be observed that the strain of the drift roof was very small compared with that of the floor and the
sidewall for all cases. This may be due to the circular arch shape of the roof of the drift.

Figure 5: Strains around the drift for the best, mean and worst case models
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Assessing the stability of the drift (Deterministic model)
In deterministic methods the factor of safety (FOS) is commonly used to assess the stability of
geotechnical structures. FOS is the ratio of the capacity of the geotechnical structures to the applied
load. A structure is deemed unstable when the FOS is less than 1 and it is stable when FOS is greater
than 1. In this study the FOS was calculated as the ratio of the critical strain
( ε critical ) defined
by Equation 7 and the maximum calculated strain normal to the boundary around the drift boundary
as explained in Section 5.1.
It can be seen from Table 4 that the sidewall and roof of the drift are stable for all cases except for
the worst case in which the drift sidewalls are unstable. The strain of the sidewall for the worst case is
greater than its corresponding critical strain (i.e. 0.57%). In the deterministic analysis, the calculated
factor of safety does not consider the uncertainty in the input parameters hence the same value of FOS
may be applied to different conditions with a varying degree of uncertainty. This approach eschews
any information on the inherent risk associated with the design of the excavations.

Table 4: Estimated factor of safety for the sidewall and the roof of the drift for the three
cases
Case
FOS
UCS (MPa)
U
ε critical (%)
Maximum strain,
(%)
R
Best
Mean
Worst

71.54
37.19
7.59

0.25
0.31
0.57

Sidewall
0.14
0.24
1.24

Roof
0.02
0.04
0.17

Sidewall
1.79
1.29
0.46

Roof
12.5
7.75
3.35

Probabilistic models
In the probabilistic and deterministic analyses the same model geometry, in situ stresses, and
boundary conditions were used. However, the uncertainties in the rock mass material properties were
considered and also the simulation procedure adopted for each of the probabilistic methods were
different from those of the deterministic analyses. In the following sections the input parameters and
the simulation procedures for each of the probabilistic models are presented.

Point estimate method (PEM)
The Rosenblueth PEM was used in this study to avoid the problems associated with the
modifications introduced by, for example, [18 – 21] (which was explained in Section 2.1). The four
random variables are: the deformation modulus (Em), the tensile strength (σt), the friction angle (φ),
and the cohesion (c). Therefore, the total numbers of solution cases were 24 = 16. All of the four
random variables were considered to be uncorrelated and normally distributed. The input parameters
for all simulation cases for the rock mass are listed in Table 5. Each of the combinations of the input
parameters for each case was used as input parameters in the FLAC models. Displacements of the
sidewalls, roof and floor of the simulated drift were recorded for all sixteen cases and their statistical
moments were determined. The displacements were recorded at the middle of the sidewall, roof and
floor where the deformations are expected to be the highest. Induced strains were estimated from the
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displacements as explained previously. In order to avoid negative values lognormal distributions were
assumed for the results of the PEM models.

Table 5: Input parameters for the simulation cases for PEM
Case No
Em (GPa)
c (MPa)
φ (ₒ )
σt (MPa)
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16

64.05
64.05
64.05
64.05
64.05
64.05
64.05
64.05
35.95
35.95
35.95
35.95
35.95
35.95
35.95
35.95

66.03
66.03
66.03
66.03
64.23
64.23
64.23
64.23
66.03
66.03
66.03
66.03
64.23
64.23
64.23
64.23

