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ABSTRACT
 

The importance of studying the behaviour and properties of concrete can be highlighted by 
considering the fact that concrete is the most used man-made material in the world.  The very 
first step in making concrete is its mix design and deciding the type and amount of constitutes
used in the production of concrete which should fulfil the requirements of the final product. 
Mix design models are commonly used for the purpose of proportioning concrete ingredients 
while anticipating the properties of the final product. 

The current document deals with the commonly used principals in mix design models namely 
particle packing theory and excess water/paste layer theories. The conducted studies includes 
an investigation on accuracy of particle packing models (Toufar, 4C, CPM) and also tries to 
address the issue with measurement of specific surface area of particles as an essential input 
to water/paste layer theories. 

It has been observed that the particle packing models can predict the packing density with 
acceptable margin. However, it should be mentioned that the particle packing models by 
themselves are not mix design models but should be rather used as a part of a mix design. In
addition, it was found that the accuracy of calculating the specific surface area of particles 
based on their size distribution curve can be further improved by assuming angular platonic 
solids as uniform shape of aggregate instead of traditional approach of assuming spheres for 
aggregates’ shape. 

Keywords: Particle packing, excess paste/water layers theories, specific surface area, mix 
design, loose packing.
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SAMMANFATTNING
 

Vikten av att studera beteendet och egenskaperna hos betong kan belysas genom att betrakta 
det faktum att betong är det mest använda konstgjorda materialet i världen. Det allra första
steget i att göra betong är proportioneringen inkluderande val av typ och mängd av olika 
beståndsdelar som ska användas vid framställning av betong och som ska uppfylla kraven i 
den slutliga produkten. Olika modeller används vanligen för att proportionera betongens
delmaterial och uppfylla egenskaperna.

Denna licentiatuppsats behandlar de vanligaste principerna för betongproportionering 
nämligen partikelpackningsteori och teorier för överskott av vatten/cementpasta. De 
genomförda studierna omfattar en undersökning av noggrannheten hos
partikelpackningsmodeller (Toufar, 4C, CPM) och försöker också att ta upp frågan om
mätning av partiklarnas specifika yta hos partiklar som en viktig input till teorier för överskott 
av vatten/cementpasta.

Det har observerats att partikelpackningsmodeller kan förutsäga packningsdensiteten med 
acceptabel marginal. Det bör dock nämnas att partikelpackningsmodeller i sig inte är 
proportioneringsmodeller utan bör snarare användas som en del av proportioneringen.
Dessutom konstaterades det att noggrannheten hos beräkningen av den specifika ytan av 
partiklar baserat på deras storleksfördelningskurva kan förbättras ytterligare genom att anta 
platoniska kroppar som former på sand och grus i stället för det traditionella 
tillvägagångssättet att anta sfärer.

Nyckelord: partikelpackning, teorier för överskott av vatten/cementpasta, specifik yta,
proportionering, lös packing.
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NOTATIONS
 

Greek

i Actual packing density of class i [-]

agg Packing density of aggregates [-]

k

t

Steepness of Kp function [-]

Calculated packing density [-]

i Virtual packing density of class size i [-]

j Virtual packing density of class size i [-]

ti Calculated virtual packing of a mixture size i being dominant [-]

Q Flow resistance ratio [-]

Density [kg/m3]

b Bulk density [kg/m3]

s Relative density [kg/m3]

Roman

a Polyhedron edge length [mm]

ac Circumsphered edge length  [mm]

aij Coefficient presenting the loosening effect [-]

am Midsphered edge length  [mm]

asph Spherical specific surface area [cm2/cm3][cm2/Kg]

Ap Specific surface area of particles [cm2/cm3][cm2/Kg]

bij Coefficient presenting the wall effect [-]

di Diameter of dominant particle size class i [mm]

di,arith Arithmetic mean of fractions i and i+1 [mm]

di,geo Geometric mean of fractions i and i+1 [mm]
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d Mean diameter of fractions i and i+1 [mm]

dj Diameter of dominant particle size class j [mm]

D Diameter of particles [mm]

Dmax Maximum particle size of the aggregate in the mix [mm]

Dmin Minimum particle size of the aggregate in the mix [mm]

e

Fi

Fmp

Fms

Fp

Ft

Hm

Hp

Hs

Void content [-]

Accumulated flow of an ideal fluid through FlowCyl [m3/s]

Fineness modulus for the coarse aggregate [-]

Fineness modulus for the sand [-]

Volume fraction of fluid phase of concrete [-]

Accumulated flow of test material through FlowCyl [m3/s]

The air void modulus [-]

Air void ratio in the coarse aggregate [-]

Air void ratio in the sand [-]

kd Factor that relates the packing density to the diameter ratio of particle classes [-]

ks Factor that deals with the placement of particles in relation to each other [-]

K Compaction index [-]

mi Mass percentage of the fraction between di and di+1 [Kg/Kg]

mp Mass of all particles in a mixture [Kg]

Ms Mass of the solid [Kg]

p Porosity [-]

P(D) Fraction that pass the sieve with opening D [-]

r Median radius of equivalent sphere [mm]

SSAi Specific surface area of particles in fraction i [cm2/cm3][cm2/Kg]

tep
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tew

Tp

Ts

Vagg

Vco

Aggregate parameter of the coarse aggregate [-]

Aggregate parameter of the sand [-]

Volume of aggregates [m3]

Volume fraction of coarse aggregate [-]

Vcp Volume of cement paste [m3]

Vep Volume of excess paste [m3]

Vew Volume of excess water [m3]

Vi Volume of fraction i [m3]

Vp Volume of internal pores [m3]

Vs

Vsa

Volume of the solid [m3]

Volume fraction of sand in the aggregate [-]

Vt Total volume of the solid [m3]

Vv Volume of the external granular voids [m3]

Vw Volume of water in a mixture[m3]

yi Volume fraction of size class i  [-]

yj Volume fraction of size class j  [-]

ABBREVIATIONS

CPM Compressible Packing Model

HSC High Strength Concrete

LALLS Low Angle Laser Light Scattering technique 

LPDM Linear Packing Density Model

PMM Particle Matrix Model

PSD Particle Size Distribution

SCC Self Compacting Concrete

SSA Specific Surface Area

SSD Saturated surface dry

SSM Solid Suspension Model



 

x 

 



 

 

1 Introduction

1. INTRODUCTION

1.1. Background

Historical evidences indicate that cement was first used by ancient Macedonians around 
eighth century. The knowledge of making hydraulic cement was later on documented by 
French and British engineers in the 18th century. Construction with cement and also usage of 
reinforcement in the structural design eventually led to making concrete the most used man 
made material. As the fundamental knowledge of making cement and concrete developed and 
was able to cover the basic questions about constitutes of concrete, researchers have been 
continuously working with the ways of optimizing mix design recipes. Optimization can be 
achieved by means of studying the ingredients of concrete mixes with the aim of maximizing 
the performance of concrete in both fresh and hardened state while keeping a low cost of 
production and limiting the pollutants released in the air due to cement production. As a 
result, several attempts have been made on formulating the mix design of concrete. 
Understanding the role of constitutes in fresh concrete is fundamental to the production of 
high quality concrete at fresh state, during hardening and as a hardened structural material.
Fresh concrete can be characterized by several aspects among which workability is the most 
important one and is chiefly influenced by the water requirement, which in turn is a function 
of aggregates’ shape, grading, and fine content. As for the performance of the hardened 
concrete, the crucial factors are water to cement ratio which influences strength and 
permeability and cement characteristics and performance.

Among the components of concrete, aggregates have an important role especially in fresh
stage as 60% to 80% of concrete volume is occupied by them. Moreover, increasing the 
amount of aggregates in volume of concrete corresponds to less usage of cement which has 
several beneficial effects, e.g. reduction in the cost of producing concrete, decrease in some of 
the durability problems of hardened concrete, reducing shrinkage and cracking, etc.

In addition, reduction in usage of cement leads to a decrease in pollution caused by its 
production. The cement industry produces about 5% of global man-made CO2 emissions; the 
amount of CO2 emitted by the cement industry can be as high as 900 kg of CO2 for every 
1000 kg of cement produced (Mahasenan et al., 2003). It should be noted that the cement 
industry worldwide and especially in Scandinavia and Europe takes its responsibility and 
strong efforts are taken to reduce the CO2 emissions at production. Some companies (e.g. 
Cementa) have formulated a zero-vision (“Carbon capture newsletter”, 2014) and was able to 
reduce the CO2 emissions per ton of cement to lower than 700 kg. Others companies are 
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engaged in carbon capturing of emitted gas (“Meeting the challenge through a zero vision”,
2014) describing a Heidelberg Cement supported project. Also, concrete producers worldwide 
are now striving to reduce the amount of clinker and thus CO2 by replacements such as fly 
ash, blast furnace slag, lime stone filler etc.  

Currently, there are several models available for predicting the properties of concrete in both 
fresh and hardened states. Most of these models are based on the assumption that the 
properties of concrete in fresh state i.e. flow properties and workability are chiefly governed 
by the particle size distribution (PSD) and the particle packing (Glavind and Pedersen, 1999).

The packing density concept can be used as a part of concrete mix design with the aim of 
minimizing the inter-particle voids between the constituents of concrete in order to reduce the 
paste demand. Packing density is the ratio of the volume of solids to the bulk volume of the 
solid particles (Toufar et al., 1976; Quiroga et al., 2004). The date for one of the first articles 
on particle packing goes as far as 1892 (Feret, 1892), further research were conducted mainly 
concentrating on designing of an ideal aggregate size distribution curve (Fuller and 
Thompson, 1907; Andreasen and Andersen, 1930). In 1929 the first analytical packing model 
was designed to predict the void ratio of a mixture of two particle groups (Furnas, 1929).
Since then, plenty of researches were conducted on the subject of packing resulting in 
development of several analytical models and computer-aided mix design software.

According to the above-mentioned models, particle packing can be increased by modifying 
particle size distribution (PSD) which in turn usually leads to increasing the share of fines. 
Packing theory assumes that adding fine particles to a particle structure helps fill up the voids 
in between the particles and leaving only minimum space for water. In this way, adding fine 
particles will reduce the water requirement (De Larrard, 1999; Kronlöf, 1994; Fennis, 2011).
However, the packing of aggregate is dependent also on the shape of the aggregate particles,
an effect that is more difficult to comprehend and it is indirectly accounted for by measuring 
the packing of mono- sized fractions.

Another approach to compiling a mix design model is based on excess paste/water layer 
theories first introduced by Kennedy (1940). A hypothesis by Brouwers and Radix (2005)
states that the relative slump of a water-powder mixture becomes a function of the specific 
surface area (SSA) when sufficient water is present to flow. Based on the hypothesis, a thin 
layer of adsorbed water molecules around the particles is necessary to assure the flow 
characteristics of the hydrating system. It is reported that the thickness of this water layer is 
related to sensitivity of the mix to changes in the water content and also the specific surface 
area of the material used, as was later confirmed by Hunger (2010). Moreover, the layer 
theories assume that the water demand of a mixture depends on the specific surface area of
the particles in that mixture. Increasing the surface area by adding small particles will increase 
the water requirement (Hunger and Brouwers, 2009; Maeyama et al., 1998; Midorikawa et al., 
2009) which is in contrast to particle packing theory.
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Both approaches (Particle packing and Water/paste layer theories) strongly depend on the 
shape of the aggregate in one way or another, that is especially more essential when it comes 
to water/paste layer theories which require specific surface area as an input for the model. 
While it is possible to directly measure specific surface area (SSA), the complexity of 
instrument required for the measurement imposes issues such as the availability of the testing 
instruments and the cost. It is also possible to estimate the SSA using the PSD data and the 
assumption that particles have ideal spherical shapes (McCabe et al., 1993).

Although currently there are several advanced concrete mix design models, they are rarely 
used by the concrete industry. One of the main reasons that these models are not used in 
practice is the complexity of the advanced models and the number of empirical input data that 
is required to use the models correctly. The input data for some of the models includes 
extensive chemical and physical tests on the ingredients of concrete. Moreover, some of the 
required data cannot be readily measured and/or in some cases there are no commonly 
accepted methods for conducting the measurement, as an example measuring the specific 
surface area of the particles. As a result of complexity and in cases lack of accuracy of the 
tests required for measuring the specific surface area, in most cases the value is calculated 
mathematically based on the size distribution curve and assumption of spherical shape for the 
particles. However, even in case of computation of specific surface area, the effect of square 
cube law is usually neglected. 

The above mentioned issues emphasise the need for a comprehensive yet simple mix design 
model that can be both used in practice in the industry as well as further developments of mix 
design models. The thesis aims to lay a foundation for such a model by studying the role of 
aggregates as they form most of the concrete volume. 

1.2. Research Objectives and Questions
 

According to above, the main objective of the project is to formulate an approach to mix 
design where the workability of the fresh concrete can be anticipated before actual mixing 
takes place. The mix design method may be based on principles of particle packing and water 
layer theory. Water demand, shape of aggregates and changes in size distribution curve, will 
be studied as the mentioned parameters can greatly influence the properties of concrete in 
fresh state.

The research is expected to answer the following questions:

1- Is it possible to formulate a simple yet efficient mix design approach?

2- Can optimizing concrete constitutes lead to a greener less pollutant production of concrete? 

3- What is the role and significance of water demand in workability of fresh concrete?
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4- What are the main parameters that results in aggregate from one quarry to have different 
performance properties comparing to another quarry? (shape, flakiness, size distribution 
curve, mineralogy etc.)

1.3. Limitations

The studies were restricted by various limitations which bounds the scope of this document:
Firstly, the vast domain of interconnected parameters that affect the properties of fresh 
concrete makes it difficult to isolate and study each parameter without considering the 
possible effect of changes in other constitutes in concrete. 

