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Abstract

The final goal of wireless communications is to connect any wireless device, everywhere
at any time, fast, accurately and securely. New technologies and applications such as
artificial intelligence, remote controlling, smart cities, smart phones, self-driving cars,
are changing the way we live, work and communicate dramatically. With the heavily
growing number of wireless devices, the sub-6 GHz spectrum is becoming increasingly
congested and needs to be used more efficiently.

Orthogonal frequency-division multiplexing (OFDM) transmission schemes allow in
principle for a flexible and efficient spectrum use. Moreover, many wireless standards
today employ OFDM – 3GPP has recently agreed that OFDM will continue to be the
base waveform in 5G technologies unless significant gains can be achieved by any other
waveforms. However, there are multiple drawbacks associated with OFDM. First, it
exhibits high out-of-band (OOB) power emissions. Second, OFDM systems today deploy
long symbols, extended by a relatively long cyclic prefix that avoids interference induced
by a dispersive channel. However, long symbol duration may increase the system’s latency
beyond what is acceptable in upcoming low-latency applications.

In this thesis, the use and length of the OFDM guard interval is revisited in the light
of the above two challenges: reduce out-of-band emissions, and reduce the interference
induced by long dispersive channels.

First, in the context of low-latency 5G systems we revisit the question of shortening
the cyclic prefix in windowed OFDM system without sacrificing OOB power emissions
or increasing the channel-induced interferences. Based on interference power analysis
we propose a new asymmetric window which provides 30 percent cyclic prefix length
reduction without increasing adjacent-channel interference power or channel-induced in-
terference.

Second, we present a joint precoded and windowed OFDM system. This new hybrid
method provides flexibility to suppress out-of band emissions in non-contiguous OFDM
systems used in cognitive radio. This method also provides the possibility of shortening
the cyclic prefix without sacrificing OOB emissions or increasing the additional interfer-
ence.

Finally, we present a new class of quasi-cyclic symbol extensions which makes the
OFDM system N -continuous. N -continuous OFDM is a promising existing solution
to the out-of-band emission issue but comes at a well-known price of relatively high
self-interference. The novel extensions presented here lead to low OOB emissions while
interference is significantly less than in traditional N -continuous OFDM systems.
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Synopsis

This thesis consists of an introductory first part along with a second part that collects
three of my scientific contributions:
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Beyond these contributions, I have presented parts of this work at a number of workshops
and conferences:

[4] ”ISI and ICI in Transmit-Windowed OFDM”, T. Tayebeh, R. Nilsson, and J. van
de Beek, poster presentation at the 11th Swedish Communications Technology
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de Beek, oral presentation at the 2016 SRT PhD Conference, 13-14 June 2016.

[6] ”A New Class of Pseudo-Cyclic OFDM Symbol Extensions for Shaping the Spec-
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Nordic Workshop on System and Network optimization for Wireless (SNOW 2017),
Riksgränsen, 2-4 May 2017.

1



2



Part I

3



4



Chapter 1

Introduction

1.1 Background

The final goal of wireless communication is to connect any wireless devices, everywhere
at any time, fast, accurately and securely [1]. New technologies and applications such
as artificial intelligence, remote controlling, smart cities, smart phones, self-driving cars,
are changing the way we live, work and communicate dramatically. The Internet of
Things (IoT) concept has been challenging all existing wireless systems mainly due to
the exponential growth of wireless devices. The IoT requirements play an important role
in the context of the new generation wireless communication systems [2].

New applications demand new system design to fulfil their requirements, for example,
IoT applications, from physical-layer point of view, require high amount of available
bandwidth to deal with the huge number of devices connected to IoT. With the heavily
growing number of wireless devices, the sub-6 GHz spectrum is becoming increasingly
congested. Most of the radio spectrum is already occupied or licensed [3]. To find
new available bandwidth, the communication society has to either use high frequency
spectrum such as mm-wave bands which provides huge amount of spectrum capacity or,
alternatively, use the sub-6 GHz frequencies more efficiently. There are lots of drawbacks
related to mm-waves. For instance, generating and receiving mm-wave radio signals
is a challenge; furthermore, the biggest objection of using mm-waves is the travelling
media [4]. Atmospheric absorption is high in high frequencies; water vapour, rain and
oxygen absorb mm-waves and restrict the transmission range. Free-space path loss in
mm-wave frequency range is also high. At some point in the future we will have to
move to high frequency bandwidth, until then we have to exploit the existing sub-6GHz
spectrum more efficiently.

Cognitive radio is a promising solution for the spectrum crowding problem allow-
ing unlicensed users to use temporary gaps of the spectrum. Cognitive radio requires
flexibility in physical layer, for instance, in spectrum occupancy [3].

Orthogonal frequency-division multiplexing (OFDM) comes with attractive cognitive
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6 Introduction

radio features, including flexible spectrum occupancy and support for multiuser access.
OFDM is capable to be adapted to different resources by using various numerologies such
as FFT size, cyclic prefix length, subcarrier spacing. Moreover, many standards employ
OFDM modulation e.g. LTE 3GPP, WLAN (IEEE 802.11) and WiMAX. 3GPP has
agreed that OFDM will be the base waveform in 5G technologies unless significant gains
can be achieved by any other waveforms [5].

Despite high compatibility of OFDM with cognitive radio, there are multiple draw-
backs associated with the OFDM scheme. One of the challenges is high-power out-of-
band (OOB) emission. There is a high power spectral leakage near the active subcarriers.
Even though deactivating unused subcarriers nulls the spectrum at the tone frequencies,
still a high OOB emission interferes with coexisting systems which are supposed to use
spectrum in the vicinity of the OFDM spectrum. Meanwhile, OFDM systems have long
symbols and extended by a relatively long cyclic prefix to avoid the interference induced
by a dispersive channel. New technologies and applications such as self-driving cars or
remote controlling need low-latency. 3GPP decided that in 5G systems, end-to-end la-
tency should not exceed 1ms which is 1/10 of the latency in 4G systems [6, 7]. A long
symbol duration may increase the system’s latency beyond what is acceptable, therefore,
reducing the latency in OFDM systems needs special attention.

A lot of on-going research and standardization are trying to overcome the obstacles
that arise from employing OFDM in 5G communication systems for instance [8–11]. The
aim of this chapter is to provide the basic background on the OFDM modulation scheme
and the challenges arise with this transmission technique including OOB emission and
interference.

1.2 OFDM and its guard interval

OFDM is a multicarrier technique in which a high rate serial stream is split up into
several parallel low rate data streams. The parallel data streams are modulated on
equally spaced orthogonal subcarriers. OFDM has been used in 4G systems. On the
process to choose a waveform for 5G communication systems, completely new waveforms
were proposed, for example, Filter Bank Multicarrier (FBMC) [12], Universal Filtered
MultiCarrier (UFMC) [12] and Generalised Frequency Division Multiplexing (GFDM)
[13]. At a certain point, 3GPP decided to continue with OFDM in 5G communication
technologies [5].

There are many advantages of employing OFDM in 5G communication systems. To
mention some, the spectra of orthogonal subcarriers in OFDM overlap resulting in high
spectral efficiency. The orthogonality between subcarriers is maintained using IFFT/FFT
blocks for modulating and demodulating. The usage of IFFT and FFT makes OFDM
a low-complexity modulation scheme. Another advantage of OFDM is its compatibility
with the multiple input multiple output (MIMO) technology. MIMO technology, in
which multiple antennas are used at both the transmitter and the receiver, is a promising
method to improve spectral efficiency in future communication systems. Combination
of OFDM and MIMO technology is, therefore, an attractive solution to achieve extreme
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Figure 1.1: OFDM symbol and its guard interval

data rate in 5G communication systems [14,15].
Furthermore, OFDM offers a simple way to maintain the orthogonality between sub-

carriers and avoid consecutive symbols interference by introducing a cyclic prefix (CP)
to the symbol [16]. However, a long dispersive channel can destroy the orthogonality
between subcarriers and also makes leakage from one symbol to another which turn to
be issue in 5G applications and limit the usage of OFDM. In Section 1.3 we discuss the
challenges that arise with employing OFDM scheme in 5G applications in more details.

Cyclic prefix – a guard interval for OFDM

Employed in a dispersive channel, OFDM preserves the orthogonality between subcarriers
and independence of subsequent symbols through filling the guard interval with the well-
known cyclic prefix, see Figure 1.1. Cyclic prefix of an OFDM symbol is a portion of
the end part of the same symbol copied to the beginning of the symbol. The presence
of cyclic prefix makes the effective part of the received signal be a circular convolution
of the transmitted OFDM symbol by the channel impulse response. The length of cyclic
prefix has to be longer than the channel delay spread to avoid intercarrier interference
(ICI) and intersymbol interference (ISI).

Besides the advantages of cyclic prefix, its use is challenging in some 5G applications
that require low-latency. In new generation communication systems it is desirable to
have a short guard interval, and therefore, a short cyclic prefix, for the sake of low-
latency applications. However a long cyclic prefix is required to avoid ISI and ICI due
to long dispersive channels. The selection of cyclic prefix length is obtained as a trade
off between the interference level, the ability to cope with the channel delay spread, and
the overhead. We will discuss this issue in more details in Section 1.3.

1.3 OFDM system design issues

1.3.1 Reliability

Reliability is a key factor in 5G applications. Two of challenges to have a reliable OFDM
system are: OOB emission and interference.

First, OFDM systems suffer from high OOB emission. The high OOB emission is
because of the sharp symbol boundaries which lead to a slow decaying sinc shapes spectra.
The high leakage from the dedicated band makes neighbouring bands vulnerable. In other
words, the OFDM system needs to be polite to the neighbouring systems. This issue
becomes more important in new generation and cognitive radio with coexisting systems.
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Figure 1.2: Spectrum leakage of coexisting systems

Sub-6 GHz band is already occupied; thus, tight restriction on spectrum is needed as there
is no space to consider the frequency guard interval to avoid interference of coexisting
systems’ spectrum. Therefore, we have to design our system at the transmitter to have
a sharp spectrum and stay politely in the dedicated bandwidth.

Moreover, an OFDM receiver may pick up some parts of spectrum in the adjacent
bands which are not orthogonal to the OFDM subcarriers. The non-orthogonal signals
may be other OFDM signals with different numerologies or even completely different
signals. In other words, the OFDM system should be less susceptible to neighbouring
signal spectrum, see Figure 1.2. Receiver windowing is a suggested method to reduce the
spectral pick up from the neighbouring non-orthogonal bands. In this thesis, we only look
at the transmitter spectral interference and the receiver spectral interference is beyond
the scope of this work, see Figure 1.3.

The second feature of reliability in our study is a low level of ISI and ICI. A designed
OFDM system is required to be reliable in terms of amount of interference which is
typically due to travelling of the signal through a multipath channel. A long dispersive
channel makes subsequent symbols interfere, ISI appears; it also destructs the orthogo-
nality between subcarriers, ICI appears. Today’s OFDM systems have long cyclic prefix
that avoids channel-induced interference.

In this thesis, we only look at the transmitter spectral interference and the receiver
spectral interference is beyond the scope of this work, see Figure 1.3.

1.3.2 Low latency

The targeted maximum end-to-end latency in 5G application is 1 ms. The latency consists
of physical layer latency and network layer latency. In this work we look at the latency
from physical layer point of view. Physical layer latency can be expressed as sum of three
components:

Td = TTx + TP + TRx, (1.1)

where TTx is the transmitter latency which is the time a transmitter needs to prepare
data for the transmission, TP is the time for a signal to travel from the transmitter side
to a receiver side and TRx is the time the receiver needs to extract the sent data from
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Figure 1.3: Scope of this work: manipulating the OFDM signal at the transmitter side in order
to decrease the latency and ISI/ICI level at the OFDM receiver and reduce the OOB emission
to the neighbouring systems.

the received signal.
A long symbol duration causes all the time components in (1.1), TTx, TP and TRx and

therefore Td, to be longer. To have a low-latency system, the OFDM symbol duration,
including the useful part and the guard interval, must be shortened.

1.3.3 Challenge of having a reliable low-latency system

From latency point of view, one straightforward way to reduce the latency is to make the
OFDM symbol shorter. We can reduce the symbol duration by controlling the number of
subcarriers and carrier spacing. However, the cyclic prefix length, which typically fills the
whole guard interval, is chosen with respect to the dispersive channel length and cannot
be reduced proportionally to the symbol-length shortening. This makes the cyclic prefix
a feed overhead.

From the reliability point of view, one simple way to avoid disturbing the coexisting
systems’ spectra is deactivating the subcarriers at the border of OFDM spectrum [17].
The insertion of such band sacrifices bandwidth; therefore, the 5G OFDM systems have
to use other methods to suppress the OOB emission. Moreover, to avoid ISI and ICI, a
relatively long cyclic prefix is needed.

Low latency and high reliability are two conflicting requirements. There are some
techniques in the literature to solve each problem of OOB emission, interference or la-
tency. Usually these methods improve the system from one aspect but destroy the system
performance from two other aspects.
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Figure 1.4: OFDM system design challenges

Many existing OOB suppression methods require to extend and/or change the cyclic
prefix. Such solution to OOB emission usually comes with a price of higher ISI and ICI
due to changing the cyclic prefix and/or increased latency due to extending the cyclic
prefix. For instance, filtering and windowing suppress the OOB emission and make the
system reliable from the spectrum point of view but these methods make the system
more vulnerable to interference or/and latency.

A simple solution to ISI and ICI problem is a long cyclic prefix which increases the
latency. Shortening the cyclic prefix in order to reduce the latency not only makes the
system more vulnerable to a dispersive channel, higher channel-induced interference, but
also increases the OOB emission due to wider sinc shapes of each subcarriers associated
with shorter symbols in the time domain. Furthermore, some techniques, such as win-
dowing, manipulate the cyclic prefix part to suppress the OOB emission, and shortening
the cyclic prefix limits the results of such methods. We will discuss some of these methods
in Chapter 3.

Designing a reliable low-latency OFDM system requires fulfilling the triangle in Fig-
ure 1.4 with conflicting vertexes. Improving each vertex makes two others worse or
vulnerable and this is the challenge of having a low-latency reliable OFDM system for
5G applications.

1.4 Thesis outline

This thesis is divided into two main parts. Part I consists of four chapters: Chapter 1
represents the basic background on the OFDM modulation scheme and the challenges
that arise with this transmission technique, including OOB emission and interference. In
Chapter 2 we analyse the channel-induced interference that occurs in a classical OFDM
system. We will also discuss some method to mitigate the OOB emission in Chapter 3.
Finally Chapter 4 summarizes our contributions.