5.74
5.74
2.46
2.46
5.74
5.74
2.46
2.46
5.74
5.74
2.46
2.46
5.74
5.74
2.46
2.46

1.59
0.47
1.59
0.47
1.59
0.47
1.59
0.47
1.59
0.47
1.59
0.47
1.59
0.47
1.59
0.47

Response surface method (RSM)
For the RSM analysis, a full quadratic polynomial with cross terms was used to approximate the
implicit relationship between the input parameters and the rock mass response around the excavated
drift. The response surfaces were generated using the 2n factorial design where n is the number of the
random variables. Two evaluation points (upper and lower) were chosen for each of the random
variables, i.e., the deformation modulus (Em), the tensile strength (σt), the friction angle (φ ), and the
cohesion (c). The upper and lower evaluation points were defined as xu = µ + kσ and xl = µ − kσ ,
respectively, where µ is the mean and σ is the standard deviation. The evaluation point values are
based on the assumption that the input parameters are normally distributed. The value of the
parameter k was chosen to be 1. In later analyses it was increased to 2 to study the effect of the
evaluation points on the RSM results. Sixteen different combinations of the input parameters were
generated similarly to that of the PEM. Using the same modeling procedure as that of the PEM
analysis (Section 4.2.1) 16 different strain values of the middle of the sidewall, roof and floor of the
simulated drift were estimated from their corresponding displacements. These values were used to
obtain the response surface equations for the strains of the drift boundaries. The normal probability
plots (not shown) for the regression model for the equations were approximately straight lines with
the value of R2 ranging from 0.94 to 0.98. The R2 is the coefficient of determination and indicates the
accuracy of the fitted regression model. The closer the R2 is to 1, the more accurate the regression
model. The statistical moment of the strains of the drift boundary were computed from Monte Carlos
Simulations of 105 trials using the response equations. The program @RISK was used for this
purpose.
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Artificial neural network
The ANN was used to approximate the relationship between the response of the rock mass
surrounding the excavated drift (i.e. strain) and the random input parameters. The random input
parameters were the deformation modulus (Em), the tensile strength (σt), the friction angle (φ ), and
the cohesion (c).
The training datasets for establishing the ANN model were selected using the uniform design
method proposed by [52, 53]. The Uniform design method is capable of providing samples with high
representativeness and it can reduce the number of experimental runs when there are many factors
and multiple levels [54 – 56]. Twenty-six (26) datasets were used as training data for the ANN model.
Twenty-six (26) combinations of the random values of the input parameters were generated by
considering uniformly spaced twenty-six sampling points for each random value within the range of ±
1 standard deviation from their respective means. The range of ± 2 standard deviations of the
respective mean of the random input parameters were also considered for comparison. The details of
how the uniform design method was used to design the ANN model training datasets is presented in
Appendix A. The twenty-six combinations of the input parameters were used to generate
corresponding twenty-six responses in terms of strains around the drift using the FLAC software in a
similar way as that of the aforementioned models/analyses. Both input parameters and the responses
were normalized or scaled to be in the range of ±1 because the ANN algorithm (especially the backpropagation algorithm) works best when the training data is scaled or normalized [30].
The architecture of the ANN was designed using the multilayer perceptron (MLP) feed-forward
neural network which is commonly used in geotechnical engineering analyses [32, 57]. For the
development of the network, a commercial software package MATLAB [58] was used to simulate the
ANN operations. The network has one input layer, one output layer and one hidden layer. The input
layer has four neurons and the output layer also has four neurons. The number of neurons in the
hidden layer was chosen to be 5 as this gave the best result. The best configuration was achieved in
this work by using the linear transfer function (purelin) in the output layer and the hyperbolic tangent
sigmoid (tansig) transfer function in the hidden layer. The network was trained with the LevenbergMarquardt back-propagation algorithm (trainlm) using the 26 normalized datasets. During the training
process the weights and biases were iteratively adjusted to reduce the mean squared error (MSE)
between the ANN predicted values and targeted values. A sub-set of the training dataset was
randomly selected for the validation and testing of the ANN model. The accuracy of the ANN model
was determined using the coefficient of determination (R2). The R2 was greater than 0.9 for the model
training, validation and testing of the two cases (i.e. two sampling points) considered for the ANN
simulations.
Having trained the models accurately, the optimal weights and biases were extracted from the
network models and used to develop the mathematical expressions relating the input parameters and
the rock mass responses (i.e. strains) around the excavated drift. The statistical moments and PDFs
for the strains around the drift were determined from 105 MCS trials using the mathematical
expressions for the strains obtained for the ANN model. The MCS trials were performed using the
excel-ad-in program @RISK.

