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Abstract

Granular materials are very common both in nature and in industry, and their extensive
use means that there are financial incentives for increased efficiency. There are huge costs
related to their use and handling, which is a major motivation for increased knowledge
of the behaviour of granular materials at different loading conditions. The development
of tools for numerical simulation of granular materials at diverse flow conditions gives
the opportunity to study and optimise various industrial processes. In order for such
tools to be trustworthy, calibration and validation against experimental results is es-
sential. Thus, experimental methods for accurate measurement and characterisation of
granular material flow are required. The objective of this thesis is to contribute to the
knowledge of experimental characterisation and numerical modelling of non-cohesive, dry
granular materials, at dissimilar flow conditions. In order to fulfil this objective, an ex-
perimental method, able to capture the flow behaviour of granular materials is developed.
The method is based on the digital image correlation technique, and it is used for field
measurements of displacement and velocity. The devised method is used to obtain field
measurements for the flow of sand, tungsten carbide powder and potassium chloride. For
modelling and simulation, the smoothed particle hydrodynamics (SPH) method, and a
pressure-dependent, elastic-plastic constitutive model are used.
In this thesis, experimental characterisation and numerical modelling of granular ma-

terial flow is performed in a number of applications. An experimental powder filling rig
is used to study the flow during filling of sand into a die. A high-speed digital camera is
used to record the flow, and the digital image correlation technique is used to obtain field
measurements during the filling. This method is also applied in another experimental
setup, where flow during filling of spherical tungsten carbide powder into a die is stud-
ied. The filling of tungsten carbide powder is simulated using the SPH method, and the
results are compared to the field measurements with good agreement. Furthermore, the
flow of potassium chloride is studied experimentally in the collapse of a granular column
and in the discharge from a flat bottomed silo. The material flow process in both the
column collapse and silo discharge are simulated using the SPH method. The results from
simulations are found to be in agreement with observations reported in literature, and
with experimental measurements obtained in this work. In conclusion, an experimental
method for characterising granular material flow through field measurements is presented.
The method is used to support the exploration of numerical tools for modelling and sim-
ulation of granular material flow. Furthermore, the high accuracy field measurements are
used for improved calibration and validation of numerical methods. Reliable numerical
simulations allows for study of the mechanisms that are present during granular material
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flow, mechanisms that might be hard or even impossible to investigate experimentally.
The work within the present thesis contributes to the knowledge of both experimental
characterisation and numerical modelling of granular material flow.
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ing experimental and numerical methods. In: World PM 2016 congress and exhibition,
Hamburg, Germany, EPMA, Shrewsbury, UK, ISBN:978-1-899072-47-7

Paper C:
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Chapter 1

Introduction

The aim of this introductory chapter is to present the background and motivation for
the present work. The scientific background and the objective and scope of the current
research are presented. Furthermore, this chapter aims at describing the general context
which the present work aims to contribute to.

1.1 Background and motivation

A granular material can be defined as a material which is composed of a large number
of individual particles, regardless of the particle size (Nedderman, 1992). Granular ma-
terials thus span over a wide range of different materials, from powders with very small
particle size, to heaps of large rocks. Granular materials are very abundant in nature and
are widely used in industry, where they are the second most used material, after water
(Richard et al., 2005). Because they are so common, there are huge costs associated with
their use and handling, and thus there exist strong economic incentives for increased
efficiency. If efficiency is to be increased, knowledge of how granular materials behave at
different loading conditions is important. Granular materials have a complex material
behaviour that is strongly dependent on the loading conditions, and despite being so
common their behaviour remains challenging to predict. Full-scale experiments of large
industrial processes are very expensive and time consuming, and the possibility to study
how process parameters influence the efficiency is often limited. Numerical simulation is
a powerful tool which can be used to study processes in detail. In a numerical simulation
it is often possible to study how efficiency is affected by process parameters. If a numer-
ical tool is to be used for industrial decision making, it needs to produce trustworthy
results. Here, validation is of major importance and trustworthy numerical simulations
thus require careful experimental characterisation of the behaviour of granular materials
at different loading conditions.
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4 Introduction

1.2 Scientific background

The present thesis is concerned with experimental study and numerical modelling of
granular material flow. Granular materials have been studied for a long time, and the
area of research continue to attract attention. Analogue photography has traditionally
been used for characterisation of granular material flow. Commonly, a number of parti-
cles flowing through a system are tracked with the ambition of obtaining displacement
measurements (see e.g. Michalowski, 1984; Pariseau, 1969; Takahashi and Yanai, 1973).
The introduction of digital photography has led to an advancement of optical techniques.
Digital particle image velocimetry (Willert and Gharib, 1991) is a two-dimensional opti-
cal technique where flow field measurement is made possible by using a cross-correlation
method on a series of digital images. The method was originally limited to study of
low speed flows, but the advancement of high-speed digital cameras removed this limita-
tion. The technique was used in for instance Sielamowicz et al. (2005), where flow field
measurements were obtained for the discharge of granular materials from plane hoppers.

Experimental characterisation of granular material flow has been attempted in a variety
of experiments, and one problem that has been studied extensively is the discharge of
granular materials from silos and hoppers. Silos and hoppers are common in industries
where the storing of granular materials are important, e.g. in the mining, agricultural and
pharmaceutical industries. Knowledge of the flow dynamics during discharge of granular
materials from silos is important for storage and handling systems. The industrial need
encouraged much of the early research in the field (see e.g. Beverloo et al., 1961; Pariseau,
1969; Nedderman et al., 1982; Michalowski, 1984). Although the problem has been much
studied, there is still a lack of unifying theories for granular material flow in silos and
hoppers. Thus, the field remains active and more recent studies can be found in Chen
et al. (2007), Mankoc et al. (2007) and Albaraki and Antony (2014).

Gravitational collapse of granular columns is another problem of granular material flow
that has received much attention lately. The problem was initially studied experimentally
in Lube et al. (2004) and in Lajeunesse et al. (2004), for cylindrical columns producing
axisymmetric collapses. These studies were focused on the qualitative description of
the granular flow dynamics observed in the experiments, and on development of scaling
laws for the deposit morphology. In Balmforth and Kerswell (2005), the collapse of
rectangular granular columns was investigated. In their experiment, the granular material
flow was considered as quite two-dimensional. The experimental results were compared
with results from a theoretical model, in which the granular material flow was idealized as
a shallow fluid layer. Measurements of the deposit morphology using a three-dimensional
laser scanner were presented in Warnett et al. (2014). Their proposed method resulted
in measurements of the deposit morphology that were of greater accuracy compared to
measurements in previous studies. Recently, Xu et al. (2016) used a high-speed digital
camera and particle tracking velocimetry to obtain two-dimensional field measurements
for the collapse of rectangular granular columns. Field measurements enables detailed
study of the dynamics of granular material flow, and are very useful for validation of
numerical simulations.
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For numerical simulation of granular material flow there are two main approaches. The
first approach is to use a discrete micro-mechanical model, where interactions between
particles are resolved at the particle length scale. The discrete element method (DEM)
was developed by Cundall and Strack (1979), and since then is has been widely used for
modelling granular materials. In the DEM, the individual grains are modelled as rigid and
spherical discrete particles. An overlap is allowed at contact between particles, and the
contact forces are obtained with a contact law, relating the overlapping distance and the
contact force. With external, boundary and contact forces known, Newton’s equations
of motion are integrated to obtain the velocity and displacement of the particles.
The second approach is to represent the granular material as a continuum, where

stresses and strains are related with a constitutive model. In a continuum approach, the
length scale is greater than the size of and distance between the individual grains. Thus,
it is assumed that the granular material is continuously distributed over its volume and
interactions between individual grains are not considered. The finite element method
(FEM), dating back to the 1940s (see e.g. Courant, 1943), is one of the most notable
continuum methods. The FEM has a long tradition in continuum mechanics and it
has been applied for numerical simulation of problems in a variety of technical fields,
including modelling of granular material flow. Karlsson et al. (1998) and Elaskar et al.
(2000) used the FEM for simulation of the flow of granular materials in two-dimensional
plane silos of varying geometries. More recently, Zheng and Yu (2015) presented results
from FEM simulations of a three-dimensional quarter model of a silo with axial symmetry.
Besides the FEM, numerous other continuum methods have been proposed for modelling
granular materials. One such method is the smoothed particle hydrodynamics (SPH)
method, originally developed independently by Lucy (1977) and Gingold and Monaghan
(1977). The SPH method is a mesh-free, continuum method where particles are used
to represent the computational domain. Major advantages of the SPH method is its
applicability to problems with very large deformation and to free surface flow problems.
A numerical method for simulation of granular material flow must usually handle both
large deformation and free surface flow. Recently Minatti and Paris (2015), Ikari and
Gotoh (2016) and Peng et al. (2016) have used the SPH method for simulation of granular
material flow.

1.3 Objective and scope

The objective of this work is to contribute to the knowledge of experimental characterisa-
tion and numerical modelling of granular material flow. The following research question
can be formulated: ”How can particle based numerical methods be used to understand
and characterise granular material flow, and how can they be calibrated and validated
with improved accuracy?” The scope of the thesis is to establish new and improve exist-
ing experimental methods for improved accuracy in measuring granular material flow. In
particular, methods for field measurement of displacement, velocity and strain at large
deformations. The scope also includes development and exploration of numerical meth-
ods, to provide insight into the behaviour of different granular materials in dissimilar flow
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conditions, from lab-scale to industrial process flow. This thesis is limited to the study
of flow at low pressures for sand, tungsten carbide powder and potassium chloride. Fur-
thermore, the studied granular materials are dry and assumed to be non-cohesive. The
computational domains are limited to being larger than the size of individual granular
particles and any possible rate-dependent material behaviour is not considered.



Chapter 2

Granular materials

This chapter gives an introduction to granular materials, some definitions are introduced
and important properties are presented. In addition, a brief overview of the use and
handling of granular materials in industry is provided.

2.1 General

A granular material can be defined as a large conglomeration of individual particles,
and thus granular materials extends over a wide range of materials. Granular materials
can consist of everything between micro particles to large rocks. The particle size and
shape are important properties, and granular materials are often classified on this basis.
Different systems of classification exist, depending on the field of engineering. One such
system of classification was provided by Nedderman (1992), it is shown in Table 2.1.
When determining the mechanical properties of a dry granular material, the effect of
air between individual particles is often neglected, and a dry granular material can be
considered as non-cohesive. Granular materials have complex material behaviour that is
strongly dependent on the loading conditions. Depending on the loading conditions, a
granular material can behave like a solid, a liquid or a gas. For static and quasi-static
conditions, the behaviour is typically similar to a solid, contacts between particles are well
established and the material exhibit strength in compression. The dynamic transition
(Sun et al., 2013) occurs when a granular material passes from static or quasi-static
conditions to a state where the contact between the particles is lost. At this state, the
particles start to roll and glide and flow conditions are initiated. At this flow condition,
the granular material behaviour is liquid-like, and further agitation result in a transition
from a liquid-like to a gas-like behaviour. Despite the similarities, granular materials are
fundamentally different from any ordinary solid, liquid or gas, and have for this reason
been called a fourth state of matter (Jaeger et al., 1996). Over the years, many attempts
have been made to describe the nature of granular materials, but despite this there exist
no unifying theory that describes their mechanical behaviour.
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8 Granular materials

Table 2.1: Classification of granular materials on basis of the particle size, from Nedder-
man (1992).

Particle size range Name of material Name of individual
component

0.1 - 1.0 μm Ultra-fine powder Ultra-fine particle
1.0 - 10 μm Superfine powder Superfine particle
10 - 100 μm Granular powder Granular particle
0.1 - 3.0 mm Granular solid Granule
3.0 - 10 mm Broken solid Grain

2.2 Industrial use of granular materials

The handling and processing of granular materials in industry consumes around 10 %
of the worlds produced energy (Duran, 2000). It is further estimated that up to 40
% of the capacity is wasted in many industrial plants, due to problems related to the
transportation of granular materials (Jaeger et al., 1996). Granular materials are key
components in the pharmaceutical and agricultural industries, where e.g. the processing
of powders in the manufacture of pills, and the transportation of grains and seeds are
important processes. The manufacture of components from compressed powder materials
is another example of an industry that is strongly dependent on the handling of granular
materials. An important stage, which has been seen to affect the quality of the produced
components, is the handling of powders during the die filling (German, 1994; Zenger
and Cai, 1997). Furthermore, granular materials are handled on a large scale in the
mining industry. For instance, the Swedish mining company LKAB yearly ships millions
of tonnes of iron ore products in granular form, such as iron ore pellets, from Narvik in
Norway and Lule̊a in Sweden. Such quantities of granular materials implies that there
are enormous costs associated with their handling, and even a small increase in efficiency
would result in huge savings.
Blockage, segregation, arching and jamming are common industrial problems that arise

in the the handling of granular materials. Storage of granular materials is often required,
and during loading and unloading the load on the storage containers varies rapidly.
Accurate predictions of granular material flow is required for improved container designs
and increased loading and unloading efficiency. Granular materials also cause damage to
handling and transportation systems, and products such as iron ore pellets are degraded
during their handling and transportation (Gustafsson et al., 2017). Optimisation of these
systems through numerical simulation can minimise the damage and degradation.



Chapter 3

Experimental methods

In the present work, granular materials are characterised experimentally. The experi-
mental study mainly serves to support modelling and simulation of granular material
flow, and to provide the opportunity to calibrate and validate numerical simulations. In
this chapter, the experimental methods used in the appended papers are summarized in
the context of the present work.

