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ABSTRACT 

The relation between breakage mechanisms and liberation is critical in mineral processing. Recent 
studies underline the importance of texture in liberation. This study reviews relevant liberation 
models and proposes a new method for generating particles using image processing algorithms. 
One new texture simulation method and its relevance for liberation simulation is also introduced. 

 

1 Introduction 

One of the objective of comminution in mineral processing is to liberate the minerals of interest 
at the coarsest particle size (Wills and Napier-Munn, 2011). Comminution models are used both 
for process design and process simulation. Yet, few unit models operate at the liberation level.  

In this work, texture is defined as the distribution of minerals and pores in a defined volume. 
Texture has been carefully studied in different deposits, at meso-scale (Bonnici et al., 2008; Lund 
et al., 2015; Pérez-Barnuevo et al., 2016; Wightman et al., 2014) but also at micro-scale (Pérez-
Barnuevo et al., 2013, 2012; Pirard et al., 2007) or both (Bonnici, 2012). The behavior of an ore 
in processing circuit is influenced by the texture of the particles created during the comminution 
stages (Bushell, 2012; Donskoi et al., 2008; Lund et al., 2014; Pérez-Barnuevo et al., 2016; 
Tungpalan et al., 2015) 

A general approach based on particles and their mineralogy has been described by Lamberg, 2011. 
The idea is to use the information from the geological model (spatial model) to generate particles 
and simulate the comminution and concentration process to forecast the products (i.e. the 
concentrate and tailings). The results can be converted into performance indicators relative to a 
specific deposit and plant. These indicators can then be stored in the spatial model as a tool for 
mine planning and process design. The entire chain forms a geometallurgical model shown in 
Figure 1. 

 

 



 

Figure 1 : Geometallurgical model based on particles (Lamberg, 2011), modified 

 

This work offers a technique that covers the second step on Figure 1 by breaking a texture to 
generate particles. These particles can then be turned into a stream file and used for simulation 
purposes. 

2 Texture representation 

A convenient framework to represent a texture is provided by the random function (or field) 
theory, for a geosciences approach the interested reader is referred to Chiles and Delfiner, 2009; 
Lantuéjoul, 2013; Matheron, 1970 ,and for an image processing perspective, to Serra and Cressie, 
1984; Winkler, 2012. From a historical perspective, it is significant that Jean Serra (one of the 
key figures in morphology) and Georges Matheron (one of the key figures in geostatistics) worked 
both at the Ecole des Mines de Paris, in Fontainebleau. An account of the birth of mathematical 
morphology clarifying the links between geostatistics and morphology is to be found in Matheron 
and Serra, 2002. 

The proposed texture model uses the simplest case of a discretized finite volume and the 
associated sets of edges (Ex) and vertices (Vx).  

(1) 

(2)  

If the lattice is equipped with a distance, it becomes a metric space. 

A particle is defined as a subset 

(3) 

Each element of Pl can be associated to scalar physical properties, for example a mass by unit 
volume element 

(4) 

At the particle level, a symbol set S can be associated to each particle, in this case we number 
mineral phases.  

(5) 

(6) 

The function φ equipped with a probability measure and an algebra is a random function.    

The n-neighbors of an element is the set formed by the union of all the elements that are n-
connected to this element. For each x, s is an element in its neighborhood is denoted s ~ x. 
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Figure 2 : 6-neighborhood 

Let x be an element of phase i of a mineral map, then we can count the number of elements of 
phase j in s the neighborhood of x 

(7) 

With 

 

In practice, we can use neighborhoods to compute a global association index for a given finite 
mineral map. As an example, on a mineral map with 3 phases, one can randomly pick up an 
element x and count the number of each different phases in its n-neighborhood, repeat this step 
many times, then divide it by a normalization constant N2. The law of large numbers ensures 
convergence to a frequency and the association matrix (AI) can be built (equation (8)). 

 

(8) 

 

Along with other measurements such as the grain size distribution, the association matrix provides 
a convenient way to quantify association of mineral phases both on particles and intact textures. 
The association matrix is similar to what has been used in the past as phase-coordination matrix 
used by Steiner, 1975. One major difference is that AI is a multi-resolution operator since the size 
of the neighborhood can be modified.  

3 Predictive models of liberation 

Several models of liberation have been proposed over the years by many scholars. The most 
important ones that have reached a usable form and their main properties are presented in Table 
1. 

