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Abstract

A model has been developed to predict the movement of oblate and prolate particles on a
micro- and nano-scale in laminar channel flow, both for purposes of statistical aggregation
and to study motion of single particles. For the purpose of this thesis the model has been
adapted to examine particle deposition patterns in the human lung and the filtration of
particles during manufacturing of composites, but the possibilities of the model extend
to all areas where the particle Stokes and Reynolds numbers are small.

To examine the influence the breathing pattern has on the deposition of inhaled
nano- and micro-fibres deposition rates were compared at different injection points of
the breathing cycle, where maximum deposition was found when the particles released
at the beginning of the respiratory cycle while minimum deposition occurred when the
release came at peak inhalation. A comparison between a quasi-steady flow and a cyclic
flow was done and it was found that a quasi-steady solution provides a reasonably good
approximation if the velocity used is a mean of the velocity during the residence time of
the simulations.

A statistical study was done to compare the deposition rates of oblate and prolate
particles of different size and aspect ratio as they travel down narrowing bronchi in a
steady, fully developed parabolic flow field. The model shows a clear correlation between
increased particle size and increased deposition, it also consistently yielded a higher
deposition rate for oblate particles compared to prolate particles with a similar geometric
diameter. A study of the motion and orientation of single oblate and prolate particles
with large aspect ratio and the same geometric diameter has also been done.

In liquid moulding of fibre reinforced composites the resin can be enhanced by nano-
and micro-particles to give the final product additional properties. This is a process
that can be simulated by approximating the gap formed between the fibre bundles to a
channel flow with a radially suctioning component caused by the capillary pressure in the
micro channels in the bundles. First this flow field is described with a radial component
that is constant over the length of the channel and compared with a flow purely driven
by an applied pressure gradient without radial forces. Particle size showed a small but
still noticeable influence, particularly for larger particles under the influence of gravity.

The second flow field used is time dependent where the flow front in the bundles
and channel mimics that of previous observations. There is initially a period where the
flow front in the channel is leading but the radial capillary fluid transport causes this
to retreat and be overtaken by the flow front in the bundles. Particles mixed in the
resin will in general travel with a velocity greater than that of the fluid front until the
radial velocity component at that point filters the particles by transporting them to the
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channel wall. Particle geometry has a smaller impact on the deposition rates in composite
manufacturing than in inhalation since the effect of Brownian forces and gravity are much
smaller, although there is still some discernible patterns such as a higher deposition rate
for spherical particles during the transport to the flow front.
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Chapter 1

Thesis Introduction

The usage of nano particles in manufacturing and thus our exposure to them is steadily
increasing, consequently the need to understand and model the movement of them is
increasingly important. Particle transport on these scales is determined by the flow
pattern and particle geometries, where particle size plays an important role since both
Brownian motion and gravitational settling is dependant on it. Due to the complexity of
modelling particles of varied geometries this is usually avoided by approximating particles
to a spherical shape, but it is nonetheless an important factor to understand.

There are many health risks associated with inhalation of particles, where particles
in the nano range can be toxic simply by their size and ability to perforate into the
vulnerable small scale regions of the lungs, such as asbestos has been proven to be [1].
Recent research has proven that carbon nano-tubes have similar detrimental health effects
[2] and as the field of manufacturing and processing carbon nano-tubes is predicted to
grow rapidly in the next few decades, the effect they have on the human airways is of
large interest [3]. Knowledge of particle deposition patterns is also important during
medical treatment since a number of drugs are administered as aerosols whose particle
geometry can vary greatly [4, 5].

During the production of composite materials there has been a rising interest in
enhancing the physical properties of what is a lightweight, high-performance material.
This can be done by mixing the resin with nano- or micro-particles that gives added
functionality to the material, for example thermal properties for fire resistance [6] or
self healing properties [7]. When manufacturing these materials an even distribution of
particles is desired, but deposition and filtering of said particles under the impregnation
process can lead to clogging of pores and in turn lead to decreased permeability, longer
processing times and a risk of incomplete mould filling [8].

1.1 Thesis Objective and Outline

The focus of this thesis is to study the behaviour of nano and micro particles as they are
transported in a small channel flow. It aims to understand the role played by particle
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4 Thesis Introduction

geometry on the movement and deposition of said particles. An analytical model has
been developed using Matlab that tracks individual particles as they move through a
flow field that is adapted to the area of implementation.

The subject of this thesis is evenly divided between inhalation of particles in the
human lung and impregnation of fibre reinforcements during composite manufacturing.

This thesis is divided into two parts and the first part starts with an overview of the
areas of application, beginning with the human respiratory system in Chapter 2. Chapter
3 introduces composite manufacturing and the mathematical models used to simulate the
impregnation process is described in Chapter 4. Chapter 5 outlines the numerical system
used to describe particle motion. An overview of the results from the simulations of
inhalation of particles and composite manufacturing are presented in Chapter 6 and 7
respectively. Finally Conclusions and Future Work are presented in Chapter 8.

The second part of this thesis is the appended papers that detail the research carried
out. InPaper A, a time dependant flow field is applied that simulates the breathing cycle
and depositions of prolate particles that were injected at various points in the cycle and
whose deposition rates were compared for high activity, low activity and a quasi-steady
flow scheme. In Paper B, a steady flow field was used and the results from both oblate
and prolate particles were compared, both the rotation of single particles and deposition
rates were studied. In the composite manufacturing example two mathematical models
were developed to describe the capillary driven flow from the inter-bundle channels to
the intra-bundle channels. In Paper C the results using a time independent model with
a constant radial velocity component were presented and in Paper D a time dependant
model of the flow field was used that simulates the flow front of the impregnating fluid
and the flow components created thereof. In both cases the rotational behaviour of single
particles was presented as were deposition studies of a statistical aggregate of particles.



Chapter 2

The Respiratory Tract

The ability to predict the airflow and deposition mechanics of the human lung follow-
ing exposure to airborne particulate matter is an important step in understanding the
effect of, for example, inhalation of toxic materials, especially man made ones such as
nylon fibres, asbestos and carbon fibres. It is also important information when admin-
istering drug aerosols for combating lung diseases, insulin delivery, pain management,
cancer therapy, and nano-therapeutics. These drugs are usually delivered using nebu-
lizers, metered-dose inhalers, and dry-powder inhalers which are all methods of delivery
that are non-directional and may not have a high deposition efficiency in the preferred
area of the nasal and lung respiratory system. If the drug administered is costly or aggres-
sive it is necessary to provide a targeted drug-aerosol delivery system [4]. To maximize
respiratory drug delivery to specific sites, an optimal combination of particle character-
istics, inhalation waveform, particle release position, and drug-aerosol dosage has to be
achieved.

2.1 Geometry of the Respiratory Tract

Geometry is the single most important feature when it comes to deposition patterns of
particles in the respiratory tract. The shape, size, bifurcations and angle of the airway
as well as the pattern of connections between airways influences the local deposition of
particles. Many studies have been done on morphometry measurements of the human
lung, both piecewise and more complete using resin casts and modern imaging technology.
But the geometry of the respiratory tract is still not well known due to the very fine detail
it exhibits. The respiratory tract contains millions of alveoli, each slightly different from
another and all about 300 μm in size. Both intra and inter subject variability is large. It is
also a time dependant environment due to the very nature of breathing in which the very
fine structures fill and empty in a process that is not completely known. Thus a complete
three dimensional time dependant model of the human lung is not feasible at present and
probably unrealistic in the near future [9, 10]. The morphometry measurements available
are also limited by only having been made on adult human males [11].
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6 The Respiratory Tract

The respiratory system is divided into various parts, as can be seen in Figure 2.1. The
nasal and oral airways are referred to as the extra-thoracic system while the respiratory
tract is divided into the conducting zone or the tracheo-broncal region, consisting of
generations G0-G16, starting with the trachea at generation 0 where each dividing bronchi
is a generation further down the lung. The respiratory zone, or alveolar region, occurs at
generation G17-G23 and is where the O2-CO2 exchange takes place [4, 9]. It is very hard
to get images using computer tomography or magnetic resonance imaging for smaller
geometries than generation 6.

Figure 2.1: Schematics of the human respiratory system. Figure from Kleinstreuer et al [4].

In generation 2 and smaller there is confidence in assuming small Reynolds laminar
flow in the straight airways. Localized turbulence can occur around the bifurcations at as
far down as generation 6 because of enhancement of flow instabilities just upstream of the
flow divider, however they decay rapidly in the straight segments [12]. Although particle
deposition patterns have shown to be affected by the turbulence in the bifurcations, in
the straight airways a laminar case can be assumed [13].

2.2 Lung Models

Various idealized, but still structurally viable, geometries have been created with the
level of detail necessary for accurate simulations.



2.3. Particle Deposition Mechanics 7

The simplest lung geometries are the typical-path models in which all pathways of the
lung are assumed to be identical. One such model, and probably the most well known
one, is the Weibel model A [14] based on a resin cast from a real lung. This model starts
with the trachea at generation 0 and then assumes symmetrical dichotomous branching.
Each airway divides into two identical daughter branches which in turn divide into two
and so on for each generation until generation 23 and the alveolar sacs. While it is not
completely realistic and does not take into account anything but a normal adult lung its
popularity stems mostly from its simplicity and common comparability. In the trumpet
model, named after its distinctive shape, all the airways of a given generation are lumped
together to form a single airway whose cross section is equal to the sum of the areas of
the individual airways [10, 15].

A simple multiple-path model is the five-lobe model in which each lobe is symmetric
dichotomous branching but structurally different from each other and is thus able to
predict lobar regional depositions. However, it does not predict site specific deposition
patterns due to the symmetric structure within the lobes [11, 15].

A stochastic lung model is based on morphometric measurements of which various
statistical probability density functions are derived to describe the human airways [11].

Even though specialized features have an impact on the local flow pattern and thus
deposition patterns, it is proposed that the idealized lung-airway models perform ade-
quately for estimation of global deposition rates [12].

2.3 Particle Deposition Mechanics

The deposition of particles in the lung depends on aerodynamic properties of the particles
such as geometry and density and various physical mechanisms may lead to the deposi-
tion. Thus larger particles will deposit in higher airways, with very high concentrations
in local sites, such as the carnal ridges of the large bronchial airways, while smaller par-
ticles almost uniformly coat the airway surfaces. It is clear though that fibrous particles
can pass through the nasal airways more easily than spherical particles [16].

Sedimentation or settling is due to gravitational forces acting on a particle and depend
on the ratio of the residence time of the particle in the airway to the time it takes for
particles to deposit due to gravity. This is not prevalent in the upper respiratory tract due
to the relatively low residence time but in the lower airways it is a significant mechanism
of deposition, especially for larger particles.

Impaction occurs when the flow carrying a particle turns due to a bifurcation but the
suspended particle does not follow the streamline due to high inertia. Thus particles close
to the wall may collide and deposit. This process is dependant on the particle Stokes
number and particles with a Stokes number of about one and larger may experience
impaction. This takes place mainly in the nasal region and the first few generations of
the upper airways near bifurcations.

Diffusion is the Brownian motion of very small particles suspended in a fluid caused by
the forces exerted on them by the surrounding molecules and the result is a net migration
of particles from regions of high concentration to low. Since the concentration of the
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airway wall is zero, the net diffusion is always towards the wall. As with sedimentation,
diffusion deposition is highest in the lower airways since it is dependant on residence
time. Unlike sedimentation it has a larger effect on smaller particles.

Interception is deposition of particles that occurs when the edge of a particle touches
the airway even though the mass centre may follow a fluid streamline. It is strictly a
function of particle size and shape and acts in coordination with the other deposition
mechanisms in that it brings the particle near the wall where it is deposited by intercep-
tion [10].

2.4 Particle Clearance Mechanics

The trancheo-broncal airways are covered in a thin mucus layer overlaying the cilia; fine
hair attached to the airway walls and responsible for clearing out unwanted particles using
a continuously waving pattern to move the mucus up the throat. This is a rapid process
and a particle is usually cleared within 24 hours. However, smaller particles, below a few
microns in diameter, may penetrate the mucous layer and may not be cleared within this
time period. The alveolar region is the part of the lung that contains alveoli. It starts
with the respiratory bronchi, which is the first bronchi that has alveoli on it and continues
deeper into the lung where each bronchi has more and more alveoli attached until the
alveolar duct, which is completely covered in alveoli and ends with alveolar sacs [9].
In this region the clearance mechanics are dependant on the solubility of the particles.
Soluble particles will dissolve into the surface fluid and will be diffused as individual
particles into lymph or blood. If particles are non-soluble mechanical transport dominates
clearance and in this region is through phagocytosis. Here particles are engulfed by the
macrophages, a type of white blood cell, present on the epithelial surfaces and transported
by migration of the macrophages to the mucous layer. This process is much slower than
that in the tracheo-broncal region. Macrophages can engulf a particle in hours but it
may take hundreds of days to clear the alveolar region. Due to this process being so slow
even particles with low solubility may end up dissolving and being cleared in this way
[10].



Chapter 3

Composites Manufacturing

Composite materials consist of two or more distinct phases, where one serves as a
binder and one as the reinforcement. In modern materials the binder is usually epoxy,
vinyl-ester or polyester, and the reinforcement is usually glass or carbon fibres, but
reinforcements based on natural fibres are becoming more and more popular. It is a
material widely used in modern applications such as in the aerospace and automotive
industries and even sports equipment manufacturing since it produces a high performance
and lightweight material.

In recent years more advanced composite materials have been developed to meet even
more specialized requirements, with functional properties such as thermal resistance [17],
electric conductivity [18], energy storage capabilities [19] and self-healing abilities [20].
Integration of functionality into composite materials is an effective way to reduce both
structural weight and cost since it can reduce the material usage and the entire part can
be produced in one single process.

One way to increase the functionality of the material is to mix functional filler particles
into the resin prior to injection into the mould. An important step when adding nano
particles into the resin is to ensure that agglomeration of the particles is minimized. One
way to do this is to use ultrasonic dual mixing where ultrasonic vibrations are applied
during the stirring of the resin infused with particles [21].

3.1 Liquid Moulding

Composite material can be developed in several ways, depending on the complexity
and size of the part, production time, performance requirements and economic factors
such as initial investment and production volume. Generally, production volume and
performance are the most used requirement for deciding on a process.

Liquid Composite Moulding is an umbrella term for a number of manufacturing pro-
cesses where a resin is forced to impregnate a fibre reinforced fabric that has been shaped
into the desired form and placed in a mould. This process is shown in general terms in
Figure 3.1 where the steps are demonstrated. First a dry fabric is preformed into roughly
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10 Composites Manufacturing

Figure 3.1: Scematic steps of an LCM process [22]

the desired shape by placing layers of fabrics in the desired orientations and locations
and fixing them in that shape using a variety of methods such as weaving, braiding, cut
and sew or by using thermoplastic or thermoset resin tackifiers. The preform is placed in
a mould which is then closed and sealed, forming a cavity into which resin is injected or
infused. After the composite has cured the mould can be opened and the part removed.

Resin Transfer Moulding processes, or RTM, is a closed mould process used to produce
high quality composites. After the mould is closed it is heated to temperatures ranging
from 35◦C to 100◦C and the resin is injected using pressures ranging from 1 to 10 bar,
depending on parameters such as geometry, dimensions, fibre weave and viscosity of the
resin. Due to the high pressure used the investment cost is relatively high, especially for
complex geometries and thus this method is more suitable for larger production series.
A relatively long cycle time makes it unsuitable for very large series.

Vacuum Assisted RTM (VARTM) or Vacuum Infusion (VI) is a more cost effective
method where the resin is drawn into the mould using vaccum pressure under a flexible
upper part of the mould. Due to the relatively low pressure used the production cycles
are quite slow making this method unsuitable for large scale production [22, 23].

To produce high quality composites, knowledge of the flow inside the preform is
required to control the filling process.

3.2 Non-Crimp Fabrics

In a woven fabric fibres deviate from their ideal direction due to the waviness, or crimp,
inherit in the material. This affects the mechanical properties of the fabric since there is
a risk of extension of the fabric and a build up of internal stresses at the contact zones
between the bundles.
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Non-crimp fabrics consist of layers of fibre bundles that are stitched together by a thin
thread. There are multiple ways of fabricating such a fabric, however the most widely
used non-crimp fabric is the multi-axial warp-knitted fabric.

A fabric with the loop formation of the stitches in the production direction is called
a warp-knitted fabric and is produced by multiple needles stitching together reinforced
fibres using multiple thread systems. This is unlike weft-knitted fabrics which have the
loop formation perpendicular to the production direction and thus only one yarn system
is necessary, as illustrated in Figure 3.2.

(a) Warp-knitted fabric (b) Weft-knitted fabric

Figure 3.2: Illustration of knitting directions [24]

Figure 3.3: Schematic set-up of a multi-axial composite material [24]

Multiple layers of unidirectional piles are stitched together during the manufacturing
process. These layers can be placed in the warp knitting machine at different orienta-
tions relative to the production direction. The orientations most commonly used are a
combination of 0◦, 90◦ and ±45◦ depending on the type of non-crimp fabric produced.
In a biaxial system two layers with perpendicular fibre bundles are stitched together,
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but triaxal and quadaxial systems are also popular. Other materials, such as functional
materials or random fibre mats can be included in the layup and a multi-axial non-crimp
fabric is built of up to seven layers using any combination of orientations. An illustration
of such a system can be seen in Figure 3.3 [23, 24].

3.2.1 Multi Scale Nature of a Non-Crimp Fabric

Common for all stitched fabrics is the formation of fibre bundles with inter-bundle chan-
nels formed by the penetration of the needle and the yarn bunching the reinforcement
fibres together. The typical length scale of the pore region within the bundles formed by
the reinforced fibres is < 10μm and the channels formed between the bundles are typi-
cally > 100μm. In Figure 3.4 a cross section of a composite material can be seen where
this dual scale structure is visible. The channels formed are often straight and almost
undisturbed and thus greatly facilitate the filling of the resin during the impregnation
process [25].

Figure 3.4: Cross section of composite material [25]

.
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3.3 Fluid Flow in Composite materials

The flow in the channels is driven by the induced pressure created during the impreg-
nation process, either a positive pressure at the inlet used during RTM or the vacuum
pressure used during VARTM. The flow in the porous media in the fibre bundles, espe-
cially far from the inlet, is driven by the capillary pressure that is created by the pressure
differential across the interface of immiscible fluid [26].

During the impregnation of a biaxial fabric by a constant pressure gradient, an inter-
esting phenomena can be observed when studying the liquid flow front. At the beginning
of the process the liquid front leads in the channels formed between the bundles, due
to the capillary pressure in the fibre bundles being negligible in relation to the induced
pressure gradient and the permeability in the channel being much higher than that in
the bundles. But as the impregnation process proceeds the pressure gradient in the flow
front decreases, the importance of the capillary pressure rises and the flow front in the
bundles becomes the leading one [27].

3.4 Particle Deposition Mechanics

One of the problems faced when impregnating a composite is deposition of particles
causing clogging of pores. This can lead to a decrease in permeability and thus increased
filling times and a risk of incomplete filling unless the pressure is increased. Clogging
of pores can furthermore lead to an uneven particle distribution. Deposition of particles
is caused by either sedimentation, a non-uniform particle distribution or filtration of
particles. Sedimentation of particles is dependant on particle size and density, resin
viscosity and flow velocity and thus only a problem when for example metallic and heavy
ceramic particles are injected. Sedimentation will also take place after the flow has
stopped and before the resin has cured [28]. One of the filtering mechanics is due to fibre
bundle impregnation, where there is a transverse transport of fluid from the larger scale
channels to the more fine intra-bundle channels which are present at the impregnation
front. Thus there is a large probability for initial particle filtration during the process
[29]. It has also been shown that filtration patterns are non-homogeneous, irregular
and dependant on the local flow field and thus in-depth knowledge of specific filtration
mechanics is necessary. Therefore it is important to examine individual particle behaviour
around specific flow characteristics in porous media [30].
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Chapter 4

Numerical Model For Impregnation
of Composites

Two different simplified models were developed to mimic the impregnation of dual-
scale fabrics, where the resin enters the fabric in the channels between the bundles for
it to later flow towards the bundles. One method assumes a steady flow throughout the
complete channel with an even radial component to the flow along the channel wall. The
other method is time dependant and takes into account the flow front moving along both
the bundles and the channel during the impregnation process, which affects both the
radial component and the flow along the channel.

4.1 Static Flow Model

The channel between the bundles is assumed to be first filled with resin and capillary
action will be the main reason for the filling of bundles parallel to the channel [31]. The
flow field in the channel is assumed to be parabolic and fully developed with a radial flow
component that is constant along the channel wall. The inlet is in the [x, z]-plane and
the channel is oriented in the positive y-direction.

With a small Reynolds number Re � 1 and axis-symmetry the Navier-Stokes equation
can be reduced to one equation for the stream function Ψ of the form:

(
r
∂

∂r

(
1

r

∂

∂r

)
+

∂2

∂y2

)2

Ψ = 0 (4.1)

where the velocity components can be expressed as:

u =
1

r

∂Ψ

∂r

V = −1

r

∂Ψ

∂y
. (4.2)
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16 Numerical Model For Impregnation of Composites

where V is the radial velocity component and u is the velocity component in the direction
of the channel.

The radial velocity on the channel wall created by the capillary driven flow is defined
as εV0. The parameter ε = R/l � 1 is introduced and is dependant on l, the channel
length, and R, the channel radius and is considered small in relation to the mean velocity.
Equation (4.1) can be solved using a perturbation analysis leading to the following flow
field:

u(r, y) = (1− 4V0εy)
(
1− r2

)
V (r, y) =− εV0

(
r3 − 2r

)
. (4.3)

In these equations u(r, y) is the velocity component in the direction of the channel and
V (r, y) the corresponding radial velocity component.

4.2 Time Dependent Model

The gap formed between the bundles of reinforced fibres in which the impregnating resin
flows is represented as a cylindrical channel with a radius of Rg and the bundles are
represented by a larger cylinder with a radius Rb, as illustrated in Figure 4.1. The
bundles capillary pressure creates a radial component to the flow that is calculated for
each time step and is dependant on the positions of the flow front both in the gap, yg,
and in the bundle, yb, illustrated in Figure 4.2. Creeping flow is assumed so that Darcy’s
law is valid in the volume between the inner and outer cylinder.

(a) Cross section of the
model of the channel where
Rg is the radius of the chan-
nel and Rb is the radius of
the bundle.

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4−101

x 10−4

−1

0

1

x 10−4

(b) The model of the channel used in the simulations.

Figure 4.1: Geometry of the channel
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Figure 4.2: Illustration of the progression of the flow-front in the bundle, yb, and the gap yg.

