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Abstract

Weight reduction is one possibility to reduce fuel consumption and emission of trans-
portation vehicles. Sheet metals are often used in automotive and aerospace applications
and therefore the weight reduction achieved by reducing the sheet metals thickness is
an important contribution to weight reduction. Increasing the strength of sheet metal
materials gives the opportunity to reduce the total weight while maintaining safety. To
prove a maintained safety for parts with a decreased weight Finite Element (FE) simu-
lations are commonly used. This leads to a high demand on the simulation precision of
sheet metals, where an accurate prediction of the post-necking behaviour of materials is
needed. Improved FE simulations are reducing time and costs during the development
processes.

One application to improve the strength of sheet metals in the automotive industry is
the usage of ultra high strength steels, which has constantly increased in usage during
the last decades. The development of the press hardening process, where sheet metal
blanks are formed and quenched simultaneously, brings new design opportunities. Using
press hardening tools with zones that uses different cooling rates sheet metal parts can be
produced with tailored properties, to improve their performance. Simulating materials
based on the microstructure demands high precision on the plasticity modelling for high
strain values.

In this thesis work a method to characterize the elasto plastic post necking behaviour of
sheet metal materials, the Stepwise Modelling Method (SMM), is presented. The method
uses full field measurements of the deformation field on the surface of tensile specimen.
The hardening relation is modelled as a piecewise linear in a step by step procedure. The
linear hardening parameter is adapted to reduce the residual between experimental and
calculated tensile forces. The SMM is used to characterize the post necking behaviour
of a ferritic boron steel and the results are compared with the commonly used inverse
modelling method. It is shown that the stepwise modelling method characterizes the
true stress, true plastic strain relation in an effective and computational efficient way.
Furthermore, the SMM is used to characterize the stress state evolution during tensile
testing, which is an important factor for failure and fracture modelling. This method is
shown in an aerospace application for the nickel based super alloy Alloy 718.

The results shows that the stepwise modelling method is an effective and efficient
alternative method to characterize the deformation and failure of sheet metals. Based on
the results of this method plasticity and fracture models can be characterized in future
work.
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Thesis

This is a compilation thesis consisting of a synopsis and the following scientific articles:
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Chapter 1

Introduction

The introduction aims to enlighten the need of the present work and also to describe
the scientific background in deformation and failure modelling. The main focus is on
characterization methods which can be used for different sheet metal materials.

1.1 Objective

The present thesis is concerned with material modelling and its characterization for sheet
metals. The objective of this thesis is to evaluate and improve methods to characterize
sheet metal deformation and failure. When characterizing advanced, heat treated mate-
rials the accuracy, effectiveness and time demand of a method are of great importance
for this improvement. Effective and accurate methods to characterize sheet metal de-
formation and failure are furthermore an important contribution in order to make the
development process more efficient.

1.2 Background and motivation

Weight reduction is one possibility to reduce fuel consumption and emission of trans-
portation vehicles. Decreasing the structural body mass of vehicles results in a positive
spin-off for further possibilities of mass reduction. For example, a car with a reduced
weight of the body demands a lighter engine, a less massive suspension and a lighter
structure. Similar examples are shown for aerospace applications. Reducing for exam-
ple the weight of one aeroplane engine component by 30 kg, the lifetime CO2 emission
from one single aeroplane can be reduced by approximately 400 tonnes (LIGHTer, 2016).
One major technical challenge is to insure the design requirements of weight reduced
components.

Sheet metals are often used in automotive and aerospace applications and therefore the
weight reduction achieved by reducing the sheet metals thickness is an important con-
tribution to the total weight reduction. Increasing the strength of sheet metal materials
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4 Introduction

gives the opportunity to reduce the sheet metal thickness and therewith the total weight
while maintaining safety. To improve the strength of metals, the heat treatment is a
common tool, alternatively advanced metal alloys are introduced. To prove a maintained
safety for parts with a decreased sheet thickness Finite Element (FE) simulations are
commonly used. This leads to a high demand on the simulation precision of sheet met-
als, where an accurate prediction of the post-necking behaviour of materials is needed.
Improved FE simulations are reducing time and costs during the development processes.

1.3 Scientific background

The deformation of sheet metal material can be separated into two mechanism, the elas-
tic deformation and the plastic deformation. Generally, at low stresses the deformation
of metals is elastic and returns reversible to the original shape after unloading. Loading
the material above its yield limit plastic deformation occurs. Plastic deformation is the
irreversible deformation that remains after unloading. Further loading will lead for com-
mon ductile metals to localized deformation. For plastic sheet metal tensile deformation
the terms of diffuse necking and localized necking are commonly used. Diffuse necking
describes the phenomenon if a neck is formed in the width direction of tensile specimen.
The further straining will concentrate only to this region. Further loading leads to lo-
calized necking where a neck forms in sheet thickness direction. Once a localized neck
is initialized all further straining is concentrated in the region of the neck and lead to
fracture in this region.

Different methods to characterize the entire true stress versus true strain relation
were presented earlier by Zhano and Li (1994), who used inverse modelling on round
tensile bars. Meuwissen et al. (1998), used a mixed numerical experimental method
to determine the elasto-plastic properties of aluminium where an early state of optical
measurements in form of retro-reflective markers were used. The techniques of optical
measurements have been rapidly developed during the last decades and are often used
in material characterization processes. Gong and Toyooka (1999) used digital speckle
pattern interferometry to observe the entire deformation process of an aluminium sheet
tensile specimen. Kajberg and Lindkvist (2004) studied the characterisation of materials
subjected to large strains by using inverse modelling which is based on the experimentally
obtained in-plane displacement fields. An extension to calculate through thickness strain
from in plane strain measurements using digital speckle photography was presented. This
method was also used by Eman et al. (2009) to study the influence of different evaluation
length scales on fracture strains. The accuracy of the commonly used digital image
correlation techniques were presented for example by Sjödahl and Benckert (1993) and
Sjödahl (1997). More recently Östlund et al. (2014), Östlund et al. (2015) and Golling
et al. (2016) presented results for characterization of localization and ductile fracture
properties of a quench-hardenable boron steel.

Evaluating the local surface deformation field, the mechanics of large deformation have
to be taken into account, where the displacement is divided into two components; rigid
body motion and body deformation. Jung-Ho and Noboru (1985) used large deformation
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formulation to simulate elastic-plastic metal forming processes. In order to model local-
ized deformation, nonlinear solid mechanics are used where an incremental approach is
of great importance.

In nonlinear continuum mechanics stresses and strains can be described in many dif-
ferent ways, see e.g. Bonet and Wood (2008). An important requirement for strain
measures is, that it vanishes in case of pure rigid body motion and rotation (Belytschko
et al., 2000), which both the Green strain tensor and the rate-of-deformation full fills.
The Cauchy stress defines the stress in a material point in its deformed state whereas
the first Piola-Kirchhoff stress refers to an undeformed or reference state. Constitutive
material models are the mathematical description of the constitutive relation between
stresses and strains and are further described in Section 2.2.

1.4 Scope and limitations

The aim of this work is to determine material properties of sheet metal material for con-
stitutive modelling. This characterization should capture the material behaviour during
deformation until failure. The main focus lies in determining the stress strain relation
under plastic deformation due to work hardening. It is shown for example by Bao and
Wierzbicki (2004) that for fracture modelling the stress state dependency is an important
factor. Based on this fact the characterization of the stress state evolution during defor-
mation and the determination of failure parameter is of great importance in constitutive
failure and fracture modelling. The methods presented in this work may be used to
characterize the material hardening behaviour at various temperatures and strain rates
as for example presented by Sjöberg (2017). However, temperature and material rate
dependence are not taken into account in this work.
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Chapter 2

Methods

In this work an experimental based method is presented to characterize the sheet
metal deformation and failure properties. This chapter summarizes the used methods
and relates each method in an overall context.

2.1 Experiments

Within mechanics, experiments are used to derive phenomenological observations, mea-
surements and material characterisation. One aim of this work is the elasto plastic
characterization for modelling of sheet metal material. Conventionally standard straight
tensile tests are performed, where the strain is calculated by using the extension divided
by the initial gauge length (Davis, 2004). This method requires a uniform deformation
field and is therefore not valid beyond the occurrence of necking. To measure the local
deformation field and therewith be able to obtain strain values in the localized necking
region Digital Speckle Photography (DSP) is used during the experiments. Specimen
with a random pattern on its surface are used and during deformation images of the
deforming surface are taken. These images are synchronised with the measured force and
elongation values and stored on a computer which uses Digital Image Correlation (DIC).
DIC is used to determine the deformation field of the specimen. During the testing pro-
cess, the reaction force and the elongation are measured and synchronized with the image
data. The frame rate depends on the strain rate in the test. Usually, there are series of
50 to 100 images per tested specimen.

A various set of tensile specimen geometries are used during this work. The different
dimensions and sheet thicknesses are caused by the different materials and testing ma-
chines. Figure 2.1 shows a schematic drawing of the specimen shapes that are used during
this work to test sheet metals under various stress states. All tensile testing experiments
were performed at room temperature where the tests in Paper A and B are performed
at quasi static strain rate on the servo-hydraulic loading machine (Dartec M1000/RK).
The presented results in Paper C are tested at a strain rate of 1 s−1 using a high-speed
tensile testing machine (Instron VHS-160/100-20).

7



8 Methods

Figure 2.1: Schematic overview of tensile specimens used during this work, to evaluate
deformation under various stress states.

2.2 Constitutive material modelling

Modelling the plasticity causes the need of a hardening model for plasticity. Most of
these models are based on analytical equations fitted to the experimental values. The
linear piecewise plasticity modelling, where the hardening function is given as a set of
data points connected with piecewise linear lines, is, however, more flexible adjustable
which make the limitations of the model very few.

Analytical based models express the stress strain relation as a mathematical equation
relating the yield stress, σ, to effective plastic strain, ε̄. These analytical models are
based on parameters. A selection of these plasticity models using two to six parameters,
Ci, is shown in Table 2.1. For further studies on constitutive modelling see for example
Saabye Ottosen and Ristinmaa (2005).

Table 2.1: Different plasticity hardening models.

Name Equation

Piecewise linear σi = σi−1 + Ci(ε̄i − ε̄i−1) i = 1, 2, 3, ..., n
Ludwik (1909) σ(ε̄) = C1 + C2ε̄

C3

Voce (1948) σ(ε̄) = C1 + (C2 − C1) exp(−C3ε̄)
Hockett and Sherby (1975) σ(ε̄) = C2 − (C2 − C1) exp(−C3ε̄

C4)
Swift (1952) σ(ε̄) = C1(C2 + ε̄)C3

Stiebler et al. (1991) σ(ε̄) = C1 + C2ε̄+ C3(1− exp(−C4ε̄))
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2.3 Stepwise modelling method

The Stepwise Modelling Method (SMM) is a method to characterize the constitutive
stress-strain relation in a post necking regime based on tensile test experiments and is
presented in detail in Paper A. The basic idea of a method that uses experimentally
obtained full field strain data to characterize the constitutive stress-strain relation in a
post necking regime was presented by Eman (2007).