3.1 Material characterisation

Constitutive equations are used to model a material’s response to deformation, in solid
mechanics this is typically represented by the relationship between stress and strain. Most
constitutive equations contain parameters that must be experimentally determined. The
uniaxial extension and compression tests are typically used to determine the stress-strain
properties of metals and concrete respectively. Common to these tests, is that no lateral
stress is being applied. For granular materials, such unconfined tests are not possible
as a granular specimen cannot stand without lateral support. In this work, a triaxial
apparatus, based on the principles presented by Bishop and Wesley (1975), was used
to perform confined tests of granular materials. The triaxial test is an experimental
method for determining the stress-strain behaviour of granular materials (Craig, 2004).
A schematic of a cross section of a triaxial apparatus is shown in Figure 3.1. The tested
specimen is a right cylinder, which is covered by a rubber membrane. The bottom and top
of the cylinder is closed of by circular metal plates and the specimen is sealed with o-rings.
The specimen is placed upright in a test chamber, which is filled with water and sealed.
A hydrostatic state of stress is obtained by increasing the surrounding water pressure
p. With a hydraulic piston, the top metal plate is displaced causing a compression of
the specimen, while the hydrostatic pressure is held constant. A state of shear stress
is obtained from the difference between the stress from the surrounding water and the
stress applied in the axial direction. By gradually increasing the axial stress, a shear
failure is achieved. During the test, the force F required to displace the piston, and the
amount of water in the test chamber are recorded. From these recordings, the deviatoric
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10 Experimental methods

Figure 3.1: Schematic of a cross section of a triaxial test apparatus. An axial force
F is applied to compress the specimen, while the surrounding water pressure p is held
constant.

stress versus axial strain and the volumetric compression versus pressure relations are
found.

3.2 Digital image correlation

Digital image correlation (DIC) is an optical experimental technique used for full-field
displacement measurement. The technique is based on the comparison of a series of digital
photographs of the specimen surface, recorded during its deformation. The images are
subdivided into small overlapping sub-images and a cross-correlation procedure is applied
to determine the in-plane displacement field. The cross-correlation procedure requires
that the object is covered with a random surface pattern that enables the recognition
and tracing of sub-images. A detailed description of the DIC method and how it can be
used for strain field measurements is given in Kajberg and Lindkvist (2004). Granular
materials naturally form random surface patterns. If the surface texture of the granular
material is sufficient, DIC can be used to trace the surface deformation. DIC is used to a
large extent in the present work and in Paper A, a description of the application of DIC
to study granular material flow is presented. Furthermore, a detailed review of the DIC
technique for displacement field measurement can be found in Pan et al. (2009).



Chapter 4

Modelling

The purpose of this chapter is to present an overview of modelling approaches typically
used for granular materials, and to introduce the numerical method and constitutive
model used in this work. SPH is used as computational method, and this chapter provide
details about the SPH method that are important in the context of the present work.
These details are complementary to the information given in the appended papers.

4.1 General

Experimental investigations of large-scale industrial processes are commonly expensive,
time consuming and difficult to perform. Instead, numerical simulations can be used
to predict and optimise the function of systems that handles granular materials. For
numerical simulation of granular materials, it is common to use either a discrete or a
continuum approach. In a discrete approach, individual particles and their interactions
are modelled and the overall system behaviour is determined by the particle interactions.
This approach enables investigation of phenomena occurring at the length scale of the
particles. A discrete approach require determination of parameters at the particle size-
scale, such as the particle size and shape. Furthermore, a model describing inter-particle
contact behaviour is required. The motion and contact of each individual particle needs
to be modelled and in a large system, containing many particles, a discrete approach will
require a lot of computational power. The feasibility of using a discrete approach to model
granular material flow is therefore coupled to the number of particles in the system. There
are numerous methods based on the discrete approach. The DEM, originally developed
by Cundall and Strack (1979), is one such method that has been widely used to model
granular material flow.
A continuum approach does not require the modelling of each individual granular parti-

cle. Instead, the granular material is treated as a continuous substance and a constitutive
model is used to relate stress and strain in the material. As long as the number of parti-
cles is large enough, a continuum approach can be used to represent a granular material
(Duran, 2000). When using a continuum approach, the length scale where phenomenons
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12 Modelling

are studied has to be greater than the particle size-scale. This enables systems containing
a large number of particles to be modelled with a continuum approach.

4.2 Smoothed particle hydrodynamics

Traditional mesh-based, continuum methods, such as the FEM, have difficulties in simu-
lation of problems involving very large deformation, free surface flow and moving bound-
aries. These situations are typical for granular material flow problems. The numerical
difficulties are often related to severe mesh distortion, and therefore a continuum numer-
ical method that do not require a mesh is desirable. The SPH method is a Lagrangian
mesh-free method, where particles are used to represent the system to be analysed. Each
particle has mass, momentum and energy, and no connectivity between individual parti-
cles is required. The mesh-free nature of the method is probably its main advantage over
traditional continuum methods, as numerical difficulties resulting from mesh distortion
are avoided. The SPH method was developed independently by Gingold and Monaghan
(1977) and by Lucy (1977), and it was originally used for simulation of astrophysical
problems. Since its original formulation, the SPH method has been used to model prob-
lems in many engineering disciplines, including granular material flow problems (see e.g.
Bui et al., 2009; Huang and Dai, 2014; Minatti and Paris, 2015). The SPH method can
also be coupled with other numerical methods. This was done in for instance Jonsén
et al. (2015), where it was coupled with both the FEM and the DEM for modelling of
comminution. In the following sections, some of the features of the SPH method that
are relevant to this work are presented. A detailed description of the SPH method can
be found in Liu and Liu (2003).

4.2.1 Calculation cycle

The domain of the problem solved with the SPH method is represented by a set of arbi-
trarily distributed particles. The particles carries information of velocity, mass, density,
internal energy and spatial coordinate. As in most numerical methods, the aim is to
reduce the partial differential equations (PDE:s), representing the field functions of the
system, to a set of ordinary differential equations (ODE:s) with respect to time only. In
the SPH method this is achieved by the following steps:

1. Arbitrary distributed particles are used to represent the problem domain. No con-
nectivity between these particles is required, giving the method its mesh-free nature.

2. The field functions are rewritten into integral functions. In the SPH method, this
step is called the kernel approximation.

3. The integral functions are then approximated using particles. The integrals are
replaced with summations over all corresponding values at neighbouring particles
in a local domain. This step is called the particle approximation.
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4. The particle approximation is repeated at every time increment. The particle ap-
proximation is thus based on the local particle distribution, giving the method an
adaptive nature.

5. A set of ODE:s with respect to time only is produced by performing the particle
approximation to all terms related to the field functions (the PDE:s).

6. Using an explicit integration algorithm, the set of ODE:s are solved.

7. Other quantities of interest are determined from constitutive relations.

The SPH method is commonly divided into two key steps: the kernel approximation
and the particle approximation.

4.2.2 Kernel approximation

The kernel approximation is the first key step of the SPH method. An arbitrary function
f can be written in integral form as

f(x) =

∫
Ω

f(x′)δ(x− x′)dx′ (4.1)

where f is a function of the three-dimensional position vector x, δ(x − x′) is the Dirac
delta function and Ω is the volume of the integral containing x. As long as f(x) is defined
and continuous in Ω, the integral representation is exact. The Dirac delta function is
then replaced with a smoothing function W (x− x′, h), resulting in

< f(x) >=

∫
Ω

f(x′)W (x− x′, h)dx′ (4.2)

where h is the smoothing length, which gives the influence region of the smoothing
function. The smoothing function W is often referred to as the kernel function in the
SPH literature. When the Dirac delta function is replaced with the kernel function the
integral representation becomes an approximation, which in Equation (4.2) is marked
by the angle brackets <>. This approximation is called the kernel approximation. The
kernel approximation for the gradient of a function ∇f(x) is given by

< ∇f(x) >= −
∫
Ω

f(x′)∇W (x− x′, h)dx′ (4.3)

From Equation (4.3) it is observed that the kernel approximation transmits the differ-
ential operator from the field function to a differential operator acting on the kernel
function. Thus, the values of the function and the derivatives of the kernel function are
used to approximate the derivatives of the field functions.
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The kernel function should be chosen so that it is decreasing with increasing distance
from the evaluated particle. Furthermore, it should be an even function that is sufficiently
smooth, and it should satisfy the following conditions∫

Ω

W (x− x′, h)dx′ = 1 (4.4)

lim
h→∞

W (x− x′, h) = δ(x− x′) (4.5)

W (x− x′, h) = 0 when |x− x′| > κh (4.6)

W (x− x′, h) ≥ 0 for any x′ (4.7)

where κ is a constant defining the the effective area, often defined as the support domain
of the kernel function, as shown in Figure 4.2. One of the most common kernel functions
is the cubic B-spline function, shown in Figure 4.1. It was first introduced by Monaghan
and Lattanzio (1985), and is given by

W (R, h) = αd

⎧⎪⎨
⎪⎩

2
3
−R2 + 1

2
R3 0 ≤ R < 1

1
6
(2−R)3 1 ≤ R < 2

0 R ≥ 2

(4.8)

where R is the relative distance between two particles i and j located at x and x′ and
separated by the distance rij, R is given by

R =
rij
h

=
|x− x′|

h
(4.9)

Furthermore, αd in Equation (4.8) is a constant which depends on the space dimension.
In one, two and three-dimensional space, αd = 1/h, 15/7πh2 and 3/2πh3, respectively.
The cubic B-spline function is used as kernel function throughout the present work.

4.2.3 Particle approximation

The second key step of the SPH method is the particle approximation. The entire system
is represented by a number of particles that has mass and occupy individual space. The
integral representations from the kernel approximation are replaced with summations
over the particles in the support domain, the support domain of particle i is shown in
Figure 4.2. Through this procedure, the particle approximation converts the continuous
integral functions into discrete form.
In the particle approximation the infinitesimal volume dx′ is replaced by the finite

volume ΔVj = mj/ρj at a particle j, where mj and ρj are the mass and density of
particle j. The continuous integral function can then be written in the following discrete
form
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Figure 4.1: The cubic B-spline kernel function W and its first derivative dW/dR, plotted
versus the relative distance R between particles i and j. αd is a constant dependent on
the spatial dimension of the problem.

Figure 4.2: Particle approximation inside the support domain S of the kernel function
W for particle i. The radius of S is given by κh, rij is the distance between particles i
and j and Ω is the integration domain.
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< f(x) > =

∫
Ω

f(x′)W (x− x′, h)dx′

∼=
N∑
j=1

f(xj)W (x− xj, h)ΔVj

=
N∑
j=1

mj

ρj
f(xj)W (x− xj, h) (4.10)

where N is the number of particles located in the support domain. Thus, for a function
at particle i, the particle approximation can be written as

< f(xi) >=
N∑
j=1

mj

ρj
f(xj)Wij (4.11)

where

Wij = W (xi − xj, h) (4.12)

In Equation (4.11), it is stated that the function value at particle i is approximated by
taking the average value of the function of all particles in the support domain of particle
i, weighted with the kernel function. The particle approximation for the gradient of a
function at particle i is given by

< ∇f(xi) >=
N∑
j=1

mj

ρj
f(xj)∇iWij (4.13)

where

∇iWij =
xi − xj

rij

∂Wij

∂rij
=

xij

rij

∂Wij

∂rij
(4.14)

rij represents the distance between particle i and j. Equation (4.13) states that the
gradient of a function at particle i is approximated using the average of the function
values of all particles in the support domain of particle i, weighted with the gradient
of the smoothing function. For more details on the derivation of the SPH formulations
used in the present work, and alternative SPH formulations, see for instance Liu and Liu
(2003).

4.3 Constitutive models

A constitutive model is a numerical description of how a material responds to applied
forces. In solid mechanics, this is typically given by a model describing the relation be-
tween stress and strain. In constitutive modelling, it is common to assume that strains can
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be additively decomposed into elastic, reversible strains and plastic, irreversible strains.
For linear-elastic materials, the stresses in the elastic region can be modelled using two
independent constant parameters. Outside the elastic region, the stresses are limited due
to plasticity using a yield function, and the evolution of plastic strains is governed by a
flow rule.
Most granular materials exhibit failure properties where the hydrostatic stress has a

strong influence. A pressure-dependent, elastic-plastic constitutive model, based on the
work by Krieg (1972), is used throughout this thesis. The model is based on the use
of two constant elastic parameters, a pressure-dependent yield function and a piecewise
linear relation between the pressure and volumetric strain. The constitutive model is
presented in detail in Paper C.
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Chapter 5

Summary of appended papers

In this chapter, a summary of the appended papers is given and the authors contribution
is stated.

5.1 Paper A

In Paper A, a method for experimental study of granular material flow is presented. The
proposed method is based on the use of DIC to obtain field data, such as displacement and
velocity, for granular material flow. Field measurement with the DIC technique requires
the surface of the studied object to have a random surface pattern. This is to enable
the tracing of small sub-images with a cross-correlation algorithm. Granular materials
form a natural random surface pattern, enabling the use of DIC for field measurements.
The paper focus on the description of the application of DIC to obtain accurate field
measurements for granular materials. The method is used for field measurements of
coloured sand and tungsten carbide powder during die filling, using an experimental rig.
Accurate field measurements contribute to the knowledge of granular material flow, and
provide opportunity for the validation of granular material flow simulations.

Author contribution: The present author evaluated the experimental results and wrote
the main part of the paper.