Based on the introductory discussion in Part I, three research papers that establish
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this thesis are provided in part II. The first paper, Paper A, shows how an asymmetric
window suppresses the OOB emission with less amount of interference than popular sym-
metric windows. The second paper, Paper B, suggests to use a joint precoded/windowed
method to achieve reliable system with shorter cyclic prefix. Finally, in the third paper,
Paper C, besides analysing the existing N-continuous precoded OFDM systems in detail,
we propose a new N-continuous precoder which has better performance than other pre-
coders in low-latency OFDM systems. Paper A and B have been published and orally
presented at international conferences. Paper C has been submitted to a journal and is
currently under the review.
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Chapter 2

Channel-Induced Interference

We are interested in shortening the guard interval while interference is kept relatively
small. The impact of too short cyclic prefix is addressed in [18]. In this chapter we revisit
the result in [18] and create a matrix form framework for the OFDM received signal and
analyse the channel-induced interference that occurs in a classical plain OFDM system.
The framework is the basis of the interference analysis in our all three of contributions
in Part II.

2.1 OFDM model

2.1.1 Transmit Signal

Classical OFDM modulates a serial data stream as a set of parallel data symbols to
orthogonal subcarriers, see Figure 2.1. Assume that we have a set of parallel data stream
di = [di,1, di,2, ..., di,K ]T where di is the ith set of parallel data stream and di,k is the
complex parallel data samples taken from symbol constellation, k ∈ {1, ..., K} is the
subcarrier index. OFDM modulates the data samples, di,k, to complex subcarriers,

si,k(t) = di,ke
j2πfkt, (2.1)

where si,k(t) is the modulated subcarrier. The modulated OFDM symbol, si(t), is the
sum of individual subcarriers,

si(t) =
∑

k

si,k(t)w(t), (2.2)

In classical plain OFDM, w(t) is the indicator function: I[−Tpre,Ts)(t) = 1 for t ∈ [−Tpre, Ts)
and zero otherwise, see Figure 2.2. We will address the window w(t) in Paper A and B.
Finally the transmitted OFDM signal is a sum of the parallel modulated symbols,

s(t) =
∑

i

si(t− i(Ts + Tcp)), (2.3)

where Ts is the OFDM symbol duration and Tcp is the cyclic prefix duration.

13
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Figure 2.1: OFDM block diagram

Orthogonality: Subcarriers are equally spaced by 1/Ts

The subcarrier frequencies fk are equally spaced and mutually orthogonal. In case of
totally orthogonal subcarriers there is no need for a guard interval [19]. According to the
orthogonality condition

< si,m, si,n >= 0 for all m,n ∈ {1, ..., K} and m 6= n. (2.4)

Therefore,

< si,m, si,n >=

∫ Ts

0

s∗i,m(t)si,n(t)dt

=

∫ Ts

0

d∗i,me
j2πfmtdi,ne

j2πfntdt

= d∗i,mdi,n[
ej2πTs(fn−fm) − 1

j2π(fn − fm)
]. (2.5)

As a result of orthogonality condition for OFDM subcarriers in (2.5) is followed by
fn − fm = N

Ts
where N is an integer number. Therefore, the minimum frequency spacing

in order to construct the orthogonality between the subcarriers is 1
Ts

and accordingly

fk = k
Ts

. OFDM systems normally generate the transmitted signal in the digital domain
by using the inverse fast Fourier transform (IFFT) where IFFT block size is equal to the
number of subcarriers.

2.1.2 Received Signal

Case A: Cyclic prefix is sufficiently long

To completely prevent the interference caused by a dispersive channel, the length of cyclic
prefix needs to be longer than the length of the channel. A disctrete-time model for the
received data in OFDM (K subcarriers, modulated with a K-point DFT) with a cyclic
prefix (length L), and transmitted over a linear channel with finite-length (H≤L+1)
impulse response h=[h1 . . . hH ]T , is

rorth,i = FHFHdi (2.6)
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0 Ts−Tcp

OFDM Symbol

CP

t

Figure 2.2: An OFDM symbol with duration of Ts and extended by a cyclic prefix with duration
of Tcp.

where rorth=[rorth,1 . . . rorth,K ]T is a size-K×1 vector that contains the received data,
di=[di,1 . . . di,K ]T is a size-K×1 vector that contains the ith transmitted data (complex
constellation symbols), F is the K×K DFT-matrix, (FH is the inverse DFT matrix),
and where

H =




h1 hH · · · h2
...

. . . . . .
...

hH
hH

. . .
. . .

hH · · · h1




(2.7)

is the (circulant) channel matrix (size K×K). F and FH provide orthogonality between
subcarriers.

The channel matrix appears in this model as a cyclic convolution matrix because
of the cyclic prefix that is appended in the transmitter (and discarded in the receiver)
Because H is a circular matrix, it is diagonalized by the Fourier matrix: H = FHDF,
where D is a diagonal matrix. In fact, D = diag(Fh); In other words (2.6) becomes [20]

rorth,i = Ddi. (2.8)

This is the key to the preservation of orthogonality in OFDM even in the presence of a
dispersive channel. Each particular data symbol appears after the receiver-DFT without
any distortion from the other data symbols, and only scaled by a complex-valued scalar:
the frequency response of the channel at the frequency where that data symbols was
transmitted.

Case B: Cyclic prefix is too short

The above model assumes that the length of the cyclic prefix is longer than the length
of the channel (L≥H−1). If this assumption is violated (L<H−1) the received data
becomes

ri = FH̃FHdi + FHISIF
Hdi−1 (2.9)
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which is a combination of original transmitted signal with the previous data symbol.
where

H̃ =




h1 0 0 hL+1 · · · h2
...

. . . . . .
...

...
0 hH−1 · · · hL+1

hH · · · hL+2

. . .
...
hH

hH
. . .

. . .

hH · · · h1



K×K

, (2.10)

HISI =




hH · · · hL+2

. . .
...

hH



K×K

(2.11)

are the modified channel matrix and the ISI-matrix respectively. The modified channel
matrix H̃ is not circular, (as the original matrix H was) so that FH̃FHdi is not a diagonal
matrix and received signal ri is not orthogonal anymore.

However, we can emphasize the comparison with the orthogonal system by rewriting
(2.9) as:

ri = FH̃FHdi + FHISIF
Hdi−1

= F
(
H̃+HICI−HICI

)
FHdi + FHISIF

Hdi−1

= FHFHdi − FHICIF
Hdi + FHISIF

Hdi−1

= rorth,i + rICI,i + rISI,i

= Ddi + rICI,i + rISI,i (2.12)

where we define HICI = H− H̃, or
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HICI =




L columns︷ ︸︸ ︷
hH · · · hL+2 0 · · · 0

. . .
...

...
hH 0 0



K×K

(2.13)

and where

rISI,i = FHISIF
Hdi−1 (2.14)

rICI,i = −FHICIF
Hdi (2.15)

are ISI and ICI respectively.

2.2 ISI and ICI analysis in plain OFDM

With the above model in place we now can analyse the ISI, through the properties of HISI

and the ICI, through the properties of HICI. We assume that the data is uncorrelated:
E{didHi } = IK and E{didHj } = 0K if i 6=j.

The ISI covariance matrix is,

CISI
def
= E{rISI,irHISI,i}

= E{FHISIF
Hdi−1d

H
i−1FHH

ISIF
H}

= FHISIH
H
ISIF

H (2.16)

and, similarly,
CICI = FHICIH

H
ICIF

H (2.17)

The cross-covariance of ISI and ICI is

CISI,ICI
def
= E{rISI,irHICI,i}

= E{FHISIF
Hdi−1d

H
i FHH

ICIF
H}

= FHISIF
HE{di−1dHi }FHH

ICIF
H

= 0K (2.18)
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We observe first that the ISI matrix and the ICI matrix are related through a shift
of columns,

HICI = HISISL, (2.19)

where SL is the circular shift matrix defined by

SL
def
=

[
0L×(K−L) IL×L

I(K−L)×(K−L) 0(K−L)×L

]
. (2.20)

This matrix SL when multiplying another matrix from the right circularly shifts that
matrix’s columns by L steps to the left. Since SLSHL = IK ,

CICI = FHICIH
H
ICIF

H

= FHISISSHHH
ISIF

H

= FHISIH
H
ISIF

H

= CISI. (2.21)

This result goes beyond the result published in [18] where just look at the total interfer-
ence power.

The interference power on the kth subcarriers is just the kth element of the diagonal
of CISI, which is

PISI,k = [CISI]kk

=
[
FHISIH

H
ISIF

H
]
kk

= [FHISI]row k .
[
HH

ISIF
H
]
column k

=
K∑

m=1

| [FHISI]row k,column m |2

=
H−L−1∑

m=1

| [FHISI]row k,column m |2

=
H∑

m=L+2

|hm|2. (2.22)

As CICI = CISI we can conclude that

PICI,k = PISI,k. (2.23)
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The total interference power is the trace of the covariance matrix,

PISI, total = Tr {CISI}

= Tr
{
FHISIH

H
ISIF

H
}

= Tr
{
FHFHISIH

H
ISI

}

= Tr
{
HISIH

H
ISI

}

=
H∑

i=L+2

H∑

k=i

|hk|2 =

H−(L+1)∑

k=1

k · |hk+(L+1)|2, (2.24)

where the third equality follows from the property that Tr {AB} = Tr {BA}.
Again as CICI = CISI we can conclude that

PICI,total = PISI,total. (2.25)

Equation (2.25) implies that the ISI and ICI power are actually equal in a classical plain
OFDM system. This result is identical to the result in [18].
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Chapter 3

OFDM OOB Emission Suppression

This chapter contains the state-of-art of the OOB emission suppression. In some more
details we look at the windowing and recently emerged precoding suppression techniques.
In Part II of this thesis, we use the windowing method in Paper A and B and precoding
in Paper B and C.

3.1 Filtering

A classical method to suppress the OOB emission is low pass filtering of the baseband
OFDM signal [21]. Suppose hf (t) is the impulse response of the filter. Then, the trans-
mitted OFDM symbol after filtering becomes

sf (t) = s(t) ∗ hf (t) (3.1)

The filter smears the transmitted signal. Receiver perceive the filtered signal sf (t) as
the true transmitted signal s(t) transmitted over a different channel, hnew(t), from the
real channel h(t),

rf (t) = sf (t) ∗ h(t) = s(t) ∗ hnew(t), (3.2)

where
hnew(t) = hf (t) ∗ h(t), (3.3)

rf (t) is the received filtered signal in a noise-free environment.
Obviously, hnew(t) typically has longer delay spread than the delay spread of the

channel h(t). An additional length of cyclic prefix is needed to accommodate the delay
spread of hnew(t) and avoid ISI and ICI. Longer prefix means decreased spectral efficiency
and more latency. The tighter the filter, the longer its length and therefore, a longer
additional prefix.

3.2 Time-domain windowing

Besides filtering, windowing is another classical means to suppress the OOB emission.
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si(t)
Tpre

Tw Tw

Tsuf Tpre

TwTw

Tsuf

si−1(t) si+1(t)

(a) Head part of the window is applied on an extra extenssion part and prefix remains unchanged.
The tail part of the window is applied on the suffix part. OFDM symbols do not overlap.

si(t)

si−1(t) si+1(t)

Tpre

Tw Tw

Tsuf

TpreTsuf

(b) Part of prefix is used to apply the head part of the window. The tail part of the window is
applied on the suffix part. Two consecutive OFDM symbols overlap over the window parts [22].

Figure 3.1: Consecutive windowed OFDM symbols in the time domain. The head and the tail
part of OFDM symbol are shaped by a window. Tw, Tpre and Tsuf are the window, prefix and
suffix lengths respectively.

OFDM spectrum is an accumulation of sinc-shaped subcarriers spectrum. Sharp edges
of the OFDM symbols in the time domain produces slow decaying sinc-shapes in the
frequency domain which causes high OOB emission in the OFDM spectrum. Applying
a smooth window to the OFDM symbol smooths out the sharp transitions between
the OFDM symbols which makes fast decaying sinc-shaped subcarriers in the frequency
domain and lower OOB emission than in the plain OFDM.

Windowing of an OFDM signal comes with a price. The price is either losing the spec-
tral efficiency by extending the required transition gap between the consecutive symbols,
see Figure 3.1a, or an additional ISI due to the overlapping of the subsequent symbols
in the transition part and an additional ICI due to the changing the data in the prefix
part of the symbol to construct the smooth transition, see Figure 3.1b.

Some studies have been done on the window shape to reduce the price that may
occur. In [23] modified window shapes are introduced which cause a significant change
to the transmitter structure. In [24] an asymmetric window shape is suggested to reduce
the introduced ISI and ICI by the window. In [25] an enhanced variant of windowing is
proposed where different windows with different lengths are applied to different groups of
subcarriers, basically the edge subcarriers cause more power leakage to the neighbouring
bands so a stronger window (a window with higher roll off factor) is applied to this
group of subcarriers and the inner subcarriers which make less power leakage are lightly
windowed (with a window with lower roll off factor).
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Insert prefix
di d̄i

Select prefix
samples

G
s̄i(t)

Modulator

Figure 3.2: N -continuous symbol precoding and frequency nulling precoding block diagram. Pre-
coder G is different for each system and it is designed based on the constraints.

3.3 Precoding

Precoding is another method to suppress the OOB emission in an OFDM system. Pre-
coding, basically, manipulates the data stream in such a way to have a low OOB spectral
leakage in the frequency domain. Instead of transmitting the plain constellation points,
di, the precoder, G, linearly modifies the data as

d̄i = Gdi. (3.4)

where d̄i=[d̄i,1 . . . d̄i,K ]T is a size-K×1 vector that contains the ith precoded data points.
Precoder G is designed based on specific constraints which result in lower OOB emission
than the plain OFDM. In this section, we explain two main and most well-known classes
of precoders that we elaborate more in this thesis: N -continuous and frequency nulling
precoders. Constraints onN -continuous precoders are in the time domain while frequency
nulling precoding constraints are in the frequency domain.

3.3.1 N-Continuous precoding

The discontinuity of the symbols is the reason of high amount of OOB emission in a plain
OFDM system. An N -continuous precoder suppresses the OOB emission by forcing the
symbols, consequently the OFDM signal, to be continuous up to Nth order derivatives.
There are many ways to make an OFDM N -continuous [26–31]. Among these here, we
explain symbol precoding and prefix precoding.

Symbol precoding

A symbol precoder changes the whole data symbol in order to make the signal continuous,
see Figure 3.2. The most well-known, the very first idea of N -continuous OFDM, is to
make the OFDM signal continuous by forcing the beginning and end of each symbol and
their N derivatives to zero [27],

dn

dtn
s̄i(t)

∣∣∣∣
t=−Tcp

= dn

dtn
s̄i(t)

∣∣∣∣
t=−Ts

= 0 (3.5)
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Insert prefix
di

d̄i

ui(t)

ūi(t)

Ĝ

s̄i(t)

Ǧ

Select prefix
samples

di−1

Modulator

Modulator

Figure 3.3: Block diagram of N -continuous prefix precoding in [28]

where

s̄i(t) =
∑

k

d̄i,ke
j2π k

Ts
t,

(3.6)

is the transmitted ith symbol.
There are many precoders that satisfy (3.5); one of them that changes the data symbol

as least as possible in a Euclidean sense, is [27]

G = I− ĀH(ĀĀH)−1Ā, (3.7)

where

Ā =

[
AΦcp

A

]
. (3.8)

Here Φcp = diag(ejφcpk1 , . . . , ejφcpkK ), φcp = −2πTcp/Ts and

A =




1 1 . . . 1
k1 k2 . . . kK
...