Secondly, it should be mentioned that all of the packing studies conducted were only based on 
loose packing method and does not include other packing methods such as hard packing and
vibration compacted packing. Moreover, the used materials were taken from a limited number 
of Swedish quarries. 

Thirdly, the complexity and the randomness in properties of aggregates such as shape, surface 
texture, size distribution curve, chemical components, etc. makes it almost impossible to 
simulate their flow in fresh concrete.

Fourth, this document only deals with the role of aggregates in mix design as a part of the 
overall research planned for completion of the PhD and does not include tests on concrete at 
this stage.

Finally, the complexity and the high cost of conducting accurate specific surface 
measurements limit the number of samples that can be tested. 

1.4. Approach

Similar to general approach for scientific studies at Luleå University of technology, the 
presented research started by a literature review on available mix design models and the role 
and importance of concrete mix constitutes with the aim of understanding the current 
knowledge on the subject and also to understand the research gaps. The research questions 
were then formulated based on the revealed gaps and neglected aspects of the subject.

Available mix design approaches were divided in to three categories: a) Ideal size distribution 
curve, b) methods that are based on particle packing theory and c) the ones that are based on 
the concept of water demand and water/paste layer theories. The results from laboratory 
measurements of loose packing and calculations based on particle packing models (see 
Section 3.2) were presented and compared in Papers I and II. Papers III and IV deal with the 
principals of defining shape of particles by utilizing specific surface area which directly 
affects the water demand of mixtures. The last two papers were built on comparison of 
measured specific surface area by Blaine test to theoretically calculated specific surface area 
(3.3.2) based on size distribution curve and assumption of spherical shape for the particles. 
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1.5. Structure of the thesis

The thesis consists of four main parts: 

- Theoretical background (Chapters 2 and 3);

- Method (Chapter 4)

- Results and discussions (Chapters 5 and 6)

- Conducted studies and published papers (Appendix 1)

The theoretical background consists of an overview on the concepts and theories that were 
utilized within the scope of the thesis which includes: General information on the role of 
aggregates and the influence of their properties on fresh concrete (Chapter 2), an overview of 
mix design approaches particularly particle packing theory and water and paste layer theories 
(Chapter 3) and methods used for conducting measurements and calculations (Chapter 4). The 
theoretical part should be viewed as background containing the definitions and theories that 
are necessary for understanding the approaches taken in the studies in the last part of the 
thesis (Appendix 1). 

1.6. Appended papers

Paper 1

“Particle packing of aggregates for concrete mix design: Models and Methods.”, Ghasemi, 
Y., Johansson, N. (2014), Published in proceeding of the XXII Nordic Concrete Research 
symposium, Reykjavik, Iceland, Aug 13-15, 2014, pp. 109-112.

The paper deals with the concept of particle packing theory and explores different analytical 
models compiled as a tool to be used in a mix design model, namely Toufar model, CPM and 
4C.

Paper II

“Particle packing of aggregates for concrete mix design: Models vs. reality.”, Ghasemi, Y., 
Emborg, M. (2014), Published in Nordic Concrete Research, Vol. 51, No. 3, December 
2014,pp. 85-94.

In continuation of the previous paper, second paper examines the reliability of the particle 
packing models. Seven binary aggregate mixes were studied, the packing density for mixes 
were measured in the lab and is compared to the results obtained from the models.   

Paper III

“Quantification of the shape of particles for calculating specific surface area of powders.”
Ghasemi, Y., Emborg, M., Cwirzen, A., (2016), Published in proceeding of the international 
RILEM conference, MSSCE2016, Lyngby, Denmark, Aug 22-24, 2016, pp. 31-41.
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The conference paper discusses the possibility of assigning platonic solids as the uniform 
shape of the particles instead of the traditional assumption of spherical shape which can 
increase the accuracy of size distribution curve based calculation of specific surface area.

Paper IV

“Estimation of Specific surface area of Powder particles Based on Size distribution Curve.”
Ghasemi, Y., Emborg, M., Cwirzen, A., (2017), Submitted to the magazine of concrete 
research.

In paper IV, some lab results were presented, the specific surface area of particles were 
reported as Blaine value and were compared to the calculation based on the assumption of 
different platonic solids as the uniform shape of the particles.
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2. AGGREGATES IN CONCRETE

2.1. Purpose and role of aggregates

Understanding the role of aggregates in concrete is fundamental to the production of good 
concrete as aggregates have their greatest influence on the performance of fresh concrete 
(Alexander and Mindess, 2010). 

The aggregates form 60 to 80 per cent of the volume of concrete. Despite the amount of 
aggregates used in production of concrete, their influence is sometimes overlooked and the 
aggregates are considered only as fillers. However, it is essential to consider and study all of 
constitutes in concrete mixtures, including aggregates, in order to obtain a comprehensive 
understanding of the behaviour of the final product. As a result of such considerations, it is 
clear that the role of aggregates is crucial to ensure satisfactory performance of mixtures since 
they govern the volumetric stability of concrete. They also may influence the moisture related 
deformations (e.g. shrinkage) as shown in Figure 2.1.  

 
Figure 2.1. Effect of addition of aggregate to a cement paste  on reduction of shrinkage (Powers, 
1971)(from Addis and Owens, 2001)
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In addition, aggregates have an important effect on concrete strength by providing rigidity to 
the material which governs resistance to applied loads and undesired deformations.  
The original w/c ratio law for concrete strength introduced by Abram (1918) was limited to 
normal structural concrete with maximum aggregate size of 38 mm and w/c ratio greater than 
0.4. The simplified approach proposed by Abram led to common inaccurate assumption that 
properties of aggregates have no effect on the compressive strength of concrete causing the 
aggregate to be considered solely as inter fillers. While Abram’s law was defined for a special 
scenario, at present it is known that other factors than w/c ratio also play a role in estimating 
the compressive strength of concrete. This is especially true in case of high strength concrete 
(HSC) in which, due to the dense microstructure and strong transition zone, the mechanical 
properties of the aggregates become more important (Alexander and Mindess, 2005). In 
addition, as an example, a study conducted by Walker and Bloem (1960) on the effect of 
maximum size of aggregates on concrete strength independently of w/c ratio suggests that the 
strength decreases as aggregate size increases over the full range of w/c, the typical results are 
shown in Figure 2.2. However, generally the discussed relationship has limited significance as 
aggregates with the same size but from different sources can lead to broader strength 
differences comparing to the influence of size.

Figure 2.2. Water/Cement ratio vs. strength for maximum size of aggregates. (Walker and Bloem, 
1960)  

The mentioned effects should be separated from the characteristics of aggregate that influence 
the water requirement and consequently strength of a mix such as shape, surface texture, 
grading, and maximum size of aggregate. For example, regarding surface texture, concretes 
made with smoother gravels suffer from crack initiation at lower compressive stresses 
comparing to concretes made with coarser textured aggregates (Alexander and Mindess, 
2005). 
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2.2. Origin and classification of aggregates

Most of the properties of an aggregate derive from its parental rock chemical and mineral 
composition which affects strength, stiffness, density, pore structure and permeability. Rocks 
experience geothermal and weathering processes which can produce granular materials in the 
form of natural gravels and sands, these types of aggregates can be used in concrete 
production without any modification or additional processes. On the other hand, crushed 
aggregates, defined as granular materials produced by human related activities such as 
blasting, crushing and so on, have rougher surface and more angular shapes comparing to 
natural sands. In that sense, the aggregates can be classified into two main categories: natural 
and crushed. see Section 2.3. 

In terms of origin, rocks are generally classified as igneous, sedimentary, or metamorphic 
based on how the rocks were formed over long periods of geological time. 

All rocks originate as igneous rocks, which are formed through cooling and solidification of 
molten materials that are underlying the earth’s crust. If the solidification occurs slowly, the 
rocks will be labelled as intrusive rocks (coarse to medium grained) and in case the molten 
material forces its way to the surface and crystallize more rapidly the extrusive rocks will be 
formed (fine grained).

Sedimentary rocks are formed by chemical and mechanical breakdown of pre-existing rocks 
in a process of deposition and cementation of the materials. The layered structure of particles 
settlement can result in undesired shapes and flaky grains in the case of aggregates crushed 
from such rocks. 

Lastly, metamorphic rocks are made of pre-existing igneous or sedimentary rocks when the 
original rock is subjected to high pressure and temperature usually at great depth. 
Hydrothermal metamorphism can result in the minerals in these rocks being re-formed and re-
crystallized which makes them less durable and less stable in some cases, for example the 
formation of alkali-reactive silicates (Alexander and Mindess, 2005). Metamorphic rocks such 
as Quartzite make important contributions to the production of concrete aggregates. 

In General, aggregates from different origins and types can be used for making concrete 
while some are more suitable for a specific application (e.g. porous material for light weight 
or self-healing concrete). Moreover, some undesired minerals such as Mica can be found in 
metamorphic or igneous rocks as well as sedimentary rocks. 

 Figure 2.3. shows rocks formed by each of the explained processes. 
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Figure 2.3. Typical rocks used as aggregate (a) Granite-igneous (b) Sandstone-sedimentary (c) 
Quartzite-metamorphic. 

As it was mentioned above, the aggregates can be classified as natural or crushed based on 
their source and production technique. Natural aggregates can be obtained from variety of 
sources e.g. pits, river banks, beaches or other quarries that require minimum extra effort and 
cost in terms of granular material processing. Utilizing natural aggregates in mix design leads 
to better performance of the concrete since they have smaller surface area (comparing  to 
crushed aggregate of the same size) and also their relatively spherical shape facilitate the flow 
inside the aggregate structure. However, the negative environmental impact of using natural 
aggregate is of concern which includes and not limited to atmospheric pollution, water 
pollution, changes in water course, increase in settlement, changes in ecosystem, etc. 
(Alexander and Mindess, 2005). Therefore, In Sweden and in some other parts of the world
there are regulations about the amount of natural aggregates that can be taken from the earth’s 
crust.

An alternative to usage of natural aggregates is to crush the rocks to desired size fractions. 
The crushing technique has a significant effect on quality and properties of the product. This 
is especially important in case of crushed sand due to their influence on properties of concrete 
in fresh state as a result of tendency of crushed sands to have elongated flaky shapes
(Lagerblad et al, 2013). These issues can be reduced by use of appropriate crushing 
techniques, removal of chips and fines, choke and closed-circuit feeding, or other additional 
processes that improve the quality of the product by different methods most of which are 
based on gravity or centrifugal separation. (Alexander and Mindess, 2005; Neville, 1995;
Gram et. al, 2017) 

2.3. Physical properties of aggregates

The section deals with commonly discussed and used physical properties of concrete 
aggregates: 

Porosity is defined as the internal pore volume as a proportion of the total volume of a solid,
its significance lies on the influence of porosity of aggregates on concrete density. 
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= (2.1) 

where Vp is the volume of internal pores and Vt is the total volume of the solid.

Absorption can be directly related to the porosity as porous materials can absorb water.
Absorption usually expressed as the ratio of changes in mass of an oven dried sample after 
saturation to the mass of the saturated surface dried sample. Absorption of the aggregates can 
affect concrete strength, workability and durability. 

Moisture state defines the condition of aggregates in terms of available moisture in the 
particles. Oven dry is a state where the aggregates are conditioned to temperature of 100 to 
110o C to evaporated the available moist in the particles, air dry is when the aggregate has 
reached equilibrium with the ambient air; saturated surface dry (SSD) is a condition when the 
aggregates themselves are saturated but the surface has been dried. The moisture state is 
important as it influences the total water content of the mix affecting strength and workability. 

Density of a solid is defined as the ratio of its mass to the volume it occupies.= (2.2) 

where Ms and Vs are the mass and the volume of the solid, respectively. 

There are several measures of density among which bulk density and relative density are the 
most important ones. Bulk density is the density of the material in bulk granular form. 
Relative density is the ratio of the density of substance to the density of a given reference 
material (usually water). Logically, The aggregates density affects the proportioning of 
concrete ingredients. 

Void content applies to a collection of particles as the particles do not fit together perfectly 
thus leaving voids between them. The volume of the voids is of great importance in concrete 
industry as the voids should be filled with paste or matrix. The void content is a function of 
particle size, shape, grading and packing properties.  = (2.3) 

where Vv is the volume of the external granular voids and Vs is the total volume of the bulk 
sample. 

Particle shape is a complex function of aggregates’ formation conditions, the mineralogical 
composition, particle size and method of production in case of crushed material. There is 
much confusion on definition of various shape parameters and there are no commonly 
accepted methods for their measurement (Kwan and Mora, 2002).However, particle shape is 
considered as the most important factor influencing water demand and consequently 
workability of a concrete mix. Particle shape can be defined by the help of some other 
measures such as angularity, flakiness, sphericity and so on.  
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Flakiness ratio is defined as the thickness-breadth ratio which can be estimated using the 
thickness guage. Elongation ratio is defined as the breadth-length ratio obtained from image 
analysis or based on ASTM D4791-10. Sphericity is usually defined as the ratio of the surface 
area of a sphere having the same volume as the particle to the actual surface area of the 
particle. Convexity is a measure of overall roundness, a rounded particle should not contain 
too many concave corners and a particle containing many concave corners is not rounded.

Surface texture is difficult to define and is usually being described in quality terms like rough 
or smooth. The surface texture depends on pore structure, texture of the parent rock, 
production method, amount of wear on the particles, and grain size. Surface texture influences 
the surface area and the inter-particle friction of aggregates.

Grading refers to the size distribution of the aggregates, well-shaped well graded aggregates 
produce more workable concrete. Grading, particularly grading of the fines, is an essential 
factor in production of concrete as it influences the properties of concrete in fresh state. 
Grading also affects void content, water demand and available specific surface area of 
particles. (Alexander and Mindess, 2005; Neville, 1995). 
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3. MIX DESIGN APPROACHES

Mix design can be defined as “the process of choosing the ingredient of concrete and 
determining their quantities with the object of producing as economically as possible of 
certain concrete of certain minimum properties such as consistence, strength, and durability” 
(Neville, 1995). 