Consider Darcy’s law in cylindrical coordinates for the pressure in the bundle, Pb(y, r, t)
and in the gap Pg(y, r, t) and with perpendicular and parallel permeabilities in the bundle
K⊥, K‖ and in the gap Kg, Laplace equation then reads:

K‖
Πb

1− Πb

∂2Pb

∂y2
+K⊥

Πb

1− Πb

1

r

(
r
∂Pb

∂r

)
= 0

Kg
∂2Pg

∂y2
+Kg

1

r

∂

∂r

(
r
∂Pg

∂r

)
= 0 (4.4)

where Πb is the volume fraction of fibres.
These equations can be simplified into a one-dimensional form similar to the equations

given by Frishfelds et al. [27] and to further deduce the equations for the motion of
liquid fronts in gap and bundle, a trial function can be introduced for the radial pressure
variation that fulfils the boundary conditions. An averaging procedure over the cross
section then obtains equations similar to Frishfelds et al. [27] but with the size of the
fibre bundle region taken into account. The trial functions considered are chosen from
truncated solutions from the use of the separation of variables method of (4.4).

The trial functions are chosen of the form:

Pg = A0(y) + A1(y)r
2

Pb = B0(y) + B1(y)r
2 +B2(y) ln r (4.5)

To find A0(y), A1(y), B0(y), B1(y) and B2(y) the following boundary conditions are
adopted as valid in the region where the impregnating fluid in the gaps and bundle
region are in contact:

∂Pb

∂r

∣∣∣
r=Rb

= 0

Pg(y, Rg) = Pb(y, Rg)

K⊥
∂Pb

∂r

∣∣∣
r=Rg

= Kg
∂Pg

∂r

∣∣∣
r=Rg

(4.6)
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This gives:

A1 =
1− b̄2

b̄2 − 1 +X
(A0 − B0)

B1 =
X

b̄2 − 1 +X
(A0 − B0)

B2 =
2b̄2X

b̄2 − 1 +X
(A0 − B0) (4.7)

where:

K̃‖ =
Πb

1− Πb

K‖

K̃⊥ =
Πb

1− Πb

K⊥

b̄ =
Rb

Rg

X =
Kg

K̃⊥
(4.8)

and

K⊥ =
16

9π
√
2

(√
Πmax

Πb

− 1

)5/2

R2

K‖ =
8

53
(1− Πb)

3R2 1

Π2
b

(4.9)

where Πmax = π/(2
√
3) in this case [32].

The average of the pressure over the cross section is defined as:

P̄g =
1

πR2
g

∫ Rg

0

Pg2πrdr

P̄b =
1

π(R2
b −R2

g)

∫ Rb

Rg

Pb2πrdr (4.10)

Combining (4.7) and (4.10) we get:

A0 − B0 =
(b̄2 − 1 +X)2(b̄2 − 1)

2 ln(b̄)Xb̄4 − 3Xb̄4 + 4Xb̄2 − 2b̄2 −X + 1
(4.11)
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Averaging (4.4) over the cross section gives the final one-dimensional form that is similar
to Frishfelds et al. [27]:

K̃‖(b̄2 − 1)
d2P̄b

dy2
+ K̃⊥

M

R2
g

(P̄g − P̄b) = 0

Kg
d2P̄g

dy2
− K̃⊥

M

R2
g

(P̄g − P̄b) = 0 (4.12)

where:

M =
8X(b̄2 − 1)2

4 ln(b̄)Xb̄4 − 3Xb̄4 + 4Xb̄2 − 2b̄2 −X + 1
(4.13)

Defining the boundary conditions as Pin at x = 0, −Pcap at the free surface of the liquid
within the bundle region, and P = 0 at the free surface in the gap, the equations (4.12)
can then be solved analytically. In the region in which the fluid in the bundle region and
in the gap is in contact, the solutions for the averaged pressures are given by:

P̄g = Pin − Γy + αΛ sinh
(y
λ

)

P̄b = Pin − Γy − γΛ sinh
(y
λ

)
(4.14)

respectively, where the constants α, γ and λ are defined as:

α =
Kg

(b̄2 − 1)K̃‖ +Kg

γ =
(b̄2 − 1)K̃‖

(b̄2 − 1)K̃‖ +Kg

λ2 =
KgK̃‖(b̄2 − 1)

KgK̃‖(b̄2 − 1) + K̃⊥Kg

R2
g

M
. (4.15)

Where there is no contact between the fluids the pressure is linear. The time dependent
functions Γ(t) and Λ(t) are derived from continuity of the flux at the position where
the linear pressure distribution and the distribution given by (4.14) meet and depend on
whether the front in the gap or the bundles is in the lead. Due to the higher permeability
in the gap the flow front in the gap is leading initially and the liquid front moves rapidly.
Due to the capillary pressure, fluid from the gap is gradually transported into the bundle.
The flow front in the bundles will eventually catch the flow front in the gap. After the
merging point where the position of each front is equal, the front in the bundle is, as will
be shown below, slightly leading.
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For an initial period of time the front of the gap is leading so that yg(t) > yb(t). From
the continuity of the flux the functions Γ(t) and Λ(t) can be derived as:

Λ(t) =
Pcapyb + (Pcap + Pin)(yg − yb)

yg sinh
(
yb
λ

)
+ α

(
yb
λ
− sinh

(
yb
λ

))
+

K̃‖Mλ

KgR2
g

(
cosh

(
yb
λ

)− 1
)
yb(yg − yb)

Γ(t) =
Pcap + Pin − γΛ(t) sinh

(
yb
λ

)
yb

. (4.16)

The equations of motion of the liquid fronts can be found by integrating (4.12) from
y = 0 to y = yg and the equations governing the fluid fronts are then given by:

dyb
dt

=
K̃‖(Pcap − Pin)

μyb
+
K̃⊥
μ

(
γ
(
yb
λ
− sinh

(
yb
λ

))
yb

+
K̃⊥Mλ

(
cosh

(
yb
λ

)− 1
)

K̃‖R2
g(b̄

2 − 1)

)
Λ(t)

dyg
dt

=

Kg

(
sinh

(
yb
λ

)− Pcap

(
α
(
yb
λ
− sinh

(
yb
λ

))
+

K̃⊥Mλ(cosh( yb
λ )−1)yb

KgR2
g

))

μ
(
sinh

(
yb
λ

)
+ α

(
yb
λ
− sinh

(
yb
λ

))
+ K̃⊥Mλ

KgR2
g

(
cosh

(
yb
λ

)− 1
)
yb(yg − yb)

) . (4.17)

As t→ 0 and yb and yg are close to zero these equations reduce to:

dyb
dt

=
K̃‖(Pcap + Pin)

μyb

dyg
dt

=
KgPin

μyg
(4.18)

where μ is fluid viscosity, which shows that initially there is no interaction between the
different fluids. After the front in the bundle catches the front in the gap yb(t) > yg(t)
the functions Γ(t) and Λ(t) can then be derived in a similar manner as above and give:

Λ(t) =
Pcapyg − Pin(yb − yg)

yb sinh
(yg

λ

)
+ γ

(yg
λ
− sinh

(yg
λ

))
+ K̃⊥Mλ

K̃‖R2
g(b̄

2−1)

(
cosh

(yg
λ

)− 1
)
yg(yb − yg)

Γ(t) =
Pin + αΛ(t) sinh

(yg
λ

)
yg

. (4.19)

The corresponding equations that govern the liquid fronts are now:

dyb
dt

=
K̃‖Pin

μyg
+
K̃‖
μ

(
γ

λ
+
α sinh

(yg
λ

)
yg

+
K̃⊥Mλ

K̃‖R2
g(b̄

2 − 1)

(
cosh

(yg
λ

)
− 1

))
Λ(t)

dyg
dt

=
KgPin

μyg
− K − g

(αyg
λ

− α sinh
(yg

λ

))
(pcapyg − Pin(yb − yg))

μ
(
yb sinh

(yg
λ

)
+ γ

(yg
λ
− sinh

(yg
λ

))
+ K̃⊥Mλ

K̃‖R2
g(b̄

2−1)

(
cosh

(yg
λ

)− 1
)
yg(yb − yg)

)
(4.20)
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which can be solved numerically in Matlab using an ODE solver.
For each time step the pressure over the whole channel is dependant on the momentary

position of both flow fronts and is:

dPg

dy
= −Γ + αΛ

1

λ
cosh

(y
λ

)
0 < y < yb

dPg

dy
= −

(
Pin − Γyb + αΛ sinh

(
yb
λ

))
yg − yb

yb < y < yg (4.21)

when the flow front in the gap is leading and is:

dPg

dy
= −Γ + αΛ

1

λ
cosh

(y
λ

)
(4.22)

when the flow front in the bundles are leading. The flow field can be described as:

u(r, y) = − 1

4μ

dPg

dy
(a2 − r2)

v(r, y) =
1

4μ

d2Pg

dy2

(
a2
r

2
− r3

4

)
. (4.23)
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Chapter 5

Particle Mechanics

5.1 Definition of particle geometry

The oblate and prolate particles studied in this chapter are illustrated in Figure 5.1 and
are defined by the aspect ratio, β, which is the ratio between the particle major axis
and minor. Thus it is defined as βo = b/a for oblate particles and βp = a/b for prolate
particles. Another defining parameter used is geometric diameter, df , which is based
on the particles equatorial radius and thus defined as df = 2a. There are many ways

a

b

(a) Model over an oblate particle.

a

b

(b) Model over a prolate particle.

Figure 5.1: Model of the particles used in the simulations.

of comparing the results from particles with varied geometries, for example keeping a
fixed aspect ratio and changing the geometric diameter or vice versa. This is good when
comparing prolate particles with other prolate particles or oblate particles with other
oblate particles but becomes problematic when comparing oblate particles with prolate
particles, especially if the aspect ratio is high. If df is the same and β = 100 this results
in a prolate particle whose b is 10000 times larger than its oblate counterpart. One
solution to this is to compare particles with the same volume. To do this a particle’s

23
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representative diameter, dre, is defined as the diameter of a spherical particle of the same
volume. This is dre = dfβ

1/3 for prolate particles and dre = dfβ
−1/3 for oblate particles.

5.2 Particle Equations of Motion

The full set of equations for the general motion of a particle of arbitrary shape is:

d

dt
(m · vp) = ΣF, (5.1)

d

dt
(I · ωp) = ΣT, (5.2)

the equations for translation and rotation respectively where m is particle mass, vp

particle velocity, I inertia, ωp is angular velocity and F and T are the forces and torques
acting on the particles respectively. Since both inertia and angular velocity are dependant
on and shift with the particles rotation in relationship to the system a global and local
coordinate system is introduced. The local system is defined as [x′, y′, z′] with z′ fixed to
the polar axis of the particle and the global system [x, y, z] is fixed to the channel with
the inlet in the [x, z]-plane. The equations of motion now defined on the local coordinate
system are given by:

m
d2xi
dt2

= F h
i + F g

i + fBr
i (5.3)

Ii · dωi

dt
+ εijkωjωkIk = T h

i + TBr
i (5.4)

where the forces acting on the particles are the hydrodynamic, gravitational and Brow-
nian forces and the torques are hydrodynamic and Brownian, each of which will be
discussed in later sections.

Particles with a Stokes number St � 1 will follow fluid streamlines while particles
with St ≈ 1 or higher will not follow rapid changes in streamlines. For our case Stokes
number is small and inertia can be neglected. This will be discussed more thoroughly in
Section 5.2.4.

5.2.1 Hydrodynamic Force and Torque

The drag force acting on the particles is dependant on the orientation in the Stokes flow
regime and can be expressed as:

Fh = 3πμAT

⎡
⎣ d⊥ 0 0

0 d⊥ 0
0 0 d‖

⎤
⎦A

⎡
⎣ u− dx

dt

v − dy
dt

w − dz
dt

⎤
⎦ , (5.5)

where μ is the dynamic viscosity of the fluid, [u, v, w] are the components of the fluid
velocity, [dx

dt
, dy
dt
, dz
dt
] the components of the particle velocities and A is the rotation matrix

between the local and global coordinates.
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Translation

The Stokes diameters d⊥ and d‖ are oriented perpendicular and parallel to the direction
of motion, respectively, and are given by: [33]:

d⊥
df

=
8
3
(β2 − 1)

Ct
⊥
[

2β2−3√
β2−1

ln(β +
√
β2 − 1) + β

] (5.6)

d‖
df

=
4
3
(β2 − 1)

Ct
‖
[

2β2−1√
β2−1

ln(β +
√
β2 − 1)− β

] . (5.7)

for prolate particles where β is the fibre aspect ratio and df is the geometric diameter.
To extend the validity of the drag force to include particles that are so small that their
dimensions are close to the mean free path the slip correction factors Ct

‖ and Ct
⊥ are

included.
These equations are valid for both prolate as well as oblate spheroids if the aspect

ratio is defined as β < 1 for oblate spheroids and the imaginary part of the logarithm
and square root are taken into account. If for oblate spheroids β is replaced with 1/β in
(5.8) and (5.9) and thus the aspect ratio is defined as greater than unity for both prolate
and oblate spheroids then the Stokes parameters for oblate spheroids can be given by:

d⊥
df

=
8
3
(β2 − 1)

Ct
⊥
[
β(3β2−2)√

β2−1
arctan(

√
β2 − 1)− β

] (5.8)

d‖
df

=
4
3
(β2 − 1)

Ct
‖
[
β(β2−2)√

β2−1
arctan(

√
β2 − 1) + β

] (5.9)

This result is also given by Happel and Brennen [34].
No exact expression for the slip correction factors for prolate and oblate spheroids

exists and so an approximate method by Dahneke [35] is applied. This method will be
outlined in Section 5.2.1.

Rotation

The equations for the fluid dynamic torque for an ellipsoid body in a viscous shear flow as
derived by Jeffery [36] and simplified for the current case can be written in the following
manner

T h
x′ =

1

Br
⊥

[
(ξ′ − ωx′)−

(
β2 − 1

β2 + 1

)
ε̇y′z′

]
, (5.10)

T h
y′ =

1

Br
⊥

[
(η′ − ωy′)−

(
β2 − 1

β2 + 1

)
ε̇x′z′

]
. (5.11)
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Rotation about the major axis does not affect transport due to symmetry and is therefore

omitted. The tensor ωi′ is the fibre angular velocity, ε̇ij =
1
2

(
∂uj

∂xi
+ ∂ui

∂xj

)
is the elements

of the deformation rate and [ξ, η, ζ]T = 1
2
(∇ × u) is the spin tensor. The latter two

tensors are derived from the global flow field and are translated to local equivalents by:

ε̇i′j′ = Aε̇ijA
T , (5.12)

[ξ′, η′, ζ ′]T = A[ξ, η, ζ]T . (5.13)

The angular mobility for prolate spheroids may be expressed as [33]:

Br
⊥,prolate =

3Cr
⊥
[

2β2−1√
β2−1

ln(β +
√
β2 − 1)− β

]
2πμd3f (β

4 − 1)
. (5.14)

For oblate spheroids this mobility is given by the following relationship:

Br
⊥,oblate =

3Cr
⊥
[
(2−β2)β√

β2−1
arctan(

√
β2 − 1)− β

]
2πμd3f (

1
β2 − β2)

. (5.15)

Slip Corrections Factors

No exact expression exists for oblate and prolate spheroids in the free molecular flow limit,
where Kn = 2λ

df
approaches infinity and λ is the mean free path of the air molecules.

However, these expressions have been derived for cylinders by Dahneke [37] and can
therefore be used as approximations. To extend the validity of the drag force from small
Knudsen numbers Kn to large Kn the Cunningham factors are applied with an adjusted
radii as suggested by Dahneke [37]. The Cunningham factors are given by:

Ci′ =1 +
df
2ri′

Kn

[
1.257 + 0.4 exp

(−2.2ri′

dfKn

)]
. (5.16)

The adjusted radii for translational motion parallel and perpendicular to the flow for
prolate particles are then expressed as:

r1 =
1.657dfβ

16(β2 − 1)
(5.17)

Λ1 =
sin−1(Λ2)

Λ2

(5.18)

Λ2 =
√
(1− 1

β2
) (5.19)

Λ2 =
1

β
− Λ1 (5.20)
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rt⊥ =
r1
2

[
2β2 + 3√
β2 − 1

ln
(
β +

√
β2 − 1

)
− β

]
×

[
Λ1{4 + (

π

2
− 1)f}+ Λ3

Λ2
2

{2 + 4Λ2
2 + π − 6

4
f}

]
(5.21)

rt‖ =r1

[
2β2 − 1√
β2 − 1

arctan
√
β2 − 1 + 1

]
×

[
2Λf +

Λ3

Λ2
2

{Λ2
2(4− 2f)− 4 +

(
3− π

2β2

)
f}

]
(5.22)

and for oblate particles:

r1 =
1.657dfβ

16(β2 − 1)
(5.23)

Λ1 =
1√
β2 − 1

(5.24)

Λ3 =Λ1 log(β +
1

Λ1

) (5.25)

Λ2 =β − Λ3 (5.26)

rt⊥ =
r1
2

[
3β2 + 4√
β2 − 1

arctan
√
β2 − 1− 1

]
×

[
Λ2

1Λ2

{
(6− π)

4
f − 2

}
+ Λ3

{
4− 4− π

2
f

}
+
f

β

]

rt‖ =r1

[
2β2 − 1√
β2 − 1

arctan
√
β2 − 1 + 1

]
×

[
Λ2

1Λ2

{
4− (6− π)

2
f

}
β−2 + Λ3f +

f

β

]
. (5.27)

The adjusted radii for rotational movement around the polar axis for a prolate particle
is given by:

rr⊥ =
1.675df

β
[ln(2β) + 0.1931]×

[
1 +

1

β
+

1

β2
+

1

2β3
+ f

(
π − 6

12
− 1

2β
− 1

β2
+
π − 4

16β3

)]
(5.28)
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and for an oblate particle:

rr⊥ =
1.675df

β

3

2

⎡
⎢⎣

(2−β2)∗β√
β2−1

arctan(
√
β2 − 1)− β

1
β2 − β2

⎤
⎥⎦×

[
1

4
+

2β

4
+

(2β)2

4
+

(2β)3

8
+ f

(
π − 6

48
− 2β

8
− (2β)2

8
+

(π − 4)(2β)3

64

)]
. (5.29)

5.2.2 Gravitational Settling

Gravitational settling or sedimentation is a deposition mechanism that comes into ef-
fect over long periods of time for particles with a relatively large. It mainly influences
the studies of lungs where air is the medium with its much lower viscosity than resins
used for manufacturing of fibre reinforced polymer composites, although it is included in
these studies if for no other reason than to show its minimal influence. Due to particle
density being larger than the surrounding fluid, buoyancy can be neglected and thus the
gravitational forces are defined in the positive z-direction as:

F g
z = πρfgd

3
fβ/6, (5.30)

for prolate spheroids and:

F g
z = πρfgd

3
f/6β, (5.31)

for oblate spheroids, where ρf is the density of the particle and g is the gravitational
acceleration.

5.2.3 Brownian Motion

Brownian motion is a random process caused by a particle interacting with the sur-
rounding molecules and thus the Brownian force and torque are modelled as independent
zero-mean Gaussian white-noise processes [33], which take the form:

FBr
i′ (t) = χt

i′

√
πSt

i′

δt
, (5.32)

TBr
i′ (t) = χr

i′

√
πSr

i′

δt
, (5.33)

for spheroids where χt
i′ and χ

r
i′ are standard normally distributed random numbers and

δt is a Brownian time increment.
The spectral intensities St

i′ and S
r
i′ are given by:

St
i′ =

2σT

π

1

Bt
i′
, (5.34)

Sr
i′ =

2σT

π

1

Br
i′
, (5.35)
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where σ is the Boltzmann constant and T is the absolute temperature. Br
i′ is given in

(5.14) and (5.15) and:

Bt
i′ = 1/3πμdi′ . (5.36)

The Diffusion coefficients are given by:

Dt
i′ = σTBt

i′ (5.37)

Dr
i′ = σTBr

i′ . (5.38)

To choose the time increment a numerical study is done where the root mean square of
the Brownian drift is compared to the theoretical value [38]:

Drrms =

√√√√2

(
2Dt

‖ +Dt
⊥

3

)
nδt (5.39)

where n is the number of simulation steps.

5.2.4 Stokes numbers

It is sufficient to only consider the hydrodynamic forces and torques when defining the
Stokes number, thus the equation of motion for the translational part including inertia
is given by:

m

⎡
⎣ d2x

dt2
d2y
dt2
d2z
dt2

⎤
⎦ = 3πμAT

⎡
⎣ d⊥ 0 0

0 d⊥ 0
0 0 d‖

⎤
⎦A

⎡
⎣ u− dx

dt

v − dy
dt

w − dz
dt

⎤
⎦ . (5.40)

Estimating the order of magnitude for the perpendicular and parallel part gives:

ρp
4

24
πd3fβ

U2

D
≈ 3πμdf

d⊥
df
U (5.41)

ρp
4

24
πd3fβ

U2

D
≈ 3πμdf

d‖
df
U (5.42)

where U is a typical velocity of the flow and D the typical length scale of the flow.
Stokes number defined as the ratio between inertial flow and hydrodynamic force for

prolate spheroids gives:

Stt⊥ =
ρpd

2
fβ

18μ

U

D

df
d⊥

(5.43)

Stt‖ =
ρpd

2
fβ

18μ

U

D

df
d‖

(5.44)
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where the Stokes parameters are given by (5.6-5.7). The definitions for oblate spheroids
is formed by letting β → 1/β and the use of Stokes parameters (5.8-5.9).

The corresponding order of magnitude estimate for the rotational equation of motion
gives the Stokes number as:

Str =
IxxB

r
⊥U

D
(5.45)

where Br
⊥ is the angular mobility given by (5.14) for prolate spheroids and by (5.15) for

oblate spheroids and the relevant moment of inertia are given for prolate spheroids by:

Ixx = Iyy =
1

120
ρpπβ(1 + β2)d5f (5.46)

and for oblate spheroids as:

Ixx = Iyy =
1

120
ρpπβ

−1(1 + β−2)d5f . (5.47)

To neglect inertia Stokes numbers must be less than one for all cases.

5.2.5 Euler Angles and Rotational matrix

Figure 5.2: Euler angles defining the relationship between a particles local and global coordi-
nates [39].

As a particle rotates the angle between the local and global coordinates is described
using the Euler angles (φ, θ, ψ), depicted in Fig. 5.2. After application of three successive
rotations using the x-convection [40] the rotational matrix A is defined as:

A =

⎡
⎣ cψcφ− cθsφsψ cψsφ+ cθcφsψ sθsφ

−sψcφ− cθsφcψ −sψsφ+ cθcφcψ sθcφ
sθsψ −sθcψ cθ

⎤
⎦ , (5.48)

where cφ = cosφ, sφ = sinφ etc.
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5.3 Solution Procedure

The initial positions of the particles are given in Cartesian coordinates and the rotation
in Euler angles. The equations for fibre rotation and translation are then solved and the
positions updated for each time step using Matlab in an Eulerian flow field model.
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Chapter 6

Results I - Inhalation of Particles

The particle model developed has been used to study both the movement and depo-
sition in a human lung.