Monte Carlo simulation model
The Monte Carlo simulation (MCS) method was used to incorporate both variability and
heterogeneities of the input parameters into the FLAC model for the analysis of the drift stability. The
model geometry and the boundary conditions were the same as that of the deterministic models as
well as the other probabilistic models. The random material properties and their statistical moments
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used for the MCS model are listed in Table 2. These material properties were randomly assigned from
their PDFs to the zones of the FLAC model using the FLAC inbuilt FISH functions. Figure 6 shows
an example of the random distribution of the shear modulus in one of the models in the MCS
simulations. The correlation between the input parameters and the spatial correlation of the
heterogeneities are not considered in this model. Ten thousand (104) simulations of the MCS model
were run which generated random distributions of displacements of the sidewalls, roof and floor of
the simulated drift. The induced strains were estimated from the displacements as discussed
previously. Figure 7 shows the best fit (lognormal) PDF for the induced strain of the drift sidewall,
roof and floor obtained from the MCS simulations. The statistical moments for the induced strains
were obtained from the PDFs.

Figure 6: Random distribution of shear modulus in a MCS model

Figure 7: PDFs of induced strain of the drift sidewall, roof and floor for MCS Model
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Strength classification method model
The Strength Classification Method (SCM) also considers variability and heterogeneity in the
rock mass properties. This method is used since it reduces the time needed to run a single simulation,
though the total number of simulations required may be the same as that of the MCS. The random
input parameters, the deformation modulus (Em), the tensile strength (σt), the friction angle (φ ), and
the cohesion (c), were all treated as normally distributed as shown in Table 2. Each PDF of the
random input parameters was partitioned into three strength classes: the high, medium and low
strength based on their mean values ( µ ) and standard deviations ( σ ). The interval for each class and
the area (or probability) covered within each interval are presented in Figure 7. It should be noted that
the total area covered by the interval µ ± 3σ is 0.997 for a normal distribution PDF. However, in this
study for simplicity it was approximated to 1. The middle value of each interval was used to
represent each strength class. For instance, the middle value of the input parameter for high strength
class corresponds to µ+2σ.
To implement this in the FLAC model, the number of zones for each strength class in the entire
model was calculated based on their specified probabilities (or area covered). FISH functions were
written to randomly select the zones and assign accordingly the corresponding material properties.
The location of each variable was randomly varied between each realization of the numerical
simulation. The model geometry and boundary conditions were the same as those of the deterministic
model and the other probabilistic models.
Similar to the MCS model 104 simulations were run using this method and this generated 104
random distributions of the displacements around the drift similar to the MCS model. The induced
strains were also estimated from the displacements. The best fit (lognormal) PDFs for the induced
strains of the drift sidewall, roof and floor obtained from the SCM simulations are shown in Figure 8.
The statistical moments for the induced strains were also obtained from the PDFs. The correlation
between the input parameters and the spatial correlation of the heterogeneities were not considered in
this model.

Figure 7: Interval for each class of the random input parameters and their corresponding
probabilities
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Figure 8: Assessed PDFs of induced strain of the drift sidewall, roof and floor for SCM
Model

Probabilistic model results
Two different models were considered for RSM based on the evaluation points and ANN
sampling range. They are referred to as RSM1, RSM2, ANN1 and ANN2, respectively. The evaluation
points for the input parameters for the RSM1 model were selected at µ-σ and µ+σ while the
evaluation points for the input parameters for the RSM2 were selected to be µ-2σ and µ+2σ. The
sampling range for the input parameters for the ANN1 and the ANN2 training datasets were µ-σ to
µ+σ and µ-2σ to µ+2σ, respectively. The µ in the mean and σ is the standard deviation for the input
parameters.