During past decades several attempts were made on formulating the mix design. One of the 
most common approaches to mix design is based on the concept of particle packing density
first introduced by Feret (1892). The aim of particle packing density concept is to minimize 
the inter-particle voids between the constituents of concrete in order to reduce the paste 
demand. Packing density is the ratio of the volume of solids to the bulk volume of the solid 
particles (De Larrard, 1999). Several researchers tried to develop Feret’s model further,
research conducted by Powers (1968) on the interaction of different components in mixture 
gave another dimension to the knowledge of particle packing. In 1999, De Larrard (De 
Larrard, 1999) introduced a multi component packing model that included interaction 
between the particles. With the introduction of computers, packing softwares were developed 
to do more detailed and complex calculations for estimation of particle packing, e.g. Europack 
(Idorn, 1995), Rene-LCPC (lcpc.fr), and 4C packing (dti.dk). 

Another approach to maximizing the packing is by means of developing a method to design 
an ideal particle size distribution curve as in the works of Fuller amd Thompson (1907) and
Andreasen and Andersen (1930). Figure 3.1. (adopted form  Kumar V and Santhanam, 2003)
shows some of packing models and their relation to each other. The mix design approaches 
are listed in three main categories i.e. ideal curves, models based on packing theory and also 
layer theories. The ideal curve approach can be also categorized under packing theory as they 
eventually change the sieving curve to result in a higher packing. However, since the effect on 
the packing density is implemented indirectly, the ideal curve approaches were listed 
separated from packing theory branch. Moreover, some of the models such as 4C works based 
on combination of ideal curve and packing theory approaches. Under the Multi-phase 
approach branch, models that consider concrete as separated liquid and solid phases are listed. 
More information on each category can be found in Sections 3.1 to 3.3.
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Figure 3.1. Mix design approaches 
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3.1. Ideal size distribution curve

As mentioned, the idea of composing an ideal particle size distribution (PSD) curve for 
aggregates was first introduced by Fuller and Thompson (1907). The concept behind ideal 
size distribution curve lies in reducing void content of the packed aggregates, since at constant 
water content, mixes with higher packing will have more available water as lubricant between 
particles. The Fuller curve deals with continuous grading curve ranging from 250 m to the 
maximum size. As a result, Fuller curve is less suitable for self-compacting concrete (SCC)
and high strength concrete (HSC) m is commonly 
used and also mixes made with gap-graded crushed aggregates, as an example Fuller curve 
cannot be used for a material ranging from 4 to16 mm since the diameter of the small class is 
not considered by the approach. In that sense, grading by Fuller curve represents a special 
case. In a more general case, packing equation were derived by Andreasen and Andersen
(1930), it is suggested that to obtain optimum packing (less voids), the particle size 
distribution should be calculated based on the following equation. 

( ) = ( ) (3.1) 

where P is the fraction that can pass the sieve with opening D, Dmax is maximum particle size 
of the mix and parameter q has value ranging from 0 to 1. According to (Andreasen and 
Andersen, 1930), value of 0.37 for q will result in optimum packing while the Fuller curve 
can be obtained by using q=0.5. 

The A&A curve (Andreasen and Andersen, 1930) was later on modified to account for the 
minimum particle size (Dmin) in the mix by Funk and Dinger (1994). The modified A&A 
curve can be calculated based on the following equation: 

( ) = (3.2) 

It should be mentioned that the value of q is commonly decided based on experience and/or 
on qualitative empirically obtained values judged by the type of aggregates - crushed or 
natural- (Gram et. al., 2017) or their place of mother rock origin (e.g. a certain q value for 
aggregates from Norway).

Figure 3.2. shows ideal curves obtained from Fuller, A&A and modified A&A approaches. 
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Figure 3.2. Ideal curves according to Fuller, Andreasen & Andersen, and modified A&A (Funk and 
Dinger). For maximum and minimum respectively. (Fennis and 
Walraven, 2012) 

While ideal size distribution are practical and easy to use, they don’t take into account the 
interaction between the particles and other factors that affect the packing e.g. shape, surface 
texture, etc. 

3.2. Particle packing theory

In order to produce an optimized concrete product, it is vital to select an acceptably accurate 
packing model for estimation of packing density. As a principal, particle packing models aim 
to define the size distribution curve in a way that results in high packing thus leaving less 
volume of voids to be filled with paste. However, it should be mentioned that maximizing 
packing density does not necessarily guarantee a workable mixture (Kwan and Mora, 2002).
This is considered for example in 4C user manual (2009) by suggesting that for making a 
workable concrete, the maximum packing density should be avoided. While it is known that 
the optimum packing is not equal to maximum packing, the approach to deciding an optimum 
packing is not clear. 

The packing density of a granular mix is defined as the solid volume in a unit total volume
which is equal to ratio of bulk density to the relative density of the solids. 

= (3.3) 

w packing density can also be defined in relation to void 
content: = 1 (3.4)
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It should be mentioned that almost all of the particle packing models are fundamentally rely
on the following geometry based equations (De Larrard, 1999; Furnas, 1929): 

= 1 Large particles are dominant (1) (3.5) 

= 1+ ( ) Small particles are dominant (2) (3.6) 

w t 1 is the packing density of the larger size 
2 is the packing density of the small size class 2,y1 is the volume fraction of size 

class 1 and y2 is the volume fraction of size class 2 where for two size classes y1+y2=1.

Eq. (3.5) is valid in case that the amount of large particles is dominating the particle structure 
where small particles are filling the voids between the larger particles, on the other hand, Eq.
(3.6) deals with a situation where the amount of small particles is dominating and large 
particles are embedded in a matrix of small particles (De Larrard, 1999).

This study deals with the following particle packing models: Toufar (Toufar et al, 1976),
CPM (De Larrard, 1999), and 4C models (Pade et al, 2009; 4C user’s manual, 2009). 

3.2.1. Toufar Model
Toufar model is developed for calculating the packing of binary mixes where the diameter 
ratio of the class falls in the range of 0.22 < d1/d2 < 1.0 (Toufar et al, 1976). According to the 
model, for diameter ratio larger than 0.22, the smaller particles (d1) will be too large to fit in 
the voids between larger particles (d2). As a result, factor kd was introduced which relates the 
packing density to the diameter ratio of the two particle classes.  In addition, Toufar model 
assumes that each of the fine particles is placed between exactly four of the coarse particles 
which is utilized in factor ks (Fennis, 2011). The packing density, , is described by 
following equations (Goltermann et al. 1997):  

= 1+ 1 1 (3.7) 

=  + (3.8) 

= 1 1 +  4(1 + )  (3.9) 

= (1 ) (3.10) 

w t is the calculated packing, yi i is the packing of 
class i. 
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The Toufar model was later modified by (Golterman et al., 1997) since comparisons with test 
results showed that the packing density of a sample of coarse particles does not increase when 
a small amount of fine particles is added to the mixture as a result of the unrealistic 
assumption that each fine particles is placed in between four coarse particles. Here coarse 
particles are considered relative to the fines size and not a certain range e.g. for a binary 
mixture the constitute with larger diameter is considered as coarse. The behaviour was 
corrected by modifying the ks factor:

= 0.38810.4753 For x < 0.4753 (3.11) 

= 1 1 +  4(1 + )  For x  0.4753 (3.12) 

where x is calculated based on Eq. (3.10). 

Toufar and modified Toufar models are fairly easy to use. However, estimation of packing 
density by these models will lose accuracy in multicomponent systems and tends to 
underestimate the packing density. 

3.2.2. DTI 4C model 
DTI 4C is a computer program developed by Danish Technological Institute and is based on 
the Linear Packing Density Model (LPDM), Figure 3.1 and Eq. (3.5) and (3.6). The factors
that are taken into account include particle size distribution of the mixture and packing 
densities of each size class. The Linear Packing Density Model (LPDM) is able to predict the 
packing density for several particle classes, which makes the model suitable for real concrete 
mixtures (Jones et al, 2002). The accuracy of the model depends on interaction formulas
which are relations derived from the packing density of two-component mixtures (Pade et. al, 
2009; Glavind and Pedersen, 1999).  

4C packing model uses -value as an interaction factor which indicates possible maximum 
ratio (size) between small and large particles without the smaller particle interfering with the 
packing of the larger particles. It should be mentioned that is an empirical value and needs
to be calibrated based on the laboratory data obtained from particle packing test. While 4C 
model requires values from eigen packing (hard packing), it was found that the calculations
based on loose packing also leads to acceptable results (Ghasemi and Emborg, 2014). 

3.2.3. Compressible packing model (CPM)
The CPM is one the most comprehensive multicomponent mix design models which utilize a 
refined version of LPDM for grain mixtures. The model calculates the packing density based 
on the concept of virtual packing. Virtual packing density is defined as the calculated packing 
value in an ideal scenario where all the particles are assumed to be placed in the best possible 
position which results in minimum void content. The virtual packing density is higher than the 
real achievable packing density.  The actual packing density can be derived from virtual 
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packing by means of compaction index (K) which depends on the compaction energy used in 
packing method. K index was suggested to have the value of 4.1, 4.5, 4.75, and 9 for loose 
packing, rodding, vibration and vibration + compression respectively (De Larrard, 1999).
Value of 12.5 for the compaction index was suggested by other researchers for Modified CPM 
(Jones et. al, 2002).Figure 3.3 shows the effect of compaction index on packing density of a 
mixture. 

a) b) 

Figure 3.3. (a) Effect of K value on compaction of aggregates where actual packing densities of two 
classes assumed to be constant. (b) Variation of K vs. packing density (adopted from Glavind et al, 
1993) 

LPDM can be considered as a special case of CPM for which the compaction index K tends to 
infinity, as shown in Figure 3.2.a by a solid line.

In addition, CPM considers the interaction of components of the mixture based on the 
concepts of loosening effect and wall effect. If a smaller grain is inserted in the porosity of a 
coarse grain packing, coarse grains being dominant, and if there are no more spaces for the 
fine grains to fit inside the voids, there will be a local decrease of volume of the dominant 
class. In other word, the finer grains will push the coarse grains apart to make room for fines 
to fit (loosening effect). On the other hand, when some isolated coarse grains are immersed in 
a sea of fine grains, fine grains being dominant; there is a further amount of voids in the 
packing in the interface vicinity (wall effect). Figure 3.4 illustrates the concepts of loosening 
and wall effect. The effects can be calculated for multicomponent mixtures by (De Larrard, 
1999): 

= 1 (1 ) . (3.13) 

= 1 (1 ) .  (3.14) 

where coefficients aij and bij represent the loosening and wall effect respectively, di is 
diameter of dominant particle size class i and dj is diameter of particle class j.  
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a) b)

Figure 3.4. (a) Loosening effect exerted by a fine grain in a coarse grain packing (b) Wall effect 
exerted by a coarse grain on a fine grain packing. (De Larrard, 1999) 

For a general case of CPM and for a polydisperse mix, the virtual packing of a mixture, 
containing n size classes with category i being dominant is expressed as:

= 1 [1 + (1 1 )] 1 (3.15) 

= 1 + 1 (3.16) 

w ti is calculated virtual packing of a mixture when size class i i j

are virtual packing densities of size class i and j. For a monosized particle class can be 
determined by Eq. (3.16) from the experimentally determined packing density . aij and bij
should be calculated based on Eq. (3.13) and (3.14). It should be mentioned that as K value 
tends to infinity, the real packing density t t.

t is determined indirectly based on: 

= = /1  1 (3.17) 

CPM is more advanced than the previously mentioned models but the complexity of the 
model and the number of input data make it more difficult to use. 

3.3. Multi-phase approaches

In the current document, multi-phase mix design approaches is defined as the models that 
consider concrete as a two phased mixture, i.e. the models consider concrete as a combination 
of a solid phase (particles) and a liquid phase (water/paste).
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3.3.1. Particle-matrix model
The workability of concrete is governed by the inherent properties of the constituents, 
proportioning and the way the constituents are interacting with each other physically and 
chemically.  Particle-matrix model (PMM) considers concretes in two separate phases, fluid 
material and a friction material.  Based on this logic the matrix is considered as all of the 
particles less than 0.125 mm including cement, fines and possible chemical additives while
particle phase is defined as all of the particles larger than 0.125 mm. The model is particularly 
suitable for mixes where matrix phase is dominant e.g. self-compacting and high performance 
concrete (Smeplass and Mortsell, 2001; Reknes, 2001). 

The main difficulty here is to define the properties of the phases and to model the effect of 
these phases on each other. The basic concept of the model is shown in Figure 3.5. 

The approach relies on single parameter characterization of each phase (Mortsell et al., 1996) 
(Samarakoon et al., 2015): 

- The flow resistance ratio of the matrix
- The air voids modulus of the particles

Amount of matrix

Particle properties           Matrix properties 

Figure 3.5. Particle matrix model concept for concrete (Bartos et al, 2004) 

3.3.1.2. The flow resistance ratio
The flow resistance ratio is calculated based on the results obtained from a modification of 
Marsh cone test called FlowCyl. The apparatus consist of a vertical cylindrical steel tube with 
a bottom outlet formed as a cone ending in a narrow nozzle and an electronic scale connected 
to a data logger where the flow properties of the material are characterized by the 
accumulated flow through the nozzle. The flow resistance ratio represents the difference in 
accumulation flow between the test material and an ideal fluid flowing through the FlowCyl 
and is defined as the ratio between the area under the loss curve (Ft) and the area under the 
curve for the ideal fluid without any loss (Fi) (Mortsell et al., 1996). see Figure 3.6. It should 
be mentioned that an ideal fluid is defined as an uncompressible nonviscous liquid which does 

Workability
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not actually exist in nature and is commonly used for fluid flow problems (Landau and 
Lifshitz, 1987). 