The field data from the deformation, obtained by measurements using DSP as previ-
ously described in Section 2.1, and the tensile force are used in the evaluation process.
At first a cross-section perpendicular to the tensile direction is chosen, which is further
used as an integration path to calculate the tensile force. A suitable cross-section must
experience plastic loading through the entire deformation process. The modelling pro-
cess is performed in a stepwise method, where each evaluated DIC image represents one
time increment. At each time increment a new hardening modulus for the current ef-
fective plastic strain is added to the resulting piecewise linear hardening relation. The
stress components of all points on the cross section are calculated using the constitutive
evaluation from the measured deformation field based on the piecewise linear hardening
relation. The traction vector on the cross section is calculated and integrated over the
cross section to obtain the tensile force on the specimen. The residuum of this calculated
force and the experimental measured force is obtained. To minimize this residuum the
current hardening modulus is varied. This procedure is repeated for each time increment
until the failure strain is reached.

Since the stress tensor as well as the strain tensor is known on each surface point,
this method can be used to determine following parameters which are of importance in
fracture modelling:

• Plastic strain, εp.

• Effective von Mises stress, σ̄.

• Mean stress, σm.

• Triaxiality coefficent, η.

Knowing these parameters for the localized areas close to fracture, material models
can be calibrated more precise.

The Stepwise modelling method is presented and validated in Paper A. The hardening
relation for a ferritic steel is determined using SMM and is compared in Paper B with
an inverse modelling method. In Paper C the hardening relation for a nickel based super
alloy is determined by using SMM and based on these results the stress state evolution
during deformation is presented.

2.4 Inverse modelling

Inverse modelling is a common engineering tool often used to characterize the elasto-
plastic behaviour of materials. Taking experimental data as a target function, such as
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for example force and displacement data, the material model parameters are optimised
until the simulated output reaches the target function. Zhano and Li (1994) introduced a
method that uses inverse modelling by using only the experimental force and displacement
relation to adjust the stress-strain relation. This method achieves high accuracy using
only a small number of test parameters. An overview of different inverse modelling
methods is given by Ponthot and Kleinermann (2006). However, computations in inverse
modelling are very costly (Avril and Pierron, 2007) and often needs nonlinear hardening
material models.

In this work LS-OPT was used for inverse modelling, using LS-DYNA as the solver and
the leapfrog optimizer (LFOP) algorithm as suggested in the LS-OPT manual example
(’Optimizing LS-DYNA input curves’ (Stander et al., 2014)). Inverse modelling is used
in Paper A to validate the results and in Paper B to compare the results obtained by
using stepwise modelling and inverse modelling methods.



Chapter 3

Results summary

This chapter summarizes the main results of Paper A, B and C in order to relate the
findings of each paper to the overall objective of the research project and to connect the
results of each paper with each other.

3.1 Validation

To validate the in Paper A presented stepwise modelling method and its implementation,
tensile tests with the material Usibor R© 1500 were performed using two different specimen
types. A standard sheet metal tensile test specimen with a width of 12.5mm over a
50mm gauge length is performed to determine the stress-strain relation up to necking.
This was followed by a tensile test with a notched (30mm radius) specimen with DSP
measurement of the necking area. The necked specimen had a width of w = 15mm at the
neck and a thickness of t = 1.25mm. The resulting stress-strain relations until necking
for both tests are shown in Figure 9 of Paper A. It can be concluded that the relations
obtained by both methods follow the same pathway until necking. To further validate
the stress strain relation in post necking regime, inverse modelling was used to adjust a
cubic hermite spline with three intervals to model the post necking hardening behaviour.
Compared with the resulting piecewise linear hardening curve obtained by the SMM the
divergence is considerably small.

3.2 Post necking hardening

After validating of the stepwise modelling method the method was used to characterize
the post necking behaviour of different sheet metals. A steel with a ferritic microstructure
composition was characterized in presented in Paper A. Further was the SMM used
to characterize the stress-strain relations of this material for varying evaluation length
according to Equation 1 of Paper A.

11



12 Results summary

The resulting hardening relation of a steel with a ferritic microstructure obtained
by SMM was used in Paper B to fit three different elasto plastic material models to
the piecewise linear hardening relation. The parameters for each material model were
compared with resulting material parameters obtained by inverse modelling.

In Paper C the post necking behaviour of Inconel 718 is characterized using three
different specimen geometries. These hardening curves are fitted to an empiric curve
described in Equation 19 of Paper C.

3.3 Stress state evolution

The stepwise modelling method was expanded in Paper C to characterize the stress state
evolution. For three different specimen types, a shear specimen, notched specimen and
a hole specimen, the evolution of the stress state during deformation was characterized.
Figure 4 of Paper C shows the experimental triaxiality stress evolution for these specimen.
Compared with theoretical values the results are promising. However, to achieve smooth
results low order polynomial fitting was used for each specimen type. These results
were compared with results obtained by FEM simulations in Figure 5 of Paper C. When
comparing these results with FEM simulations differences are been observed, as the
simulations show much smaller change in stress triaxiality for larger strains. The reason
for this is concluded to be because of the inability of the thin shell elements used in the
FEM simulations to capture the thickness reduction of the specimen. Since the thickness
reduction, observed as the deformation localizes, is thought to change the stress state in
the specimens.

Furthermore an experimental method presented by Gruben et al. (2011) is used to
characterize the stress state evolution on the experimental results obtained in Paper C.
Even though the strain measure used in the Gruben method are not the same, shows the
comparison that the resulting triaxiality evolutions obtained by the SMM are similar to
the results obtained using the method proposed by Gruben et al. (2011).



Chapter 4

Summary of appended Papers

4.1 Paper A

In Paper A a method to characterize the post necking hardening behaviour for sheet
metals is presented. Using this method the work hardening can be modelled step by
step and it is therefore called stepwise modelling method. The core of this paper is the
methodological base of the stepwise modelling method and its validation. The valida-
tion experiment using a straight tensile specimen to determine the true stress true strain
relation until necking and comparing this with the flow stress relation obtained by the
stepwise modelling method. The capability to obtain experimentally stress-strain rela-
tions for varying evaluation lengths is shown. A first comparison with inverse modelling is
performed using a cubic hermite spline to model the plastic hardening behaviour, leading
to comparable results. It is concluded that based on the optical full-field displacement
data the hardening behaviour of sheet metals can be obtained, even for large strains
above necking until failure.

Author contribution: The present author implemented the stepwise modelling method
in Matlab, performed the validation experiment, evaluated the hardening behaviour by
SMM and inverse modelling and wrote the main part of the paper.

4.2 Paper B

Paper B is an extended validation of the stepwise modelling method with the main focus
on the comparison of stepwise modelling method and inverse modelling. Three plasticity
material models, the Voce, Swift and El-Magd material models, are adjusted for a ferritic
boron steel using inverse modelling. The piecewise linear hardening relation obtained by
the stepwise modelling method is fitted to the three previously named plasticity material
models.Finite element simulations on a tensile test are also performed. For comparison

13



14 Summary of appended Papers

the mean squared error from the experimental force elongation relation is presented. It is
concluded that both methods are characterizing the post necking behaviour in a reliable
and accurate way, where the stepwise modelling method is considerably faster and proves
a higher flexibility by easily fitting results to elasto plastic hardening material models.

Author contribution: The present author performed all simulations, the evaluation of
the hardening behaviour and wrote the main part of the paper.

4.3 Paper C

In paper C the stepwise modelling method is used to characterize the nickel based super-
alloy, Inconel 718. The SMM is further developed to be able to characterize the local
stress state evolution during deformation. Three different tensile specimen geometries
with different theoretical stress states are evaluated. For comparison and validation FEM
simulations of the deformation process of each specimen type are performed. An other
method to experimentally obtain the stress state history is applied on the investigated
samples. It is concluded that it is possible to characterize the stress state evolution using
the SMM.

Author contribution: The authors jointly planned and wrote the paper. The present
author implemented the stepwise modelling method in Matlab. The experimental evalu-
ation of the hardening behaviour and stress state evolution were jointly performed.



Chapter 5

Conclusion and Discussion

This chapter presents the main conclusion of the present work. Furthermore, the find-
ings, methods and results are discussed.

This thesis concerns material characterisation for modelling of sheet metal deformation
and failure. The experimental based method to characterize the post necking harden-
ing relation, the stepwise modelling method, is presented. Furthermore this method is
extended to be able to measure the stress-state evolution during deformation. It is con-
cluded that the stepwise modelling method characterizes the post necking behaviour in
a reliable and accurate way.

The presented method uses surface measurements to obtain the strain field data in-
cluding the through thickness strain. Due to the fact, that the highly distorted localized
zone is used as a base for the stress and strain calculations some uncertainties need to
be discussed. The assumption of the plane stress condition which is valid for sheet met-
als under tensile deformation is only partly valid in the localized necked zone and leads
therewith to some uncertainty. However, results show that the deviation due to this un-
certainty is negotiable small. Another uncertainty is the high dependency of the stepwise
modelling to experimental field data. Low accuracy in time and space data obtained by
DSP and DIC have a direct influence on the SMM results. This demands a high quality
on the experimental optical field measurements and therewith increase the complexity of
the tensile testing procedure.

The results in Paper B show that the choice of a mathematical function as material
model has a large influence on the accuracy of simulation results. In general, methods
where the material model is fitted to low strains might lead to high deviations if large
deformation occurs during the simulation process. The usage of piecewise linear harden-
ing relations obtained by the stepwise modelling method either directly or later fitted to
a nonlinear material model lead to more accurate material data for simulations.

15
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Chapter 6

Outlook

In this chapter opportunities for a scientific usage of the in this thesis presented meth-
ods and results are described.

The possibility to characterize the post necking hardening behaviour inside the local-
ized neck for sheet metal tensile tests opens opportunities to simulate processes where
large deformations occur. Plausible applications might be parts with tailored properties
manufactured using the press hardening technology, as for example presented by Östlund
(2015) and Golling (2016). For this application the stepwise modelling method was used
to characterize the hardening behaviour of single phases as for example presented by
Golling et al. (2016).

Extending the stepwise modelling method to evaluate experiments which are capable
to measure the deformation field in 3D, like computer tomography, enables the possibility
to characterize the plastic hardening relation for bulk material.

Furthermore the ability to obtain the stress state evolution can be used to characterize
fracture parameter and adjust fracture models. Sjöberg (2017) for example used the
results obtained by SMM to adjust three different fracture models for Inconel 718.

17
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Post necking characterisation for sheet metal

materials using full field measurement

Stefan Marth, Hans-Åke Häggblad, Mats Oldenburg and Rickard Östlund

Abstract

A precise prediction of the post-necking behaviour of materials is needed to increase the
precision of computer simulations with large deformations. Applications in which this
need is encountered include crash, forming, and failure simulations. By using an optical
full-field measurement of the localised deformation field, an effective and computationally
fast method is presented to determine the relationship between true stress and true plastic
strain, including post-necking behaviour. The presented stepwise modelling method is
used to characterise heat treated boron steel using thin sheet metal specimens. These
results are validated with the results determined by a method based on inverse modelling.
It can be concluded that the stepwise modelling method is considerably faster than
the compared inverse modelling method. The method is also suitable for effectively
determining element size dependency due to regularisation of the hardening behaviour
needed for finite element analysis with strain localisation, e.g., for crash simulations.

1 Introduction

The advanced use of modelling and simulation for crash tests and other situations where
very large strains occur increases the demand for reliable and precise material models
which reproduce material behaviour in the post-necking regime until fracture occurs.
To obtain the stress-strain relation for materials beyond necking the classical methods
such as tensile tests are not sufficient (Davis, 2004). Zhano and Li (1994) introduced a
method that uses inverse modelling by using only the force and displacement curves to
adjust the stress-strain relation comparing the results from of the finite element method
(FEM) with those from experiments. This method achieves high accuracy using only a
small number of test parameters. An overview of different inverse modelling methods is
given by Ponthot and Kleinermann (2006). However, computations in inverse modelling
are very costly (Avril and Pierron, 2007) and always require a parameterised evolution
model fitted to experimental data (Tarantola, 1987).