5.2 Paper B

In Paper B, the experimental method based on DIC, devised in Paper A, is used to study
the flow of tungsten carbide powder in a die filling test rig. The DIC technique is success-
fully used to obtain velocity fields during die filling. A numerical model of the powder
filling process, using the SPH method, is developed. An elastic-plastic constitutive model
with a pressure sensitive yield surface is used to represent the tungsten carbide powder.
The parameters in the constitutive model are obtained using data from a funnel flow
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experiment and inverse modelling. Two and three-dimensional SPH models of the die
filling rig are used for simulation. Results from the simulations are compared to field
measurements obtained with the DIC technique. The simulated vertical and horizontal
velocity fields compares well against experimental observations. Furthermore, the density
distribution at the end of the filling process is obtained from the SPH simulations. The
SPH model of the die filling process is validated against velocity field measurements with
the DIC technique. The experimental and numerical study increases the knowledge of
and offers the opportunity to optimize the industrial die filling process.

Author contribution: The present author and G. Gustafsson jointly evaluated the
experimental results and performed the numerical modelling. The present author wrote
the main part of the paper.

5.3 Paper C

In Paper C, granular material flow of two types of potassium chloride (KCl) is studied
experimentally and numerically. Two experimental setups are used, one for collapsing
axisymmetric granular columns and one for granular material flow during silo discharge.
The deposit morphology is extracted from the column collapse setup and the DIC tech-
nique is used to obtain velocity field measurements for the silo discharge setup. The
SPH method is used to simulate the two problems, and a pressure-dependent, elastic-
plastic constitutive model is used to represent the KCl. Parameters for the constitutive
model are determined from triaxial testing, and are later adjusted guided by numerical
experiments. The results from the SPH simulations are compared against experimental
results. The deposit morphology is compared for the granular column collapse, and the
mass flow rate and velocity fields are compared for the silo discharge. Numerical results
are in good agreement with experimental observations reported in literature, and with
the experimental results in the present paper.

Author contribution: The present author supervised the experiments, evaluated the
experimental results, performed the numerical modelling and wrote the main part of the
paper.



Chapter 6

Discussion and conclusions

This chapter discusses the methods and results of this work, and summarizes the most
important conclusions.

The huge costs related to the use and handling of granular materials in industry is a ma-
jor incentive for the development of methods to increase the knowledge of their behaviour
at different loading conditions. Both experimental and numerical methods can be used
to better understand granular material flow, and more insight in their behaviour provide
the opportunity to a more efficient use and handling in industry. This thesis aims to con-
tribute to the knowledge of both experimental characterisation and numerical modelling
of granular material flow. An experimental method for characterising granular material
flow through field measurements is devised in Paper A. This method is used in all the
appended papers to study granular material flow at dissimilar flow conditions, and for
different granular materials. The method enables accurate field measurement and iden-
tification of both global and local phenomena for granular material flow. Furthermore,
accurate field measurements enables calibration and validation of numerical simulations
with improved accuracy.

For numerical simulation of granular material flow, a modelling approach based on
the use of the SPH method with a pressure-dependent, elastic-plastic constitutive model
is explored. In this work, simulations of granular material flow are validated against
field measurements of velocity and displacement. It is shown that reliable numerical
simulations can be used for inexpensive study of granular material flow at dissimilar flow
conditions. This gives the opportunity to predict and optimise the function of machinery
by investigating the effect of various parameters, which would be a time consuming
and expensive procedure through experimental work. In addition to supplementing and
possibly replacing experiments, numerical simulation provides the opportunity to study
physical quantities that are difficult or even impossible to obtain through experiments.
This is demonstrated in Paper B, where the density distribution of tungsten carbide
powder is obtained from simulation. Thus, numerical simulation provides the ability
to better understand and characterise granular material flow by providing insight into
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physical properties that are practically inaccessible through experiments.
The purpose of this work is not to propose a method able to predict the complete

complex behaviour of granular materials. The numerical method used in the present
thesis is suitable for modelling non-cohesive and dry granular materials. It is also im-
portant to note that the constitutive model used in this work does not take into account
any possible rate-dependent material behaviour. It has been suggested that granular
materials might exhibit rate-dependent strength parameters, usually implying a strength
increase with increasing shear strain rate (Jop et al., 2006; Andrade et al., 2012). In
Paper C, it is observed that for increasing height of the granular columns, the numerical
results start to deviate from the experimental results. Collapse of columns with increased
heights result in increased strain rate in the simulations. The use of a rate-independent
constitutive model might be the explanation to this discrepancy. Andrade et al. (2012)
suggested a constitutive model similar to the one used in this work, but with shear strain
rate-dependent constitutive parameters. The SPH method can be used with this consti-
tutive model, which can result in better correlation to experimental observations at high
strain-rates.
Furthermore, the representation of a granular material as a continuum is valid as

long as the granular material behaves as a continuum. This limits the use of the SPH
method to model granular material flow in problems with a large number of granular
particles. This limitation is observed in Paper C, for the collapse of granular columns.
In the simulations, it becomes difficult to determine the runout radius as the number
of particles decreases with the distance from the center. Close to the outer edge in the
radial direction, the number of particles is low and the SPH representation of the granular
material is uncertain. In this region, the material behaviour is of a discrete nature, and
thus a discrete numerical approach is required.
In conclusion, a method for experimental characterisation of granular material flow

through field measurements is presented. The method is used for field measurement of
displacement and velocity at dissimilar flow conditions. The field measurements are used
for calibration and validation of granular material flow simulations with the SPH method.
Results from the numerical simulations compares well to experimental observations, and
it is concluded that the SPH method is suitable for simulation of flow of dry and non-
cohesive granular materials. The methods and results presented in this work contribute
to the knowledge of characterisation and modelling of granular material flow. The work
in the present thesis is of value for future development of numerical tools for optimising
the use and handling of granular materials.



Chapter 7

Outlook

In this chapter, some suggestions for future lines of research are presented, following from
the results and conclusions of this work.

A reasonable first step is to address the limitations presented in Section 1.3. The con-
stitutive model can be improved to predict rate-dependent material behaviour, the range
of pressure for which granular material flow is modelled can be extended to also include
flow at high pressure and the flow of non-cohesive granular materials can be considered.
Furthermore, the transition between the solid and liquid-like states is interesting to in-
vestigate. A constitutive model able to handle this transition has been recently proposed
by Andrade et al. (2012). The SPH method is used for numerical simulation through-
out the present thesis, and an alternative continuum based numerical method that has
attracted recent attention is the particle finite element method (PFEM). The PFEM
has been used to simulate granular material flow (see e.g. Dávalos et al., 2015; Becker
and Idelsohn, 2016; Zhang et al., 2016) and exploration of this method, and a compar-
ison of its performance versus the SPH method would be an interesting future work.
The present thesis focus only on the use of macro-mechanical modelling with continuum
based methods. The alternative use of micro-mechanical models for granular material
flow result in a more physical representation. The DEM is a micro-mechanical method
which continues to attract attention, and with access to increasing computational power,
the possibility increase to use the DEM to simulate large problems with many particles.
Exploration of discrete approaches for modelling granular material flow and the study of
their performance versus continuum methods would be an interesting extension of the
present work.
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Experimental methodology for study of granular

material flow using digital speckle photography

Simon Larsson, Gustaf Gustafsson, Aliae Oudich, Pär Jonsén and Hans-Åke Häggblad

Abstract

Granular material flow occurs in many industrial applications, and the characteristics of
such flow is challenging to measure. Therefore, an experimental method that captures
the flow behavior at different loading situations is desired.
In this work, experimental measurements of granular material flow with digital speckle

photography (DSP) are carried out. The granular flow process is recorded with a high-
speed camera; the image series are then analyzed using the DSP method. This approach
enables field data such as displacement, velocity, and strain fields to be visualized during
the granular material flow process. Three different scenarios were studied: free surface
flow in a fill shoe, flow without a free surface in a fill shoe, and the rearrangement
of material in a cavity. The results showed that it is possible to obtain field data of
the motion of particles for all three scenarios with the DSP technique. The presented
experimental methodology can be used to capture complex flow behavior of granular
material.

1 Introduction

Many industrial materials are classified as granular materials. These granular materials
are used in different industrial applications, with particle sizes ranging from fine par-
ticulates used in the pharmaceutical industry to quite coarse granular materials used
for construction and the mining industry. Many naturally occurring materials, such as
sand, grain, soil, and coal, are also classified as granular materials. The characteristics
of granular flow in both industrial applications and in nature remain difficult to predict
due to the highly complex behavior of granular flow. Granular material flow is typically
dependent on both externally applied forces and the internal state of the system.
Understanding of the motion of granular flow is of importance in many industrial ap-

plications and processes, for example in milling systems (Jonsén et al., 2015), in granular
material discharge from silos (Gustafsson, Häggblad, et al., 2007) and in pharmaceutical
tabletting (Wu, 2008).
In the manufacture of components from powder materials the die filling processes have

been seen to greatly affect the quality of the final product (German, 1994; Zenger and
Cai, 1997). During die filling the powder is transferred into the die from a fill shoe
by moving the fill shoe over the die cavity. In the present study, the granular material
flow behavior during die filling was studied using an experimental powder filling rig.
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The experiments were combined with high-speed digital speckle photography equipment
to capture the granular material flow during the filling process. This method aims to
improve knowledge of the granular material flow behavior and to provide experimental
data for the development and calibration of numerical models. In several previous studies,
photography has been used to track a number of particles as they flowed through a
system in order to obtain displacement measurements (Michalowski, 1984; Pariseau,
1969; Takahashi and Yanai, 1973). More recently Sielamowicz et al. (2005) used the
optical flow technique digital particle image velocimetry to experimentally investigate
the flow field of granular materials in plane hoppers. In a work by Zhao et al. (2011)
metal powder compaction was studied experimentally using digital image correlation.

Experimental work similar to the present study was carried out by Wu, Cocks, et al.
(2003), where powder flow into constrained cavities was studied. In their work, various
powders were studied and die filling was performed either in air or in a vacuum. The filling
process was recorded using a high-speed video camera. It was concluded that the flow
process during the cavity filling was dependent on the powder characteristics, shoe speed,
die geometry, and the presence of air-flow during the filling. In Wu and Cocks (2006),
the flow of powder into a confined space was further studied, both experimentally and
numerically. A model shoe filling system was considered and a high-speed video system
was used to monitor the flow behavior of a powder as it was delivered into a confined
cavity from a moving shoe. In the numerical study, a discrete element model (DEM) was
constructed to simulate the powder flow. A comparison between experimental results
and simulation showed that major features of the powder flow process could be captured
with DEM simulations. A similar study that focused on the powder behavior in the die
during the pressing process was performed by Coube et al. (2005).

Numerical simulation of industrial granular flow has traditionally been performed using
either DEM or the finite element method (FEM). In Tsunazawa et al. (2015) industrial die
filling in arbitrarily shaped dies was simulated using DEM resulting in particle flow that
qualitatively corresponding to experimental results. A coupled DEM and computational
fluid dynamics (CFD) was used by Guo et al. (2011) to study the flow behavior of
granular material mixtures with different particle sizes during die filling in both air and
vacuum. Their coupled DEM/CFD technique was further used in (Wu and Guo, 2012) to
numerically study suction filling, a process widely used in the manufacture of components
from powder materials.

A drawback with DEM is the limitation in modelling the very large number of particles
present in a real industrial granular flow. Problems also arise when using FEM due to the
large deformations causing severe mesh distortion, resulting in convergence issues. The
smoothed particle hydrodynamics (SPH) method and the particle finite element method
(PFEM) are alternative continuum based methods that have been successfully used in
modelling granular flow (Cante, Dávalos, et al., 2014; Gustafsson, Cante, et al., 2009;
Gustafsson, Häggblad, et al., 2007).

The purpose of the present study is to develop an experimental methodology for gran-
ular material flow. The methodology enables measurements of the motion of free flowing
granular material in the fill shoe, as well as the rearrangement of material in the cavity,
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Figure 1: Photograph of the mixture of yellow and black sand used in the experiments.

thus providing new insights into the behavior of flowing granular materials. The exper-
imental method could be used as a powerful tool to validate the results obtained with
DEM, SPH, and PFEM simulations, providing detailed information of the flow field.

2 Materials and methods

The experimental set-up was intended to mimic granular material transfer from a fill shoe
to a cavity. To capture the granular material flow, an optical measurement instrument
was used.

2.1 Materials

For most of the experiments sand was used as the granular material in this study. The
particle size and shape - as well as the bulk density of a granular material - determine the
mechanical behavior. One common approach used to define the particle size distribution
is to use three values, the d(0.1), d(0.5) and d(0.9). The value d(0.5) represents the
median, or the diameter where half of the population of particles lies below this value.
The values d(0.1) and d(0.9) are the diameters where 10 and 90 % of the population lies
below these values respectively. The particle size distribution for sand was: d(0.1) = 240
μm, d(0.5) = 397 μm and d(0.9) = 638 μm. The apparent density was 1.54 g/cm3. For
better contrast, the sand used for the experiments was a mixture of yellow and black
sand (Figure 1).

For some experiments an industrial tungsten carbide powder mix was used. The par-
ticle size distribution for the powder mix was: d(0.1) = 64 μm, d(0.5) = 110 μm and
d(0.9) = 184 μm. The apparent density was 3.73 g/cm3.
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Figure 2: Photograph of the experimental equipment used for powder transfer and die
filling.

Figure 3: Schematic of the experimental equipment used for powder transfer and die
filling.
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2.2 Die-filling rig

The powder-filling rig consisted of a fill shoe and a die. A photograph of the experimental
rig is presented in Figure 2. The fill shoe had a width of 50 mm, a height of 55 mm and a
depth of 20 mm. The die had a width and depth of 20 mm and a height of 24 mm. Parts
of the rig were made of transparent Plexiglas to enable filming of the filling process. The
shoe was driven by a pneumatic cylinder, which pushed the shoe over a horizontal surface
and over a cavity, thus transferring the granular material into the die. The velocity of
the fill shoe could be controlled by means of the pneumatic cylinder. The velocity range
was between 0-500 mm/s in both forwards and backwards motion. A schematic of the
experimental setup is presented in Figure 3.