Induced Strain around the drift (Probabilistic)
The induced strains estimated from the displacements at the boundary of the excavated drift
which were obtained from the different probabilistic methods are shown in Tables 6, 7 and 8. The
maximum and minimum values for the strain were taken at 95% confidence interval. The results for
all the models were assumed to follow a lognormal distribution.
The strains of both sidewalls of the drift obtained from the PEM, RSM and ANN models were
similar because of the assumption of homogeneity of the material properties and the symmetry of the
models. Therefore only the strain of the left sidewall is presented for the PEM, RSM and ANN
models. For comparison purposes the strains of the left sidewall were also presented for both the
MCS and the SCM models. The mean values of the strains of the sidewall and roof of the drift as
presented in Tables 6, 7 and 8 are reasonably similar for the different methods used. However, a
noticeable exception is evident for the RSM2 model. The RSM2 model strains are almost twice those
of the other models, which could be due to the evaluation points of the input parameters used to
generate the response surface equations. It is observed that the mean values of the strain for the drift
floor obtained from MCS and SCM models were greater than those obtained from other probabilistic
models (except RSM2) which shows that the heterogeneity models shows more deformation on the
drift floor than other models. The coefficient of variation (COV) of the strains around the drift (except
drift floor) calculated using the MCS and the SCM is smaller when compared to those obtained from
the other methods considered.

Vol. 21 [2016], Bund. 21

6572

Table 6: Induced strain of the drift sidewall
Method
PEM
RSM1
RSM2
ANN1
ANN2
MCS
SCM

Mean (%)
0.27
0.27
0.52
0.27
0.27
0.30
0.30

COV (%)
31.40
27.04
30.49
31.73
46.96
8.08
14.04

Maximum (%)

Minimum (%)

0.47

0.14

0.43

0.14

0.87

0.25

0.44

0.10

0.61

0.16

0.35

0.25

0.39

0.23

Table 7: Induced strain of the drift roof
Method

Mean (%)

COV (%)

Maximum (%)

Minimum (%)

PEM

0.04

30.73

0.07

0.02

RSM1

0.04

25.84

0.06

0.02

RSM2

0.08

33.78

0.15

0.04

ANN1

0.04

25.79

0.06

0.02

ANN2

0.04

43.33

0.09

0.03

MCS

0.04

5.10

0.05

0.04

SCM

0.04

7.67

0.05

0.04

Table 8: Induced strain of the drift floor
Method

Mean (%)

COV (%)

Maximum (%)

Minimum (%)

PEM

0.15

43.66

0.32

0.06

RSM1

0.15

37.45

0.28

0.06

RSM2

0.43

38.20

0.81

0.17

ANN1

0.15

31.96

0.26

0.04

ANN2

0.16

47.29

0.31

0.01

MCS

0.25

31.42

0.44

0.13

SCM

0.32

39.80

0.64

0.15

Vol. 21 [2016], Bund. 21

6573

Assessing the drift stability using performance function
The stability of the drift was assessed by determining the probability of instability ( p f ) and its
reliability index ( β ) for the drift. The performance functions (Equation 10) were developed using the
critical strain equation (Equation 8) and the mathematical expressions for strains obtained from the
RSM1, RSM2, ANN1 and ANN2 models. For the PEM, MCS and SCM models the statistical
parameters and the probability density functions of the strains obtained from the models were used
together with the critical strain equation to develop their performance functions. Monte Carlo
simulations with 105 trials were performed on the performance functions using the program @RISK.
The mean values and standard deviations of the performance functions were estimated and the
reliability indices ( β ) (i.e. mean values divided by standard deviation of the performance function)
were determined. Also the probabilities of instability were calculated from the reliability indices.
When using this approach to estimate the probability of instability ( p f ), the performance function
was assumed to be normally distributed. The performance function may not be normally distributed in
all cases hence the approach should be used carefully. Table 9 shows the reliability indices and
instability probabilities of the drift obtained from the different probabilistic models. All the
probabilistic model results show that the roof of the drift is expected to be stable (Table 9). The RSM2
model gives the highest probability of instability for the drift sidewall compared to the other models
while the ANN2 model gives the lowest probability of instability for the drift sidewall. In Table 9 the
reliability index for the RSM2 model has a negative value because the mean value of the performance
function ( m m ) for the model is less than zero. Negative values of β occur when ( p f ) is greater than
50%.