In this paper, a computationally fast method that uses the local strain field on the
tensile specimens’ surface to determine stepwise the stress-strain relation is introduced.
The method is only used to characterise the plastic behaviour of the material. Effects
such as damage or softening are not considered in the model. To obtain the local strain
field on the tensile specimens’ surface Digital Image Correlation (DIC) is used, as pre-
sented by Eman et al. (2009). The material model used is based on the assumption
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of isotropic plastic material behaviour. The presented method minimises the deviation
between the experimentally obtained force-elongation relation and the calculated force-
elongation relation by varying the hardening modulus stepwise during the procedure.
Since the analysis length is the limiting factor in Digital Speckle Photography (DSP),
the results are dependent on this analysis length. This method can be used to obtain
the stress-strain relation for different mesh size in order to obtain a stress-strain relation
that is independent of mesh size in finite element analysis (FEA). Using these results,
fracture models based on different mesh sizes can be adjusted; for example, the OPTUS
model introduced by Häggblad et al. (2009).

2 Method

The basic behaviour of materials is investigated by performing standard tensile tests.
A load is uni-axially applied to material specimens with circular or rectangular cross-
sections. Simultaneously, the extension of the gauge length is measured and recorded by
an extensometer. This extension is divided by the initial gauge length to determine the
engineering strain. This method works as long as the deformation is uniform over the
whole gauge length. As soon as local necking occurs, this method is not relevant (Davis,
2004).

Tensile testing provides accurate knowledge of the material properties for strains up
to necking, where the strain is calculated by using gauge length and elongation and the
stress is calculated by measuring the force divided by the cross-sectional area (Davis,
2004). This is sufficient for many purposes in engineering and simulation, but not if large
strains are to be simulated. This can be the case for simulations of forming processes,
crash tests, or other destructive processes. If these kinds of processes are simulated, the
precise material properties for large strains must be known to obtain accurate results
from simulations.

2.1 Stepwise Modelling Method

The stepwise modelling method to determine the constitutive stress-strain relation is
shown in the flow chart in Figure 1. The different steps of the method are described
in this section. This method is implemented to analyse tensile tests with sheet metal
specimens of different geometries.

In Figure 2, the arrangement for an experiment with DSP is shown. The specimen has
a stochastic pattern on the surface, which is photographed by a high-speed digital camera
at a certain frequency. This pattern can be applied in different ways; it can be sprayed
with black and white paint or sandblasted to generate a random pattern that can be
detected by the camera system. These images are synchronised with the measured force
and elongation values and stored on a computer which uses Digital Image Correlation.
DIC is described in the following section and is used to determine the deformation field
of the specimen. During the testing process, the reaction force and the elongation are
measured and saved together with the image data on the computer. The frame rate



2. Method 27

calculate+strains+
from+deformation

t=1

YES

NOglobal+force
equilibrium

update+hardening+
module+σy+(

tεp)

save+results
for+timestep

t=t+1 determine+σ+
(radial+return)+

calculate+force
at+cross+section

visualize+results+

obtain+deformation
+field+from+DIC

Figure 1: Flow chart of the stepwise modelling method used to obtain the constitutive
stress-strain relation.
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depends on the strain rate in the test. Usually, there are series of 50 to 100 images per
tested specimen.

Evaluated displacement 
field

Figure 2: The experimental arrangement used for speckle photography (Eman et al.,
2009).

2.2 Digital Image Correlation

Digital Image Correlation is an optical non-contact method used to determine the dis-
placement of points on a surface by comparing a random speckle pattern (shown in
Figure 3a) over a series of images from different deformation stages. Before a load is
applied, a reference image is taken against which all other images in the series are com-
pared. On the initial reference image, a field of interest where the displacement and the
strain are to be determined should be defined. The field of interest is discretised into
rectangular frames, further denoted as local areas, in direct correspondence with mesh
sizes in FEM simulations (Tarigopula et al., 2008). Each frame is initially rectangular,
and has four edge-points.

To determine a mesh size dependence in the stress-strain response, calculations are
performed for different analysis lengths where quadratic frames are used. The dimen-
sionless evaluation length, l, is defined as the square root of the frame area, Ainit, divided
by the specimen thickness, tinit.

l =

√
Ainit

tinit
(1)

DIC matches these zones and frames from image to image detecting the location of the
nodes at every stage. With the knowledge of the location of the point in the initial image,
the edge point displacements can be computed. Together with the other edge points in a
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frame, the full 2-D displacement field for every frame can be determined. If two cameras
are used, the out-of-plane displacement can be measured by the same method. In this
work, the displacement is only captured by one camera and the method of out-of-plane
displacement is not used.

Modern optical measurement systems can use displacement field information to calcu-
late the strain field directly. The procedure for calculating the effective von Mises strain
is based on the local logarithmic strain described by GOMmbH (2007). Figure 3b shows
an example of a resulting strain field calculated by DIC.

(a) (b)

Figure 3: Location of the effective von Mises strain field from tensile tests measured with
DIC. (a) Notched region of a specimen with a speckle field. (b) Effective von Mises strain
field determined by DIC.

2.3 Integration Path

Before determining the stress-strain relation, a certain integration path through the whole
cross section of the field of interest must be defined. This integration path is taken to use
the area with the highest local effective von Mises strain values to determine the stress-
strain relation for strain values as large as possible. This increases the accuracy for large
strain values in the resulting stress-strain relation, due to the increasing sensitivity in the
global force equilibrium calculation, described in Figure 1. Therefore, the effective von
Mises strain field in the field of interest, determined by the DIC software in the last image
before fracture occurs, is considered for determining an integration path passing through
the sections with the largest effective von Mises strain values. Starting with the local
area having the largest effective von Mises strain, the three neighbouring fields (above,
in-line, and below, marked as dashed boxes in Figure 4a) on the next local horizontal area
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are taken into account. The field with the largest effective von Mises strain of these three
is chosen to be part of the integration path (denoted by the full-lined box in Figure 4a).
This procedure is continued in both directions to the edges of the specimen as shown
schematically in Figure 4a. This procedure generates a continual integration path, S,
through the whole width of the specimen. The normal vector on this integration path
is calculated for each area separately in the initial configuration as the normal vector
on a line connecting the adjacent areas on the integration path. The calculated normal
vectors, vi, are illustrated in Figure 4b.

Area chosen for
integration path

Areas checked for
integration path

(a)

v1

v2 v3

v4

v5 v6 v7

v8 v9

x

y

z

(b)

Figure 4: Method of detecting the integration path and the corresponding traction vec-
tors. (a) Path detection procedure. (b) Calculated normal vectors, vi, on the selected
integration path.

Figure 5 shows an example of a field of interest, including the integration path selected
to analyse the tensile test. Figure 6 shows results with a larger measurement length for
the same experiment, as shown in Figure 5. Compared with the high-resolution strain
field, larger measurement length results in lower effective von Mises strain values.

2.4 Strain Calculation

The previous section described how a plane displacement field can be measured by an
optical method. Since the images are taken by only one camera during testing, only
the in-plane deformation is measured. The methods of transferring these results into a
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Figure 6: Strain field with larger analysis
length (29 facets across the cross-section
marked with black boxes).

three-dimensional solution and calculating the strain tensor from deformation gradients
are described in this section.

The coordinate system for a specimen is defined as shown in Figure 4b, where the
z-axis is defined, for a right-handed system, out of the plane of the specimen. The tensile
direction is defined to be in the positive y-direction. If displacement of a point from a
position P(x,y,z) to a new position P’(x’,y’,z’) occurs, the new coordinates for the point
can be calculated by:

x′ = x+ u; y′ = y + v; z′ = z + w (2)

where u, v, and w are the displacement in the x-, y-, and z-directions, respectively.

The deformation gradient F = ∂x′

∂x
is defined by:

F =
∂x′

∂x
=

 1 + ∂u
∂x

∂u
∂y

∂u
∂z

∂v
∂x

1 + ∂v
∂y

∂v
∂z

∂w
∂x

∂w
∂y

1 + ∂w
∂z

 (3)

Assuming constant conditions through the thickness of the sample leads to: ∂u
∂z

= ∂v
∂z

= 0
(Kajberg and Lindkvist, 2004). As a consequence of the fact that the change of thickness
at different points in the mid-plane is negligibly small, the deformation gradients ∂w

∂x
and

∂w
∂y

are assumed to be zero. The DIC method can determine the deformation gradients

in the x-y-plane, which are the values in the upper left 2 x 2 matrix (F 2D) (Eman et al.,
2009).

F 2D =

[
1 + ∂u

∂x
∂u
∂y

∂v
∂x

1 + ∂v
∂y

]
(4)
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Assuming a constant volume during plastic deformation leads to detF = 1 and in
combination with Equation 3, this leads to:

(1 +
∂w

∂z
)detF 2D = 1 (5)

With Equation 5, the missing gradient for deformation of the thickness can be com-
puted with:

1 +
∂w

∂z
= (detF 2D)−1 (6)

Knowing the deformation gradient F , the rate of deformation tensor, dij, can be
calculated

dij =
1

2
(
∂vi
xj

+
∂vj
xi

) = F−1
ki ĖklF

−1
lj (7)

where the material strain rate tensor, Ė, can be written as (Belytschko et al., 2000):

Ė =
1

2
(F T Ḟ + Ḟ

T
F ) (8)

Using polar decomposition (shown in Bonet and Wood (2008)), the rotation tensor,
R, for each evaluation point is determined. The co-rotational rate of deformation tensor,
d̂ij, can be calculated as:

d̂ij = RkidklRlj (9)

The rate of deformation is used to calculate the co-rotational strain increment, ∆ε̂ij:

∆ε̂ij = d̂ij∆t (10)

By these methods, the co-rotational strain increment can be computed at every single
point for all time steps and can be used to compute the stress tensor as shown in Section
2.5.

2.5 Stress Computation

The stress tensor, σ̂, can be written as the sum of the stress deviator ŝ and the product
of the identity matrix, I, and the mean stress, σm:

σ̂ = ŝ+ σmI (11)

It is assumed that the material constants as Young’s modulus and Poisson’s ratio are
already known from earlier studies. The stress deviator is obtained from the total elastic
strains :

ŝ = 2G(ê− ε̂p) (12)

with G as the shear modulus, the co-rotational plastic strain tensor, ε̂p, and ê as the
co-rotational deviator of the total strain tensor, ε̂, according to:

ê = ε̂− ε̂mI (13)
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where ε̂m is the co-rotational mean strain. The co-rotational mean stress, σ̂m, in Equa-
tion 11 can be calculated as the product of the bulk modulus K and the mean strain:

σ̂m = 3Kε̂m (14)

The total stress tensor (Equation 11) can be determined by the strain tensor as:

σ̂ = 2G(ε̂− ε̂mI − ε̂p) + 3Kε̂mI (15)

2.6 Radial Return Method

The radial return method is a method of determining the stress tensor under plastic
conditions related to a certain strain. This method is applied for isotropic von Mises
plasticity in this section. A detailed description can be found in Saabye Ottosen and
Ristinmaa (2005).