2.3 Optical equipment

The fill shoe velocity was measured by a laser transmitter device that used Laser Doppler
velocimetry. The filling process was filmed with a high-speed camera, FASTCAM SA1.1
model 675K-M2, with the possibility to vary parameters such as the shutter speed, frame
rate, and resolution. Shutter speed is the frequency of the recording and the frame rate
is the number of pictures viewed per second. A resolution 1024 × 1024 pixels enables
the frame rate to be set in the interval 50-5400 frames per second (fps). A higher frame
rate can be set with a lower resolution; a resolution of 64 × 16 pixels enables the frame
rate to be set to a maximum of 675,000 fps.

2.4 Characteristics of granular material

Various granular materials with different apparent densities, particle size, particle shape,
and base materials can be used. It is also possible to use a mixture of different granular
materials. Process parameters that can be varied are the shape and size of the cavity
and the fill shoe velocity. Both material and process parameters have been seen to affect
the flow properties of granular materials, (Cante, Riera, et al., 2011).

A flow meter can be used to characterize granular materials. The flow meter enables a
granular material to flow through a funnel with standardized dimensions. The flow rate
of the granular material can then be measured by pouring a specific mass of granular
material into the funnel and recording the time required for the granular material to exit
the funnel. Two main types of flow meter funnels are commonly used: the Hall funnel
and the Carney funnel. The Carney funnel has a larger orifice and is used for granular
material that does not flow through the Hall funnel.

The Carney funnel, illustrated in Figure 4, with dimensions according to (ASTM B964-
09, 2009) was used in the present study. Repeated measurements were performed in order
to obtain averaged values for the flow rate.
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(a) (b)

Figure 4: The Carney flow meter used for flow rate measurement of granular materials.
(a) Standardized dimensions of the Carney flow meter (ASTM B964-09, 2009), and (b)
photograph of the Carney flow meter.

2.5 Experimental procedure for study of granular flow

Granular flow during die filling was studied in the fill shoe and in the cavity separately.
Two different scenarios were identified for the granular material flow process in a fill
shoe: granular material flow with a free surface and granular material flow without a
free surface. The free surface is the surface of the granular material that forms when the
granular material flows from the fill shoe and into the cavity, illustrated in Figure 5.

During the granular material flow experiments, the sequences were filmed from the
side view, and the captured area covered the flow of the granular material from the fill
shoe into the cavity. Parameters identified to affect the shape of the free surface were:

• The amount of powder and the dimensions of the fill shoe. If the amount of powder
was too large and the volume of the fill shoe too small, the powder did not flow
freely into the die and no free surface formed.

• The volume of the die had to be large enough so that the die was not completely
filled before the free surface was formed.

• The fill shoe velocity had to be slow enough to allow the granular material to flow
freely into the die.

• The cavity opening area had to be sufficiently large to allow the granular material
to flow freely into the cavity.
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(a) (b)

Figure 5: Free surface during granular material flow. (a) Schematic of the free surface that
formed when the granular material flowed from the fill shoe into the die. (b) Photograph
taken with the high-speed camera of the free surface that formed when the granular
material flowed from the fill shoe into the die.

Figure 6: Schematic of the powder transfer process without the formation of a free
surface.

The granular material flow in the fill shoe without the formation of a free surface
was also studied. To avoid the formation of a free surface during the granular material
flow process, a higher fill shoe velocity was used (≥ 250mm/s). Usually, in an industrial
filling process, the fill shoe is continuously filled with granular material, and thus granular
material flows with no free surface. The granular material flow experiment with no free
surface is illustrated in Figure 6.

For the cavity filling experiment, the effect of both backwards and forwards motion of
the fill shoe was studied. Two possible filling configurations were identified. The first
was when the cavity was empty at the start of the filling and the fill shoe moves forwards
to fill it. The second was when the cavity was already filled and the fill shoe moved
backwards over the cavity. During the backwards motion, the cavity was either partly
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(a) (b)

Figure 7: Schematic of the experiments with granular material flow in a cavity: (a) cavity
filling experiment with forward-moving fill shoe and (b) cavity filling experiment with
backward-moving fill shoe.

or entirely filled. A fill shoe velocity of 100 mm/s was used for the cavity experiments.
The whole cavity was filmed throughout this process (Figure 7).

The compaction of the entirely filled cavity from backwards motion of the fill shoe
was investigated. For this test, the fill shoe was filled with twice the amount of granular
material that could be filled into the cavity. This experiment was conducted to study the
behavior of the granular material in the cavity when the fill shoe moved backwards with
the same velocity as for the forward motion. A schematic of the experiment is presented
in Figure 7. The objective of this study was to examine the rearrangement of the granular
material in the cavity while the fill shoe moved backwards after a first forward passage.

3 Digital speckle photography

The natural random pattern of the granular material is used to create field data by digital
speckle photography (DSP). DSP is based on the digital image correlation technique.
Digital image correlation (DIC) is an optical experimental method that can be used for
full-field measurements of the motion of a material. During deformation, digital images
are captured of the specimen surface, and by tracing small regions of the image by
a cross-correlation procedure, the point-wise displacement field can be determined. A
random surface pattern is needed in order to use the correlation procedure. The random
pattern enables individual sub-images to be recognized and traced during deformation.
The pattern of each sub-image is then searched for in the next image by the correlation
algorithm, and the new position of the sub-image is the coordinate where the correlation
coefficient is the highest. From this, it is possible to obtain the deformation gradient by
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Figure 8: The sand that was used in the experiments forms a random pattern naturally
that allows its motion to be studied using digital speckle photography (DSP).

means of numerical differentiation. The in-plane deformation gradient is determined for
all spatial points in the grid by performing the correlation procedure step-wise through
the set of digital images. The coordinates of the original sub-images are known, and
thus the entire displacement field can be found. The experiments were recorded with
a high-speed camera. Using digital image correlation multiple times on the high-speed
image series, the displacement field as a function of time can be obtained. From the
displacement field, more information can be evaluated, e.g. strain- and velocity fields as
a function of time. A detailed description of the DIC technique can be found in Sjödahl
(1997) and Sjödahl (1994) and in Kajberg and Lindkvist (2004).
The DSP evaluations performed in this work were carried out with the commercial

software Aramis v.6.1 (GOMmbH, 2007). The system works on the principle of DIC,
in which the surface of the studied material is recorded with a high-speed video system
where, in this case, the powder particles work as the speckle pattern undergoing trans-
formation. With the DIC method, the displacement of a point on the specimen can be
found by comparing initial and successive images of the point and performing a cross-
correlation. A full-field measurement is made possible by regarding the entire field of
view.
The studied material has to be covered with a random pattern, as displayed in Figure

8, to enable the software to follow the deformations of the object and to analyze the
variation of the pattern during the process. The image series obtained from the high-
speed camera and analyzed with DSP are called stages. Each stage is separated with a
time step Δt that can be defined by altering the shutter speed of the high-speed camera.
Some stages from the granular material flow in the fill shoe are displayed in Figure 9.
The smallest element on a stage that can be evaluated with DSP is called a facet. A

facet is a rectangular area defined by an amount of n × m pixels; the facet size is defined
by the user. The pattern in Figure 10 allows the specimen to be recognized and split into



42 Paper A

Figure 9: Stages or image series from the powder transfer process captured by the high-
speed camera and analyzed with the digital speckle photography (DSP) method.

Figure 10: The studied area of the specimen is divided into a field of overlapping facets.

facets. The facets do not need to be adjacent; they can be overlapped by a user-defined
number of pixels. The size of the overlap is given by the step, and the definition of the
step is illustrated in Figure 10.

The DSP system defines the stages from the image series that are imported into the
software. The first stage (stage 0) is the reference stage. Data in the other stages are
computed by comparison to the reference stage. In the reference stage, the user defines
the area of the material to be studied, which is then split into a grid of overlapping
facets. The grid of overlapping facets is called the facet field. The user then has to
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Figure 11: Granular material motion stages during the granular material flow process.
The facet motion and deformation is shown during the different stages.
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Figure 12: Schematic of the recovery of parts of the data that are lost due to severely
distorted facets.

define the dimensions to agree with the physical system. The deformation of the facets
is then analyzed in comparison to the reference frame, which describe the deformation of
the material. By analyzing the pattern in each facet, the deformation can be followed.
A facet in stage n is compared to its previous state, n-1. The stages of the granular
flow process can be used to illustrate the computational procedure of the software. In
Figure 11, the deformation of a facet over time is displayed. When a facet becomes
highly distorted, that facet will be deleted. However, due to the overlapping of facets,
some information in the lost facet remains in the area where the facets overlap. This is
illustrated in Figure 12.
During the analysis of the deformation, the desired mechanical parameter is computed

in each facet. Then, the average value of a matrix of k × k facets, called the integration
matrix, is calculated. This average value is assigned to the central facet, as illustrated in
Figure 13 where k = 3 is used. Each facet is located in the center of an integration matrix,
except the facets on the boundaries of the specimen. Although it is possible to define the
integration matrix to contain larger numbers of k×k facets, k has to be odd to obtain an
integration matrix with a central facet. If a large integration matrix is used with facets
overlapped with large steps, the central facet will obtain the averaged value of a large
area of the studied specimen. This scenario enables the study of mechanical parameters
on a large scale. If a small scale is desired, the number of facets should be fewer and
the overlap smaller. This will result in a central facet with averaged values from a small
area, and therefore a study on a smaller scale can be conducted. More details about the
material parameters can be obtained with smaller facets and smaller steps between them.
When the computations are done, the evolution of mechanical parameters in each stage
can be displayed. Data of the variation of each mechanical parameter as a function of
time or space or as a function of other mechanical parameters are then available.
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Figure 13: Integration matrix with the size of 3 × 3 facets used to calculate averaged
mechanical parameters.

Table 1: Experimental conditions for DSP measurements of granular material flow in fill
shoe and cavity.

Test Studied area Material Stage Fill shoe velocity
[mm/s]

1 Fill shoe Sand Start 100
2 Fill shoe Sand Steady state 100
3 Fill shoe Sand End 100
4 Fill shoe Sand Steady state 250
5 Fill shoe Sand Steady state 400
6 Fill shoe Sand No free surface 400
7 Cavity Sand Rearrangement 100
8 Fill shoe Tungsten carbide Steady state 150

powder

4 Results and discussion

In this section, a selection of experimental results from the granular material flow exper-
iments in fill shoe and cavity are presented. Some general observations of the granular
material flow process are also discussed. A summary of all performed experiments with
experimental conditions, as well as camera and DSP settings, is presented in Tables 1
and 2.
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Table 2: Camera and DSP settings used in the test series.

Test Frame Shutter Resolution Facet size Step Facet field
rate [fps] speed [s] [pixel] [pixel]

1 4000 1/5000 896×752 40×40 5 172×143
2 4000 1/5000 896×752 60×20 3×1 148×582
3 4000 1/5000 896×752 60×20 3×1 245×536
4 5000 1/6000 896×640 60×60 2 348×283
5 4000 1/5000 1024×752 50×50 2 309×270
6 5000 1/7000 896×752 60×60 3 279×231
7 5000 1/6000 512×512 60×60 6 76×76
8 2000 1/9000 1280×1024 25×25 1 420×268

4.1 Flow rate measurement

In order to measure the flow rate, the time it takes for 50 g of granular material to flow
through the Carney flow meter was measured. The flow rate measurement for sand was
repeated five times. The mean flow rate was calculated to 3.10 g/s.

4.2 Digital speckle photography measurements of the fill shoe

The DSP system considers the granular material as a continuum represented by a speckle
pattern. The continuum is subjected to large deformations and distortions that describe
the motion of the particles. The variables of interest in this work were velocity and
displacement. For the granular material flow in the fill shoe, the process was divided into
sequences dependent on the existence of a free surface or not. In the case of granular
material flow with a free surface the sequences were

• The start of the flow process. This corresponds to a transient state when the
granular material starts to flow into the cavity and the free surface starts to form.

• The steady state of the granular material flow. This corresponds to the stage when
the free surface has formed and the granular material flows into the die.

• The end of the filling. This corresponds to the moment when the cavity is com-
pletely filled

The results from the granular material flow process with a free surface were selected
from the experiments with a fill shoe velocity of 100 mm/s. The full field velocity of the
studied area is presented for the three stages of the granular material flow process with
a free surface. Figure 14 shows the x -velocity (horizontal) and the y-velocity (vertical)
of the granular material at a fixed time during the three stages of the filling. During
the start of the filling, the vertical velocity occurred mainly close to the cavity as the
velocity of the granular particles close to the cavity was much higher than that of the
particles located far away from the cavity. It could be noticed that the x -velocity and the
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y-velocity during the steady-state stage of the granular material flow in the fill shoe was
significantly higher close to the free surface. The end stage of the filling was dominated
by particle motion close to the free surface. From the high-speed video, a layer of granular
material particles sliding along at the surface over the rest of the powder was noticed.
This avalanche flow has been reported in previous experimental studies of granular flow
during die filling, (Cante, Riera, et al., 2011). From the DSP data, it was observed that
the particles close to the free surface had a higher velocity than the particles far from
the free surface, both in the x -direction (horizontal) and in the y-direction (vertical). It
was also possible to determine the thickness of this sliding layer of particles by studying
the DSP results. The back wall of the fill shoe subjected the granular material to a mild
compression, possibly explaining the upwards velocity of part of the granular material
far from the free surface, see Figure 14g-14i. It was also seen that granular material far
from the free surface had a rather homogeneous velocity.