6.1 Cyclic Inhalation

In the simulations presented in Paper A the influence of the breathing pattern on prolate
particle deposition is examined. A cyclic and quasi-steady laminar flow is compared for
both heavy and light breathing patterns. An examination of the deposition efficiency as
a function of injection point in the cycle can be seen in Figure 6.1, where particles of
various size are injected into a generation 6 airway. Here it is clear that the maximum
deposition occurs for particles injected at the beginning of the respiratory cycle and the
minimum occurs at peak inhalation, (nt = π/2). This is in agreement with the fact that
both settling and Brownian dispersion increases with a longer residence time.

When steady state simulations with a Poiseuille flow were compared to a cyclic flow
field with the same mean velocity at the time of the fibre injection it generally overes-
timated fibre deposition for fibres injected before peak velocity was reached. Similarly,
it underestimated the deposition rates for fibres injected after peak velocity. This is ex-
pected since the particles in the steady state case do not experience the small changes in
velocity during the residence time as particles in the cyclic inhalation case do. A better
steady flow approximation is to use a steady velocity averaged over the residence time,
where the residence time is calculated for the mean flow velocity.

Comparing light and heavy activity levels on the deposition efficiency the results
were conclusive in that the deposition rates were uniformly higher for light breathing due
to the longer residency time in the airways. Since the respiratory frequency for heavy
breathing is twice the frequency for light breathing, if a continuous supply of particles
is inhaled then the total deposition will be higher for heavy breathing due to twice as
many particles entering the lung.
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(a) Deposition efficiency for particles with
β = 3.

(b) Deposition efficiency for particles with
β = 100.

Figure 6.1: Deposition efficiency in generation 11 as a function of moment of fibre injection.

6.2 Comparison of oblate and prolate particles

The simulations presented in Paper B are done assuming light physical activity with a
tracheal flow rate of 431 cm2/s and thus laminar flow can be assumed from generation 2
and below.

6.2.1 Single Particle Studies

To properly observe the rotation a particle exhibits the model used in these simulations
has the same width as an airway of generation 4 but with a length 10 times that of the
radius. The particles studied and presented in Figure 6.2 are oblate and prolate particles
with β = 5 and df = 1 μm and are placed at a distance of 0.7r from the centreline of the
channel. The particles rotation is presented with both the angle θ, the angle between the
polar axis of the particle and the centreline of the channel, and the angle φ, the rotational
angle around the centreline. Due to the relatively short residence time in the channel
and the large size of the particle the trajectory is not noticeably changed from that of a
streamline for these particles. The rotation of an oblate and prolate particle that does
not experience Brownian motion is displayed in Figure 6.2a and 6.2b respectively. Here
it is clear that they both display Jeffery orbits of the same frequency. When Brownian
motion is included in these simulations the rotational behaviour of the prolate particles in
Figure 6.2d is, while slightly uneven, still distinguishable as Jeffery orbits. The rotational
behaviour for the oblate particles on the other hand comes across as mostly erratic. This
is mainly due to the difference in particle volume of these particles as the prolate particle
has 25 times as much mass.
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(c) Rotation of an oblate particle in a chan-
nel flow under the influence of brownian
motion
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(d) Rotation of an oblate particle in a chan-
nel flow under the influence of brownian
motion

Figure 6.2: The angles of an oblate and prolate particle with β = 5 and df = 1 μm.

6.2.2 Deposition Studies

Deposition studies are done on oblate and prolate particles with an aspect ratio of β = 100
and a geometric diameter df chosen so that oblate and prolate particles have the same
volume. These deposition rates are then used to calculate the deposition efficiencies for
a model of a lung consisting of generation 2 to 16 where the deposition rate is scaled
in accordance to the probability that a particle has passed through the superseding
generations. The results are presented in Figure 6.3. Here it is clear that the deposition
rate for the larger particles is higher, and thus they are deposited in the higher airways
until the deposition rate hits a peak and starts to decline due to there simply being so
few particles reaching further into the lung. There is also some difference between oblate
and prolate particles in that oblate particles have a slightly higher deposition rate in the
higher airways.

When deposition studies are done on particles with the same minor axis and with a
varied β the effect of the aspect ratio can be seen, as in Figure 6.4. In Figure 6.4a it is
clear that the deposition rates for spherical particles are higher than that of ellipsoids due
to the larger influence of Brownian motion on these particles. It is also clear that prolate
particles have a larger deposition rate than oblate particles of the same aspect ratio.
When observing the results from the larger particles in Figure 6.4b, there is a drastic
increase in the deposition rates of oblate particles. This is due to the gravitational
sedimentation affecting these particles whose mass is quite large.
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(a) Deposition of oblate spheroids in a multi-
generational model of a lung
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Figure 6.3: Deposition efficiencies for each generation as particles passes through the complete
model of the lung.
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Figure 6.4: Simulations of depositions of particles with changed aspect ratio. Plotted on a
logarithmic scale with the inverse of β for the prolate particles.



Chapter 7

Results II - Composite
Manufacturing

In both cases presented here, studies have been performed on both the behaviour of
single particles and the deposition patterns of 10000 particles to establish the influence
of particle size and geometry on their movements.

7.1 Constant Radial Velocity

In the model studied in Paper C the flow field has a constant radial velocity as described
in Section 4.1.

7.1.1 Single Particle Studies

First five particles were placed in the inlet of the channel. The paths they followed can
be seen in Figure 7.1. There is no distinguishable difference to the traces of particles with
a varied size and geometry in this view since their paths are strongly influenced by the
flow field. Studying the rotational behaviour of the particles it is clear that the rotational
orbits are dependant on particle geometry and position in the channel. Particles with a
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Figure 7.1: Trace of particles equally spaced along the negative z-axis in the inlet of the channel.
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Figure 7.2: The θ-angle between the particle placed at x0 = 0.75R and the channels y-axis.
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Figure 7.3: The θ-angle between the particle placed at x0 = 0.75R and the channels y-axis
under the influence of Brownian motion.

smaller aspect ratio have a higher rotational frequency, as do particles closer to the wall.
In Figure 7.2 the rotational angle of a prolate particle with β = 100 and dre = 1 μm that
is released at x = −0.75R is shown, at the same position as the second particle from
the bottom in Figure 7.1. Here it can be seen that the rotational frequency increases
as the particle approaches the channel wall. When Brownian motion is included in the
simulation of the same particle, as can be seen in Figure 7.3, the particle still displays
the rotating pattern, albeit with an increased instability as the frequency of the rotations
is no longer only dependant on the distance to the channel wall.

7.1.2 Statistical Deposition Rates

Statistical deposition rates of 10000 particles influenced by Brownian motion and ran-
domly distributed over the inlet in a flow field with a radial velocity component are
compared to deposition rates in a flow field without a radial component. This can be
seen in Figure 7.4 where deposition rates for a variety of particle geometries and sizes
are shown as a function of β. It is clear that the deposition rates for particles in a flow
field without a radial component, in Figure 7.4a, are influenced by particle size as the
largest particles have a lower deposition rate, as do spherical particles compared to non-
spherical. Albeit, by studying the scale, this difference is not large. It is much harder to
see a pattern in the deposition rates for particles under the influence of a radial flow field
component as the dependence on β is not clear. One conclusion that is easy to see is



7.1. Constant Radial Velocity 39

10 -2 10 -1 10 0 10 1 10 2

1/βp        | βo

0

0.1

0.2

0.3

0.4

0.5

0.6
D

ep
os

iti
on

 R
at

e 
[%

]
d re  = 1 μm

dre  = 100 nm
dre  = 10 nm

(a) Deposition rates in a channel flow without a radial component.
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(b) Deposition rates in a channel flow with a radial component.

Figure 7.4: Deposition rates as a function of β.

that the deposition rates for the largest particles is lower. Comparing the scales between
Figure 7.4a and 7.4b it is observable that the magnitude of this difference is similar.

When similar simulations are run but the particles are also exposed to a gravitational
force, as in Figure 7.5, one can see the influence this force has on the larger particles.
This is particularly clear in the case without a radial velocity component in Figure 7.5a
as the deposition rates for particles with dre are now significantly larger. Here it is also
clear that the sedimentation rate for spherical particles is the highest compared to that
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(a) Deposition rates in a channel flow without a radial component.
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(b) Deposition rates in a channel flow with a radial component.

Figure 7.5: Deposition rates as a function of β for particles influenced by gravity.

of ellipsoids. In the case with a radial velocity component the trends are less clear but
comparing Figure 7.4b and 7.5b one conclusion is that the gravitational force has some
effect on the largest particles.

7.2 Time-Dependant Model

The flow field in the model studied in Paper D is time dependant as it takes into
consideration how the flow front propagates through a composite material during the
manufacturing process as is described in Section 4.2. When the ratio Rb/Rg = 10 the
flow front propagates through the composite as can be seen in Figure 7.6 with the flow
front in the channel leading for the first 26 s. There is a large capillary driven radial
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component to the flow close to the flow fronts that causes the majority of the deposition
of particles.
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(a) The initial development of the flow fronts.
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(b) The positions of the flow fronts during the complete impregnation
process.

Figure 7.6: Illustration of the development of the flow fronts in the bundle and the gap.

7.2.1 Single Particle studies

When a single oblate particle with β is injected close to the centreline of the channel
at x = −0.1Rg its rotation in relation to the centreline axis, θ, can be seen in Figure
7.7. First a particle injected at t = 0 is seen where its angle is plotted both in space,
Figure 7.7a, and time, Figure 7.7b. The particle will travel forward as the flow field in
the channel advances at the beginning of the process. As the flow field in the channel
starts to retreat so does the particle, while completely reversing its rotation. When the
particle is close to the flow front in the bundle it is affected by the strong capillary driven
radial component and will move to the channel wall where it is deposited.

The rotational angle of a particle injected later in the simulation at t = 1000 s can
be seen plotted in space in Figure 7.7c and time in Figure 7.7d. This particle will travel
at an even velocity that is greater than that of the flow fronts until it approaches the
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flow front in the bundles where it will be affected by the strong radial component and be
deposited.
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(a) Rotational angle of particle injected at the beginning of a simulation as a function
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(b) Rotational angle of particle injected at the beginning of a simulation as a function
of time.
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(c) Rotational angle of particle injected after 1000 s as a function of position.
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(d) Rotational angle of particle injected after 1000 s as a function of time.

Figure 7.7: Rotational angle of particle injected at x = −0.1Rg at t = 0 s and t = 1000 s.
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7.2.2 Deposition Studies

When 10000 particles are injected at various points in the simulation the deposition
patterns as a function of the channel length can be seen in Figure 7.8. Oblate and
Prolate particles have β = 1000 in these simulations, but simulations with a lower β
were also run. These results were consistent with the trends presented, but for clarity
sake only the largest β is shown here. Particles injected at t = 0 s show no sign of

(a) Deposition rate of particles inserted at various times in the simulation.
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(b) Closer look at the deposition rate of particles inserted at t =
1000.

Figure 7.8: Deposition rate of particles with dre = 100 nm.
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particle geometry playing a role in the deposition process. This is due to the short time
it takes for these particles to reach the channel wall. For particles injected later in the
simulation it is possible to see an influence of particle geometry. During the initial part
of the simulations the deposition for the spherical particles is somewhat higher than that
for the ellipsoids. As soon as a particle reaches the flow front it will be deposited. For
particles in the centre of the channel this will be almost instantaneously as can be seen
by the sharp horizontal curves in Figure 7.8a, while particles closer to the wall will travel
further into the channel before reaching the flow front. As can be seen in Figure 7.8b,
where a zoomed in view of particles injected at t = 1000 s is shown, for spherical particles
this window is shortest. This is directly related to the higher deposition in the first part
of the process as a higher fraction of particles close to the channel wall are deposited
there.

A histogram of the deposition position of spherical particles with df = 100 nm can
be seen in Figure 7.9 where one bar in the histogram represents 1 mm of the channel.
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Figure 7.9: Histogram over deposition rates for spherical particles with df = 100 nm inserted
at various times.



Chapter 8

Conclusions and Future Work

The behaviour of oblate and prolate nano and micro particles as they are exposed
to a variety of flow fields has been studied in this thesis. A semi analytical model has
been developed in which particle movement and rotation for individual particles can be
tracked. Furthermore, deposition studies from an aggregation of multiple particles can
be performed.

The effect of the breathing pattern on the deposition rate of particles in a human lung
shows that particles injected at the beginning of the cycle have the highest deposition
rate while particles injected at peak inhalation have the lowest, which corresponds to the
individual residence time in the airway. A quasi steady flow can be used to approximate
a cyclic flow if an appropriate mean velocity is used.

When simulating the inhalation of particles in the human lung the influence of both
the Brownian motion and gravitational settling are revealed. It is clear that, as previ-
ously established, Brownian diffusion has a larger influence on smaller particles while
gravitational settling influences larger particles. It is shown that the aspect ratio influ-
ences deposition rates for the inhaled particles, with spherical particles having a higher
deposition rate in general suggesting that they end up in a larger proportion in the higher
airways. When comparing oblate and prolate particles with the same major and minor
axis it is shown that for very small particles the deposition rate for oblate particles is
smaller than that for prolate particles, while for larger particles this is reversed. This is
due to the difference in volume as the gravitational forces on the large oblate particles
are greater, while the Brownian forces are greater on the small prolate particles. When
comparing particles of the same volume it is shown that oblate particles are deposited
higher up in the airway than prolate particles.

When studying particle movement in composite manufacturing it is clear that the
influence of both Brownian motion and gravitational settling is much smaller than that
of the case in the lung, due to the much higher viscosity of the resin compared to air
and the much shorter mean free path. It is clear that the main influence on particle
deposition is the flow field in the channel, although there were some small distinctions
between particles due to Brownian motion and the effect of the gravitational force acting
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on the largest particles studied.
A model of the flow front propagating through both the inter-bundle and intra-bundle

channels has been developed and the deposition of particles injected in this process has
been shown. It is clear that there is a large filtration of particles at the wall of the
bundles as particles injected in the fluid will travel along the channel until close to the
flow front where they will be filtered by the channel wall by the radial capillary velocity
component. Comparing particles with a very large aspect ratio to the spherical particles,
there was some difference in deposition patterns as the spherical particles to a larger
extent, deposited as they where travelling in the channel towards the flow front. As a
result of this particles with a large aspect ratio stayed in the channel longer as the portion
of particles close to the wall and thus in a low velocity flow field did not intercept the
wall until they reached the flow fronts.

8.1 Future work

This particle model is very open to adaptations for various flow fields and geometries.
When applied to lungs, for example, bifurcations can be modelled, the effect of grav-

itational orientation in relation to the airways can be examined and a more thorough
mapping of the relationship between particle volume, shape and deposition rate can be
done.

In the composite case a large variation of channel geometries can be explored, for
example a channel that is bisected with a small bundle of fibre reinforcement or an non-
spherical channel cross-section. There is also a great opportunity to explore further time
dependant impregnation and create a model that takes into account a continuous stream
of particles distributed in proportion to the inlet velocity field.

The model can be developed further to study the interception phenomena properly,
especially as adapted to oblate particles in a non-cylindrical flow. As it is now the
interception criteria is simply the distance between particle center of gravity and channel
wall being smaller than the particles largest axis. On the other hand a more complex
criteria that takes particle rotational angle into account could be implemented, although
this would become more computationally expensive.

It would also be interesting to see this model applied to other areas of interest.
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Elise Holmstedt, Hans O. Åkerstedt, T. Staffan Lundström
Model development, simulations and analysis were preformed by Holmstedt, Åkersted
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Sofie M. Högberg, Hans O. Åkerstedt, Elise Holmstedt, T. Staffan Lundström, Thomas
Sandström

Paper originally published in:
Journal of Fluids Engineering, Trans. ASME J. Fluids Eng, 2012, 134(5)





Sofie M. Högberg
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Time-Dependent Deposition
of Micro- and Nanofibers
in Straight Model Airways
In this paper, we increase the understanding of the influence of the breathing pattern on
the fate of inhaled non-spherical micro and nanoparticles and examine the accuracy of
replacing the cyclic flow field with a quasi-steady flow. This is done with new analysis
and numerical simulations on straight model airways using a previously developed dis-
crete model for fiber motion. For the conditions studied, maximum deposition is obtained
when fibers are released at the start of the inspiratory cycle, and minimum is received at
the peak of inhalation. A quasi-steady solution generally provides a relatively good
approximation to cyclic flow if an average velocity over one residence time of the par-
ticles moving with the mean fluid velocity is used. For a batch type, supply of particles
deposition is favored in light activity breathing as compared to heavy breathing and the
inclusion of a short pause after the inhalation results in an increased deposition in the
terminal bronchiole. During zero-flow over the time of a breathing pause, spherical
10 nm particles experience considerable deposition in the distal airways, whereas only a
few percent of larger and/ or fibrous nanoparticles were deposited. Hence, size and shape
are crucial variables for deposition for no flow conditions. Common for all breathing
parameters examined was that minimum deposition was obtained for the spherical 1 lm-
particles and the fibrous 100 nm-particles. The former is expected from studies on spheri-
cal particles, and the latter is in agreement with results from a recent publication on
steady inspiration. [DOI: 10.1115/1.4006698]

Introduction

Knowledge of how various factors determine the fate of inhaled
particles is of great importance both in health risk assessments on
undesirable aerosols such as air pollution [1,2] and for manufac-
turers of inhalers with therapeutic aerosols. The extent and loca-
tion of particle deposition depend on particle size, density, and
shape, airway geometry, and the individual’s breathing pattern
[3]. Regarding the latter, the complexity of simulating the actual
breathing cycle is often avoided by replacing it with a constant
inspiratory flow, especially for cases where complex or relatively
large systems of airways are studied (see Zhang et al. [4] and Wal-
ters and Luke [5], respectively). There are a number of studies
published on oscillatory flow of larger spherical particles, for
which Brownian motion can be neglected [6]. Zhang et al. [7]
examined how inertial impaction affected the deposition of spheri-
cal micro in a triple bifurcation airway model at laminar oscilla-
tory inhalation flow using a commercial finite-volume code and
found that particle deposition efficiency was typically larger for
cyclic flow than for steady flow at the mean flow rate of a given
inhalation pulse. Kim and Fisher [8] performed experiments on
the same area with the main conclusion that deposition efficiency
increased with the Stokes number and that the bifurcation geome-
try matters. In Zhang et al. [9], the study presented in Zhang et al.
[7] was extended to include spherical nanoparticles and the simu-
lations were validated with experiments. Differences in deposition
between transient and steady cases were highlighted but it was
concluded that with a proper choice of flow rates, the total deposi-
tion can be very similar between transient and steady cases. Ex-
perimental results by Myojo [10] yielded that deposition fraction
of microparticles increased with 1.4–1.7 times for cyclic flow as

compared to steady flow. Kojic and Tsuda [11] investigated the
effects of gravitational settling in oscillatory pipe flow and con-
cluded that oscillating flow must be considered when the time for
gravitational sedimentation is in the same range as the time for
flow oscillation. They also state that the vertical sedimentation of
spherical micro particles in a straight pipe is entirely independent
of the axial flow, neglecting Saffmans lift force [12]. This is not
the case for non-spherical particles since their orientation is influ-
enced by the flow, and the drag in its turn is dependent on the ori-
entation. To the authors’ best knowledge, there are no
publications available on simulations of cyclic inhalation and dep-
osition of non-spherical micro- or nanoparticles.

In previous publications [13,14], we presented a semi-
analytical model for respiratory transport and deposition of fibrous
micro- and nanoparticles, and successfully validated this model
with well-known simpler models for diffusion and sedimentation
[15,16] and models based on a continuous approach [17]. In the
present work, we apply the fiber model on straight model airways
with transient velocity field without secondary flow [18–20] repre-
senting an inhalation and following pause. The problem is solved
numerically with MATLAB, and the velocity field is defined with
an analytical solution. The aims of this work are to increase the
understanding of the influence of the breathing pattern on the
fate of inhaled particles of various shapes, and to examine the ac-
curacy of replacing the cyclic flow field with a constant inspira-
tory flow.

The Importance of Unsteadiness

Depending on the characteristics of the flow, a steady velocity
field may be a good approximation for the motion of fluids as well
as particles carried by the fluid. The relative importance of
unsteadiness in laminar oscillatory flow can be determined from

the Womersley number a ¼ R
ffiffiffiffiffiffiffiffi
n=�

p
, which arises in the solution

of the exact Navier Stokes equations for oscillatory flow when
comparing the unsteady term to the viscous term. Here, R is a
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characteristic length (the airway radius in this context), n (¼2pf)
is the angular frequency, and � is the kinematic viscosity of the
fluid. For small Womersley number flows (a2� 1) the frequency
of the oscillations is low enough for a parabolic velocity profile to
develop during each cycle, and thus Poiseuille flow using the in-
stantaneous pressure gradient is a good approximation. For large
Womersley number flows on the other hand, the velocity profile is
relatively flat and closer to a developing profile.

As we proceed from the proximal airways down the tracheo-
bronchial tree, the airway radii are getting progressively smaller.
Thus, for the alveolar region and much of the distal tracheobron-
chial region, the unsteady terms in the Navier-Stokes equations
are expected to be small, implying small a, at normal breathing.
This assertion is, however, based on using the average value of
the unsteady term. At times when the velocity is small while its
rate of change is relatively large, as is the case at the start-up of an
inhalation and at times between inhalation and exhalation, the
unsteady terms in the fluid equations may not be neglected. In
such cases, the unsteadiness in the fluid dynamics may need to be
included to adequately model aerosol deposition. Furthermore,
even when unsteady effects are unimportant in the fluid equations,
such effects may still be important in determining particle
deposition.

The time a particle is present in an airway of a certain genera-
tion, the so called particle residence time, can be approximated as
tres¼ L/U, where L is the length of the airway and U is the average
fluid velocity in the airway over the time the particle is in that
generation. If the fluid velocity does not change a lot during this
time, such that DU/U is small, the particle sees little variation in
the velocity field and the deposition can be expected to be close to
that predicted from using a steady velocity equal to the value of
the velocity at that time in the breathing cycle. If DU/U is not
small, however, an unsteady velocity field may be required to
predict the particle deposition in that generation [21]. This may
certainly be the case for the application of the present work.

Theoretical Background

In this section, we briefly provide the governing equations for
the velocity field in transient pipe flow, the equations for the fiber
motion and the conditions for the simulations.