The yield criterion, f , during plastic deformation, is given by the effective stress, σeff ,
and the current yield stress, σy:

f = σeff − σy = 0 (16)

The current yield stress is defined as a piecewise linear hardening function and can
be written as the sum of the previous yield stress, σi−1

y , and the product of the current

hardening modulus H i with the effective plastic strain increment, εp,ieff − ε
p,i−1
eff :

σi
y = σi−1

y +H i(εp,ieff − ε
p,i−1
eff ) i = 1, 2, 3, ..., n (17)

The effective plastic strain, εpeff , is defined as:

εpeff =

∫ √
2

3
dε̂pijdε̂

p
ij (18)

where dε̂pij is the incremental plastic strain tensor in the co-rotational coordinate system.
To determine the stress tensor, stress and strain must be known at a certain time; for

example, in the unloaded state, where strain ε
(0)
ij and stress σ

(0)
ij are zero. In the following

equations the index k indicates the unknown time stage while the previous time stage
k−1 is known. With the stiffness tensor, Dijkl, the trial stress tensor for the next state
can be calculated with the strain increment ∆ε:

σ̂t
ij = σ̂

(k−1)
ij +Dijkl∆ε̂kl (19)

With this trial stress, the effective trial stress, σt
eff , can be calculated. If the effective

trial stress is larger than the yield stress, then the plastic part of the strain increment
must be increased by ∆λ and the elastic part decreased:

ε
p(k)
eff = ε

p(k−1)
eff + ∆λ (20)



34 Paper A

The yield criterion (Equation 16) leads to

σeff − 3G∆λ− σy(εp(k−1)
eff + ∆λ) = 0 (21)

where the plastic strain increment (∆λ) can be determined. In Equation 21, the yield
stress is a value of the yield stress function, σy(ε), at the current effective plastic strain,

ε
p(k−1)
eff + ∆λ. The current stress tensor, σ̂

(k)
ij , can be calculated with the current yield

stress and the trial stresses (Saabye Ottosen and Ristinmaa, 2005).

σ̂
(k)
ij =

σ
(k)
y

σt
eff

σ̂t
ij (22)

The tensile tests were performed with sheet metal specimens in the uni-axial force
direction. This leads to the fact that a plane stress condition can be assumed, independent
of the deformation of the specimen. This leads to negligible out-of-plane shear stresses,
τyz = τxz = 0, and out-of-plane stress, σzz = 0, which follows from the plane stress
constraint.

Since the resulting stress tensor is noted in the co-rotational coordinate-system, it is
finally transformed back into the global coordinate system by:

σij = Rikσ̂klRjl (23)

2.7 Hardening Function Adjustment

The final relation between yield stress and plastic strain is not known for the tested
material; therefore, a piecewise linear hardening function is developed. Equation 17
shows a linear function for the yield stress. Based on this equation, a piecewise linear
function can be developed with a modified hardening modulus, H, for every time step.
The initial yield stress for zero plastic strain is known and is denoted as σy0, and an
initial hardening modulus, Hmin, is used to define almost ideal plastic behaviour.

The initial hardening function is shown in Figure 7a. This function is adjusted for
every time step by fulfilling the global force equilibrium. Therefore, the force over a cross
section of the specimen is calculated for each time step, t. The integration path, S, is
the cross section along the whole width of the specimen as described in section 2.3. By
knowing the stress tensor at each frame along the cross section, the first Piola-Kirchoff
stress tensor, Pij, can be calculated:

Pij = Jσik(Fkj)
−1 (24)

Using the normal vector, vi, expressed in the initial undeformed configuration, on each
element of the corresponding cross section, the traction vector, Ti, can be calculated:

Ti = Pijvj (25)
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Figure 7: Stepwise adjustment of the hardening function for the material. (a) The initial
hardening function. (b) Varying the hardening modulus for the first step. (c) Fixed

stress value σ
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y at strain ε(1). (d) The resulting hardening function.
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For time interval (Ti, Ti+1)

Calculate the strain increment using Equation 10.

while Fres > tol do
Compute the stress tensor for each area on the integration path, using
Equation 19.

if loading is plastic then
Compute force using Equation 26

Fres = |F t
comp − F t

exp|

Update the hardening modulus Hi in the interval [εp,ieff εp,i+1
eff ]

else
Go to next time interval.

end

end
Save the final hardening modulus for the current time interval, continue with the
next time interval.

Box 1: Updating the hardening function.

By integrating the traction vector through the cross section S with Ns areas (where dS(n)

is the initial undeformed size of each area n), the resulting force vector can be calculated:

Fi,comp(t) =

∫
S

TidS ≈
Ns∑
n=1

T
(n)
i dS(n) (26)

Based on the resulting force vector, only the force component in the tensile direction
is taken for further calculations. The convergence condition for each time step, t, is
described by Equation 27, where Fmax

exp is the maximum measured force during the exper-
iment. By adjusting the hardening modulus (shown in Figure 7b), the computed force
converges to the measured force.

|F t
comp − F t

exp| ≤ 0.001 ∗ Fmax
exp (27)

If the calculated force, Fcomp, converges to the value of the measured force Fexp, the
hardening modulus for the range between the previous plastic strain and the actual
plastic strain is saved and used for all further calculations (see Figure 7c). Now the next
step can be calculated. It can be stated that the locking of the maximum plastic strain
values leads to poor convergence. Therefore, the current mean plastic strain value of the
corresponding cross section is locked. This increases the possible range of the hardening
parameter for the next time step in order to increase the resulting force and reduces
oscillation in the resulting stress-strain relation.

To compute the whole hardening function, this method is used for each time step until
fracture. Based on this procedure, the method is called the stepwise modelling method.
A schematic function for this procedure is shown in Figure 7d.
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3 Experiments and Materials

3.1 Experiments

To determine the stress-strain relation in the post-necking regime under different triaxial
stress states, tensile tests with different specimen geometries can be performed. An
application can be found in Östlund et al. (2015). During tensile testing, the deformation
of the specimen is measured by optical measurements using DSP. Figure 8 shows the
specimen geometry used to analyse the hardening function. All specimens were taken
perpendicular to the rolling direction from sheets, where the thickness was 1.2 mm.

R
3
0

1
5

4
0

240
50

Figure 8: Specimen geometry used to analyse the hardening function. Sheet thickness:
1.2mm; gauge length: 50mm.

During tensile testing, the deformation of the specimen is measured by optical measure-
ments, the Digital Speckle Photography i.e. DSP, using DIC to evaluate the deformation
field of the specimen. During the test, the elongation was measured by a strain gauge
and the tensile force by a load cell. This measured data was correlated to images taken
by a high-speed camera. The frame rate for the images was correlated to the strain rate
of the testing process to obtain a series of 50-100 images per test. A commercial system,
ARAMIS, was used to determine the local deformation of the specimens’ surface during
testing. To obtain a high accuracy and higher local strain values, the frame size must be
chosen as small as the speckle pattern allows without noise occurrence. The deformation
gradients and the load and elongation data were exported from the commercial software
to be used to evaluate the stress-strain relation.

3.2 Material

The investigated material is a boron steel, USIBOR 1500P, produced by ArcelorMittal.
This is a common steel used for press hardening applications in automotive industries,
e.g. for front and rear bumper beams, door reinforcements, and B-pillar reinforcements.
This material is in its elasto-plastic behaviour isotropic, while the blank rolling direction
has an influence on the material fracture properties as shown by Eman et al. (2009).
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The blanks were heat treated in a plane-hardening tool in different temperature cycles.
At first, the blanks were heated to austenitisation temperature, kept there until the full
blank was austenitised completely, and then subjected to controlled cooling to obtain the
following phase content in the steel blank: 95± 5% ferrite, ≤ 3% bainite, and 3.5± 1%
martensite (Östlund et al., 2014).

4 Validation

To validate the method and its implementation, tensile tests were performed. These tests
were performed on the servo-hydraulic loading machine ’Dartec M1000/RK’. Notched
specimens were sandblasted to generate a speckle pattern on their surface, and images
were taken by the ARAMIS camera system during the tensile test.

The determined stress-strain curve was compared with the results of standard straight
tensile tests of the same material for the distinctive part of the stress-strain relation
at low plastic strain up to necking. Therefore, the material Usibor R© 1500 was used in
two different tests. First, a standard test with a width of 12.5mm over a 50mm gauge
length is performed at a constant cross-head velocity of 0.1mm/s to determine the stress-
strain relation up to the necking point (the dashed line in Figure 9). This was followed
by a tensile test with a notched (30mm radius) specimen with DSP measurement of
the necking area. The necked specimen had a width of w = 15mm at the neck and a
thickness of t = 1.25mm. The method was used to determine the stress-strain-relation
for this specimen (the solid line in Figure 9). The input parameters, such as Youngs’
modulus, Poission’s ratio, and initial yield stress, were determined in the standard tensile
test.

Figure 9 shows the stress-strain relation until necking occurs for both tests, where the
dashed line represents the standard test and the solid line shows the calculated results of
the program for the test with a notched specimen. Both curves follow the same pathway
up to the necking point, which is determined by the Considère criterion (Jonas et al.,
1976):

σ =
∂σ

∂ε
(28)

The Considère criterion for the standard tensile test was fulfilled at a true plastic
strain of 0.156. The divergence of the very first values was caused by noise in the optical
measurements because small changes in the deformation tensor have a strong influence
on the results. However, after passing the small inaccuracy for plastic strains smaller
than 0.005, the curves match well.
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Figure 9: Comparison of the stress-strain relation for Usibor R© 1500 from standard ten-
sile tests and stepwise modelling from tests with notched specimen, respectively, until
necking.

5 Results

The presented stepwise modelling method was implemented in MATLAB and used to
analyse a heat-treated boron steel. Results for the notched (30-mm-radius) specimen
geometry (shown in Figure 8) are presented. The experimental force-elongation curve is
presented in Figure 10.

Figure 11 shows the determined stress-strain relation for the investigated material using
the presented stepwise modelling method. For this example the stress-strain relation
consist of 39 tabulated point sets that are marked in Figure 11. The original data from
DIC was used, which corresponds to an evaluated facet size of 0.054 mm. The facet size
is the frame edge length used in DIC (see Section 2.2). By varying the evaluation length
according to Equation 1, the corresponding stress-strain relations for the same test were
determined and are presented in Figure 12. The variation between these relations that
occurs after necking can be seen clearly.

The experimental results for fracture strain at different evaluation lengths for notched
specimens (30-mm radius) are summarised in Table 1. It can be observed that the fracture
strain values decrease for larger evaluation lengths. The resulting fracture strain for the
presented material using a standard tensile test with a specimen width of 12.5mm over
a 50mm gauge length is approximately 18%.
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Figure 10: The experimental force-elongation curve for the investigated material.

Table 1: Measured fracture strain of notched specimen (30-mm radius) for varying eval-
uation length l.

l ε̄f

0.054 0.689
0.338 0.616
0.544 0.528
1.786 0.335
4.167 0.271
12.500 0.196

6 Comparison with Inverse Modelling

An inverse modelling method was used to obtain the stress-strain relation to validate
the results of the presented stepwise modelling method for two different mesh sizes. To
model the plastic stress-strain relation, a piecewise linear hardening material model is
used. To obtain a non-oscillating stress-strain relation, preprocessing was used which
generates a cubic Hermite spline with 3 intervals for the stress-strain relation. There
are 6 parameters to be determined. This method was used in LS-OPT using LS-DYNA
as the solver and the leapfrog optimizer (LFOP) algorithm as suggested in the LS-OPT
manual example (’Optimizing LS-DYNA input curves’ (Stander et al., 2014)).
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Figure 11: The resulting calculated stress-strain relation for the investigated material
using the original DIC analysis length. The curve consist of 39 tabulated point sets that
are marked by +.