The mode of breakage is classified between random and non-random according to the 
recommendations of Mariano et al., 2016. A model is classified as non-random if it implements 
at least one of the non-random breakage mechanisms described in King and Schneider, 1998.  

The first observation is that most of the early models focused on binary ore-gangue system, which 
reduces their practical use for simulation of more complex mineralogy. Recent focus on mineral 
processing simulation consider multi-minerals systems.  

The mode of breakage was considered random for a long time and Barbery and Ledoux note in 
1988 that “all researchers agree on the assumption that particle and texture are not related” 
(Barbery and Leroux, 1988). However, two recent studies have revealed the importance of phase 
boundary fracture for liberation (Leißner et al., 2016; Little et al., 2016; Xu et al., 2013). 

Not all the models presented have been used for mineral processing simulation purposes. In this 
regard, one model has been implemented in commercial simulation software (King and Schneider, 
1998). 



Some of the models do not use explicitly particles, as such the shape of the particles produced is 
not applicable. On most of the other models, shape is identified as a parameter often overlooked 
and restricted by many assumptions (at best convexity). 

Table 1 : Literature review of liberation models 

Reference Grains morphology Grain size Phases 
Mode of 
breakage Dimensions 

Shape of 
particles 

Gaudin, 1939 Cubes Constant 2 Random 3 Cubes 

Wiegel and Li, 1967 Cubes Variable 2 Random 3 Cubes 

Andrews and Mika, 1975 Any Variable 2 Random 1 NA 

Steiner, 1975 Any Variable 3 Random 1 NA 

King, 1979 Any Variable 2 Random 1 NA 

Klimpel and Austin, 1983 Any Variable 2 Random 1 NA 

Meloy and Gotoh, 1985 Spheres Variable 2 Random 2 Any 

van Egmond and Meloy, 
1989 

Rods, plates, 
diamonds Constant 2 

Non-
random 2 Any 

Barbery and Leroux, 1988 Polyhedra Variable 2 Random 2 Any 

Ferrara et al., 1989 
Bands, rods and 
spheres Constant 2 Random 3 Any 

Hsih and Wen, 1994 Squares Variable 2 
Non-
random 1 NA 

Bonifazi and Massacci, 
1995 Pixels Variable 2+1 Random  2 Cubes 

King and Schneider, 1998 Any Variable 2 
Non-
random 2 NA 

Wei and Gay, 1999 Any Variable 2 Random 3 Cubes 

Gay, 2004, 1999 Disks Variable 2 Random 2 Disks 

Stamboliadis, 2008 Spheres Constant 2 Random 3 NA 

Djordjevic, 2013 Pixels Variable Any 
Non-
random 2 Any 

Zhang and Subasinghe, 
2013 Polyhedra Variable 2 Random 3 Convex 

Evans et al., 2013 Cubes Variable Any Random 3 Cubes 

Ghazvinian et al., 2014 Voronoi polyhedra Constant 1 
Non-
random 3 NA 

Wang, 2015 Pixels Variable Any 
Non-
random 3 Any 

van der Wielen and 
Rollinson, 2016 Voronoi polygons Variable Any Random 2 

Voronoi 
polygons 

This study Pixels Variable Any 
Non-
random 2 Any 

 



4 Proposed model 

A model combining Markov Random Fields for controlled texture simulation (Cross and Jain, 
1983; Winkler, 2012) and cellular automata for breakage is proposed as a predictive model of 
liberation.  

4.1 Texture generation 

The first step is to generate a texture that reproduces the observed one for a given ore. Several 
methods have been proposed to simulate a realistic mineral texture (Gasnier et al., 2015; 
Klichowicz and Lieberwirth, 2016). In this study, the association matrix (AI) and the cumulative 
grain size distribution of each phase are used to build a stream file for process simulation. Since 
the aim is to generate a stream with varying modal mineralogy, it is an input parameter of the 
simulation.  