Velocity Profile for Transient Pipe Flow. The velocity field
is obtained from an analytic solution for unsteady flow in a circu-
lar pipe [22]. Let y be the coordinate along the axis of the pipe
and r the distance from the center, then if the pipe is assumed
long enough for the solution to be independent of y, the Navies-
Stokes equations in cylindrical coordinates reduce to

@v

@t
¼ � 1

q
@p

@y
þ �

@2v

@r2
þ 1

r

@v

@r

� �
(1)

with no-slip boundary condition on the airway walls. Here, v is
the axial velocity component, p is the fluid pressure, and q is the
fluid density. For an oscillating pressure gradient

� 1

q
@p

@y
¼ K sin nt (2)

we obtain the solution

vðr; tÞ ¼ �K

n
eint 1� J0 r

ffiffiffiffiffiffiffiffiffiffiffiffiffi�in=�
p� �

J0 R
ffiffiffiffiffiffiffiffiffiffiffiffiffi�in=�

p� �
" #

(3)

where J0 is the zeroth order Bessel function and K is a constant.
To solve for the fiber motion we will also need the space
derivatives

@v

@x
¼ x

r

@v

@r
;

@v

@z
¼ z

r

@v

@r
(4)

with

@v

@r
¼ �K

n

ffiffiffiffiffiffiffiffiffiffiffiffiffi
�in=�

p J1 r
ffiffiffiffiffiffiffiffiffiffiffiffiffi�in=�

p� �
J0 R

ffiffiffiffiffiffiffiffiffiffiffiffiffi�in=�
p� � (5)

The velocity and corresponding space derivatives are given in
complex form above, but only the real part will be used since the
imaginary part lacks physical relevance. The shape of the velocity
profile over the airway cross-section is shown for various phases
of the inhalation for trachea, referred to as Weibel’s generation 0
(G0), and terminal bronchiole (G16) in Fig. 1. Here, the influence
of the Womersley number is evident.

Fiber Equations of Motion. The model for the fiber motion is
described in detail in Ref. [13], and only a brief summary consid-
ered relevant to the understanding of the underlying model is
given here. Also, as the focus is on nanofibers in the present work,
details of the important forces on microfibers, for instance, are
excluded but can be found in the original work [13]. Two coordi-
nate frames are defined; a global coordinate system [x,y,z] fixed in
space and a local coordinate system [x0,y0,z0] fixed to the fiber,
with the fiber polar axis along z0. Now let a rotation matrix A

Fig. 1 Velocity profiles at nt5 0, p/8, p/4, p/2 for Weibel’s generation 0 (G0, a5 2.8) and 16
(G16, a50.1) at light activity breathing
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transform from local to global coordinates so that if a vector x0 is
considered, the matrix A may be used to obtain its components in
the rotated global coordinate system via x0 ¼Ax. The equations of
motion for the fibers are given by the equations for the transla-
tional motion

dx

dt

dy

dt

dz

dt

2
6666664

3
7777775
¼

u

v

w

2
64

3
75þ AT

vBr;x0 ðtÞ
vBr;y0 ðtÞ
vBr;z0 ðtÞ

2
64

3
75 (6)

and the equations for the rotational motion may be written as

xx0 ¼ n0 � b2 � 1

b2 þ 1
_ey0z0 þ vrx0

ffiffiffiffiffiffiffiffiffiffiffi
2D?r

dt

r
(7)

and

xy0 ¼ g0 þ b2 � 1

b2 þ 1
_ex0z0 þ vry0

ffiffiffiffiffiffiffiffiffiffiffi
2D?r

dt

r
(8)

Rotation about the fiber major axis z0 does not affect fiber trans-
port due to the fiber rotational symmetry and hence is excluded in
the analysis. In Eq. (6), [dx/dt, dy/dt, dz/dt] are the components of
the fiber velocity, [u,v,w] are the components of the fluid velocity,
and

vBr;i0 ðtÞ ¼ vi0
t

ffiffiffiffiffiffiffiffiffiffi
2Di0

t

d t

r
(9)

is the Brownian diffusion velocity. Furthermore, dt is a Brownian
time increment, vti0 is a standard normally distributed random
number, and

Di0
t ¼ rT=3pldi0 (10)

is the translational diffusion coefficient. Here, di0 denotes the
Stokes diameters and these are given by

dk ¼
4

3
ðb2 � 1Þdf

Ckt
2b2 � 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 1

p ln bþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 1

q� �
� b

" # (11)

d? ¼
8

3
ðb2 � 1Þdf

C?t 2b2 � 3ffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 1

p ln bþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 1

q� �
þ b

" # (12)

for a fiber oriented parallel and perpendicular to the direction of
motion, respectively. r is the Boltzmann constant, T is the abso-
lute temperature of the fluid, b is the fiber aspect ratio (length to
diameter), df is the geometric fiber diameter, and Ci0

t is the slip
correction factor.

In Eqs. (7)–(8), [xx0, xy0] are the components of the fiber angu-
lar velocity, and the last term on the right hand side of these equa-
tions denotes the Brownian angular velocity, with

D?r ¼ rTB?r (13)

being the rotational diffusion coefficient. The angular mobility is
given by

Br? ¼
3C?r 2b2 � 1ffiffiffiffiffiffiffiffiffiffiffiffiffi

b2 � 1
p ln bþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 1

q� �
� b

" #

2pldf
3 b4 � 1
� � (14)

where l is the dynamic viscosity and C?r is the rotational slip cor-
rection factor. Expressions for both the translational and rotational
diffusion coefficients are found in Ref. [13], and for the nanofibers

they are close to unity. Furthermore, _eij ¼ 1
2

@uj
@xi

þ @ui
@xj

� �
are the

elements of the deformation rate and n; g; f½ �T ¼ 1

2
r� uð Þ are the

spin tensors. The latter two are received in global coordinates
from the solution of the flow field, and the local equivalents are
found by the transformations

_ei0j0 ¼ A _eijA
T ; n0; g0; f0½ �T ¼ A n; g; f½ �T (15)

Fiber rotation is represented with quaternions [23,24] that consist
of four parameters describing the evolvement of fiber orientation
using a unit vector for the axis of rotation and an angle of rotation
around that axis. Following the derivation in Ref. [13], we obtain
the rotation matrix

A ¼ 2

q1
2 þ q4

2 � 1

2
q1q2 þ q3q4 q1q3 � q2q4

q1q2 � q3q4 q2
2 þ q4

2 � 1

2
q2q3 þ q1q4

q1q3 þ q2q4 q2q3 � q1q4 q3
2 þ q4

2 � 1

2

2
66664

3
77775 (16)

The coefficients of the quaternion, q1 to q4, can be computed from
the Euler angles provided for the initial orientation using the rela-
tions [23,24]

q1 ¼ sin
h
2
cos

/� w
2

(17)

q2 ¼ sin
h
2
sin

/� w
2

(18)

q3 ¼ cos
h
2
sin

/þ w
2

(19)

q4 ¼ cos
h
2
cos

/þ w
2

(20)

where ð/;h;wÞ are the Euler angles obtained using the x-conven-
tion [23]. The quaternion coefficients can then be updated in every
time step with

_q1
_q2
_q3
_q4

2
6664

3
7775 ¼ 1

2

q4 �q3 q2 q1
q3 q4 �q1 q2

�q2 q1 q4 q3
�q1 �q2 �q3 q4

2
664

3
775

xx0

xy0

0

0

2
664

3
775 (21)

Simulation Conditions. We consider cyclic and quasi-steady
laminar flow in straight horizontal airways with dimensions
according to Weibel’s model A [25], for which results will be pre-
sented for both light and heavy activity levels. For the light activ-
ity level, a tidal volume, Vt, of 750 ml is used and a respiratory
cycle of 4 s duration is assumed. The latter includes an inhalation,
an exhalation and a pause in between, in total corresponding to a
respiratory frequency of 15 min�1 and a tracheal flow rate
Qlight¼ 25.9 l/min. The inspiratory portion of the cycle, tin, is
assumed to be 1.74 s, and on the basis of pneumotachographic
data the length of the pause after inhalation is taken to be 5% of
the total respiratory cycle, i.e., 0.2 s for this level of activity. This
definition of the respiratory cycle corresponds to that described by
the Task Group on Lung Dynamics in ICRP [26]. For the heavy
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activity breathing, a volumetric flow rate of 60 liters/min and a re-
spiratory frequency of 30 min�1 are set, whereby tin¼ 0.87 s.

The actual respiration profiles for light and heavy breathing
conditions are presented in Fig. 2. The volumetric flow rate is
expressed as

QðtÞ ¼
ðR
0

vðr; tÞ 2p r dr (22)

and the inhaled volume versus time is given by

VðtÞ ¼
ðt
0

QðtÞ dt (23)

The constant K in Eq. (3) may now be derived from the condition
that the inhaled volume V(t) after time tin is Vin according to

VðtinÞ ¼ Vin

Notice that since the volumetric flow rate in an airway of genera-
tion Z is given by QZ ¼ Q

2Z
, where the tracheal flow rate is Q, K in

Eq. (3) can be computed for each generation. In the simulation
results that follow, we have considered the inspiratory part of the
breathing cycle and a subsequent pause. Additionally, the fiber
behavior for zero-flow in the distal airways is scrutinized.

Deposition due to gravitational settling, Brownian motion and
interception is considered, and the deposition efficiency, DE, is
defined as the quotient of the number of fibers that are deposited
in an airway of specified generation (within a given time), and the
number of fibers that are injected. Deposition results are based on
simulations of 10,000 particles. In a previous paper we found that
100,000 particles were required to obtain results that are inde-
pendent of fiber initial conditions; the error introduced when using
10,000, however, is considered small enough for our purposes. If
not stated otherwise, results are for light activity breathing.

Results and Discussion

Influence of the Moment of Fiber Injection and of Quasi-

Steady Versus Cyclic Flow. Maximum deposition is obtained
when fibers are released at the start of the inspiratory cycle, and
the minimum is received at the peak of inhalation (nt¼ p/2), i.e.
when the flow rate is highest. Figures 3–5 show the deposition
efficiency as a function of injection time for Weibel’s generation

Fig. 2 Inhaled volume versus time for light and heavy activity

Fig. 3 Deposition efficiency in Weibel’s G6 for fibers with b5 3 (left) and b5100 (right) as a
function of moment of fiber injection

Fig. 4 Deposition efficiency in Weibel’s G11 for fibers with b5 3 (left) and b5 100 (right) as a
function of moment of fiber injection
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6, 11, and 16. The dimensions of the different airways of the
Weibel’s generations used are given in the Appendix.

This finding is in agreement with simple analysis since the par-
ticle settling distance is proportional to t and the displacement due
to Brownian motion is proportional to Ht, thus deposition of both
micro- and nanoparticles is favored by longer residence time.
Steady-state simulations with Poiseuille flow, with the mean ve-
locity set to that for the cyclic flow field at the time of fiber injec-
tion, generally overestimated fiber deposition when fibers were
injected before the peak velocity was reached, see non-filled sym-
bols in Fig. 5. This is also reasonable since, in this case, the fibers
do not experience the small increase in velocity that they do in the
cyclic simulation. With the same reasoning, the opposite behavior
was observed if fibers were injected after the peak (see Fig. 5 for
deposition in Weibel’s generation 16 (G16)). The best agreement
is achieved for fibers injected at the peak velocity, which is
expected since this is where we have the shortest particle resi-
dence times, and thus particles only see little changes in the veloc-
ity field as long as they are within the airway. A better steady flow
approximation of the cyclic flow is to use a steady velocity aver-
aged over one residence time, in which the residence time is cal-
culated from the particles moving with the mean fluid velocity,
see the gray symbols in Fig. 5; see also Table 1.

As obvious from Figs. 3–5, the deposition is influenced by pa-
rameters such as particle characteristics and airway generation,
and the trends are in agreement with those presented for steady
inspiratory flow [13]; the deposition efficiency generally increases
with airway generation number and the lowest deposition effi-
ciency was obtained for spherical 1 lm-particles and fibrous 100
nm-particles, for instance.

Light versus Heavy Activity Level. To examine the influence
of the level of activity on the behavior of inhaled particles, simu-
lations were performed both at conditions of light and heavy ac-
tivity breathing, for which fibers were either injected at the start
of an inhalation or at the peak velocity (tin/2), and results refer to
the deposition that took place over one inhalation. The deposition

of nanoparticles in one inhalation was in all cases higher at light
activity breathing as compared to heavy activity breathing, which
is reasonable since the time over which the inhaled fibers can de-
posit is longer for the lower flow rate (see Table 2). Using the
results in Table 2, a pairwise comparison with a student t-test
yields a 99.9% probability that the light activity deposition is
higher than the heavy activity deposition. In addition, for the
microparticles, all results indicate that the light activity deposition
is higher, and a student t-test in this case yields a probability of
99.2% that this is true (see Table 3). This result holds for a batch
type of supply of particles. The relatively large difference in depo-
sition as a function of activity level confirms that it is possible to
target and optimize drug delivery as to breathing pattern in addi-
tion to aerosol, composition, size and shape, [9,27,28]. Note, how-
ever, that the respiratory frequency for heavy activity is twice the
one for light activity. Hence, for a continuous supply of particles,

Fig. 5 Deposition efficiency in Weibel’s G16 (a5 0.1) for fibers with b5 3 (left) and b5 100
(right) as a function of moment of fiber injection. Non-filled and gray symbols represent
quasi-steady solution with initial and mean velocity approximation, respectively.

Table 1 Average residence times based on average fluid velocity for different generations, activity and time of injection

Generation Activity Phase of injection p/8 Phase of injection p/4 Phase of injection p/2

6 Light 0.137 0.074 0.052
11 Light 0.028 0.016 0.011
16 Light 0.112 0.063 0.045
6 High 0.044 0.024 0.017
11 High 0.010 0.006 0.004
16 High 0.039 0.021 0.015

Table 2 Deposition of nanoparticles in one inhalation for light
and heavy activity level

Gen
a (heavy,
light)

df
[lm] b

Inject at t¼ 0 Inject at t¼ tin/2

DEheavy (%) DElight (%) DEheavy(%) DElight (%)

6 0.61,0.43 0.01 3 3.8 5.4 1.8 2.8
100 1.1 1.7 0.4 0.9

0.1 3 0.8 1.2 0.39 0.77
100 0.51 0.66 0.30 0.52

11 0.24,0.17 0.01 3 9.5 14.4 4.7 7.1
100 2.7 3.9 1.4 2.4

0.1 3 1.8 2.6 0.93 1.6
100 1.2 1.7 0.64 1.3

16 0.13,0.09 0.01 3 22.8 39.2 11.8 20.5
100 6.0 10.9 3.6 6.4

0.1 3 4.5 8.4 2.7 4.6
100 2.7 4.0 1.6 2.8
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the results suggest that the delivered dose is higher for the higher
activity level with probabilities of 95.1% and 91.4% for nano- and
microparticles, respectively. One obvious reason to this is that the
amount of particles inhaled in two inhalations at heavy activity
breathing exceeds that inhaled in one inhalation at light activity.
The overall high probability values show that we can be very con-
fident in these results (see Tables 2 and 3).

Influence of Adding a Pause Following the Inhalation. So
far, we have only considered the inspiratory part of the respiratory
cycle. The ultimate goal would be to simulate a whole breathing
cycle, or even multiple breaths. Since that is extremely complex,
one option is to include a pause after the inhalation. Under the
conditions studied, this only influenced fibers injected in the later
part of the inspiratory cycle, otherwise fibers already had depos-
ited or left that airway generation. The deposition efficiency and
the fraction of fibers that remained suspended at the end of the
simulation are shown in Table 4 for fibers injected at 3=4 tin in gen-
eration 16. The inclusion of the short pause after the inhalation
resulted in slightly increased deposition for most cases. The dis-
tances covered by the fibers in the extra time given by the pause is
quite small, however, and in earlier generations, where airway
diameters are larger and the fraction of suspended fibers after an
inhalation is smaller, only minor increase in deposition was
obtained.

Fiber Transport During Zero-Flow in the Distal
Airways. After the lobar bronchi, the velocity in the airways
decreases rapidly as a result of the tremendous increase in total

airway cross-sectional area due to the large number of small air-
ways [3]. Hence, very low velocities are found in the distal air-
ways, and as an extension of the preceding discussion, deposition
simulations are carried out for zero-flow over the time of the
breathing pause, tpause. The result is that the small and close to
spherical nanoparticles (df¼ 10 nm, b¼ 3) are deposited to a
rather large extent 23–39% while fibrous nanoparticles (b¼ 100)
of the same diameter and the larger nano particles are much less
efficiently deposited< 6%, implying an increased risk of reaching
the alveoli, see the right most column in Table 5.

Let us now do some analysis to scrutinize these results. The net
Brownian displacement in a given time can be estimated with the
formulas

xrms
2 ¼ x2

	 
 ¼ 2Dtt (24)

rrms
2 ¼ x2

	 
þ z2
	 
 ¼ 4Dtt (25)

for 1D and 2D motion, respectively. Here the diffusion coefficient
is averaged over all directions using

Dt ¼ 1

3
2Dt? þ Dtk
� �

(26)

From Eq. (24), the time required for a fiber to diffuse through an
airway of length L can be estimated with

tBrL ¼ L2
�
2Dtð Þ (27)

and the time to radially diffuse one airway diameter can similarly
be estimated with

tBrDpipe ¼ Dpipe
2
�
4Dtð Þ (28)

The relative size of the net Brownian displacement in the radial
direction during tpause can be computed as

rpauserms=Dpipe (29)

To connect the radial displacement to the DE of fibers released
with uniform distribution over the airway entrance as done in the
simulations, the quantity rpauserms/Dpipe can be regarded as the
maximum distance from an airway wall that a fiber may start from
in order to deposit in an airway of a certain dimension within a
given time. The deposition efficiency calculated in this way com-
pares very well with those from the simulations (see Table 5). For
the largest nanofibers considered (df¼ 100 nm, b¼ 100) intercep-
tion adds to the deposition, which explains the discrepancy seen
between analysis and simulation results for these fibers. The depo-
sition efficiency without interception is shown in parenthesis, and
again good agreement is obtained with theory. Thus when inter-
ception comes into play, Eq. (29) is not very useful, reflecting the
usefulness of the simulations once the problem becomes a little
bit more complex. The analysis furthermore yields that tBrDpipe is
long or very long compared to tpause, and that it rapidly increases
with fiber size and aspect ratio, which explains the subsequent
decrease in deposition efficiency. The time tBrL is even longer;
thus the Brownian displacement in the airway length-wise direc-
tion is negligible. After sorting this out it is safe to conclude that,
except for the spherical 10 nm-particles, the nanoparticles basi-
cally follow the streamlines and seem to have the potential to
reach the last generations of the respiratory airways without being
deposited to any larger extent along the way.

For comparison, we also performed deposition simulations for
microfibers in the same airway generations. As opposed to the
nanofibers, the deposition of microfibers increases with fiber
aspect ratio for a given particle diameter due to the added contri-
bution from sedimentation (due to larger particle mass) and inter-
ception (due to increased fiber length), and all but the shortest

Table 3 Deposition of microparticles in one inhalation for light
and heavy activity level

Gen df [lm] b

Inject at t¼ 0 Inject at t¼ tin/2

DEheavy (%) DElight (%) DEheavy (%) DElight (%)

6 1.0 3 0.46 0.85 0.22 0.56
100 2.3 2.9 1.7 2.4

2.5 3 1.3 2.4 0.61 1.2
100 5.5 7.2 3.7 5.2

5.0 3 3.2 6.3 1.2 2.2

11 1.0 3 1.2 2.0 0.61 1.2
100 5.5 6.8 4.8 5.6

2.5 3 3.4 6.4 1.5 2.7
100 15.2 18.5 12.3 14.1

5.0 3 9.2 16.4 3.2 5.4

16 1.0 3 3.74 7.98 1.71 4.09
100 10.86 15.57 9.89 11.42

2.5 3 9.06 19.27 4.2 9.23
100 31.43 56.11 27.3 29.29

5.0 3 25.47 80.82 9.2 20.4

Table 4 Impact of adding a pause after the inhalation

Inhalation Inhalationþ pause

df [lm] b DE (%) Susp (%) DE (%) Susp (%)

0.01 3 39.2 0.18 39.1 0.11
100 10.9 1.4 11.1 1.2

0.1 3 8.4 3.6 8.4 3.1
100 4.0 8.0 3.6 8.1

1.0 3 8.0 3.8 8.4 3.5
100 15.6 0.20 15.4 0.08

2.5 3 19.3 0.06 20.9 0.02
100 56.1 1.6 56.4 1.7

5.0 3 80.8 0.45 81.2 0.66
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microfibers were experiencing significant deposition during the
breathing pause (see Table 6).

Conclusions

Cyclic inhalation and deposition was examined for spherical
and fibrous particles ranging from micro- to nanoscale. The influ-
ence of the breathing pattern on the fate of inhaled particles was
studied. Maximum deposition is obtained when fibers are released
at the start of the inspiratory cycle, and the minimum is received
at the peak of inhalation. In general, quasi-steady solutions pro-
vide a good approximation to the cyclic flow if an appropriate
mean velocity is used. This suggests that a steady state flow
scheme can be used experimentally greatly simplifying the
required experimental setup. It can furthermore be concluded,
with high statistical significance, that for a batch type of supply of
particles the deposition in one inhalation is higher at light activity
than at heavy breathing. For a continuous supply of particles,
however, the results suggest that the delivered dose is consider-
ably higher for the higher activity level. The inclusion of a short
pause after the inhalation results in an increased deposition in the
terminal bronchiole; the distance covered by the fibers in the extra
time given by the pause is quite small, however, and hence only
minor effects were found in earlier airway generations. During
zero-flow over the time of a breathing pause, the spherical 10 nm
particles were experiencing significant deposition in the distal air-
ways, whereas only a few percent of the larger and/or fibrous
nanoparticles were deposited. The ratio of the net Brownian dis-
placement in the radial direction during the time of the breathing

pause and the airway diameter is a good prediction of nanofiber
deposition, except for very slender and long fibers; thus in
most cases this can be regarded as the maximum distance from an
airway wall that a fiber may start from in order to deposit in an
airway of a certain dimension within a given time. For particles in
the micro-range, all but the shortest microfibers were significantly
deposited during a breathing pause.

Finally, for all the breathing parameters examined, the lowest
deposition efficiency was obtained for spherical 1 lm-particles
and fibrous 100 nm-particles. The former is expected from studies
on spherical particles, for which deposition is known to be least
efficient for particles with diameters around 0.5–1 lm, and the
latter is in agreement with results in Högberg et al. [13] where it
was found that for particles with elongated shape, minimum depo-
sition is achieved for particles with diameters in the size range
10–100 nm and lengths of 1–10 lm. The latter includes a common
size-range of Multi-walled carbon nanotubes.