The influence of the fill shoe velocity on the granular material flow was studied for three
fill shoe velocities: 100 mm/s, 250 mm/s, and 400 mm/s. The steady-state stage was
selected for comparison, and the velocities in the y-direction (vertical) through sections
in the granular material are presented in Figure 15. All sections were placed at the same
vertical distance from the bottom of the fill shoe. It is noted that the steady-state stage
was less prominent for higher fill shoe velocities. For fill shoe velocities of 250 mm/s and
400 mm/s the steady-state stage was similar to the start stage as the steady-state stage
did not have enough time to form during the passage over the cavity. If the velocity
profiles in Figure 15 are compared, it is observed that the maximum velocity in the y-
direction decreased with increasing fill shoe velocity. A fill shoe velocity of 100 mm/s
resulted in a maximum velocity in the y-direction of approximately 760 mm/s and for a
fill shoe velocity of 400mm/s the maximum velocity in the y-direction was approximately
180 mm/s. This trend can be explained by the fact that the granular material has less
time to flow freely into the cavity when the fill shoe velocity is increased.

For the granular material flow process without a free surface, the steady-state stage
was studied. Due to the high fill shoe velocity, the end stage of the filling did not take
place, i.e., the granular material did not have enough time to flow and fill the cavity
completely. Results for the granular material flow without a free surface were selected
from the experiments with a fill shoe velocity of 400 mm/s. With this fill shoe velocity,
the granular material did not have time to form a free surface during the fill shoe passage
over the cavity. Results from the granular material flow process in the fill shoe with no
free surface are presented in Figure 16. It is noticed that the x -velocity is lower close to
the cavity. This could be explained by assuming that when the fill shoe velocity was high,
the x -velocity of the granular material was disturbed by granular material impacting the
right edge of the cavity during the process.

4.3 Digital speckle photography measurements of the cavity

Flow in the cavity was studied with focus on the second passage. The experiments were
performed with a fill shoe velocity of 100 mm/s. The cavity was almost entirely filled
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 14: Velocity field measurements (fill shoe velocity 100 mm/s) in the fill shoe for
the (a) start, (b) steady state, and (c) end stage of the filling process. Velocity in the
(d-f) x -direction (horizontal) and (g-i) y-direction (vertical).

during the first passage, and therefore, slight compaction of the granular material was
expected for the second passage. For this process, the displacement in the x -direction
(horizontal) and in the y-direction (vertical) were studied, and the results are presented
in Figure 17. A downward motion of the granular material is observed. It is also noticed
that the compaction occurs mainly in the upper part of the cavity.

4.4 Industrial application

Experiments were also performed with uncolored tungsten carbide powder. The main
difference is that the tungsten carbide powder was uncolored, in contrast to the colored
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(a) (b) (c)

(d) (e) (f)

Figure 15: Sections with velocity profiles in the fill shoe for different velocities: (a) 100
mm/s, (b) 250 mm/s, and (c) 400 mm/s. (d-f) Velocity profiles in the y-direction
(vertical).

(a) (b) (c)

Figure 16: (a) Velocity field measurements (fill shoe velocity 400 mm/s) in the fill shoe
during the filling with no free surface, (b) velocity in the x -direction (horizontal), and
(c) velocity in the y-direction (vertical).
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(a) (b) (c)

Figure 17: (a) Displacement field measurement (fill shoe velocity 100 mm/s) in the
cavity during the backwards motion of the fill shoe, (b) displacement in the x -direction
(horizontal), and (c) displacement in the y-direction (vertical).

(a) (b)

Figure 18: (a) Velocity field measurement (fill shoe velocity 150 mm/s) for experiments
with tungsten carbide powder and (b) velocity in the y-direction (vertical).

sand. It was possible to experimentally measure variables such as displacement and
velocity with the uncolored tungsten carbide powder as well. The DSP system can thus
be used with an uncolored granular material, which still forms a natural speckle pattern.
The velocity in the y-direction (vertical) from one of the experiments (fill shoe velocity
150 mm/s) with tungsten carbide powder is presented in Figure 18.

4.5 General observations

Some general observations during the flow in a fill shoe and in a cavity could be made. It
was observed that the particles located close to the free surface had a somewhat higher
velocity. The particles close to the free surface formed a layer that slid on top of the
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Figure 19: Photograph taken with the high-speed camera that shows the flow of the sand
particles close to the free surface. The particles form a sliding layer.

rest of the powder in the fill shoe. This is illustrated in Figure 19 and agrees well with
observations made by Cante, Riera, et al. (2011).
Figure 20 shows photographs taken by the high-speed camera during the cavity-filling

process at two different velocities. It can be observed that the lower fill shoe velocity
gave a centered and sparse flow into the cavity. The higher fill shoe velocity resulted in
a slightly denser flow to the right edge of the cavity. The particle motion was governed
by both gravity and the fill shoe motion. The total particle velocity is therefore the sum
of the vertical and horizontal velocities from gravity and the fill shoe motion.
In Figure 21, two photographs taken with the high-speed camera show the particles

in the cavity during the backward motion of the fill shoe with two different fill shoe
velocities. It is observed from the high-speed video that compaction in the cavity occurs
mainly in the vertical direction. After the first passage forward with a fill shoe velocity
of 100 mm/s, the cavity was completely filled while the fill shoe was still passing over the
cavity. During the end of the first passage forward, the remaining granular material in the
fill shoe was already applying a pressure on the granular material in the cavity, resulting
in compaction. During the backwards passage, the remaining granular material applied
pressure to the granular material in the cavity that resulted in additional compaction.
When the velocity of the fill shoe was 400 mm/s the cavity was not completely filled
during the first passage forwards; thus, the filling was completed during the backwards
motion of the fill shoe, with some compaction of the granular material as well.
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(a) (b)

Figure 20: Photograph of granular material flow in cavity, first passage, at a fill shoe
velocity of (a) 100 mm/s and (b) 400 mm/s.

(a) (b)

Figure 21: Photographs of granular material flow in cavity, second passage, at a fill shoe
velocity of (a) 100 mm/s and (b) 400 mm/s.
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4.6 General discussion

In this work, DSP was successfully used to obtain velocity and displacement field data
for a granular material flow process, both for flow in a fill shoe and for flow into a cavity.
The DSP system used in this work was limited to the study of 2D particle movement.
In a real granular flow process, some particle movement in the third dimension would
also be present. The rapid facet deformation made it impossible to continuously measure
over a long period of time; the facets became too distorted and most of the information
was lost. To measure over a longer period of time, the reference state had to be updated
several times during the measurements. The DSP system was originally designed for
measurement on compact and continuous solids rather than flowing granular material.
For the rapidly flowing granular material in a fill shoe, the loss of information due to facet
distortion limited the time of the study to approximately 3 ms. By splitting the granular
material flow process into three different stages, this issue could be resolved as only a
short time of study is sufficient for each consecutive stage. It has been shown previously
(Zhao et al., 2011) that DSP can be used for study of compaction of powder materials.
In the present study, using the proposed methodology, it was possible to capture all the
flow phenomena in both the fill shoe and in the cavity. Field data was obtained for flow
both with and without a free surface in the fill shoe. It was also possible to obtain field
data for the compaction and rearrangement of granular material in the cavity.

Cante, Riera, et al. (2011) used alternated layers of light and dark granular material to
observe flow patterns during die filling and to make comparisons with numerical results.
The methodology proposed in the present study provides detailed data of the flow and
does not require the use of alternated layers of granular material. Detailed flow field data
is necessary to study the influence of various process parameters and how they affect the
flow. Besides contributing to the understanding of granular flow, the data obtained
using the presented methodology can also be used to calibrate and improve numerical
simulations of flow of granular material. Trustworthy simulations are of great benefit for
optimization and improvement of various industrial processes where granular flows are
important. Simulation of industrial processes enables evaluation of process parameters
that could be expensive, time consuming or even impossible to study experimentally.

It is possible to obtain better experimental data by using better and more modern
experimental equipment. A better high-speed camera and better light sources could be
used together with the same experimental rig that was used in this work. The choice of
high-speed camera and light source has a significant effect on the experimental full-field
measurements.

Initially it was thought that coloring of the granular material was required to obtain
good enough contrast for the DSP system to work. Later experiments with tungsten
carbide powder proved that if the lighting was sufficient, coloring of the granular material
was not required. This implies that the proposed methodology can be used to study a
wide variety of granular materials commonly used in industry. In this work particle sizes
ranging from 60 μm to 600 μm has been studied at an area of interest of around 20 ×
20 mm.
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5 Conclusions

In this work, an experimental methodology for the study of granular material flow with
digital speckle photography (DSP) has been presented. The DSP method could be used to
measure field data during the granular material flow process both in fill shoe and in cavity.
DSP measurements can give high-precision field data and identify local phenomena of
flowing granular material. The experimental measures using DSP can be a useful tool
to increase the knowledge of granular material flow and could be used to obtain better
understanding of granular material flow behavior in industrial applications in general and
in powder filling in particular.
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Abstract

This work covers both experimental measurements and numerical modelling of powder
filling. Experimental measurements with digital speckle photography (DSP) are used
to study powder flow during die filling. DSP measurements are realized by recording
the powder filling process with a high speed video camera. The image series are then
evaluated using an image correlation technique. By this, velocity and strain field data
during the filling process can be visualised. DSP measurements are also supporting the
development of a numerical model of the process. In this work the smoothed particle
hydrodynamics (SPH) method is used to model the powder filling process. The numerical
results are similar compared to the DSP measurements when comparing velocity fields
during powder filling. The SPH model is further used to evaluate the density distribution
after filling. Experimental measurements combined with simulation are powerful tools to
increase the knowledge of the powder filling process.

1 Introduction

Powder metallurgy (PM) is the manufacture of components from powder materials with-
out the powder passing through the molten state. There are three main stages in the
PM process: powder processing, powder compaction and sintering. Powder compaction
is a complicated process as the behaviour of the powder material changes with increasing
density. Manufacturers tend to produce components with more complicated shapes which
demand complex pressing equipment and methods. This implies a better knowledge of
the material response during the PM process. Mechanical properties of powder materials
changes dramatically from the beginning to the end of the compaction phase. Previous
investigations have shown that the powder transfer and die filling processes significantly
affects the quality of the final product (German, 1994; Zenger and Cai, 1997)

In this work an experimental powder filling rig is used to study the powder material
during die filling as part of the process in PM. Powder filling experiments are combined
with advanced dynamic measurements using a digital speckle photography (DSP) equip-
ment to study the powder flow behaviour during the die filling process. The aim of using
the DSP method is to improve the knowledge of the behaviour of flowing powder mate-
rial during this critical part of the PM process. In this work the meshless particle based
smoothed particle hydrodynamics (SHP) method is used for simulation of powder filling.
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(a) (b)

Figure 1: Photos of the powder filling test rig. (a) Experimental setup with high speed
video camera in position. (b) Close-up of the 3D printed filling rig, cut in half and with
a glass sheet mounted where the cut was made.

Simulation of the powder filling process makes it possible to study the powder flow be-
haviour, velocity fields and density distribution during the filling process. It is difficult
to experimentally determine the density distribution of the powder material in the die,
before compaction. Simulation gives the opportunity to study the density distribution at
this stage and results from simulations can be used for optimization of the PM process,
resulting in better PM products.
Results from DSP measurements, including detailed information of the flow fields, sup-

port the development of numerical models and provides opportunity to validate numerical
models against experimental results.

2 Experiment

The powder filling experiments were performed using an experimental powder filling rig,
see photos in Figure 1. The experimental setup consists of a die and a fill shoe. To
facilitate filming of the powder filling process the filling rig is cut in half and a glass sheet
is mounted where the cut was made. The fill shoe geometry is made of plastic in a 3D-
printer. An electric linear motor is connected to the fill shoe. The motion of the linear
motor, and thus the motion of the fill shoe, is controlled by a computer program. The
filling process was recorded using a high speed video camera. By varying the placement
of the camera it was possible to study either the fill shoe or the die individually.

2.1 Material

The powder material used in this work is a spherical tungsten carbide (WC) powder, see
Figure 2, with particle size distribution: d(0.1) = 72 μm, d(0.5) = 99 μm and d(0.9) =
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Figure 2: Photo of spherical tungsten carbide powder.

139 μm. WC powder is often used in the PM industry, for instance in the production
of cutting tools where high abrasion resistance and the ability to perform well at high
temperatures are essential properties.

2.2 Digital speckle photography

In this study digital speckle photography (DSP) was used to monitor the powder flow
during the powder filling process. DSP is based on a technique called digital image
correlation which is used repeatedly during the experiment resulting in information about
the powder flow field throughout the experiment. The digital image correlation technique
compares two subsequent images with random patterns, called speckles. The first image is
before deformation and the other one is after deformation. Each image is divided into sub
images, each with a unique pattern due to the randomness of the speckles. The algorithm
searches for the pattern of each sub-image in the subsequent image by a cross-correlation.
The correlation coefficient is highest at a particular coordinate; this coordinate is taken to
be the new position of the original sub-image. The original coordinates of the sub-image
are known and thus it is possible to calculate the displacements between the original
and the subsequent sub-image. The results from the individual sub-images are combined
and thus the entire displacement field can be calculated. The high speed video results
in an image series that the correlation algorithm can be applied to. By carrying out the
correlation multiple times over this series of images the evolution of the displacement
field over time can be calculated. With the displacement field known it is possible to
calculate for instance the velocity fields and the strain fields during the powder filling
process. More information regarding the digital image correlation technique can be found
in for instance Kajberg and Lindkvist, 2004. In this work the DSP measurements were
realized using the commercial software Aramis v6.2.0-6 (GOMmbH, 2007).
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3 Numerical modelling

For numerical modelling of the powder filling process a continuum approach was used with
the mesh free particle based smoothed particle hydrodynamics (SPH) method. Detailed
information about the SPH method can be found in for instance Liu and Liu, 2003.
When modelling large deformation a meshless method such as SPH can be advantageous
compared to a mesh based method, such as the finite element method (FEM). When a
mesh based method is used, large deformation is often accompanied with severe mesh
distortion. This can be avoided with the SPH method. The continuum approach makes
it possible to represent a large number of powder particles with much fewer elements.
The numerical simulations were performed using the commercial explicit non-linear

solver LS-Dyna R8.1.0 (LSTC, 2015). The software enables the user to perform coupled
FEM-SPH simulations. In this work FEM is used to represent the structure and SPH to
represent the WC powder. The FEM-SPH coupling is realized via a contact method.