...
...

kNc
1 kNc

2 . . . kNc
K


 . (3.9)

A symbol precoder modifies the whole data symbol; therefore, there is always some
introduced error, associated to this method, to the useful part of the symbol. The
error destroy the orthogonality between the subcarriers and appears as an interference.
This interference, precoder-induced interference, always exists regardless of the channel.
Precoder-induced interference is an important issue that we will investigate more in this
thesis.

Prefix precoding

To tackle the problem of precoder-induced interference, recently a new idea has emerged
that forces the signal Nth order continuous by inserting the correction just into the cyclic
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prefix part. Therefore, at the receiver side, after removing the cyclic prefix, there is no
precoder-induced interference because the useful part of the symbol is unchanged. The
transmitted ith symbol, s̄i(t), consists of two parts, a precoded cyclic prefix part, ūi(t),
and an untouched useful part of the symbol, ui(t),

s̄i(t) =





ūi(t) −Tcp ≤ t < 0

ui(t) 0 ≤ t < Ts

0 otherwise,

(3.10)

where

ūi(t) =
∑

k

d̄i,ke
j2π k

Ts
t,

ui(t) =
∑

k

di,ke
j2π k

Ts
t. (3.11)

Boundaries’ constraints to fulfil the N -continuity in [28], which is the first idea of prefix
precoding, are

dn

dtn
ūi(t)

∣∣∣∣
t=−Tcp

= dn

dtn
ui−1(t)

∣∣∣∣
t=−Ts

dn

dtn
ūi(t)

∣∣∣∣
t=0

= dn

dtn
ui(t)

∣∣∣∣
t=0

(3.12)

One precoder that satisfies the constraints in (3.12), the one that changes the data
symbol in cyclic prefix part as least as possible in a Euclidean sense, is [28]

d̄i = (I−P)di + PΦHdi−1, (3.13)

where

P =

[
AΦcp

A

]† [
AΦcp

0(N+1)×K

]
. (3.14)

Here A is a K×K matrix in (3.9) and Φcp = diag(ejφcpk1 , . . . , ejφcpkK ), φcp = −2πTcp/Ts
and [.]† represents the Moore-Penrose pseudo inverse.

This specific precoding, precodes the data in the prefix part using two separate pre-
coders, one precodes the current data Ĝ=I−P and the second one precodes the previous
data, Ǧ=PΦH , see Figure 3.3.

3.3.2 Frequency nulling precoding

A frequency nulling precoder nulls the spectrum at well-chosen frequencies and hopes
OOB emission is also reduced on other out-of-band frequencies than the nulled frequencies
which suprisingly happens [32]. The ith precoded transmitted symbol is

s̄i(t) =
∑

k

d̄i,ke
j2π k

Ts
t, (3.15)
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By applying the Fourier transform to (3.15),

S̄i(f) =
∑

k

d̄i,kak(f) = aT (f)d̄i, (3.16)

where S̄(f)
def
=F{s̄(t)}, ak(f)

def
=F{j2π k

Ts
t}, F{.} indicates the Fourier transform, and

a(f) = [a1(f), a2(f), ..., aK(f)]T . The power spectrum P (f) of the OFDM signal is
then

P (f) =
1

T
E{|S̄i(f)|}2 =

1

T
‖GTa(f)‖22, (3.17)

where the expectation E{·} is over all possible symbols. Here, it is assumed that the
data are uncorrelated, E{didHi }=IK and E{didHj }=0K if i6=j.

The power spectrum P (f) is forced to be zero atM specific frequencies of f0, f1, ..., fM−1
which in turn leads to a(f0) = 0, a(f1) = 0, ... and a(fM−1) = 0. This requirement will
also have a suppressing effect on other frequencies than {f0, ..., fM−1}. Using (3.16)

Ād̄i = 0, (3.18)

where

Ā =




a1(f0) a2(f0) . . . aK(f0)
a1(f1) a2(f1) . . . aK(f1)

...
...

...
a1(fM−1) a2(fM−1) . . . aK(fM−1)


 (3.19)

is a completely known K×M matrix. The precoder that satisfies (3.18) is

G = I− ĀH(ĀĀH)−1Ā. (3.20)

Later in this thesis, in paper B, we will evaluate the frequency nulling precoder in a
hybrid structure with transmit-windowing.



Chapter 4

Contributions

4.1 A new asymmetric transmit window

The first paper of this thesis is presented at IEEE International Conference on Global
Communications(GLOBECOM 2016) [33]:

[1] T. Taheri, R. Nilsson et al., ”Asymmetric Transmit-Windowing for Low-Latency
and Robust OFDM,” in IEEE International Conference on Global Communications
(GLOBECOM 2016), Third International Workshop on Ultra-Reliable and Low-
Latency Communications in Wireless Networks (URLLC), Washington DC, USA,
4-8 December 2016.

In this paper [33] we provide ISI and ICI analysis and closed-form expression for the
interference power in windowed OFDM systems. Based on the analysis, we show that by
replacing well-known symmetric windows with a proper asymmetric window not only we
can shorten the cyclic prefix without increasing interference but also we will keep good
OOB emission suppression in reduced-latency LTE systems. Furthermore, we propose a
new asymmetric window which provides 30 percent cyclic prefix length reduction.

4.2 How to combine windowing and spectral precod-

ing

The second paper of this thesis is presented at IEEE International Vehicular Technology
Conference(VTC spring 2017) [34]:

[2] T. Tayebeh, R. Nilsson, and J. van de Beek, ”Hybrid Spectral Precoding/Windowing
for Low-Latency OFDM,” in IEEE International Vehicular Technology Conference
(VTC spring 2017) Sydney, Australia, 4-7 Juni 2017.
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In this paper [34] we present a new hybrid precoding/windowing method to sup-
press the out-of-band (OOB) emission. The method combines precoding and transmit-
windowing and provides more OOB emission suppression with less additional interference
in comparison to sole windowing and precoding methods.

This Method provides the possibility of shortening the cyclic prefix without sacrificing
the reliability of the system which is the case in low-latency future systems.

4.3 New quasi-cyclic symbol extensions

The third paper of this thesis is submitted to IEEE Transactions on Wireless Communi-
cations [35]:

[3] T. Tayebeh, R. Nilsson, and J. van de Beek, ”A New Class of Quasi-Cyclic Symbol
Extensions for Shaping the OFDM Spectrum,” submitted to IEEE Transactions on
Wireless Communications, October 2017.

N -continuous OFDM systems have lower OOB emission than a plain OFDM system.
However, high self-interference in an N -continuous OFDM system is an obstacle. In
this paper [35] we propose a new N -continuous prefix/suffix precoder which provides low
OOB emission without any self-interference.

This paper also provides a general analysis of the signal for a linearly precoded OFDM
system which maybe applicable to many other precoded OFDM systems including symbol
precoding and prefix precoding OFDM systems.
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Asymmetric Transmit-Windowing For Low-Latency

and Robust OFDM

Tayebeh Taheri, Rickard Nilsson and Jaap van de Beek

Abstract

In the content of low-latency 5G systems we revisit in this paper the question of shortening
the cyclic prefix in windowed OFDM system without sacrificing OOB power emissions
or increasing the ISI and ICI. Based on interference power analysis we propose a new
asymmetric window which provides 30 percent cyclic prefix length reduction without
increasing adjacent-channel interference power or channel-induced ISI/ICI.

1 Introduction

Ever since its inception in 1980 [1] the cyclic prefix has played a key role in orthogo-
nal frequency division multiplexing (OFDM) systems, allowing standards and systems
worldwide to manage dispersive channels with unprecedented elegance. At the expense
of a slight reduction of spectral efficiency, intersymbol interference (ISI) and intercarrier
interference (ICI) are avoided for relatively short channel lengths.

Recently, with the prospect of a new disruptive change in an upcoming fifth gener-
ation, 5G, of cellular systems, researchers are again challenging the OFDM modulation
including its corner stone, the cyclic prefix. New 5G future applications require low
latency and high robustness for instance in applications where machines are remotely
controlled. A long symbol duration may increase the system’s latency beyond what is
acceptable. If the useful part of the symbol is N and the cyclic prefix length is L, latency
is determined, among other things, by the symbol duration N +L. In an effort to reduce
latency, a reduction of N is straightforward (fewer subcarriers per Hertz). However, the
cyclic prefix length, L, is limited by the channel length and cannot be automatically
reduced proportional to the symbol length. As a consequence, in low latency systems the
cyclic prefix becomes an increasing overhead which reduces the spectral efficiency of the
system, N/(N + L). It would hence be beneficial if we could find means to reduce the
cyclic prefix length, L, proportional to the shortening of N . Very recently this problem
in low latency systems was addressed in [2].

Meanwhile, OFDM systems also suffer from high out-of-band (OOB) emissions po-
tentially leading to severe radiation to adjacent bands. To prevent spectral leakage in
current systems, OOB emission is suppressed beneath a spectral mask typically defined
by standards. In this paper, in order to design an ultra-robust system, we assume that
a future mask will be significantly stricter than the spectral mask defined by LTE stan-
dards [3].
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Transmit windowing is a classical means to reduce OOB emission [4], [5]. Used for
long in digital subscriber line (DSL) systems [6], this technique is essentially also allowed
in vendor-proprietary implementations of the current LTE standard [7]. Windowing of
OFDM symbols suppresses OOB emission but makes the system more susceptible to
channel-induced ISI and ICI. Therefore, there is a fundamental trade-off between latency
and robustness of the system which is particularly relevant in light of the emerging 5G-
requirements.

In this paper we look at system robustness in the high signal-to-noise ratio (SNR)
regime, typically experienced in remotely controlled machines and we explore how we
can reduce the cyclic prefix’s length while still providing high robustness (less ISI/ICI
and less OOB emissions).

After formulating our system model in Section 2, we design a window which can
provide better suppression and less interference power than currently known windows in
Section 3. In the literature there is a lack of accurate analysis of interference in windowed
OFDM systems. In this paper, we present analytical expressions for ISI and ICI power
in such systems. We show that for windowed OFDM systems, the power of the ISI
and ICI depends on the window shape and unlike conventional OFDM systems, ISI and
ICI power are in general not equal. Furthermore, we establish new insights about the
effect on ISI/ICI of reflection symmetry and vestigial symmetry of transmit windows, as
also investigated in [4]. Then, based on our analytical results, we introduce a promising
asymmetric window which causes the same SNR loss while providing acceptable OOB
emission suppression compared to currently used windows such as raised-cosine (RC) and
root raised-cosine (RRC) windows but with more than 30 percent shorter cyclic prefix
as we show by simulation in Section 4.

2 System model

We adopt a discrete time OFDM model for the system in Figure 1a and write the trans-
mitted signal as

s(n) =
∑

i

si(n− i(N + L)) (1)

where N+L is the length of the OFDM symbol interval, N is the useful part of the
OFDM symbol, L is the length of the cyclic prefix and si(n) is the ith OFDM symbol,

si(n) =
∑

k

di,ke
j2π k

N
nw(n), −L+ 1 ≤ n ≤ N +W (2)

and si(n)=0 for other values of n. Here, W is the length of cyclic suffix, di,k represents
information data taken from a symbol constellation, k∈{1, 2, ..., K} is the sub-carrier
index and w(n) is the window shape defined as

w(n) =





αn+L n = −L+ 1, ...,−L+W

1 n = −L+W + 1, ..., N

βn−N n = N + 1, ..., N +W.

(3)
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Figure 1: (a) Windowed OFDM system block diagram (b) Two consecutive windowed OFDM
symbols in the time domain. The head and the tail part of OFDM symbol are shaped by αn and
βn values, respectively.

Figure 2: Raised cosine, root-raised cosine and asymmetric-raised cosine windows time domain
shape.

where αn and βn are real values. The OFDM symbol (3) includes a cyclic prefix of length
L and a cyclic suffix (CS) of length W . The first and the last W samples of consecutive
OFDM symbols overlap and are shaped by the window w(n). Figure 1b shows two
consecutive windowed OFDM symbols.

We transmit s(n) over a dispersive channel with impulse response h(n). We assume
h(n) does not change during one symbol. While the windowing reduces OOB emissions it
is well-known that in order to completely prevent the interference caused by the dispersive
channel, the length of unshaped part of cyclic prefix needs to be longer than the length
of the channel (L−W≥H−1).

In this paper we are interested in analysing the interference that occurs when the
length of h(n) exceeds the cyclic prefix, H−1>L. Under this assumption, which is likely
to be the dominant senario in low-latency 5G systems, the system loses its orthogonality
and ISI and ICI appear. In fact, the noise free received symbol vector after the receiver
FFT becomes

ri = Gdi + GISIdi−1, (4)

where ri=[ri,1 . . . ri,K ]T is a size-K×1 vector that contains the received data, di=[di,1 . . . di,K ]T
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sample n, nth row of HISI
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Figure 3: Two consecutive windowed OFDM symbols in time domain. hISI causes excess con-
tribution on nth sample while hICI causes missing cyclic contribution on nth sample

is a size-K×1 vector that contains the transmitted data symbols di,k. While, for a short
channel, the matrix G would be diagonal, for H − 1>L it is not. The ICI that appears
can be made explicit by rewriting (4) as

ri = Ddi + GICIdi + GISIdi−1 (5)

where GICI=G−D, D=diag(Fh)=FHFH and h=[h1 . . . hH , 0, 0, . . . , 0], F is the K×K
DFT-matrix with entries [F]xy = 1√

K
e−2jπ

xy
K , (FH is the inverse DFT matrix) and H is the

circular channel convolution matrix associated with h(n). The appearance of the cyclic
prefix and suffix causes the matrix D to be diagonal. In a similar fashion we can express
the matrices GISI and GICI with associated time-domain matrices HISI and HICI:

GISI = FHISIF
H (6)

GICI = −FHICIF
H . (7)

As a generalization of the results in [8], in the next section we analyse HISI and HICI for
windowed OFDM systems and the stochastic properties of the ISI and ICI and propose
a new asymmetric transmit-window based on these properties. Our analysis is first
based on the interference occurring as a result of one particular channel impulse response
realization. Later, in our simulations, we evaluate the average interference in the OFDM
signal (49), PICI = Eh{‖GICIdi‖2} and PISI = Eh{‖GISIdi−1‖2} for different choices of
the window where PICI and PISI indicate ICI and ISI power, respectively.
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︷ ︸︸ ︷...................
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Figure 4: (a) The structure of the ISI matrix HISI (b) The structure of the ICI matrix HICI

3 Asymmetric windowing for low-latency and Ro-

bustness

A novel asymmetric window that has a good trade-off between ISI/ICI and latency, is
characterized by the choice

αn = cos

(
π(n−W )

2(W − 1)

)
,

βn = 1− αn. (8)

We will refer to this window as the asymmetric-raised cosine (ARC). As we will see,
this new asymmetric window allows to shorten the cyclic prefix. In Figure 2, RC, RRC
and ARC windows are depicted. Unlike current popular windows such as the raised
cosine and the root-raised cosine windows [9] which are reflection-symmetric (tail and
head parts of the window are mirrored version of each other with respect to a vertical
line in the center of the window, αn = βW−n+1 for n = 1, ...,W ), ARC is not. Yet, the
ARC still is vestigially symmetric (the overlapped head and tail parts of the window in
window intervals add up to 1, αn + βn = 1 for n = 1, ...,W ) the same as RC window.
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To understand why ARC is a good window, first, we derive some new and important
results about the ISI/ICI for windowed OFDM systems. Later, based on these results
we explain the beneficial characteristics of the ARC window for low latency OFDM.