From statistical physics, the Ising’s model (Ising, 1925) originally describes the behavior of spin 
at each site of a ferro-magnetic material as a function of the temperature (above or below Tc the 
Curie or critical temperature where magnetization is lost). The values the elements can take are 
spins in this case taking values in E = [-1;1]. To each clique, it assigns a potential Uc so that 

(9) 

Where beta is a coupling (or regularization) constant of dimension of [T-1]. Its value describes the 
intensity of the influence between sites x: for a large value, the value of an element will be heavily 
influenced by its neighbors. If two neighbor spins have the same value, the product xs. xt will be 
equal to 1 and the potential equal to -β. The total energy of the system can be written as 

(10) 

Ising's model can be generalized for multiple phases i.e. E = {0; N} with 0 phase reserved for 
voids and is called a Potts model (Potts, 1952) . This approach has been used by to study the grain 
growth (Zöllner and Streitenberger, 2006) with a specific interest in the interface regions. This 
model can be used to synthetize mineral maps of specified mineral grades. The potential can be 
changed to 

(11) 

The expression of the potential can be generalized to a given neighborhood w 

(12) 

Where  

(13) 

With I the identity matrix, 1 the matrix of ones and AI the association matrix defined in (8). 

Using the fact that negative values of beta indicate a lowering of the energy, we can use a 
normalized version of AI as a beta matrix. To obtain a simulation, only a training image is needed 
from which the parameters for the Potts simulation will be extracted (AI matrix and cumulative 
grain size distribution for each mineral phase). Alternatively, the user can input a cumulative grain 
size distribution and an association matrix manually. 

To measure the difference between the generated texture and the training image, a norm should 
be chosen, in this case, a weighted sum of a max-norm with a l2-norm on both AI and the 
cumulative grain size distribution was chosen. 



The identification of the parameter beta can be done via the stochastic gradient descent (Younes, 
1998), however, the convergence speed of the vanilla version is quite low. By using a modified 
version of the gradient descent, faster convergence can be achieved. In a broader perspective, 
aiming at real-time simulation at the particle level, computational aspects matter. Two examples 
of texture simulation are presented, one is a macroscopic disseminated texture from a porphyry 
copper deposit (Table 2), the other one is a microscopic coarse grained iron ore. The first figure 
is the simulated texture compared to the training one, then the values of their association matrices 
AI are compared along with the difference in their grain size distribution. 

 

 

Visually the training image and the simulated texture are very similar. The grain size distribution 
per phase differs slightly phases of similar distribution in the original image are identical in the 
simulated result. The association matrices are presented in Table 3. Again, the difference is very 
small. The sum of each line of each AI gives the modal mineralogy, which is identical in both 
cases. 

5 cm 

Figure 6 : Example 1 training map Figure 3 : Example 1 simulated map 

Figure 5 : Cumulative grain size distribution for example 1 
training map 

Figure 4 : Cumulative grain size distribution for example 1 
simulated map 



The error metric used in the simulation algorithm is a weighted sum of squares of the residuals 
between the cumulative grain size distribution matrices and the residuals between the association 
matrices. 

 

Table 2 : Comparison between the training image AI and the simulated result AI 

Training image AI Phase 1 Phase 2 Phase 3 Phase 4 Phase 5 

Phase 1 0.0919 0.0147 0.0137 0.0153 0.0165 

Phase 2 0.0147 0.1433 0.0162 0.0178 0.0194 

Phase 3 0.0137 0.0162 0.1118 0.0161 0.0172 

Phase 4 0.0153 0.0178 0.0161 0.1427 0.0197 

Phase 5 0.0165 0.0194 0.0172 0.0197 0.1773 

Simulated texture AI Phase 1 Phase 2 Phase 3 Phase 4 Phase 5 

Phase 1 0.0947 0.0143 0.0133 0.014 0.0157 

Phase 2 0.0143 0.147 0.015 0.0169 0.0181 

Phase 3 0.0133 0.015 0.1149 0.0152 0.0166 

Phase 4 0.014 0.0169 0.0152 0.1472 0.0182 

Phase 5 0.0157 0.0181 0.0166 0.0182 0.1815 

 

The first case was stationary, with a very close grain size distribution, however it is not always 
the case. In the second example, a mineral map from an iron ore is acquired from a scanning 
electron microscope. In that case, as can be seen on Figure 9, the geometry of the phase is well 
respected, but the shape of the boundaries is slightly different. However, association matrices and 
cumulative grain distributions are still very close. 

 
Figure 7 : Initial mineral map, courtesy of Mehdi Parian (LTU) 



 
Figure 8 : Training mineral map 

 

Figure 9 : Simulated mineral map  

 
Figure 10 : Scatterplot of the association matrices 
values for the training map and the simulated map 

 
Figure 11  : Scatterplot of the cumulative grain 
distribution values for the training map and the 
simulated map

4.2 Breakage model 

If random breakage was used in many previous models, recent studies have used FEM to infer 
breakage patterns (Wang, 2015). Another approach is to use cellular automata (Pan et al., 2009). 