The results presented here holds for straight tubes with smooth
walls; in a parallel study we have found that the surface roughness
in the form of cartilaginous rings present in the lower generations
have a small effect on deposition of spherical nano-particles.
Since nano-fibers in general give smaller deposition rates than
spherical particles, we believe that this is also the case for fiber
deposition with a wall structure like cartilaginous rings [29]. On-
going work includes different forms of the particles [30] and more
complex shapes of the air ways including secondary flows of dif-
ferent types [8,17,20].
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Appendix

The dimensions of the different airways of the Weibel geometry
are listed in Table A1.

Table 5 Nanoparticle deposition for zero-flow during tpause and diffusion time-scales in the distal airways

Gen Dpipe[mm] df [lm] b Dt [m2/s] tBrDpipe [s] tBrL [s] rpauserms/Dpipe (%) DE (%)

16 0.60 0.01 3 2.7�10�8 3.3 50.5 24.5 23.5
100 9.7�10�10 93 1.4�103 4.6 4.5

0.1 3 3.7�10�10 2.4�102 3.7�103 2.9 2.7
100 2.0�10�11 4.6�103 6.9�104 0.7 1.9 (0.6)

19 0.47 0.01 3 As above 2.1 18.2 31.3 32.6
100 57 5.1�102 5.9 5.4

0.1 3 1.5�102 1.3�103 3.7 3.1
100 2.8�103 2.5�104 0.9 2.2 (0.7)

22 0.41 0.01 3 As above 1.6 6.5 35.8 39.1
100 43 1.8�102 6.8 6.2

0.1 3 1.1�102 4.7�102 4.2 3.5
100 2.1�103 8.8�103 1.0 2.5 (0.8)

Table 6 Microfiber deposition at zero-flow during tpause in the
distal airways

Gen Dpipe [mm] df [lm] b DE (%)

16 0.60 1.0 3 1.5
100 10.0

2.5 3 5.5
100 35.5

5.0 3 28.4

19 0.47 1.0 3 1.7
100 12.8

2.5 3 7.9
100 45.7

5.0 3 41.6

22 0.41 1.0 3 1.9
100 14.6

2.5 3 9.1
100 51.1

5.0 3 47.4

Table A1 Dimensions of the different airways of the Weibel
geometry

Generation Radius [mm] Length [mm]

0 9 120
6 1.4 90
11 0.545 3.9
16 0.3 1.65
19 0.235 0.99
22 0.205 0.59
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Modeling Transport and
Deposition Efficiency of Oblate
and Prolate Nano- and
Micro-particles in a Virtual
Model of the Human Airway
A model for the motion and deposition of oblate and prolate spheroids in the nano- and
microscale was developed. The aim was to mimic the environment of the human lung, but
the model is general and can be applied for different flows and geometries for small non-
spherical particle Stokes and Reynolds numbers. A study of the motion and orientation of
a single oblate and prolate particle has been done yielding that Brownian motion disturbs
the Jeffery orbits for small particles. Prolate microparticles still display distinguishable
orbits while oblate particles of the same size do not. A statistical study was done compar-
ing the deposition efficiencies of oblate and prolate spheroids of different size and aspect
ratio observing that smaller particles have higher deposition rate for lower aspect ratio
while larger particles have higher deposition rates for large aspect ratio.
[DOI: 10.1115/1.4032934]

1 Introduction

Theories for the motion of oblate and prolate ellipsoids will be
outlined and the models presented will be applied on particle dep-
osition in the respiratory airways. The theory is important for a
number of applications including particle deposition in the respi-
ratory airway [1,2], the feeding of biofuels [3,4], the manufactur-
ing of fiber-reinforced composites with added properties [5,6],
and paper making [7,8]. Regarding particle deposition in the respi-
ratory airways, the topic is significant both for evaluating health
effects of inhaled toxic matter and for estimating the efficacy of
drug delivery with pharmaceutical aerosols [9–11].

The development of new smart materials containing micro- and
nano-particles, such as carbon nanotubes, is a very popular branch
of material science nowadays. Such tiny and nonspherical par-
ticles are, however, potentially toxic and thus may pose a substan-
tial health risk [12]. Carbon nanotubes are approximately
10–100 nm in diameter with lengths of around 150 lm and can be
treated as prolate ellipsoids. Although usually smaller than asbes-
tos fibers, there are concerns that they may cause similar adverse
health effects upon inhalation. Nanoparticles may be given addi-
tional shapes like oblate spheroids [13]. This is a shape that also
may describe wood chips and microparticles for drug delivery
[14]. Hence, there are many reasons to do fundamental studies of
the motion of prolate and oblate ellipsoids [15].

There are two main techniques for the analysis of the transport
of particles and their deposition for a given flow and geometry.
One method is to solve the particle equations of motion for a flow
field given by the solution of the Navier–Stokes equations. To
include effects of Brownian motion, a stochastic force is intro-
duced. If launching a large number N of particles, particle deposi-
tion statistics can be disclosed. The error of the method when
considering stochastic differential equations of this kind is of
order O N�1=2ð Þ [16]. This method has been successfully applied
to derive the deposition of prolate micro- and nano-particles for a
fully developed pipe flow [17]. The second approach is to utilize

the Fokker–Planck equation to find solutions for the probability
density function [16]. Statistical averages can then be found from
moments of the probability density function. For spherical par-
ticles, this is equivalent to solving a steady convective–diffusion
equation for the probability density function as a function of
space. To find the deposition of particles, the diffusive flux is inte-
grated over the boundary of the pipe. This method has, for
instance, been used to study the deposition of spherical particles
in a model airway with cartilaginous rings, representing the large
conducting airways [18]. For nonspherical particles, the probabil-
ity density function also depends on the orientation described by
the Euler angles, and the deposition is found by averaging over
the angles and integrating the probability diffusive flux over the
pipe boundary [19]. Comparing the results between the two rather
different approaches given in Refs. [17] and [19], a good agree-
ment is found. The Fokker–Planck equation for nonspherical par-
ticles was considered for fully developed pipe flow by Asgharian
and Gradon [20]. It should be pointed out that this method is a
one-way coupling method between the continuous phase and the
discrete phase. This means that the presence of the particles does
not influence the flow of the continuous phase.

The present study is a continuation of the previous work [17] in
which particle tracking of prolate spheroids in different genera-
tions of the human lung was considered. Here, using the same
method, we consider the particle tracking of the other type of
spheroids called oblate spheroids. We consider a single particle
study comparing the Jeffery types of orbits for oblate and prolate
particles, with and without the effects of Brownian motion. We
also consider a comparison of the deposition statistics for the two
types of particles for the application of the deposition in the differ-
ent generations of the human lung.

2 Simulation Setup

We assume a flow speed corresponding to light physical activ-
ity for which the tracheal flow rate is 431 cm3=s. The Reynolds
number for the flow in trachea is then about 2000, and therefore in
the transition region between laminar and turbulent flow. In gener-
ation 2, the Reynolds number is about 1100 and therefore laminar.
In this study, we will consider laminar flow which means that this
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study is limited to conditions from generation 2 and below. The
maximum velocity for the flow to be laminar in generation 2 is
about 3.5m/s. We assume that the flow is in the y-direction with
an inlet in the y¼ 0 plane. A representation of the geometry can
be seen in Fig. 1. In this figure, the initial positions of an oblate
and prolate particle in a single particle simulation are also defined.
Two types of geometries will be considered: a pipe with uniform
cross section to study the evaluation of orientation of single par-
ticles and a larger-scale model where the deposition rates are cal-
culated for a number of these pipes with a radius and length that
goes from large to small corresponding to the size of the various
bronchi. This information is then compiled to represent a model
of the lung.

2.1 Particle Geometry. The particles studied are oblate and
prolate spheroids with two defining characteristics: b, aspect ratio,
and df, geometric diameter. b is defined as radius of the major axis
of the spheroids divided by the minor, so bprolate ¼ a=b and
boblate ¼ b=a, where a is the polar semi-axis and b is the equato-
rial. The geometric diameter is based on the equatorial radius, so
df ¼ 2b. This is illustrated in Fig. 2.

2.2 Particle Equations of Motion. Two coordinate systems
are defined to describe the movement of the particles. Global
coordinates x; y; z½ � and local ones x0; y0; z0½ � fixed to the particle
with the polar axis along z0. The global coordinate system has the
inlet of the airway on the x; z½ � plane with origin fixed in the center
of the circular inlet and the flow field moving in the positive y-
direction. As particles rotate, the angle between the local and
global coordinates is described using Euler angles, as depicted in
Fig. 3.

For this study, we assume that the Stokes number is small for
the particles such that inertia may be neglected. To justify this
approach, we start from the full set of equations of motion for the
particles

m
d2xi
dt2

¼ Fh
i þ Fg

i þ f Bri (1)

Ii � dxi

dt
þ eijkxjxkIk ¼ Th

i þ TBr
i (2)

Here, Ii is the moment of inertia chosen with respect to the princi-
pal axes of the body and xi is the components of the angular
velocity.

The forces affecting the particles are the hydrodynamic, gravi-
tational, and Brownian, and the torques are hydrodynamic and
Brownian. Before we consider the Stokes numbers and a discussion

about the validity of neglecting inertia, we describe the different rel-
evant forces in Secs. 2.3–2.5.

2.3 Hydrodynamic Force and Torque. The drag force on
the particles considered in this study may be expressed as

Fh ¼ 3plAT

d? 0 0

0 d? 0

0 0 dk

2
664

3
775A

u� dx

dt

v� dy

dt

w� dz

dt

2
66666664

3
77777775

(3)

and is thus dependent on the orientation of the particle in the
Stokes flow regime. In this equation, l is the dynamic viscosity of
the fluid, u; v;w½ � are the components of the fluid velocity,
dx=dtð Þ; dy=dtð Þ; dz=dtð Þ½ � are the components of the particle

velocities, and A is the rotation matrix between the local and
global coordinates and defined as

A ¼
cwc/� chs/sw cws/þ chc/sw shs/
�swc/� chs/cw �sws/þ chc/cw shc/

shsw �shcw ch

2
4

3
5 (4)

where c/ ¼ cos/; s/ ¼ sin/, etc., and /; h;wð Þ are the Euler
angles of the particles.

2.3.1 Translation. For a prolate spheroid, d? and dk are the
Stokes diameters oriented perpendicular and parallel to the direc-
tion of motion, respectively, and are given by [17]

Fig. 1 A representative sketch of the geometry used in the
simulations with the initial position for an oblate and a prolate
particle in the single particle runs

Fig. 2 Illustration of the spheroids used in the simulations: (a)
oblate particle with polar semi-axis a and equatorial b and (b)
prolate particle with polar semi-axis a and equatorial b

Fig. 3 Euler angles connecting a particles local coordinates to
the global ones [5]
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Here, b is the fiber aspect ratio, df is the geometric diameter, and
Ct
k and Ct

? are the slip correction factors for the fluid dynamic
drag that are included to extend the validity of the drag force to
include particles that are so small that their diameter is close to
the mean free path of air molecules.

Equations (5) and (6) are valid for prolate as well as oblate
spheroids if oblate spheroids are defined with b < 1. This means
that the imaginary part of the logarithm and square root must be
taken into account; hence, b is replaced with 1=b in Eqs. (7) and
(8) so that the aspect ratio is defined as greater than unity for both
prolate and oblate spheroids. The Stokes parameters for oblate
spheroids are then given by

d?
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¼
8

3
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� �
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?

b 3b2 � 2
� �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 1

p arctan
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" # (7)
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¼
4

3
b2 � 1
� �
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k
b b2 � 2
� �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 1

p arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 1

q� �
þ b

" # (8)

This result is also given by Happel and Brennen [21].
No exact expression for the slip correction factors exists for

prolate and oblate spheroids, and an approximate method by Dah-
neke [22] is applied. This method will be outlined in Sec. 2.3.3.

2.3.2 Rotation. The equations for the fluid dynamic torque for
an ellipsoid body in a viscous shear flow as derived by Jeffery
[23] and simplified for the current case can be written in the fol-
lowing manner:

Th
x0 ¼

1

Br
?

n0 � xx0ð Þ � b2 � 1

b2 þ 1

 !
_ey0z0

" #
(9)

Th
y0 ¼

1

Br
?

g0 � xy0
� �� b2 � 1

b2 þ 1

 !
_ex0z0

" #
(10)

Due to rotational symmetry rotation about the major axis does not
affect the transport and is therefore omitted. The tensor xi0 is the
fiber angular velocity, _eij ¼ 1=2ð Þ @uj=@xi

� �þ @ui=@xj
� �� �

is the
elements of the deformation rate, and n; g; f½ �T ¼ 1=2ð Þ r � uð Þ is
the spin tensor. The latter two tensors are derived from the global
flow field and are translated to local equivalents by

_ei0j0 ¼ A_eijA
T (11)

n0; g0; f0
� T ¼ A n; g; f½ �T (12)

The angular mobility for prolate spheroids may be expressed
as [17]

Br
?;prolate ¼

3Cr
?

2b2 � 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 1

p ln bþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 1

q� �
� b

" #

2pld3f b4 � 1
� � (13)

For oblate spheroids, this mobility is given by the following
relationship

Br
?;oblate ¼

3Cr
?

2� b2
� �

bffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 1

p arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 1

q� �
� b

" #

2pld3f
1

b2
� b2

� � (14)

2.3.3 Slip Corrections Factors. No exact expressions for the
drag of prolate and oblate spheroids exist in the free molecular
flow limit where Kn ¼ 2k=df

� �
approaches infinity, in which k is

the mean free path of the air molecules. For cylinders, however,
expressions have been derived by Dahneke [24]. Therefore, in this
limit, the drag of prolate and oblate spheroids is modeled by the
results of a cylinder. To extend the validity for the drag force
from small Knudsen numbers Kn to large Kn, the Cunningham
factors are applied with an adjusted radii as suggested by Dahneke
[24]. The Cunningham factors for prolate spheroids are given by
H€ogberg et al. [17]. Using the replacement b ! 1=b gives the fol-
lowing result for oblate spheroids:

Ci0 ¼ 1þ df
2ri0

Kn 1:257þ 0:4 exp
�2:2ri0

df Kn

� �� �
(15)

The adjusted radii for translational motion parallel and perpen-
dicular to the flow are then expressed as

r1 ¼ 1:657dfb

16 b2 � 1
� � (16)

K1 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 1

p (17)

K3 ¼ K1 log bþ 1

K1

� �
(18)

K2 ¼ b� K3 (19)
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2b2 � 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 1

p arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffi
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An adjusted radii for rotational movement of oblate spheroids
around its axis is given by
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2.4 Gravitational Settling. One deposition mechanism is
gravitational settling or sedimentation. It comes into play for large
particle masses for longer time periods and is most noticeable
within horizontal small airways. Particle density is usually much
greater than the surrounding air, and thus buoyancy can be
neglected. The gravitational force is defined in the positive z-
direction with magnitude

Fg
z ¼ pqf gd

3
f b=6 (23)

for prolate spheroids and

Fg
z ¼ pqf gd

3
f =6b (24)

for oblate spheroids, where qf is the density of the particle and g is
the gravitational acceleration.

2.5 Brownian Motion. The Brownian force and torque are
modeled as independent zero-mean Gaussian white noise proc-
esses [17], which for spheroids take the following form:

FBr
i0 tð Þ ¼ vti0

ffiffiffiffiffiffiffiffi
pSti0
dt

r
(25)

TBr
i0 tð Þ ¼ vri0

ffiffiffiffiffiffiffiffi
pSri0
dt

r
(26)

where vti0 and vri0 are standard normally distributed random num-
bers and dt is a Brownian time increment chosen as dt ¼ 10 ls af-
ter a numerical study where the results were compared to a
theoretical value for diffusion velocity [25]. The spectral inten-
sities Sti0 and Sri0 are given by

Sti0 ¼
2rT
p

1

Bt
i0

(27)

Sri0 ¼
2rT
p

1

Br
i0

(28)

in which r is the Boltzmann constant and T is the absolute temper-
ature. Br

i0 is given in Eqs. (13) and (14) and

Bt
i0 ¼ 1=3pldi0 (29)

The diffusion coefficients are given by

Dt
i0 ¼ rTBt

i0 (30)

Dr
i0 ¼ rTBr

i0 (31)

2.6 Stokes Numbers. To define the Stokes number, it is suffi-
cient to consider the hydrodynamic forces and torques. Adding
the inertia in Eq. (3), the equation of motion for the translational
part is given by
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(32)

An order of magnitude estimate of the terms in this equation gives
for the perpendicular and the parallel part

qp
4

24
pd3f b

U2

D
� 3pldf

d?
df

U (33)

qp
4

24
pd3f b

U2

D
� 3pldf

dk
df

U (34)

where U is a typical velocity of the flow and D is the typical
length scale of the flow.

Defining the Stokes number as the ratio between the inertial
force and the hydrodynamic force, we have for prolate spheroids

Stt? ¼ qpd
2
f b

18l
U

D

df
d?

(35)

Sttk ¼
qpd

2
f b

18l
U

D

df
dk

(36)

with the Stokes parameters given by Eqs. (5) and (6). For oblate
spheroids, similar expressions for the Stokes numbers are given
by letting b ! 1=b and use the Stokes parameters (7) and (8).

The corresponding order of magnitude estimate for the rota-
tional equation of motion gives the Stokes number as

Str ¼ IxxB
r
?U
D

(37)

where Br
? is the angular mobility given by Eq. (13) for prolate

spheroids and by Eq. (14) for oblate spheroids, and the relevant
moment of inertia is given for prolate spheroids by

Ixx ¼ Iyy ¼ 1

120
qppb 1þ b2

� �
d5f (38)

and for oblate spheroids as

Ixx ¼ Iyy ¼ 1

120
qppb

�1 1þ b�2
� �

d5f (39)

For the neglect of the inertia terms, the Stokes number must be
much smaller than one. In the cases that follow, this is more or
less satisfied. A discussion of the Stokes number is thus provided
in each particular case being studied.

2.7 Numerical Setup for Single Particle Study. To be able
to properly observe the Jeffrey orbits made by a single particle, it
is necessary to follow the particle for a longer distance than for
the airway model used in the multiparticle deposition simulations.
In simulations of non-Brownian motion, that is, particles only
affected by fluid shear, the nondimensional diameter of the airway
has no large effect on the resulting Jeffery orbits since the flow
shear rate U/R is similar between generations. When studying
Brownian motion, a larger airway is preferable since it slows
down the process and makes it easier to do observations, so for
the following examples, generation 4 was chosen.

When keeping b constant, the geometric diameter of the par-
ticles has no impact on the Jeffery orbits of particles not affected
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by Brownian motion, but has an inverse relationship with Brown-
ian motion as it is, by its nature, a force that affects small par-
ticles. Therefore, a relatively large particle with df¼ 1 lm was
chosen, so the impact of Brownian motion can be observed on the
rotational movement but it is not the dominating force acting on
the particles and its translational contribution is minimal. All
Stokes numbers for this case are very small so the inertia can be
neglected.

The placement of both oblate and prolate particles at the begin-
ning of the simulations is such that the large surface of the particle
is facing the flow as shown in Fig. 1. For prolate particles, this
implies that the particle is directed perpendicular to the flow
with h ¼ 90 deg since its z0-axis is directed along the length of the
particle. Oblate particles are placed parallel to the flow with
h ¼ 0 deg since its z0-axis is perpendicular to the surface of the
particle. The angle / describes the tilt of the particles z0-axis from
the global z-axis (see Fig. 3). The particles initial position is such
that / ¼ 0 deg, and thus, the pressure gradient over the particles
on the horizontal plane is zero. The larger the distance between
the center of the airway and the particles initial position, the
slower the particle will move and thus experiences more Jeffery
orbits. In this simulation, the initial position was at a distance of
0:7r from the center, where r is the radius of the airway.

2.8 Numerical Setup for Simulation of Deposition
Efficiency in Human Airways. Lungs can be seen as pipes
divided into smaller pipes that in turn are divided into even
smaller pipes, etc. Each of these divisions is called a generation.
The simulations are set up here to start at the second generation,
where for light physical activity the flow is laminar. Using Wei-
bel’s model [26], it is furthermore assumed that pipes in this gen-
eration are 19mm long and have a diameter of 4.15mm. The
simulations are performed down to the 16th generation where the
radius of the pipes is assumed to be 0.2mm and the length
1.65mm [26]. The tracheal flow rate was 431 cm3=s correspond-
ing to a tidal volume of 750ml with an air temperature of 310K
and the particles have unit density. The model is currently setup
and focused on the straight bronchi, not the intersections. Distur-
bances in the flow at the intersections are mainly driven by inertia
and are therefore more important for higher Re than considered in
this study. Secondary flow that can be induced in the interceptions
and a partly developing flow at one side of the pipe after the inter-
section are therefore neglected in the current setup.

The purpose of the present work is to extend the methodology
developed in Ref. [17] for prolates to oblates and to compare the
behavior of these two shapes on the deposition rate in the human
lung.

Simulations are thus run with 10,000 particles with a density of
1000 kg=m3 for each combination of aspect ratio and geometric
diameter, and the deposition rate is calculated by observing how
many particles are deposed at the walls of the lungs as a ratio of
the number of particles in the set. A study of the number of par-
ticles used in the simulation shows that 10,000 particles are
enough to gather statistically accurate results. Larger number of
particles produces the same results. This is also done in accord-
ance to previously published work on the topic [17].

3 Results and Discussion

To elucidate the motion of oblate and prolate spheroids in
human airways, it is necessary to both scrutinize the detailed
motion of a single particle and the accumulated results of a large
number of particles.

3.1 Following One Particle. Oblate and prolate spheroids are
first studied for the case when they are only influenced by the flow
field within the airways, discarding both Brownian motion and
gravitational settling.

Oblate and prolate spheroids exhibit a similar behavior with
Jeffery orbits appearing at the same interval, which can be seen in

Figs. 4(a) and 5(a). In Figs. 4(b) and 5(b), the particles Euler
angles h and / can be seen. Since h denotes the angle between the
z0-axis of the particle and the z-axis of the flow, it changes 180 deg
during a Jeffrey orbit in a characteristic manner, quickly around
positions perpendicular to the flow and slowly otherwise. The
angle / describes the rotational angle around the flow, i.e., if the
particle is pointing up, down or to the sides, but since there are no
horizontal forces acting on the particle, this angle is unchanged
until halfway through a Jeffery orbit when it switches 180 deg
instantaneously when the side that previously faced “up” now
faces “down.” Note that the size of the particles in the plots is
greatly exaggerated for the sake of clarity.