We analyse the structure of HISI and HICI with the help of Figure 3. First, for HISI, we
observe that leakage from symbol i−1 into symbol i occurs because the tail of the channel
impulse response hISI exceeds the unshaped part of the cyclic prefix. In fact, hISI consists
of two parts, hISI,1, the part of hISI that exceeds the cyclic prefix and hISI,2 the part of
the channel impulse response affected by the value of window samples. The structure of
HISI is shown in Figure 4a where the submatrix (size (H − (L+ 1))× (H − (L+ 1)))

HISI,1 =



hH · · · hL+2

. . .
...
hH


 (9)

represents the channel samples hISI,1, and, similarly, the submatrix (size (H − (L−W +
1))×W )

HISI,2 =




β1hL+1 · · · βWhL−W+2
...

...
β1hH

. . .

βWhH




(10)

represents channel samples hISI,2. The matrix HISI,1 appears in the left upper center of
HISI because the cyclic suffix is a copy of the beginning of the symbol.

For HICI, we use a similar approach. To prevent ICI and to preserve orthogonality
between subcarriers, a phantom of the channel impulse response is needed at the begin-
ning of the symbol in order to produce circularity in channel matrix. A sufficiently long
cyclic prefix provides this channel phantom. As it is depicted in Figure 3, due to a short
unshaped cyclic prefix some part of the channel phantom is missing (hICI). Similar to
hISI, hICI consists of two parts, hICI,1 containing totally missing phantom part, and hICI,2,
containing partially missing phantom part. The structure of HICI is shown in Figure 4b
where the submatrix (size (H − (L+ 1))× (H − (L+ 1)))

HICI,1 =



hH · · · hL+2

. . .
...
hH


 (11)

represents the channel samples hICI,1 and the submatrix (size (H − (L−W + 1))×W )

HICI,2 =




(1− α1)hL+1 · · · (1− αW )hL−W+2
...

...
(1− α1)hH−1
(1− α1)hH

. . .

(1− αW )hH




(12)
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represents the channel samples hICI,2. These expressions represent the most general case
where H−1>L. When L−W≤H−1≤L then HISI,1 = 0 and HICI,1 = 0 and HISI,2 and
HICI,2 are upper triangle matrices.

Now that we have explicit expressions of HISI and HICI we can analyse the stochastic
properties of ISI and ICI, and in particular their power. We assume that the data is
uncorrelated, E{didHi }=IK and E{didHj }=0K if i6=j. The covariance matrix of the
ISI-term GISIdi−1in (37) then becomes

CISI
def
= E{GISIdi−1d

H
i−1GISI

H} = FHISIH
H
ISIF

H , (13)

and, similarly,

CICI = FHICIH
H
ICIF

H . (14)

Furthermore, ISI and ICI are uncorrelated,

CISI,ICI
def
= E{GISIdi−1d

H
i GICI

H} = 0K . (15)

With the above results we now phrase a number of relevant results that relate the
interference power to the choice of the window and form a basis for a new asymmetric
window. As a first result we give a closed-form expression of the interference power per
subcarrier.

Lemma 1. For a windowed OFDM system of the form (49) with window sample values
αn and βn as in (59), the ISI and ICI power on the kth subcarrier is

PISI,k =
H∑

n=L+2

|Hn(k)|2 +
W∑

n=1

β2
n|HL+2−n(k)|2, (16)

PICI,k =
H∑

n=L+2

|Hn(k)|2 +
W∑

n=1

(1−αn)2|HL+2−n(k)|2. (17)

where

Hn(k)
def
=

1√
K

H∑

q=n

hqe
−j2π kq

K . (18)

The proof is given in the appendix. Interestingly, ISI only depends on βn at the win-
dow tail (independent of αn) while ICI only depends on αn at the head of the window
(independent of βn). Furthermore, if W=0, and the system collapses to a conventional
OFDM system, the ISI and ICI power reduces to the first terms in (16) and (17), respec-
tively. These terms have been derived earlier in [8]. For the total ISI and ICI power we
formulate the following lemma.
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Lemma 2. For a windowed OFDM system of the form (49) with window sample values
αn and βn as in (59) the total ISI and ICI power is

PISI,total =

H−(L+1)∑

k=1

k · |hk+(L+1)|2+
W∑

n=1

β2
n

H−(L+1)+n∑

k=1

|hk+(L+1)−n|2, (19)

PICI,total =

H−(L+1)∑

k=1

k · |hk+(L+1)|2+
W∑

n=1

(1− αn)2
H−(L+1)+n∑

k=1

|hk+(L+1)−n|2. (20)

The proof is given in the appendix. Again, for the special case W=0, the total power
becomes

Ptotal = PISI,total + PICI,total = 2

H−(L+1)∑

k=1

k · |hk+(L+1)|2, (21)

a result in the time-domain that goes beyond the frequency-domain results of [8].
Furthermore, (20) reveals that the ICI power reduces with increasing αn. For reflection-

symmetric windows, larger αn means larger βn which in turn increases the ISI power,
see (19). Similarly, reducing ISI power makes more ICI power, ICI grows as ISI reduces,
and vice versa.

Clearly, unlike the result in [8] for conventional OFDM, ISI and ICI power are in
general, for windowed systems, not equal. The following lemma identifies a class of
windows (those with vestigial symmetry) for which the ISI and ICI power indeed are the
same.

Lemma 3. For a windowed OFDM system of the form (49) with window sample values
αn and βn, if αn+βn=1 for all n=1, ..,W, then CISI=CICI, PISI,k=PICI,k for all k, and
PISI,total=PICI,total.

Further, if αn+βn>1, then PISI,k>PICI,k for all k, and PISI,total>PICI,total, and, finally,
if αn+βn<1 then PISI,k<PICI,k for all k, and PISI,total<PICI,total..

The proof is given in the appendix. This lemma shows for instance that the RC
window (for which αn+βn=1) renders equally much ISI and ICI power. In contrast, for
the RRC (where αn+βn>1) ISI dominates over ICI. Furtermore, for zero-prefix OFDM
(ZP-OFDM), where W=L, αn=βn=0, naturally ICI dominates over ISI.

Based on lemma 1, 2 and 3 it now becomes clear why the ARC window (8) will provide
good performance. As we showed in (15), (19) and (20), ISI and ICI are uncorrelated and
a reflection-symmetric window which provides less ICI power leads to more ISI power
and vice versa. Since ISI only depends on the window tail and ICI only depends on the
window head, we use a reflection-asymmetric window.

By inspection of (19) and (20), on the head part of the window larger coefficients,
larger αn, are desired in order to reduce ICI power while in tail part of the window
smaller coefficients, smaller βn, are desired to have less ISI power. We therefore conclude
that a concave window-head and a convex window-tail causes less interference than a
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Figure 5: Power delay profile for the ETU channel [3]

.

reflection-symmetric window. Figure 2 shows that αn in ARC are larger than αn in RC
and equal to αn in RRC, therefore, the ARC window introduces less ICI power than the
RC window and the same ICI power as the RRC window. Moreover, since βn in case
of ARC are smaller than βn in the RC and RRC windows, the introduced ISI power in
case of ARC is smaller than the ISI power in case of RC and RRC. As a result the total
interference power in case of ARC is less than total interference power in case of RC and
RRC. In the next section, we evaluate the ARC window and illustrate its properties in a
series of simulations.

4 Performance results

For low latency and robustness three criteria need to be jointly considered: short cyclic
prefix, low OOB emission and low interference power (ICI and ISI). In this section we
show that the introduced asymmetric window provides a good trade-off between these
three criteria. We consider LTE parameters for 10MHz channel bandwidth with 600
sub-carriers, a sampling frequency of 15.36 MHz, 1024 samples of the symbol with a
length of 66.7µs and 72 samples of the cyclic prefix with a length of 4.7µs. The spectral
mask reflects future requirements for an ultra-robust system which is 17 dB stricter than
the spectral mask defined by LTE standards. We use the extended typical urban fading
channel model (ETU) which is depicted in Figure 5 (introduced in the annex B in [3])
and results from 1000 channel realizations are averaged.

We perform two sets of simulations. First we investigate the ISI and ICI power for
the raised cosine (RC), root-raised cosine (RRC) and asymmetric-raised cosine (ARC)
windows. Figure 6 shows the interference power as a function of the cyclic prefix length
where the whole cyclic prefix length is used for windowing, W = L. It is obvious that
by shortening the cyclic prefix the interference power increases. We see that interference
power in case of the ARC window is significantly less than interference power in case of RC
and RRC for any cyclic prefix length. Moreover by shortening the cyclic prefix additional
interference by the window gets more dominant (in absolute value) and therefore, choice
of a proper window plays a more important role in robustness of the system. In the high
SNR regime typically the cyclic prefix can be shortened with 1.5µs if the ARC is used
without sacrificing interference power.

Second, in Figures 7a and 7b we investigate how much we can shorten the cyclic prefix
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RC RRC 

ARC 

Figure 6: Average ISI, ICI and total interference power relative to transmitted signal power in
case of raised cosine, RC, root-raised cosine, RRC and asymmetric-raised cosine window, ARC.
The whole cyclic prefix length is used for windowing, W=L.

by using ARC, compared to the RC or the RRC. In our simulations we again choose to
use the whole cyclic prefix for windowing, W = L, which is the best choice of window
interval length to suppress the OOB emission and the worst choice for interference power
as interference increases by increasing W , see (19) and (20). We consider a low-latency
OFDM system with a symbol length of 46.69µs, a reduction by 30 percent compared to
LTE. This implies that the number of subcarriers in the system reduces also by 30 percent
to 420 subcarriers. We would need to shorten the cyclic prefix length by 30 percent to
keep the data rate constant without increasing the interference power and meanwhile the
power spectrum must fulfil the mask. Figure 7a shows the SNR loss as a function of
SNR for different windows and with different cyclic prefix length. As we see, ARC with
reduced cyclic prefix length by 30 percent (L=3.25µs) causes the same SNR loss as in case
of RC and RRC windows with cyclic prefix length of 4.7µs (0% reduction). Meanwhile,
ARC sacrifices a negligible OOB emission suppression and the power spectrum is still
below the mask, see Figure 7b. Just by simply changing the window to ARC we can
shorten the cyclic prefix more than 30 percent without decreasing the robustness of the
system.

Note that the ARC window choice illustrating presented in this paper is an ad-hoc
window to show that in windowed-OFDM systems, it is certainly possible to have a
better performance in terms of low interference and low OOB emission by changing the
symmetric window by a proper asymmetric window. By using optimization techniques
better windows can be designed and, as a result, a shorter cyclic prefix is achievable.
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Figure 7: (a)SNR loss for RC, RRC and ARC windows where the whole cyclic prefix length
is used for windowing, W=L. ARC with 30 percent cyclic prefix reduction (L=3.25µs) causes
almost the same amount of SNR as RC or RRC with full cyclic prefix length, L=4.7µs (0%)
(b) Power spectrum for RC (L=4.7µs), RRC (L=4.7µs) and ARC (L=3.25µs) where the whole
cyclic prefix length is used for windowing, W=L. percentage in the figures show the amount of
cyclic prefix reduction.
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5 Conclusion

We show that by replacing well-known symmetric windows with a proper asymmetric
window not only we can shorten the cyclic prefix without increasing interference but also
we will keep good OOB emission suppression in reduced-latency LTE systems. Further-
more, this paper gives closed-form expression for the ISI and ICI power in windowed
OFDM systems. Notably, existing results for conventional OFDM do not in general ex-
tend to windowed OFDM: the ISI and ICI power are not the same for arbitrary window
choices.
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[Proof of Lemma 4, 2 and 3]

Proof of Lemma 4. Diagonal elements of the covariance matrix contain the interference
power. Therefore, the ISI power on the kth subcarriers is just the kth element of the
diagonal of CISI, which is

[CISI]kk =
[
FHISIH

H
ISIF

H
]
kk

=
K∑

n=1

| [FHISI]k,n |2 (1.22)

where

[FHISI]k,n=





1√
K

K∑

q=1

e−j2π
kq
K βnhq−n+L+1,

for n=1, ...,W

1√
K

K∑

q=1

e−j2π
kq
K hq−n+L+1+K ,

for n=K−H+L+2, ..., K.

(1.23)

After some manipulation we have

[FHISI]k,n =





ejφ
′
nβnHL+2−n(k),

for n=1, ...,W

ejφnHK+L+2−n(k),

for n=K−H+L+2, ..., K

(1.24)

where φn and φ′n are frequency independent values and the result (16) follows. Result (17)
follows similarly.

Proof of Lemma 2. The total interference power is the trace of the covariance matrix,
therefore, using (13) and the property Tr {AB} = Tr {BA} we find that

Tr {CISI} = Tr
{
HISIH

H
ISI

}

=
K∑

k=1

(
H∑

n=k+(L+1)

|hn|2 +
W∑

n=1

|βnhk+(L+1)−n|2), (1.25)

and the result (19) follows. Result (20) follows similarly.

Proof of Lemma 3. First from (9) and (11) we conclude that HISI,1=HICI,1. By inspection
of (43) and (12) we find that if αn+βn=1 then also HISI,2=HICI,2. Therefore, the ISI
matrix and the ICI matrix are related through a shift of columns, HICI=HISIS, where

S
def
=

[
0L×(K−L) IL×L

I(K−L)×(K−L) 0(K−L)×L

]
. (1.26)
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Therefore, finally, since SSH = IK , we find that

CICI = FHICIH
H
ICIF

H = FHISISSHHH
ISIF

H

= FHISIH
H
ISIF

H = CISI. (1.27)

Furthermore, using Lemma 4, if αn+βn>1 each term in the second sum of (16) is larger
than the associated term in the second sum of (17) and because the first sums in (16)
and (17) are equal we find PISI,k>PICI,k. Similarly, if αn+βn<1 then PISI,k<PICI,k. Fi-
nally, using Lemma 2, with the same approach PISI,total > PICI,total when αn+βn>1 and
PISI,total < PICI,total when αn+βn<1.
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Abstract

In this paper we present a joint precoded and windowed OFDM system. This new
hybrid method provides flexibility to suppress the out-of band (OOB) emission in non-
contiguous OFDM systems used in cognitive radio. This method also provides the possi-
bility of shortening the cyclic prefix without sacrificing the OOB emission or increasing
the additional interference which is the case in low-latency future systems.