Table 9: Reliability indices and probability of instability of the drift with respect to different
probabilistic methods
Method

Sidewall

β=

mm
σm

p φ = 1 − φ ( β ) (%)

Roof

β=

mm
σm

p φ = 1 − φ ( β ) (%)

PEM

0.60

27.43

5.30

5.79 x10-06

RSM1

0.65

25.78

5.53

1.60 x10-06

RSM2

-1.38

91.62

5.33

4.91 x10-06

ANN1

0.58

28.10

5.27

6.82 x10-06

ANN2

0.66

25.46

5.70

5.99 x10-07

MCS

0.56

28.64

5.44

2.66 x10-06

SCM

0.45

32.64

5.40

3.33 x10-06
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DISCUSSION
Comparison between deterministic and probabilistic models
The sidewall strains obtained from the three cases analyzed with the deterministic method were
compared with the sidewall strains obtained from the probabilistic models as shown in Figure 9. The
deterministic best and mean case results show good agreement with the minimum and mean values of
the probabilistic models for all the methods except the RSM2. The worst case model shows a large
difference from the maximum values of the probabilistic models. Therefore using the worst case
model to cater for the inherent variability in the input parameters will not only make the inherent risk
in the design obscured but could result in a very conservative design. The best and the mean cases of
the deterministic model may give similar results as those representing the minimum and mean values
of the probabilistic models but they do not provide any information on the inherent risk in the
analysis. The best case is seldom used in geotechnical design as it could lead to an overestimation of
strength parameters of the rock mass.
The factor of safety (FOS) estimated from the deterministic models (Table 4) when compared
with the probability of instability obtained from the probabilistic models (Table 9) shows that the drift
sidewall would remain stable except for the worst case whereas the probabilistic model results
indicate that there would be at least a 20% probability of instability for the drift sidewalls. The
performance level of a system whose probability of failure/instability is greater than 16% is
hazardous according to the rating of the US Army Corps of Engineers [59]. Although it may be
argued that the minimum allowable FOS could be increased (i.e. > 1) to compensate for the inherent
variability in the input parameters it could still lead to a very conservative design. In addition,
information on the likelihood of occurrence of instability of the drift would become obscured.

Figure 9: Comparison between deterministic and probabilistic models (PM = Probabilistic
models and DM = Deterministic models)

Comparison of the probabilistic models
To compare the probabilistic methods used in this study the following factors were considered:
(1) the accuracy of the results (2) the computation time and simplicity of each model and (3) the
effect of the variability of the rock mass on the drift failure pattern.
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Accuracy of the results of the models
When the number of simulations is large enough to achieve desired accuracy direct Monte Carlo
simulations provide more accurate results than any other probabilistic method. In this study the results
obtained from the 104 iterations of the MCS model could be assumed to provide the “exact”
probability of failure for the drift sidewall and therefore used as the standard for the comparison.
Direct MCS of 104 iterations have also been used for reliability analyses [60].
The relative error in the probability of instability (pf) estimated from each model to that of the
MCS model was calculated using the following relation:

Relative error =

p f ( model ) − p f ( MCS )
p f ( MCS )

×100

(16)