The explicit FEM simulation was performed using 4 node shell elements, with side
lengths of 0.2 mm and 1.5 mm, modelling a quarter of the tensile specimen. The FEM
model is composed of 9.423 respectively 170 fully integrated quadratic Belytschko-Tsay
shell elements, with 4 in-plane integration points and 2 through thickness. Figure 13
shows a finite element model with a 1.5 mm mesh width used for some of the simulations.
The quarter model was used to decrease the simulation time.

The experimental force-elongation data from the tensile tests taken for the reference
curve. Figure 14 shows the results of the inverse modelling for 0.2-mm mesh size com-
pared with the stress-strain relation obtained by the stepwise modelling method for the
corresponding evaluation length l = 0.2mm/1.2mm = 0.167. It can be seen that the
divergence between the results of inverse modelling and those of the presented method is
concentrated on the necking initialisation and high-strain (larger than 0.6) regions. The
difference in the necking initialisation is based on the weakness of using a cubic Hermite
spline. The difference for high strains in the results from the inverse modelling analysis
led to reduced accuracy in the resulting force-elongation response presented in Figure 15.
The strength of the presented stepwise modelling method is its relatively lower calcula-
tion time, as presented in Table 2. This measured time is the amount of computational
calculation time required on a stationary personal computer under the same conditions.
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Figure 12: The resulting stress-strain relations for varying evaluation lengths l, according
to Equation 1.

Figure 13: The 1.5-mm mesh size used for inverse modelling.
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For the evaluation length of 0.167, the stepwise modelling method needed only 1/200 of
the computational time required by the inverse method.
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Figure 14: The resulting stress strain curve obtained from inverse modelling and stepwise
modelling methods with a 0.2-mm mesh size.

Table 2: Computational time for different methods by element sizes and corre-
sponding evaluation length.

Inverse modelling Stepwise modelling

Element size [mm] Time [s] Evaluation-lengtha[mm] Time [s]

0.2 19,257 0.2 mm 91
1.5 483

1.5mm 6
1.5 (full model) 838

a Corresponding evaluation length multiplied by thickness, l · tinit
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Figure 15: Comparison of the experimental force-elongation curve and the calculated
force-elongation curves from inverse modelling and stepwise modelling.

The stepwise method works as well for the larger element sizes by performing the
same procedure for quadratic shell elements with a mesh size of 1.5 mm. In terms of
calculation time, the presented method requires only 1/80 of the time required for inverse
modelling. However, these calculations refer to a quarter model FEM simulation that
assumes symmetry. In the case of necked thin metal sheet specimens, regular symmetry
conditions do not occur. Using full models, the calculation time required would be
notably higher. Table 2 shows the time variation for the example of a 1.5-mm mesh for
a quarter model and a full model.

7 Discussion and Conclusion

This paper presents a method to characterise the constitutive relation for the post-necking
regime to the point of fracture. This stepwise modelling method was used to analyse
the stress-strain relation for different evaluation lengths. For comparison of the results,
inverse modelling for two different mesh sizes was performed. Some general observations
concerning the accuracy of this method can be made.

The accuracy of DIC depends on the quality of the speckle pattern on the specimen.
Kajberg et al. (2004) described the displacement error of the DIC method based on
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Sjödahl (1997) assumptions as:

em = 0.7
R2

B

√
1− c
c

(29)

Where R is the radius of the correlation peak, B is the size of the sub-image and c is
the correlation value. From the speckle image analyses of the presented tensile tests
the sub-image B has a size of 32x64 pixels, the maximum radius is R = 1.89 times
a pixel, and the correlation value is c = 0.96. Based on Equation 29 the maximal
displacement uncertainty is approximately 2.7µm and the maximal uncertainty for the
equivalent plastic strain is approximately 0.0075. To increase accuracy, the minimal
analysis length for DIC must be as low as possible without noise appearance. Different
methods of applying the randomised speckle pattern onto the specimen surface can be
used, leading to higher certainties. An uncertainty is the definition of fracture occurrence.
During this work, fracture occurrence is defined at the load at which the first crack
is optically observed on a specimen’s surface. For the notched specimens (of 30-mm
outer radius), this first crack is usually obtained in the centre of the strain field. When
fracture occurs, DIC for the facets along the fracture cannot be solved. This supports
accepting the user’s decision as to when fracture occurs, but leaves the range between
the last image before and the first after fracture uncertain. An observed sensitivity is
the synchronisation of the measured tensile force with DIC data. The force is measured
continuously during testing and is later synchronised with the images obtained. Small
divergences in synchronisation have a large influence on the convergence of the stress-
strain calculations. Therefore, a high accuracy in synchronisation between DIC and the
measured force is needed.

The comparison between the results of the presented method and those of inverse
modelling shows that the presented stepwise modelling method reproduces comparable
results. The maximum yield stress deviation between results of the two methods is
approximately 5%. It is concluded that the stepwise modelling method is considerably
faster than the alternative use of inverse modelling.

This method is based on an elasto-plastic material model and is time-independent.
However, if viscous plasticity models are considered, then this method can be used sepa-
rately for different strain rates. This procedure produces stress-strain relations for each
strain rate that can later be used to characterise visco-plastic material behaviour.

The following conclusions can be drawn:

• Optical full-field displacement measurements can be used to calculate a local strain
field.

• The stress-strain relation for post-necking conditions can be determined by the
presented method.

• Using different evaluation lengths for displacement calculations results in different
stress-strain relations (yield stress deviation lower than 5%).



46 Paper A

• The stepwise modelling method is considerably faster compared with inverse mod-
elling.

• The proposed method can be used to characterise strain-based localized deforma-
tion and fracture models.

• The proposed method is suitable for effectively determining element size depen-
dency needed for finite element analysis.
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A comparison between Stepwise Modelling and

Inverse Modelling methods for characterization of

press hardened sheet metals

Stefan Marth, Hans-Åke Häggblad and Mats Oldenburg

Abstract

The demand for weight reduction of cars has increased the number of press hardened
sheet metal parts used in the automotive industry. This leads to an increased demand
on the precision of simulations of press hardened sheet metals. An accurate prediction
of the post-necking behaviour of materials is therefore needed to increase the precision
of computer simulations with large deformations, as for example in forming simulations
and crash simulations. Especially fracture simulations of press hardened steel parts with
tailored properties have a huge demand on precise material models. Inverse modelling is a
common engineering tool to characterize the elasto-plastic behaviour of materials. Taking
experimental data, such as force and displacement data, the material model parameters
are optimised until the simulated output reaches a target function. Then inverse mod-
elling is highly time demanding and needs nonlinear hardening material models. Lately
a new fast method for post necking characterisation of sheet metals, called the Stepwise
Modelling Method (SMM), was presented. This method uses full field measurements to
obtain the strain field on the surface of sheet metal tensile specimens. Furthermore, the
stepwise modelling method models an experimental hardening curve in a stepwise pro-
cess. This hardening curve is a piecewise linear curve and not restricted to any specific
material model. In this paper SMM is used to characterize the hardening behaviour for
thermally treated boron steel. These results are compared with the results of inverse
modelling. Three different material models are used. The comparison shows a minor
deviation in the resulting hardening relations between stepwise modelling and inverse
modelling. Since the efficiency is an important factor in product development calcula-
tion times are taken into account. Comparing calculation time using SMM is considerably
more efficient than using inverse modelling. Furthermore another advantage of SMM is
shown in the fact that the piecewise linear hardening curves can be fitted to almost any
material model without computational costs.

1 Introduction

The amount of ultra-high strength steel (UHSS) in car structures is constantly increasing.
The main driving force is weight reduction while maintaining crash safety. The material
modelling requires precise material characterisation methods to ensure reliable results.

51
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A common method to characterise material models is the inverse modelling described
by Tarantola (1987). In inverse modelling a problem is parametrised and by varying
parameters an object function is optimized. Recently Marth et al. (2016) presented the
Stepwise Modelling Method (SMM), a method that is able to characterize post necking
hardening behaviour of material deformed under plane stress condition. This method
optimizes the calculated force value with the experimentally obtained forces for each
time step by varying the hardening parameter of a stepwise linear hardening relation. In
this paper the SMM is applied to determine the stepwise linear hardening relation for a
ferritic boron steel. This result is used to characterize three different material models; the
Voce, Swift and El-Magd material model. As a comparison an inverse modelling for each
material model based on finite element analysis is performed. The obtained parameters
for these material models are presented. For comparison these parameters are used in
finite element simulations of a tensile test. As a measure of efficiency the calculation
times for both the stepwise modelling method and the inverse modelling method are
presented and compared.

2 Methods and Material

The characterization of the post necking hardening of boron steel is performed by using
two different methods which will be described in this section; the Inverse Modelling and
the Stepwise Modelling methods. The material chosen for this study is based on the
boron steel USIBOR 1500 produced by ArcelorMittal. The microstructure composition
was changed by heating to austenitization temperature and cooled by a controlled cooling
rate. The finale microstructure composition was characterized by Östlund et al. (2014)
and has a ferritic microstructure.

2.1 Experiment

A sheet metal tensile test with notched 1.2 mm thick specimen with dimensions as shown
in Figure 1 is performed. The test is performed as quasi static tensile test. During
testing the force, elongation over a 50 mm gauge length and the deformation field on
the specimen’s surface are measured. The deformation measurement on the surface
is performed by the Digital Image Correlation (DIC) using the commercial software
ARAMIS, delivered by GOMmbH. During each test a series of 50-100 images are taken.

2.2 Stepwise Modelling Method

To stepwise model the post necking hardening behaviour of sheet metals was recently pre-
sented by Marth et al. (2016). The SMM is based on digital speckle photography (DSP),
taken from the previous described experiment and results in a piecewise linear hardening
relation. Based on the observed deformation field the plane strain field is calculated and
by assuming incompressibility the resulting through thickness strains are determined.
By assuming isotropic von Mises plasticity the stress tensor can be calculated based on
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Figure 1: Notched tensile specimen; Sheet thickness: 1.2mm; Gauge length: 50mm .

the derived strain tensor using a radial return algorithm. To characterize the hardening
behaviour the stress strain relation is modelled step by step for each image taken during
the experiment. For each step the residual between the resulting force through an inte-
gration path across the specimen’s cross section and the experimentally measured force
are minimized by adapting the current linear hardening coefficient. The characterisation
of material model parameters is performed using a least square fit to the piecewise lin-
ear hardening curve, obtained by SMM. By using this method almost any elasto-plastic
material model can be characterized in a simple manner.

2.3 Inverse Modelling Method

The inverse modelling is performed by using the software LS-OPT for the optimisation
and LS-DYNA as solver for the finite element method (FEM) calculations. The different
material models are presented in the following section. For each material model three
or four parameters are optimized. The lower and upper bounds for each parameter are
presented in Table 1. The start value for each parameter is chosen as the middle value
between the bounds. During the optimization a Mean Squared Error (MSE) for the
discrepancy between the experimental obtained force-elongation and the FEM simulation
force-elongation, is minimized. The optimisation uses a leap-frog optimizer (LFOP)
algorithm as suggested in the LS-OPT manual Stander et al. (2014). The explicit FEM
simulation uses 4 node shell elements with an average side length of 0.2mm modelling the
50mm length of the notched tensile specimen. The FEM model is composed of 45.343
fully integrated quadratic Belytschko-Tsay shell elements.

2.4 Material Models

The inverse modelling and the stepwise modelling methods are used to calibrate three
different material models, which will be briefly presented in this section. All models are
not temperature or strain rate dependent and are a pure functions of the effective plastic
strain, ε̄p. The mathematical equation of the Swift model (Swift, 1952) is presented in
Equation 1, where C1 to C3 are constant material parameter.