1 Introduction

Orthogonal frequency division multiplexing (OFDM) provides in principle a straightfor-
ward flexible way to shape the spectrum. By deactivating subcarriers in the vicinity
of adjacent users in systems known as non-contiguous OFDM, this property provides
the possibility of using spectrum slots left unused by existing systems, see Figure 1.
In systems with very tight latency-requirement, however, residual out-of-band (OOB)
emissions need special attention, as was very recently established in [1].

Today’s OFDM systems have long symbols and an extension by a cyclic prefix that
avoids channel-induced interference. New 5G future applications require low latency, for
instance in applications where machines are remotely controlled. A long symbol duration
may increase the system’s latency beyond what is acceptable. In an effort to reduce
latency, a shortening of the basic OFDM symbol is straightforward (fewer subcarriers
per Hertz). However, the cyclic prefix length is limited by the channel length and cannot
be automatically reduced proportional to the symbol length as shortening the cyclic prefix
increases the channel-induced interference [2]. This problem in low latency systems was
addressed in [3]. Meanwhile, OFDM systems also suffer from high out-of-band (OOB)
emissions potentially leading to severe radiation to adjacent bands. Reducing the symbol
length results in higher OOB emission. Hence, there appears to be a trade-off between
shortening the OFDM symbols and reducing its OOB emissions.

Several methods have been proposed in the literature to suppress the OOB emission
including transmit-windowing [4] [5] and spectral precoding [6]. These methods are
proposed and analysed individually by themselves in the literature and little attention
is given to the effect of symbol shortening. A thorough analysis of the interference in a
windowed OFDM system is presented in [1].

In this paper we present a new hybrid precoded/windowed OFDM system, partic-
ularly suitable in low-latency systems with a short cyclic prefix. This hybrid system
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Figure 1: A non-contiguous OFDM in the presence of coexisting systems. OOB interferes with
coexisting systems. Vertical arrows represent used subcarriers. Gray regions show the OOB
caused by the OFDM system.
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Figure 2: Hybrid (precoded/windowed) OFDM system block diagram.

provides better flexibility to suppress OOB emission than precoded or windowed sys-
tems. We also analyse the interference in such systems that occurs when the length of
channel exceeds the cyclic prefix which is likely to be the dominant scenario in low-latency
5G systems.

After formulating our system model in Section 2, we present the hybrid system in
Section 3. In Section 4 we analyse the spectral performance of the hybrid system and
compare it with windowing and precoding systems’ spectrum. In Section 5 we investigate
different types of interference. Based on analysis in Section 4 and 5, we discuss the
performance for different cyclic prefix lengths and suggest a strategy to select a proper
method in different regimes in Section 6.

2 Hybrid system model: precoding and windowing

We first describe a signal model that jointly incorporates two means to reduce OOB
power emission: transmit windowing and spectral precoding. We adopt a discrete time
OFDM model for the system in Figure 2 and write the transmitted signal as

s̃(n) =
∑

i

s̃i(n− i(N + L)), (1)

where N+L is the length of the OFDM symbol interval, N is the useful part of the
OFDM symbol, L is the length of the cyclic prefix and s̃i(n) is the ith windowed OFDM
symbol,

s̃i(n) = si(n)w(n), −L+ 1 ≤ n ≤ N +W. (2)
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Here, W is the length of cyclic suffix, w(n) is a window shape chosen as

w(n) =





αn+L n = −L+ 1, ...,−L+W

1 n = −L+W + 1, ..., N

βn−N n = N + 1, ..., N +W.

(3)

where αn and βn are real-valued and 06 αn, βn 6 1. The signal si(n) in (2) represents
the OFDM symbol

si(n) =
∑

k

d̄i,ke
j2π k

N
n, −L+ 1 ≤ n ≤ N +W (4)

and si(n)=0 for other values of n. In (4), {k1, k2, ..., kK} is the set of subcarrier indices.
The OFDM symbol (1) includes a cyclic prefix of length L and a cyclic suffix (CS) of
length W . The first and the last W samples of consecutive OFDM symbols overlap and
are shaped by the window w(n).

Next to the windowing operation in (2) as one means to control the signal’s spectrum,
a second means is precoding. We incorporate this pre-FFT operation by denoting the
vector d̄i = [d̄i,1, d̄i,2, ..., d̄i,K ]T as the weighted data symbol, see Figure 2,

d̄i = G̃di, (5)

where G̃ is aK×K matrix which represents the precoder and di = [di,1, di,2, ..., di,K ]T represents
information data taken from a symbol constellation. Hence, we have two means to con-
trol the spectrum: by choice of α and β and by choice of G̃. Both means come at a price:
interference at the receiver. In particular, in the next section we will present a precoder
G̃ that is optimally adapted to the choice of α and β.

We transmit s̃(n) over a dispersive channel with impulse response h(n) of length H.
We are interested in the interference in hybrid precoded-windowed OFDM systems that
occurs when the length of h(n) exceeds the cyclic prefix, H−1>L, which is likely to
be the dominant scenario in low-latency 5G systems. Our analysis is first based on the
interference occurring in one OFDM symbol, as a result of one particular channel impulse
response. Later, in our simulations, we evaluate the average interference in the OFDM
signal (49).

We continue the approach in [1] and write the received symbol vector after the receiver
FFT in precoded windowed OFDM as, see Figure 2,

ri = Dd̄i + GICId̄i + GISId̄i−1 (6)

where ri=[ri,1 . . . ri,K ]T is a size-K×1 vector that contains the received data, where
D=diag(Fh)=FHFH and h=[h1 . . . hH , 0, 0, . . . , 0], F is the K×K DFT-matrix with
entries [F]xy = 1√

K
e−2jπ

xy
K , (FH is the inverse DFT matrix) and H is the circular channel

convolution matrix. The appearance of the cyclic prefix and suffix causes the matrix
D to be diagonal. We can express the matrices GISI and GICI with associated time-
domain matrices HISI and HICI, presented in detail in [1], as GISI = FHISIF

H and
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Figure 3: Power spectrum for RRC-windowed (W = L), 4-notch-precoded (notches at ±8.9
and ±9 MHz) and corresponding 4-notch-hybrid OFDM system in a fully used spectrum for
the cyclic prefix length of a) L=0.26µs, b) L=0.78µs, c) L=3.9µs. An 8-notch-precoded system
(notches at ±8.9, ±9, ±14.9 and ±15 MHz) is also depicted in (a).

GICI = −FHICIF
H , where HISI and HICI are undesired channel contributions to ISI and

ICI respectively. By substituting (5) in (6) we rewrite the received signal as

ri = DG̃di + GICIG̃di + GISIG̃di−1. (7)

The first term in (7) contains the desired signal and the additive interference caused
by the precoder and the second and third terms are ICI and ISI due to the channel,
respectively. Here we note that if there is no precoding, G̃ = I, the first term in (7)
reduces to the orthogonal desired signal without any additive interference. Moreover, in
case of sufficiently long cyclic prefix the last two interference terms in (7) disappear. In
Section 5 we will discuss each term of (7) in more detail.

In the following sections, we first design a suitable precoder G̃, we then analyse
the spectrum of the hybrid system, and finally, using (7) we analyse different types of
interferences in the hybrid system in detail.

3 design of the precoder given a certain window

Instead of transmitting the plain constellation points, di, the precoder linearly modifies
the data as in (5). To calculate matrix G̃ which provides such modification to di, we
rewrite the transmitted symbol (2) as a multiplex of windowed modulated subcarriers
p̃k(n),

s̃i(n) =
∑

k

d̄i,kp̃k(n), (8)

where p̃k(n) = ej2π
k
N
nw(n) is the kth windowed modulated subcarrier. By applying the

Fourier transform to (8),

S̃i(f) =
∑

k

d̄i,kãk(f) = ãT (f)d̄i, (9)
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Figure 4: Power spectrum for RRC-windowed (W = L), 4-notch-precoded (notches at ±8.9
and ±9 MHz), 8-notch-precoded (notches at ±1, ±1.1, ±8.9 and ±9 MHz) and corresponding
4 and 8-notch-hybrid OFDM system in a partially used spectrum for the cyclic prefix length of
a) L=0.26µs, b) L=0.78µs, c) L=3.9µs.

where S̃(f)
def
=F{s̃(n)}, ãk(f)

def
=F{p̃k(n)}, F{.} indicates the discrete-time Fourier trans-

form, and ã(f) = [ã1(f), ã2(f), ..., ãK(f)]T . The power spectrum P (f) of (1) is then

P (f) =
1

T
E{|S̃i(f)|}2 =

1

T
‖G̃T ã(f)‖22, (10)

where the expectation E{·} is over all possible symbols. Here, we assume that the data
are uncorrelated, E{didHi }=IK and E{didHj }=0K if i6=j. Note that (8)-(10) is different
from [6] in that our model is a discrete time model, hence, ã(f) is the discrete time Fourier
transform with a normalized frequency. A more conceptual and important difference of
(8)-(10) with [6], however, is that the window shape w(n) is now explicitly taken into
account.

Following [6], we force the power spectrum P (f) to be zero at M specific frequencies
of f0, f1, ..., fM−1 which in turn leads to ã(f0) = 0, ã(f1) = 0, ... and ã(fM−1) = 0. We
hope that this requirement will also have a suppressing effect on other frequencies than
{f0, ..., fM−1}. Using (9) we find

Ãd̄i = 0, (11)

where

Ã =




ã1(f0) ã2(f0) . . . ãK(f0)
ã1(f1) ã2(f1) . . . ãK(f1)

...
...

...
ã1(fM−1) ã2(fM−1) . . . ãK(fM−1)


 (12)

is a K×M matrix dependent on the window shape w(n) and completely known. The
solution to (11) is the precoder of the well-known form

G̃ = I− ÃH(ÃÃH)−1Ã. (13)

Precoder (13) is a new precoder in the sense that it is particularly designed for the
window w(n). The precoder in [6] is a special case of (13) with the rectangular window
(W = 0 in (3)) and windowing is a hybrid system with G̃ = I.
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4 Spectral analysis

As a first step in the analysis of the new precoder (13), we plot the spectrum (10) for an
LTE system with 10MHz channel bandwidth, 600 sub-carriers, of symbols of length 66.7µs
and the cyclic prefix length 4.7µs. In figures 3 and 4 the spectral mask reflects future
requirements for an ultra-robust system which is 17 dB stricter than the spectral mask
defined by LTE standards [7]. The spectra in Figures 3 and 4 show the power spectrum
(10) for a very high sample rate, hence, our discrete-time signal analysis approaches that
of the continuous time equivalent of (1).

We explore the OOB emission suppression of our system in two scenarios. In a first
scenario we assess the classical OOB emission of a fully loaded OFDM system. Figure
3 shows the power spectrum of a 4-notch-precoded system, a windowed OFDM system
(with root raised-cosine (RRC) window [8], where the whole cyclic prefix is used for
windowing) and the corresponding 4-notch-hybrid system (which is the combination of
two other systems) for three different cyclic prefix lengths. We see that in all three
cases the hybrid system improves the OOB emission suppression compared to the pure
windowing and the pure precoding.

In a second scenario we suppress OOB emission in a partially loaded OFDM spectrum.
Here we notch out one third of the spectrum located in the center of the spectrum. In
this scenario the hybrid system exploits the properties of both precoding and windowing
where needed. For example a 4-notch-hybrid system where the notches are in inner side
(cancelled subcarrier region) exploits the property of precoding to suppress the OOB
emission in inner side. This hybrid system also exploits the property of the windowing
to suppress the OOB emission in outer side. Figure 4 shows that windowing method
does not have considerable effect on OOB emision in inner side even though it suppresses
OOB in outer side.

Figure 4 also shows that a 4-notch-precoder whose notches are located in inner side of
the spectrum suppresses the OOB in inner side but it does not suppress the OOB in outer
side of the spectrum. Combining these two systems (windowing and 4-notch-precoding)
leads to a 4-notch-hybrid system which affects OOB in both inner and outer sides of the
spectrum.

It is clear that with a higher order precoder, both the precoder and the hybrid system
become better in their OOB emission suppression, see the 8-notch-precoding curves and
the 8-notch-hybrid curves in Figures 3 and 4. Moreover, with a smoother window (longer
cyclic prefix) both hybrid and windowing methods become better.

We conclude that in terms of OOB emission the hybrid system is a better option than
the windowing or a precoding system. For a fair comparison, we analyse the interferences
caused by the hybrid system.

5 Interference analysis

We first rewrite (7) as

ri = Ddi + D(G̃− I)di + GICIG̃di + GISIG̃di−1. (14)
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only 4-notch-precoded and corresponding 4-notch hybrid system versus cyclic prefix length. The
whole cyclic prefix length is used for windowing (W = L) and notches are located at ±8.9 and
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The first term in (14) is the desired signal, the second term is the additive interference
caused by the precoder and the third and fourth terms are ICI and ISI due to the channel,
respectively.

5.1 Self-ICI due to the precoder

We assume that the data is uncorrelated, E{didHi }=IK and E{didHj }=0K if i 6=j. The
introduced error by the precoder is

ei = (I− G̃)di = ÃH(ÃÃH)−1Ãdi. (15)

As (I − G̃) is a projection matrix, the power of the additive ICI due to the precoder
becomes [6]

Pself-ICI, total =Tr{E{eieHi }} = Tr{(I− G̃)(I− G̃)H}

=Tr{I− G̃} = Rank{I− G̃} = M, (16)

where expectation is performed over all possible data symbols. The rank of the projection
matrix is independent of the window, hence, surprisingly, the total ICI due to precoding
does not depend on the window. In contrast, the self-ICI power on the kth subcarrier is

Pself-ICI, k =
[
E{eieHi }

]
kk

=
[
I− G̃

]
kk

(17)
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Figure 6: Interference power per subcarrier. Cyclic prefix length of a) L=0.26µs, b) L=0.78µs,
c) L=3.9µs. The whole cyclic prefix length is used for windowing (W = L) and notches are
located at ±8.9 and ±9 MHz.

which does depend on the particular window-choice. In the next section we will evaluate
this interference further.

5.2 ISI and ICI due to the channel for hybrid system

The covariance matrix of the channel-induced ISI-term in (37), GISId̄i−1, becomes

CISI
def
= E{GISId̄i−1d̄

H
i−1GISI

H} = E{GISIG̃GISI
H}, (18)

because E{d̄id̄Hi } = G̃. Similarly, the covariance matrix of the channel-induced ICI-term
in (37), GICId̄i, becomes

CICI =E{GICIG̃GICI
H}. (19)

The diagonal elements of these covariance matrices contain the interference power of the
respective subcarrier,

PICI,k = [CICI]kk and PISI,k = [CISI]kk . (20)

The total ICI power is the trace of CICI, Tr {CICI}, using the property Tr {AB} =
Tr {BA} we find that

PICI,total = Tr {CICI} = Tr
{

GICI
HGICIG̃

}
(21)

and similarly, the total ISI power is

PISI,total = Tr
{

GISI
HGISIG̃

}
. (22)

Furthermore, it is straightforward to show that ISI, ICI and self-ICI are uncorrelated.
Therefore, the total interference power of the system is

Ptotal = PISI,total + PICI,total + Pself-ICI,total. (23)
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As we discussed, in emerging low latency applications the cyclic prefix needs to be
as short as possible. Therefore, we investigate the amount of interference that occurs for
any cyclic prefix length (up to 4.7µs used in today’s LTE standard). We use the extended
typical urban fading channel model (ETU) (introduced in the annex B of [7]) and results
from 1000 channel realizations are averaged.