Since a graph can be associated to the mineral map, by assigning a weight w to each vertex, we 
can build a graph associated to a mineral map. 



 

 

 Each fracture will partition G (V; E) into two particles P1 and P2 so that 

 

 

The cost for the partition can be calculated as 

 

A convenient way to propagate a crack is to use a minimum energy path. A fracture will propagate 
to the next cell in its neighborhood that has the minimum weight. As soon as the total energy is 
equal to zero, propagation of cracks is stopped 

The ideal case, where only phase-boundary fracture or detachment occurs is analogous to the min-
cut problem. In that case, segmentation algorithms can be used to produce single particles. 
Otherwise, the value of w at a given site x is a function of mechanical parameters. As a first 
approximation, the fracture toughness GIC [Jm-2] is used (Tromans and Meech, 2004, 2002).  

To represent phase-boundary fracture, specific fracture toughness can be chosen (TG, trans-
granular or GB, grain boundary) or w can be weighted with a gradient of the mineral map. To 
represent boundary-region fracture, the metric defined on the mineral map can be used to compute 
a distance from the grain center to its edges. Multiplying w by a correcting factor from the center 
to boundary distance can lower the cost of the cut and favor a propagation close to the edge of the 
mineral grains. 

 

Figure 15 : Synthetic texture 1 Figure 12 : Synthetic texture 2 

Figure 13 : Synthetic texture 3 Figure 14 : Synthetic texture 4 



 

 
Figure 16 : Degree of liberation per phase for the synthetic cases from Figures 12 to 15 

A synthetic case is presented in Figures 12 to 15. While preserving the same modal mineralogy, 
the value of the regularization factor has been changed to produce textures varying from fine to 
coarse grained. The different textures are then broken with the same total energy and fracture 
parameters with assigning a different fracture toughness to each phase. Thus, the liberation 
spectrum is modified by the initial grain size distribution as shown on Figure 16. In Figure 17, 
the ore from the second example is broken using preferential breakage. The propagation of the tip 
of the crack goes preferably around the magnetite grain in this case.   

 
Figure 17 : Example of preferential breakage simulation in magnetite ore 



4.3 Building HSC Streams 

To build a realistic stream for simulation purposes, the particle size distribution must be like the 
one measured on the process. To calibrate the liberation model, the particle size distribution can 
be tracked for each propagation step of cellular automaton. To compute the particle size 
distribution, the fracture path is masked, then a morphological sieve is applied. Thus, particle size 
distribution can be plotted as a function of the total energy used for fracture propagation. 

As a result, a stream can be created (as a XML file) with a defined modal mineralogy, controlled 
particle size distribution, and a liberation spectrum that derives from intact textures. 

5 Discussion 

The flexibility of the model allows a detailed control of both the texture used (either measured or 
simulated) and the breakage mechanism (continuum from random to non-random). Moreover, no 
hypothesis is done on the shape of the mineral grains in the intact texture nor the particles 
generated after comminution (in particular, none on convexity). 

The tools developed to characterize, simulate and break the initial texture are compatible with 
future 3D models. The computational cost might prevent a practical use of these methods for now, 
but combined with X-Ray tomography measurements, simulation of realistic 3D particles will be 
possible. 

While the use of the proposed model as a unit model in a simulation flow sheet is not obvious, 
the data generated is very similar to the one obtained from automated mineralogy measurements. 
As such, it can be validated and liberation information has the potential to be integrated in existing 
mills models. For example, using a modified version Andrews-Mika diagrams derived from 
breakage simulation data. 

Both the texture simulation and breakage mechanisms are based on statistical physics models. 
This choice may increase the number of input parameters but at the same time ensures realistic 
results within the validity boundaries of the models. 

A disadvantage of the texture model is that there is no guarantee that it will be able to simulate 
an arbitrary texture with an arbitrary precision. So far, many textures have been successfully 
tested but difficult cases may exist, the texture simulation part may be then replaced by a more 
adapted method. Regarding the breakage model, validation work is needed regarding the way a 
crack propagates in heterogeneous materials.  

6 Conclusion 

A brief literature review has been presented and a model to simulate liberation for simulation 
purposes has been introduced. The next steps will focus on the validation and application of the 
model to test cases. 
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