σ(ε̄p) = C1 · (C2 + ε̄p)C3 (1)
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Table 1: Input data for inverse modelling. Lower and upper bounds of material param-
eters.

Materialmodel Bounds
Parameters

C1 C2 C3 C4

Swift
Lower 900 [MPa] 1 · 10−3 [-] 0.1 [-] -
Upper 1000 [MPa] 5 · 10−3 [-] 0.5 [-] -

Voce
Lower 750 [MPa] 400 [MPa] 5 [-] -
Upper 850 [MPa] 500 [MPa] 15 [-] -

El-Magd
Lower 400 [MPa] 300 [MPa] 200 [MPa] 10 [-]
Upper 500 [MPa] 400 [MPa] 300 [MPa] 30 [-]

The mathematical equation of the Voce model (Voce, 1948) is presented in Equation 2,
where C1 to C3 are constant material parameter.

σ(ε̄p) = C1 + (C2 − C1) · exp(−C3 · ε̄p) (2)

The mathematical equation of the El-Magd model (Stiebler et al., 1991) is presented in
Equation 3, where C1 to C4 are constant material parameter.

σ(ε̄p) = C1 + (C2 · ε̄p) + C3 · [1− exp(−C4 · ε̄p)] (3)

While the Voce material model has a maximum stress value, C1, both the Swift and the
El-Magd model are constantly increasing the stress with increasing strains. The El-Magd
model can be seen as an extended Voce model with the constant linear factor, C2.

3 Results and Discussion

Characterizations of the boron steel for the described material models are performed
using SMM and inverse modelling. The characterization of these different material models
based on SMM is validated by comparing FEM simulations with the experimental results.

3.1 Characterization

The resulting piecewise linear hardening behaviour of the material using SMM is pre-
sented in Figure 2 as a solid line. This SMM curve has a maximum effective plastic
strain of 0.74, which is the locally measured fracture strain, marked with a cross. The
resulting hardening relations for the three presented material models based on the in-
verse modelling method are added to Figure 2 as dashed lines. The resulting stress-strain
relation obtained by SMM is a piecewise linear curve and has therefore not the smooth
shape of the material models. However, the Swift (dotted line) and El-Magd (dash-dot
line) material models show an overall similar result as the presented SMM result. Only



3. Results and Discussion 55

the Voce (dashed line) model does not fit to these results, especially for effective plastic
strains higher than 0.3. This is mainly based on constrains of this material model, which
represents ideal plastic materials better for high strain values.

Figure 2: Resulting stress-strain relation from SMM and Inverse modelling.

Using a simple curve fitting based on the piecewise linear hardening curve obtained
by SMM the parameters for the three material models can be found and compared with
the parameters from inverse modelling. Table 2 shows the summary of the different
parameters obtained from the SMM and inverse modelling method. It can be seen that
both methods based on the same experiment result in similar parameters. The smallest
difference can be seen for the Swift material model, where the deviations between the
parameters are nearly negligible. Comparing the piecewise linear curve and the Swift
curve in Figure 2 a similar behaviour can be seen. The largest deviation is obtained for
the Voce material model.

In Table 3 a compilation of the computation time needed for both SMM and inverse
modelling is shown. The time measured the amount of computational calculation time
required on a stationary personal computer under similar conditions. As a comparison
between both methods, a relative time factor is presented. For SMM the computing
time is approximately the same for all presented material models. Even though only the
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Table 2: Resulting parameters from SMM and inverse modelling.

Materialmodel Method
Parameters

C1 C2 C3 C4

Swift
SMM 947 [MPa] 2.16 · 10−3 [-] 0.146 [-] -
Inverse 935 [MPa] 2.8 · 10−3 [-] 0.144 [-] -

Voce
SMM 813 [MPa] 458 [MPa] 10.3 [-] -
Inverse 805 [MPa] 475 [MPa] 8.87 [-] -

El-Magd
SMM 411 [MPa] 308 [MPa] 280 [MPa] 22.9 [-]
Inverse 450 [MPa] 382 [MPa] 216 [MPa] 20.2 [-]

computational calculation time is presented and the time for experimental setup are not
included, is the computational calculation time demand one of the main factors when
comparing the efficiency of the methods.

Table 3: Resulting parameters from SMM and inverse modelling.

SMM
Inverse modelling

Swift Voce El-Magd

Computing time[s] 78 21 864 28 584 23 560

Approx. time factor to SMM - 280 370 300

3.2 Validation

For validating the material parameters obtained by SMM, FEM simulations are per-
formed using the same finite element model as for the inverse modelling. In total four
simulations are performed using the stepwise linear, Swift, Voce and El-Magd material
model. In inverse modelling the force elongation relation is used as input data for the
object function. However, for SMM the force elongation data is not used as input data
and therefore it is possible to use it for validation of the material model characterization.
The comparison of the force-elongation relation from these validation simulations with
the experimental measured values, are shown in Figure 3. The resulted force-elongation
relations for all material models are comparable with the experimental obtained rela-
tion. Using the piecewise linear hardening model gives a response which is close to the
experimental values. The model with the largest deviation is the Voce model (dashed
line), which deviates the most at the end of the simulation. The largest deviation of the
Swift model (dotted line) can also be found at the end of the simulation; otherwise it
follows the experimental curve well. The El-Magd model (dash-dot line) follows largely
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the experimental curve.

Figure 3: Comparison of the force-elongation relations from the experiment with FEM
simulations based on SMM material-models.

To provide a measure of the discrepancy between simulation results and experimental
data a mean squared error, e, is used.

e =
1

P

P∑
i=1

[
fi − Fi

Fmax

]2

(4)

Where P is the number of measured force-elongation pairs and Fi are the measured
force and fi the corresponding components of the simulated force f . To obtain a dimen-
sionless error the values are normalized using the maximum value of the target curve
Fmax = max|Fi|. Here is Fmax = 12.08kN and P = 62. The mean squared error, ac-
cording to Equation 4, obtained for the force-elongation relations based on the SMM
results is summarized in Table 4. The MSE for the simulation, using the piecewise linear
hardening model, has the smallest error. The inverse modelling method uses the same
definition of the MSE (Equation 4) to minimize the deviation between the experimental
result and the simulated force-elongation relation, where the design parameter is set to:
e ≤ 1 · 10−3. It is shown that the MSE for nearly all simulations is smaller than the
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design parameter used in the inverse modelling. Only the error for the simulation using
the Voce material model has a larger value, see Table 4.

Table 4: Mean squared error, e, of the deviation between the experimental and the
simulated force-elongation relation based on the SMM results.

Piecewise linear Swift Voce El-Magd

6.68 · 10−4 8.35 · 10−4 1.36 · 10−3 6.76 · 10−4

4 Conclusion

In this paper the results from post necking characterisations using stepwise modelling
method and inverse modelling method are compared. It is concluded that both meth-
ods are characterising the post necking behaviour in a reliable and accurate way. The
piecewise linear result of the SMM gives a higher flexibility since it is not coupled to any
specific material model and can quickly and easily be adapted to any material model.
The SMM is considerably faster than the inverse modelling method. Simulations using
the different material models characterized by SMM show accurate responses in the force
elongation relation compared with experimental measures. Finally it can be stated that
the Voce material model is not a good choice for modelling the post necking behaviour
of boron steel with a ferritic microstructure when very large strains occur.
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Ted Sjöberg, Stefan Marth, Jörgen Kajberg and Hans-Åke Häggblad
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Experimental characterization of triaxiality stress

state evolution for sheet metal materials

Ted Sjöberg, Stefan Marth, Jörgen Kajberg and Hans-Åke Häggblad

Abstract

A method to experimentally characterize the stress state evolution for sheet metal speci-
men is presented. The method is demonstrated for Alloy 718, a material commonly used
in the containment structures of aircraft engines. Because of the high costs associated
with full-scale containment testing there is growing demand on accurate computer simu-
lations. Modelling of failure in ductile metals is often based on the state of stress through
the stress triaxiality and the lode angle. These parameters are estimated from theoretical
approximations or computer simulations. However, theory gives only the value of initial
stress state based on specimen geometry and does not take deformations into account. By
using Digital Image Correlation (DIC) on specimens loaded in tension a method to char-
acterize the triaxiality stress state and its evolution is presented. This method is based on
the Stepwise Modelling Method (SMM), a method able to characterize the post necking
hardening behaviour of material deformed under plane stress condition. The triaxiality
stress state characterization is demonstrated for three different specimen geometries with
three different theoretical stress states. The resulting triaxialities are compared with sim-
ulated triaxiality results obtained using Finite Element Method (FEM). It is concluded
that the SMM is suitable for characterization of the triaxiality stress state evolution for
sheet material from initial stress state to post necking and state of fracture, while at the
same time determining constitutive elasto-plastic stress strain relation of the material.

1 Introduction

The state of stress in solid materials is a property of great interest in many mechanical
scenarios. It is commonly accepted that the stress state is a key controlling factor for
the failure of most ductile materials. One parameter used to describe the state of stress
is the stress triaxiality parameter. The triaxiality is defined as the ratio between the
hydrostatic- and equivalent stress.

Bao and Wierzbicki (2004a) performed fracture testing on 2024-T351 aluminium alloy
over a wide range of stress triaxialities. From these tests the authors found that the
fracture was clearly stress state dependent, since the state of stress in the material effected
the mode of fracture. For negative triaxialities the main failure modes were through shear
while at higher triaxialities fracture was developed due to void formation. In between
these regions a third region was found where the failure develops as a combination of the
two failure modes. In an effort to give a comparative study on a multitude of commonly
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used failure criteria Wierzbicki et al. (2005) used the results from Bao and Wierzbicki
(2004a) to calibrate seven fracture models. The results showed that the models giving
the most accurate results over a wide range of stress states were the models constructed
in the complete, three dimensional, space of stress invariants. In a more comprehensive
comparative study Bai and Wierzbicki (2015) evaluated sixteen fracture models. The
models were divided into three groups, empirical models, phenomenological models, and
physics based models. The models were then calibrated using three different sets of
material data from two grades of steel and one aluminium alloy. All the models were
calibrated in the three dimensional space of invariants by using the stress triaxiality
parameter together with the normalized lode angle parameter.

The stress state dependency of Alloy 718 has been studied by many authors. Algarni
et al. (2015) performed experimental testing on Alloy 718 at room temperature and
quasi-static loading using round specimens with different notch geometries as well as a
plane strain specimen geometry. Erice and Gálvez (2014) used both axisymmetric round
specimens with different notches and flat plane strain and shear geometries to characterise
the stress state dependent failure of Alloy 718.

Because of the strong dependency on the stress state in many metals it is of interest
to perform testing at different states of stress and accurately determine the stress state.
Commonly the triaxiality parameter is determined by using Bridgman’s theoretical equa-
tions (Bridgman, 1944). For example Børvik et al. (2001) used Bridgman’s analysis to
calculate theoretical values of the triaxiality of notched specimen both in the centre and
as a mean value across the minimum cross-section. One limitation of this method is
that the results are only valid for notched specimens with axial symmetry. Bai et al.
(2009) extended the theory of Bridgman to derive equations for theoretical stress state
determination also for flat grooved plane strain specimens. Darlet and Desmorat (2015)
proposed a new method to use theoretical calculations for determination of the stress
state at the surface of structures for both plane strain and plane stress conditions.