Figure 5 shows the total channel-induced interference, the total self-ICI and the total
interference (23) for an RRC-windowed (W = L), 4-notch precoder and the corresponding
4-notch hybrid systems for different cyclic prefix lengths in the fully loaded OFDM system
introduced in Section 4. For longer cyclic prefixes, the total interference in the hybrid
system is dominated by self-interference while for short cyclic prefix lengths, channel-
induced interference plays the key role.

The most important conclusion from Figure 5, is that the total interference power
in a windowed OFDM system is less than the total interference of a precoded system.
Moreover, combining windowing and precoding increases the total interference. Simu-
lations, not shown in this paper, indicate similar interference behaviour for scenario 2
(introduced in Section 4).

Figure 6 shows the different interference power on each subcarrier for three different
cyclic prefix lengths. For a short cyclic prefix the total interference on each subcarrier is
dominated by the channel-induced interference and is almost the same as interference in
a system without precoding. By increasing the cyclic prefix length, the total interference
on middle subcarriers decreases and hence, the total interference power in the system
decreases.

6 Performance Discussion

We now combine our insights from the spectral analysis in Section 4 and the interference
in Section 5. Depending on the length of the cyclic prefix, a different spectral shaping
approach is desirable.

For short cyclic prefix regimes precoding or hybrid, depending on the cyclic prefix
length, is the best approach to suppress the OOB emission. As we use some part of the
cyclic prefix to apply the window, if cyclic prefix is extremely short (less than 0.5µs),
there is no possibility of using windowing. So, the only method to suppress the OOB
emission effectively is precoding. In such regimes we have to add notches wherever needed
(inner and outer sides) until we achieve acceptable OOB emission suppression, see Figures
3a and 4a. Adding notches increases the interference considerably. If the cyclic prefix
becomes longer (more than 0.5µs) there is a possibility of using a window. In such
regimes, instead of using a high order precoding with high amount of interference, a
lower order hybrid system suppress the OOB emission with lower amount of interference,
see Figures 3b and 4b.

For long cyclic prefix regimes hybrid or windowing, depending on the scenario, is the
best approach to suppress the OOB emission. When the cyclic prefix is long enough to
provide the possibility of a smooth window to suppress OOB emission below the mask,
there is no reason to use anything else than windowing, see Figure 3c. Finally in the
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scenario of non-contiguous OFDM, even for a long cyclic prefix, windowing is not a proper
method as it cannot suppress the OOB emission in inner side effectively. Here, a 4-notch
hybrid system suppresses OOB emission in both inner and outer side perfectly, see Figure
4c.

The above regimes are clearly conceptual: depending on the channel length and
system tolerance the notion of a short, or long, cyclic prefix varies.

7 Conclusion

In this paper we propose a new hybrid precoding/windowing method to suppress the out-
of-band (OOB) emission. Our method is useful for cognitive radio systems as it provides
the possibility to flexibly and effectively share the spectrum. Simulation results show that
in low-latency 5G system where none of windowing or precoding system can suppress the
OOB emission efficiently, the hybrid system suppresses OOB emission effectively with
low additional interference.
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Quasi-Cyclic Symbol Extensions for Shaping the

OFDM Spectrum

Tayebeh Taheri, Rickard Nilsson and Jaap van de Beek

Abstract

N -continuous orthogonal frequency division multiplexing (OFDM) is a promising solu-
tion to the out-of-band (OOB) emission issue in OFDM systems where the N th-order
continuity between OFDM symbols leads to lower OOB emission than the plain OFDM,
however, high self-interference in such systems is an obstacle. In this paper we propose a
new class of quasi-cyclic symbol extensions which makes the OFDM systemN -continuous.
The new extension leads to low OOB emission while the additive interference is less than
other N -continuous OFDM systems. Moreover, we propose a general analysis of the spec-
trum and interference that occurs in a linear precoded OFDM system. The framework
is applicable to many N -continuous OFDM systems including our proposed method.

1 Introduction

With the heavily growing number of wireless devices, the sub-6 GHz spectrum is becom-
ing increasingly congested. Most of the radio spectrum is already occupied or licensed;
therefore, there is an increasing need for efficient use of the spectrum. Cognitive ra-
dio is a solution for the spectrum crowding problem allowing unlicensed users use the
temporary unused gaps of the spectrum. Orthogonal frequency-division multiplexing
(OFDM) provides a suitable scheme for cognitive radio scenarios because it embodies a
straightforward flexible way to shape the spectrum by deactivating unused subcarriers.
However, OFDM systems suffer from high out-of-band (OOB) emission potentially lead-
ing to severe radiation to adjacent bands. Therefore, in coming communications systems
and cognitive radio scenarios where many different radio-systems co-exist, residual OOB
emissions need special attention. Several methods have been proposed in the literature to
suppress the OOB emission including filtering [1], time domain transmit-windowing [2–6]
and, more recently, N -continuous OFDM [7–12].

Since the OFDM symbol is a multiplex of rectangularly windowed sinusoids, its signal
trajectory is discontinuous. The sharp edges of adjacent OFDM symbols are a reason for
high OOB emissions. A classical means to suppress the OOB emission is smoothing the
signal by low-pass filtering of the baseband OFDM signal [1]. Time domain transmit-
windowing is another classical approach that suppresses the OOB emission by shaping the
sharp boundaries of the two consecutive OFDM symbols by applying a smooth window
to the OFDM symbol. This method is used for long in digital subscriber line (DSL)
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ďi−1
Ǧ
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Figure 1: The transmitters’ block diagrams of a) plain b) symbol precoding in [8], c) prefix
precoding in [9] and d) prefix/suffix precoding e) general linear precoding OFDM systems. The
precoder G̃, Ĝ and Ǧ are different for each system.
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systems [14]. This technique is also allowed in vendor-proprietary implementations of
the current LTE standard [15].

Another method to suppress the OOB emission which shapes OFDM symbols is N -
continuous OFDM. N -continuity is a signal property in which OFDM symbols are forced
continuous up to N th-order derivatives. There are many ways to make an OFDM signal
N -continuous, see for example [7–12].

The N th-order continuity between OFDM symbols leads to lower OOB emission com-
pared to plain, uncoded OFDM, shown in Figure 1a [13]. The very first idea of N -
continuous OFDM was introduced in [7] and extended in [8] where a precoder manipu-
lates the OFDM data symbol in order to make the signal N -continuous, see Figure 1b.
N -continuous OFDM in [7] and [8] modify the whole OFDM symbol by slightly chang-
ing the whole data symbol through a pre-FFT symbol precoder. In [7] a precoder with
memory was developed while in [8] associated memoryless precoder was presented. We
will denote the precoding systems which change the whole data symbol, including the
method in [8] and Figure 1b, as symbol precoding. Symbol precoding causes the OFDM
subcarriers to lose their orthogonality, and therefore self-interference appears in the re-
ceiver. Moreover, as in plain OFDM, a long multipath channel, longer than cyclic prefix,
causes leakage from a previous symbol into the current symbol known as intersymbol
interference (ISI). In case of a short dispersive channel, the presence of a cyclic prefix
preserves the orthogonality between subcarriers by making the effective part of the sym-
bol be a circular convolution of transmitted signal by the channel impulse response. A
long dispersive channel also causes loss of orthogonality between subcarriers known as
intercarrier interference (ICI).

In contrast, recently a new idea has emerged in [9] which inserts N -continuous OFDM
correction symbols only into the guard interval, see Figure 1c. Therefore, no self-
interference occurs, at the price of an increased sensitivity to channel-induced ISI and
ICI. However, a proper analysis of the price paid in terms of ISI and ICI is missing in [9].
Moreover, precoder in [9] needs the information of the previous symbol to construct the
continuity which means extra memory consumption. We refer to the precoding approach
which changes the symbol just in prefix part, including the precoding method in [9] and
Figure 1c, as prefix precoding.

This paper has three contributions: first, inspired by the ideas in [9], we propose
a precoder which results in a new class of symbol extensions that makes the signal N -
continuous in a memoryless fashion. In a sense our paper now repeats the development
made from [7] to [8]. Because we explicitly introduce both a prefix and a suffix, and the
new precoder changes the data symbol only in the extension parts, we refer to this ap-
proach as prefix/suffix precoding, see Figure 1d. Although the proposed precoder changes
prefix and suffix, the changes are small and therefore, prefix and suffix are almost cyclic.
We will see that our system provides good OOB emission suppression with less amount
of interference than symbol precoding in [8] and prefix precoding in [9].

Secondly, we develop a general analysis framework both at the transmitter and re-
ceiver side which is applicable to all linear precoded OFDM systems illustrated in Figure
1. Figure 1e shows a general linear precoding model that we analyse in this paper. We
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show that the systems in Figures 1a-d are special cases of Figure 1e.

Thirdly, we discuss the similarities and differences between N -continuous OFDM and
transmit-windowing. While [4] presents analysis of interference that occurs in a transmit-
windowed OFDM system, we here look at the symbol shaping strategy of each method.

In Section 2 we present a system model for a general linear precoded OFDM system.
Section 3 introduces special cases of the general precoded OFDM systems including plain
OFDM, symbol precoding in [8] and prefix precoding in [9]. In Subsection 3.2, we in-
troduce a new memoryless prefix/suffix precoder which makes the system N -continuous
and suppresses the OOB emission with less amount of overall interference than symbol
precoding in [8] and prefix precoding in [9]. We analyse the transmitted power spec-
trum of the general precoded OFDM sytem in Section 4 and in Section 5 we analyse the
interference that occurs in such systems in case of a dispersive channel. In Section 6,
we evaluate the spectrum properties of the proposed prefix/suffix precoder and the in-
terference caused by typical dispersive fading channels in our system. We also compare
our results of prefix/suffix precoding with results of symbol precoding in [8] and prefix
precoding in [9]. Time domain transmit-windowing and its similarities and differences
with an N -continuous OFDM are discussed in Section 7.

2 system model

We first write the transmitted signal as

s(t) =
∑

i

si(t− i(Ts + Tg)), (1)

where si(t) is the ith OFDM symbol, Ts is the useful part of the OFDM symbol and Tg is
a fixed-length guard interval between consecutive symbols. The OFDM symbol in (1) is
extended by a fixed-length prefix with a duration of Tpre and a fixed-length suffix with a
duration of Tsuf. Symbol extension by the suffix was introduced for the first time in [16].
We consider two scenarios of extending the OFDM symbols in the guard intervals. The
first scenario is that the prefix of current symbol and suffix of the previous symbol share
the guard interval without overlapping, Tg = Tpre+Tsuf, see Figure 2a. In the second
scenario the prefix of the current symbol and the suffix of the previous symbol overlap
in the guard interval, see Figure 2b, usually in such a case Tpre = Tg. In what follows
we will explicitly refer whatever scenario is being discussed. We write si(t) as a sum of
three signal components, these components represent the signal in the useful, prefix and
suffix parts,

si(t) = ũi(t)I[0,Ts)(t) + ûi(t)I[−Tpre,0)(t) + ǔi(t)I[Ts,Ts+Tsuf)(t) (2)
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ũi(t)ûi(t)ǔi−1(t)ũi−1(t) ǔi(t)

Tsuf

Tpre Ts Tsuf

si(t)
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(a) Prefix and suffix share the guard interval, Tpre=(1 − β)Tg and Tsuf=βTg
where 0<β<1.

ũi(t)ûi(t) ǔi(t)

Tpre Ts Tsuf

si(t)

ũi−1(t) ǔi−1(t)

Tsuf

Tg

(b) Prefix and suffix overlap over the guard interval, Tpre=Tg and Tsuf≤Tg.

Figure 2: Transmit precoded OFDM signal.

where IX(t) is the indicator function: IX(t) = 1 for t ∈ X and zero otherwise, and

ũi(t) =
∑

k∈K
d̃i,ke

j2π k
Ts
t,

ûi(t) =
∑

k∈K
d̂i,ke

j2π k
Ts
t,

ǔi(t) =
∑

k∈K
ďi,ke

j2π k
Ts
t. (3)

Data symbols d̃i,k, d̂i,k and ďi,k are the results of a precoding step. The purpose of the
precoding is to reduce the OOB emission. Therefore, in vector notation,

d̃i = G̃di, d̂i = Ĝdi and ďi = Ǧdi. (4)

Here K={k1, k2, ..., kK} is the set of subcarrier indices, di = [di,1, di,2, ..., di,K ]T represents
information data taken from a symbol constellation. The vectors d̃i = [d̃i,1, d̃i,2, ..., d̃i,K ]T ,

d̂i = [d̂i,1, d̂i,2, ..., d̂i,K ]T and ďi = [ďi,1, ďi,2, ..., ďi,K ]T contain the precoded data symbols

using size-K×K matrices G̃, Ĝ and Ǧ which represent precoders for the useful part of the
symbol, the prefix and the suffix part of the symbol, respectively. This model generalizes
earlier models in the literature, [7–9], by explicitly separating the precoding of the useful
signal part (through G̃) and its prefix and suffix (through Ĝ and Ǧ). Various known
models appear as special cases.
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3 Three Special cases and one new precoder

3.1 Special cases

In general G̃, Ĝ and Ǧ are not equal and unique for each system. In this Section we will
show that all systems in Figures 1a-d have a system model of in Section 2; therefore all
are special cases of the system in Figure 1e.

Plain OFDM

In case of plain OFDM in Figure 1a [13], usually symbols are extended only by a fixed-
length prefix,

Tg = Tpre and Tsuf = 0. (5)

In plain OFDM, all precoders are identity matrices,

G̃ = Ĝ = Ǧ = I. (6)

Note that in plain OFDM the prefix is a cyclic extension of the useful symbol.

Symbol precoding [8]

As in plain OFDM, the symbol is extended using a fixed-length prefix,

Tg = Tpre and Tsuf = 0. (7)

Moreover, the useful part of the symbol and prefix are precoded by the same precoder and
the prefix remains cyclic, the precoded prefix is cyclic to the precoded OFDM symbol.
As Tsuf = 0, there is no need to define any Ǧ. Symbol precoding in Figure 1b [8], uses a
precoder Ḡ,

d̄i = Ḡdi , Ḡ = I− ĀH(ĀĀH)−1Ā, (8)

to force the beginning and end of each symbol to zero up to Nc
th-order derivatives, where

Ā =

[
AΦpre

A

]
(9)

Here Φpre = diag(ejφprek1 , . . . , ejφprekK ), φpre = −2πTpre/Ts and A is a K×K matrix,

A =




1 1 . . . 1
k1 k2 . . . kK
...