Figure 3.6. Typical FlowCyl data for a matrix showing curves for an ideal fluid, measured points for 
actual matrix and calculated curve for loss. (Mortsell et al., 1996)

The flow resistance ratio can be calculated based on the following equations:

=  (3.18) 

=  ( + + )   (3.19)

where k, kc, ks, kf and n are constants found by regression analysis of test data, c/w is cement 
water ratio by weight, s/c is silica fume to cement ratio by weight and f/c is filler to cement 
ratio by weight.  

3.3.1.3. The air voids modulus 
The air void modulus is defined as the air void space ratio of the fines (ranging from 0.125 
mm to 4mm fractions) and course (>4 mm) portion of the particle system. It should be noted 
that the effect of properties of fine fractions portion is greater than the effect of coarse 
aggregates properties. Hence, the fineness modulus (Fm) of the fine/coarse aggregates is 
utilized as correction factor when defining the air voids modulus. A preliminary definition of 
the air voids modulus is (Mortsell et al., 1996): = ( /( ) . + ) + ( /( ) . + ) (3.20)

where vsa and vco are volume fraction of sand (0.125 – 4 mm) and volume fraction of coarse 
aggregates (>4 mm) respectively. Hs is air voids ratio in the sand (vol %), Hp is air voids ratio 
in the coarse aggregate, Ts is an aggregate parameter for the sand, Tp is an aggregate 
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parameter for the coarse aggregate, Fms and Fmp are the fineness modulus for sand and coarse 
aggregates respectively. The aggregate parameters can be determined in different ways based 
on different conditions (Mortsell et al., 1996).

The physical interpretation of air voids modulus (Hm) according to the authors (Mortsell et 
al., 1999) is that it is equal to the paste volume (vol %) when the mix is changing from no 
slump to a small but measurable slump. 

3.3.1.4. Workability function for concrete 
The workability of the concrete can be measured using slump or flow table test and it can also 
be calculated based on the PMM as a function of the flow resistance of the matrix, the air 
voids modulus of the particle phase and the volume fraction of the matrix. The correlation 
between workability and volume fraction of the fluid phase is assumed to be S-shaped utilized 
by using the Tanh-function. Workability function Kp can be defined as: 

= ( )( (2 ( )/100 1) + 12 + (3.21) 

where m and n are lower and uppe k is expressed as the 
steepness of Kp function, Fp is volume fraction of fluid phase and Hm is the air void 

k Q :=  . (3.22)

where A and B are constants found by regression analysis.  
The main application of the model is to adjust concrete mix design, from a workability point 
of view, when properties of proportions of the constituent materials are changed (Mortsell et 
al., 1996).

3.3.2. Layer theories
A different approach to mix design roots in excess paste layer theory first proposed by 
Kennedy (1940). The paste and water layer theories were originally developed for self-
compacting concrete (Reschke et al., 1998; Fraaij and Rooij, 2008; Grünewald, 2004).
According to these theories, the cement paste should not only fill the void inside the 
aggregates structure but also surround all the particles with a thin layer of paste to fulfil 
workability requirements. In turn, the required amount of paste or water depends directly on 
the specific surface area of the particles, as increase in the surface area of the particles will 
reduce the thickness of surrounding layer for constant amount of water. 

In excess paste layer theory approach, the packing density of the aggregates is measured in 
order to determine the amount of cement paste necessary to fill up the voids, the remaining
paste added in the mixture for allowing workability is counted as excess paste. The volume of 
excess paste, Vep , can be calculated using Eq. 3.7. 
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=   (1 ) (3.23) 

where Vcp and Vagg are volumes of cement paste and aggregate respectively and agg is the 
packing density of the aggregate which can be determined experimentally. Once the volume 
of excess paste is known, the thickness of paste layer tep can be calculated by dividing the 
volume of excess paste to the specific surface area of the particles. It should be mentioned that 
there are no universally accepted and accurate method for measuring the specific surface area 
of particle and available methods involve high cost and complex devices. However, it is 
possible to mathematically calculate the thickness of the surrounding layer based on the 
following assumptions (Midorikawa, et al., 2009):

1. Particles in each size group are assumed to be spherical
2. The thickness of the excess paste layer is constant for different sizes of
particles.

Based on the above conditions, the volume of excess paste for spherical particles can be 
calculated by utilizing the size distribution curve of the material.= [16  {( + 2 ) } 16   ] (3.24)

where tep is the paste layer thickness, di is the diameter of particles in fraction i and Vi is the 
volume share of fraction i.

In case that the packing density of the total particle structure (including cement) was used as 
value for agg in Eq. (3.23) instead of the packing density of the aggregate structure, the 
flowability arises from the excess amount of water present in the particle mixture as in the 
excess water layer theory (Fennis, 2011) see Figure 3.7.

Figure 3.7. Volume of water, divided into excess water and void filling water, within a concrete 
mixture in a unit volume (Midorikawa et al, 2009).
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In a sense, excess water layer theory and excess paste layer theory follow a similar principal. 
Based on excess water layer theory, the water is partly used to fill the voids in the particle 
structure and the rest of the water form a layer with thickness of tew. The thickness of the 
water film can be calculated by: (Krell et al, 1985).  

= =   (1 )
(3.25)

where:
Vew is the volume of excess water, Ap is surface area of particles, mp is the mass of the 
particles in a mixture, Vw is the volume of the water in the mixture, Vs is the volume of all 
particles in a mixture and is the packing density of a mixture. Research conducted by 
Teichmann (2008) found a good relation between viscosity measurements and excess water 
layer thickness.  

The issue with water layer and paste layer theories roots in lack of a comprehensive method to 
measure specific surface area of the particles. Current common methods of measuring the 
specific surface area, including the Blaine test and BET, involve high instrumental complexity 
and are costly. It is also possible to estimate the specific surface area based on the particle size 
distribution curve information and the assumption of spherical shape for the particles. 
However, particle shapes are far from being spherical due to 3D randomness in their shape, 
related to the origin of the aggregates, and production method. This is particularly true for 
crushed aggregate. 

It should be noted that the total surface area of a set of aggregates is chiefly governed by the 
fine aggregate fraction according to square-cube law (Section 3.3.2.1). Assuming that all 
particles were spherical in shape, the surface area can be calculated based on grading curves 
according to the following equation (McCabe et. al., 1993): 

= 6 . (3.26)

where is the mass of a grain fraction i, being the mass percentage of the fraction between 
di and di+1. is the mean diameter of fraction i and i+1. is the relative density of the 
particles.

Appended papers III and IV, focus on the possibility of substituting ideal polyhedron shape 
for spheres which can be related to the actual shape of aggregate with better accuracy. The 
details and the method are presented in the following headings: 
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3.3.2.1. Square-cube law
The square-cube law was first described by Galilei in 17th century (Galilei and Drake, 1946)
and it defines a mathematical principle which describes the relationship between surface area
and volume related to changes in size. When an object undergoes a proportional increase in 
size, its volume grows faster than its surface area. The effect of square-cube law becomes 
especially significant for calculation of specific surface area of finer particles namely powders
and cement i.e. for a given mass of aggregate, the surface area increases with reducing 
particle size. Figure 3.8 shows the effect of size changes of platonic solids on the ratio 
between surface area and volume.  

Figure 3.8. Surface area against volume of the platonic solids and a sphere (see Table 3.1).

Eq. 3.26 can be written in its general form where the ratio of surface area to the volume 
defines the shape:

= .. (3.27)

where SSAi/Vi is the surface area to volume ratio of fraction i and is related to the shape as 
shown in Table 3.1. 
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Table 3.1: Platonic solids used in the calculation of specific surface area. 
Shape Surface Area Volume SSA/V 
Tetrahedron 3 212 14.697
Cube 6 6
Octahedron 2 3 13 2 7.348
Dodecahedron 25 + 10 5 14 (15 + 7 5) 2.694
Icosahedron 5 3 512 (3 + 5) 3.970
Sphere 4 4 3 3
Substituting spheres with the platonic solids will not only change the calculated volume and 
surface area but also affects the pace of growth in SSA/Volume ratio according to square-
cube law.

3.3.2.2. Equivalent polyhedron shape 
In order to calculate the specific surface area of spherical particles, the mean diameter of the 
particle sizes di and di+1 of fraction i, as the characteristic particle size, is required. The mean 
diameter di can be calculated using either arithmetic mean or geometric mean using Eq. (3.28) 
and (3.29) respectively.  

, = +2 (3.28)

, = + (3.29)

When replacing the spheres with other polyhedron shape, the length of the sides of 
polyhedrons should be calculated based on the mean diameter of the spheres. The length of 
the sides of polyhedrons can be computed based on the assumptions of how the shapes are 
defined in respect to geometric properties using the concepts of circumshpere and midsphere,
see Figure 3.9. In geometry, a circumscribed sphere or circumsphere of a polyhedron is 
a sphere that contains the polyhedron and touches each of the polyhedron's vertices. 
Midsphere is defined as a sphere that touches all of the polyhedron edges. The midsphere 
does not necessarily pass through the midpoints of the edges, but is rather only tangent to the 
edges at same point along their lengths (Cundy and Rollett, 1961). 

It is also possible to calculate the side length of the polyhedrons with the assumption that the 
polyhedrons have the same volume as the sphere it replaced (volumetric equivalency).  
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Circumsphere -Cube Midsphere - Cube

Equivalent volume

Figure 3.9. Circumsphere, Midsphere and volume equivalency of a cube, edge length of a. 

The geometric equivalent edge lengths of the polyhedrons, a (ac for circumsphered and am for 
midsphere edge length), can be calculated by equations listed in Table 3.2. Median radius of 
equivalent spheres, r, can be calculated by either Eq. (3.28) or (3.29).  

Table 3.2: Edge lengths (Circumsohered ac and Midsphered am) of polyhedron. 
Shape Circumsphered edge 

length (ac) 
Midsphered edge length 

(am) 

Tetrahedron
46 42

Cube 
23 22

Octahedron
22 2

Dodecahedron
43(1 + 5) 4(3 + 5)

Icosahedron 
410 + 2 × 5 4(1 + 5)



29Mix design approaches

3.4. Concluding remarks

Different approaches in mix design were briefly discussed in the current chapter. It should be 
mentioned that using the models will not necessarily lead to production of acceptable concrete 
in term of required specification of the final product and the recipes usually need fine tuning 
and corrections which is often based on trial batches of concrete. Moreover, some of the 
models may be useable for a specific region or certain type of aggregates, especially the 
models that are focusing on ideal size distribution curves. 

As for the more advanced models like CPM, the number of required input data and the tests 
that are needed to be conducted renders the model as a complex and time consuming 
approach. 

In addition, the models that are based on specific surface area suffer from inaccuracy and 
complexity of conducting specific surface area measurements as there are no commonly 
accepted methods for the tests.  

A simple fairly accurate mix design model could potentially reduce the number of tests that 
are needed for using the model and also the number of trail batches can be lowered by a more 
accurate estimation of the properties of the final product. 
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4. METHODS

The current chapter deals with the test methods utilized in the laboratory for obtaining the 
input data to the models in addition to the methods that were used in calculations of the 
models.  

4.1. Test methods

4.1.1. Sampling of aggregates
It is essential to conduct tests on the aggregates to obtain their physical and mechanical 
properties. Since the aggregates are used in vast quantities in production of concrete; it is of 
great importance to take smaller samples of the aggregate in an appropriate and represented 
way. The method of sampling can cause variations in samples comparing to the pile it was 
taken from such as segregation in large buckets and changes in moisture content in different 
depths of soil.  ASTM D75 includes instructions on appropriate sampling depending on how 
and where the samples were taken from e.g. conveyor belt, stockpile etc. In the current study, 
the sampling was done in the laboratory taken from large bags. The samples were taken from 
different depths of the bags to avoid the problems that can occur because of segregation of the 
materials on surface and the base edge. The samples were mixed to produce a composite 
sample before further reducing of the size of the sample.  

4.1.2. Sieve analysis
Sieve analysis is defined as the operation of dividing a sample of aggregates into certain 
fractions, each containing of particles of similar size (Neville, 1995). Sieving can be 
conducted in different ways; ASTM C136-14 describes the method for dry sieving of 
aggregates which was used as the method for obtaining the particle size distribution curve 
(PSD) of the materials used in Paper II, however, the test was not designed for accurate 
determination of PSD f
done either by washing (ASTM C117) or by means of low angle laser light scattering 
technique (LALLS). The LALLS technique was employed for obtaining the sieving curve of 
the powders used in Paper IV.  

4.1.3. Specific gravity
Specific gravity of soil solids is the ratio of the mass of a unit volume of a soil solids to the 
mass of the same volume of gas free distilled water at 20°C and should be conducted 
according to the instructions of ASTM D854-14 for soil solids that pass the 4.75 mm sieve by 
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means of a water Pycnometer. As for the retained soil on the 4.75 mm sieve ASTM C127 
should be utilized. Specific gravity can be measured as absolute or apparent. The absolute 
specific gravity refers to the volume of the solid material excluding all pores while apparent 
specific gravity is calculated to include the impermeable pores but not the capillary ones. The 
latter is commonly used in concrete industry and as an input to particle packing models.   

4.1.4. Packing methods
The methods of packing can be classified based on the compaction energy used in the process 
of packing. According to European standard EN-1097:3, loose packing can be achieved by 
pouring the aggregates in a standard cylinder from the distance of maximum 50 mm.

American standard ASTM C29 deals with the process of measuring hard packing in which the 
container is filled to one third of its volume, then the layer of material is compacted using 
rodding with 25 strokes and the process continues with filling the next one third of the volume 
and rodding as the same manner as the first layer and then the procedure continues for the 
third layer.   

Another procedure for packing the particles is suggested by De Larrard (1999), in vibration + 
compaction method, the aggregates will be poured in a cylinder that is closed with a 20 kg 
steel piston and the whole setting will be put on a vibration table and shaken by following 
vibration sequences: 2 min,40 s and 1 min at  amplitudes 0.4 mm, 0.2 mm and 0.08 mm 
respectively.Obviously, the choice of packing method affects the packing density measured 
on the same aggregates (Johansson and Emborg, 2014). 