However, for all these methods one difficulty persists when using theoretical determina-
tion of the stress state - in that the state of stress will change throughout the deformation
process in almost all experiments. This means that to correctly evaluate the data the
entire evolution of the stress state should be considered. Hence, Finite Element Method
(FEM) simulations are often used to evaluate the evolution of the stress state. This can
be performed in a direct manner as done by for example Bao and Wierzbicki (2004b), or
by using inverse modelling as done by Hambli and Reszka (2002) as a part of identifying
the critical value for ten different fracture criterion. The general procedure of inverse
modelling is described in detail by Tarantola (1987) and can also be used to determine
other material parameters. For example Saboori et al. (2016) used inverse modelling and
FEM to determine the stress-strain behaviour of different aerospace alloys beyond the
point of localization. The major disadvantage of inverse modelling is the high demand
of computational resources and that the resulting stress state evolution is highly depen-
dent on the used material model. It is therefore of interest to evaluate the stress state
from experimental tests using a more direct method, without need of time consuming
FE-modelling.
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Sjödahl and Benckert (1993) presented an algorithm used for speckle pattern pho-
tography which uses the Digital Image Correlation (DIC). The algorithm is based on
a two-dimensional discrete cross correlation between sub-images from different image
stages. Kajberg and Lindkvist (2004) used FEM inverse modelling coupled with DIC in
order to characterise the stress-strain behaviour of materials subjected to high strains.
Another use of DIC was proposed by Gruben et al. (2011) who found a method to cal-
culate the stress state evolution of specimen subjected to plane stress loading. With the
assumption of an isotropic Levy-Mises material the authors were able to express both the
stress triaxiality and the Lode angle only in terms of the ratio between the incremental
strains in the two principal directions. In order to obtain reasonable results for the stress
state variables filtering by low-order polynomial curve fitting was used. Another example
of experimental determination of the stress state evolution is shown by Östlund et al.
(2014) who also use DIC to determine not only the local strain field, but also the local
stresses. The authors evaluated the stress state in USIBOR steel tensile specimens with
notches and found that regardless of notch radii the stress state approached transverse
plane strain tension.

In this work the Stepwise Modelling Method (SMM), introduced by Marth et al. (2016),
is used to experimentally obtain the stress state evolution in three different specimen
geometries of nickel based Alloy 718. All experiments are performed on sheet material
under plane stress condition loaded in tension up to failure. The experimentally obtained
stress triaxialities are compared with FEM simulations performed using the commercial
FE-code LS-Dyna.

2 Method

2.1 Theory

When defining the three dimensional space of stress invariants it is common to use the
invariants p, q, and r, defined by Equations 1-3.

− p = σm =
1

3
σkk =

1

3
(σ1 + σ2 + σ3) (1)

q = σ̄ =

√
3

2
sijsij =

√
1

2

[
(σ1 − σ2)2 + (σ2 − σ3)2 + (σ3 − σ1)2] (2)

r =

[
27

2
det(sij)

]1/3

=

[
27

2
(σ1 − σm) (σ2 − σm) (σ3 − σm)

]1/3

(3)

Here σij is the stress tensor, sij is the deviatoric stress tensor, and σ1, σ2, σ3 is the three
principal stresses. The first stress invariant is often noted as the mean stress, σm, while
the second stress invariant is often noted as the effective von Mises stress, σ̄. Often it
is advantageous to use normalized parameters. The normalized hydrostatic pressure is
commonly referred to as the stress triaxiality parameter. The triaxiality parameter is
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defined by

η =
−p
q

=
σm
σ̄

(4)

The third stress invariant can be normalized as

ξ =

(
r

q

)3

= cos(3θ) (5)

where θ is the lode angle having a range of 0 ≤ θ ≤ π/3. The lode angle can be
normalized, resulting in the lode angle parameter. The lode angle parameter is defined
as

θ̄ = 1− 6θ

π
= 1− 2

π
cos−1(ξ) (6)

giving it the range of −1 ≤ θ̄ ≤ 1.
For the plane stress condition, σ3 = 0, there exist a unique relationship between the

triaxiality η and the normalized third invariant of the deviatoric stress ξ defined by:

ξ = −27

2
η(η2 − 1

3
) (7)

To decrease the risk of including large errors averaging the stress history is often used.
One method is to use an integrated average of the stress triaxiality, defined as

ηint =
1

ε̄pf

∫ ε̄pf

0

η(ε̄p)dε̄p (8)

where ε̄pf is the measured effective plastic strain at fracture. The integrated average takes
the evolution of the stress state during the whole deformation process into account while
being described by a scalar value.

2.2 Experiments

The proposed method is demonstrated for Alloy 718. This nickel-based super alloy is
known for its high strength and corrosion resistance even at elevated temperatures. These
properties make Alloy 718 one of the most commonly used materials in the containment
structures of aircraft engines. The chemical composition of the alloy is shown in Table 1.
The material used in the experimental testing was supplied as 1.6 mm thick sheets in
aged condition. All material originates from the same material batch and heat in order
to ensure consistent mechanical properties. All specimens were cut transversely to the
rolling direction of the sheets.

In order to test the material at different stress states tensile specimens of three dif-
ferent geometries were used. The geometries are shown in Figure 1 and consists of one
shear specimen, one central hole specimen, and one notched specimen. All specimens
were tested under uniaxial tension with an strain rate of 1 s−1 using a high-speed tensile
testing machine (Instron VHS-160/100-20). To obtain the desired strain rate the piston
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Table 1: Chemical composition of Alloy 718 by weight percentage, taken from Special-
Metals (2014)

Ni Cr Fe Nb+Ta Mo

50.00-55.00 17.00-21.00 As balance 4.75-5.50 2.80-3.30

Ti Al Co C Ma

0.65-1.15 0.20-0.80 1.00a 0.08a 0.35a

Si P S B Cu

0.35a 0.04a 0.15a 0.006a 0.30a

a Maximum

velocity for the tensile testing rig has to be individually adjusted for each specific spec-
imen geometry. By using the so-called ’FastJaw’ system of the Instron equipment the
specimen is gripped at the moment when the piston head has accelerated to the desired
velocity. The specimen is accelerated almost instantly to the correct velocity, giving
the desired strain rate throughout the entire test. Three repetitions were performed for
each specimen type. In order to track the elongations a non-contacting displacement
transducer (Zimmer 100D) with a gauge length of 50 mm was employed. In addition, all
experiments were captured using a high speed camera (Vision Research Phantom v1610)
to detect local deformations using DIC. The Stepwise Modelling Method is used to de-
termine the constitutive stress-strain relation. The method utilizes DIC to determine the
deformation gradient on the specimen’s surface. The deformation field is evaluated using
the commercial software ARAMIS. This software divides the captured area into sub-areas
in order to trace the deformation through cross correlation of the same sub-areas in two
subsequent images. The sub-areas are made traceable by applying a stochastic pattern to
the surface of the specimen, giving each sub-area a unique footprint. By using black and
white aerosol paint it was possible to create a fine pattern with high contrast, making
it possible to define small sub-areas having an edge length of 0.4 mm and an overlap of
75%.

2.3 Evaluation of the triaxiality evolution from tensile tests

Digital Image Correlation was used to evaluate the deformation gradient on the surface
of all specimens to enable the use of the Stepwise Modelling Method (defined by Marth
et al. (2016)). This method is used to determine the constitutive stress-strain relation
for materials even beyond localization. This is done by first calculating the in-plane
strain field from the observed deformation field. Taking incompressibility to account, the
resulting through thickness strains are determined, as done by for example Eman et al.
(2009). From the obtained strain field the complete stress tensor at every single point
for all time steps are computed. The procedure is described below.
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(a)

(b)

(c)

Figure 1: Schematic drawings of the specimens. (a) Shear specimen. (b) Hole specimen.
(c) Notched specimen.

In order to take large rotations of the strain field into account, co-rotational quantities
are used. The co-rotational deviatoric stress tensor, ŝij, is obtained from the total elastic
strains as

ŝij = 2G(êij − ε̂pij) (9)

where G is the shear modulus, ε̂pij the co-rotational plastic strain tensor, and êij is the
co-rotational deviator of the total strain tensor. The co-rotational mean stress, σ̂m, can
be calculated as the product of the bulk modulus, K, and the co-rotational mean strain
as

σ̂m = 3Kε̂m (10)

Using Eq. 9 and Eq. 10 the co-rotational total stress tensor, σ̂ij, can be determined
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from the co-rotational strain tensor using the relation

σ̂ij = 2G(ε̂ij − ε̂mδij − ε̂pij) + 3Kε̂mδij (11)

In case of elastic loading condition the stress can be determined using Eq. 11, however
under plastic condition another approach is needed to determine the plastic strain incre-
ment. In this case a radial return algorithm is used to determine the stress tensor. The
radial return is calculated assuming isotropic von Mises plasticity. For a more detailed
description of the von Mises radial return the reader is referred to e.g. Saabye Ottosen
and Ristinmaa (2005).

Assuming an isotropic von Mises material, the yield criterion, f , is given by the effective
stress, σ̄, and the current yield stress, σy as

f = σ̄ − σy = 0 (12)

In the Stepwise Modeling Method the yield stress is defined as a piecewise linear
hardening function where the current yield stress, σi

y, is written as the sum of the previous
yield stress, σi−1

y , and the product of the current hardening modulus H i and effective
plastic strain increment, ∆ε̄p,i = ε̄p,i − ε̄p,i−1,

σi
y = σi−1

y +H i∆ε̄p,i i = 1, 2, 3, ..., n (13)

The effective plastic strain, ε̄p, is defined as

ε̄p =

∫ √
2

3
dε̂pijdε̂

p
ij (14)

where dε̂pij is the incremental plastic strain tensor in the co-rotational coordinate system.
With one time of known stress and strain; for example the unloaded state, where both

the strain ε
(0)
ij and the stress σ

(0)
ij are zero, it is possible to calculate the trial stress tensor

for the next time-step. With the strain increment, ∆ε, and the stiffness tensor, Dijkl, the
co-rotational trial stress tensor for the next state can be calculated as

σ̂t
ij = σ̂

(k−1)
ij +Dijkl∆ε̂kl (15)

Here and in the following equations the index k indicates a time step containing unknown
variables while the previous time stage k−1 contains only known parameters.

With the trial stress known, the effective trial stress, σ̄t, can be calculated. If the
effective trial stress is larger than the yield stress, then the plastic part of the strain
increment must be increased by ∆λ while the elastic part is decreased. The yield criterion
(Equation 12) then take the shape of

σ̄ − 3G∆λ− σy(ε̄p(k−1) + ∆λ) = 0 (16)

where the plastic strain increment, ∆λ, can be determined. The yield stress, σy is a
function of the current effective plastic strain, ε̄p(k) = ε̄p(k−1) + ∆λ.
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With both the current yield stress and the trial stresses known the current co-rotational
stress tensor, σ̂

(k)
ij , can be calculated as

σ̂
(k)
ij =

σ
(k)
y

σ̄t
σ̂t
ij (17)

By assuming plane stress, the resulting force in the loading direction are calculated
through an integration path across the specimen. By minimizing the residual between
the calculated cross-section force and the experimentally measured tensile force the work
hardening of the material are then determined in each time step. Details of this procedure
are described by Marth et al. (2016). Since all testing were performed using sheet metal
the assumption of plane stress condition is valid on the surface of the specimens.

In a last step the resulting stress tensor is finally transformed back into the global
coordinate system by from the co-rotational coordinate-system using

σij = Rikσ̂klRjl (18)

where Rij is the rotation tensor computed by polar decomposition of the deformation
gradient at each time step.