3.1 Modelling and characterisation of metal powder

In this study the WC powder is modelled with a Drucker-Prager material model (Drucker
and Prager, 1952), commonly used to model various granular materials. The Drucker-
Prager model is an elastic-plastic material model with a pressure dependent yield surface.
One benefit of the model is that it requires few material parameters as input. The required
parameters are bulk density, two elastic parameters and the slope of the yield curve. The
yield function, f , is described by

f(I1, J2) =
√
J2 + kI1 = 0 (1)

where I1 is the first stress invariant, J2 is the second deviatoric stress invariant and
k is the slope of the yield curve. The slope of the yield curve can be interpreted as the
internal friction of the powder.
The bulk density of the powder was measured by filling and weighing a small container

of powder. The internal friction coefficient k was determined using data from funnel flow
experiments and inverse modelling.
A funnel flow experimental setup is used to determine the flow properties of powder

materials. The experimental setup consists of a conical container with a circular outlet.
A certain amount of powder is put into the container and the discharge time is measured.
The experimental setup is illustrated in Figure 3.
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Figure 3: Equipment used for funnel flow experiments.

Figure 4: 2D model used for simulation of the powder filling process. The fill rig structure
is represented using FEM and the powder material using SPH.

3.2 Modelling of die filling

2D and 3D models of the powder filling rig were created to simulate the powder filling
process. The powder filling rig structure is represented using FEM and the powder
material using SPH. The coupling between FEM and SPH was realized via a penalty
based contact algorithm. Illustrations of the 2D and the 3D models are presented in
Figure 4 and Figure 5. In the 2D model the powder material is represented using 51 179
SPH elements with 0.25 mm as initial radial distance between SPH elements. In the 3D
model 324 800 SPH elements are used to represent the powder, with 0.5 mm as initial
radial distance between SPH elements.
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Figure 5: 3D model used for simulation of the powder filling process. The fill rig structure
is represented using FEM and the powder material using SPH.

4 Results and discussion

The results from the numerical simulations of the powder filling process were compared
against results from the DSP measurements. In Figure 6 and in Figure 7 the horizontal
and vertical velocity fields are compared at two stages during the powder filling process.
Vertical and horizontal velocity fields compare well against experimental results. In the
2D model a plane strain SPH formulation was used, thus assuming infinite thickness
for the die. This is a simplification but it enables the use of a finer discretization.
Comparing the results from the 2D and the 3D models it is observed that results from
the 2D model corresponds better to the experimental results. This is likely due to the
finer discretization used in the 2D model. With the 3D model it is possible to represent
the geometry of the die and fill shoe more accurately but the drawback is that it requires
a significantly higher number of SPH elements, even though a coarser discretization is
used. The computational time for the 2D model was 10 hours and for the 3D model 11
days. Both simulations were done on a computer cluster with 16 CPU:s.
From the simulations it was possible to study the density distribution in the die when

the filling was completed. The density distribution was simulated using the 2D SPH
model since it corresponded better to experimental results, compared to the 3D model.
A density increase in the bottom of the die to the right and a region of lower density in
the top layer of the die was observed, see Figure 8. Higher density in the bottom right of
the die is expected due to the nature of the filling with the filling rig used in this study.
At start of the filling, powder flows into the die diagonally from left to right. As the fill
shoe moves back over the die after the first passage the powder material is disturbed in
the top layer. This is likely to affect the density distribution in the top layer.



5. Conclusions 65

(a) (b) (c)

Figure 6: Velocity in the horizontal direction during powder filling. Results from DSP
measurement in (a), results from the 2D SPH simulation in (b), results from the 3D SPH
simulation in (c).

(a) (b) (c)

Figure 7: Velocity in the vertical direction during powder filling. Results from DSP
measurement in (a), results from the 2D SPH simulation in (b), results from the 3D SPH
simulation in (c).

5 Conclusions

In this study experimental measurement on the powder filling process using DSP has been
carried out. The DSP method was successfully used to measure field data of the powder
flow during the filling. Flow field measurements are valuable for validation of numerical
models. A numerical model of the powder filling process was developed. In the numerical
model the SPH method was used and the WC material behaviour was described with a
Drucker-Prager material model. Material parameters for the Drucker-Prager model were
determined by inverse modelling.

DSP measurements and simulation of the powder filling process gave similar results
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Figure 8: Density distribution after filling, from 2D SPH simulation.

when the velocity fields were compared. Using the SPH model, the density distribution
was calculated at the end of the die filling process. This gives insight in this critical
stage of the PM process. The combination of experimental measurement using DSP and
simulation using the SPH method is a powerful tool for increasing the knowledge of the
powder filling process. More knowledge of the process gives wider opportunities in future
improvement of the industrial powder filling process.
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Abstract

Materials in granular form are widely used in industry and in the society as a whole. Gran-
ular materials can behave in many different ways and have different properties. Accurate
prediction of the their flow behaviour is important to avoid problems in handling and
transportation processes. In the present study the flow behaviour of dry potassium chlo-
ride (KCl) in granular form was investigated experimentally and simulated numerically.
The aim was to develop numerical tools able to predict the flow of KCl in transporta-
tion and handling systems in particular, and granular material flow in various industrial
applications in general. Two experimental setups were used to quantify the flow of KCl.
In the first setup, the collapse of an axisymmetric granular column was investigated. In
the second setup, digital image correlation was used to obtain velocity field measure-
ments of KCl during the discharge of a flat-bottomed silo. The two experiments were
represented numerically using two-dimensional computational domains. The smoothed
particle hydrodynamics method was used for the simulations, and a pressure-dependent,
elastic-plastic constitutive model was used to describe the granular materials. Numerical
results were compared to experimental observations, with good qualitative and quantita-
tive agreement for the column collapse case. For the silo discharge case, the numerically
predicted discharge rate was higher compared to experimental observations. Overall, the
simulated flow patterns showed good qualitative agreement with experimental results.
The experimental measurements, in combination with the numerical simulations, pre-
sented in this work adds to the knowledge of granular material flow prediction. The
results of this study highlights the potential of numerical simulation as a powerful tool
to increase the knowledge of granular material handling operations.

1 Introduction

Potassium chloride (KCl) is a natural potassic fertilizer that is essential for the agricul-
tural industry all over the world. KCl originates from potassium rich minerals formed
from evaporated seawater. The most important source for KCl is sylvinite ore, which
contains a mixture of KCl and sodium chloride (NaCl). Ore deposits are typically mined
in underground mines and the ore is then processed in order to separate the KCl from
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unwanted constituents. The separated KCl is then prepared for use as fertilizer, it is
screened and delivered to the end users as a granular material with uniform particle
sizes, (British Geological Survey, 2011). After production, the KCl will be subject to
a number of transportation and handling systems. Knowledge of the handling of KCl
becomes important in order to ensure efficient transports. More efficient loading and
unloading operations results in shorter dwell times, which brings economic benefits. To
study and optimize transportation and handling systems, knowledge of the flow behaviour
of granular materials is required. The scope of this work is to develop experimental and
numerical techniques to predict granular material flow in general and the flow of KCl in
particular.

A granular material can be defined as any material which is composed of a large num-
ber of individual particles, regardless of the particle size (Nedderman, 1992). Granular
materials thus span over a wide range of materials, from powders composed of very fine
particles to conglomerations of large rocks. Depending on the conditions, the behaviour
of a granular material may be like a solid, a liquid or a gas (Jaeger et al., 1996). Quasi-
static conditions typically results in behaviour similar to that of a solid, while granular
material flow is liquid like and conditions of strong agitation may result in a gas like
behaviour.

Granular materials are common in industry, where the dynamic flow behaviour of
granular materials is of relevance in many processes. Despite being common, the com-
plex behaviour of granular materials is still poorly understood, and a unifying theory
for the mechanical behaviour of granular materials does not exist. Numerous studies,
both experimental and numerical, of granular materials can be found in the literature;
and the area of research continue to attract attention. A problem which has received
much attention is the collapse of a granular column under the influence of gravity. The
problem was initially studied experimentally by Lube, Huppert, Stephen, et al. (2005)
and simultaneously by Lajeunesse, Mangeney-Castelnau, et al. (2004) and Lajeunesse,
Monnier, et al. (2005). Their work revealed that the shape of the final granular ma-
terial deposit mainly depend on the initial aspect ratio between the height and radius
of the column. This relationship was found to be well represented using power laws
for columns with low and high aspect ratios respectively. Furthermore, it was observed
that a centred and conically shaped static region was present during the collapse of the
column, for all investigated aspect ratios. The discharge dynamics of granular materials
from silos and hoppers is another problem that has been studied extensively. Silos and
hoppers are widely used in e.g. the mining, pharmaceutical and agricultural industry,
where storing and handling of granular materials is of importance. Although granular
material flow during the discharge of silos and hoppers has been studied experimentally
by numerous researchers (see e.g. Pariseau, 1969; Nedderman et al., 1982; Tüzün et al.,
1982; Michalowski, 1984; Chen, Rotter, et al., 2007; Mankoc et al., 2007; Albaraki and
Antony, 2014), there is still a lack of unifying theories for granular material flow in silos
and hoppers (Yang and Hsiau, 2001).

For numerical study of granular material flow there are two main approaches. The first
is to use a discrete micro-mechanical approach. In the discrete element method (DEM),
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originally formulated by Cundall and Strack (1979), each grain in the granular material
is modelled with a corresponding discrete, usually spherical, particle. The particles are
considered as rigid, but a small overlap is allowed at contact. A contact law relating
the overlap and the contact force is applied, and the motion of the granular mass is
governed by Newton’s second law of motion. In the literature, a number of variations
of the original column collapse problem have been simulated with the DEM. Initially,
the collapse of granular columns was simulated using two-dimensional implementations
of the DEM (see e.g. Staron and Hinch, 2005; Zenit, 2005; Staron and Hinch, 2007;
Lacaze et al., 2008). More recently, three-dimensional implementations of the DEM
have been used to simulate the collapse of both prismatic (see e.g. Girolami et al., 2012;
Utili et al., 2015) and cylindrical granular columns (Kermani et al., 2015). A number
of studies can be found in the literature where the discharge of granular material from
silos and hoppers is modelled using three-dimensional implementations of the DEM, for
instance in works by Balevičius et al. (2011) and in González-Montellano, Ramı́rez, et al.
(2011) and González-Montellano, Gallego, et al. (2012). Both research groups used DEM
implentations with spherical particles. More recently, implementations of the DEM with
other particle shapes have attracted attention, for instance in Liu, Zhou, et al. (2014),
where the flat bottomed hopper discharge problem was simulated using ellipsoidal DE
particles.

The literature contains promising results from using discrete methods to simulate gran-
ular material flow, but for simulation of field-scale problems, the use of discrete methods
is often impractical. The computational cost increase with increasing number of parti-
cles, and this is a major drawback of using a discrete approach. Common practice is
to use size scaling, where the size of the DEM particles is increased, but the problem
domain is kept at the same size. This can reduce the required number of particles to a
computationally feasible level, but it then becomes necessary to assess how accurate the
model represents the physical problem. Values of the parameters required for discrete
modelling of granular materials are often cumbersome to obtain. It is usually necessary
to perform some kind of numerical calibration of the micro-mechanical parameters, such
as contact stiffness, contact damping and coefficient of friction, to fit to experimentally
measured macro-mechanical behaviour.

The second main approach to model granular materials is to use a continuum ap-
proach. Modelling of granular materials with a continuum approach does not require the
modelling of individual particles and their interactions. Instead, the granular material is
treated as a continuous substance, and a constitutive law, relating stresses and strains,
is used to represent its macro-mechanical properties. Macro-mechanical properties can
often be directly obtained through laboratory tests. A major advantage of using a contin-
uum approach is that the problem can be discretized using a length scale larger than the
size of the individual particles. Thus, problems with a large number of particles can be
treated without excessive computational cost. The finite element method (FEM) has a
long tradition in the continuum mechanics field, see for instance Zienkiewicz et al. (2013)
for a detailed description. Over the years, the FEM has been used to simulate problems
from a variety of technical diciplines, including simulation of granular material flow. The
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FEM can be used with either a Eulerian or a Lagrangian description of motion. Advan-
tages with using a Eulerian description is that the analysis is performed with a stationary
mesh, thus mesh distortion is avoided in problems with large deformations. Drawbacks
include difficulties in handling free surfaces and moving boundaries. Examples from the
literature where the FEM with a Eulerian approach has been used to simulate granular
material flow include works by Karlsson et al. (1998), Elaskar et al. (2000), and Wu et al.
(2007) and more recently in Zheng and Yu (2015). A Lagrangian description of motion,
where the mesh moves with the material, facilitates the modelling of free surfaces and
moving boundaries. But for problems with large deformations, the mesh might become
very distorted, resulting in numerical difficulties. There are additional methods where
combinations of Eulerian and Lagrangian descriptions are used in attempts to draw on
advantages from both methods. Such methods were applied in works by Crosta et al.
(2009) and Crosta et al. (2015), where the column collapse problem was simulated, and
by Wang et al. (2013) for simulating granular material flow during hopper discharge.