The selection of the packing method has an obvious effect on the packing density. However, 
among the discussed particle packing models, CPM is the only models that considers the 
effect of packing method by means of compaction index K (see Section 3.2.3 and Figure 3.2.) 
which is an empirical value that can be calibrated based on the method of packing. For 4C 
model, the manual suggests using hard packing while Toufar model does not mention a 
specific packing method. In the study conducted in Paper II, all of the packing density values 
were obtained based on loose packing since the method is less energy and time consuming. 
Moreover, loose packing data was chosen as input in all of the models so they can be treated 
in the same way which makes the comparison of the models more sensible.  

4.1.5. Surface area measurements
Measurement of surface area is of great importance in calculations based on layer theories and 
has a significant effect on water requirement of the concrete mixtures. However, no 
commonly accepted methods of measurement exist. The surface area is usually measured 
either by Blaine test or BET test. 

Blaine test derives surface area from the resistance to flow of air through a porous bed of a 
powder and should be conducted based on instructions in ASTM C204-16 standard. The 
method was originally introduced for measurement of surface area of cement; however, the 
test has been used for determination of the measures of fineness of various materials. It should 
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be understood that the obtained values are relative to fineness of cement and are not absolute 
measures of surface area.

BET test (Brunauer et. al., 1938) works with adsorption of gas molecules (usually Nitrogen) 
on a solid surface which can be used for measurement of SSA. The results from BET depend 
on the adsorbate molecule utilized and its adsorption cross section. BET can lead to results 
that are several time larger than results from Blaine test for a given material since the values 
from BET test include surface area of inner pores of the material as well as external surfaces. 

Both Blaine and BET tests are fairly expensive and complex to perform and will eventually 
lead to not so accurate results. Surface area can also be mathematically calculated based on 
some basic assumptions and by using the particle size distribution. Calculation of specific 
surface area is one of the main scopes of this thesis and is discussed more in detail in Papers 
III and IV in Appendix 1 and also in Section 3.3.2. 

4.2. Theoretical methods

4.2.1. Studied particle packing models
Among the several existing particle packing models, three were chosen for comparison of 
calculated packing density values to conducted measurements in laboratory and the results 
were reported in Paper II in Appendix 1. The chosen models included Modified Toufar, CPM 
and 4C. Modified Toufar was chosen for its simplicity, CPM for its supposedly accuracy and 
4C for its approach to utilizing both particle packing theory and ideal curve fitting.  

The models are different in terms of calculation, required input data and application. Modified 
Toufar was originally designed for binary mixtures and mentions no requirements about the 
packing methods. CPM is capable of handling multi component mixtures including 
aggregates and cement and requires packing density of each fraction of materials. Moreover, 
the method of packing is considered in the model by utilizing index K. DTI 4C model can 
calculate the packing density of three component mixture and requires hard packing density of 
constitutes.  

It should be mentioned that in order to treat the models in a similar way, loose packing data 
was used as an input to all of the discussed models. Furthermore, the packing densities were 
measured on two wide range fractions defined as fines (0-8 mm) and coarse (8-16 mm) and 
not every sieve fraction as it is suggested by CPM. 

4.2.2. Layer theories
Water and paste layer theories can be used as a basis for compiling a mix design. The main 
difference between the water and paste layer theories roots in the way that the theories view 
concrete mixtures, water layer theory considers concrete as a mixture of particles and water 
while paste layer theory divides concrete in two phases of paste and aggregates. Water/paste 
layer theories are less used in literature and practice comparing to particle packing theory 
since the measurement of surface area is complex, expensive and in cases inaccurate. The 
water/paste layer theories were not directly used in this document but rather explained to 
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emphasize the research gap concerning measurement of specific surface area (SSA). 
Calculation of  SSA based on particle size distribution curve and the conditions for replacing 
assumed spherical shape of particles with other polyhedrons is described in Section 3.3.2 and 
Papers III & IV. 



 34 Experimental results

5. EXPERIMENTAL RESULTS

The following chapter includes the results that were used in compiling the appended papers.
The data were obtained either in laboratory, by calculation or extracted from papers published 
by other researchers. 

Papers I & II focus on the subject of particle packing and the accuracy of three of the 
developed models namely modified Toufar, CPM and 4C, see Sections 3.2 and 3.3. Papers III 
& IV deal with estimation of specific surface area and its application in water/paste layer 
theories as described in Section 3.3.2. 

5.1. Packing models study

Figure 5.1. shows a typical result of packing density study (more results can be found in 
Papers I & II) for binary mixes obtained from the laboratory experiment versus modified 
Toufar model, 4C and CPM. The volume share of fines in the mixture was increased by 10% 
in each step.

The interactions of particles were utilized in 4C software by means of -values (see Section 
3.2.2). For sensitivity analysis purposes, three different -values of 0.07, 0.05, and 0.03 were 
assigned to the model. Results from CPM were calculated by assigning compression index K
equal to 4.1 which represents loose packing.  

The models’ estimation had a point to point deviation of 0.5 % to 5.8 % in packing density 
comparing to the laboratory data.  
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Figure 5.1. Loose packing density of a binary mix from Riksten quarry in Sweden, CPM, modified 
Toufar and 4C models vs. lab data. 

As it can be seen in Figure 5.1, using different models will lead to different proportions of 
aggregates for any given mixture. The difference also exists in estimation of maximum 
packing density depending on which model was used where CPM slightly overestimates 
packing values comparing to modified Toufar.  Moreover, while the models tend to agree on 
the packing density as the finer material becomes dominant in the mixture (above 60% of fine 
content), the difference between estimated packing density becomes larger on the coarse side
(left side) of the diagram. 

It was concluded that generally in the tests performed, the accuracy of CPM and modified 
Toufar increase as the ratio between fines mean diameter to the coarse mean diameter 
decreases. On the contrary 4C shows better agreement with the test results for higher mean 
size ratios. For more detailed results see Paper II.  

Figure 5.2. shows the total comparison of differences between measured and calculated 
packing densities. Considering all the data obtained in the laboratory, Modified Toufar 
showed 1.72 % mean difference while the mean difference for CPM and 4C were 1.79 % and 
1.84 % respectively. It should be mentioned that the comparison was done on 4C with
of 0.07 as it is suggested by 4C manual for aggregates originated in Scandinavia.  
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Figure 5.2. Comparison of difference between calculated and measured values based on loose packing 
for Modified Toufar, CPM and 4C (see also Paper II).

5.2. Computation of specific surface area

Calculated specific surface areas and their corresponding Blaine values are presented in Table
5.1. and Figure 5.3. where the computations were based on the concept of midsphere and 
arithmetic mean approach. The bold numbers in the following table marks the shape that gives 
closest estimation to the Blaine value. More detailed data on the subject can be found in 
Papers III & IV. 

Table 5.1: Calculated specific surface area of the powders 
Calculation based on Midsphere and Arithmetic mean

Material Specific surface area (cm2/g)
Blaine

CEMIII/B42.5 4500 8011 6543 5664 5433 5215 4625
Marble 4580 5540 4525 3917 3761 3644 3199
Limestone 4040 8936 7300 6319 6064 5812 5160
Quartz 2600 4685 3828 3313 3005 2995 2705
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Figure 5.3. Blaine values vs. calculated SSA for different polyhedrons based on Midsphere-arithmetic 
mean assumption. (see Paper IV)

It should also be mentioned that the Blaine test is designed for measuring SSA of cement and 
not necessarily any non-spherical powder, in other words Blaine value is a relative value and 
not absolute for non-cement materials.  

In the case of most of the studied powders, the calculated spherical values of SSA were close 
to the Blaine value with some deviation for the particles with less spherical shape (e.g. Marble 
powder). It should be emphasized again that the Blaine value is calculated based on the 
assumption of spherical shape for the particle and so shows better agreement with the 
calculations based on the same assumption, in other words the Blaine value is not 
representative of the actual surface area, Hence to perform a more scientific comparison, the 
specific surface area should be measured by means of a test that produces more realistic 
measure of specific surface area (e.g. Microtomography, see Section 6.3). 
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6. DISCUSSION AND CONCLUSIONS

6.1. Accuracy of particle packing models

Particle packing theory is commonly used as a tool for concrete mix design and thus it is 
necessary to study the accuracy of packing models. Suitability of the models was decided 
based on the mean difference from the laboratory data and it was concluded that all of the 
models can predict the packing density of the mixture with acceptable accuracy while some 
models are able to estimate packing density of specific mixtures better comparing to the 
others. The judgement of appropriateness in accuracy of the models comes from the fact that 
experimental packing density of a given sample after correction for container wall effect 
includes a deviation of 1 to 2% as a result of randomness in arrangement of the particles. 
Hence, errors less than 2% for the models are considered acceptable. Moreover, it was found 
that the deviation of the calculated data from laboratory measurements can be related to the 
mean diameter ratio between the two classes (mean diameter of fine and coarse fractions). 
Results of the studies imply that as the mean size ratio of fines over coarse material decreases 
the accuracy of CPM and Modified Toufar increase. Contrariwise, 4C is more suitable with 
higher mean size ratios.

While the descriptions on how the packing density is calculated are rather strictly 
demonstrated, the concept of optimum packing and the approach to define it remains unclear.  

6.2. Estimation of specific surface area

Water and paste layer theories can be used as a tool in mix design where it is necessary to 
have an accurate measure of specific surface area (SSA) as an input in the models. However, 
there are no commonly accepted approaches to measuring the specific surface area of 
aggregates and in general the tests that can measure SSA are expensive and include highly 
device related complexities. 

An easier method for estimating the specific surface area is to calculate SSA derived from 
grading curve and based on the assumption of spherical shape for the particles. However, the 
mentioned method does not include the effect of square-cube law. In order to make the 
calculation of SSA more accurate, a group of scenarios were studied where the assumption of 
spherical shape was replaced by the assumption of platonic solid shape for the aggregates to 
count for the angularity and also to implement the square-cube law in the equations. It was 
found that the SSA can be much higher for certain aggregates if particles were assumed to be 
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cubic in shape instead of spherical. As an example, SSA of Quartz powder (see Table 5.1) 
becomes 50% larger if the assumption of spherical shape is replaced by cubical shape. This
shows the significance of shape of aggregates and the corresponding surface area/volume 
ratio growth (based on square-cube law) on computation of SSA and consequently the 
calculations related to water or paste layer theories. Thus, for more angular elongated flaky 
particles, the assumption of an angular platonic solid will lead to better estimation of SSA this 
is especially true for the materials with high fine content.

6.3. Future work

In general, it is essential to estimate the water demand of a concrete mixture as it directly 
influences some of the most important properties of the product e.g. strength and workability. 
Water demand of a mixture is in turn related to both specific surface area of the particles since 
the water should cover all of the surfaces of the particle and also packing density as less voids 
means less water to fill the voids between the aggregates.  

The major issue here is that while maximum packing leads to least voids to be filled with 
water, the concrete produced on this basis usually turns out to be “harsh”. Hence, the concept 
of optimum packing should be defined and a model for its estimation needs to be compiled. 

Thus, continuation of the current research aims to explain the concepts of optimum packing 
and zero slump concrete as foundations for a mix design model. The optimum packing in a 
mixture can be defined as a high packing density that at the same time has low water 
requirement. In turn, water requirement for a mixture is considered as all the water that is 
needed to fill the voids in between the aggregates in addition to the amount of water needed 
for covering the particles with a certain thickness which governs workability and puts the 
mixture at the onset of flow (based on water layer theory). For this purpose it is necessary to 
have a fairly accurate estimation of 1) SSA of particles and 2) the water requirement of 
mixtures.   

6.3.1. Estimation of SSA
As it is discussed in this thesis, proper estimation of surface area of particles is very important 
for calculating the amount of water needed to cover all the surfaces of solid constituents. 
Relating calculated SSA based on assumption of certain shape for the particle to actual 
measured SSA can provide a basis for categorizing aggregates based on their shape.  

An advantage of categorizing the shape of aggregates and relating them to a polyhedron is 
that the SSA of that specific aggregate can be recalculated once the sieving curve changes. 
Moreover, the data can be used for judging the suitability of the techniques that are used for 
production of crushed aggregates. This is usually done by studying the packing density and 
size distribution curve, while the importance of SSA is overlooked.  

Among the methods for measuring SSA, X-ray microtomography can be considered as a 
method with high accuracy. Microtomography is a radiographic imaging technique that can 
produced 3D images of a material’s internal structure at a spatial resolution in micrometer 
scale (Landis & Keane, 2010). 
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Accurate measurement of SSA, in combination with the data from particle packing can be 
used to define optimum packing. By knowing SSA and packing densities, the optimum 
packing – defined as a point in packing diagram that has high packing and low water 
requirement - can be estimated by drawing the packing densities against water requirement of 
a mix at any given point. Water requirement can be mathematically calculated based on the 
void ratio in aggregates structure in addition to the water that surrounds the particles based on 
water layer theory. see Figure 6.1. showing schematic diagrams of packing and water 
requirement. 

Figure 6.1. Schematic diagram of particle packing vs. water requirement in a binary system. 

While microtomography produces results with high accuracy, it still suffers from the same 
problems as Blaine and BET tests, namely inaccessibility, device related complexity and high 
cost. Hence, a fairly accurate but simpler method for estimation of SSA is required.  

6.3.2. Water requirement of mixtures
As mentioned before, it is possible to estimate the amount of water requirement of a mixture 
based on the concept of water layer theory which is calculated by utilizing SSA and 
assumption of certain thickness of the water layer. However, an empirical test should be 
conducted in order to find the actual water requirement that puts a mixture on the onset of 
flow for the sake of comparing calculation to actual laboratory data. This can be achieved by 
using the Marquardt test or other commonly used tests developed for the purpose of 
measuring water demand such as spread-flow test, Puntke or Vicat needle test.