This leads to the result that the stress tensor is known in all time steps. Based
on this both the mean stress, σm, and the effective stress, σ̄, are calculated according to
Equations 1 and 2, and from this the evolution of the stress triaxiality field are calculated
using Equation 4. In addition, the Stepwise Modelling Method returns a piecewise linear
hardening curve from each experimental repetition. These hardening curves are fitted to
an empiric curve described by

σy(ε̄
p) = C0 − C1 exp(−C2ε̄

p)− C3 exp(−C4ε̄
p) (19)

where C0−C4 are fitting parameters. The fitting is performed in a least square sense by
minimizing the mean squared residual given by

R (σy) =
N∑
i=1

Li∑
j=1

( expσj − σy(expε̄pj)
Li

)2

(20)

where N is the total number of experiments performed, Li is the number of data points
in an experimental set, the pre exponent, exp〈•〉, denotes experimental data.

2.4 Finite element simulations

To validate the resulting stress state history obtained using the SMM all specimens were
modelled using FE-simulations. The numerical simulations were performed using the
commercial FE code LS-Dyna developed by Livermore Software Technology Corporation
(LSTC) Hallquist et al. (2007). The specimen geometries were discretized using 8-node
fully integrated brick elements with an element formulation for reduced risk of transverse
shear locking. Similar to the FE simulations performed by Gruben et al. (2011), a thin
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layer of Belytschko-Tsay shell elements was merged with the surface nodes of the brick
elements on one face of the specimens. The shell elements were given a thickness of
10−4 mm and were used to obtain results where plane-stress condition prevailed. To save
computational time only the part between the 50 mm gauges were modelled, this also
enabled the use of the 50 mm elongation measurements from the non-contact transducers
as input for the boundary conditions. The elements in the plastic zone had an initial side
length of 0.3 mm for all specimen geometries resulting in five elements in the thickness
direction. The resulting number of elements in the meshes are given in Table 2. All sim-
ulations were run in a parallel environment using an explicit integration scheme without
artificial mass or velocity scaling.

Table 2: Approximate number of elements used in simulations of different specimen
geometries.

Shear Hole Notched

Solid 17 300 9 900 7 700
Shell 3 500 2 000 1 500

3 Results

Based on the Stepwise Modelling Method the hardening behaviour of Alloy 718 is char-
acterized for the three different tensile specimen geometries. Figure 2 shows the resulting
piecewise linear yield stress versus effective plastic strain relations for all performed ex-
periments. The solid black line in this figure is the resulting hardening function, described
in Equation 19, that was fitted to the experimental results. The fitting parameters for
the hardening curve was evaluated to C0 = 1860 MPa, C1 = 360 MPa, C2 = 210,
C3 = 630 MPa, and C4 = 8. Calculating the Pearson’s correlation coefficient for the
resulting model yields an r-value of 0.985, where 1 is a perfect fit. For details on the
Pearson’s correlation the reader is referred to literature on statistics such as Box et al.
(1978).

Figure 3 shows the effective plastic strain field for one representative repetition of each
of the three specimen geometries in the last image captured before fracture, calculated
using the SMM. The green point in each sub-image represents the evaluated fracture
point. The fracture position is the point where the triaxiality stress history data is
evaluated.

For all specimen types the resulting stress triaxiality evolution from the three repeti-
tions are shown in Figure 4. The blue lines in this figure show the results from the shear
specimen sample, while the red lines are the resulting stress triaxiality evolutions from
the hole specimen. The results from the last specimen, notched, is shown as green lines.

For a state of pure shear the expected triaxiality value is η = 0 due to the lack of any
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Figure 2: Resulting yield stress versus effective plastic strain from SMM shown in dashed
lines (− Shear specimen; − Hole specimen; − Notched specimen). The solid black line
is the empiric hardening curve (Equation 19) used in the FEM simulations.

hydrostatic pressure and as can be seen in the results the experiments show resulting
stress triaxialities close to this value. The hole specimen is designed to reach uni-axial
tension condition at the hole edges, i.e. a theoretical triaxiality value of η = 0.33. It can
be observed that all experimental repetitions of the hole specimen have initial triaxiality
values near this expected theoretical value. However, close to fracture the triaxialities
start to deviate. The resulting stress triaxiality evolutions for the notched specimen are
oscillating around an almost constant stress triaxiality of η = 0.53 up to plastic strains
of ε̄p = 0.15. Beyond this strain the triaxiality histories show a slight trend of increase.

To achieve smooth results low order polynomial fitting, based on all three experiment
repetition for each specimen type, was performed. Figure 5 compares these low order
polynomials for each specimen with the results obtained from the FEM. The resulting
stress triaxiality evolution for these low order polynomials for each specimen are plotted
as solid lines, whereas the simulated results are shown as dashed lines. Each specimen
geometry is simulated up to the experimentally measured fracture elongation and the
results are taken from the element closest to the fracture initiation point, shown in
Figure 3. From the FEM simulations all three specimen show mostly constant triaxialities
throughout the deformation. The shear specimen shows a higher triaxiality value than
the theoretical value of η = 0. The hole specimen appears to reach a state very close to
the theoretical value of plane strain, η = 0.33. The simulation of notched specimen for
the stress triaxiality a stable value around η = 0.5.

The integrated average of the stress state, as defined in Equation 8, is calculated for
all specimens from the unfiltered values and are summarized in Table 3 together with
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Figure 3: Effective plastic strain fields at fracture calculated using the SMM. The green
point represents the fracture point at which the triaxiality stress history is evaluated.
(a) Shear specimen. (b) Hole specimen. (c) Notched specimen.
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Figure 4: The experimental triaxiality stress evolutions evaluated by using SMM at the
fracture points. − Shear specimen; − Hole specimen; − Notched specimen.

-0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
Stress triaxiality - η, [ - ]

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

E
ff
ec
ti
ve

p
la
st
ic

st
ra
in

-
ε̄
p
,
[
-
]

Experimental
Simulation

Figure 5: The triaxiality stress evolutions evaluated at the fracture points, filtered ex-
perimental results from SMM and FEM simulation results from surface shell elements.
− Shear specimen; − Hole specimen; − Notched specimen.
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results from the numerical simulations.

Table 3: Integrated triaxiality measure, ηint, for all specimens from SMM and FEM
simulation.

# Shear Hole Notched

1 -0.002 0.353 0.545
2 -0.023 0.360 0.539
3 -0.016 0.363 0.544

Sim 0.047 0.330 0.503
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Figure 6: Fracture strains plotted versus integrated value of the stress triaxiality histories.
− Shear specimen; − Hole specimen; − Notched specimen.

The experimental determined effective plastic strain at fracture, ε̄pf , versus the inte-
grated stress triaxiality measure, ηint is shown in Figure 6. The resulting integrated stress
triaxialities each of the three experiments for each specimen show only small deviations.
While the plastic strain at fracture for the shear and notched specimen is considerable
equal, a deviation in the plastic strain at fracture between the different experiments from
the hole specimen can be observed.
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4 Discussion

The idea behind the presented method is based on using the resulting stress tensor
obtained by the SMM to characterize the triaxiality evolution during tensile testing in
a fast and reliable way. In order to ensure reliability and to show the accuracy of the
method the experimentally measured triaxiality evolutions are compared with simulated
results.

The results for the shear specimen show that the experimental triaxiality values are
grouped slightly below the theoretical value of η = 0 for pure shear. For the simulations
the resulting stress state evolution show a different history with triaxiality values always
positive and close to a value of η = 0.05. The obtained stress triaxiality evolution for
the hole specimen shows that the simulated evolution indicates close to uniaxial tensile
condition with a nearly constant triaxiality value just above the theoretical value of
η = 0.33. The experimental triaxiality evolution also indicate stress states close to
uniaxial tension for large parts of the deformation history. However, close to fracture
the results start to drastically deviate. The large spread is thought to be caused by
excessive localization and DIC shortcomings. This since the fracture initiation point is
located at the edge of the inner hole, and DIC has difficulties to obtain accurate values
very close to specimen edges and contour jumps, as explained in GOMmbH (2007). The
experimentally obtained stress triaxialities of the notched specimen show a mostly stable
evolution for the first part of the deformation, with a trend toward a state of transverse
plane strain tension in the end. The same behaviour has been observed by for example
Östlund et al. (2014) for notched specimen of boron steel. When comparing these results
with FEM simulations differences are be observed, as the simulations show much smaller
increase in stress triaxiality for larger strains. The reason for this is concluded to be
because of the inability of the thin shell elements used in the FEM simulations to capture
the thickness reduction of the specimen. This since the thickness reduction observed as
the deformation localizes is thought to change the stress state in the specimens.

From Table 3 the resulting integrated stress state measure of the experiments and
simulations can be inspected and compared. For the shear specimen the integrated
triaxiality measure for all experimental repetitions are close to zero on the negative side.
The simulation on the other side get a positive integrated average triaxiality. For the
experimental repetitions of the hole specimen the spread in the integrated measure are
small and quite comparable with the simulation result that give an integrated average
of exactly uniaxial deformation. For the notched specimen the experimental integrated
stress state measures show slightly higher values than the results from FEM simulations.

Many fracture criterion for ductile fracture are described in the plane of stress tri-
axiality and effective plastic strain. Hence the results shown in Figure 6 are of great
interest. This figure show the effective plastic strain at fracture plotted against the in-
tegrated average of the stress triaxiality, meaning that the results of this figure can be
used to directly calibrate many of the fracture models used by for example Wierzbicki
et al. (2005). Another result that is obvious from this figure is that the effective plastic
strain at fracture of Alloy 718 is stress state dependent. It is also apparent that in order



4. Discussion 77

to accurately characterize the complete fracture envelope it is useful to obtain data from
as many different specimen geometries, aiming for different stress states, as possible.

Another strength of the presented method comes to light when taking into account load
path dependency, employed by some fracture models, since the full stress state evolution
is calculated and available for any calibration.
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Figure 7: Resulting triaxiality evolution using the method proposed by Gruben et al.
(2011). − Shear specimen; − Hole specimen; − Notched specimen.

As a comparison, Figure 7 show the results of using the method presented by Gruben
et al. (2011) on the experimental results obtained in this work. First it should be noted
that since this method use the relation of the principal strain increments to calculate the
triaxiality, the results are presented as a function of the total equivalent strain ε̄, not
the effective plastic strain. Looking at the resulting triaxiality evolution for the shear
specimens this method shows results slightly closer to the theoretical value for pure shear.
The triaxiality evolution for the hole and notched specimen show a similar behaviour with
an increasing trend as the deformation progress.

Even though the strain values on the ordinate of Figure 5 and Figure 7 are not the
same measure it is reasonable to compare the results shown in the figures because of
the small elastic strains present. This comparison show that the resulting triaxiality
evolutions obtained by the SMM are similar to the results obtained using the method
proposed by Gruben et al. (2011).
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5 Conclusion

To increase accuracy for failure and damage criteria dependent on the state of stress a
method to obtain the triaxiality stress state evolution direct from experimental testing is
presented. The method proposed is based on the Stepwise Modelling Method, in which
digital image correlation are used to evaluate the full stress tensor in specimens of sheet
metal subjected to tensile loading. The method is used to characterize the triaxiality
stress state evolution for three different specimen geometries with three different theo-
retical stress states made from Alloy 718. The resulting experimentally obtained stress
triaxiality histories are compared to results from finite element simulations and another
experimental based method.

It is concluded that with the presented method it is possible to effectively charac-
terize the triaxiality stress state evolution for sheet metal specimen directly from the
experiments, while at the same time determining constitutive elasto-plastic stress strain
relation of a material.
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