where p f ( model) is the probability of instability estimated from each model and p f (MCS ) is the
probability of instability estimated from the MCS model. The probability of instability for the
sidewall of the drift was used for the comparison of the accuracy of the results. Table 10 shows that
ANN1 model has the lowest relative error, followed by PEM model. This indicates that within the
context of this study ANN1 and PEM could have almost the same results as that of the MCS model.
The SCM model showed higher relative error than other models except RSM2 though it is expected
that SCM model results will be closer to MCS model than other models being heterogeneous model
as MCS. This could be due to the three partitions of the PDFs of the input parameters used which
could leads to higher COV.
The RSM2 model results have the highest relative error. The significant difference in the strain
between the RSM2 model and the other models could be attributed to the evaluation points of the
input parameters used for generating the response surface equations. Depending on the magnitude of
the variance of the random input parameters, when the evaluation points for the input parameters are
located too far from the mean values sudden change in the behavior of the model (e.g. elastic to
plastic) could occur. In such a situation the combinations of the inputs selected at the lower evaluation
point could produce high magnitude of model response (e.g. strain) and those selected at the upper
sampling point could produce low magnitude of the response. This may lead to higher mean value
and variance of the results of all the simulations. In geotechnical problems ±1 standard deviation
around the mean value is often used as the evaluation points for the RSM models e.g. [12, 61]. It has
also been reported that evaluation points closer to the mean values can improve the fit of the RSM
[61, 62]. Wong [63] also observed that when the sampling points are far away from the mean value
the RSM becomes less accurate except in cases when more points are employed.
Contrary to the results of the RSM2 model, the ANN2 model has small relative error despite the
fact that the range of the sampling points for ANN2 training datasets was µ-2σ to µ+2σ. The
explanation for this could be the uniform design sampling method used for selecting the samples for
the training of the ANN model. This ensures a uniform distribution of the sampling points (i.e. 26
points) within ± 2 standard deviations from the mean value leading to high representation of the
samples in the ANN training. The twenty-six simulations using the combinations of the 26 different
uniformly spaced sampling points of the input material could have prevented a sudden change in the
behavior of the numerical model. Furthermore, the back-propagation procedure of the training and
testing of the ANN model could give the ANN model more predictive power than the RSM. The
relative error of the ANN2 (11.1%) shows that the range of the sampling points used for the ANN
training datasets does not have much effect on the results of the ANN model, as observed in RSM2,
especially when the training datasets were selected using the uniform design method.
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Table 10: Relative error estimated from the models
compared with that of the ANN1 model
Model

Relative error (%)

PEM

-4.22

RSM1

-9.99

RSM2

219.9

ANN1

-1.89

ANN2

-11.10

MCS

-

SCM

-13.97

Computation time and simplicity of model
The total execution time required for the simulations of the different probabilistic models used in
this study is summarized in Table 11. The simulations were run on a computer with a 2.80 Ghz Intel
Core i7 930 of 12GB RAM with Windows 7 (64-bit) as the operating system. The computational time
for the SCM model was almost 20% less than that for the MCS model. This may be because the SCM
model has 3 different sets of material properties randomly distributed within the model. This means
that the solution scheme of the SCM model in the FLAC requires fewer steps to reach equilibrium
than the steps required for the MCS model to reach equilibrium. The MCS and the SCM models give
similar results as the SCM model may replace the MCS model as the time required for the
computation is shorter.
The computation time for all the models as presented in Table 11 excluded the time for the
preparation of the input parameters, processing, and analyses of the results which involve the use of
different software in the case of the ANN and the RSM models. A simpler probabilistic model
reduces the time and efforts required for the preparation of input parameters, processing, and analyses
of the results. This may be desirable in some practical applications. The PEM method is the simplest
of the methods studied as less time and effort is required for the preparation of input parameters for
the numerical simulation and the processing of results. The preparation of input parameters for the
RSM model and the PEM model are the same. However, the processing of the RSM model results
needs statistical software to generate the response surface equations. When the number of random
variables used as input parameters is greater than 4 or 5 the number of simulations required for the
Rosenblueth PEM and the full factorial designed RSM increases exponentially and this increases the
computation time.
The number of simulations required for training the ANN model is more than the number of
simulations required for generating the response equations and number of simulations for the
Rosenblueth PEM. For large number of variables, the ANN would have an advantage over the PEM
and the RSM in terms of the number of simulations required, especially when uniform design method
is used to select the training datasets for the ANN model.
The MCS and the SCM models are very simple to implement, though FISH codes are required
for the implementation in the FLAC model. The results of the MCS and the SCM can be quite
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accurate if enough simulations are performed. The required number of simulations to achieve such
accuracy could be in the thousands hence consuming a lot of time.