Marquardt test characterizes the water demand as the percentage of water, adhesively bound 
on particle surface (Hunger & Brouwers, 2009). The test can be performed on powders, 
mortar or the entire concrete mixture. According to the test, the amount of water can be 
determined by monitoring the power consumption of a mixer while water is being added to 
the mixture in small amounts. A dry powder has a low shear resistance and therefore requires 
less power for stirring the mix, as the water is being added to the mixture, agglomeration of 
individual particles takes place which results in more consumption of power. Finally, the 
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power consumption reaches its maximum which reflects a point where all particles are wetted 
and the particle themselves are connected via water films. Figure 6.2. shows a scheme of 
development of power consumption in Marquardt test. 

Figure 6.2. Schematic development of power consumption in Marquardt test. (Hunger & Brouwers, 
2009).

Assuming the water layer thickness is constant for all of the particles, and in case calculated 
layer thickness is acceptably close to the measured one, Marquardt test can be used as an 
approximate test for measuring SSA.

Once the amount of water that is required to put a mix on the onset of flow is known, the data 
can be used further for starting point of a mix design approach.
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ABSTRACT  
An optimized aggregate particle packing density- used as a base for concrete mix design- 
provides economic, environmental and technical advantages. The particle packing density can 
be determined by many methods and predicted by different models.  This paper reviews 
common packing and procedures and compares predictions of three packing models. It was 
found that the models tend to show different packing densities and percentage of ingredients at 
maximum packing for the same mixture. A test setup is proposed to determine the accuracy of 
each model’s prediction. 

Keywords: Aggregate, Testing, Mix design, Dry packing 

1.  INTRODUCTION 
The prediction of the packing density for aggregate mixture, together with fine particle (i. e. 
matrix) modelling, is essential in concrete mix design. It is known that besides particle size 
distribution, the packing density of the aggregates is influenced by the packing process and also 
the shape of the grains /Proske & Ramge 2004/. Over the past few decades, several 
mathematical models have been introduced for the purpose of predicting packing of granular 
mixes. This study aims to compare three common particle packing models. The models were 
used on 4 mixtures of aggregate fragments with known aggregate distribution and packing 
density for each fragment. In addition to that, the paper will briefly review four common dry 
packing methods and aims to illustrate how the variation in packing process affects the outcome 
of packing density.  
 
2.  PACKING MODELS 
2.1. Modified Toufar Model 
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In this model, the packing density and characteristic diameter of each material are used to 
calculate the packing densities of particle combinations /Goltermann et al. 1997/. Modified 
Toufar model can be used for estimating packing of a multicomponent system. However, 
according to /Fennis 2011/.calculations of multi-component mixtures based on this procedure 
tends to underestimate the packing density.   
 
2.2.  4C Model 
4C is a computer program developed by Danish Technological Institute and is based on the 
Linear Packing Density Model (LPDM). The factors that are taken into account include particle 
size distribution of the mixture and packing densities of each size class. The accuracy of the 
model depends on interaction formulas which are relations derived from the packing density of 
two-component mixtures /dti.dk; Glavind, et al. 1999/. 
 
2.3. Compressible Packing Model 
De Larrard  /1999/ introduced the concept of virtual compactness that is defined as the packing 
that can be obtained by placing the aggregates one by one in a mixture in such a way that the 
minimum amount of space is left. The actual packing density can be derived from virtual 
packing density by use of compaction index K. The value of K depends on the compaction 
energy applied in the process of packing. 
 
3.  PACKING METHODS 
Several methods exist for packing process; one method is suggested by de Larrard /1999/ using 
vibration+compaction method. According to vibration+compaction approach, the aggregates 
should be poured in a cylinder that is closed with a 20 kg steel piston and the whole set should 
be put on a vibration table and submitted to the following vibration sequences: 2 min,40 s and 1 
min at  amplitudes 0.4 mm, 0.2 mm and 0.08 mm respectively.  

American standard ASTM C29 enforces conducting rodding or jigging method. Rodding 
method is defined as filling one third of a cylinder and rodding the layer of aggregate with 25 
strokes and continuing with filling the two-thirds and again rodding as above and finally, filling 
the cylinder to overflowing and rodding again. Jigging procedure includes filling the container 
in three approximately equal layers and compacting each layer by placing the measure on a firm 
base and raising the opposite sides alternately about 50 mm and allowing the measure to drop on 
the surface blow. Each layer should be compacted by dropping the measure 50 times, 25 times 
on each side. 

Moreover, European standard EN-1097:3 suggests using loose packing by means of pouring the 
aggregates in a standard cylinder from the distance of maximum 50 mm.  

Obviously the selection of the method affects the packing density. Among the packing models 
compiled for particle packing prediction, compressible packing model (CPM) takes the effect of 
packing method into account by means of a compaction factor index- K -which was suggested to 
have the value of 4.1, 4.5, 4.75 and 9 for loose packing, rodding, vibration and 
vibration+compression respectively. Figure 1 shows the effect of compaction index on packing 
density of a mixture based on CPM.  
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Figure1: Effect of K value on compaction. Actual packing densities of two classes were measured on 
loose packing. 

4.  EXPERIMENTS AT LTU  
In order to examine the reliability of the models, a series of tests have been designed. The 
experiment will include mixing different types and fragments of aggregates to construct binary 
mixes. The fines will be mixed with coarser aggregates in steps by replacing 10 % of coarse 
materials by fines in each step. The trend for mixture packing density will be drawn and can be 
compared to the results obtained from mentioned models. Eventually, models will be calibrated 
based on the lab results. As a reliable model was found or compiled, the mixtures with higher 
packing density will be used for making concrete samples with the aim of measuring the 
workability of mixtures. The experiments will be done on loose packing in a standard cylinder. 
As a part of the research, effect of packing method on packing density will be studied. 
 
5.  THEORETICAL COMPARISON OF THE MODELS 
Examples of results for theoretical comparison of models’ predictions made so far are presented 
in Figure 2. Each model suggested a different optimum contribution of the aggregates to the 
mixture and moreover, the models did not agree on the maximum packing density that can be 
obtained in the mixtures. 4C and Toufar model tend to almost merge as the finer aggregates 
became dominant in the mixture. The predicted packing from CPM was significantly different 
from 4C and Toufar. In the mixtures with crushed aggregate the difference between 4C and 
CPM was about 3 % while for the mixture of crushed and natural the difference was increased 
up to 7 %. CPM tends to predict higher packing density than the other two model whereas 4C 
showed the least packing density.  

6.  FINAL COMMENTS 
As it can be seen in Figure 2, the models led to different proportions of aggregates for the same 
mixture, also the maximum predicted packing densities were unalike. It is noticeable that the 
models tend to agree on the packing density as the finer material became dominant in the 
mixture (above 60% of fine material). However, the maximum packing density of a mixture is 
usually achieved when fine materials had 40 to 60% share of aggregate mixture, where the 
models showed the highest deviations from each other. That emphasizes the need of further 
studies on experimental data in order to calibrate the existing models or compiling a new one.   
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Figure 2: Comparison of packing models for four available aggregate combinations. Actual packing 
density of fragments were measured in the lab. 
 
REFERENCES 
ASTM C 29 

“Standard test method for bulk density and voids in aggregates”. ASTM International.  
Fennis, S. A. A. M., 2011 

“Design of ecological concrete by particle packing optimization” Dissertation, Delft 
University of Technology. 

Glavind, M., Olsen, G.S., Munch Petersen, C., 1999 
 ”Packing calculations and concrete mix design”. Danish Technological Institute 
Goltermann, P., Johansen, V., Palbol, L., 1997 

“Packing of aggregates: an alternative tool to determine the optimal aggregate mix.”  
ACI Materials Journal, Vol 94, pp. 435-443 

Larrard, F. de., 1999 
“Concrete mixture proportioning: a scientific approach.” London: E & FN Spon. 

Proske, T.,Ramge, P., 2004 
 “Influence of the particle shape on the packing density of aggregates.” Darmstadt 
Concrete – Annual Journal on Concrete and Concrete Structures, 19. 

SS-EN 1097-3:1998 
“Tests for mechanical and physical properties of aggregates-Part3: Determination of 
loose bulk density and voids”. SIS.. 

 



 

 

 

 

 

 

 

 

 

 

 

 

Paper II:
Particle Packing for Concrete Mix Design: Models vs. 
Reality.
Ghasemi, Y., Emborg, M. (2014), Published in Nordic Concrete Research, Vol. 51, No.3, 
December 2014, pp. 85-94.

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



85

 

Particle Packing for Concrete Mix Design: Models vs. Reality 
 

Yahya Ghasemi
PhD-student
Div. Structural and Construction Engineering, Luleå University of 
Technology
S-971 87 Luleå
yahya.ghasemi@ltu.se

 

Mats Emborg
Professor LTU/Head of R&D Betongindustri AB
971 87 Luleå, Sweden./Betongindustri AB, 100 74 Stockholm, 
Sweden
mats.emborg@betongindustri .se
mats.emborg@ltu.se

 

 

ABSTRACT

The packing density of aggregates is of great importance in 
concrete mix design as obtaining a higher packing density leads to 
less usage of cement paste which has technical, environmental and 
economic benefits. It is thus of interest to model particle packing
correctly. Hence, in this study, packing densities of seven mixes of 
aggregate were attained in the laboratory using the loose packing 
method and were compared to values suggested by three models:
4C, Compressible Packing Model and Modified Toufar Model.
Modified Toufar showed 1.7% mean difference from the 
laboratory values while CPM and 4C had mean differences of
1.8% and 1.9% respectively. In addition, it was found that some of 
the models are preferable in certain mixtures.

Keywords: Aggregates, Loose Packing, Mix Design, CPM, 4C, 
Modified Toufar
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1.           INTRODUCTION

Aggregate is a major component of the concrete, occupying 60% to 80% of its total volume. 
Increasing the amount of aggregates corresponds to less usage of cement in the concrete which 
has several beneficial effects, e.g. reduction in the cost of producing concrete, decrease in most 
of the durability problems of hardened concrete, reducing shrinkage and cracking, etc.

In addition, reduction in usage of cement leads to a decrease in pollution caused by its 
production. The cement industry produces about 5% of global man-made CO2 emissions; the
amount of CO2 emitted by the cement industry can be as high as 900 kg of CO2 for every 1000 
kg of cement produced [1]. It should be noted that the cement industry worldwide and 
especially in Scandinavia and Europe takes its responsibility and strong efforts are taken to 
reduce the CO2 emissions at production. Some companies have formulated a zero-vision [2] and 
others are engaged in carbon capturing of emitted gas see [3] describing a Heidelberg Cement 
supported project. Also, concrete producers are now striving to reduce the amount of clinker and 
thus CO2 by replacements such as fly ash, blast furnace slag, lime stone filler etc. 

The packing density concept can be used as a part of concrete mix design with the aim of
minimizing the inter-particle voids between the constituents of concrete in order to reduce the 
paste demand. Packing density is the ratio of the volume of solids to the bulk volume of the 
solid particles [4, 5]. The date for one of the first articles on particle packing goes as far as 1892 
[6] further researches were conducted mainly concentrating on designing an ideal aggregate size 
distribution curve [7, 8]. In 1929 the first analytical packing model was designed to predict the 
void ratio of a mixture of two particle groups [9]. Since then, plenty of researches were
conducted on the subject resulting in development of several analytical models and computer-
aided mix design software.

Particle packing models can be used as a tool to determine the optimum combination of 
aggregate mix constitutes that will provide a maximum packing density and minimize the 
remaining voids. Although it has been recognized nowadays that the binder phase can also be 
graded just as the aggregate phase for the purpose of achieving tight particle packing or 
minimum void, research results have shown that improvements achieved in the reduction of 
void ratio are far greater with the aggregate phase than with the binder phase [10].

The aim of this paper is to examine the reliability and accuracy of analytical particle packing 
models by comparing the suggested values by the models to actual aggregate packing values 
obtained in the laboratory.  For this purpose, three of more common packing models –Modified 
Toufar, 4C and CPM- were studied. The results from this type of study can assist the 
development of future mix design philosophies. 

The study only dealt with the precision of packing models considering solely dry aggregates.

2.          PARTICLE PACKING MODELS

As mentioned above, it is of extreme importance to minimize voids for optimising concrete 
mixes. In order to fulfil this requirement it is vital to select an acceptably accurate packing 
model to estimate the packing density. A number of particle packing models were developed 
over the past 80 years. However, some of them were proved to be unsuitable for concrete mix 
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constituent proportioning [11, 12]. Among the remaining models, three of more common ones 
were chosen and are described briefly in the following sections.

2.1.       Modified Toufar

According to Toufar et al. [13] the packing density depends on the diameter ratio of the two 
particle class that are to be mixed. It is assumed that each of fine particles is placed between 
exactly four of the course particles. The Toufar model was later modified by Golterman et al.
[14] since it was shown that the original model predicts that the packing density of a sample of 
coarse particles does not increase when a small amount of fine particles is added to the coarse 
particles, which is in contrast with reality. 

The required input data for Modified Toufar model includes packing density and characteristic 
diameter dchar of each material that is used in the combination. Modified Toufar model can be 
used for estimating packing density of a multicomponent system. However, calculation of multi-
component mixtures based on this procedure tends to underestimate the packing density [15].
On the other hand Modified Toufar model is fairly easy to use and can be implemented in a 
spreadsheet with a little effort. 