In addition to the FEM, there are a number of other continuum based methods that
have been applied to model granular material flow. The particle finite element method
(PFEM) was originally developed for modelling of fluid flow and fluid structure inter-
action (Idelsohn, Oñate, and Del Pin, 2003; Idelsohn, Oñate, and Pin, 2004). Since its
development, the PFEM has been used to model processes from a variety of engineering
disciplines, including granular material flow (see e.g. Zhang, Krabbenhoft, Pedroso, et al.,
2013; Zhang, Krabbenhoft, and Sheng, 2014; Dávalos et al., 2015). The smoothed parti-
cle hydrodynamics (SPH) method is a Lagrangian mesh-free method, where particles are
used to represent the computational domain. No connectivity between individual parti-
cles is required, and due to its mesh-free nature, the SPH method can be used to treat
problems with very large deformation. Mesh distortion often cause numerical difficulties
for mesh-based methods, which can be avoided with the SPH method. Examples can be
found in the literature where the SPH method has been used to model granular material
flow, for instance during the collapse of granular columns (see e.g. Chen and Qiu, 2012;
Minatti and Paris, 2015; Peng, Wu, et al., 2015; Ikari and Gotoh, 2016; Peng, Guo, et al.,
2016).

In this work, the flow of two types of KCl, with different particle size and shape, is
studied experimentally and numerically. Two problems, which features different flow
mechanisms, are investigated: the axisymmetric granular column collapse and the dis-
charge of granular material from a flat bottomed silo. The results obtained from the
experimental investigations are used for the calibration and validation of numerical sim-
ulations. The granular column collapse and the silo flow problems are modelled using
two-dimensional implementations of the SPH method. The granular materials are mod-
elled with a pressure dependent, elastic-plastic constitutive model. Using the experi-
mental results obtained in this work and results from literature (Lube, Huppert, Sparks,
et al., 2004; Lajeunesse, Monnier, et al., 2005), a quantitative comparison of simulated
and experimental results is performed. The deposit morphology is obtained from the
granular column collapse, and detailed velocity field measurements are performed for the
silo discharge. The experimental results adds to the knowledge of the behaviour of gran-
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(a) (b)

Figure 1: Optical light microscope images of (a) granular MOP and (b) crystalline MOP.

ular materials under different loading conditions, and provides the possibility to assess
the results of numerical simulations.

2 Materials and experimental procedures

Two granular materials were studied using two experimental setups: one for the granular
column collapseand another for the granular material flow during silo discharge. The
experiments were recorded using a high-speed digital camera, and the recorded images
were processed by means of digital image correlation (DIC) to obtain two-dimensional
velocity field measurements.

2.1 Materials

The granular materials used in this study were potassium chloride (KCl) fertilizers, com-
monly known as muriate of potash (MOP). MOP denotes mixtures of KCl of 95% or
greater purity and NaCl, that are adequate for agricultural use, (U.S. Geological Survey,
2010). Two types of dry MOP were studied: crystalline and granular. Properties such as
the apparent density and the particle size and shape affect the mechanical behaviour of a
granular material. The particle size for the granular MOP was in the range 2.0−4.0 mm,
the apparent density was 1.00 g/cm3. The crystalline MOP had a particle size in the
range 0.15− 2.0 mm and the apparent density was 1.11 g/cm3. Optical light microscope
images of granular and crystalline MOP are shown in Figure 1.

2.2 Material characterisation

The triaxial shear test is a common experimental method for determining the material
strength of granular materials (Craig, 2004). The triaxial apparatus used in this work
was based on the principles presented by Bishop and Wesley (1975). For the triaxial
shear test performed in this work, the granular specimen was a cylinder covered by a
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Figure 2: Schematic of the triaxial apparatus used in the present study.

latex membrane. The bottom and top of the cylinder was closed of by circular metal
plates and the specimen was sealed with o-rings. The specimen was placed upright in
a test chamber, which was then filled with water. The test chamber was sealed and in
a first step a hydrostatic state of stress was induced in the specimen by increasing the
surrounding water pressure. A hydraulic piston was then used to displace the top metal
plate and thus compressing the specimen. Meanwhile, the hydrostatic pressure was held
constant. A state of shear stress was obtained from the difference between the stress
applied to the surface of the cylinder, by hydraulic means, and the stress applied in the
axial direction. By gradually increasing the axial stress, a shear failure was achieved. The
force required to displace the hydraulic piston was carefully recorded, and the volume
change of the specimen was measured by recording the change of the amount of water
in the test chamber during the test. A schematic of the triaxial apparatus used in this
work is shown in Figure 2.

2.3 Axisymmetric granular column collapse

In this experiment, the axisymmetric collapse of a granular column was studied. The
experimental setup was based on the setups used by Lube, Huppert, Sparks, et al. (2004)
and Lajeunesse, Mangeney-Castelnau, et al. (2004) in their studies of collapsing ax-
isymmetric columns of granular materials. A schematic of the experimental setup and
procedure is shown in Figure 3. A cylinder with inner radius ri was placed on a smooth
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Figure 3: Schematic of the experimental setup and procedure used in the granular ax-
isymmetric column collapse problem, initial column and a conceptual deposit profile.

and horizontal wooden surface. The cylinder was then partly filled with granular mate-
rial, forming a column with radius ri and height hi. The granular material was carefully
poured into the cylinder and the top surface was flattened. The cylinder was then quickly
removed vertically via a lifting system, which allowed the column of granular material
to collapse under the influence of gravity. The relation between the initial height hi and
the initial radius ri was used to express the aspect ratio a = hi/ri of the granular col-
umn. The aspect ratio was varied by using cylinders of different diameters and by using
different amounts of granular material in the experiments. A high speed digital camera
was used to record the experiments. Using a MATLAB script, the digital images were
processed to extract the final height h∞, the runout radius r∞ and the deposit profile as
a function of the radial distance from the axis of symmetry. The final height, the runout
radius and a conceptual deposit profile are illustrated in Figure 3.

2.4 Granular material flow during silo discharge

A rectangular flat-bottomed silo model (Figure 4) was built to study the flow of granular
material during discharge, for varying outlet widths. The aim of this experimental study
was to obtain velocity field measurements and the mass flow rate during the discharge.
The silo had the following internal dimensions: a width of 200 mm, a maximum fill
height of 600 mm and an out-of-plane depth of 150 mm. The outlet was a rectangular
slot through the whole out-of-plane depth, with a variable width. Most parts of the
silo were made of transparent polycarbonate, except for the front and back side walls
that were made of tempered glass to avoid scratching from repeated experiments. By
using transparent materials, the motion of the granular particles could be traced during
the discharge. The silo was filled by pouring granular material into it from above, and
after it was filled to the desired height, the top surface was levelled. Repeated discharge
experiements were performed, for varied outlet widths. The transient mass flow rate was
measured with a load cell and the experiments were recorded with a high speed digital
camera. The recorded digital images were processed using a commercial DIC software.
The method for field measurements of granular material flow, utilized in Larsson et al.
(2016), was used to obtain velocity fields during discharge.
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Figure 4: Illustration of the model silo used for the experimental study of granular
material flow during silo discharge.

2.5 High speed video system

The experiments were recorded using a Redlake MotionPro X3 high-speed digital camera.
Parameters such as shutter speed, frame rate, and resolution were carefully selected to
obtain good image quality. By setting the shutter speed, the length of time during which
the digital image sensor is exposed to light is set. The frame rate gives the number of
images recorded each second. The granular column collapse experiments were recorded
with the high-speed camera set to acquiring 600 images per second at a resolution of
1280 x 1024 pixels and with a shutter speed of 0.25 ms. The camera was aligned with
the horizontal direction to enable recording from a side view. For the silo discharge
experiments, different camera settings were used depending on particle size of the tested
material. A resolution of 812 x 604 pixels and a shutter speed of 1 ms was used for the
granular MOP. For the crystalline MOP a resolution of 896 x 624 pixels and a shutter
speed of 0.35 ms was used. Images were acquired at a rate of 150 images per second for
both materials. Adequate lightning was required to obtain high quality images of the
experiments. For this purpose two Dedocool floodlights, equipped with 250 W lamps,
were used to illuminate the filmed area.

3 Numerical modelling

Two-dimensional computational domains were used to represent both the granular col-
umn collapse problem and the silo discharge problem. The granular column collapse
problem was modelled as a two-dimensional axisymmetric problem and the silo dis-
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charge problem was modelled as a two-dimensional plane deformation problem. The
SPH method in the non-linear FE software LS-DYNA (Livermore Software Technology
Corporation, 2016) was used for the simulations, and the granular materials were mod-
elled using a pressure-dependent, elastic-plastic constitutive model, see below.

3.1 Smoothed particle hydrodynamics

The smoothed particle hydrodynamics (SPH) method, developed independently by Lucy
(1977) and Gingold and Monaghan (1977), is a Lagrangian mesh-free method where
particles are used to represent the problem domain. The particles also serve as the frame
over which the field equations are approximated. To each individual particle, a mass, a
momentum and an energy is associated. The SPH method is a Lagrangian method with
adaptivity, which results in an approximation of the field equations that is based on the
current configuration of particles in each time step. Mesh distortion resulting from large
deformations is avoided since the SPH method is a mesh-free method in which no direct
connectivity between particles exist. A detailed description of the SPH method and how
it is formulated for modelling granular materials is available in Liu and Liu (2003) and
in Jonsén et al. (2012).

3.2 Constitutive model

Most granular materials exhibit failure properties where the hydrostatic stress has a
strong influence. In this work, a pressure-dependent, elastic-plastic constitutive model
based on the work by Krieg (1972) was used. In this model, the elastic material response
is assumed to be linear and it is described by a constant shear modulus G and a constant
bulk modulus K. Due to plasticity, the stresses are limited by a yield function given by

f(p, q) = q − [
3(a0 + a1p+ a2p

2)
]1/2

(1)

where

p = −1

3
tr(σ) ; q =

√
3

2
tr(s2) (2)

in which σ is the Cauchy stress tensor and s is the deviatoric stress tensor. The three pa-
rameters a0, a1 and a2 are yield function parameters to be determined from experiments.
The relation between pressure p and compressive volumetric strain −εv is described with
a piecewise linear relation, illustrated in Figure 5. Permanent volumetric compression
can be obtained by using the bulk modulus as an unloading modulus in the relation
between pressure and compressive volumetric strain. A hydrostatic tension cut-off value
can be set in the model. When the hydrostatic stress drops below the cut-off value, the
hydrostatic stress is set to the cut-off value and the deviatoric stress tensor is set to zero.
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Figure 5: Illustration of the compressive volumetric strain −εv as a function of pressure
p. The unloading from point A to point B is elastic with a slope given by the bulk
modulus K.

4 Experimental and numerical results and discussion

A triaxial tests apparatus was used to characterise the granular materials, with the aim
to obtain yield function parameters for the constitutive model. The collapse of granular
columns and the discharge from a flat bottomed silo were studied experimentally, and
simulated using the SPH method. Numerically obtained results were compared to results
from literature and to experimental results obtained in the present study.

4.1 Material characterisation

Triaxial shear tests were performed at different levels of hydrostatic pressure: 30, 100
and 250 kPa. The hydrostatic pressure was kept at these values until the hydrostatic
pressure in the specimen was in equilibrium with the surrounding water pressure. The
axial deformation was the applied at a constant rate of 0.1 mm/min. Typical stress-
strain curves from the tests are shown in Figure 6a, from which the point of failure
is identified as the point of maximum deviatoric stress. In Figure 6a, the influence of
hydrostatic pressure on the failure properties is shown as an increased deviatoric stress
at failure for increased hydrostatic pressure. Increased hydrostatic pressure also resulted
in an increased axial strain at failure. To obtain yield function parameters, the failure
points were defined in the deviatoric stress versus hydrostatic pressure space. The yield
function parameters were obtained from a best-fit curve of the experimental data, as
shown in Figure 7. The volumetric compressive strain as a function of the hydrostatic
pressure was obtained from the triaxial tests, shown in Figure 6b. Both granular and
crystalline MOP exhibit volumetric compression with increased hydrostatic pressure and
it is observed that most of the compaction takes place at lower pressures. Initially,
both granular materials follow the same trend, but for increased hydrostatic pressure the
volumetric compression is higher for the granular MOP. A possible explanation for this
is that the granular MOP, due to its larger particles, initially has more voids compared
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(a) (b)

Figure 6: Representative stress-strain curves obtained from triaxial shear tests. (a)
Deviatoric stress q versus axial strain εa for three levels of hydrostatic pressure: 30, 100
and 250 kPa. (b) Pressure p versus volumetric compressive strain −εv for granular and
crystalline MOP.

Figure 7: Representative failure points and yield function in the deviatoric stress q versus
hydrostatic pressure p space.

with the crystalline MOP.

4.2 Axisymmetric granular column collapse

From the column collapse experiments, it was observed that the collapse was essentially
axisymmetric for both granular and crystalline MOP. A range of aspect ratios were
tested, and typical collapses for low and high aspect ratios are shown in Figures 8 and
9. Lube, Huppert, Sparks, et al. (2004) performed similar experiments of collapsing
granular columns for a variety of fine-grained granular materials. Their results suggested
that there are different flow regimes that mainly depend on the initial aspect ratio of
the granular column. Two different flow regimes were identified, for low and high aspect
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Table 1: Simulation properties of the granular and
crystalline MOP.