...
...

kNc
1 kNc

2 . . . kNc
K


 . (10)

The precoder Ḡ changes the whole data symbol including the prefix and useful part of
the symbol, see Figure 1b.

Symbol precoding is a special case of Figure 1e with the transmitted signal as (1)
with

G̃ = Ĝ = Ḡ. (11)
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Prefix precoding

In prefix precoding in [9] the useful part of the symbol is unchanged while the current
data, di, and previous data, di−1, are combined to construct the data symbol in prefix
part as

dpre
i = (I−P)di + PΦHdi−1, (12)

where dpre
i = [dprei,1 , d

pre
i,2 , ..., d

pre
i,K ]T is the data in prefix part and

P =

[
AΦpre

A

]† [
AΦpre

0(N+1)×K

]
(13)

and Φpre = diag(ejφprek1 , . . . , ejφprekK ), φpre = −2πTpre/Ts. Here, [.]† represents the
Moore-Penrose pseudo inverse and A is a K×K matrix in (10). In prefix precoding
the whole guard interval is used as a prefix, Tg = Tpre. Changing the prefix using (12)
makes the consecutive OFDM symbols continuous up to Nc

th-order derivatives.

Lemma 4. The prefix precoder in Figure 1c [9] is identical to a linear prefix/suffix
precoder with the transmitted signal as (1) with

G̃ = I,

Ĝ = I−P,

Ǧ = PΦH
pre, (14)

where prefix of a current symbol and suffix of previous symbol have the same length and
overlap over the whole guard interval,

Tg = Tpre = Tsuf. (15)

The proof is given in the appendix. The prefix precoder in Figure 1c uses two pre-
coders to construct the data for the prefix part, dpre

i = Ĝdi + Ǧdi−1, where dpre
i is the

data in prefix part. One of the precoders, Ĝ, is applied to the current data symbol and
the other one, Ǧ, is applied to the previous data symbol. In order to make the prefix
precoding system compatible with our model in Section 2, instead of precoding a prefix
as a combination of current and previous data symbols, we extend each symbol by a
prefix and a suffix and precode each part independently, see Figure 1e. Here, the prefix
of the current symbol and the suffix of the previous symbol have the same length and
overlap over the whole guard interval, Tg = Tpre = Tsuf. Simulations in Section 6 show
the identical results. Note that in prefix precoding the useful part of the symbol is not
precoded, therefore, G̃ = I.

3.2 A new precoder: prefix/suffix precoding

In this section we propose a new precoder which makes the signal N -continuous by
changing the data symbol only in prefix and suffix part. Here, because we want to keep
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the useful part of the symbol unchanged, d̃i=di, we choose G̃=I. We consider that the
prefix and the suffix are precoded using the same precoder Ḡ, Ĝ = Ǧ = Ḡ, and d̄i = Ḡdi
where d̄i = [d̄i,1, d̄i,2, ..., d̄i,K ]T contain the precoded data symbols, see Figure 1d. This is
the first difference between the new precoder and the prefix precoder in [9] which uses
two different precoders for the prefix, Ĝ, and the suffix part, Ǧ. Even though the new
precoder is the same for the prefix and suffix part, but the prefix and the suffix will be
different because the indicator functions in (2), I[−Tpre,0)(t) and I[Ts,Ts+Tsuf)(t), are not the
same. Note that here, Ḡ is different from the precoder in (8). Precoder Ḡ is calculated
under the following constraints

dn

dtn
ûi(t)

∣∣∣∣
t=−Tpre

= 0 (16)

dn

dtn
ûi(t)

∣∣∣∣
t=0

=
dn

dtn
ũi(t)

∣∣∣∣
t=0

(17)

dn

dtn
ǔi(t)

∣∣∣∣
t=Ts

=
dn

dtn
ũi(t)

∣∣∣∣
t=Ts

(18)

dn

dtn
ǔi(t)

∣∣∣∣
t=Ts+Tsuf

= 0 (19)

for each n ∈ {0, 1, ..., Nc}, Nc is the order of the continuity. These constraints make
the signal continuous by forcing the signal at edges of the prefix and the suffix to be
continuous. The idea is to design a memoryless precoder. Constraints (16) and (19)
forms the new precoder as a memoryless precoder as opposed to prefix precoder in [9]
which needs the information of the previous symbol to construct the continuity. After
some computation similar to [7], (17) and (18) reduce to a same constraint. The three
remaining constraints can be expressed in matrix form as

Ād̄i = B̄di, (20)

where

Ā =




AΦpre

A
AΦsuf


 and B̄ =




0(Nc+1)×K
A

0(Nc+1)×K


 . (21)

Here Φpre = diag(ejφprek1 , . . . , ejφprekK ), φpre = −2πTpre/Ts and Φsuf = diag(ejφsufk1 , . . . , ejφsufkK ),
φsuf = 2πTsuf/Ts and A is a K×K matrix in (10).

We are interested only in a solution of equation (20) where d̄i is nearest to the
information data vector di in a Euclidean sense. The solution to (20) is

d̄i = Ḡdi , Ḡ = I− ĀH(ĀĀH)−1(Ā− B̄). (22)

where Ḡ is the new K×K prefix/suffix precoding matrix.
The precoder Ḡ changes the symbol only in the prefix and suffix part of the symbol

and makes the whole signal continuous with unchanged data symbol in the useful part,
d̃i=di.
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4 Transmission: Power Spectrum

In this section we derive an analytical expression of the power spectrum of the linear
precoded OFDM system (1)–(4). In Section 6 we will evaluate the spectrum for symbol
precoding in [8], prefix precoding in [9] and our proposed prefix/suffix precoding OFDM
systems. We start with writing the Fourier transform of (2) as

Si(f) =
∑

k

d̃i,kãk(f) +
∑

k

d̂i,kâk(f) +
∑

k

ďi,kǎk(f)

= ãT (f)d̃i + âT (f)d̂i + ǎT (f)ďi

= aT (f)di, (23)

where, with (4),
a(f) = G̃T ã(f) + ĜT â(f) + ǦT ǎ(f), (24)

and ã(f) = (ãk1(f), ãk2(f), ..., ãkK (f))T , â(f) = (âk1(f), âk2(f), ..., âkK (f))T and ǎ(f) =

(ǎk1(f), ǎk2(f), ..., ǎkK (f))T , ãk(f), âk(f) and ǎk(f) are the Fourier transforms of ej2π
k
Ts
tI[0,Ts),

ej2π
k
Ts
tI[−Tpre,0) and ej2π

k
Ts
tI[Ts,Ts+Tsuf) respectively:

ãk(f) =Tse
−jπTs(f− k

Ts
)sinc(πTs(f −

k

Ts
)),

âk(f) =Tpree
jπTs(f− k

Ts
)sinc(πTpre(f −

k

Ts
))

ǎk(f) =Tsufe
−jπ(Tpre+2Ts)(f− k

Ts
)sinc(πTsuf(f −

k

Ts
)). (25)

The power spectrum P (f) of (1) is then [17]

P (f) =
1

T
E{|Si(f)|}2 =

1

T
‖a(f)‖22, (26)

where the expectation E{·} is over all possible transmitted OFDM symbols. In the second
quality, we assume that the data are uncorrelated, E{didHi }=IK and E{didHj }=0K if
i6=j.

As we expect the power spectrum (26) depends on all precoders G̃, Ĝ and Ǧ. Later
in Section 6 we evaluate (26) for prefix/suffix precoded system and we will see that (26)
has low OOB emission similar to symbol precoding OFDM in [8] and prefix precoding
OFDM in [9].

5 Reception: Interference Analysis

For the sake of the receiver interference analysis, we now adopt a discrete-time model at
the receiver where s[n] is the discrete-time transmitted signal. We transmit s[n] over a
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dispersive channel with impulse response h[n] of length H, h=[h1 . . . hH , 0, 0, . . . , 0]. We
are interested in the interference in precoded OFDM systems that occurs when the length
of h[n] exceeds the length of the prefix, H−1>Lpre, which is likely to be the dominant
scenario in for instance low-latency 5G systems where short symbol-extensions are likely
to be used for the sake of low latency. Our analysis is initially based on the interference
resulting from one particular channel impulse response. Later, in our simulations, we
evaluate the average interference in the OFDM signal (1).

The discrete-time equivalent of the ith transmitted symbol (2) can be presented in
matrix form as

si = T1ũi + T2ûi + T3ǔi, (27)

where ũi=FHd̃i (FH is the inverse DFT matrix), ûi=FHd̂i and ǔi=FHďi,

T1=




0Lpre×N
IN×N

0Lsuf×N


 ,

T2=

[
0Lpre×(N−Lpre) ILpre

0(N+Lsuf)×N

]
,

T3=

[
0(N+Lpre)×N

ILsuf
0Lsuf×(N−Lsuf)

]
. (28)

Equation (27) is the discrete equivalent of (2) where ũi, ûi and ǔi represents ũi(t), ûi(t)
and ǔi(t) in matrix form respectively and T1, T2 and T3 are matrix form of rectangular
pulses of I[0,Ts)(t), I[−Tpre,0)(t) and I[Ts,Ts+Tsuf)(t) respectively.

We assume that the channel length in shorter than one complete OFDM symbol,
therefore, at the receiver, there is only leakage from the previous symbol to the current
symbol. Ignoring receiver noise, we write the received symbol vector after the receiver
FFT in a general precoded OFDM system as

ri = F(H1si + H2si−1) (29)

where ri=[ri,1 . . . ri,K ]T is a size-K×1 vector and F is the K×K DFT-matrix with entries
[F]xy = 1√

K
e−2jπ

xy
K . Here, H1 is the size N × (N + Lpre + Lsuf) matrix

H1=0.8







hLpre+1 · · · h2
...

...
hH

. . .

hH







h1
...

. . .

hH
. . .

hH · · · h1







0N×Lsuf







, (30)
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where N is the number of samples in one OFDM symbol and Lpre = TpreN/Ts and
Lsuf = TsufN/Ts are the number of samples in the prefix and the suffix.

Similar to H1, H2 is the size N × (N + Lpre + Lsuf) matrix that captures the prefix
and suffix residual. If the prefix and suffix share the guard interval, as in Figure 2a, H2

becomes

H2 =




0 · · · 0 hH · · · hLpre−Lsuf+2
...

. . .
...

. . . hH
0
...

0 · · · 0




, (31)

while in case of overlapped prefix and suffix, as in Figure 2b, H2 is

H2 =




0 · · · 0 hH · · · hLpre+2
...

. . .
...

. . . hH
0
...

0 · · · 0




. (32)

The received data (29) then becomes

ri =FH1(T1ũi+T2ûi+T3ǔi) (33)

+FH2(T1ũi−1+T2ûi−1+T3ǔi−1)

=FH1T1F
Hd̃i+FH1T2F

Hd̂i+FH1T3F
Hďi

+FH2T1F
Hd̃i−1+FH2T2F

Hd̂i−1+FH2T3F
Hďi−1. (34)

By substituting d̃i, d̂i and ďi using (4) and extracting the desired part of the signal we
obtain

ri =FHFHdi

+ (FH1T1F
HG̃ + FH1T2F

HĜ− FHFH)di

+ (FH2T1F
HG̃ + FH2T3F

HǦ)di−1, (35)

where H is the circular channel convolution matrix. The first term in (35) is the desired
signal, the second term includes the channel-induced ICI and the transmitter-induced
ICI by precoder G̃. By extracting the transmitter-induced ICI, which we will refer to as
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self-ICI, (35) becomes

ri =FHFHdi + FHFH(G̃− I)di

+ (F(H1T1 −H)FHG̃ + FH1T2F
HĜ)di

+ (FH2T1F
HG̃ + FH2T3F

HǦ)di−1. (36)

Therefore, finally, the received signal in (36) becomes

ri = Ddi + Gself-ICIdi + GICIdi + GISIdi−1, (37)

where

D = diag(Fh) = FHFH , (38)

Gself-ICI=−D(I− G̃), (39)

GICI =−(FΛ0F
HG̃− FΛ12F

HĜ), (40)

GISI = FΛ21F
HG̃ + FΛ23F

HǦ. (41)

Here
Λij = HiTj, i, j = 1, 2, 3, (42)

and
Λ0 = H− Λ11. (43)

The first term in (37) is the desired signal, the second term is the additive interference
caused by the precoder and the third and fourth terms represent the ICI and ISI due to
the channel, respectively.

We assume that the data is uncorrelated, E{didHi }=IK and E{didHj }=0K if i6=j.
The covariance matrix of the self-ICI-term in (37), Gself-ICIdi, becomes

Cself-ICI
def
=E{Gself-ICIdid

H
i Gself-ICI

H}

=E{Gself-ICIGself-ICI
H}. (44)

Similarly, the covariance matrix of the channel-induced ISI and ICI-term in (37),
GISIdi and GICIdi, are

CISI = E{GISIGISI
H} and CICI = E{GICIGICI

H}, (45)

respectively. The diagonal elements of these covariance matrices contain the inter-
ference power of the respective subcarrier, Pself-ICI,k= [Cself-ICI]kk,PICI,k= [CICI]kk and
PISI,k= [CISI]kk.

The total self-ICI power is the trace of Cself-ICI,

Pself-ICI,total = Tr {Cself-ICI} , (46)
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and similarly, the total ISI and ICI power are

PISI,total = Tr {CISI} and PICI,total = Tr {CICI} , (47)

respectively.
Furthermore, ISI is always uncorrelated with ICI and self-ICI as E{didHi−1}=0K ,

albeit in general ICI and self-ICI are correlated. We can show that in case of symbol
precoding in [8] (G̃ = Ḡ) ICI and self-ICI are also uncorrelated.

Note that, importantly, in case of prefix and prefix/suffix precoding (G̃ = I) self-ICI
becomes zero, see (39) and (44). Therefore, the total interference power in these systems
becomes

Ptotal = PISI,total + PICI,total + Pself-ICI,total. (48)

Equation (48) shows that in a case of non-dispersive channel, the interference is zero
because the precoder does not change the data symbol in the useful part. This is a
valuable and key improvement over [8] where self-interference induced by the precoder
regardless of the channel exists. The amount of interference in case of dispersive channels
depends on the channel and also the precoder, G̃. In the next section we evaluate the
interference in the proposed system and design the system in order to have good OOB
emission with minimum amount of interference.

6 Simulation Results

In this section we investigate the design of the prefix/suffix precoding system. We eval-
uate the OOB emission and the interference that occur in our system and compare them
with symbol precoding in [8] and prefix precoding in [9]. We consider LTE parameters
for 10MHz channel bandwidth with 600 subcarriers, a sampling frequency of 15.36 MHz,
1024 samples of the symbol with the length of Ts=66.7µs and 72 samples of the cyclic
prefix with the length of Tg=4.7µs [18]. Prefix/suffix precoding uses the scheme in Fig-
ure 2a where Tsuf=βTg and Tpre=(1− β)Tg, 0<β<1. Prefix precoding uses the scheme in
Figure 2b with Tpre=Tsuf=Tg and in symbol precoding Tsuf=0 and Tpre=Tg.