2.2.     4C Model 

4C is a computer program developed by Danish Technological Institute and is based on the 
Linear Packing Density Model (LPDM). The Linear Packing Density Model can be used to 
optimize the grading curve of a concrete mixture. The key elements of the LPDM used to 
determine packing density are:

i. Calibrate the eigenpacking density ai of each constituent material
ii. Calculate ai of combination for each clustered size class di
iii. Calculate yi (volume) of combination for each clustered size class di
iv. Claculate the total packing density

The Linear Packing Density Model can predict the packing density for several particle classes, 
which makes the model suitable for real concrete mixtures [10]. The accuracy of the model 
depends on interaction formulas which are relations derived from the packing density of two-
component mixtures [16, 17].  4C packing model uses -value as an interaction factor which 
indicates possible maximum ratio (size) between small and large particles without the smaller 
particle interfering with the packing of the larger particles. For the purpose of this study three 
values of were compared to actual data obtained from laboratory tests. It should be mentioned 
that is an empirical value and needs to be calibrated based on the laboratory data.

2.3.      Compressible Packing Model (CPM)

The CPM is a refined version of a previous model (LPDM) for grain mixtures [18]. The 
Compressible Packing Model calculates packing density via the virtual compactness i instead 
of ai (eigenpacking) and a compaction index K. Virtual packing density is defined as the 
maximum potential packing density of a mixture if the particles would have been placed one by 
one in such a way that they use the minimum amount of space. 

Obviously, the virtual packing density is higher than the real packing density. The difference 
depends on the applied compaction energy. To drive the real packing density from virtual 
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density, compaction index K is used; the value of K depends on the compaction energy applied 
to the mixture. K index was suggested to have the value of 4.1, 4.5, 4.75 and 9 for loose 
packing, rodding, vibration and vibration+compression respectively. Figure 1 shows the effect 
of compaction index on packing density of a mixture based on CPM [18].

a) b)

Figure1: (a) Effect of K value on compaction where actual packing densities of two classes 
assumed to be constant. (b) Variation of K vs. packing density [18].

LPDM can be considered as a special case of CPM for which the compaction index K tends to 
infinity. 

Another difference between 4C and CPM is in the way that models handle the interaction of 
packing densities of components in the mixture. While this is implanted in 4C by means of -
value, CPM suggest calculating the effect by using mathematical formulas.

In order to use the CPM model, packing density of each fraction, mean diameter and K-value 
needs to be introduced to the model. CPM can be used to predict the packing density/void ratio 
for combination of any given number of fractions. However, comparing to the other two models
CPM is more complex and requires more input data. 

3.          MATERIALS AND METHODS

3.1.       Materials

Seven binary aggregate mixtures were made out of eight fractions of three quarries. The mixes 
were made in several steps by adding 10% to 20% of volume of fines to coarse material in each 
step for every binary mixture. Table 1 shows the consumables used in the experiments, Figure 2
illustrates the sieving curves for the materials and Table 2 shows the ingredients for the 
mixtures.



89

 

Table 1 – Aggregates used for the experiments
Quarry Type Fraction
Riksten Natural 0 - 4 mm

8 - 16mm
Riksten Crushed 0 - 2 mm

0 - 4 mm
4 - 8 mm
8 - 16 mm

Ledinge Cubic crushed 0 - 4 mm
8 - 16 mm

 

Figure 2 – aggregate sieving curves

Table 2 – Mixtures ingredients
Combo Fine Coarse d50(fine) / d50(coarse)*
Mix1 Riksten Crushed 0-4 mm Riksten Crushed 8-16 mm 0.12
Mix2 Riksten Crushed 0-2 mm Riksten Crushed 8-16 mm 0.09
Mix3 Riksten Crushed 4-8 mm Riksten Crushed 8-16 mm 0.52
Mix4 Riksten Natural 0-4 mm Riksten Natural 8-16 mm 0.08
Mix5 Ledinge Cubic Crushed 0-4 mm** Ledinge Cubic Crushed 8-16 mm 0.07
Mix6 Ledinge Cubic Crushed 0-4 mm Riksten Natural 8-16 mm 0.09
Mix7 Riksten Natural 0-4 mm Ledinge Cubic Crushed 8-16 mm 0.07
* The ratio of mean diameter of fine aggregate class to mean diameter of coarse aggregate class.
**crushed aggregates formed in a crusher to a cubic shape so they become less angular.

3.2.       Packing Method

The packing densities for each of listed materials and their mixtures were determined according 
to European standard EN-1097:3 [19] by means of pouring the aggregate in a standard cylinder 
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form the distance of maximum 50mm. The dry particle densities and the bulk densities were 
determined and their packing densities were calculated as the ratio of bulk density of the 
aggregate to the solid density of the dry aggregate particles. Table 3 shows packing density of 
aggregates.

Table 3 – Packing density of aggregates in un-compacted condition
Quarry Fraction Bulk density (kg/m3) Particle density 

(kg/m3)
Packing density*

Riksten Natural 0-4 mm 1682 2645 0.636
8-16 mm 1642 2645 0.621

Riksten Crushed 0-2 mm 1572 2674 0.588
0-4 mm 1695 2674 0.634
4-8 mm 1342 2674 0.502

8-16 mm 1562 2674 0.584
Ledinge Cubic Crushed 0-4 mm 1863 3064 0.608

8-16 mm 1657 3064 0.541
* Particle packing densities were corrected for cylinder wall effect.

4.          RESULTS

Figure 3 illustrates the results of packing densities obtained from the laboratory experiment 
versus Modified Toufar model, 4C and CPM. For the purpose of sensitivity analysis three 
different -values were introduced in 4C software as 0.07, 0.05 and 0.03. The models’
estimation had a point to point deviation of 0.5 % to 5.8 % in packing density comparing to the 
laboratory data. The least error occurred in mixtures with higher mean diameter ratio between 
fine and coarse aggregate fractions. The maximum error took place in prediction of packing 
densities for mixtures combined of natural aggregate as coarse and cubic crushed material as 
fine.

Figure 4 shows the total comparison of differences between measured and calculated packing 
densities. Considering all the data obtained in the laboratory, Modified Toufar showed 1.7 % 
mean difference while the mean difference for CPM and 4C were 1.8 % and 1.9 % respectively. 
However, comparing each mixture leads to different values as some of the models are more 
suitable with specific mixtures; see Table 4 in Section 5.

For the purpose of unified comparison only results with assumption of -value = 0.07 was 
considered for 4C model as this number is suggested in 4C manual and furthermore, it is not 
possible to choose the best value of prior to conducting actual laboratory tests.
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Figure 3 – Packing densities of binary mixes, models vs. lab data.
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Figure 4 – Comparison of difference between calculated and measured values 

5.          DISCUSSION AND CONCLUSION

There were some subtle differences between the models: Modified Toufar and CPM suggested
more or less the same values of fine percentage corresponding to the packing density. However, 
CPM slightly overestimated packing values comparing to Modified Toufar model. This is in 
agreement with what was concluded earlier by Jones et al. [10]. Both CPM and Modified 
Toufar overestimated the packing density where volume of fines engaged in the mixture was
less than 40% of the total volume. 4C tends to behave more inconsistently with variation of 
mixtures.

According to Figure 4, Modified Toufar’s predictions show the least deviation from the 
measured packing densities (1.7%). However, it had been showed that the model’s accuracy 
decreases as the number of ingredients in a mixture increases [15].

CPM was able to predict the packing density with a mean difference of 1.8%. CPM is more 
suitable for using with multicomponent mixtures as it was formulated in a way that theoretically 
it can predict packing density of any given number of fractions in one equation, the same cannot 
be said about Toufar as for Modified Toufar model, packing density of classes of aggregates 
need to be calculated in a binary system and then the result should be added to a third class and 

Line of Equality

a) Modified Toufar
Mean difference = 1.7% 

b) CPM
Mean difference = 1.8% 

Line of Equality

c) 4C =0.07
Mean difference = 1.9% 

Line of Equality
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so on. 4C is capable of calculating the packing density for a mixture with up to three constitutes.
However, for a binary mixture, Toufar is preferable comparing to CPM and 4C as it has higher 
accuracy and is simpler to use.

It should be mentioned that, all of the models trends merge and became more in agreement with 
each other and the laboratory data on the finer side of the packing diagrams. 

In order to compare the data in more detail, Table 4 is presented which shows the mean 
difference between the calculated data by each of three models and measured values for each 
mixture. It should be mentioned that for the calculation of mean difference, only the data 
corresponding to 40 % to 60 % of fine/ total volume of aggregate was taken into account. The 
reason for choosing the mentioned range is firstly, the maximum packing density usually occurs 
in this domain and secondly, it is more practical to have concrete recipes with 40 % to 60 % of 
fine / total volume of aggregate since using more than 60 % of fines will lead to a very viscous 
concrete with large demand for superplasticizer and less than 40% of fines results in “too stony” 
concrete.

Table 4 – Comparison of models suitability on each mixture
Combo d50(fine) /

d50(coarse)

Mean difference Suitability
M.Toufar CPM 4C High Medium Low N/A

Mix1 0.12 0.78% 1.86% 1.37% 4C, Toufar CPM -- --
Mix2 0.09 1.12% 0.98% 1.64% CPM, Toufar 4C -- --
Mix3 0.52 1.83% 3.40% 1.40% 4C Toufar -- CPM
Mix4 0.08 1.24% 1.07% 1.67% CPM, Toufar 4C -- --
Mix5 0.07 1.62% 1.99% 1.62% 4C, Toufar 4C, Toufar, CPM -- --
Mix6 0.09 1.80% 1.34% 3.94% CPM Toufar -- 4C
Mix7 0.07 2.65% 1.75% 1.52% 4C CPM Toufar --

Note that in Table 4, suitability of the models was decided based on the mean difference from 
the laboratory data where high suitability was assigned to predictions with less than 1.5 % mean 
difference, medium was used for predictions with mean difference between 1.5 % to 2 % and 
low suitability for predictions with error higher than 2 % and finally, predictions with error 
higher than 3 % were considered as unsuitable. The criterion can be justified by the fact that 
trials in the lab consisted of up to 2% variation in the packing density due to changes of size 
distribution and randomness of aggregate shapes in the quarries.

Results from Table 4 imply that as the mean size ratio of fines over coarse material decreases 
the accuracy of CPM and Modified Toufar increase. Contrariwise, 4C is more suitable with 
higher mean size ratios. Note that Mix6 was consisting of cubic crushed materials as fine and 
natural aggregate as coarse; this led to incapability of 4C model to predict the packing density 
with good accuracy. Nevertheless, further work is necessary to examine the effect of changes in 
packing density of a mixture on workability of concrete so that a basis for acceptable error range
of packing density/void ratio prediction of the models can be established.
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Abstract

Workability at fresh state is one of the most important factors in design and production of 
concrete and can be related to the water demand of the mixture, which in addition to other 
factors, is a function of particle shape of aggregates and binders and their specific surface
area. While it is known that the shape of fine particles have a significant effect on the water 
demand, there are uncertainties regarding how the various shape parameters would affect the 
specific surface area, mainly because up to now many of the shape parameters are not yet 
clearly defined and there are no commonly accepted methods for their measurement and/or 
estimation.
In this research the actual particle shapes was replaced with regular convex polyhedrons to
calculate the total specific surface area using size distribution curves of the samples.  
The obtained results indicate that while in some cases, assumption of spherical shape of 
particles leads to an acceptable estimation of the specific surface area when compared with 
Blaine tests results, the specific surface area of powders with more angular particles could be 
calculated more accurately with the assumption of Polyhedron shape rather than spheres.

1. Introduction

Concrete in the plastic state can be characterized by several parameters among which 
workability is probably the most important one and is influenced by the water requirement, 
which in turn is a function of aggregates’ shape, size, and fine content. Thus, understanding 
the role of aggregates is fundamental for the production of high performance concrete 
(Alexander and Mindess, 2010).

Aggregates have a large variability in mineral composition, shape, surface roughness and 
surface texture and their specific surface area. One major parameter influencing the water 
demand is a comprehensive measurement of size, shape and roughness (Wang and Lai, 1998).



The shape of particles is a complex function of their formation conditions, the mineralogical 
composition, and particle size and not only refers to basic shape of aggregates, but also to 
other measures such as angularity, flakiness, etc. There is a considerable confusion on how 
various shape parameters are defined. There are also no commonly accepted methods for their 
measurement (Kwan and Mora, 2001). Particle shape can be classified by measuring the 
length, width and thickness of particles. Estimation is easier for larger particles. The specific 
surface area can be used as an indicator of size, shape and surface roughness of particles. 

In asphalt mixtures, the specific surface area of the aggregate can be directly related to the 
asphalt concrete binder thickness and therefore related to the rutting and fatigue performance 
of asphalt concrete, (Alexander and Mindess, 2010). Furthermore, Hunger (2010) concluded 
that in the case of a self-compacting concrete, a certain thickness of water layer surrounding 
the particles in water-powder dispersion will put the mixture at the on-set of flow. In other 
words, the relative slump of a water-powder mixture becomes a function of the specific 
surface area when sufficient water is present to enable the flow (Brouwers and Radix, 2005).

It is also possible to estimate the specific surface area using particle size distribution data 
based on the assumption that particles have spherical shape. However, particle shapes are far 
from being spherical due to 3D randomness in their dimensions, related to the origin of the 
aggregates, and their production method. This is particularly true for example in the case of 
crushed aggregate.

The specific surface area is the quotient of the absolute available surface inclusive all open 
inner surfaces (pore walls) divided by the mass [m2/g]. For concrete mix design, only the 
outer surface being in contact with water is of interest. With the consideration of the specific 
density, the specific surface area could also be expressed as area per volume [m2/m3]. The 
total surface area of a set of aggregates is  governed by the fine aggregate fraction according 
to the square-cube law. Assuming that all particles were spherical in shape, the Specific 
Surface Area (SSA), sph , would be easy to calculate based on the particle size distribution 
and grading curves,(McCabe et. al., 1993) :

= 6 . (1)

where
is the mass of a grain fraction i, being the mass percentage of the fraction between di and 

di+1.
is the mean diameter of fraction i and i+1.
is the specific density of the particles.