When Brownian motion is included, the motion of the prolate
and oblate particles becomes more irregular (see Figs. 6 and 7).
For the prolate spheroids, although a randomized behavior is
obvious, Jeffery orbits are still visible, but with a shorter and not
as regular periodicity (see Fig. 7(a)). The behavior of the oblate
spheroids is less regular without any Jeffery orbits (see Fig. 6(a)).
It is also obvious that Brownian motion influences / for both
types of particles but much more for the oblate spheroids. This
indicates that the motion of the oblate spheroids is much more
sensitive to Brownian force disturbance. The reason for this is that
the Brownian force is proportional to the square root of the rota-
tional diffusion coefficient which is in general much larger for the
oblate spheroids than for the prolate spheroids. The square root of
the ratio between the two rotational diffusion coefficients is given
by the square root of the ratio of the expressions for the corre-
sponding angular mobilities (13) and (14). This ratio then
becomes
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vuuuuuuut (40)

This ratio which is only a function of b increases quickly with the
b value, and for the b value 5, this ratio is about 7. Thus, the
Brownian force is about seven times stronger for oblates when
compared with the prolates.

3.2 Statistical Deposition Efficiency. During multiple parti-
cle simulations, 10,000 randomly distributed particles are
launched and followed and their position of exit saved. Either the
particles exited through the outlet or their mass center passed the
wall. The deposition rate is then calculated as the number of par-
ticles deposed at the wall to the number of particles launched at
the inlet. To get a clear picture on how the different parameters
influence the deposition rate, two main cases were studied. First,
the geometric diameter was changed and the aspect ratio was kept
constant. In the second case, the influence of the aspect ratio b is
in focus by varying it for a few different diameters of the particles.
A gravitational force perpendicular to the flow is included in all
the results presented here.

3.2.1 Changing the Geometric Diameter. With b¼ 100, there
is a correlation between deposition efficiencies and particle size;
when the particle size increases, so does the deposition rate inde-
pendent of particle type, except for the case with the smallest par-
ticles with a geometric diameter of 10 nm, where the deposition
efficiencies increase due to the greater influence of the Brownian
diffusion (see Fig. 8).

In Fig. 8, the deposition rates are shown for a pair of one oblate
particle and one prolate of the same volume such that the follow-
ing relation holds:
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df ;oblate ¼ b2=3df ;prolate (41)

The largest oblate particle and the largest prolate particle should
then be compared. It is seen that for the largest pair of particles,
the oblates have a slightly higher deposition rate. This can be
explained by the differences in the diffusion coefficients for the
two particle types. As shown in Ref. [19], the effective diffusion
coefficient after integration about the Euler angles becomes

Dt ¼ 2

3
Dt

? þ 1

3
Dt

k (42)

Expanding the diffusion coefficients for large b, we then get for
the oblate and prolate particles

Dt
oblate �

jT pb� 1ð Þ
6pldf ;ob

(43)

Dt
prolate �

jTln 2bð Þ
3pldf ;pb

(44)

The ratio between the diffusion coefficients using the relation (41)
then follows

Fig. 4 Description of the motion of an oblate spheroid with df5 1 lm, b55 and in an airway of generation 4: (a) the rotation of
one oblate particle plotted at regular intervals as it moves through an airway and (b) the angles, q and f, describing the rotation
of the oblate particle

Fig. 5 Description of the motion of a prolate spheroid with df5 1 lm, b5 5 and in an airway of generation 4: (a) the rotation of
one prolate particle plotted at regular intervals as it moves through an airway and (b) the angles, q and f, describing the rota-
tion of the prolate particle

Fig. 6 Similar setup as in Fig. 4 but with Brownian motion included: (a) snapshots of an oblate particle as it moves through
the airway and (b) the angular positions of an oblate particle
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Dt
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Dt
?;prolate

� pb� 2

2b2=3ln 2bð Þ (45)

which is about 1.4 for b¼ 100, meaning that comparing oblates
and prolates of the same volume, the deposition of oblates is
slightly higher than the prolates in agreement with the results in
Fig. 8.

The discussion above holds in the limit of small Knudsen num-
ber and for particles smaller than about 70 nm, so that if the Knud-
sen number is large, the diffusion coefficients must be modified
by the Cunningham factors.

The Stokes number has been calculated for all the examples in
Fig. 8 both the translational and rotational Stokes numbers. Some
particle diameters are quite big, an oblate of diameter 107lm and
a prolate of diameter 5 lm. For these particles, the largest transla-
tional Stokes number is found: for the oblate 0.32 in generation 6
and for the prolate 0.25 in generation 4. The rotational Stokes
number is for the largest oblate particle about 0.1 observed in gen-
eration 6, and for the largest rotational Stokes number for the larg-
est prolates is also about 0.1. So, for the translational part, the
Stokes number for the largest particles is smaller than unity but
not by very much, and these larger particles can therefore be con-
sidered to be at the upper limit for which the theory is valid.

Another way to analyze the results is to look at the deposition
rates as a number of particles travels through generations 2–16
and derive the probability that a particle ends up in a specific gen-
eration dependent on it traveling through the generations above it.
If pn is the deposition rate for generation n in accordance to the
results presented in Fig. 8, we now focus on the deposition qn in
each generation where

q2 ¼ p2 (46)

qn ¼ 1� qn�1ð Þpn n > 2 (47)

In this model, it is easy to distinguish in which generation most
fibers are being deposed, as displayed in Figs. 9(a) and 9(b) where
the deposition efficiencies for oblate and prolate spheroids have
been plotted, respectively. Larger oblate spheroids are being
deposed higher up in the airway while smaller particles have a
quite even distribution. For prolate particles, it is clear that the
majority of the particles are being deposed in the smallest
bronchi.

3.2.2 Changing the Aspect Ratio. To make it easier to com-
pare the results for oblate particles with those for prolate particles,
the results from the simulations of the prolate particles deposition
rate are plotted against the inverse of their b value on the x-axis
on a logarithmic scale. Each line represents the deposition in each
generation of bronchi with the prolate particles on the left-hand
side, the oblate particles on the right-hand side, and a spherical
particle with an aspect ratio of b¼ 1 in the middle. To compare
the particles of similar size, particles with the same minor axis are
chosen; to achieve this, the geometric diameter df ; oblate for the
oblate particles is defined as df ; oblate ¼ bdf ; prolate.

To see the effect of the aspect ratio on the deposition efficien-
cies of particles, a number of simulations were carried out with a
fixed diameter of the minor axis and an aspect ratio that goes from
a prolate particle with bp ¼ 100 down to b¼ 1, and then up to
bo ¼ 100 for oblate particles (see Fig. 10).

As shown in Figs. 10(a) and 10(b), for smaller particles, the
maximum deposition rates occur for spherical particles while par-
ticles with a higher aspect ratio have a lower deposition rate. For
smaller particles, the Brownian force has the largest influence on
the movements of particles; therefore, it is natural that a smaller
particle, such as the sphere, has a larger deposition rate.

Once the particles get larger, this behavior can be observed to
change. Studying Fig. 10(c), the deposition efficiencies for par-
ticles with a minor axis diameter of df¼ 460 nm start increasing
for oblate spheroids with a large b compared to prolate spheroids.
Oblate spheroids with a small b can still be seen to be following
the earlier pattern which gives a minimum deposition rate for
oblate spheroids somewhere around b¼ 3. At particle size of

Fig. 7 Similar setup as in Fig. 5 but with Brownian motion included: (a) snapshots of a prolate particle as it moves through
the airway and (b) the angular positions of a prolate particle

Fig. 8 Simulations of particles with a fixed aspect ratio of
b5100, but with a varied geometric diameter so that the oblate
and prolate particle volumes are comparable
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Fig. 9 Deposition efficiencies for each generation as particles pass through the complete model of the lung: (a) deposition of
oblate spheroids in a multigenerational model of a lung and (b) deposition of prolate spheroids in a multigenerational model
of a lung

Fig. 10 Simulations of depositions of particles with changed aspect ratio. Plotted on a logarithmic scale with the inverse of b
for the prolate particles: (a) minor axis of 46nm, (b) minor axis of 100nm, (c) minor axis of 460nm, and (d) minor axis of 1lm.
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df¼ 1 lm, the behavior of the oblate spheroids is constant with
increasing deposition rates as b increases, as shown in Fig. 10(d).
A similar pattern for prolate particles is also starting to appear.
This behavior arises from the increasing influence gravity has on
the heavier particles. The relative magnitude of the gravitational
effect for the different particles can be gathered by comparing the
particle volumes

Vo

Vp
¼

1

b
d3f o

bd3f p
(48)

where dfo ¼ bdfp. So

Vo

Vp
¼ b (49)

Since the particles are quite small in the particular cases men-
tioned above, all Stokes numbers are quite small for all b so the
inertia can safely be neglected.

4 Conclusions

A semi-analytical model describing the motion of oblate and
prolate spheroids on the nano- and micro-scales has been devel-
oped, and simulations enabling both single particle tracking and
aggregation of multiple particle deposition were carried out. In
this work, the focus was on particle movement and deposition in
bronchi, but the model can be applied to a variety of cases with
small particle Reynolds and Stokes numbers including more
advanced models of the geometry of the human lung [27].

It is clear from the simulations that the shape of the particles
greatly influences the deposition of said particles. It is well known
that reduced particle size reduces the gravitational sedimentation
but increases the Brownian diffusion, which corresponds to the
results from this model. What the model has shown is how great
each of those effects has on the particles and also how different
shapes are affected differently. There is a clear connection
between a reduction in deposition rate and a reduced particle
diameter meaning a reduction of the effect of gravitational sedi-
mentation. There is also an increase in deposition for the very
small particles, where the Brownian diffusion starts to have a no-
ticeable effect which leads to a deposition minimum for a certain
geometric diameter for each aspect ratio. There is also a higher
deposition rate for the larger oblate spheroids as compared to pro-
late spheroids. This behavior can be traced back to the greater
influence the Brownian forces have on them. There was also a no-
ticeable influence on the results from changing the aspect ratios of
the particles. The deposition efficiencies for the smallest particles
were the lowest for both the oblate and prolate spheroids with the
highest aspect ratio, with spherical particles having the highest
deposition rates. For particles in the microscale, this behavior was
inverse and the highest deposition was found with the highest
aspect ratios. By running simulations without gravitational forces
acting on the particles, this behavior is concluded to be influenced
by sedimentation effects. Thus, smaller prolate spheroids will get
the deepest into the lungs while oblate spheroids will be inter-
cepted in the larger bronchi.

The stability of the path of the particle is shown to be greatly
dependent on particle shape and size. Particles that are only influ-
enced by the flow field will display clear Jeffery orbits, whose fre-
quency is only set by the particle aspect ratio and where in the
flow field the particle is moving. When the particles are under the
influence of Brownian forces, this behavior is changed and parti-
cle type and size become important. Prolate microparticles still
display distinguishable Jeffery orbits while oblate particles of the
same size do not, indicating that their rotational position is much

less stable. Nanoparticles of both types did not have distinguish-
able Jeffery orbits since the Brownian forces acting on them were
too great.

In these simulations, we have neglected the inertia. This can be
done if the Stokes number is much less than one. This is not
always the case for the larger particles included but since the
bifurcation zones, where inertia plays a significant role, are not
included in the study, this may still be a valid assumption. It might
also be so that the larger particles studied do not make it into the
lungs in a large amount. To exemplify, it has been numerically
shown that when the size of the particles increases from 5 to
10lm, the deposition in the higher airways, including bifurca-
tions, increases substantially [28].
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[17] H€ogberg, S. M., Åkerstedt, H. O., Lundstr€om, T. S., and Freund, J. F., 2010,

“Respiratory Deposition of Fibers in the Non-Inertial Regime: Development
and Application of a Semi-Analytical Model,” Aerosol Sci. Technol., 44(10),
pp. 847–860.
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Abstract

In liquid moulding methods to produce fibre reinforced poly-
mer composites a fabric is impregnated with a fluid that may
contain particles on the micro- and nano scales aimed at giving
the final product additional properties. It is therefore interest-
ing to be able to reveal how the distribution and orientation
of such particles are affected by the processing condition. Dur-
ing the manufacturing of the fabric and during the subsequent
lay-up in a mould relatively large channels are formed between
bundles of fibres where the impregnating fluid flows; there are
also micro channels within the bundle that are also impregnated
by the fluid and the capillary action from the larger channels
to the micro-channels may be modelled as a suctioning force.
Therefore in this study the channel between the bundles are
represented as a tube with a circular diameter and a flow field
with a perpendicular suctioning component. The effects of all
the major forces, the Brownian, gravitational and hydrodynamic
forces, acting on the particles are studied and their effects are
evaluated, both on single particles and as a statistical aggregate
on particle deposition in the channel wall.

Introduction

Interest is growing in the development of smart multi-scale composites in which
nano-particles are used together with the traditional micro-scale reinforcing fi-
bres to increase the functionality of the composite [1]. This includes enhanced
mechanical and electrical properties [2], self-healing ability [3] and energy stor-
age capability [4]. Nanoparticles can also be added to resins used for liquid com-
posite moulding processes such as RTM and VARI to reduce shrinkage during
curing [5, 6]. The advantage with nanoparticles as compared to microparticles
is less influence on viscosity and less filtration effects. Important when adding
nanoparticles to a resin is that agglomeration of the particles into clusters is
minimized. One technique for this is to use ultrasonic dual mixing [7].

In this context the understanding of the mechanisms governing nano-particle
distribution and orientation is crucial not only to optimize the functionality [8]
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but also in order to avoid problems during the manufacturing such as clogging
and uneven flow. Experiments have shown that the initial degree of dispersion
of carbon nano-fibres matters [9], and it is obvious that the orientation of fi-
bres during processing of composites in general is of importance as well, as has
been determined by studies of injection moulding [10, 11], during shear flow [12,
13] and for composites with copper fibres [14]. Most fabrics used during liquid
moulding of structural composites have dual-scale porosity, < 10 µm for pores
within fibre bundles and > 100 µm for the space between the bundles. In many
cases pores on both scales are in the form of long relatively straight channels,
this is especially true for non-crimp fabrics The dual-scale porosity may lead to
filtration of spherical micro-particles when the carrying fluid moves from one
scale to another at the wetting flow front and in the saturated flow [15, 16, 17].
Little is known, however, of the motion of non-spherical micro and nano-sized
particles during composites manufacturing. Nano-particles may, for instance,
experience both Brownian translational and rotational motion [18, 19]. Fan
and Advani [20] experimentally characterized the orientation of carbon nano-
tubes (CNTs) subjected to shear flow using TEM. Högberg et al. [21] modelled
the motion of single CNTs in saturated flow within the fibre bundles (micro-
scale) and between the bundles (meso-scale). Results suggest that nano-fibre
displacement and orientation is mainly deterministic on the meso-scale, while
typically random on micro-scale; the randomizing Brownian torque may still
influence the motion and trigger the fibre to flip in the former, though, when
acting together with the fluid shear. Another result was that fibre deposition
may lead to a total blockage of the flow within the micro-channels, whereas
only minor deposition is expected in the meso-channels. The filtration of spher-
ical micro-particles in saturated flow through dual-scale porous media has been
studied by several researchers [22, 23, 24, 25].

In the present work we consider nano-particle motion also at the wetting
front with usage of a model geometry mimicking capillary driven flow from the
inter-bundle channels to the micro-channels.

Liquid Moulding

In liquid moulding processes such as Resin Transfer Moulding and Vacuum
Infusion a liquid resin with viscosity of about 0.1 Pas is forced to penetrate a
fibre reinforcement that has been loaded into a closed cavity. After complete
filling the resin is cured and the final composite can be de-moulded. The fibre
reinforcements used are nearly always formed by fibres clustered in bundles.
This results in two scales of the flow: a microscale flow within the fibre bundles
and a mesoscale flow between the bundles. Typical length scales for the two
types of flow are < 10 µm and > 100 µm, respectively, as demonstrated in Figure
1 for a non-crimp fabric. For many reinforcements the space formed between
the fibre bundles form relatively straight and long inter-bundle channels. This is
the case for the two fabrics shown in the micrographs in Figure 2 and as seen the
cross-sectional shape of the channels may vary. If now focus is set on interbundle
channels directed along the main flow three main states of the flow may appear
during impregnation. The flow is leading within the bundles, the flow is moving
at equal rate within the bundles and between them and the flow is leading in
the channels between the bundles. This is determined by the capillary number.
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Figure 1: The scales of fabrics used during liquid moulding processes. Between
bundles of fibres relatively large spacing are formed. In several types of fabrics
like, non-crimp fabrics large channels are formed where the liquid resin can move
at a relatively high speed.

Figure 2: Channels are formed between bundles of fibres. The rectangular
shaped channels in the micrograph to the left have sides of about 0.2 mm and
the longer sides of the romb-like channels in the micrograph to the right is about
0.5 mm. One channel in each micrograph is marked with a red quadrangle.

Figure 3: The inner cylinder is filled with resin and then radially transported
to the porous media of the outer cylinder by capillary action.
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[26, 27, 28, 29, 30]. In the first case capillary action dominates over any applied
pressure gradient. In the second case the applied pressure gradient is matched
to the capillary pressure and in the third case, being the focus in this study an
applied pressure gradient dominates over the capillary action. This means that
the fluid in the inter-bundle channels will lead over that within the bundles.
If we now concentrate on fibre bundles being directed with the main flow, the
channels between the bundles are first filled and then capillary action will be the
main reason for the filling of the bundles [17]. To model this capillary transport
of fluid into the bundles a simplified geometry is considered consisting of a resin
filled tube bounded by an annulus-shaped porous media, see Figure 3. This
mimic a resin filled inter-bundle channel surrounded by fibre bundles. The flow
into the porous media or the bundles is driven by capillary action as indicated
in Figure 3.

Simulation set-up

A steady laminar fully developed parabolic flow field with a radial flow compo-
nent is assumed to move in the positive y-direction in a cylindrical pipe with
the inlet in the y = 0 plane. A representation of the geometry can be seen in
Figure 4.
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Figure 4: A representative sketch of the geometry used in the simulations.

The geometries of the oblate and prolate particles used in these simulations
is presented in Figure 5 where the parameters used to define them are their

a

b

(a) Model over an oblate particle.

a

b

(b) Model over a prolate particle.

Figure 5: Model over the particles used in the simulations.
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geometric diameter, df = 2a, and the aspect ratio β which is the ratio between
the major axis and the minor, by definition β = b/a for oblate particles and
β = a/b for prolate particles.

Flow field

Focus is on fibre bundles being directed with the main flow. The channels
between the bundles are first filled and then capillary action will be the main
reason for the filling of the bundles[17]. In the limit of small Re number Re =
U∗0 a/ν << 1 and axis-symmetry the Navier-Stokes equation can be reduced to
one equation for the stream function Ψ of the form(

r
∂

∂r

(
1

r

∂

∂r

)
+

∂2

∂y2

)2

Ψ = 0. (1)

The velocity components can then be expressed as

u =
1

r

∂Ψ

∂r
(2)

V = −1

r

∂Ψ

∂y
(3)

Equations (1-3) are made dimensionless by y = y∗/R and r = r∗/R where R is
the radius of the channel.

The capillary pressure drives the radial flow whose velocity εV0 at the channel
wall is considered small in relation to the mean velocity. A small parameter
ε = R/l << 1, where l is the length of the channel, is introduced. The variation
in the streamwise direction can then be considered small and therefore a slow
variable Y = εy is introduced. Equation (1) can be solved using a perturbation
analysis leading to the following flow field

u(r, y) = (1− 4V0εy)
(
1− r2

)
(4)

V (r, y) =− εV0
(
r3 − 2r

)
.

In these equations u(r, y) is the velocity component in the direction of the chan-
nel and V (r, y) the corresponding radial velocity component.

Particle equations of motion

The model for the motion of the particles used in this work originates from a
model presented in [25]. Two coordinate systems are defined to describe the
movement of the particles, global coordinates [x, y, z], and local ones [x′, y′, z′]
fixed to the particle with the polar axis along z′. The rotation matrix A trans-
forms from local to global coordinates via x′ = Ax. Note that all primed
quantities refer to the particle coordinate frame.

When small Stokes numbers (St) apply for the particles, inertia may be
neglected and the particle equations of motion are reduced to

Fhi + F gi + fBri = 0 (5)

Thi′ + TBri′ = 0 (6)
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in which Fhi , F gi and FBri are the hydrodynamic, gravitational and Brownian
forces and Thi′ and TBri′ are the hydrodynamic and Brownian torques.

The hydrodynamic force acting on the particles considered in this study may
be expressed as

Fh = 3πµAT

 d⊥ 0 0
0 d⊥ 0
0 0 d‖

A

 u− dx
dt

v − dy
dt

w − dz
dt

 (7)

In this equation µ is the dynamic viscosity of the fluid, [u, v, w] are the compo-
nents of the fluid velocity, [dxdt ,

dy
dt ,

dz
dt ] the components of the particle velocities

and A is the rotation matrix between the local and global coordinates [25].
When the effect of the gravitational force is taken into account in the simu-

lations it is defined as

F gz = πρfgd
3
fβ/6, (8)

for prolate spheroids and

F gz = πρfgd
3
f/6β, (9)

for oblate spheroids where ρf is the density of the particle and g is the gravita-
tional acceleration. Particle density is usually much greater than the surround-
ing fluid and thus buoyancy can be neglected. The gravitational force is defined
in the positive z-direction.

The Brownian force is modelled as an independent zero-mean Gaussian
white-noise process, which for spheroids takes the following form

FBri′ (t) = χti′

√
2Dt

i′

δt
, (10)

where

Dt
i′ =

σT

3πµdi′
(11)

is the Brownian translational diffusion coefficient, χti′ is normally distributed
random numbers, δt is a Brownian time increment, σ is the Boltzmann constant
and T is the absolute temperature.

Stokes diameters

Both the Hydrodynamic and Brownian force are dependent on the Stokes diam-
eters d⊥ and d‖, oriented perpendicular and parallel respectively. The Stokes
diameters for a prolate spheroid are given by

d⊥
df

=
8
3 (β2 − 1)

Ct⊥

[
2β2−3√
β2−1

ln(β +
√
β2 − 1) + β

] (12)

d‖

df
=

4
3 (β2 − 1)

Ct‖

[
2β2−3√
β2−1

ln(β +
√
β2 − 1)− β

] , (13)
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and the ones for oblate spheroids are given by [31]

d⊥
df

=
8
3 (β2 − 1)

Ct⊥

[
β(3β2−2)√

β2−1
arctan(

√
β2 − 1)

] (14)

d‖

df
=

4
3 (β2 − 1)

Ct‖

[
β(β2−2)√
β2−1

arctan(
√
β2 + 1)

] . (15)

Note that β > 1 for both oblate and prolate spheroids so the replacement of
β → 1/β is made when going from prolate to oblate spheroid.