Table 11: Computation time for different probabilistic models
Probabilistic method

Total computation time

PEM (16 simulations)

44 minutes

RSM (16 simulations)

44 minutes

ANN (26 simulations)

60 minutes

MCS (10000 simulations)

33610 minutes

SCM (10000 simulations)

27250 minutes

Effect of rock mass variability on the drift failure pattern
Figure 10 shows the shear strain plots for some of the cases analyzed with the PEM model. These
were used to represent the homogeneous models since the RSM and the ANN models show similar
behavior. The shear strain plots for the MCS model are shown in Figure 11. The shear strain plots of
the MCS model are similar to those of the SCM model. The shear strain concentration shown in the
plots depends on the chosen contour interval. For the purpose of comparison of the PEM and the
SCM model results a contour interval value of 0.2% was used for the shear strain plots. Based on the
chosen contour interval for the shear strain plots, case 1 of the PEM model shows no shear
deformation (i.e. the shear strains around the drift are less than 0.2%) while shear strain
concentrations are visible only in the sidewall of the drift in case 9 and in the sidewall, floor and roof
of the drift in case 16 (Figure 11). The input parameters for the cases have been presented in Table 5.
This shows that the shear strain concentration at the drift boundary obtained from the analyses using
the PEM, the RSM and the ANN models depends on the combination of the input parameters used for
each simulation. Hence they may result in different failure patterns than those obtained from the MCS
and the SCM models. In contrast to the results from the homogeneous models, all the simulations of
the MCS or the SCM model show shear strain concentrations (i.e. the shear strains around the drift
are greater than 0.2%) in the sidewall and in the floor of the drift as shown in Figure 11. However, to
use this kind of shear strain plot to discuss the stability of the drift, the critical shear strain has to be
assessed (estimated) and the plot contour interval chosen so only the concentrations which are critical
are visualized.

Figure 10: Shear strain plot for cases 1, 9 and 16 of the PEM model
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Figure 11: Some examples of shear strain plots taken from 104 simulations of the MCS
model

CONCLUSIONS
Uncertainty and variability are peculiar to geotechnical materials such as rock masses. For
realistic analyses of the stability of excavations within a rock mass the variability and uncertainty in
the properties of the rock mass must be adequately considered using probabilistic methods. Since
there are many probabilistic methods based on different theories and assumptions selecting the
appropriate one is desirable. In this study five different probabilistic methods were incorporated with
FLAC to analyze the stability of a drift excavated within a rock mass with varying material
properties. The probabilistic methods considered were the PEM, the RSM, the ANN, the MCS and
the SCM. The potentials and the limitations of each method were discussed. The importance of
considering the variability in the rock mass properties in the stability analyses of underground
excavations was also discussed by comparing the deterministic model results with that of the
probabilistic models. Some of the major conclusions are summarized below:
(i) The use of the best and worst cases in a deterministic stability analysis of an underground
excavation has not reflected the risk inherent in the analysis. The best case is seldom used
in design as it could overestimate the strength of the rock mass while the worst case could
results in a very conservative design.
(ii) The ANN requires more computation time and effort than the PEM and the RSM when a
uniform design approach is used to design the training data. However, it is more accurate
than the PEM and the RSM. The ANN is less sensitive to the range of sampling points
used for the ANN training datasets. The accuracy of the result of the RSM can be
affected when the evaluation points of its input parameters are far away from the mean
values.
(iii) The PEM is the simplest of the probabilistic methods considered in this study and it
required the shortest computation time. The PEM results were very similar to that of the
MCS model. Therefore, when few random input variables are used in the analysis (e.g. ≤
4) the PEM should be used instead of the ANN or RSM.
(iv) The PEM, the RSM and the ANN are not designed to qualitatively describe the failure
pattern of the excavated drift because each of the combinations of the input parameters
used for each simulation leads to a different failure pattern or in some cases no failure. In
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the case when the heterogeneity of the rock mass is paramount in the analysis the MCS or
the SCM could be used.
(v) Both the MCS and the SCM are very simple to implement in the numerical model,
however, they required a large number of simulations to obtain a certain level of
accuracy. The SCM required less computation time compared with the MCS hence is an
alternative to MCS since both showed similar results.
(vi) This study has not covered all the existing probabilistic methods: however, the results of
this study could assist in the selection of the appropriate probabilistic method, within
those covered in this study, for a specific objective while considering the accuracy,
computation time and simplicity.
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Appendix A. Application of the uniform design method for
selecting training data for the ANN model
A table of uniform design (UD) is denoted Un (qt) where n is the number of the experimental
runs, q is the number of levels of each factor and t is the number of the factors [64]. The procedure
used in preparing the training datasets for the ANN model using the UD method is explained with
Table A.1. The number of factors was 4 (i.e. input variables) with 26 levels for each factor. The
sampling points for each random variable which ranged between ± 1 standard deviation from the
mean value was used here to explain the procedure. The interval [-1, 1] was divided into 25 subintervals with equal length. The 26 end points of these sub-intervals are denoted ki (i = 1, 2, 3……,
26). Since the number of factors is 4 and each factor having 26 levels, the U26 (264) UD table was
used to design the input training data. The input training data (rows denoted case # 1 - 26) was
obtained as follows: The columns I, II, III, and IV in the UD table (Table A1) correspond to Em, c, σt
and φ, respectively. In order to obtain, for instance, the value of Em for case # 1 the index i can be
found in column I, i.e., i = 18. The value of k18 = 0.36 is obtained from Table A.2. Deformation
modulus, Em, is then calculated using the relation m Em + k18σ Em where m Em and σ Em are the mean and
standard deviation of Em, respectively, and are found in Table 2: m Em = 50 GPa and σ Em = 14.05 GPa.
Hence, deformation modulus, Em , for case # 1 is equal to 55.06 GPa (see Table A.1). The values of
all the four input parameters for all the 26 cases were determined in this manner using the UD table.
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Table A.1: UD table and ANN input training data
Case #