Since the solid constituents of concrete mixtures seldom have spherical particle shape, some 
error should be expected in the results from Eq (1).  It has been found that the specific surface 
area of the aggregate can be much larger than that of spheres of equivalent size (Wang and 
Frost, 2003).



There are several ways of determination of SSA based on direct and indirect measurements, 
e.g. Blaine test (ASTM C204, 2016), Lea and Nurse Method (Lea and Nurse, 1939). Both 
tests give similar results but are not applicable to fine and ultra-fine powders. The Blaine test 
method was developed exclusively for measurement of the specific surface area of cement 
and is based on the assumption of spherical particle shape which leads to relative measures
for materials other than cement. 

Another method that has been used to determine SSA is the volumetric static multi-point 
method, better known as the BET method (Brunauer et. al., 1938). Results from BET test 
include the measure of surface area of internal pores, which is not of interest for calculation of 
water demand in concrete mixtures.

Determination of the SSA value using these three test methods includes complex measuring 
devices. As a result developing a cheaper and easier to use method for estimation of SSA is 
necessary. The main aim of this research was to verify the effect of the assumption of the 
ideal polyhedron shapes of the particles instead of spheres on calculation of the SSA. For this 
purpose, the specific surface areas of the particles were mathematically calculated based on 
the size distribution curve and the assumption that particles have a uniform shape. The 
particle shapes were substituted with the shape of standard platonic solids. The calculated 
values were compared to the specific surface area of the samples measured using Blaine 
method. 

2. Materials

Four types of powders were used in this study and all required input data were extracted from
earier test results. Characteristics of the first three materials shown in Table 1 were extracted 
from Hunger & Brouwers, (2009) and included specific density, bulk density, grading curve, 
Blaine values, and Scanning Electron Microscope (SEM) images. The information on the 
Quartz powder was obtained from  Jennings et. al., (2013).

Table 1: Densities and SSA of the powders, from.(Hunger and Brouwers,( 2009) and Jennings
et. al.,(2013)
Material Specific density 

(g/cm3)
Loose packing 

density
Bulk density   

(g/cm3)
SSA based 
on Blaine 
(cm2/g)

CEM III/B 42.5N 2.96 0.72 2.13 4500
Marble Powder 2.80 0.64 1.79 4580
Limestone 2.21 0.69 1.87 4040
Quartz Powder 2.60 0.64 1.66 2600

Particle size distribution curve of the materials was obtained by deploying low angle laser 
light scattering technique (LALLS) conducted by (Hunger and Brouwers, 2009), Figure 2.



Figure 2. Particle size distribution curves. (Hunger and Brouwers, 2009)(Jennings et. al., 2013).

Additionally, in order to further validate the relation between polyhedrons and the particle 
shape and to be able to distinguish the difference in particle geometry, SEM images from 
Hunger and Brouwers (2009) Figure 3.

(a) CEM III/B 42.5 N (b) Dolomitic marble powder
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(c) Limestone powder

Figure 3. SEM-SE images of studied powders, 1000X magnification. (Hunger and Brouwers, 2009).

3. Computation of SSA

3.1. Square-Cube law

The square-cube law defines a mathematical principle describing the relationship between the volume 
and the area related to changes in size and was first introduced by Galilei and Drake, (1946).
According to the principle, as a shape grows in size, its volume grows faster than its surface area.
Consequently, as the size decreases its surface area grows faster than its volume. The effect of the 
square-cube law becomes especially significant for calculation of specific surface area of finer 
particles namely powders and cement i.e. for a given mass of aggregate, the surface area increases 
with reducing particle size. The specific surface area can be calculated mathematically by assumption 
of spherical shapes for the particle. In case when spheres were replaced by another shape, the 
difference in calculations is caused the fact that different shapes have different volumes and also the 
ratio between specific surface area and volume changes based on the chosen shape according to 
square-cube law. Figure 4 shows the difference in pace of growth of SSA/Volume ratio of so called 
Platonic solids - a set of five 3D regular convex polyhedrons - obeying the square-cube law.



Figure 4. Surface area versus volume of the platonic solids and a sphere. (Ghasemi et. al,2016)

The formula presented in Eq. (1) deals with a special case of calculating the SSA for spherical 
particles, the equation can be written in its general form where the ratio of SSA/V implements 
the square-cube law in the formula:= .. (2)

where:
SSAi/Vi is the specific surface area to volume ratio of fraction i and is related to the shape as 
shown in Table 2.

As mentioned before, it is possible to calculate SSA based on particle size distribution curves
and with the assumption of mono-shaped particles. The Platonic solids that were examined to 
re-calculate the SSA are shown in Table 2. Substituting spheres with the platonic solids will 
not only change the calculated volume and specific surface area but also affect the rate of
growth in SSA/Volume ratio according to the square-cube law.

0

50

100

150

200

250

300

350

400

0 50 100 150 200 250 300 350 400 450 500

Su
rf

ac
e 

Ar
ea

 

Volume 



Table 2: Platonic solids used in the calculation of SSA and their volumes.
Shape Surface Area Volume SSA/V 
Tetrahedron 3 212 14.697
Cube 6 6
Octahedron 2 3 13 2 7.348
Dodecahedron 25 + 10 5 14 (15 + 7 5) 2.694
Icosahedron 5 3 512 (3 + 5) 3.970
Sphere 4 4 3 3
3.2. Equivalent polyhedron shape

The spherical surface area of each fraction can be calculated using Eq (1). To do so, the mean 
diameter of the particle sizes di and di+1 of a fraction i as the characteristic particle size, is 
required. The mean diameter di can be calculated using either arithmetic mean or geometric 
mean, see . Eq (3) and Eq (4) respectively:

, = +2 (3)

, = + (4)



For the corresponding calculations for the polyhedrons, the length of the sides is needed since 
the Platonic solids should be defined in relation to the spheres. This relation can be 
conditioned based on geometric properties of the spheres using the concepts of circumsphere 
and midsphere or by equivalent volume (mass) to the spheres. In geometry, a circumscribed 
sphere or circumsphere of a polyhedron is a sphere that contains the polyhedron and touches 
each of the polyhedron's vertices. Midsphere is defined as a sphere that touches all of the 
polyhedron edges.

The midsphere does not necessarily pass through the midpoints of the edges, but is rather only 
tangent to the edges at same point along their lengths (Cundy and Rollett, 1989). The length 
of edges of platonic solids are smaller for the circumsphere approach comparing to 
midsphere. 

For volumetric equivalency the sides of the polyhedrons can be back-calculated by replacing 
the volume of the polyhedrons by the volume of spheres assumed for each fraction, see Figure 
4.

Circumsphere -Cube Midsphere - Cube

Equivalent volume

Figure 4. Circumsphere, Midsphere and volume equivalency of a cube.



It is also possible to define the equivalency based on the concept of Insphere. Insphere is 
a sphere that is contained within the polyhedron and is tangent to each of the polyhedron's 
faces. The issue with calculation based on Insphere is for some polyhedrons e.g. Tetrahedron, 
only a relatively small sphere can be contained in comparison with other shapes. This would 
affect the calculation of SSA and therefore calculation based on Insphere was ignored.

In this study different approaches have been examined to define the equivalent polyhedrons to 
the spheres by utilizing the concepts of circumsphere, midsphere, and volume equivalency. 
The computation was done based on both arithmetic and geometric means.  

The lengths of sides of the polyhedrons were calculated for different assumptions:
The polyhedrons are contained in spheres (circumsphere) with diameter calculation 
based on arithmetic mean. 
The polyhedrons are contained in spheres (circumsphere) with diameter calculation 
based on geometric mean. 
The sphere touches all of the polyhedron edges (midsphere) with diameter calculation 
based on arithmetic mean. 
The sphere touches all of the polyhedron edges (midsphere) with diameter calculation 
based on geometric mean. 
The polyhedrons have the same volume as the spheres (volumetric) with diameter 
calculation based on arithmetic mean. 
The polyhedrons have the same volume as the spheres (volumetric) with diameter 
calculation based on geometric mean. 

The edge lengths of the polyhedrons, a, were calculated by equations listed in Table 3.
Median radius of equivalent spheres, r, can be calculated by either Eq (3) or (4).

Table 3: Edge lengths of polyhedron.
Shape Circumsphered edge 

length (ac)
Midsphered edge length

(am)

Tetrahedron
46 42

Cube
23 22

Octahedron
22 2

Dodecahedron
43(1 + 5) 4(3 + 5)

Icosahedron
410 + 2 × 5 4(1 + 5)



4. Results and discussion

Calculated specific surface areas according to Eq (2) and their corresponding Blaine values
obtained from laboratory tests of the referred previous studies are presented in Table 4 where 
specific surface was calculated based on the size distribution curve assuming different 
platonic solids. 

In the case of most of the studied powders, the calculated spherical values of SSA were close 
to the Blaine value. The marble powder showed the largest deviation and thus its calculation 
should be conducted with the assumption of a different shape rather than spheres. This result 
corresponds well to the observed elongated, flaky particle shape of that material, Figure 3.

Moreover, in case of CEMIII/B42.5, Limestone powder, and Quartz powder, the calculation 
based on the assumption of spherical shape for the particles led to an overestimation of the 
SSA. It should be noted that the less spherical is a particle, the greater is its specific surface 
area.  Since the particle shapes of powders are normally anything but spherical, therefore, the 
SSA of the actual particles should be higher than the calculated one based on the assumption 
of spherical shapes. Slight overestimation of spherical SSA can be related to the approach that 
is taken for determining the mean diameter of a particle.

In the case of the Marble powder, the calculated spherical SSA has a more noticeable 
difference to the Blaine value and is also the least spherical in terms of particle shape, Figure 
3. It should also be mentioned that the Blaine test is a relative test designed for measuring 
SSA of cement and not necessarily any non-spherical powder, in other words Blaine value is a 
relative value and not absolute. 

To sum up, among the studied scenarios used for defining the equivalent shape and mean 
diameter, The assumption of midsphere equivalency and arithmetic mean results in less error 
comparing to other approaches. See a compilation made in Figure 5.

As it can be seen in Figure 5, the assumption of spherical shape agrees with the Blaine values 
for CEM III and Quartz. While cement particles usually have round shape, the same cannot be 
said about Quartz. The reason that calculated SSA for quartz agrees with the spherical shape 
could be related to the fact that the source of information for Quartz comes from a different 
research (Jennings et. al., 2013).

In the case of Marble powder, assumption of cubical shape leads to a better estimation of 
specific surface area, which this can be directly related to angularity of Marble grains. 
Moreover, it should be noted that for the finer particles, there is a larger difference in the 
calculated specific surface area for different shapes which can be related to the principle of 
square-cube law.



It should also be mentioned that each column of data in Figure 5 shows the difference in 
calculated specific surface area based on different shape for a given size distribution curve. 
The difference in SSA for different shapes becomes more significant as the fine content of 
studied materials increases as a result of the square-cube law, e.g. see the difference in SSA 
for Limestone comparing to Quartz. 

Table4: Calculated specific surface area of the powders 
Calculation based on Circumsphere and Arithmetic mean

Material Specific surface area (cm2/g)
Blaine

CEMIII/B42.5 4500 13874 8014 8014 5822 5833 4625
Marble 4580 9596 5542 5543 4027 4036 3199
Limestone 4040 15478 8940 8940 6495 6512 5160
Quartz 2600 8116 4689 4688 3397 3415 2705

Calculation based on Circumsphere and Geometric mean
Material Specific surface area (cm2/g)

Blaine

CEMIII/B42.5 4500 14642 8458 8454 6140 6143 4881
Marble 4580 10112 5838 5838 4240 4245 3371
Limestone 4040 16325 9426 9426 6846 6851 5441
Quartz 2600 8562 4944 4944 3581 3594 2854

Calculation based on Midsphere and Arithmetic mean
Material Specific surface area (cm2/g)

Blaine

CEMIII/B42.5 4500 8011 6543 5664 5433 5215 4625
Marble 4580 5540 4525 3917 3761 3644 3199
Limestone 4040 8936 7300 6319 6064 5812 5160
Quartz 2600 4685 3828 3313 3005 2995 2705



Calculation based on Midsphere and Geometric mean
Material Specific surface area (cm2/g)

Blaine

CEMIII/B42.5 4500 7625 6904 5978 5743 5224 4881
Marble 4580 5164 4767 4128 3969 3608 3371
Limestone 4040 8534 7696 6665 6404 5824 5442
Quartz 2600 4656 4037 3495 3354 3054 2584

Calculation based on equivalent volume and Arithmetic mean
Material Specific surface area (cm2/g)

Blaine

CEMIII/B42.5 4500 6892 5737 5469 5078 4927 4625
Marble 4580 4766 3968 3784 3515 3406 3199
Limestone 4040 7689 6401 6103 5668 5495 5160
Quartz 2600 4031 3355 3200 2964 2881 2705

Calculation based on equivalent volume and Geometric mean
Material Specific surface area (cm2/g)

Blaine

CEMIII/B42.5 4500 7273 6056 5772 5358 5195 4881
Marble 4580 5022 4182 3986 3703 3588 3371
Limestone 4040 8109 6751 6434 5977 5791 5442
Quartz 2600 4253 3541 3375 3128 3037 2584



Figure 5. Blaine values vs. calculated SSA based on Midsphere-arithmetic mean assumption.

5. Conclusion

The specific surface area of aggregates, fillers and binders affects the fresh and hardened 
concrete properties. The water layer theory is a potentially useful tool for prediction of fresh 
concrete flow ability. However, the complexity of the analytical instruments required to 
measure the specific surface area limits a wider usage of that approach for e.g. concrete mix 
design. An alternative is to formulate an equation enabling theoretical prediction of the 
specific surface area using only simple input data. The results of the present study showed 
that while assumption of spherical shape for particles leads to an acceptable estimation of the 
specific surface area for round particles, in case of more angular flaky particles, substituting 
polyhedrons with sphere improves the accuracy of specific surface area estimation.
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