No exact expression for the slip correction factors Ct‖ and Ct⊥ for the fluid
dynamic drag when the diameters of the particles approaches that of the mean
free path of the molecules in the resin exists but an approximate method by
Dahneke [32] is applied.

Numerical set-up for simulation of impregnation of com-
posites

The channels between fibre bundles are represented in the model by circular
pipes with a radius of 0.1 mm and a length of 0.4 m aligned along the y-axis
and with the inlet in the y = 0 plane.

The inlet velocity U∗0 of the fluid was set to 0.2 mm/s corresponding to a
pressure gradient of ∆p = 0.25 MPa/m. Both a case with capillary action and
one without was studied. When solving equation (5) for u(0, 0.4) = 0, i.e. the
outlet velocity being zero, the calculated value for the maximum capillary action
within the bundles that is possible is V0 = 1/4U00 where U00 is the maximum
velocity in the channel and U00 = 1 in the non-dimensional case. For these
simulations the value V0 = 0.05 is chosen.

The resin was set to have a density of 1000 kg/m3 and a viscosity of 0.1 Pas.
The particles have a density of 1950 kg/m3 and a mean free path of 0.2 nm.

Deposition results are based on simulations with 10000 particles whose start-
ing positions are randomly distributed evenly across the area of the inlet of the
channel and are run until all particles have either exited the outlet or been
depositioned by the outer edge of the particle reaching the wall of the channel.

Comparison can be made in different ways. For some cases we have chosen
to study particles with different β but with the same volume. Particles thus
are assigned a representative diameter, dre, that is the diameter of a spherical
particle of the same volume. For prolate particles this is dre = dfβ

1/3 and for
oblate particles it is dre = dfβ

−1/3 and the dre studied are 1 µm, 100 nm and
10 nm.

The simulation time step δt was set to 10 ms after a numerical study of the
Brownian dispersion.

Results

To understand the deposition of particles of different geometries in composite
manufacturing it is necessary to study which effect different forces have on the
particles.
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Single particle tracking

Five prolate particles with β = 100 were placed, evenly spaced, on the negative
y-axis in the inlet of the channel. The particles were then subjected to only
the hydrodynamic forces of a channel flow with radial capillary action which
contributes to a non dimensional radial velocity of V0ε where V0 = 0.05. The
particle tracks in the centre follows the channel without any visual deviation
indicating that these particles are unaffected by the capillary action at the walls,
see Figure 6a. It is at the same time obvious that the tracks of particles that
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(a) Trace of particles equally spaced along the negative z-axis in the inlet of the
channel.
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(b) The θ-angle between the particles in 6a and the channels y-axis.
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(c) The θ-angle between the particle placed at x0 = 0.75R and the channels y-axis.

Figure 6: Motion of prolate particles without Brownian motion.

are closest to the wall are strongly dependent on the capillary pressure as they
deviates towards and finally reaches the channel wall. To study the rotations
the particles experience it is convenient to investigate the θ-angle, being the
angle between the particles polar z′-axis and the y-axis of the flow. As the
starting position is perpendicular to the flow, all particles start at θ = π/2 but
quickly rotate towards θ = 0. All particles rotation can be seen in Figure 6b
where it is discernible that the particles rotate in so called Jeffery orbits [33]
whose frequency intensifies the closer they are to the wall. A clearer picture of
the process can be seen by studying only the particle released at x = −0.75R in
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Figure 6c. Here it is obvious that the Jeffery orbits of the particle are dependant
on the distance to the wall as the frequency in space increases as the distance
to the wall decreases.
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(a) Particles placed at 5 radial positions at the inlet for 5 oblate particles.
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(b) Particle placed at x0 = −0.75R at the inlet.

Figure 7: The θ-angle between oblate particles and the channel y-axis without
Brownian motion.
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(a) A prolate particle.
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(b) An oblate particle.

Figure 8: The θ-angle between particles releases at −0.75R and the channel
y-axis with Brownian motion included.

When oblate particles with the same volume and β as the prolate particles
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in Figure 6 are released the traces of the mass centres are indistinguishable from
those of the prolate particles presented in Figure 6a. The rotation of prolate
particles and oblate particles is also similar, although the placement of the local
coordinate system mean that the initial angle is θ = 0 and the slower rotating
part of the Jeffery orbit is around θ = π.

To study the effect Brownian motion has on the particle rotation as they
travel through the flow field an oblate and prolate particle with df = 1 µm and
β = 100 are released at x = −0.75R, the same position as the particle in 6c.
The angle θ is recorded in Figure 8 and as can be seen for the prolate particle it
exhibits a similar pattern to that of a particle in a flow field without Brownian
motion, but with an irregularity to the pattern.

The effects of the lateral components of the Brownian motion in a capillary
driven flow field are small, especially for the larger particles studied here. This
will be explored more thoroughly in the next section.
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Figure 9: Deposition rates in a channel with no capillary action for particles
with varied β and dre.
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Statistical deposition rates

Statistical deposition rates are first studied for a channel without capillary pres-
sure for different particle geometries. As presented in Figure 9a the deposition
for this type of channel varies between 0.05% and 0.6% with the highest depo-
sition occurring for the smallest particles used in the study with a dre of 10 nm
regardless of the value of β.

Note that prolate particles are plotted against the inverse of β as to make it
easier to compare them visually with the oblate particles. In Figure 9b the de-
position rates can be seen plotted as a function of channel length. The Brownian
force is the only force acting on the particles that has component perpendicular
the flow. It is therefore assumed this is the mechanism behind the deposition
and since the Brownian force increases in importance the smaller the particles
are this seems reasonable.
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Figure 10: Deposition rates in a channel with V0 = 0.05U00 for particles with
varied β and dre.
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When capillary pressure is introduced at the walls it takes over as the domi-
nating mechanism acting on the radial motion of the particles and the deposition
rates increase overall to rates between 44% and 45.5% but with the lowest rates
occurring for the largest particles. This can be observed in Figure 10. This sim-
ple setup therefore indicates that the capillary action can have a tremendous
effect on the deposition of particles at the walls of the bundles during composite
manufacturing

Gravitational effects

When doing deposition studies with gravity acting on the particles with a force
perpendicular to the flow it can be seen to have some influence on particle
deposition among the larger particles. A combination of a relatively high particle
density, low fluid velocity gives some of the particles time to reach the border
of the channel.

In Figure 11b the deposition rate as a function of the length of the channel for
a variety of particles influenced by gravity are plotted for a channel flow without
capillary action. It is clear that the deposition rates of the larger particles has
increased significantly, from having the lowest deposition rates to having the
highest. Although the internal order of the deposition rates between the different
types of particles are largely unchanged with spherical particle deposition being
the largest, the deposition rates of oblate particles has increased somewhat in
relationship to prolate particles. Studying the smaller particles in Figure 11c
and comparing the results with Figure 9b it is seen that the deposition rates,
although the change is not as drastic, that particles with dre = 10 nm still have
a somewhat larger deposition rates than those with dre = 100 nm, they are still
slightly higher with the difference largest amongst the oblate particles.

Comparing the gravitational deposition rates in a channel with capillary ac-
tion in Figure 12 and in a channel without gravity in Figure 10 there is very
little change in deposition rate. The one noticeable change is in a higher depo-
sition rate for the largest particles and a slightly larger diversity in deposition
rates when gravity is included.

Conclusions

A semi-analytical model describing the motion of oblate and prolate spheroids
on the nano and micro scales has been developed, and simulations enabling both
single particle tracking and aggregation of multiple particle deposition were car-
ried out. In this work this model was applied on composite manufacturing and
simulating the impregnation process taking into account capillary forces creating
a suctioning effect through the wall of the channels in the fabric. However, the
model can be applied on a variety of cases where Reynolds and Stokes particle
numbers are small.

It is clear that while particle shape has a great influence on deposition rates
in a flow moving strictly in the direction of the channel while when a radial
flow component is introduced these changes seem to disappear. This is due to
the dispersion affecting particles from the Brownian force being relatively small
compared to the induced flow from the capillary pressure; if a certain percentage
of the fluid is going into the walls of the channel that percentage of particles are
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(c) Depositions of the smaller particles studied as a function of channel length.

Figure 11: Deposition rates of particles with varied β and dre under the influence
of hydrodynamic, gravitational and Brownian forces in a channel flow without
capillary action.
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(b) Depositions of particles as a function of channel length.

Figure 12: Deposition rate of particles with varied β and dre under the influence
of hydrodynamic, gravitational and Brownian forces in a channel flow with
suction

going to follow it. Notice that for smaller capillary pressures than the pressure
gradient studied in this work particle shape may have an influence.

Although the effects of gravity is small on all but the largest particles, it is
still somewhat noticeable in a flow field without capillary pressure. When radial
flow is introduced these effects become almost negligible.

Scrutinizing the motion of a single particle it is clear that particle geometry,
although it does not influence the path of the mass centre, has a great influence
on the rotation of the particle. Prolate particles orient themselves with the po-
lar axis parallel to the flow where they display Jeffery orbits whose frequency
increases with smaller β and increased proximity to the channel wall. Oblate
particles also orient themselves with the flow, although their geometry neces-
sitates that their polar axis is perpendicular with the flow and pointing at the
center of the channel. Unlike the prolate particles the oblate particles position
is affected close the wall of the channel where the particles tilt so the polar axis
is perpendicular both to the vertical and radial component of the flow-field.

14



Acknowledgement

The authors would like to thank the Swedish Research Council for funding this
work.

References

[1] Sprenger, S. Epoxy Resin Composites with Surface-Modified Silicon Diox-
ide Nanoparticles: A Review. J. Appl. Polym. Sci. 2013; 130: 1421–1428.

[2] Wichmann, M. H. G., Sumfleth, J., Gojny, F. H., Quaresiminb, M., Fiedlera,
B., and Schultea, K. Glass-fibre-reinforced composites with enhanced me-
chanical and electrical properties - Benefits and limitations of a nanopar-
ticle modified matrix. Eng. Fract. Mech. 2006; 73 (16): 2346–2359.

[3] Kessler, M. R., Sottos, N. R., and White, S. R. Self-healing structural
composite materials. Composites Part A 2003; 34(8): 743–753.

[4] Asp, L. E. and Greenhalgh, E. S. Structural power composites. Compos.
Sci. Technol. 2014; 101: 41–61.

[5] Mahrholz, T., Stängle, J., and Sinapius, M. Quantitation of the reinforce-
ment effect of silica nanoparticles in epoxy resins used in liquid composite
moulding processes. Composites Part A 2009; 40: 235–243.

[6] Song, J. H. Manufacturing method of carbon and glass fabric composites
with dispersed nanofibers using vacuum-assisted resin transfer molding.
e-Polymers 2014; 14(5): 345–352.

[7] Goyat, M., Ray, S., and Ghosh, P. Innovative application of ultrasonic
mixing to produce homogeneously mixed nanoparticulate-epoxy compos-
ite of improved physical properties. Composites Part A 2011; 42: 1421–
1431.

[8] Thostenson, E. T., Gangloff, J., Li, C., and Byun, J.-H. Electrical anisotropy
in multiscale nanotube/fiber hybrid composites. Appl. Phys. Lett. 2009;
95(7): 073111–3.

[9] Fan, Z., Hsiao, K.-T., and Advani, S. G. Experimental investigation of dis-
persion during flow of multi-walled carbon nanotube/polymer suspension
in fibrous porous media. Carbon 2004; 25(1): 871–6.

[10] Benhadou, M., Haddout, A., and Villoutreix, G. Numerical study of dis-
tribution and orientation of fibers during the injection of thermoplastic
composites. J. Reinf. Plast. Compos. 2014; 33 (18): 1696–1703.

[11] Toll, S. and Andersson, P.-0. Microstructure of long- and short-fiber re-
inforced injection molded polyamide. Polym. Compos. 1993; 14 (2): 116–
125.

[12] Lee, W. I. and Springer, G. S. The Motion of Slender Particles in Shear
Flow. J. Reinf. Plast. Compos. 1982; 1 (4): 279–296.

[13] Folgar, F. and Tucker, C. L. Orientation Behavior of Fibers in Concen-
trated Suspensions. J. Reinf. Plast. Compos. 1984; 3 (2): 98–119.

15
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Abstract

During manufacturing of fibre reinforced composites micro
and/or nano scale particles may be added to the resin with the
purpose to give the final product additional properties. In the
fabrics used the fibres are often gathered in bundles and thus rel-
atively large channels are formed in between the bundles where
the impregnating fluid flows. This generally increases the pro-
cessability but there may be a competition between the flow in
the inter bundle channels and the flow in micro channels formed
between the fibres in the bundles. At the impregnation flow
front a relatively large capillary induced pressure gradient may
drive the flow impregnating the bundles. Experiments have, for
instance, shown that the flow front in a pressure driven flow
is initially leading in the larger channels between the bundles
but that the fluid velocity in the bundles will eventually sur-
pass that of the velocity in the channels and thus becoming the
leading front. This may for example, lead to void formation and
aggregation of particles. To further investigate aggregation of
particles this type of flow is here simulated by representing the
channel between the bundles as a cylindrical tube with a radial
capillary pressure component calculated for each time step de-
pendent on where the flow front is both inside and outside the
inter bundle channel. The particles in this study are spheroids
of both prolate and oblate shape where the hydrodynamic drag
force is acting on individual particles. The effect of Brownian
motion, although small, is also included in the study. The ef-
fect of varied particle geometry and size and also at which point
in the impregnation process the particles are introduced will
be studied, evaluating both single particles as well as statistical
aggregate on particle deposition at the channel wall.

1 Introduction

When manufacturing fibre reinforced polymer composites using liquid moulding
micro or nano scale particles are sometimes added to the resin with the purpose
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(a) Intra-bundle channels, with gaps
formed between individual fibres.

(b) Inter-bundle channels, the area marked
by the red rectangle is about 0.5 mm times
0.2 mm.

Figure 1: Cross section of composites reinforcements showing the channels
formed in the material.

to give the final product additional properties [1, 2, 3]. This may relate to fire
resistance properties [4], mechanical and electrical properties [5], self-healing
ability [6] and energy storage capability [7]. Nano-particles can also be added
to resins used for liquid composite moulding processes such as Resin Transfer
Moulding (RTM) and vacuum infusion to reduce shrinkage during curing [8, 9],
and may play a major role when fabricating bio-based cellulose composites [10].

The final distribution of the particles is naturally of importance for the func-
tion of the final composite and for liquid moulding processes this distribution
is not trivial to predict. The reason to this can be traced to the details of the
flow during manufacturing. In liquid moulding processes a liquid resin is forced
to impregnate a reinforcement built from fabrics that has been placed in a stiff
or flexible mould, the resin is cured and the final part can be removed. The
fabrics used nearly always have dual scale porosity since the fibres are gathered
in bundles either naturally, as can be the case for bio-based cellulose composites,
or artificially during the manufacturing of the fabrics. In fabrics, the bundles
may be weaved or stitched together or just laid in a random pattern either as
continuous fibres bundles or chopped ones. In all cases relatively large spaces
are formed between the bundles. The size of these spaces is typically > 100
µm as compared to the spaces formed between the fibres in the bundles that
are < 10 µm, see Figure 1. On a global scale the dual scale porosity is crucial
for keeping the impregnation time low but on the meso and micro scales the
flow becomes rather complex and there is a competition between the flow in
the inter bundle channels and the flow in micro channels formed between the
fibres in the bundles. At the impregnation flow front a relatively large capillary
induced pressure gradient may drive the flow impregnating the bundles [11].
Experiments have, for instance, shown that the flow front in a pressure driven
flow is initially leading in the larger channels between the bundles but that the
fluid velocity in the bundles will eventually surpass that of the velocity in the
channels and thus becoming the leading front [12]. This may for example, lead
to void formation and aggregation of particles [13, 14].

Several experimental studies have been presented on particle filtration during
liquid moulding processes [4, 12, 15, 16, 17]. To exemplify it is shown that
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carbon nano-tubes are strongly filtered by carbon fibres fabrics preventing a
homogeneous distribution of the nano-tubes in the final product [18]. Numerical
studies have also been performed. In Hwang et al [19] a code for direct numerical
simulations is developed to model the details of spherical particulate flows in
dual-scale porous media in order to predict particle deposition on the permeable
porous surface between the large and small scales. Haji et al [20] use a special
filtration model based on bundle permeability, porosity and fibre volume fraction
to describe the particle capture in dual scale fabrics, hence the detailed geometry
in not resolved. Good agreement with experiments is still obtained. There are
also a few studies devoted to the detailed motion of non-spherical particles. In
Högberg et al [21] the motion of prolate particles in channels within the bundles
and between them is studied separately. One conclusion is that fibre deposition
may lead to a total blockage of the flow in the channels within the bundles while
only minor deposition is expected in the inter-bundle channels. In Holmstedt
et al [14] the interaction between the flow in the bundles and the flow in the
inter bundle channels is modelled with a capillary pressure and the motion of
both prolate and oblate particles is studied. It is shown that particle shape has
a great influence on deposition rates in a flow moving strictly in the direction
of the channel but when a radial flow component is introduced shape has less
influence on the deposition. In the current study the modelling of the flow is
refined to include transient effects in the interaction between the flow within
the fibre bundles and between them.

The particles in this study are spheroids of prolate, oblate and spherical
shape where the hydrodynamic drag force is acting on individual particles. The
effects of both Brownian motion and gravity, although small, are included in the
study. The effect of varied particle geometry, size and injection time is studied,
evaluating both single particles as well as a statistical aggregate on particle
deposition in the channel wall.

2 Liquid Moulding and the Liquid Flow Front

When producing composite materials with a Liquid moulding process such as
Resin Transfer Moulding or Vacuum Infusion a resin is forced to penetrate a
fibre reinforced fabric using an applied pressure gradient. For high performance
composites as to stiffness and strength the fibre reinforcing material is very
often a non-crimp fabric that consist of layers of fibres that are gathered in
bundles and stitched together by a thin thread. This creates a fabric with a
dual scale porosity; a micro-scale flow within the bundles in channels with a
typical length scale of < 10 µm and a meso-scale flow in the relatively long
and straight channels formed between the bundles with a typical length scale of
> 100 µm, see Figure 1.

Consider a flow where the direction of the impregnation fluid low is parallel
to the fibre directions of the fabric. How the flow fronts in both the channels
and the bundles propagate through the fabric depends on whether the the cap-
illary forces inside the bundles or the applied pressure gradient in the gaps is
dominating. The capillary forces are dependent on if the impregnating fluid is
wetting or non wetting. Initially the liquid flow front moves with a high ve-
locity in the gap due to the high permeability within the inter-bundle channels
and the relatively high applied pressure gradient, but as the liquid front moves
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forward the pressure gradient is gradually reduced as is the fluid velocity. The
propagation of fluid in the bundles are dependent on the capillary pressure and
permeability in the bundles. If the fluid is wetting the flow front in the bundles
will catch up to the flow front in the gap as it slows down due to all the fluid in
the gap moving towards the bundles. Afterwards the flow front in the bundles
start to move with approximately the same velocity as the flow front in the gap
albeit slightly leading. If the liquid is non-wetting the flow front in the bundles
never reaches the flow front in the gap [3].

3 Geometry and Flow Field

In the current study the gaps between the bundles in which the particle infused
resin flows are represented as a cylindrical channel with the radius Rg and the
bundles between the channel is is represented by a larger cylinder with a radius
Rb as seen in Figure 2. The capillary pressure of the bundles creates a radial
component of the flow calculated for each time step as dependent on the position
of the flow front both in the gap, yg, and in the bundle, yb illustrated in Figure
3. Creeping flow is assumed so that Darcy’s law is valid in the volume between
the inner and outer cylinder.

(a) Sideview of the model
of the channel where Rg is
the radius of the channel
and Rb is the radius of the
bundle.
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(b) The model of the channel used in the simula-
tions.

Figure 2: Geometry of the channel

Figure 3: Illustration of the flow-front in the bundle, yb, and the gap yg.
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Consider Darcy’s law in cylindrical coordinates for the pressure in the bun-
dle Pb(y, r, t) and in the gap Pg(y, r, t) and with perpendicular and parallel
permeabilities in the bundle K⊥, K‖ and in the gap Kg Laplace equation then
reads

K‖
Πb

1−Πb

∂2Pb
∂y2

+K⊥
Πb

1−Πb

1

r

(
r
∂Pb
∂r

)
= 0

Kg
∂2Pg
∂y2

+Kg
1

r

∂

∂r

(
r
∂Pg
∂r

)
= 0 (1)

where Πb is the volume fraction of fibres.
To simplify these equations into a one-dimensional form similar to the equa-

tions given by Frishfelds et al [3] and for further deduction of equations for
the motion of liquid fronts in gap and bundle, a trial function is introduced
for the radial pressure variation that fulfills the boundary conditions. After
an averaging procedure over the cross section we then obtain equations similar
to Frishfelds et al [3] with the difference that in the present model the size of
the fibre bundle region is taken into account. The trial functions considered
are chosen from truncated solutions from the use of the separation of variables
method of (1).

The trial functions are chosen of the form

Pg = A0(y) +A1(y)r2

Pb = B0(y) +B1(y)r2 +B2(y) ln r (2)

To find the functions A0(y), A1(y), B0(y), B1(y) and B2(y) the following bound-
ary conditions are adopted valid in the region where liquids in the gaps and in
the bundle region are in contact

∂Pb
∂r

∣∣∣
r=Rb

= 0

Pg(y,Rg) = Pb(y,Rg)

K⊥
∂Pb
∂r

∣∣∣
r=Rg

= Kg
∂Pg
∂r

∣∣∣
r=Rg

(3)

This gives

A1 =
1− b̄2

b̄2 − 1 +X
(A0 −B0)

B1 =
X

b̄2 − 1 +X
(A0 −B0)

B2 =
2b̄2X

b̄2 − 1 +X
(A0 −B0) (4)
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where

K̃‖ =
Πb

1−Πb
K‖

K̃⊥ =
Πb

1−Πb
K⊥

b̄ =
Rb
Rg

X =
Kg

K̃⊥
(5)

and

K⊥ =
16

9π
√

2

(√
Πmax

Πb
− 1

)5/2

R2

K‖ =
8

53
(1−Πb)

3R2 1

Π2
b

(6)

where Πmax = π/(2
√

3) in this case [22]
The average of the pressure over the cross section is defined as

P̄g =
1

πR2
g

∫ Rg

0

Pg2πrdr

P̄b =
1

π(R2
b −R2

g)

∫ Rb

Rg

Pb2πrdr (7)

Combining (4) and (7) we get

A0 −B0 =
(b̄2 − 1 +X)2(b̄2 − 1)

2 ln(b̄)Xb̄4 − 3Xb̄4 + 4Xb̄2 − 2b̄2 −X + 1
(8)

Averaging (1) over the cross section then gives the final one-dimensional form
similar to the one in Frishfelds et al. [3].