i = UD table (U26 (264)

σt

Em
(GPa)

c
(MPa)

(MPa)

55.06
47.19
42.69
57.31
56.18
37.07
43.82
58.43

3.77
2.85
3.64
2.59
5.74
2.72
5.61
4.43

1.21
0.64
0.89
0.97
1.09
0.81
0.68
1.46

64.23
64.37
65.17
64.81
65.31
65.74
64.88
65.81

φ (ₒ )

1
2
3
4
5
6
7
8

I
18
11
7
20
19
2
8
21

II
11
4
10
2
26
3
25
16

III
18
4
10
12
15
8
5
24

IV
1
3
14
9
16
22
10
23

9

4

17

2

17

39.32

4.56

0.56

65.38

10

14

7

14

26

50.56

3.25

11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

26
22
12
6
15
13
3
5
16
24
10
25
23
9
1

5
8
18
24
14
22
20
6
1
12
15
23
19
9
13

17
1
11
19
7
26
13
25
21
6
16
9
22
23
20

18
12
19
25
5
13
2
6
15
24
8
7
4
20
11

64.05
59.55
48.31
41.57
51.69
49.44
38.20
40.45
52.81
61.80
46.07
62.93
60.68
44.94
35.95

2.98
3.38
4.69
5.48
4.17
5.22
4.95
3.12
2.46
3.90
4.30
5.35
4.82
3.51
4.03

1.05
1.17
0.52
0.93
1.25
0.76
1.54
1.01
1.50
1.34
0.72
1.13
0.85
1.38
1.42
1.30

66.03
65.45
65.02
65.53
65.96
64.52
65.09
64.30
64.59
65.24
65.89
64.73
64.66
64.45
5.60
64.95

26

17

21

3

21

53.93

5.08

0.60

65.67
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Table A.2: Division of the interval into sub-intervals and end points of each sub-interval
i

ki

1
2
3
4
5
6
7
8

-1.00
-0.92
-0.84
-0.76
-0.68
-0.60
-0.52
-0.44

9

-0.36

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25

-0.28
-0.20
-0.12
-0.04
0.04
0.12
0.20
0.28
0.36
0.44
0.52
0.60
0.68
0.76
0.84
0.92

26

1.00
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