Material ρ a0 a1 a2
(g/cm3) (Pa2) (Pa) (-)

MOP, granular 1.00 0 0 0.5
MOP, crystalline 1.11 0 0 0.4

Note: MOP = Muriate of potash.

ratios respectively. Their measured final heights h∞ and runout radius r∞, normalized
using the initial radius ri, were related to the aspect ratio a as expressed in Equations
(3) and (4).

h∞
ri

=

{
a, a < 1

0.88a1/6, 1.7 < a < 10
(3)

r∞ − ri
ri

=

{
1.24a, a < 1.7

1.6a1/2, a > 1.7
(4)

Lube, Huppert, Sparks, et al. (2004) suggested that for lower aspect ratios (a < 1.7)
the free surface of the column could be divided into a static axisymmetric inner zone
and a flowing outer zone. The experimental results obtained in the present study were
consistent with this, as illustrated in Figure 8, where undisturbed inner and flowing
outer zones are visible. For the high aspect ratio regime (a > 1.7) the free surface of the
cylinder started to flow immediately as the cylinder was removed, this is shown in Figure
9. The experimental results for high aspect ratios were also consistent with the results
reported in Lube, Huppert, Sparks, et al. (2004).
The vertical speed of the cylinder was 0.5 m/s for all experiments performed in the

present study. Lube, Huppert, Sparks, et al. (2004) reported vertical cylinder speeds of
2 m/s in their experiments. For the simulations in the present study, these two speeds
were used for comparison with the respective experiments. The yield function parameters
obtained directly from the triaxial shear tests were used initially, but resulted in a poor
flow description. Some adjustment, guided by experimental observations, resulted in the
set of parameters that was used in the remainder of this study. The yield function param-
eters used for granular and crystalline MOP are listed in Table 1. The elastic material
parameters that were used for the two granular materials were: shear modulus G = 7
MPa and bulk modulus K = 15 MPa. The frictional coefficient between surrounding
structures and granular materials was μ = 0.6.
To investigate if the two flow regimes defined by Lube, Huppert, Sparks, et al. (2004)

could be captured in the numerical simulations, the cases with low and high aspect
ratios in Figures 8 and 9 were simulated. The simulated column collapses are shown
in Figures 10 and 12, from which it is observed that the flow regimes are in line with
the experimental results reported by Lube, Huppert, Sparks, et al. (2004), and with the
experimental results in the present study. For low aspect ratios, the granular column
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(a) (d)

(b) (e)

(c) (f)

Figure 8: Granular column collapse experiments with low aspect ratios (a < 1.7) where
(a)-(c) show granular MOP with a = 0.64 and (d)-(f) show crystalline MOP with a =
0.59. The photographs were taken at three different times: t̄ = 0, t̄ = 2.0 and t̄ = 4.0,
where t̄ =

√
hi/g.

collapsed only partially, as shown in Figure 8. The material close to the moving cylinder
form a flowing region that is separated from an inner axisymmetric static region. This
result is consistent with observations made by Lube, Huppert, Sparks, et al. (2004). At
the end of the collapse, the slope of the collapsed part of the column in Figure 8 displays a
slope angle that is decreasing with increasing distance from the center, forming a slightly
concave collapsed upper surface. This decreasing slope angle is also observed from the
simulations, this is shown in Figure 10. In Figure 11, the experimental and numerical
normalized deposit profiles are compared. The simulated profiles are very similar to the
experimental ones, both for granular and crystalline MOP. Furthermore, it is seen in
Figure 11b, comparing the experimental and numerical profile, that the experimental
profile is not perfectly axisymmetric. The concavity is somewhat more prominent on the
right side of the profile, for the crystalline MOP. But overall, the collapse is essentially
axisymmetric for the both granular materials.
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(a) (d)

(b) (e)

(c) (f)

Figure 9: Granular column collapse experiments with high aspect ratios (a > 1.7) where
(a)-(c) show granular MOP with a = 1.92 and (d)-(f) show crystalline MOP with a = 1.9.
The photographs were taken at three different times: t̄ = 0, t̄ = 2.0 and t̄ = 4.0, where
t̄ =

√
hi/g.

For a collapsing granular column with higher initial aspect ratio, the static region does
not extend all the way to the top surface, this is shown in Figure 9 where a ≈ 1.9.
Instead, the granular material close to the top surface starts to collapse immediately as
the cylinder is removed. This collapse behaviour is well represented in the simulations
(Figure 12), where two regions are observed: one of collapsing material close to the
surface and one axisymmetric static region in the center. The presence of an inner static
region for higher aspect ratios is in agreement with observations made by Lube, Huppert,
Sparks, et al. (2004), where an inner static region was reported for all investigated aspect
ratios.

In order to make a quantitative comparison with experimental results, a series of
simulations were performed for a range of aspect ratios. All the numerical simulations
were terminated at a time t̄ = t/

√
hi/g = 4.0. The runout radius r∞ and the final height

h∞ were recorded for all simulations and were normalized using the initial radius ri of
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(a) (d)

(b) (e)

(c) (f)

Figure 10: Granular column collapse simulations with low aspect ratios (a < 1.7) where
(a)-(c) show granular MOP with a = 0.64 and (d)-(f) show crystalline MOP with a =
0.59. The snapshots were taken at three different times: t̄ = 0, t̄ = 2.0 and t̄ = 4.0,
where t̄ =

√
hi/g.

the column. r∞ was obtained by identifying the radial distance to the particle furthest
from the cylinders axis of symmetry. In Figure 13, the normalized h∞ and r∞ from the
simulations are compared to experimental results obtained by Lube, Huppert, Sparks,
et al. (2004). The simulated h∞ corresponds well to the experimental results in both
the low (a < 1.7) and the high (a > 1.7) aspect ratio regions. It is noticed that both
granular and crystalline MOP follow the same relation between the normalized quantities
h∞ and r∞ and the aspect ratio a. For normalized h∞, this relation is very similar to
the relation stemming from experimental observations, given by Equation (3). For the
normalized r∞, the simulated results diverge somewhat from experimental observations,
as shown in Figure 13b. For a < 1.7 the relation is similar to the trend given by Equation
(4), but simulated results are slightly shifted upwards. For high aspect ratios (a > 1.7)
the simulated normalized r∞ are larger compared to experimental results. This might
point out a flaw in the method used for extracting r∞ from simulations, where r∞ was
determined from the radial distance to the particle located furthest from the cylinders
axis of symmetry. The continuum based SPH method can represent a granular material
with the condition that the number of particles is large enough, (Duran, 2000). In the
outermost region, where the granular material flow comes to rest, the number of particles
used to represent the thickness of the flowing layer is low. Due to the low number of
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(a)

(b)

Figure 11: Comparison of experimental and simulated deposit profiles for low initial
aspect ratios a. (a) Granular MOP with a = 0.64. (b) Crystalline MOP with a = 0.59.

particles in this region, the SPH method will have difficulties to properly represent a
granular material.
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(a) (d)

(b) (e)

(c) (f)

Figure 12: Granular column collapse simulations with high aspect ratios (a > 1.7) where
(a)-(c) show granular MOP with a = 1.92 and (d)-(f) show crystalline MOP with a = 1.9.
The snapshots were taken at three different times: t̄ = 0, t̄ = 2.0 and t̄ = 4.0, where
t̄ =

√
hi/g.

(a) (b)

Figure 13: (a) Normalized final height as a function of the aspect ratio. (b) Normalized
runout radius as a function of the aspect ratio.
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4.3 Granular material flow during silo discharge

The discharge of granular MOP from a rectangular flat-bottomed silo, with dimensions
according to Section 2.4, was studied experimentally and was simulated using the SPH
method. A filling height of 250 mm and an opening width of 20 mm was used. The
discharge was recorded with a high-speed digital camera and the vertical velocity field was
obtained from the digital images by DIC. The silo discharge was simulated using a two-
dimensional, plane deformation SPH model. Material and simulation parameters used for
simulation of silo discharge are listed in Table 1. In Figure 14, the digital images and the
experimental and simulated vertical velocity fields are shown, for granular MOP. Results
are presented from three stages of the discharge, corresponding to the times: t = 0,
t = 7.25 s and t = 12.90 s. In general, the experimental and simulated flow patterns are
similar at the three stages. The simulated discharge is somewhat faster compared to the
experimental, the simulated vertical velocity fields are of higher magnitude compared to
the experimental. Comparing the last stage in Figure 14, it is evident that the discharge
is faster for the simulation, where a complete discharge required ≈ 12 s, compared to 14 s
in the experiment. In Figure 15, the experimental and simulated mass and mass flow rate
as functions of time are compared. Figure 15a, shows raw and filtered experimental data,
obtained using a load cell. The raw data exhibit an unexpected low frequency wave like
trend in the data, which, to the authors knowledge, has not been reported in literature.
This trend is possibly due to the experimental procedure, where the outlet is opened
by hand, inducing a disturbance to the system that might be propagating throughout
the whole experiment. A high-pass filter was used to remove the low frequency from
the raw data, for further analysis. The simulated mass versus time is compared to the
experimental result in Figure 15a. The simulated trend is similar throughout most of
the discharge. The experimental and simulated mass flow rates were calculated from the
mass versus time and are compared in Figure 15b, where the dashed line corresponds
to the mean value of the whole experimental data. Simulated and experimental mass
flow rates are in general of good agreement. At the beginning and at the end of the
discharge, the simulated mass flow rate is higher compared to the experimental and in the
intermediate region, the experimental mass flow rate is slightly higher than the simulated.
The small opening width, 20 mm, might explain to some extent the dissimilarities between
experimental and simulated flow during discharge. The granular MOP has a particle size
in the range 2.0−4.0 mm and it is possible that the material behaviour is not continuous
close to the opening. Thus the SPH method, which is a continuum method, might have
difficulties in accurately predicting the flow close to the opening.
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(a) (d) (g)

(b) (e) (h)

(c) (f) (i)

Figure 14: Granular material flow during silo discharge for granular MOP. The opening
width was 20 mm and the filling height was 25 cm. (a)-(c) Digital photos taken at three
different stages during the discharge. (d)-(f) Corresponding DIC evaluations showing the
vertical velocity field. (g)-(h) Vertical velocity field obtained from SPH simulations, the
snapshots were taken when the remaining volume of granular material was approximately
the same as in the experiment.
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(a) (b)

Figure 15: Comparison of experimental and simulated silo discharge for granular MOP
where the opening width is 2 cm. (a) Mass m of granular material remaining in the silo
as a function of time t, showing unfiltered and filtered experimentally measured mass,
and simulated mass. (b) Experimental and simulated mass flow rate ṁ as a function of
time.

5 Conclusions

In this study, flow of two types of KCl was studied experimentally and numerically.
Two experimental setups were used: the axisymmetric collapse of a granular column and
the discharge of granular material from a flat-bottomed silo. The deposit morphology
was obtained from the granular column collapse and detailed field measurements from
the silo discharge were obtained by means of DIC. The experimental results add to the
knowledge of the complex dynamics of granular material flow and provide, a good basis
for evaluation of numerical simulations. The SPH method was used successfully for
simulation of dry KCl for the column collapse and the silo discharge, providing further
insight into the dynamics of granular material flow. Results from the simulations were
shown to be in good agreement with experimental observations reported in the literature,
and with experimental results in the present study. The experimentally observed flow
regimes for collapsing granular columns, with varying aspect ratios, were predicted well
in the SPH simulations. Furthermore, good quantitative agreement with experimental
results was obtained for the deposit morphology. Experimental and simulated vertical
velocity fields and mass flow rate were compared, and were generally of good agreement.
The SPH simulation predicted a slightly faster discharge compared to the experimental
result. In conclusion, the numerical method presented in this work has been shown to
well predict flow of dry KCl at dissimilar flow conditions. It has potential to be used
for simulation of granular material flow in various industrial applications. Thus, it is an
efficient tool for increasing the knowledge of granular material handling operations, and
the results presented in this work will open up opportunities for further research in the
area.



6. Acknowledgements 91

6 Acknowledgements

For financial support of the Horizon 2020 project ”Development of smart and flexible
freight wagons and facilities for improved transport of granular multimaterials”, project
id: 636520, the European Commission is gratefully acknowledged. We would also like
to thank Mr. Marc Martinez at CTM for the microscope pictures of the granular and
crystalline MOP.

References

Albaraki, S. and S.J. Antony (2014). How does internal angle of hoppers affect granular
flow? Experimental studies using digital particle image velocimetry. Powder Technology
268.1, pp. 253–260.
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Idelsohn, S.R., E. Oñate, and F. Del Pin (2003). A Lagrangian meshless finite element
method applied to fluid–structure interaction problems. Computers & Structures 81.8-
11, pp. 655–671.

Ikari, H. and H. Gotoh (2016). SPH-based simulation of granular collapse on an inclined
bed. Mechanics Research Communications 73, pp. 12–18.

Jaeger, H.M., S.R. Nagel, and R.P. Behringer (1996). Granular solids, liquids, and gases.
Reviews of Modern Physics 68.4, pp. 1259–1273.
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Mankoc, C., A. Janda, R. Arévalo, J.M. Pastor, I. Zuriguel, A. Garcimart́ın, and D. Maza
(2007). The flow rate of granular materials through an orifice. Granular Matter 9.6,
pp. 407–414.

Michalowski, R.L. (1984). Flow of granular material through a plane hopper. Powder
Technology 39.1, pp. 29–40.

Minatti, L. and E. Paris (2015). A SPH model for the simulation of free surface granular
flows in a dense regime. Applied Mathematical Modelling 39.1, pp. 363–382.

Nedderman, R.M. (1992). Statics and kinematics of granular materials. Cambridge: Cam-
bridge University Press.
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