K̃‖(b̄
2 − 1)

d2P̄b
dy2

+ K̃⊥
M

R2
g

(P̄g − P̄b) = 0

Kg
d2P̄g
dy2

− K̃⊥
M

R2
g

(P̄g − P̄b) = 0 (9)

where

M =
8X(b̄2 − 1)2

4 ln(b̄)Xb̄4 − 3Xb̄4 + 4Xb̄2 − 2b̄2 −X + 1
(10)

The equations (9) can be solved analytically with the boundary conditions that
at x = 0 the pressure is Pin and at the free surfaces the pressure is zero in the
gap and equal to the capillary pressure −Pcap at the free surface of the liquid
within the bundle region. In the part in which the fluid in the bundle region
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and in the gap is in contact, the solutions for the averaged pressures are given
by

P̄g = Pin − Γy + αΛ sinh
( y
λ

)
P̄b = Pin − Γy − γΛ sinh

( y
λ

)
(11)

respectively, where the constants α, γ and λ are defined as

α =
Kg

(b̄2 − 1)K̃‖ +Kg

γ =
(b̄2 − 1)K̃‖

(b̄2 − 1)K̃‖ +Kg

λ2 =
KgK̃‖(b̄

2 − 1)

KgK̃‖(b̄2 − 1) + K̃⊥Kg

R2
g

M
(12)

In the part in which there is no contact between the fluids the pressure is linear.
The time dependent functions Γ(t) and Λ(t) are derived from continuity of the
flux at the position where the linear pressure distribution and the distribution
given by (11) meet. They depend on whether the front in the gap is in the lead
or the front in the bundle is in the lead. Initially due to the higher permeability
in the gap the fluid in the gap is leading and the liquid front moves rapidly. Due
to the exchange, fluid from the gap is gradually transported into the bundle.
The front in the bundle then finally catches the front in the gap. After the
merging point where the position of each front is equal, the front in the bundle
is, as will be shown below, slightly leading.

For an initial period of time the front of the gap is leading so that yg(t) >
yb(t). From the continuity of the flux the functions Γ(t) and Λ(t)can be derived
as

Λ(t) =
Pcapyb + (Pcap + Pin)(yg − yb)

yg sinh
(
yb
λ

)
+ α

(
yb
λ − sinh

(
yb
λ

))
+

K̃‖Mλ

KgR2
g

(
cosh

(
yb
λ

)
− 1
)
yb(yg − yb)

Γ(t) =
Pcap + Pin − γΛ(t) sinh

(
yb
λ

)
yb

(13)

The equations of motion of the liquid fronts can then be found by integrating
(9) from y = 0 to y = yg . The equations governing the fluid fronts are then
given by

dyb
dt

=
K̃‖(Pcap − Pin)

µyb
+
K̃⊥
µ

(
γ
(
yb
λ − sinh

(
yb
λ

))
yb

+
K̃⊥Mλ

(
cosh

(
yb
λ

)
− 1
)

K̃‖R2
g(b̄

2 − 1)

)
Λ(t)

dyg
dt

=

Kg

(
sinh

(
yb
λ

)
− Pcap

(
α
(
yb
λ − sinh

(
yb
λ

))
+

K̃⊥Mλ(cosh( ybλ )−1)yb
KgR2

g

))
µ
(

sinh
(
yb
λ

)
+ α

(
yb
λ − sinh

(
yb
λ

))
+ K̃⊥Mλ

KgR2
g

(
cosh

(
yb
λ

)
− 1
)
yb(yg − yb)

)
(14)
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As t→ 0 and yb and yg are close to zero these equations reduce to

dyb
dt

=
K̃‖(Pcap + Pin)

µyb
dyg
dt

=
KgPin
µyg

(15)

which shows that initially there is no interaction between the different fluids.
After the front in the bundle catches the front in the gap we have yb(t) > yg(t)
and the functions Γ(t) and Λ(t) can then be derived in a similar manner as
above and gives

Λ(t) =
Pcapyg − Pin(yb − yg)

yb sinh
(yg
λ

)
+ γ

(yg
λ − sinh

(yg
λ

))
+ K̃⊥Mλ

K̃‖R2
g(b̄2−1)

(
cosh

(yg
λ

)
− 1
)
yg(yb − yg)

Γ(t) =
Pin + αΛ(t) sinh

(yg
λ

)
yg

. (16)

The corresponding equations governing the liquid fronts are now

dyb
dt

=
K̃‖Pin

µyg
+
K̃‖

µ

(
γ

λ
+
α sinh

(yg
λ

)
yg

+
K̃⊥Mλ

K̃‖R2
g(b̄

2 − 1)

(
cosh

(yg
λ

)
− 1
))

Λ(t)

dyg
dt

=
KgPin
µyg

−

K − g
(αyg
λ − α sinh

(yg
λ

))
(pcapyg − Pin(yb − yg))

µ

(
yb sinh

(yg
λ

)
+ γ

(yg
λ − sinh

(yg
λ

))
+ K̃⊥Mλ

K̃‖R2
g(b̄2−1)

(
cosh

(yg
λ

)
− 1
)
yg(yb − yg)

)
(17)

which can be solved numerically in matlab using an ode solver.
The flow field can now be described as

u(r, y) = − 1

4µ

dPg
dy

(a2 − r2)

v(r, y) =
1

4µ

d2Pg
dy2

(
a2 r

2
− r3

4

)
(18)

for each time step where the pressure over the whole channel is dependant on
the momentary position of both flow fronts and which is

dPg
dy

= −Γ + αΛ
1

λ
cosh

( y
λ

)
0 < y < yb

dPg
dy

= −
(
Pin − Γyb + αΛ sinh

(
yb
λ

))
yg − yb

yb < y < yg (19)

when the flow front in the gap is leading and

dPg
dy

= −Γ + αΛ
1

λ
cosh

( y
λ

)
(20)

when the flow front in the bundles are leading.
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4 Particles and Particle Dynamics

This model simulate the movement of oblate and prolate spheroids, illustrated
in Figure 4 and the parameters used to define them are the geometric diameter,
df = 2a, and the aspect ratio, β, which is defined as the ratio between the
major and minor axis of the particle. Thus β = b/a for oblate particles and
β = a/b for prolate particles. One way to compare the results of particles with
different geometries is to compare particles of the same volume. To do this
the representative diameter of the particle, dre, is defined as the diameter of a
spherical particle of the same volume. This is dre = dfβ

1/3 for prolate particles
and dre = dfβ

−1/3 for oblate particles.

a

b

(a) Model over an oblate particle.

a

b

(b) Model over a prolate particle.

Figure 4: Model over the particles used in the simulations.

4.1 Particle Equations of Motion

The model used for simulating the motion of particles originates from a model
presented in [23]. It uses global, [x, y, z], and local, [x′, y′, z′], coordinate systems
to describe the motion of the particles where the local system is fixed at the
particles with the polar axis along z′ and the global system have the origin at
the centre of the inlet and the channel in the positive y direction. The rotation
matrix A is used to translate from global to local coordinates via x′ = Ax.

Inertia may be neglected when the particle Stokes number (St) is small and
thus the particle equation of motion reduce to

Fhi + F gi + fBri = 0 (21)

Thi′ + TBri′ = 0 (22)

where Fhi , F gi and FBri are the hydrodynamic, gravitational and Brownian forces
and Thi′ and TBri′ are the hydrodynamic and Brownian torques.

The hydrodynamic force may be expressed as

Fh = 3πµAT

 d⊥ 0 0
0 d⊥ 0
0 0 d‖

A

 u− dx
dt

v − dy
dt

w − dz
dt

 (23)

where µ is the dynamic viscosity of the fluid, [u, v, w] are the components of the
fluid velocity and [dxdt ,

dy
dt ,

dz
dt ] the components of the particle velocities[23].

The gravitational force is defined as

F gz = πρfgd
3
re/6, (24)
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where ρf is the density of the particle and g is the gravitational acceleration.
Particle density is usually much greater than the surrounding fluid and thus
buoyancy can be neglected.

The Brownian force is modelled as an independent zero-mean Gaussian
white-noise process, which for spheroids takes the following form

FBri′ (t) = χti′

√
2Dt

i′

δt
, (25)

where

Dt
i′ =

σT

3πµdi′
(26)

is the Brownian translational diffusion coefficient, χti′ is normally distributed
random numbers, δt is a Brownian time increment, σ is the Boltzmann constant
and T is the absolute temperature.

Both the Hydrodynamic and Brownian forces are dependent on the Stokes
diameters as defined in [24].

4.2 Numerical Set-up for Simulation of Impregnation of
Composites

The channel formed in between fibre bundles is modelled as a circular pipe with
a radius of 0.1 mm and a length of 0.4 m and the ratio between bundle radius
and channel radius b̄ was set to 2 or 10 depending on the simulation performed.
Based on Figure 1 these ratios may represent two extreme cases of reality. The
driving pressure of the fluid was set to ∆pin = 0.1 MPa and the capillary
pressure to ∆pcap = 16 kPa. The resin was set to have a density of 1000 kg/m3

and a viscosity of 0.1 Pas. The particles have a density of 1950 kg/m3 and a
mean free path of the fluid is 0.2 nm. The permeability of the bundles were
Kg = a2/8 = 1.25e− 9 m2, K⊥ = 2.8e− 12 m2 and K‖ = 7.5e− 12 m2 and the
volume fraction Πb = 0.5.

Deposition results are based on simulations with 10000 particles whose start-
ing positions are randomly distributed evenly across the area of the inlet of the
channel at set time intervals in the impregnation process and are run until all
particles have either exited the outlet of the channel reached the edge of the
channel. This deposition criteria is defined as the mass centre of the particle
being within a distance of the wall of either the particles largest axis or dre
depending on the study. Particles with a representative diameter dre of 10 and
100 nm and an aspect ratio of β = 1000. Simulations were also run with β = 100
which produced results consistent with the pattern presented here, but for clar-
ity sake only the results with the larger aspect ratio is displayed. The results
were also compared to the simulations where spherical particles were used, rep-
resenting β = 1. For single particle studies an oblate particle with dre = 100
nm and β = 10 were used.

The simulation time step δt was set to 10 ms after a numerical study of the
Brownian dispersion.
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5 Results

To understand the deposition patterns first an examination of the flow in the
channels must be made. Particles injected at various times are examined to
conclude how particle geometry affects deposition rates.

5.1 Flow Front and Flow Field Development

The ratio between bundle radius and channel radius b̄ was first set to 10 and thus
the flow front in the channel develops as in Figure 5. An explanation for this
behaviour can be obtained by studying Figure 6 where the centreline velocities
in the axial direction, Figure 6a, and radial velocities at the edge of the channel,
Figure 6b, can be observed. The velocity in the channel is initially very high as
exemplified after 5 s in Figure 6a. There is also a large flow into the bundles
and as the fluid start to impregnate the bundles the speed in the middle of the
channel goes down and the flow is reversed in part of the channel as exemplified
in the 25 s curve in Figure 6a. The radial component is also smaller but still
causes a negative axial velocity and thus a backflow between the flow front in
the bundles and the channel. In phase three, as illustrated at 140 s and 1000 s
the axial velocity in the middle of the channels decreases continuously for each
time step and is constant as a function of y until close to the flow front where
it drops to a negative value. This drop in velocity is caused by the radial flow
that at each time step has been almost negligible until this y-position where it is
rapidly increasing. Hence transport is mainly along the channel with a radial

0 20 40 60 80 100 120 140
t[s]

0

0.02

0.04

0.06

0.08

0.1
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m

]

Flowfront in Bundle
Flowfront in Channel

(a) The initial development of the flow fronts.

0 1000 2000 3000 4000 5000
t[s]

0

0.1

0.2

0.3

0.4

y[
m

]

Flowfront in Bundle
Flowfront in Channel

(b) The positions of the flow fronts during the complete impreg-
nation process.

Figure 5: Illustration of the development of the flow fronts in the bundle and
the gap.
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(a) Velocity in the axial direction at the centreline at various
times.
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(b) Velocity in radial direction at the edge of the channel at
various times.

Figure 6: Velocity profiles for various times during the impregnation process.

flow at the flow front. This implies generally that particles that are injected in
the channel at a certain time are transported quickly to the flow front.

When the ratio between the bundle radius and the channel radius is set to
b̄ = 2, the flow fronts develops as in Figure 7. Comparisons to Figure 5 reveals
a much faster impregnation process due to far less reinforcing material to fill.
It is also clear that, while the flow front in the channel is initially leading, like
the case with b̄ = 10, there is no retardation of the flow front in the gap, only
a de-acceleration of the velocity. This difference is caused by the high velocity
in the flow front in the bundles.

0 5 10 15
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0

0.02

0.04

0.06

0.08

0.1

y[
m

]

Flowfront in Bundle
Flowfront in Channel

Figure 7: Development of flow fronts with b̄ = 2.
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5.2 Rotational Angle for a Single Particle

The rotation of a single oblate particle expressed as θ will be studied. The
rotation is the angle between the y direction of the channel and the polar axis
of an oblate particle. The particle is injected close to the centre of the channel
at x = −0.1Rg at the beginning of the impregnation process in a channel where
b̄ = 10, and its rotation as a function of position can be seen in figure 8a. During
the initial part of the impregnation process the flow field moves very rapidly
and to observe the rotation the simulation time-step was set to 1 ms, this was
possible since Brownian motion was not included in these simulations. This
results in a fast moving particle and initially the Jeffery orbits have a relatively
high frequency, as disclosed by comparing Figure 8a with 8b where the process is
resolved in space and time respectively. While the particle has travelled 30 mm
along the y-axis during the first full Jeffery orbit, this has only taken just under 1
s. A the end of phase one when the flow in the gap reaches its peak and starts to
retreat the particle reverses its position and rotation perfectly, and thus follows
the same track when resolved in space. Resolved in time it can be observed
that the angular position of the particle is mirrored when the flow front starts
to retreat at about t = 11 s. It is also evident when comparing the particles
furthest position to that of the flow front in the gap in Figure 5 that the particle
has not travelled as far as the flow front. When the flow front in the bundle
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(a) Rotational angle of particle injected at the beginning of a simulation as a
function of position.
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(b) Rotational angle of particle injected at the beginning of a simulation as a
function of time.
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(c) Closer look at the moment where the particle reaches the channel wall

Figure 8: Rotational angle of particle injected at the beginning of a simulation.
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(a) Rotational angle of particle injected after 1000 s as a function of position.
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(b) Rotational angle of particle injected after 1000 s as a function of time.

Figure 9: Rotational angle of particle injected after 1000 s.

catches up to the particle at the end of phase two, the radial component of the
flow becomes very large and the particle is almost instantaneously transported
to the channel wall and has started to rotate to align with the radial component
of the flow. In Figure 8a this rotation is noticeable as a vertical line at just after
y = 30 mm but a closer look at this area of the plot can be seen in Figure 8c
where it can be observed that the particle start to move in the positive direction
just before being deposited.

Studying a similar particle injected 1000 s after the beginning of the simula-
tion when the impregnation process is well into phase three it can be observed,
by comparing Figure 8a with Figure 9a, that the rotational frequency in space
is the same. The frequency in time presented in Figure 9b is, unlike in Figure
8b, even until deposition occurs. It is also on an average higher.

The results for simulations with prolate particles instead of oblate particles
yields similar results.

5.3 Multiple Particles Injected with a Varied Time Delay

Studying a statistical aggregation of multiple particles introduced at various
points of the simulation yields some interesting results. First the deposition
rates in a channel flow with b̄ = 10 is studied. There is no signs that particle
geometry play any role in the deposition of the particles injected at the beginning
of the simulation, t = 0 s. There is on the other hand a market difference in
the deposition patterns of the particles injected after a time delay. This can be
seen by studying the results presented in Figure 10 where the deposition rate
of a number of studies of particles injected at different time delays are plotted
against the y-axis of the channel. The deposition criteria in this study is when
the distance between the mass centre and the channel wall is equal to the major
axis of the particle. In Figure 10a this can clearly be seen to have an influence
on the deposition of prolate particles as β = 1000 and dre = 100 nm makes this
distance 5 µm and thus a significant number of particles are within this limit
at the beginning of the simulation, see dashed line at y = 0 in Figure 10a.
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(a) Deposition rate of particles with dre = 100 nm.

(b) Deposition rate of particles with dre = 10 nm.

Figure 10: Deposition rate of particles inserted at various times in the im-
pregnation process with the particles largest diameter as distance criteria for
deposition.
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(a) Deposition rate of particles with dre =
100 nm.
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(b) Deposition rate of particles with dre =
10 nm.

Figure 11: Closer look at the deposition rate of particles inserted at t = 1000
s in the impregnation process with the particles largest diameter as distance
criteria for deposition.
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(a) Deposition rate of particles with dre = 100 nm.

(b) Deposition rate of particles with dre = 10 nm.

Figure 12: Deposition rate of particles inserted at various times in the impreg-
nation process with dre as distance criteria for deposition.
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(a) Deposition rate of particles with dre =
100 nm.
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(b) Deposition rate of particles with dre =
10 nm.

Figure 13: Closer look at the deposition rate of particles inserted at t = 1000 s
in the impregnation process with dre as distance criteria for deposition.
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Oblate particles are similarly affected but by a smaller rate that is not resolved
in Figure 10a. For the smaller particles in Figure 10b this effect is minimal.

There is some minor deposition as the particles travels trough the channel
toward the flow front due to a relatively low velocity radial flow and Brownian
dispersion. It is in this part of the process that particle shape influences the
deposition rate. The slope of inclination varies between the particles and of note
is that it is largest for spherical particles, see 10a. While the initial deposition
for prolate particles are large, as discussed above, the inclination of this curve
is very weak, signifying very low deposition rate before the flow front. When
the particles approach the flow front, the process of the deposition of the the
spherical particles is quickest for particles with dre = 10 nm while oblate and
prolate particles have a more spread out deposition process. A closer look at this
can be seen in Figure 11 where the deposition of the particles released at t = 1000
s is displayed. This is caused by the particles travelling at a lower speed closer
to the edge of the channel taking a longer time to reach the flow front, unlike
in the spherical case where the Brownian dispersion have caused these particles
to either reach the channel wall or moving closer to the center of the channel
and being influenced by a faster moving fluid. In the case of dre = 100 nm the
deposition for prolate particles is quicker than that of spherical. This is as earlier
due to the large major axis of the particles as the particles that otherwise would
have the low velocity close to the channel wall were immediately depositioned.
To examine the influence this deposition criteria had on the results, simulations
where run where instead of the particles major axis, dre was used. As can be
seen in Figures 12 and 13, the trends are consistent with fastest deposition for
spherical particles and a slightly longer deposition period for prolate particles
compared to oblate. When evaluating particle size by comparing Figure 13a to
Figure 13b it appears that smaller particles have a shorter deposition window
due to a larger influence of Brownian motion.

To confirm that the Brownian motion is the largest contributor to the vari-
ances in deposition patterns observed, simulations were run without Brownian
motion enabled. As can be observed in Figure 14a, there is no visual difference
in deposition rates between the various particles in this case. It can also be
observed in Figure 14b that gravitational effects are negligible. Of note is that
the process is much more drawn out in these cases with all time delays not quite
reaching 100 % deposition by the end of the channel.

Another way of studying these results is from a histogram of the deposition
of the particles over the length of the channel as in Figure 15. Here the final
positions of the spherical particles in Figure 12a are displayed with each bar of
the histogram representing 1 mm of the channel. Due to it being difficult to
visually distinguish the deposition patterns for varied particle geometry in this
way only these results are shown, but it is non the less an interesting viewpoint
as it clearly shows the general pattern for each injection point. It is clearly seen
that for the perfect conditions studied here, targeted deposition can be obtained
although the deposition will be spread in space with time.

When particles are injected into a flow with b̄ = 2, one can see a similar
pattern, but also the effect the faster impregnation time has on deposition rates.
In Figure 16 particles with dre = 100 nm are injected into the fluid at various
times and affected by both Brownian and gravitational forces. Of note is that
the deposition rates never reaches 100%. This is due to the velocity of the flow
fronts being high and only the particles in the fast moving fluid in the centre
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(a) Deposition rate of particles with dre = 100 nm without Brownian and
gravitational forces.

(b) Deposition rate of particles with dre = 100 nm without Brownian forces
but under the influence of gravity.

Figure 14: Deposition rate of particles inserted at various times in the impreg-
nation process without the influence of Brownian forces.
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Figure 15: Histogram over deposition rates for spherical particles with df = 100
nm inserted at various times.
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Figure 16: Deposition rates of particles injected into a flow with b̄ = 2.

of the channel having a velocity higher than the flow front and thus reaching it
and its corresponding radial flow.

6 Conclusions

The flow process during impregnation of composites is simplified to a channel
flow with a radially suctioning flow field. The radial component of the flow
is largest close to the flow front. This can cause, depending on the physical
parameters, and does for the case where b̄ = 10, a flow process that in its first
phase is leading in the channel of the bundle with a relatively fast velocity. Due
to the large capillary driven radial flow towards the bundles the flow front in
phase two retreats to supply the bundles with fluid. In phase three the flow
front in the bundles has surpassed that of the flow in the channel. To note
during this phase is that the flow velocity in the channel is notably faster than
the flow front and the radial component of the flow is small at the majority of
the channel except close to the flow front which causes the major part of the
deposition of particles inserted into the resin there. In the case when b̄ = 2,
phase two is eliminated due to the high velocity of the flow fronts in the bundles
as it overtakes the flow front in the gap before a retardation can begin.

When placing single particles in the flow field with b̄ = 10 one can see that
their motion follows that of the flow front in the channel albeit with a slower
velocity with an initial forward moving phase, a second retreating phase where
the rotational movement is mirrored and a rapid radial movement to the channel
wall at the beginning of the third phase when the radial component is large. A
particle released later in the simulation will travel through the channel with a
velocity faster than that of the flow front until close to it where the large radial
forces transport the particle to the wall of the channel.

Deposition studies with a large number of particles released at different times
during the impregnation process show that there is some effect of particle shape
on where the particles end up. This is due to that the effect of the Brownian
motion, although it is small, still contributes to decreasing the distance until
deposition for spherical particles compared to ellipsoids and oblate particles
compared to prolate. In the case with b̄ = 2, the filtration of particles is not
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complete, as only the particles moving in the centre of the channel have a higher
velocity than the flow front and thus are filtered by the radially driven capillary
flow close to the flow front.

As a final comment it should be remembered that all conclusions are based
on the assumptions made. But based on this there are a great potential for
smart manufacturing of fibre reinforced composites with added particles.
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[24] Holmstedt, E., Åkerstedt, H. O., Lundström, T. S., and Högberg, S. M.
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