Figure 3 shows the power spectrum (26) of the plain OFDM, symbol precoding in [8],
prefix precoding in [9] and prefix/suffix precoding for Nc=0, 1, 2, 3. Although for all
evaluated values of Nc the results of symbol precoding in [8], prefix precoding in [9] and
proposed method are indistinguishable, we have not been able to formally prove their
equality. Moreover, the spectrum does hardly change for different lengths Tpre and Tsuf.
Based on results not shown in the Figure, only in case of extremely short Tpre and Tsuf
where not enough space remains to construct continuity between symbols, OOB emission
is higher.

Figure 4 shows the average normalized interference power, (48), in several multipath
fading channels represented in Figure 5 for suffix length of 0 to full size, 4.7µs. Since, the
spectrum does not depend on the the size of prefix or suffix, we share the guard interval
between the prefix and suffix in a way to cause as minimum interference as possible. In
other words, we are looking for a particular fraction β, Tsuf=βTg and Tpre=(1 − β)Tg,
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Figure 3: The power spectrum of the plain OFDM, symbol precoding in [8], prefix precoding
in [9] and prefix/suffix precoding for Nc=0 to 3 and Tpre=Tsuf=2.35µs. For all evaluated Nc the
results of conventional symbol precoding in [8], prefix precoding in [9] and prefix/suffix precoding
are indistinguishable.

that minimizes Ptotal in (48) for a given channel decay characteristic α. Figure 4 shows
that in case of channels with more dispersion (smaller α), minimum interference occurs
for a shorter suffix. This short length of the suffix depends on the continuity order
Nc and on the channel decay characteristic α. Moreover, for a very short suffix not
only the interference level increases but also the OOB emission increases. Therefore, we
conclude that the most proper suffix length to provide N -continuity is one that leads to
the minimum interference level.

When the channel approaches a one-tap channel (large α), for instance α=5 in Figure
5, there is no need for a prefix to prevent ISI and ICI. In such case, the only purpose of
having prefix and suffix is to force the signal’s continuity. Therefore, the optimal lengths
of suffix and prefix are equal and occur in the middle of the guard interval, see Figure 4c.

Figure 6 shows the interference power (48) that occurs in symbol precoding in [8],
prefix precoding in [9] and proposed OFDM systems for different dispersive channels
(different αs) and for Nc=1, 3 and 5. For all channels, prefix precoding and the proposed
method cause less interference than symbol precoding as in these systems the useful
part of the symbol remains unchanged and therefore the self-interference, which exists
in symbol precoding, is eliminated in prefix precoding and in the proposed prefix/suffix
precoding method. Furthermore, for small α or a more dispersive channel, the proposed
method causes less interference than prefix precoding. Even though in case of large α,
the interference power for prefix precoding is less than for our method, the range of
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Figure 4: Average normalized interference power in multipath channel with an exponentially
decaying power delay profile of e−αt, 0 < t < 4.7µs, as in Figure 5. Tpre=Tg − Tsuf and
Tg=4.7µs
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Figure 5: Power delay profile of h(t) = e−αt, 0 < t < 4.7µs and zero otherwise for α= 0, 1, 3
and 5.

the interference power suggests no practical difference between prefix precoding and the
proposed method.

Figure 7 shows MSE in symbol’s extension part by the proposed method,

e(t) =





|splaini−1 (t)−sprecodedi−1 (t)|2
‖splaini−1 (t)‖22

−Tg ≤ t < −Tpre

|splaini (t)−sprecodedi (t)|2
‖splaini (t)‖22

−Tpre ≤ t < 0,

(49)

for Tpre=3.25µs, Tsuf=1.45µs, where splaini (t) represents the ith transmitted signal, si(t)

in (2), with G̃ = Ḡ = I and sprecodedi (t) is the ith transmitted signal in the suffix/prefix
precoded system with Nc=3. The result is averaged over a large number of symbols
(10000 symbols). The error power, e(t), in the useful part of the symbol (from 0 to
66.7µs) is zero and any changes compared to the plain OFDM symbol are constrained
in the extension part, mostly in the region where the suffix and prefix join, t=-3.25µs
in Figure 7. It is what we expected as our goal in designing the precoder in Section 3.2
was to change the symbol just in the extension part. We see that the averaged relative
error power is extremely low and therefore, the prefix and suffix are almost cyclic. This
motivates the use of the notion of quasi-cyclic prefix and suffix.

7 Discussion: N-continuous OFDM versus transmit-

windowed OFDM

Windowing is a classical means to suppress the OOB emission by simply applying a
smooth window to the OFDM symbol in order to make the smooth transition between
OFDM symbols which causes fast decaying sinc-shaped subcarriers.

Windowing in order to suppress the OOB emission comes with a price. The price
is either losing the spectral efficiency by extending the required transition gap between



7. Discussion: N-continuous OFDM versus transmit-windowed OFDM 85

,

0.5 1 1.5 2 2.5 3

N
or

m
al

iz
ed

 in
te

rf
er

en
ce

 p
ow

er
 [d

B
]

-20

-18

-16

-14

-12

-10

-8

-6

Symbol precoding
Prefix precoding
Prefix/suffix precoding

(a) Nc=1

,

0.5 1 1.5 2 2.5 3

N
or

m
al

iz
ed

 in
te

rf
er

en
ce

 p
ow

er
 [d

B
]

-20

-18

-16

-14

-12

-10

-8

-6

Symbol precoding
Prefix precoding
Prefix/suffix precoding

(b) Nc=3

,

0.5 1 1.5 2 2.5 3

N
or

m
al

iz
ed

 in
te

rf
er

en
ce

 p
ow

er
 [d

B
]

-20

-18

-16

-14

-12

-10

-8

-6

Symbol precoding
Prefix precoding
Prefix/suffix precoding

(c) Nc=5

Figure 6: Average normalized interference power for a) Nc=1, b) Nc=3, c) Nc=5.
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Figure 7: MSE in a symbol by prefix/suffix precoder.

the consecutive symbols, see Figure 8a, or additional ISI due to overlapping the current
symbol in prefix part with the previous symbol’s suffix part and the ICI due to changing
the data in prefix part of the symbol, see Figure 8b, [4]. The concept of overlapping a
shaped prefix and suffix is introduced in 90s for VDSL [19] and recently, suggested for
the 5G [20]. Here, we assume that the transition occurs in prefix and suffix part of the
symbol as illustrated in Figure 8b.

Some studies have been done on the window shape to reduce the price that may occur.
In [21] modified window shapes are introduced which cause a significant change to the
transmitter structure. In [4] and [5] asymmetric window shape is suggested to reduce
the introduced ISI and ICI by the window. A thorough analysis on ISI and ICI in a
windowed OFDM system is presented in [4]. In [22] an enhanced variant of windowing is
proposed where different windows with different lengths are applied to different groups of
subcarriers, basically the edge subcarriers cause more power leakage to the neighbouring
bands so a stronger window (a window with higher roll off factor) is applied to this
group of subcarriers and the inner subcarriers which make less power leakage are lightly
windowed (with a window with lower roll off factor).

N -continous OFDM and windowing have some similarities. In windowing method,
OFDM symbols typically become N -continous. The window modifies the data symbol to
construct the smooth transition at its discontinuous edges. Smoothing the data symbol
makes it continuous. the order of continuity depends on the particular window shape.
For instance, for the well-known raised cosine window the signal’s continuity order is
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(a) Head part of the window is applied on an extra extenssion part and prefix
remains unchanged. The tail part of the window is applied on the suffix part.
OFDM symbols do not overlap.

si(t)

si−1(t) si+1(t)
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(b) Part of prefix is used to apply the head part of the window. The tail part
of the window is applied on the suffix part. Two consecutive OFDM symbols
overlap over the window parts [19].

Figure 8: Consecutive windowed OFDM symbols in the time domain. The head and the tail
part of OFDM symbol are shaped by a window. Tw is the window length.

N = 1 since, at all edges:

dn

dtn
sRC
i (t)

∣∣∣∣
t=−Tpre

= 0, (50)

dn

dtn
sRC
i (t)

∣∣∣∣
t=0

=
dn

dtn
splaini (t)

∣∣∣∣
t=0

, (51)

dn

dtn
sRC
i (t)

∣∣∣∣
t=Ts

=
dn

dtn
splaini (t)

∣∣∣∣
t=Ts

, (52)

dn

dtn
sRC
i (t)

∣∣∣∣
t=Ts+Tsuf

= 0, (53)

for n ∈ {0, 1}, where sRC
i (t) = splaini (t)wRC(t) and wRC(t) is the raised cosine window

shape [4],

wRC(t)=





cos2
(
π(t+Tpre−Tw)

2Tw

)
, −Tpre6t<−Tpre+Tw

1, −Tpre+Tw6t<Ts+Tsuf−Tw
cos2

(
π(t−Ts−Tsuf+Tw)

2Tw

)
, Ts+Tsuf−Tw6t<Ts+Tsuf

0, Otherwise.

(54)
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2Ts + TpreTs + TpreTs0−Tpre−Ts − Tpre−Ts − 2Tpre τ

F−1{di−1}F−1{(I−P)di−1} F−1{PφHpredi−1}

F−1{PφHpredi−2}

F−1{di+1}F−1{(I−P)di+1}

F−1{di}F−1{(I−P)di} F−1{PφHpredi}

Figure 9: Transmit prefix precoded OFDM signal in [9].

For the root-raised cosine window the signal’s continuity order is N = 0 since,

dn

dtn
sRRC
i (t)

∣∣∣∣
t=−Tpre

= 0, (55)

dn

dtn
sRRC
i (t)

∣∣∣∣
t=0

=
dn

dtn
splaini (t)

∣∣∣∣
t=0

, (56)

dn

dtn
sRRC
i (t)

∣∣∣∣
t=Ts

=
dn

dtn
splaini (t)

∣∣∣∣
t=Ts

, (57)

dn

dtn
sRRC
i (t)

∣∣∣∣
t=Ts+Tsuf

= 0, (58)

for n = 0. where, sRRC
i (t) = splaini (t)wRRC(t) and wRRC(t) is the root-raised cosine window

shape [4],

wRRC(t)=
√
wRC(t). (59)

While the precoder finds the optimal modification a window usually changes the data
in windowed part relatively a lot. For instance, precoders in (8), (12) and (22) are
found subject to minimum manipulation to the data in Euclidean sense. The precoder
is particularly designed to make the minimum changes to the data while providing the
required smoothness or continuity. Therefore, the increased channel-induced interference
in precoding system is less than the increased channel-induced interference caused by
windowing [4].

Moreover, windowing uses the whole prefix and suffix to construct the continuity
while in precoding most of the changes occur at the boundaries of consecutive symbols,
see Figure 7, and the data which are more close to the edges tolerate more error or
modification which are basically just a few sample close to each edge. So shortening the
prefix and suffix in a precoding system does not restrict making the signal continuous
as far as a few samples exist to construct the continuity. While in windowing the whole
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prefix and suffix parts are used to make the smooth transition, shortening the prefix
and suffix sharpen the transition and increases the OOB emission [4]. So, in comparison
with precoding, in windowing technique more samples are required to make the signal
continuous. Therefore, in windowing the OOB emission strongly depends on the prefix
and suffix lengths [4] while in N -continuous OFDM, OOB emission does not depend on
the prefix and suffix lengths, Figure 3. As a result, unlike in windowing, in precoding
shortening the prefix and suffix overhead is relatively easy. This is a key improvement
for low-latency systems.

8 Conclusion

In this paper we propose a new prefix/suffix OFDM precoder. The new precoder makes
the system N -continuous without changing the useful part of the symbol which leads to
low OOB emission while additive interference is less than other symbol precoding and
prefix precoding OFDM systems. We also give a general analysis framework of the signal
at the transmitter and receiver side which is applicable to symbol, prefix and prefix/suffix
precoding systems. This framework is applicable to many other OFDM systems which
are linearly precoded.
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Proof of Lemma 4. The transmitted prefix precoded signal in [9] is

s(t) =
∑

i

spi (t− i(Ts + Tg))

= ...+ spi−1(τ + Ts + Tg) + spi (τ) + spi+1(τ − Ts − Tg) + ... (3.60)

where τ = t− i(Ts + Tg), Tg = Tpre and spi (t) is the ith prefix precoded OFDM symbol,

spi (t) =
∑

k∈κ
di,ke

j2π k
Ts
tI[0,Ts)(t) +

∑

k∈κ
dprei,k e

j2πI[−Tg ,0)(t).

(3.61)

For brevity, we use the short notation of

F−1{di} def
=
∑

k∈κ
di,ke

j2π k
Ts
t. (3.62)

Therefore,

spi (t) =F−1{di}I[0,Ts)(t) + F−1{dpre
i }I[−Tg ,0)(t)

=F−1{di}I[0,Ts)(t)

+ F−1{(I−P)di + PΦHdi−1}I[−Tg ,0)(t). (3.63)

By substituting (12) in (61) and using the linear characteristic of the operation F−1{.},
the transmitted signal becomes, see Figure 9,

s(t) =...+ F−1{di−1}I[−Ts−Tg ,−Tg)(τ)

+ F−1{(I−P)di−1}I[−Ts−2Tg ,−Ts−Tg)(τ)

+ F−1{PΦHdi−2}I[−Ts−2Tg ,−Ts−Tg)(τ)

+ F−1{di}I[0,Ts)(τ)

+ F−1{(I−P)di}I[−Tg ,0)(τ)

+ F−1{PΦHdi−1,k}I[−Tg ,0)(τ)

+ F−1{di+1}I[Ts+Tg ,2Ts+Tg)(τ)

+ F−1{(I−P)di+1}I[Ts,Ts+Tg)(τ)

+ F−1{PΦHdi}I[Ts,Ts+Tg)(τ) + ... (3.64)
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Therefore,

s(t) =...+ F−1{PΦHdi−2}I[−Ts−2Tg ,−Ts−Tg)(τ)

+ si−1(τ) + si(τ)

+ F−1{di+1}I[Ts+Tg ,2Ts+Tg)(τ)

+ F−1{(I−P)di+1}I[Ts,Ts+Tg)(τ) + ...

=...+ si−1(τ) + si(τ) + si+1(τ) + ...

=
∑

i

si(t− i(Ts + Tg)), (3.65)

where

si(t) =F−1{di}I[0,Ts)(τ)

+ F−1{(I−P)di}I[−Tg ,0)(τ)

+ F−1{PΦHdi}I[Ts,Ts+Tg)(τ) (3.66)

This is identical to a ith transmitted prefix suffix precoded signal with the form of

si(t) =F−1{G̃di}I[0,Ts)(τ)

+ F−1{Ĝdi}I[−Tpre,0)(τ)

+ F−1{Ǧdi}I[Ts,Ts+Tsuf)(τ). (3.67)
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